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1 Introduction

In recent years the pure spinor formalism [4] allowed striking compactness in the compu-
tations of scattering amplitudes both in string theory [5, 6, 3941, 48-50, 57, 60, 61] and
directly in its field-theory limit [6, 8, 17, 18, 58, 59]. It has been known since the work of
Nilsson [82] and Howe [36] and that the use of a pure spinor simplifies the description of
N = 1 super-Yang-Mills (SYM). With the advent of the pure spinor formalism this reward-
ing description was put into the context of the full superstring theory with a underlying
BRST symmetry and a new kind of superspace [37].

Using the ideas of [27] for the field theory amplitudes, it was suggested in [17] and
proven in [6, 8] that BRST invariance together with the propagator structure of cubic dia-
grams are sufficient to determine tree-level amplitudes of D = 10 SYM to any multiplicity.
The recursive BRST cohomology method obtained in [8] leads to compact and elegant
supersymmetric answers and makes use of so-called BRST building blocks which can be
regarded as superspace representatives of cubic diagrams. The field-theory techniques of [8]
were subsequentely exploited to also calculate the general color-ordered open superstring
tree amplitudes in [6, 7]. The punchline is that the n-point string amplitudes are written
as a sum of (n — 3)! field theory subamplitudes dressed by hypergeometric integrals [7].

The problem of computing one-loop amplitudes in open superstring theory has been
dealt with since the 1980’s, the first successful result at four-points being [76] in the NS sec-
tor and [66] in the R sector. In spite of the technical difficulties caused by the spin structure
sums required by the RNS model, [65] provides progress towards higher multiplicity up to
seven-points. In the context of heterotic theories, five- and six gluon amplitudes as well as
their implications for effective actions were analyzed in [67]. Pure spinor techniques have
been applied to one-loop scattering in [5, 9, 48, 63|, superspace results up to five-points
are available from these references. As for two-loop amplitudes, after an amazing effort
by D’Hoker and Phong the four-point amplitude was computed within the RNS formalism
in [78] (see also [77]). Two-loop calculations using the pure spinor formalism can be found
in [40, 41, 49].

Can this BRST line of reasoning within the pure spinor formalism be extended to loop
amplitudes? With this intention in mind, in this paper we apply the technique of BRST-
covariant building blocks to address one-loop amplitudes in superstring theory. For any
number of massless SYM states, we determine the BRST invariant part of their worldsheet
integrand which is unaffected by the hexagon anomaly [21, 22]. The complete kinematic
factor turns out to be organized in terms of color-ordered tree-level amplitudes at order
a'? that are dressed with worldsheet functions in a minimal basis. A beautiful harmony
in the combinatorics of both ingredients arises. However, evaluating the (worldsheet- and
modular) integrals is left for future work, in particular the extraction of field theory loop
integrals as o/ — 0 along the lines of [26].



Superstring theory has proven to be a fruitful laboratory to learn about hidden struc-
tures in the S matrix of its low energy field theories. The open superstring did not only
inspire the color organization of gauge theory amplitudes but also provided an elegant proof
for Bern-Carrasco-Johansson (BCJ) relations among color-ordered tree amplitudes [23, 24],
based on monodromy properties on the worldsheet. Another difficult field theory problem
which found a string-inspired answer is the explicit construction of local kinematic numer-
ators for gauge theory tree amplitudes which satisfy all the dual Jacobi identities, see [28].
After these tree-level examples of cross-fertilization between superstring and field theory
amplitudes, we hope that this work helps to provide further guidelines to organize multileg
one-loop amplitudes in maximally supersymmetric SYM in both ten and four dimensions."
Even though the low energy behaviour of the worldsheet integrals is not addressed, our re-
sult for the kinematic factor heavily constrains the form of these field theory amplitudes. In
particular, the gauge invariant kinematic building blocks C ... to be defined later on appear
to be a promising starting point to construct kinematic numerators for higher multiplic-
ity. They could potentially generalize the crossing symmetric factor s12503.4¥M(1,2,3,4)
omnipresent in multiloop four-point amplitudes of N = 4 SYM (where AYM(1,2,...,n)
denotes the color-ordered n-point tree amplitude in maximally supersymmetric Yang Mills
theory).

This paper is organized as follows. In section two, we review the construction of
the n-point SYM tree amplitude from first principles. We start with the massless ver-
tex operators in terms of SYM superfields and sketch how their singularity structure give
rise to BRST building blocks representing cubic subdiagrams. As we will argue, BRST
invariance forces them to pair up such that color-ordered SYM amplitudes emerge. Sec-
tion three sets the formal foundation for the computation of one-loop amplitudes using
the minimal pure spinor formalism. It motivates the construction of a further family of
BRST building blocks which is carried out in section four. The fourth section follows a
line of reasoning similar to the tree-level review — the BRST variation of the one-loop
specific building blocks allows to a priori determine any BRST invariant to be expected in
a one-loop computation. Then in section five, these BRST invariants are derived from an
explicit conformal field theory (CFT) computation, in particular the associated worldsheet
functions are determined. Section six connects the BRST invariants with o’ corrections
to tree-level amplitudes and explains why their symmetry properties agree with those of
finite one-loop amplitudes in pure Yang-Mills theory. Finally, in the last section, we point
out that also the color factors present at the o/ order of tree amplitudes align into the
same combinatorial patterns. This leads to a duality between the worldsheet integrand of
one-loop amplitudes and color-dressed tree amplitudes at O(a'?).

To give a brief reference to the main results of this work — the final form for the
n-point kinematic factor can be found in equation (5.34) whose notation is explained in
subsection 5.4. Subsection 6.2 contains the general conversion rule (6.17) between the
BRST invariants C .. and color-stripped (’)(0/2) trees AF as well as low multiplicity

!The four-dimensional N = 4 SYM theory can be obtained by standard dimensional reduction from its
ten-dimensional version with N = 1 supersymmetry [25].



examples thereof. According to subsection 7.3, the representation (7.21) of the color-
dressed O(a’?) tree manifests a duality to the one-loop kinematic factor (5.34).

2 Review of tree-level cohomology building blocks

In this section, we shall review the construction of tree-level amplitudes in ten-dimensional
SYM, based on BRST building blocks in pure spinor superspace [8, 17, 18]. Although the
problem at hand is of purely field theoretic nature, we shall use the vertex operators and
the BRST charge of the pure spinor superstring [4] as the starting point. These ingredients
suggest a pure spinor superspace representation for color-ordered tree subdiagrams with
one off-shell leg. BRST invariance and the pole structure in the kinematic invariants

1
S12.p = 5 (k1 + ko + -+ kp)? (2.1)

turn out to be sufficient in order to determine the tree-level SYM amplitude AYM with any
number n of external legs [6, 8]. The compactness of the final expression
n—2
AML 2, n) = (Mg j My V) (2.2)
j=1
(see sections 2.1 and 2.3 for the definitions of V™ and Mis._j, respectively) suggests to
apply a similar program at loops, we will follow these lines in section 4 and introduce
similar superspace variables.
At the level of the full-fledged superstring theory, the main virtue of the BRST building

AYM g the possibility to identify these SYM constituents within

block representation for
the CFT computation of the superstring disk amplitude. The supersymmetric n-point tree
amplitude in superstring theory was shown in [6, 7] to decompose into a sum of (n — 3)!
color-ordered field theory amplitudes, each one of them being weighted by a separate
function of /. The main result of the current work is a similar decomposition of one-loop

supersymmetric amplitudes, based on a new family of BRST building blocks.

2.1 From vertex operators to OPE residues

One of the major tasks in computing the open string tree-level amplitude is the evaluation
of the CF'T correlation function

V) VP 2n1) V' (20) U (22) ... UM 2(20-2)) (2.3)

where V! and U? denote the vertex operators for the gluon multiplet with conformal-weight
zero and one, respectively. They are conformal fields on the worldsheet parametrized
by a complex coordinate z. The 848 physical degrees of freedom are described by the
superfields? A, A™, W and Fy, of D =10 SYM [19]

o N™ (2.4)

2 mn

Vvi=X2Al, U =00"A, + I AL + d WP +

“Throughout this work, SO(1,9) vector indices are taken from the middle of Latin alphabet m,n,p, ... =
0,1,...,9 whereas Weyl spinor indices «, 3,... = 1,2,...16 are taken from the beginning of the Greek
alphabet.



where A* denotes the pure spinor ghost subject to (Ay™\) = 0 [4]. The remaining ingredi-
ents 00%, 11", d, and N™" of (2.4) are conformal weight-one fields on the worldsheet. The
ten-dimensional superfields A,, A™, W< and Fj,,, depending on the bosonic and fermionic
superspace variables 2™ and 6, obey the following equations of motion [19, 47],

— Am DaAm = (vmW)a k;onz
2D (o Ap) = YapAm (17 ot (2.5)
Do Fn = 2k[m(7n]W)a DaWﬂ - Z(’)’mn)a /B'an'

As shown in [45, 46], their 6 expansions can be computed in the gauge §“A, = 0 and
read [44]

1 1 1
Au(z,0)= §am(7m9)a - g(&')’me) (Y"0)a — @an(%ﬁ)a(e’ymnpe) +oee

1 1
- §(97m7”q9)qu + E(H’va”qH)(apivq@) +oee

(04 (0% 1 mn [0 1 mn [0 1 mn (073
W (z,0)=¢ —1(7 9) mn+1('7 0) (3m§'yn9)+@(v 0)* (0 Y"10)Om Fpg+ - -

1 1
fmn(xa 0) =Fon — 2<a[m§7n]9) + Z(QV[mepq@)an]qu + ga[m(e'yn}pqg)(ff)/q@)ap +o

(2.6)
where a,, (1) = e, £4(x) = x“e™™* are the gluon and gluino polarizations and F,, =

Am(2,0)=am — (§ym0)

20(,ay) is the linearized field-strength.

The equations of motion (2.5) imply that the vertex operators in (2.4) obey QV* =
0 and QU’ = 9V7. Since their ingredients V' and [U? are BRST closed, superstring
amplitudes (and in particular their field theory limit) should inherit this property.

The correlator (2.3) can be computed by integrating out the conformal worldsheet
fields of unit weight within the U’ vertex operator. This amounts to summing over all
worldsheet singularities in z; — z; which the fields in question can produce. In any CFT,
this information is carried by operator product expansions (OPEs), the first example being

Vi) U?(29) — La, (2.7)
221
This defines a composite superfield Lo; associated with the degrees of freedom of the states
with labels 1 and 2, respectively. By iterating this OPE fusion, we define a family of
superfields of arbitrary rank [§]

L L
Loi(21) U () — =221 Lowgi.1(21) U™ (z) — —222Ltml (2.8)
231 Zml
which will be referred to as OPE residues.® After the fields with conformal weight one
have been integrated out using their OPEs, the zero modes of the pure spinor A% and 0¢
are integrated using the ((A36°)) = 1 prescription reviewed in [6].

3Tt turns out that even if OPE contractions are firstly carried out among U*(2;)U?(z;) and then merged
with Vl7 the result is still a combination of Ls131...m1 permutations. In other words, at tree-level the OPE
U%(2:)U?(z;) does not introduce any independent composite superfields.



2.2 From OPE residues to BRST building blocks

A major shortcoming of the OPE residues Lo131.. .m1 is their lack of symmetry under ex-
change of labels 1,2, 3, ..., m. However, the obstructions to well-defined symmetry proper-
ties can be shown to conspire to BRST-exact terms. As a simple example, the symmetric
rank-two combination is

Loy + Lip=—Q(A; - Ay) (2.9)

where Q = A\*D, denotes the BRST operator of the pure spinor formalism [4] and A}"
is the vectorial superfield of D = 10 SYM. Using the BRST transformation properties of
Loi131.., these BRST-exact admixtures have been identified in [6, 8] up to rank five, and
their removal leads to a redefinition of the OPE residues®

1 .
Ty = Lo — 3 (Lo1 + L12) = Ly, Ti23..m = Lo131..m1 — corrections . (2.10)

The outcome of (2.10) is an improved family of superfields 7193, ,, which we call BRST
building blocks. They are covariant under the action of the BRST charge, e.g.

QT =0
QT2 =s12T1 To
Q Ti23 = (5123 — 512) T12 T3 — s12 (To3 Th + 131 1)
Q Ti3a = (51234 — s123) Th23 Ty + (s123 — 512) (T12 T34 + T124T3) (2.11)
+ 512 (T34 T + T13 Tog + T14 Toz + T1 Tza)

k
QT = Z Z (s12..5 — s12.5-1)T12.j-1{a} T}, (8,\0}
J=2 a€P(By)

where Vi =T1. Theset 5; = {j+1,j+2,...,k} encompasses the k — j labels to the right
of j, and P(f3;) denotes its power set. In other words, @) acting on a BRST building block
of higher rank yields products of two lower rank analogues together with a Mandelstam
variable.

As discussed in [6], at each rank the BRST building blocks obey one new symmetry in
its labels while still respecting all the lower-rank symmetries. For example, since the rank-
two building block satisfies T{19) = 0 all higher-order building blocks also obey T{(12)34... = 0.
At rank-three there is one new symmetry Tj;93 = 0 which is respected by all higher-order
ranks, T7123)4...,, = 0 and so forth. The generalization to rank m > 3 is given by 6],

m=2p+1: Tio priptol.[2p—12p.2p+10..]) — 2Lop+1. profp+if.f3i21]..]] = O (2.12)

m=2p: Tio. plpt1]..2p—22p—1.20]]..]) T L2p..p1ipl..321]]..]] = 0>

and leaves (m — 1)! independent components at rank m. It turns out that the above
symmetries are shared by color factors of nonabelian gauge theories formed by contracting
structure constants f* of the gauge group. At lowest ranks, we have

0= f(12)3 — T(12) =0, 0= f[12|af3]4a — T[123} =0, (213)

We define (anti-)symmetrization of p indices to include o1 €8 L1y = 5(La1 — Laa).
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Figure 1. The correspondence of tree graphs with cubic vertices and BRST building blocks.

which states their total antisymmetry and Lie algebraic Jacobi identities, and similarly
0= leafa[3|bfb\4]c + f34afa[1|bfb\2]c o T12[34} + T34[12] —0. (214)

In general, the symmetries of a rank m building block are the same as those of a string of
structure constants with m + 1 labels,

f12a2 fa23a3 fa34a4 . fam—lmam < T1934..m (2.15)

where the free color index a,, reflects an off-shell leg m+1 in the associated cubic diagram.

Therefore the basis of rank m building blocks being (m — 1)!-dimensional is equivalent
to the well-known fact that the basis of contractions of structure constants with p free
adjoint indices has dimension (p — 2)! after Jacobi identities.

This similarity of building blocks with color factors as well as their BRST variations
suggest a diagrammatic interpretation for 7193, ,, in terms of tree subdiagrams with cubic
vertices [27] as seen on figure 1. Firstly, the color structure of this diagram is given by (2.15)
via Feynman rules and secondly each propagator can be cancelled by one of the Mandelstam
variables in the BRST variation QT123. m — S12, S123, S1234, - - -, S1234...m- 1n other words,
the role of the BRST operator is to cancel propagators.

2.3 From BRST building blocks to Berends-Giele currents

Given the dictionary between cubic tree subdiagrams and BRST building blocks, the next
challenge is to combine different diagrams in order to arrive at BRST-invariant SYM am-
plitudes. The next hierarchy level of building blocks consists of superspace representations
M3, of so-called Berends-Giele currents [43] which can be thought of as color-ordered
SYM tree amplitudes with one leg off-shell. They encompass all the cubic diagrams present
in the associated SYM tree and consist of kinematic numerators 1423, ., dressed by their
propagators (5125123 ... 512..m) ', €.g.
T2 Ti23 T391

My = —, Moz = + (2.16)
512 8128123 235123

corresponding to the three- and four-point amplitudes with one leg off-shell. At rank four,

(2.17)

1 T1234 T3214 T3401 T3041 2T19(34
+ + + + B
5125123  $235123 5345234 5235234 512534
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Figure 2. (a) The cubic graphs with one leg off shell which compose the rank three Berends-Giele
current Mjsz. (b) The factorization of the current M, ,, under the action of the BRST charge.
The right-hand side involves the sum over all partitions of m legs which is compatible with the
color ordering set by {1,2,...,m}.

collects the five cubic diagrams of a color-ordered five-point amplitude. The two diagrams
present in Mjs3 are shown in figure 2.

The necessity to combine BRST building blocks to full-fledged Berends-Giele currents
can be seen from their () variation: their fine-tuned diagrammatic content makes sure that
also the Mjas. ,, are covariant under the BRST charge, i.e. (where for rank one, M; = V)

QM =0
Q M2 = My M3
Q Myg3 = Mya M3 + My Mos
Q My234 = Myo3 My + Mg M3y + My Moz .

(2.18)

In contrast to QTi23. . as given by (2.11), there are no explicit Mandelstam variables
in (2.18) because the rank m current already incorporates m — 1 simultaneous poles. The
generalization of (2.18) to higher rank,

m—1

QM. m= Z Mo, j Mjy1..m (2.19)
j=1

involves all partitions of the m on-shell legs on two Berends-Giele currents which are
compatible with the color ordering. The situation is depicted in figure 2b.
2.4 The D =10 SYM amplitude as a pure spinor cohomology problem

Using the Berends-Giele currents reviewed in the previous subsection, a method to recur-
sively compute the ten-dimensional SYM tree-level scattering amplitudes was developed



in [8]. It was later shown in [6] that the expressions found in [8] also follow from the field
theory limit of tree-level superstring amplitudes computed with the pure spinor formalism.

The method relies on finding an expression in the cohomology of the pure spinor BRST
charge, i.e. which is BRST-closed but non-exact,

QA™M(1,2,....n) =0,  A™(1,2,...,n) # (QX,).

If we additionally require this cohomology element to reproduce the kinematic poles of a
color-ordered SYM subamplitude, the result is uniquely determined to be
n—2
A™M(1,2,0.0n) = Z (Mg j Mjt1.n1 V™). (2.20)
j=1
In order to show that the right-hand side is in the BRST cohomology first note that
QV,, = 0, whereas

n—2
Q Z Mo jMji1.n—1=0 (2.21)
j=1
follows from (2.19). And secondly, in the momentum phase space of n massless particles
where the Mandelstam variable sqs. ,_1 vanishes, Z?:_ll Mis.. j Mji1..n—1 can not be writ-
ten as QMiy. ,—1 since Mg, ,—1 contains a divergent propagator 1/s12. ,—1. This rules
out BRST-exactness of (2.20).

The number of cubic diagrams in the color-ordered n-point tree amplitude is given
by the Catalan number Cj,_o, see [62], which satisfies the recurrence relation Cpy1 =
Z?:o C;Cp—i with Cy = 1. By its diagrammatic construction, Mz ; gathers Cj_; pole
channels, so the number of poles in the expression (2.20) for the n-point subamplitude
is given by Z?:_OS C;Ch—_3—;, which is precisely the recursive definition of C,_o. The ex-
pression (2.20) therefore contains the same number of cubic diagrams as the color-ordered
n-point amplitude, and the fact that Berends-Giele currents have a notion of color ordering
guarantees that the pole channels in (2.20) are precisely those of AYM(1,2,...,n). The
factorization properties of the expression (2.20) are depicted in figure 3, and the reader is
referred to [6] for more details.

3 One-loop amplitudes with the minimal pure spinor formalism

This section sketches the prescription towards one-loop amplitudes within the minimal pure
spinor formalism. The main goal is to make the one-loop zero mode saturation rule (3.8) for
the correlator (V! H?:g U7) plausible instead of giving an exhaustive review. The reader
is referred to [5] for the details omitted in the following discussion.

The prescription to compute n-point one-loop amplitudes for open superstrings is [5]

Y |

top Dtop

10 11 n
() T] Zen 2o [ Yo, e [T [ dst?z) )
P=2 I=1 j=2

where p is the Beltrami differential, ¢ is the Teichmiiller parameter and b is the b-ghost
whose contribution will be discussed below. The sum runs over all one-loop open string



Figure 3. Diagrammatic interpretation of the expression E;:f<M12,__ij+1___n_1V"> for the n-
point SYM tree amplitudes. The j sum runs over all partitions of the first n — 1 legs among two
Berends-Giele currents.

worldsheet topologies, i.e. over planar and non-planar cylinder diagrams as well as the
Moebius strip, see [13]. The integration domain Dy, for ¢ has to be adjusted accordingly,
and the associated color factors Ciop are single- or double traces over Chan-Paton genera-
tors associated with the external states. Both the Chan-Paton traces and the integration
region for the z; must reflect the cyclic ordering of the vertex operators on the boundaries
of the genus one worldsheet. The main focus of this work is the simplification of the ¢
integrand in (3.1), so we do not specify further details of Do and Ciop or comment on the
interplay between the topologies.

In order to introduce the remaining elements appearing in (3.1), note that the com-
putation of the CFT correlator at one-loop starts by separating off the zero mode of the
conformal weight one variables. The role of the picture-changing operators Zg, Z; and Yo
is to ensure that the zero modes of bosonic and fermionic variables are absorbed correctly,
see [5]. The angle brackets (...) in (3.1) initially denote the path integral over all the
worldsheet variables in the pure spinor formalism. The non-zero modes are integrated out
using their OPEs as described below and we will follow a procedure where the zero modes
of do, N™" and the ghost current J are integrated out first, leaving those of A* and 0 for a
last step in the computation, e.g. after the superfield expansions of (2.6) are substituted in
the expressions of various building blocks. And since general group theory arguments will
be used to determine the integrals over zero modes of d,, N™" and .J the precise details of
the zero-mode measures of [5] will not be needed.

So unless otherwise stated, every appearance of the pure spinor angle brackets (...)
in this paper denotes the zero-mode integration of A* and 6% only and will be taken as
the definition of pure spinor superspace [37]. This integration can be performed using
symmetry arguments alone and follows from the tree-level prescription ((A\36°)) = 1 of [4].
Since this tedious process has been mostly automated in [14] we will restrict ourselves to
presenting our one-loop results in compact pure spinor superspace form as in the tree-level
approach of [6]. Furthermore, the correlation function of the matter variables ™ (z,z) and
II"™(z) is computed as in [10, 20] and will receive no special treatment in the following.

,10,



The non-zero-modes are integrated out using their OPEs [10]
da(zi)H'B(zj) — 77¢j5§7 Hm(zi)x"(zj,éj) — —nij(;;lﬁb. (32)

Singularities in colliding worldsheet positions enter through the function 7;; which is defined
on a given Riemann surface as the derivative of the bosonic Green’s function
0 _ _
My 1= g @z 7 2(2, 7)) -

It behaves as zigl as the positions approach each other but respects the periodicity prop-
erties required by a higher-genus Riemann surface. The representation in terms of Jacobi
theta functions will not be needed in the following discussions, only its antisymmetry
nij = —n;; will play a fundamental role.

In the amplitude prescription (3.1), the b-ghost is a composite operator whose form is
given schematically by [5, 30],

b= (Ild+ N3O + J90)d5(N) + (wdOX + JON + Nd.J + NON)§(N)
+ (NI + JII + 011 + d*)(II6(N) + d?6'(N))
+ (Nd + Jd)(805(N) + dI1§'(N) + d*6”(N))
+ (N2 + JN + J?)(d086'(N) + 1126’ (N) + I1d*6" (N) 4 d*6"(N))

(3.3)

where 0'(z) = 8% () is defined through integration by parts and the precise index con-
tractions are being omitted. It will be argued in the appendix A that the zero-mode
contribution from the b-ghost is unique and given by an expression of the form d*§' (V).
Furthermore, the result of the zero-mode integrations in this case is fixed by group theory
up to an overall constant, and this is the contribution which will concern us in this paper.

We do not have a constructive proof that the b-ghost does not contribute via OPE
contractions (i.e. via nonzero modes), but an indirect argument based on total symmetry
of the kinematic factor will follow in subsection 7.4.

In general, the evaluation of the one-loop amplitude (3.1) involves two separate chal-

lenges summarized by the formula®

A711—loop _ Z Ctop/

top Dro

dtﬁ/ dzj <f[ eiki'x(z“zi)> x K, .
P 7j=2 =1

Firstly, the computation of the kinematic factor K, in pure spinor superspace whose generic
form is given by
Kn=n"""f(\*,0%1,2,...,n)) (3.4)

(where 1,2,...,n denote the physical degrees of freedom of the n external states), and
secondly, the evaluation of the integrals over vertex operator positions on the boundary of

®Since the Koba Nielsen factor KN= ([[7"_, etz Y due to the plane wave correlator is a universal
prefactor, we define the kinematic factor K, not to contain KN. Nevertheless, its presence is relevant for
integration by parts relating different worldsheet functions, see subsection 5.3.
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the Riemann surface as well as the modular parameter ¢t. The form of the kinematic part
is unique to the pure spinor formalism and will be dealt with in the following sections. Its
BRST invariant ingredients will be identified and related to the o/? terms in the expansion
of the corresponding tree-level amplitudes. The expressions for the integrals over the
Riemann surface are exactly like in RNS or Green-Schwarz [11, 12] formalisms and will not
play a role in this article. Extracting information on the integrals — in particular their
field theory limits — will be left for future work.

3.1 The one-loop prescription for d,, N™" zero mode saturation

When the number of external states is four, the saturation of d, zero modes in

11 4
1 loop __ thop/ H ZBPZJHYCIVl 21 H/dZJUJ 2;)) (3.5)
=1 j=2

top top

is unique and determines the amplitude up to an overall coefficient [5, 63]. The picture
changing operators, the b-ghost and the external vertices provide ten, four and two d,, zero-
modes, respectively, thereby saturating all the sixteen zero modes of d,. Furthermore, as
mentioned after (3.3), the terms with four d, zero modes from the b-ghost also contain
factors which absorb extra zero modes of N™", either 1,2 or 3. For the four-point amplitude
the only possibility is the absorption of one zero mode of N™"* through an overall factor of
§’(N). Summing it all up, the contribution from the external vertices is proportional to

1
5Vl(dW2)(dW3)Jf;*,mz\fm“ + cyclic(234) (3.6)
and the remaining zero mode integration is given schematically by

Ky = / [DA][DN]d*6 d*d (M) (d)* (6)M 611(N) 619(V) 6(J) §'(N)
(3.7)
X %Vl(dWQ)(dW%fﬁmNm" + cyc(234).

As one can check in the expressions given in [5], the measure factor [DN] has ghost-
number -8. Therefore the integration of [[DN]d®d(A\)!0(d)*6(N)S(J)8'(N) in (3.7)
with ten powers of A has the net effect of replacing d,dgN™" from the external vertices
by a A bilinear. The tensor structure is uniquely determined by group theory since the
decomposition of d, ® dg ® N™" contains only one component in the SO(10) representation
(00002) of a chiral pure spinor bilinear:

dadgN™ — (M™)a(My")4 (3.8)

Consequently, (3.6) leads to the following kinematic factor for the four-point one-loop
amplitude

1
Ky = 5 (Vi Wa) (Vi Wa) F™) + cyelio(234) (8:9)

whose BRST invariance one can easily check using the pure spinor constraint (Ay™\) =0
and elementary corollaries (Aym)a(AM™)g = 0 and (Ay™ypgA) = 0.
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According to the arguments in appendix A, the replacement rule (3.8) still applies
to one-loop amplitudes with n > 5 legs. It passes the superspace kinematic factor built
from one unintegrated and n — 1 integrated vertex operators to the tree-level zero mode
prescription (\360°) = 1:

Kn = <V1 (Zl)U2(22)U3(Z3) e Un(Zn)>dadBN'rrL'rL_}()\,y[m)a()\,yn])6

Studying the interplay of (3.8) with the non-zero modes of the conformal fields in U’ is
the subject of the next section. Integrating out all but three weight one fields dndgN™"
obviously requires n — 4 OPEs, and we will see that they give rise to new families of BRST
building blocks.

4 BRST building blocks for loop amplitudes

As reviewed in section 2, tree-level BRST building blocks T}s. ;. are defined by a two step
procedure. Its starting point have been the residues of the single poles in iterated OPEs
of integrated vertex operators U(z;) with the unintegrated one V(21). As a second step,
the BRST trivial components of these residues had to be subtracted to obtain symmetry
properties suitable for a diagrammatic interpretation. On the genus zero worldsheet gov-
erning tree-level amplitudes, conformal fields of weight +1 have no zero modes, so all of d,
and N™" are completely integrated out in generating the residues entering BRST building
blocks. However, this is no longer the case at one-loop.

As seen in the previous section, the kinematic factor at one-loop comes from the terms
in the external vertices which contain two zero modes of d, and one of N™*. Hence, we
have to integrate out weight one fields from the n — 1 integrated vertex operators until we
are left with the combination (d)?N which requires a total of n — 4 OPE contractions. In
doing so, one is naturally led to define the composite superfields j{g”, K 5 and higher rank
generalizations ~{’2m o K 15 as the remaining single-pole terms ~ d, or ~ Ny, in nested
OPEs of multiple integrated vertex operators:

J" Ny N d K¢

Ui(21)Uz(22) — + -

221 221

7 - (4.1)
Ui (21)Us(22) . .. Ug(21) — 12..k1Vmn_ ol
Zkk—1---232221  Zkk—1---232%221
The ellipsis - - - indicates terms with II"™ and 06 as well as double poles in individual z;,

they do not contribute to the end result for one-loop amplitudes. Given the prescription
dodgN™ s (A1), (My™) 5, the quantity of interest built from the K superfield is

K5, = M™)aKiy 4 (4.2)

As a rank k = 2 example, let us consider the OPE of two integrated vertices. It contains
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single and double poles

1
Ul(Zl)UQ(ZQ) —_— — . [(kg Al)U + = (Wl’ymWQ)Hm (kl . H)(A1W2) +80aDaA}3W2’B

1
(W) Fy R (Wi W2 N™™ — £ Fh FPN™ — (1 45 2)

1+ (k1 -k
PR ) + (o) — (41 0)
21
(4.3)
with U% = 00 A2 + 11 A2, + daW§ + 2 N,y F3', and one can read off
~ 1
K5 = Z(AvmquWQ)]-‘;q + (ko - A))(MY™"W3) — (14 2) (4.4)
=~ 1 m T n
iyt = ke - A) FPm 4 Fly AV kG (W) — (16 2) (4.5)
from the superfields contracted with d, and N,,,, respectively.
The definitions in (4.1) lead to the following rank < 3 expressions
= (MW7) (4.6)
~ 1
K= Z(A’ququWQ)]:plq + (k2 - A (M Wa) — (14 2) (4.7)
- 1 N 1
Kiys = =5 (kia - A3) K3y — (\"'Wh) ky, (Way? W) + 5 (" Ws) kS (WiyPWa)
1
+ 4 (k1 Az) | (W™ P4W) Foy — "y IW3) Fpy — (ks - A1) (A" W)
1 1 m -
+ 5 (") ky (W1iyqWs) — 1 VW) Fy" Fo
1 rs
+ 15 MW )y Fr — (142) (4.8)
~ 1
= S F (4.9)
~ 1 m n m n
Jmn — 5[ (ko - Ar) FP™ + FU FP 4k (Wi )] — (145 2) (4.10)

i =3 [(l.c12 CAg) T (ky - Ag) (ks - Av) F )+ ") Fa ™ FE4 (ky - Ag) Fi Fyr

+ kL B Wiy W) — B P (Wi W) + (ko - Av) Sy (Way" W)

5[(Ww[mw ) FyP k12 — KR FP (Wi Wa) + kS (Wi, W) F3™] (4.11)
1 m n m n
+ Z[(k{,z (Wi IAPaWs) F2 4 (WarP iy Ws) FL 4 kE (Wi Wa) Fi] —(1+4+2)

where k7 := ki + k. Expressions for the rank four building blocks K., and JJ5%, are
available from the authors upon request.

Similar to their tree-level counterparts Tho.  [6], the new composite superfields have
two essential virtues: on the one hand, they have symmetry properties which reduce the
independent rank k£ components to (k — 1)! and thereby suggest an interpretation in terms
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of tree-level subdiagrams with one off-shell leg. On the other hand, they possess covariant
BRST variations,

QK" =0,

QKT = 510 (Tlffgn . Tqun) ,

QREQBZSISLQIK?T,” — 323L12K§n + S12 [Lglf(én — ngkin]
— (s13+s23) T3 K3 + s12 [T K33 — Th K73 ].

(4.12)

However, the appearance of the OPE residue Lo; in the right-hand side of QK 155 instead
of the BRST building block 732 signals the need for a redefinition of f({%g analogous to
the redefinitions of Loj31.. to T123m at tree-level, see subsection 2.2. In order to justify
this, let us recall the following general lesson from the tree-level analysis: quantities whose
@) variation contains BRST exact constituents such as L) = —3Q(A; - Ay) combine to
BRST trivial parts of the amplitude. It is economic to remove these terms in an early step
of the computation, i.e. to study the BRST building block

. 1
Kf%g) = Kgg) —+ 5 [(813 — 823> (Al Ag) Kgn + S19 ((Al Ag) K;n — (A2 A3) Kin)] (413)
from now on whose BRST transformation gives rise to 779 rather than Loj:
QK53 = (s13 + s23)(Th2 K§' — V3 K13) + s12[T13 K3' — Vo K15 — Tos KT + Vi K33] (4.14)

Also the higher rank cases K75 , = ng +...and J5", = j&mk + ... at k > 4 require
modification to ensure BRST building blocks 1o, rather than the OPE residues Loy, g1
(with BRST exact components) in their @) transformation. However, in contrast to the tree-
level redefinitions 119 p = Lo1. k1 + ..., the symmetry properties of loop-specific building
blocks are already present in OPE residues K™ and J™". For instance, we already have
an antisymmetric residue K 5= K, [”112} at rank two whereas the OPE residue Lo; has to be
projected on its antisymmetric part To = Loy — L(Ql).

Rank three is the first instance where modifications QK% = s13L21 K3" + ... are
necessary to avoid BRST trivial admixtures Lgy) = —% (A1 - As) in the @ variation and
to instead arrive at QK{5; = s13T12K5" + ... with Loy +— Ti2. Hence, the loop-specific
OPE residues K’{’;k are more closely related to their BRST building blocks K73 , than
the tree-level cousins Loy 1 <> Tio. k-

The BRST variations of OPE residues jﬁmk associated with N™" lead to similar
conclusions. Redefinitions jg"k — J{5" . are needed in order to trade Lj; . and JNZ’]””
present in QJi5", for Tj; . and J'™ in QJ73",. However, when computing their BRST
variations one must take into account that the building blocks Ji5", (or J{3",) always
appear contracted with (Ay")(Ay")g because of the rule (3.8). So even though one might
naively conclude lemn = k:gm()\v"] W1) # 0, the effective contribution of its BRST variation
to an amplitude is (Am)a(Mn)sQJ™ = 0. For any QJ™ or QJ™" displayed in the
following, terms that vanish under contraction with K™ K" ~ (Ay")4(M")s are omitted.

In summary, the @) variations of the BRST building blocks which will appear in loop
amplitudes are given by (2.11) and

QKD = s12(T Ky — ToKT") (4.15)
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QK53 = (s123 — s12) (T12 K3 — T3KT5)

+ s12(T1 K35 + TisK3* — TosKT* — ToKT3) (4.16)
QK53 = (s1231 — 5123) (T123 K" — TuK1s3)

+ (s123 — s12) (T2 K35 + Thioa K5 — Tay K75 — T3K13,)

+ s12(Ti3aK3" + Tis K3} + T1a K55 + Ty Kg3, — ToKT3y

— Tou K15 — Ths KT} — Tosa K1) (4.17)
QJ" = s12(T1 3" — I Ty) (4.18)
QJ155 = (s123 — s12) (Th2J5™ — J15"T3)

+ s12(T1J35" + ThsJ5™" — J"Tas — J13™T5) (4.19)

QJ155, = (s1234 — s123) (Th23J1"" — Ji55Ts)
+ (s123 — s12) (T2 54" + Tioa J5™" — J{3"T3q — J154T3)
+ s12(Th34 5" + T3 J5y" + ThaJ33" + T1 534
— Ji3i T — Ji3" Tog — Jii" Taz — J7"" Taz4). (4.20)

The BRST variations QK75 , and QJ75" . of the new families can be obtained from Q7712
by replacing either the first or the second Tj; .. on the right hand side by the corresponding
K@ or Ji". This doubles the number of terms in QK75 , and QJ75", compared to
QT19. i, and the two ways of replacing a T in the BRST variation by K" or J"" enter
with a relative minus sign (where the tree-level building block 7' is always understood to
be placed on the left of K and J™").

The above variations generalizes as follows to rank k:

k
QT k=Y > (s12.5 = s12..5-1)T12. -1} Tjg5;\a}

J=2 acP(B;)

QK. k—Z Yo 12y —s12.5-0) (Do o1 (e} K 50000 — Ditonad K1 jo1,(a))
Jj= QO‘EP(IBJ)

Uth k—Z Y (12— s120-1) (Tia g1 g1 b nar = Titgnad Jio g 1.4a})
J=2 acP(B;)

(4.21)
where V; = T;. The set 5; = {j +1,j+2,...,k} encompasses the k — j labels to the right
of j, and P(f;) denotes its power set.

4.1 Unified notation for one-loop BRST building blocks

For each contraction pattern among integrated vertex OPEs, there are three kinematic
factors associated with the same z; — z; singularity structure. This corresponds to the
three ways of extracting the worldsheet fields d,dgN™" from three nested U J OPEs a
la (4.1). In other words, we have to sum three different possibilities (d, d, N), (d, N,d) and
(N,d,d) to convert the U7 vertices after n —4 OPE fusions into building blocks K™ K" J,,,
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via dadgN™ = (AY™)a (M) 3

T8 T Tk

ai...ap bl,,,bq c1...Cp

W N

m n mn m mn n
(Ka1...ap Kbl...bq Jc1...cr + Kal...ap b1...bq Kcl...cr

(4.22)
I K KD L)

ai...ap cl...cp

Note that (4.22) is completely symmetric in i, j, k& and under moving the 7% 77 and T*
(which represent either K or J™") across each other, i.e. Tél...apTgl...bq = Tgl...qucil...ap'
As can be seen from the K™ K" ~ (Ay"™)4 (M) in the definition (4.22), the combination
T'TIT* has ghost-number two. In combination with the unintegrated vertex V! (or OPE
contractions thereof with U7), we arrive at the total ghost number three, as required by
the (A\30°) = 1 prescription.

In the notation (4.22), the BRST variations QK75 , and QJ[3", can be written in a
unified way as

k
QTiy 1= Z Z (512..5 — S12..j-1) (T12...j—1,{a} T;,{ﬁj\a} = Tj8,\a} lez,..j—l,{a}) :
J=2 aeP(B;)

of loop building blocks are well defined. Recall that the set ; = j + 1,7 +2,...,n encom-
passes n — j labels to the right of j, and P(f;) denotes its power set.

4.2 Diagrammatic interpretation of the loop building blocks

According to our discussion above, the T share the symmetry properties and the structure
of their @) variation (in particular the Mandelstam variables therein) with the tree-level
building blocks T'.. So we also think of szn_k together with the 31_21, 31_213, R 31_21__.k prop-
agators as representing a cubic tree subdiagram.

Since the conformal weight-one fields from U; can also be contracted with the Vj
vertex, the correlator of (3.1) additionally involves tree-level building blocks Ty, . 4,. Hence,
every superspace constituent for the open string loop amplitude encompasses four tree-level
this is the kinematic factor of a stringy one-loop diagram, we represent this quartic vertex
as a box, see figure 4.

We should comment on the shortcoming of the diagrammatic representation figure 4
of (Ty,..a, Tél...ap Tgl...bq Tcklmcj that it does not take the asymmetric role of the tree-level
BRST building block Ty, .4, into account, i.e. the lack of (a1 ...a,) <> (di .. .ds) symmetry.
Moving the one-loop building blocks (i.e. the i,j, k superscripts) to different positions
amounts to reshuffling contact terms due to the quartic gluon vertex in the SYM action
between cubic graphs. For instance, the difference ((T127% — T3Tf2)TZ T¥) is proportional
to s12 when evaluated in components and therefore cancels the propagator present in the

common diagram.5

In order to see this, consider the two terms on the right hand side of

i j 1 i i j ok 1 i iNj ik
0= (QMi{T{TE) = (1T — T5T1)TITY) + o (T — TosTHTITY)
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ap—-1 as

b Qap az
- e
i J k _ =
(leA“dg Tcil___ap Tbl...bq Tcl...cr> e & EEled d,qu—l d3
8] do
co Tl e dy
C3 Cr—1

Figure 4. Interpretation of (Ty, 4. T¢ Tlfl...bq Tk ) as the kinematic factor of a box diagram.

ay...ap C1...Cp

The four tree subdiagrams at the corners are identified with building blocks 7" and T".

A particular motivation for the suggestive box notation comes from the low energy
limit of superstring amplitudes. After dimensional reduction to four dimensions, they are
supposed to reproduce amplitudes of N = 4 SYM — see e.g. [26] for a derivation of the four-
point box integral in field theory from a D-dimensional superstring computation in the o/ —
0 limit. The fact that only quadruple T'. and no triple T enter the superspace kinematics
in the string computation reminds of the “no triangle” property of the underlying field
theory [52]. In view of these matching structures in loop diagrams of SYM and kinematic
constituents of string amplitudes, we found it natural to represent the central tetravalent
correspondence between a particular superspace kinematic factor and a box coefficient in
field theory. The systematic reproduction of N = 4 SYM amplitudes via o/ — 0 limits of
the present results is not addressed in this paper and left for future work instead.

4.3 Berends-Giele currents for loop amplitudes

As the next hierarchy level of building blocks we define loop-level Berends-Giele currents,

M f2_._p encompassing several tree subdiagrams described by T} . They are closely related

1...a
with the field-theory Berends-Giele currents of [43], as thoroug}fly explained (with exam-
ples) in [6]. The collections of subdiagrams Mia., = > Ty, ..a,/ sP~1 which were present
in the superspace representations of tree-level amplitudes can be literally carried over to
the CFT ingredients of loop amplitudes. In other words, the tree-level formulae (2.16)

and (2.17) directly translate into loop-level analogues

) Ti
Mi, = 811; (4.23)
My = Tz Lim (4.24)
512 5123 523 5123
: 1 Ti T T3 T3 2Ty
Miyy, = ( 1234 3214 321 ‘3241 T 12[3] > _ (4.25)
51234 \ $125123 5235123 345234 S$235234 512834

see section 4.3 for the definition of M{,3. Cancellations between the first term ~ sj, and the second one
~ §54 require that the numerators vanish on the residues of the poles, i.e. ((T12T4 — T3Tio)TITE) ~ s1a.
This argument can be easily extended to higher multiplicity by virtue of 0 = (QMf234Tg T¥) and related
expressions.
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It is a necessary condition for BRST invariance that the kinematic factor in loop amplitudes
combines the T" to full-fledged Berends-Giele currents M® . This can be seen from their
covariance under ) with no additional Mandelstam factors

p—1
i j ko ; B i j k
Q Mal.,.ap Mbl,_,bq Mcl...c,« - Z (Mal...ag MaHl...ap Ma£+1--~ap Mal...ag ) Mbl,,,bq Mcl...cr
/=1
q—1
J _ J i k
+ (Mblmbe Mbg+1...bq Mbe+1-~bq Mbl...bg ) Ma1..~ap M61-..cr
/=1
r—1
k k 7 J
D (Meyoey Mgy ey = Meyyye, MY, ) Moy ) M3,
(=1

(4.26)
in close analogy to (2.19) at tree-level. Apart from their simple @ variations (4.26) and
their matching with the cubic diagram content of SYM trees, the definitions (4.23) to (4.25)
can be motivated by worldsheet integral manipulations (5.15) and (5.16). As detailed in
section 5.2, the M{'Q.“p naturally build up once the Green functions are arranged into a
form which facilitates integration by parts.

One could also have defined Berends-Giele currents M{5 , and M5" . for the individual
building blocks K75 , and J{5", to later define Mﬁk by combining them following the
pattern seen in (4.22):

M o M ME =

ai...ap bl---bq cl...Cr

(M o ME o, M+ M M, M

ai...ap c1...Cr ai...ap c1...Cr (4 27)

wl N

+ M M, ML),

ay...ap cl...cr

The combinatorics of zero mode saturation implies that the end result for amplitudes
always involves a sum of all the three terms on the right hand side. That is why we will
always use the notation on the left hand side of (4.27) in the rest of this work.

4.4 BRST-invariant kinematics for loop amplitudes

Amplitudes computed with the pure spinor formalism give rise to superspace kinematic fac-
tors in the cohomology of the BRST operator. We have motivated K and J building blocks
from their appearance in the iterated OPEs of integrated vertex operators (along with the
do and N, worldsheet fields) and argued that their combinations Mél---ang1...qu£---Cr
have covariant BRST variations (4.26) connecting different pole channels. Given the strong
constraints which BRST invariance imposes on tree-level SYM amplitudes — see subsec-
tion 2.4 — it is natural to explore the () cohomology using the one-loop building blocks. In
this subsection we will write down BRST invariants constructed from the above elements
dictated by the minimal formalism. This amounts to anticipating the admissible kinematic
structure in the result of the CFT computation of one-loop scattering amplitudes.

As mentioned in subsection 4.2, the one-loop prescription (3.1) containing one unin-
tegrated vertex operator Vi implies that one tree-level building block 77 (combined to a

one-loop constituents M* MJ M* . Hence, @ invariant loop kinematics must be built from
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Figure 5. Interpretation of ( Mg, 4. Mél_“% Mgl___bq ME . ) as four Berends-Giele currents (i.e.
collections of tree subdiagrams guided by color-ordered tree-level amplitudes), glued together by a

central quartic “box”-vertex.

My, .a, M M MF with 1 € {dy,...,ds}. The diagrammatic interpretation of

ai...ap=""by..bg= T C1.Cp
such a term follows from the fact that Berends-Giele currents represent color-ordered tree
amplitudes with one off-shell leg, see figure 5.
As explained before at the level of T 7% T9 T* this diagram does not take the asym-

metry in Md1...dsM¢il...aP < Ma,..a,Mj, 4. into account. The difference between the two

(M, M") assignments corresponds to a reshuffling of contact terms in the cubic subdia-
grams at the corners of the box.

In the following, we shall give a list of BRST invariants built from M_M? MJ M*
up to seven-points. They are denoted by C1 4,...apb;..bg,c1...c, according to their first term
V1M Mgl”_qu k where the unintegrated vertex is unaffected by OPEs:

a1...ay e
Chaza= My MM M} (4.28)
Chrosas = My My M ME + Mo Mi M) ME + Msy M M ME (4.29)

Chazass = My Migy MI ME + Mygz Mj MZ ME + Mo My M MF

+ Msg My M ME + Mg Mi, M2 ME + My My M M (4.30)

C1,2345,6 = My M, MZ{, Mé“ + Mo Mj MZ5 Méc — Mz M} MZ5 M(lsc
+ My My M ME — Mys My M] ME + Mgz My M ME

+ Msip M M ME — Myjg M3 M ME — Msyz Mg M ME (4.31)
C1.2345.6.7 = My Mgy Mé ME + Msyy M, Mg ME 4 [ M, My + Mygg Mix
=+ M1234Mg =+ M5123 Mi — (2,3%5,4)] Mé M%c (432)

Ch231,56,7 = M1 Migy Mig M + Ma1g M Mg ME + (Mys M§ — Mg Mi) My, ME
+ [ Mo M4, + Mg My + (2<—>4)]J\4§'6]\4éf + {[M612M§4M§
+ Meios M ML + Msioa M4M] + (2 4)] — (54 6)} MF  (4.33)
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Ch2345.67 = My My My Mg, + [(Myp My — Mg Mj) Mijs M + cyc(23,45,67) ]
+ {[Morz MEM] — (243 3) — (6 7)] Mfs + cyc(23,45,67) }

+ [(M7135 —i—]\47153)]\45]\42]\4?C — (2+3) — 4<5) — (6« 7)] .
(4.34)

Eight—point amplitudes contain four topologies 01,23456,7,& 01,2345,67,& 01,234,56,78 and
C1,234,567,8 of BRST invariants. They are expanded in appendix C.

4.5 Symmetry properties of the BRST invariants

In this subsection, we examine the symmetry properties of the BRST invariants of the
previous subsection and determine the number of independent permutations (at least under
linear relations with constant coefficients). In particular, we will argue that the Cj .
with label “1” in the first entry form a suitable basis. This ties in with the one-loop
prescription (3.1) for string amplitudes: the special role of the unintegrated vertex V;
implies that only 'y . can appear in the CF'T computation, and these ingredients must be
able to capture any permutation Cj.1 . via linear combination.

In order to see that the reduction to C . is possible, first note that the invariants
Cl,a1...ap,bi...bg,c1...c, inherit the symmetry properties of the Berends-Giele currents for each
of individual three sets of labels (a1, ...,ap), (b1,...,by) and (c1,...,¢,), ie.

Mip p=(-DP"'My.21,  Migpgay = (1" Y My, (4.35)
o €OP({a}.{6T})

directly carry over to

_ —1
Cl,alaz...ap,bl...bq,cl...cr - (_l)p Cl,ap...azm,bl...bq,cl...cr

Cl,{,@}i{a},bl.--bq,cl...C»,» = (_1)nﬁ Z Cl,i{a},b1...bq,c1...cr : (436)

o €OP({a},{BT})

The notation for the sets «, 3, o is the usual one appearing in the Kleiss-Kuijf relation [42].
The latter implies the subcyclic property (or photon decoupling identity)

Z Cl,a(alaz...ap),bl...bq,cl...cr = 0. (437)

oecyclic

However, the above symmetries do not relate C; . to Cj; . (with different labels 7, j in
the first slot). Equations of that type follow from the BRST cohomology of pure spinor
superspace, i.e. from the vanishing of BRST exact terms at ghost number three,

(Q Mg,y M}, 4 Mg, ) =0 (4.38)

cl...cp

The left hand side is always organized into linear combinations of C’s, let us illustrate this
by examples: the four-point BRST invariant turns out to be totally symmetric,

0=(Q M, M§ M}) = Cioza=C213.4, (4.39)
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and five-point invariants can be reduced to C ;j k1 = CJy 45k, by means of

0= (Q Migps M] MF) = Cio345=—Cs9145

2 (4.40)
0= (QMiy Mj, M¥) = Ca3415— Ciza25+Crizss — C31245 = 0.
At six-points, there are three different topologies of BRST exact quantities
0= (Q Miygy MI ME) = Clasase = Casorse
0= (Q Miy; Mls M}) = Chazase + Cs21456 + Cai2356 — Cs12346 =0 (4.41)

) -
0= (Q Mjy M, Mgs) = Cisa562 — Cosa561 + Cs12564 — Cu12,56,3
+ 512,346 — C6,12,34,5 = 0,
and the resulting equations are sufficient to decompose any given Cj ik imn OF Cjjkimn

into a basis of ... A similar recursive argument applies at seven-points due to four types
of equations:

0 = (Q Miygus MY M¥) = Cia34567 = — Cs.432167
0 = (Q Mgy Mg ME) = Cs193167 — Co 123457 + Cr23a567 — Caz21,567 = 0
0 = (Q Miys Miss ME) = Ciuses7 + Caaseo1r + Caioaser + Coiozsar =0 (4.42)
0 = (Q Migs Mis ME) = C1934567 + Ca21.4567 + Ca123.675 — Cs.193.67.4
+ Cs,123,45,7 — C7.123.456 = 0

In order to count the number of independent C1 4;..q, b, ... b4,c1...c,» ONE should keep in mind
that there are (p — 1)! independent components in (a; ...a,) due to Berends-Giele sym-
metries, the same number of cyclically inequivalent configurations. Hence, the number of
independent C1 4, .. .q,.b1...bg,c1...c, 1N N-point amplitudes (where p+qg+r =n—1) is given by
the number of ways to distribute n — 1 elements to three cycles (ay...ap), (b1 ...,b,) and
(c1...¢). This is the defining property of the unsigned Stirling numbers of first kind Sg_l,

C =5yt
#( l,al...ap,bl‘..,bq,cl...cr) pgtren—1 3 (443)

=1,6,35,225,1624, 13132, 118124, 1172700, 12753576, 150917976, ... n > 4,

and the following table gathers examples of how individual topologies (i.e. different triplets
of p, q,r with constant sum) contribute to the Stirling numbers:

5 Omne-loop amplitudes in pure spinor superspace

The pure spinor BRST cohomology of building blocks will now be used to deduce the form
of the n-point one-loop open superstring amplitudes. Apart from the four- and five-point
amplitudes which were previously computed without explicit use of building blocks [5, 9,
63], the results for higher-points are strongly guided by their cohomology properties.

From the discussion of section 3, the n-point kinematic factor for one-loop amplitudes
is given, up to OPE terms with the b-ghost, by the following correlator

Kn = <V1U2(22)U3(23) e Un(zn)>ddN (5.1)
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n | C-topology | # components

4 Cr234 1 =1
51 Cia3as (3) =6
6| Cia3a56 () -2 = 20
6 | C123456 5-3 =15
7| Ciasas67 ) -6 = 90
7| Crosas6,7 (g) 32 = 120
7| C1234567 51! =15
8 | C1,23456,7,8 (5) -2 = 504
8 | C1,2345,67,8 (3)-3-6 = 630
8 | C1,234,56,78 (5)-3-2 = 210
8| Crosasers | 5-7-(5)-2-2 = 280

Table 1. The number of independent components of C' topologies up to n = 8.

where the subscript ddN is a reminder that the substitution rule (3.8) must be applied.
It is easy to see that n —4 OPE contractions among the vertex operators will have to be
performed before the zero-mode combination d,dgN™" can be extracted. Throughout this
section, we will immediately trade all the OPE residues L9131, ¢1 and K’ﬁlmp, J£+1 » for
the corresponding BRST building blocks 775, ¢ and Kﬁl_._p, JZJrl > Experience with the
tree-level computation [6, 17, 18] shows that their difference can only contribute to BRST
trivial kinematics and drops out through total worldsheet derivatives.
The calculation of the kinematic factor will be divided into three steps:

1. Express the correlator (5.1) in terms of BRST building blocks
2. Group these building blocks into Berends-Giele currents

3. Use integration by parts to combine different currents to BRST invariants Cf ..

Starting from six-points, we will use BRST invariance as an extra input in steps 1 and
2 to fix certain parts of the correlator: this concerns the failure of 7;;7,x products to
obey the partial fraction identity (z;;zjx) "' + cyc(ijk) = 0 from tree-level. This relation
plays an important role for the basis reduction of worldsheet integrals at tree-level, see [7].
After these steps are performed the correlator (5.1) becomes a linear combination of the
BRST invariants C1,... constructed in subsection 4.4, which we can regard as the one-loop
analogue of the tree-level subamplitudes AYM. Hence, up to the aforementioned partial
fraction subtlety, the one-loop strategy follows the same logical step as the calculation of
the n-point tree amplitude in [6].

Imposing BRST invariance from the beginning makes us blind to the hexagon anomaly
in D = 10 dimensions arising from the boundary of the ¢ integration [21, 22|, so in our
method we are not able to reproduce the superspace anomaly computed in [74]. In other
words, we compute the non-anomalous or BRST-invariant part of the amplitude.
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Although our final result for K,, won’t include leg one on the same footing as all the
others, we will prove its hidden total symmetry in subsection 7.4. The basis choice (' .
for the kinematic constituents reflects the special role played by leg one entering the com-
putation through the unintegrated V! vertex. New cross-connections to color structures at
tree-level will be pointed out in section 7 which trivialize the outstanding symmetry proof.

5.1 Step 1: CFT correlator in terms of building blocks

Using the definitions of the building blocks, the CFT correlator (5.1) will encompass all
possible combinations of building blocks allowed by its total permutation symmetry in
(234...n). As mentioned before, n —4 OPE contractions must be performed before the

As a trivial starting example, the four-point kinematic factor does not require any
OPE and can be written down immediately using the definitions (4.6), (4.9) and (4.22)

Ky = (VWU UsUs)gan = (ViTaTITF) . (5.2)

The ten possible OPEs in the five-point kinematic factor give rise to two classes of terms,
depending on whether the contraction involves the unintegrated vertex or not:

K5 = (ViUU3U4Us) qan
= (ViU Us Uy Us) + 5permutations (23 <> 24, 25,34, 35, 45) 53
22 (5.3)

+ (V1 Uy U3UyUs) + 3 permutations (2 <> 3,4, 5)
——

The resulting BRST building blocks are

<V1 U2 U3 U4 U5> =12 <T12 TgTiT§> (5.4)
(ViUs Us Uy Us ) = mag (Vi Tos TYTE), (5.5)

and the validity of the replacement Loj + 179 follows from BRST-closedness of TéTZ T5k.
Applying this kind of analysis to the six-point correlator leads to an ambiguity:

K¢ = (ViUUsUsUsUs) gan
= (ViU U3 UsUs U ) + (V1 Uy U3 Uy Us Ug )
—_— —— N —

+ (Vi U2 U3 Uy UsUs ) + (V1 UaUs Uy Us Us )
~—— == ——
+ permutations + 7 (...).

We firstly find those contractions which closely resemble the tree-level procedure (up to

(ViUy Us Uy Us Ug ) = m1amas (Thas TATITE) (5.7)
(ViUy U3 Uy Us Ug ) = mianaa (Tha To, TITE) (5.8)
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Vi Uy UsUy Us Ug ) = Vi Ta TITE 5.9
(Vi U2 U3 Uy Us U ) = magmza (Vi To34T5 1) (5.9)
Vi Uy Us Uy Us Us) = Vi TasTIsTE). 5.10
(Vi U2U3 Uy Us Ug ) = na3nas (Vi TosTysT5) (5.10)

But in addition to that, the correlator could contain terms with worldsheet functions
Nijk = Nij Mik + Nji Njk + Mk Mk (5.11)
which are invisible in the z; — z; limit since (z;j2i) ' + cyc(ijk) = 0. These parts of the
CFT correlator cannot be fixed on the basis of the leading OPE singularity and symmetry
arguments in (23...n). Instead, we will keep them undetermined for the moment and use
BRST invariance in the following subsections to argue their absence in the end result. The

precise way to combine permutations will be discussed in the next subsection.
Similarly, the seven-point kinematic factor receives contributions from

K7 = ViUUsUsUsUsU7) gan
= (ViU UsUy U5 UgUz ) + (V1 Uy Us Uy Us Ug U7 ) 4+ (ViU Us Uy Us Ug Ur)
——— —— N — N —

+<V1U2 U3U4 U5U6 U7>+<V1U2U3U4U5 U6U7>+<V1U2U3U4U5U6 U7>
e N — o~ —_——— —— ——

+ (V1 UsUs Uy Us Ug U7 ) + permutations + nijk(- ),
NEGENE AN

5.12
where the seven different types of OPEs yield | !
(Vi Uy Uz Uy Us UgUs ) = manaanaa(Tiosa TETITE)
(ViU U3 Uy U5 Us Ur ) = miamaaias (ThasTis T TE)
<V1U2 Us Uy Us Us Uz ) = muansanas (T12Tags TYTF)
(@ % w Uz ) = mansanse(Ti2Ta, T TF) (5.13)
(Vi UaUs Uy Us Us Uz ) = nasnsanas (Vi Tazas T4 TH)
(V1 U2Us3 U4gi]§ Uz ) = n23nsanse (Vi T T3 TF)
(W1 UQUg U4 Us U6 Uz ) = nmosmasner (Vi Tas Tis Th:).

These six- and seven-point cases give an idea of the general pattern for the n-point cor-
relator: the kinematic factor K, encompasses all tree-level building blocks involving the
unintegrated vertex 12123 ...7m0—1,¢T12..¢, multiplied with all the possible topologies of
(npfeflTZ_H._p)(n 1ng+1 I 71qu+1 ) of the remaining n—/ legs where zero modes
of dodgN™" are extracted:

(V1(21)Us(22)U3(23) . .. Un(2n)) dan

n—3
= <Z(7712 o me—1,0Tha. 0) Z (Me+1,642 - Mp—1p Tfl—l-l...p)
(=1 (+1<p<g<n (5'14)

j k
X (Mp41p42---Ng-14 ngﬂ...q) (Ng+1,g42 - - M—1n Tq—&-l“.n)

+ permutations + 7;x(...)).
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The next tasks to be addressed in the following subsections are to trade the BRST building
blocks for Berends-Giele currents and to resolve the ambiguity about the 7;;; terms.

5.2 Step 2: Berends-Giele currents

In the n-point tree amplitude computations of [6] the worldsheet integrands combine the
BRST building blocks with z;; poles via Tia._p ¢+ (212223 . .. Zp—1p) . The essential step
for further simplification lies in trading 7' for Berends-Giele currents M using the identity

k-1
T2, p u
+ sym(23. = M2, — +sym(23...p 5.15
212223 - Zp—1,p ( ? ]}_‘[QmZI Zmk ) ( )

It has already been proven at tree-level [8] that the Berends-Giele currents are the natural
objects to describe the SYM amplitudes. The identity (5.15) was the key step in identify-
ing the n-point superstring amplitude as sum of (n — 3)! SYM amplitudes [6] dressed by
hypergeometric worldsheet integrals [7]. To what extent can the tree-level identity (5.15)
and its corollaries be generalized to one-loop?

In order to answer this question note that the tree-level proof of (5.15) required two
assumptions: the symmetries of the building blocks and the partial fraction identities
(zijzjk) "' + cyc(ijk) = 0. As the loop building blocks T/ obey the same symmetry
identities as their tree-level counterparts, the only obstacle against a direct one-loop gener-
alization of (5.15) comes from the fact that the functions 7;;7;;, do not obey a similar partial
fraction identity in general. That is why we have defined the totally symmetric function
Nijk = NijNik +NjiNjk + MkiNk; Measuring the failure of the tree-level partial fraction identity
to hold at higher genus. With this definition at hand, the one-loop generalization of (5.15) is

p k—1
M2m23 .- Np—1pLi2.p + sym(23...p) = M, H Zsmk Nk
k=2m=1

+ sym(23...p) + nijk(- o)

(5.16)

Of course, the same identity holds for the loop cousins (7., M. ) + (T* , M" ) since the T"
enjoy the same symmetry properties as the tree-level building blocks 7' and the deﬁmtlon
of M' in terms of T incorporates the same functional dependence as M. expressed in
terms of T .

We will show in the following subsection that discarding 7;; corrections in both (5.16)
and (5.14) yields BRST-invariant kinematic factors describing non-anomalous terms in the
amplitude.” Let us see some examples For the four-point correlator (5.2) the trading
identity is trivial in view of V; = T1 = M; and T4 = M3,

Ky = (VWT3TYTF) = (M M5 M M), (5.17)

"In fact, n;jx terms are related to the gauge anomaly discussion of [21, 22] in a subtle way. As pointed
out by Michael Green [85] and elaborated in future work, the associated BRST non-invariant kinematic
factors responsible for the hexagon anomaly might leave gauge-invariant fingerprints in certain subsectors
of the amplitude.
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In order to prevent overcrowding in the formulae below the following shorthand notation
will be used
Xij = SijNij- (518)

The five-point correlator (5.3) is also rather trivially converted to Berends-Giele currents
My = Tia/s12 and My = Tiy/s93. The permutations generated by (5.4) and (5.5) combine
to ten terms

K5 = (X19 My Mi M MF + X153 My M3 M MF + X14 Myg M3 M3 ME
+ X15 Mys My M MF + Xog My Mg M ME + Xoq My M, M7 ME
+ Xos My Mg M MF + Xa4 My M, M ME + X35 My M M MY
+ Xys My Mis M MY).

(5.19)

The six-point amplitude is the first instance where the identity (5.16) finds non-trivial
application. Dropping the terms proportional to 7;;; in lines with the BRST reasoning,
the six-point topologies (5.7)—(5.10) give rise to
Ko =(10 terms [ Mz X12(X13 + Xas) + (2 <> 3) | Mj MI M§
+ 30 terms Xy9 Myg X3q My M M
+ 15 terms My Xog My X5 Mz ME
+ 10 terms M; [ Mgy Xog(Xos + Xaa) + (3 ¢ 4) | ML ME).

(5.20)

At this point, we shall be more explicit about the permutations within the correlator.
As mentioned before, the correlator must be symmetric in all the legs (23...n) of inte-
grated vertices, but the last term in Kg only contains 2 x 10 out of the 60 possible terms
M;;qTqu(Xpr + X)) with p,q,r € {2,3,4,5,6}. It turns out that by the symmetry prop-
erties of Berends-Giele currents (e.g. Mjq, = M3, and Mjs, + cyc(234) = 0 in the rank

three case at hand), the expression

p k-1
M§3._.p (H Z ka> + sym(34...p) (5.21)

k=3 m=2

is secretly totally symmetric® in (23...p) even though only the smaller symmetry in
(34...p) is manifest. That is why each of the ten choices to single out three legs from
{2,3,4,5,6} realizes two out of six possible terms only, without spoiling the overall (23456)
symmetry.

8The same hidden symmetry occurs in the representation [29]

M}L’M ~ Z f10(2)a faU(B)b fba(4)c o fya(n—Q)z de(n—l)n AYM (17 0'(2, 3, e — 1)7 Tl)

ocES, 2

of the color-dressed SYM amplitude: the structure constant contractions (f*“?)"~2 share the symmetry
properties of the integrand [[}_, 21;22 Xmr and the rank p Berends-Giele current taking the role of a
(p + 1)-point SYM amplitude with one off-shell leg guarantees that the color-ordered AY™ have the same
symmetry properties as the M’ . Hence, the total symmetry of My ™ implies that of (5.21) by virtue of
the dictionary explained above.
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It is crucial to note the symmetry properties of the two sides of the T <+ M trading
identity (5.15). The left-hand side is totally symmetric at tree-level, even in trading leg one
for one of the others. But this makes use of partial fraction relations that cause extra terms
~ nj;k at loops. The z; dependence on the right hand side, however, is built from combina-
tions s;j/2;; where it is obvious from the Mandelstam factors that there are no partial frac-
tions at work to see the symmetries. Only the right hand side of (5.15) stays totally sym-
metric in (12...p) under the loop-conversion s;;/2;; — s;51;; = Xi; of worldsheet functions.

For these reasons, the following expression for the seven-point kinematic factor,

K7 =(15 terms M [ M5 Xog (Xo4 + Xa4)(Xos + X35 + Xu5) + sym(345) | M MF
+ 60 terms My [ Magy Xoz (Xoa + X34) + (3 < 4) | Xs6 MZg M¥

15 terms M Xo3 My Xu5 My Xe7 M

20 terms [ Migzq X2 (X13 + Xo3)(X14 + Xoa + X34) +sym(234) | M M7 M

90 terms [ Migs X12 (X13 4+ Xo3) + (2 <> 3) | Xu5 Mis Mg My

60 terms X1o Myo [ Mays Xaq (X35 + Xus) + (4 <5 5) ] M7 M¥

90 terms X o Myo X34 Miy Xs6 Mig MF)

+ o+ + + o+

(5.22)
is totally symmetric even though only those six M;(zs 15) permutations o € Sy with fixed
point o(2) = 2 occur.

The n-point generalization of the above patterns is given by

om S (A5 ) 5 e (115 )

k=2m=1 (+1<p<g<n k=042 m=(+1
q k—1 n k—1 (5.23)
J k
x Mg | IL 22 X ) Moo | IT 22 Xom
k=p+2 m=p+1 k=q+2 m=q+1

+ permutations) .
5.3 Step 3: integration by parts

In this step the number of one-loop worldsheet integrals will be reduced using partial
integration identities. These manipulations have been crucial in the computation of the
n-point disk amplitude [6, 7] and had already found appearance in the string inspired rules
towards field theory amplitudes [83, 84]. As emphasized in the references, integration by
parts allows to eliminate double derivatives of the bosonic Green function.

After this reduction is performed the kinematic factor for the one-loop amplitude
becomes a sum over manifestly BRST invariant objects multiplied by n — 4 powers of Xj;;
schematically, this means K, = x4 (Cy,..).

In order to see how these partial integrations can be performed note that the worldsheet
integrands at any loop order contain a universal factor proportional to the correlation
function of the plane wave exponential factors, the so-called Koba-Nielsen factor

KN = < ﬁ eiki-x(zi,z)> X exp < i Sij (x(2i,Zi) x(zj,zj))> . (5.24)
i=1 i<j
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The precise form of the bosonic Green’s function (x(z;,7%;)x(z;,%;)) in terms of Ja-
cobi theta functions is irrelevant for the analysis in the following. What matters is
its appearance in the Koba-Nielsen factor and the antisymmetry of its derivative 7;; =
%(x(zi,ii)x(zj,ij» = —1;; which can be viewed as the one-loop generalization of the
1/z;; single pole at tree-level. The form (5.24) of the Koba-Nielsen factor implies that the
combinations X;; = s;;1;; can be integrated by parts

0 _/ KN = /Zszj ni; KN. (5.25)

J#i
Boundary terms at z; = z;11 do not contribute to (5.25) because the Koba-Nielsen factor
vanishes for real and positive s; ;41 as |z; — zi+1|+1. Analytic continuation in the complex
sii+1 plane allows to extend this argument to generic kinematic regimes.

This identity still holds in presence of further 7,, factors in the integrand as long as
none of the p, g labels coincides with the differentiation leg i, for instance

/KN X2 (X13+X23):/KN (X34 + X5+ - - + X3,,) (Xog + Xoa + -+ + Xop)

p k-1

/KN HZka_/KN H Z Xim.-

k=2m=1 k=2m=k+1
(5.26)

The ubiquitous [[7_, Zk ! 1 Xmi products in equation (5.23) for K, turn out to be
maximally partial—integratlon—fmendly. This has already been exploited in tree-level
computations [6].

Once we have removed any appearance of z; from X;; via integration by parts (5.26),
the remaining terms in the correlator will build up various BRST invariants C . This is
a trivial statement in the four-point correlator (4.28),

Ky = (M MIMME) = (C1234) (5.27)

whereas the five-point kinematic factor requires X2 = Xog + Xo4 + Xo5 and (2345) permu-
tations thereof (which is valid under integration against KN only). After eliminating the
Xij at j =2,3,4,5in (5.19), we find the manifestly BRST-invariant expression

K5 = Xo3 (M Mg M| MF + My MiM] ME + My MiM] ME)
+ X24<M1M24MJM5 + M12M4M]M5 + M41M2MJM5>
+ X25<M1M25M]M4 + M12M5MJM4 + M51M2M M4>
+X34<M1M34M]M5 —I—M13M4MJM5 +M41M2M]M5> (5.28)
+ X35<M1M35M]M4 + M13M5M]M4 + M51M2M M4>
+ X45<M1M45MJM3 + M14M5MJM3 + M51M2M M4>

= X23(C1,23,4,5) + X24(C1,2435) + Xo5(C1,2534)

+ X34(C1,31,2,5) + X35(C1,352,4) + Xa5(C1,45,2,3)
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which agrees with the expression from [9] when its component expansion is evaluated [14].
The total worldsheet derivatives are suppressed in (5.28) and in all subsequent kinematic
factors.

The general lesson to learn from the five-point computation concerns the choice of
integral basis and the role of the M., terms in (5.23) with leg one attached and p > 2.
Once we eliminate z; from every X, in the integrand, the remaining X"~ polynomials are
guaranteed to be minimal under (5.25) and the superfield prefactors must be BRST closed
C1,.... The superfields associated with the integrands X; outside the desired basis have
in common that leg one is attached to a rank p > 2 Berends-Giele current Mo, ,. After
integration by parts, the worldsheet dependence will be transformed into z; independent
X,s combinations (r,s # 1), so the associated VlMggmpMj

p+l.q
receive corrections containing Mis. , at p > 2. Hence, the job of all the M;s_, is to provide

Mf—l—l.‘.n permutations will

the BRST invariant completion of V1M2i3._ngquM;“H_”n to form C123..pp+1..q,.qg+1..n-
Let us consider the six-point amplitude to see these mechanisms in action. The first two
lines in (5.20) require integration by parts in the form X12X34 = X34(Xo3+ Xoa+ Xo5+Xo6)
and X9 (Xlg + X23) = (X23 + Xog + Xo5 + X26)(X34 + X35 + X36) in order to eliminate all
the X7;. The remaining two lines already involve integrands in the z; independent basis,
and the associated kinematics receive corrections
XosXasMi Mg M{s ME  —  Xo3Xus (Ml Mg Mis ME + Mo Mg Mis M§
— M3 My My ME + My My M2 ME — Mys My M] ME
+ Mg Mg MI M§ + Mo M M M§ (5.29)
— Muygo Mi M3 ME — M3 Mg M Mg)
= X93X45C1 23456
due to the X3 X5 on the right hand side of integration by parts formulae. By carefully
gathering all Xo3.X45 corrections, the superfield expressions can be seen to build up the

full-fledged C12345,6. So the net effect of integrating zi-dependent X, by parts is the
replacement M1M23M15M6 — C ,23,45.6 and M1M234M]M6 — C ,234.5.6°

Ko = Xo3(Xo4 + X34)(C123456) + Xoa(Xoz + X43)(C1,24356)

+ Xo3(Xos + X35)(Ch235,46) + Xo5(Xos + X53)(C1,253,4,6)

+ Xo3(Xag + X36)(Cr23645) + Xo6(Xas + Xe3)(C1,263,4,6)

+ Xoa(Xos + Xu5)(Cr2a536) + Xos(Xoa + X54)(Cr254,36)

+ Xo24(Xo6 + Xu6)(C1,246,35) + Xo6(Xoa + X64)(C1,264,3,5)

+ Xo5(Xa6 + X56)(C1,256,34) + Xo6(Xas + Xe5)(C1,265,3,4)

+ X34(X35 + X45)(Cr3452,6) + X35(X34 + X54)(C1,354,2,6)

+ X34(X36 + Xu46)(C1,316,2,5) + X36(X34 + X64)(C1,364,2,5) (5.30)
+ X35(X36 + X56)(C1,356,24) + X36(X35 + Xo65)(C1,365,2,4)

+ Xus5(Xae + X56)(Cras6,2,3) + Xae(Xas + Xo65)(Ch,465,2,3)

+ Xo3 Xy5 (C123456) + Xo3 Xug (Cr2346,5) + X23 X6 (C1,23,56,4)
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+ Xo4 X35 (C1,24,35,6

( + Xo4 X36 (C1,24,36,5) + Xoa X56(C1,24,56,3
+ X5 X34 (C1,25,34.6

(

(

{ ) (
+ Xo5 X36 (C1,25.36,4) + Xo5 Xu6 (C1,25,46,3
+ Xo6 X35 (Cl,26,354) + Xos Xus (C1,26,45,3
+ X35 Xu6 (Ci,3546,2) + X36 Xa5 (C1,36,452

+ Xo6 X34 (C1,26,34,5

)
)
)
+ X34 X56 (C1,34,56,2)

)
)
)
)

The above patterns lead to a seven-point kinematic factor given by

K7 =15 terms [ Xog (Xo4 + X34) (Xo5 + X35 + Xu5) (C12345,6,7) + sym(345) |
+ 60 terms [ Xo3 (Xos + X34) (Crosa567) + (34> 4)] Xso (5.31)
+ 15 terms [Xog X45 Xo7 (C1,23,45,67) |-

In order to make the permutations in (5.31) more precise and to compactly write down its
n-point generalization, we shall introduce some notation that facilitates the bookkeeping
of the Sg_l terms in K.

5.4 The closed-form n-point kinematic factor

We have argued in subsection 4.5 that the symmetries (4.36) of the BRST invariants yield
a basis with Sg_l elements under relations with constant coefficients. It became evident
from the examples (5.28), (5.30) and (5.31) that each independent C . occurs in K,
where (5.21) determines the associated worldsheet function to be

n

p k-l q k—1 k—1
(CLos.pptlgatlon) < (HZka> I > X I > X
k

k=3 m=2 =p+2 m=p+1 k=q+2 m=q+1

Writing down the kinematic factor K, in a closed form for general multiplicity n is a
matter of notation. That is why we shall now introduce a set S§ with S:],f elements which
takes care of the C1 . bookkeeping. It compasses all the partitions of £ elements 12...k
into three indistinguishable cycles, say (a1 ...ap), (b1...by), (c1...¢;), where p+q+r =k
and none of the cycles remains empty, i.e. p, g, # 0. For given sets {a1...ap}, {b1...04}
and {cy...c }, only cyclically inequivalent configurations are considered as distinct Sg,f
elements. Fixing the first entry ay, b1, ¢ of each cycle is one convenient way to implement
this, we are then left with permutations

(ala(ag...ap)), (blﬂ(bg...bq)), (Clp(CQ...CT)), (NS Sp_l, e Sq_l, p < Sr—l

for a partition characterized by p, ¢, r. Of course, we have to avoid overcounting due to the
indistinguishable cycles, i.e. (2,3), (4,5), (...) is identified with (4,5), (2,3), (...) in S§. A
formal way to summarize these properties of Sé“ is

5 Zy X Zg X Zy X Sy

p>q>r>1 p,g;r)

ptat+r=k (5'32)
Epgr(12...k)=(12...p) x (p+1...p+q)x (p+qg+1...k)

v(p,q,7) =1+ 6pg+ g0 -

Sk Ep,q,r(skz)
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The map =, ,, cuts a given Sy permutation of (12...k) into three tuples (12...p), (p +
1...p+¢q) and (p+ q+ 1...k) of cardinality, p, ¢ and r, respectively. Each of them
is modded out by the corresponding cyclic group Z,, Z,, Z,, and in case of coinciding

cardinalities (p = ¢ or ¢ = r or both), we divide by permutations Su(p.q,r) of these tuples

p7q,7”
of equal size. Indeed, we can check that the number of elements in the individual (p, g,r)

contributions to (5.32),

k!
~ par-v(p,g,r)!

Sk
Zp X Zg X Zp X Sy

D,q,T)

reproduce the entries of table 1.
The structure of the n-point kinematic factor is described by

p k—1 q k—1 n k—1
n_z{ Crosppitanr (I %ot [ TT S Xt [ TT 3 X
=3m=2 k=p+2m=p+1 k=q+2m=q+1

+sym(34...p)+sym(p+2,...q)+sym(¢g+2,.. .n)—l—permutations} . (5.33)

The definition (5.32) of S¥ allows to make the permutations involved very precise:

Ky = Z <Cl,o'(23...p),7r(p+1...q),p(q+1..‘n)>

U><7r><p€$g_1

(i) (L5 ) o 8 v

k=3m=2 k=p+2 m=p+1 k=q+2 m=q+1

(5.34)

The variables p, ¢ are related to the cardinality of the permutations o, 7, p via p = |o| + 1
and ¢ — p = |r| and should not be confused with the summation variables in (5.32).

We shall conclude this section with a comment on the rigid s;;n;; = X;; combinations
in the worldsheet integrand (5.34). The z; — z; singularities from n;; = z;; '+ O(z;) in
connection with the Koba Nielsen factor (5.24) give rise to kinematic poles in the corre-
sponding Mandelstam variable, at least for some choices of the integration region. The
connection between worldsheet poles and massless propagators was thoroughly explored at
tree-level [7], and since the z; — z; singularities are local effects on the worldsheet regard-
less of its global properties, we expect the pole analysis to carry over to higher genus.

The fact that short distance singularities on the worldsheet always occur in the combi-
nation X;; = s;;7;;, any potential kinematic pole is immediately smoothed out by the Man-
delstam numerator s;;. That is why the z; integrals do not introduce any poles in kinematic
invariants,” i.e. that all massless open string propagators enter through the BRST invariants
C1,.... However, this does not rule out branch cut singularities in s;; as they are expected
from the polylogarithms in field theory loop amplitudes. Systematic study of the non-
analytic momentum dependence is a rewarding challenge which we leave for future work.

9This does not exclude massless poles from the modular ¢ integration due to closed string exchange in
non-planar cylinder diagrams [21, 22].
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6 One-loop kinematic factors built from tree-level data

In this section, we will show that the BRST invariant constituents C .. of the one-loop
kinematic factor K, can be expanded in terms of SYM tree amplitudes. More precisely,
these kinematic building blocks for one-loop amplitudes are local linear combinations of
the a'2 correction A" to color-ordered superstring tree amplitudes, defined by

ATee(1,.2, L nyal) = AM(1,2, .. n) + C(2)a2 AT (1,2, n) + O3 . (6.1)

The notation AF" is motivated by the fact that the first string correction to (6.1) at

2

order'® o/ can be attributed to a supersymmetrized F'* operator in the low energy effective

action [64], see later remarks. Comparing with the central result of [6, 7]

AT(1,2,. . mid) = > AM(L,0(2,...,n—2),n—1,n)F7(d)
0'651173

for the disk amplitude, one can identify the O(a’?) power of the functions F? as the
expansion coefficients of A " in terms of (n — 3)! field theory subamplitudes:

C2)a2A"(1,2,...n) = Y F(d)],

0ESH_3

L AM(1,0(2,...,n—2),n—1,n) (6.2)

The first examples up to multiplicity n = 6 read

AT (1,2,3,4) = s19503AM(1,2,3,4)
AP (1,2,3,4,5) = (12531 — s31505 — s12551)AYM(1,2,3,4,5) + s135004M(1, 3,2, 4, 5)
4
AT (1,2,3,4,5,6) = —(s45556 + 512561 — 5455123 — 5125345 + S1235345)A (1,2, 3,4,5,6)
— s13(523 — 561+ 5345) A" (1,3,2,4,5,6) — s1452547 (1,4, 3,2,5,6)
+ s14535A™M(1,4,2,3,5,6) — s35(s34 — 856 + s123) A (1,2,4,3,5,6)
+ 313325AYM(17 37 47 27 57 6)7
(6.3)
and a O(a’®) momentum expansion for the n = 7 functions F° — i.e. the defining data for
./4F4(17 2,3,4,5,6,7) — can be found in the appendix of [7].
As we will show, our BRST invariants governing the one-loop kinematics

(C1.) = A (1,p(2,3,...,0) =Y palsi) AM(L,7(2,3,...,n) (6.4)

are linear combinations of SYM trees, accompanied by fine-tuned quadratic polynomials
Pr(sij) in Mandelstam variables. The summation ranges for the S,,_; permutations p, 7
will be made precise soon.

Since the three-point tree does not receive any o’ corrections, higher-point disk ampli-
tudes do not factorize on exclusively cubic vertices. Hence, the role of the Mandelstam bilin-

ears py(s;;) lies in avoiding n—3 simultaneous poles in any A" *. One can attribute these o/2

YHigher dimensional operators such as D?"F* and F*™™ with n > 1 contribute to (6.1) at orders a/**"

. . . . . 4
and are not reflected in (C1, ) which carries the same mass dimension as A" .
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corrections to a quartic contact interaction ~ Tr{F*} (formed by the non-linearized gluon
field strength F') in the low energy effective action [64] (which explains the terminology
AF 4). The diagrams of AF ! having one quartic vertex and cubic SYM vertices otherwise
require n — 4 propagators (instead of the n — 3 propagators in cubic AYM diagrams).

In fact, the appearance of the tree-level kinematics A * due to the (supersymmetric
completion of the) operator ~ Tr{F*} in one-loop amplitudes can be explained by super-
symmetry: naive power counting shows that BRST invariants C'y . are generated by a term
of mass dimension eight in the effective action. The vertex ~ Tr{F*} is the unique mass
dimension eight operator compatible with 16 supercharges, i.e. N = 1 supersymmetry in
ten spacetime dimensions or N = 4 supersymmetry in four dimensions. Cubic operators
of type ~ Tr{D?* F3} can be ruled out since none of them is supersymmetrizable. That is
why one-loop kinematics in maximally supersymmetric theories have no other choice than
reproducing the AF " which have firstly been observed at tree-level.

The organization of this section proceeds as follows: we will first develop a pure
spinor superspace representation for AF " in terms of quadruple Berends-Giele currents
My, .. a4, Mél...ap Mgl...bq Mcklch using their diagrammatic interpretation from figure figure 5.
The central box in these diagrams is then identified with the aforementioned quartic contact
interaction vertex ~ Tr{F*}. We exploit the Berends-Giele representation to identify the
AF" as linear combinations of the one-loop BRST invariants €'y . Finally, the Sg“l basis
for C'1,... can be used to explain amplitude relations between AP permutations and (closely
related) finite one-loop amplitudes in pure (non-supersymmetric) Yang-Mills theory.

6.1 Diagrammatic expansion of tree-level a’? corrections

Following the ideas of [27], a method which associates pure spinor building blocks to cubic
tree diagrams of SYM amplitudes in D = 10 was reviewed in section 2 on the basis
of [8, 17, 18]. The pure spinor superfield method of [8] rests on two basic assumptions:

1. the kinematic numerator of a cubic graph can only contain BRST building blocks
whose @) variation cancels one of the kinematic poles

2. the sum of the expressions associated to all cubic graphs must be in the pure spinor
BRST cohomology.

Now we are interested in an analogous diagrammatic method for constructing the tree-level

a'? corrections and relating them to one-loop kinematic structures.

At n-points, A 4(1, 2,...,n) has n — 4 simultaneous poles corresponding to diagrams
with n — 4 cubic vertices and one quartic vertex. Since we are using the same superspace
ingredients MdlmdsMélmangl_”quflch present in one-loop BRST invariants, the box
notation introduced in subsections 4.2 and 4.4 will be kept and can be identified with the

tree-level quartic vertex'! ~ Tr{F4}. The unified diagrammatic language for both o'

"Even though the diagrammatic rules in this subsection might suggest an association of the kinematic
factors AF4 with box integrals in the field theory limit, they will also find appearance along with pentagons
and higher n-gons. The o’ — 0 limit of the worldsheet integrals (to be analyzed in later work) will determine
the kinematic coefficient of higher n-gons in terms of A" " at least up to anomalous terms.
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= (M MiM]My)
1 1 3 2
5 2 1 3
= (M, MiM] M) = (M Mg, M MF)
4 3 5 4

Figure 6. The building block prescription for the four- and five-point A¥ ! diagrams. The rule is
that the Berends-Giele current with leg one is always to the left, carries no 1, j, k labels and the
combination of superfields must contain the same kinematic poles of the graph.

corrected trees and loop-level kinematic factors emphasizes that they can be represented
by the same class of subamplitudes A% *. As mentioned before, this can be traced back to
the uniqueness of N = 1 supersymmetric dimension eight operators in D = 10.

The four- and five-point diagrams associated with the tree-level o/? correction are
depicted in figure 6, together with their pure spinor superfield mapping. The expression

AFY(1,2,3,4) = (M MM ME) (6.5)

correctly reflects the absence of poles in AF 4(1, 2,3,4) and is BRST closed.

The five-point AF 4(1, 2,3,4,5) has two kinds of Berends-Giele-constituents. They are
characterized by the position of the leg with label one — it can either enter through
the cubic vertex (— Mj;) or as a standalone corner (— M) of the box. The superfield
mapping is slightly different for each possibility, and the rule is that leg number one is never
associated with loop-specific Berends-Giele currents M*7F, The dictionary of figure 6 leads
to the following @ closed expression

AP (1,2,3,4,5) = (Myp MM ME) + (M M M| ME)

4 Ny o (6.6)
+ (M My M, ME) + (My My M{ M) + (Mg My M3 MY) .

In the four-point case, it was shown in [57] on superfield level that (M, MQZMg MYF) agrees
with the SYM tree representation AF4(17 2,3,4) = 519593.AYM(1,2,3,4). This requires the
pure spinor superspace expression (2.20) for the latter,

<M1M5M§Mf> = 823<T12V3V4> + 812<V1T23V4> = 812823AYM(1, 2,3, 4). (67)

However, we could not find a superspace proof for (6.6) to agree with the A¥M combination
(512534 — 834545 — S12551)AYM(1,2,3,4,5) + s13504.AYM(1,3,2,4,5) required by (6.3). In-
stead, we have checked that this combination of five gluon trees matches the bosonic terms
of the component expansion of (6.6). The agreement of the gluonic components extends
to the full supermultiplet because the (A\30°) = 1 prescription respects supersymmetry.
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6 3 6 2
3 .y
+ = (MMM ME)
5 4 5 4
3 2
2
) 4 1 3
4 _
+ = (MM, M ME)
6 5 6 5
6 1 2
5 2 1 3
= (M, MEMIME) = (M M3, M] ML)
4 3 6 4
5

Figure 7. Pure spinor diagrammatic rules for the six-point a/? correction A* " The leg number one
is never associated with a loop-specific Berends-Giele current M*7* and the labels in the superfields
are arranged according the order in which they appear in the diagrams.

For six-points the story is the same, and the mappings between diagrams and super-
fields depend on the position of leg number one.

Following the mapping rules depicted in figure 7 the 21 graphs which compose the
six-point A% " are represented by the following 15 terms in pure spinor superspace,

AN (1,2,...,6) = (Mygs MiMIME) + ( Mgy MiMI ME) + (Msgy MM MF)

+ (M Mgy M3 ME) + (My MEM 45 ME) + (M M5 M3 M)

+ (Mg My M ME) + (Mg Mz M ME) + (Mo M§MI ML) (6.8)
+ (My My M3 M5) + (My M5 M, ME) + (My M M M)

+ (Mg MM ME) + (Mey My M3, ME) + (My Mz M ME;),

which one can check to be BRST-closed using the formulae given in the previous section.
The first six terms in (6.8) altogether describe twelve graphs whereas each of the last nine
terms describe a single graph.

Let us state the general rule for proceeding beyond six-points: our superspace proposal
for AF*(...) encompasses all distinct planar diagrams (with unit relative weight) which are

1. made of one totally symmetric quartic vertex and otherwise antisymmetric cubic
vertices from SYM

2. compatible with the cyclic ordering of the external legs in A" (.. .).
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The sum of their M._M? M7 M* superspace representatives can be checked to enjoy BRST
invariance. Up to multiplicity nine, we have

APN(1,2,.0,7) = (Magga MEMEME) + (Mio Mis M ME) + (Mg MM MF)
+ (Mags MM M) + (Myo My, M MEF) + cye(1234567)
= 35 terms and 84 diagrams (6.9)
AFY(1,2, ..., 8) = (Miosus MEME ML) + (Mygs Miss M2 ME)
+ (Magaa (Mo M ME + MEME Mg + MEMEME))
+ (Miag (Mjs M, ME + Mg M ME + M{MZME)) + cyc(12345678)
+ (Mg MM, ME) + cyc(1234)
+ (Mo My Mg Miy) + (Mgy My Mis M)
= 70 terms and 330 diagrams (6.10)
AP(1,2,...,9) = (Miasass MiMZ ME) + (Myos Mis M M)
+ (Mggas (M M M§ + MM My + M{MI M)
+ (Migsa (Mg Mg Mg + Mig MI Mgy + MM M)
+ (Muzaa (Mg ME Mg + My Mg Mg + MiM Mygg))
+ (M3 (Mo Mg My + Mg Mze My + Mjso M My))
+ eye(123456789)
= 126 terms and 1287 diagrams (6.11)

Summing over cyclic permutations in the specified labels slightly abuses notation in view
of the rule that leg number one is always attached to the tree-level current M. rather than
to M*J*. For example, the cyclic orbit of Mlgg,MiAMgMég shall be understood as

Moz MM ME + cyc(123456) = Mo My ML ME 4+ My Mg ML ME + My MM, ME
+ My MM Mg + Moy MM ME 4 Mgy MM MY
Using this refined cyclic summation, one can verify BRST closure of the above expressions
as well as the correct diagrammatic content to represent the o2 corrections A " to tree
amplitudes. Moreover, as a sufficient condition, we have explicitly checked their agreement

up to n = 6 by computing the bosonic component expansions [14] and comparing with (6.3).
It is highly plausible that the (well-tested) experimental rule

BRST-closed objects with the same kinematic pole structure are proportional

persists for n > 7 legs.

The above expressions for AL 4(1, 2,...,n) are not manifestly cyclic invariant in
(1,2,...,n) because the leg number one is treated differently. This is an artifact of the
one-loop prescription from section 3 which associates only leg number one with the unin-
tegrated vertex operator V!. But it can be shown that the difference to another choice of
Vi#1 is BRST-exact and therefore zero,

AP 1,2, n) — AFN(2,3,. .0, 1) = (QX,) =0, (6.12)
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for example,'?

Ay = M{éMﬁMf

Xs = ]\41i23]\44{]\4é§ + MélQM?{Mf + MfQ(Mng5 + M§4M§) (6.15)
Xo = ]\411‘234]\4";]\%€ + Mél23MiMslf + M§612M§Mf + M1i23(MiME]>CG + Mi5Mé€)
+ Mﬁlm(Msj,Mfs) + M§4M§) + Mfz(Mnggwﬁ + M?Z4M5kG + M§45Mé“), (6.16)

6.2 Tree-level a’? corrections versus one-loop kinematics

This subsection builds a bridge between tree-level o/? corrections A% " and the one-
loop kinematics C7... Both of them have a superspace representation in terms of
Md1---dsMél...angl.,.qufl...c,« — see the previous subsection for A" and (4.28)—(4.34) for

(... Using the symmetry properties (4.35) of Berends-Giele currents, we find

.AF4(1, 2, ey n) = Z <CL23...p,p+1“.q,q+1...n>a (6'17)

2<p<g<n—1

where legs 23 ...n are distributed in all possible ways among the three slots of the BRST
invariants Cy,. which preserve their order. This leads to (n —2)(n—3)/2 terms in the C; .

expansion of the color-ordered A 4(1, 2,...,n), let us display examples up to multiplicity
n=_§:
AFY(1,2,...,4) = (Cros4) (6.18)
ATN(1,2,...,5) = (Crasas) + (Crasas) + (Crasas) (6.19)
AP (1,2,...,6) = (Crasa56) + (Craasze) + (Cras62,3) + (C1,25.45.6)
+ (C1,2356,4) + (C1,34,56,2) (6.20)

AP (L,2,...,7) = (Crasaser) + (Crausezr) + (Craserzs) + (Cr231567)
+ (C1,234,67,5) + (C1,23,456,7) + (C1,23,567,4) + (C1,345,67,2)
+ (C1,34,567,2) + (C1,23,45,67) (6.21)
AT(1,2,...,8) = (Crasusers) + (Crauseras) + (Crasers.2s) + (Crassers)
+ (C1,2345,78,6) + (C1,234,567,8) + (C1,234,678,5) + (C1,23,4567,8)
+(C123,5678,4) + (C1,3456,78,2) + (C1,345,678,2) + (C1,34,5678,2)
)+ ) + (C1,234,56,78) (6.22)

+ <Cl,23,45,678 <Cl,23,456,78

12The general formula for X, can be conveniently written using the definition

p—1
BY, ,=> M M, , (6.13)
k=1
as
s ;i : n-l .
Xn = Z M{Q---PE;il.“n +teye(12...n) — Z E;@,,‘,pMz]f-s-l,...ng (6.14)
p=2 p=3

and tcyc(12...n) means the truncated cyclic permutations of the enclosed indices. It is defined such that
the permutations which lead to the leg number one not being in the “first” M* are dropped. For example,
Miag M ME + teyc(12345) = Miog M ME + Mo MM + Mis, M3 M§.
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We will argue in the next subsection that the representation (6.17) of AY " in terms of
(... is invertible, i.e. that one can express any individual BRST invariant C; . in terms
of A" permutations with rational coefficients. As promised in (6.4), this implies that all
kinematic ingredients C . of one-loop amplitudes can be written in terms of tree-level
kinematics A" 4, and the latter can in principle be expressed through AYM permutations
(with bilinear Mandelstam coefficients). The reduction of five-point C' ;.1 to SYM trees
proceeds as follows,

(Croass)=AF"(1,3,2,4,5) — AF*(1,4,3,2,5) — AF'(1,3,4,5,2).

512523
S14 (6.23)

S
+ A™(1,3,2,4,5) [(8234-834)(812 —S45)+ 5(812824—851(834—#845))

=AM(1,2,3,4,5)s34 [512 — S45 —

and we shall finally give a six-point example:
3(Chassae) = A7 (1,2,3,6,4,5) + AF(1,2,5,4,3,6) + A" (1,2,5,4,6,3)

+ AT (1,2,6,3,4,5) + AF'(1,3,2,4,5,6) + A" (1,3,2,4,6,5)
— AF(1,3,2,5,4,6) + AF"(1,3,4,2,5,6) + AT (1,3,4,2,6,5)

+ A 134625)+AF (1,6,2,3,4,5) + A" (1,6,4,3,2,5)  (6.24)
3(Chasuse) = —A(1,2,3,4,5,6) + AF"(1,2,3,5,4,6) + A" (1,2,3,6,4,5)
F4(1,2,5,3,4,6 AF4( 1,2,5,6,4,3)
+ AT (1,2,6,3,4,5 AF4(126354 F4(1,2,6,4,3,5)
( F(1,3,2,5,4,6)

+ A (1,3,2,5,6,4) — 245(1,3,2,6,4,5) + 2AF4(1,3,2,6,5,4)

(
(
(
(1,
— AF'(1,2,3,6,5,4
(
(
(
+ AFY(1,3,4,5,2,6) + A (1,6,5,2,3,4

) + ) =
) = )+
+ A(1,2,6,4,5,3) — AF'(1,2,6,5,3,4) —
) 5
) ).

(6.25)

It is not difficult to verify the above relations using the explicit expressions (6.19) and (6.20)
together with the symmetries obeyed by the invariants C1 .

6.3 KK-like identities for AF" and finite QCD amplitudes

We have argued in subsection 4.5 that the symmetries (4.36) of the € . align them into a
Sg‘*l—dimensional basis under relations with rational coefficients. This subsection focuses
on amplitude relations between A% ! following from their expansion (6.17) in terms of C .
Cyclic symmetry and (—1)" parity leave (n—1)!/2 potentially independent AF4(1, 2,...,n)
permutations, but since they are all linear combinations of Sg;’_l independent (', there
must be lots of identities with rational coefficients among them. Following the terminology
of [31], we will refer to these relations as “Kleiss Kuijf-like” (KK-like). The first example
is .AF4(1, 2,3,4) = AF4(1, 3,2,4) being totally symmetric. Examples at five-points are

0=A"(1,2,3,4,5) — AF"(1,4,2,3,5) — A" (1,2,4,5,3)
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+ AF(1,2,4,3,5) — AF'(1,3,2,4,5) — AF'(1,2,3,5,4), (6.26)
0=A""(1,2,3,4,5) + sym(2,4,5), (6.27)

they can be easily checked using .AF4(17 2,3,4,5) = (Ci2345 + C12345 + C1,2,345)-

The basis dimension S:’;_l for C1,... furnishes an upper bound on the number of indepen-
dent A" under KK-like relations (e.g. one has at most six independent A" (1,5(2,3,4,5))
under (6.26) and (6.27)). If this bound is saturated, then the equation system

4
AF (17 0(2; e ,’I’l)) = Z <Cl,a(23...p),o(p+1“.q),a(q+1...n)>7 (628)
2<o(p)<o(q)<n—1

is invertible and we can solve it for C'y__ in terms of A permutations. We will now give
an indirect argument that this is indeed the case.

Relations of type (6.26) and (6.27) have already been observed in [31] for finite one-
loop amplitudes in four-dimensional pure Yang Mills theory involving gluons of positive
helicity only. Using the all multiplicity formula from [55]'3

i Yierali ikl kD ]
4872 (12)(23)...(nl)

At 2, nt) = (6.29)

(with (ij) and [ij] denoting products of the momentum spinors of gluons ¢ and j)
(1)
n;1
also find the basis dimension Sg_l under KK-like relations. Moreover, they develop a

the authors of [31] derive amplitude relations between different A, ] permutations and
diagrammatic method to handle the symmetries using graphs with one quartic vertex
and otherwise cubic vertices. This strongly resembles our diagrammatic interpretation
Tlfl...quk ). Reference [73] puts the idea

cl...cr

of one-loop building blocks <Td1...dsTél...ap
to derive relations between box coefficients from quartic expressions in Berends-Giele
currents into a more general context.

The coincidence between o2

corrections to superstring tree amplitudes and four-
dimensional pure Yang Mills amplitudes was firstly noticed in [53, 54]. The authors point
out that the four-dimensional reduction of gluonic A% ! amplitudes'* in MHV helicity con-
figurations are proportional to (6.29),

AFY 1 27 3t a4t oty ~ a2t Al a2t et (6.30)

n;

up to the permutation-insensitive “MHV-dressing” (12)%. This explains why four-
dimensional MHV representatives of A" * fall into the same Sg‘_l—dimensional basis found
in [31] under KK-like relations. In other words, the MHV components of the A" saturate
the upper bound of Sg‘fl basis amplitudes found through our reasoning above based on
(... expansions. Generalizations of four-dimensional MHV AF* to other helicities, to other

13The expression (6.29) for pure Yang Mills amplitudes AS)I was observed in [79] to agree with dimension-
shifted one-loop amplitudes of N =4 SYM in D — D + 4 dimensions.

The AYM representation (6.2) of A" s dimension-agnostic — the functional dependence of SYM trees
on gluon polarization vectors is the same in any number of dimensions, and one can use spinor helicity
variables and the Parke Taylor formula [56] in the four-dimensional MHV situation.
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supermultiplet members and to higher dimensions can only require a larger basis than the
MHYV specialization, but exceeding the ngl is incompatible with the upper bound found
for ten-dimensional superamplitudes.'® This completes our argument why (6.28) admits
to express any BRST invariant C, . as a linear combination of AP

To conclude this section, let us display higher order examples for KK-like identities
between AF". At six-points, for instance, one can check

0=A""(1,5,4,3,6,2) — A" (1,5,4,2,6,3) — AF"(1,5,4,6,2,3) + AF"(1,5,4,6,3,2)
+ AF(1,5,6,4,2,3) — A" (1,5,6,4,3,2) + AF'(1,6,2,3,4,5) — AT (1,6,3,2,4,5)
— AFY(1,6,4,2,3,5) — A" (1,6,4,2,5,3) + AF'(1,6,4,3,2,5) + A" (1,6,4,3,5,2)
— AFY(1,6,4,5,2,3) + A" (1,6,4,5,3,2) + A" (1,6,5,4,2,3) — AF'(1,6,5,4,3,2).
using (6.20), and a neat form for all-multiplicity relations is given in [31]:

0=24"(12,....n)—(-1)" > A"(3,{0},5) +sym(45...n).
oeOP({4}U{8})
Similar to KK relations, the notation OP({4} U {}) includes all ways to shuffle leg four
into the set {#} = {2,1,n,n —1,...,6} while preserving the order of the latter.

6.4 BCJ-like identities for AF*

We always pointed out that the basis dimensions 5’;“1 for both C ... and AF? only take rela-
tions with constant, rational coefficients into account which we call KK-like. So far, we com-

AYM permutations (weighted by bilin-

pletely neglected the fact that AF ! decompose into
ears in s;;) which are well-known to have a (n—3)! basis under KK- and BCJ relations [27].
Starting from (n = 5)-points, the AYM basis contains strictly less elements than the “KK-
like” basis of A" since (n — 3)! < S7~1 for n > 5. Hence, there must be extra relations
with Mandelstam coefficients between A" that are independent under KK-like relations.

At five-points, extra identities with bilinear coefficients in Mandelstam variables reduce

the AF" or pure Yang-Mills amplitudes A?(ll)1 to two independent ones (in agreement with

the (n—3)! basis of AYM). Examples on the A;l)l side are shown in equation (5.2) of [31], we
have checked that they are also satisfied by A" . However, the most compact relations we
could find between five-point BRST invariants involve the C';  rather than AP et P, =
Z?Zl x;jsj denote linear polynomials in Mandelstam variables s; = s; ;11 with constants

x;j, then the ansatz

523 P1C1,23.45 + 524P2C1 2435 + 525 P3C1 25,3 4

(6.31)
+534PyC1 3425 + 535 P5C1 3524 + 545 PsC1 4523 = 0

is sufficient to find a two-dimensional basis of BRST invariants. The ansatz (6.31) is
motivated by the fact that the é pole in (12345 does not appear in any other Cf, ., so

'5This is not a strict proof that the non-MHV AP obey the same (n—1)!/2 — S3~! KK-like relations as
their MHV cousins and the pure Yang Mills amplitudes (6.29), but we take strong confidence from the fact
that our A" * in their helicity-agnostic C1,... representation obey all the AS)I amplitude relations explicitly
written in [31].
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it must be cancelled by a sa3 prefactor for Cj2345. Plugging in the polynomials P; =
Z?Zl x;55; and solving the system of equations which follow from a component evaluation
of (6.31) using [14] lead to four independent quadratic relations between C; . As a result,
we can express {C1,2435,C1,2534,C1,34,25,C1,352.4} in terms of a {C123.45, C1,4523} basis

S1k Ci2345 811 Ci523
Chijky = £— (8151 — sjusij) 7———5— & — (81;81k — SikSij)

— 0 (6.32
Sij (823 — 845)845  Sij (845 — 523)S23 (6.32)

where the signs are given by {(+—), (++), (——), (—+)}, respectively.

7 Harmony between color, kinematics and worldsheet integrands

In this section, we will explore the common combinatorial structures that govern on the
one hand the kinematic building blocks C1,... of one-loop amplitudes and the corresponding
worldsheet integrands X;; = s;;7;j, on the other hand also the color factors from the a?
corrections to tree amplitudes. In all the three cases, the basis dimensions are given by
the unsigned Stirling number Sg_l. It can be viewed as the one-loop analogue of the
magic number (n — 3)! omnipresent in tree-level bases of worldsheet integrals as well as
color-ordered string- and SYM amplitudes. This coincidence has led us to a harmonious
duality between color-dressed tree amplitudes at order o/?> and the integrand of one-loop
amplitudes in open superstring theory.
In the open string sector, the color-dressed tree amplitude is given by

<
M@y = Y T [T%m T%@ ... Tot-) T | A(0(1,2,...,n— 1), n;0") (7.1)
0€Sn_1/Z2

where the summation includes all cyclically inequivalent permutations of the labels modded
out by the (—1)" parity of color-stripped n-point amplitudes. The 7% denote the Chan-
Paton factors'® in the fundamental representation of the gauge group, and parity weighting
is represented as

g
Tr [T T%... T ] = Tx[T"T* ... T + (=1)"T T *'...T"]|.  (7.2)

A convenient basis for these parity weighted traces involves structure constants ¢ and
symmetrized traces d*12%3--%2n of even rank only, the latter being defined as [32],

1
deraz-am = Tr| T% @ ... T%@n-1) T%2n | 7.3
2n—1)! 2. o ] (7.3)
O'ESQn—l
We will use shorthands f123 = f@19293 and d'2F = @192 for the (adjoint) color degrees
of freedom.

As mentioned in [32], the explicit computation of symmetrized traces is tedious to
perform by hand but it is also well-suited for a computer implementation. The first non-
trivial relations are relatively compact [33, 35]

o .
Tr (T' T2 73) = % F123 (7.4)

SOur normalization conventions are fixed by Tr[T*T"] = §°/2 and [T*,T"] = i f**°T".

— 492 —



<~
Tr (Tl T2 T3 T4) _ 2d1234 + é(f23n f14n _ f12n f34n)7 (75)

axg {
T T1T2T3T4T5 - 12a ra4d b35_3 12a ra3b £b45 13a ra2b £b45
r ) = < [ 12 et 1 — g i poib 5 . g b g

+ f13afa4bfb25 + f14afa2bfb35 _ f14afa3bfb25}
+ i[f23ada145 + f24ada135 + f25ada134
+ f34ada125 + f35ada124 + f45ada123]’ (76)

but the lenghty relations for n = 6 and 7 were computed using the color package of
FORM [15, 16] and the n = 6 case can be found in the appendix B. Note that (7.5) and (7.6)
have been cast into a minimal form in the sense that all the generalized Jacobi relations

fa[ijfk]ab -0 (7_7)
da(ijk’fl)ab =0 (78)

are taken into account. For the color structures involving a symmetrized trace, this amounts
to placing leg number one to the d'.

Once the color-dressed disk amplitude (7.1) is rewritten in this color basis, the sub-
amplitude relations at various orders in o’ impose selection rules on what kinds of tensor
contribute to MP®(a’) at the order in question. Keeping the first two terms in (6.1)
~ o o the KK identities [42] between AYM select those color tensors with n — 2 pow-
ers of structure constants and project out any symmetrized trace (7.3). The subampli-
tudes AF" associated with the first string corrections, on the other hand, satisfy another
set of relations which we called KK-like in the discussion of subsection 6.3. They select
those color tensors made of n — 4 structure constants f*¢ and one symmetrized four-trace
d'#t = %Zaesg Te[7°WTo 7o) T4). This ties in with the symbolic vertices D¢d
and F®¢ used in [31] to gain intuition for the amplitude relation between finite one-loop
pure Yang Mills amplitudes A;l)l The color tensors d*12293%4( fbedyn=4 gelected by AL " are
(1)

n;l*
As a first example, let us consider the four-point color-dressed amplitude up to O(a/?),

another manifestation of their intimate connection to the A

Miee(al) = —%( FrRe et AYM(L,2,3,4) 4 f10 AL, 3,2,4)) (7.9)
+ 6¢(2)ad A (1,2,3,4) + O(a®),

see [33] for the color structure at higher order in . The notation for higher multiplicity
versions of (7.1) shall be lightened using

M) = MM + ()0 M + O0@®), (7.10)

and the o/? correction /\/l54 will be the object of main interest in this section where we
show its tight connection to the one-loop integrand (5.34).

Before looking at the color tensor structure at order /> and their interplay with AF !
symmetries, let us review the color organization at the SYM level o/%. At five-points, the
KK relations for the field theory subamplitudes yield

MEM _ _%AYM(L 2,34, 5)f12afa3bfb45 + sym(234)
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in agreement with the color-decomposition proposed by [29]. More generally, this reference
suggests the following (n — 2)! element Kleiss-Kuijf bases

{fl"(Q)“ fao®b . preln=bn 4 o Sn—o}, {AM(1,0(2,3,....,n—1),n), 0 € S}
(7.11)
for the color factors (f*?)"~2 and the SYM subamplitudes (using Jacobi identities for the
former and KK relations for the latter). In this setting, one can reproduce the (n — 2)!
color-decomposition proven in [29]

Z'n—2

MM = ——

5 Z f10(2)a faa(3)b . fza(nfl)n .AYM(]., 0_(27 37 e — 1)7 n) , (712)

OGSan

d'2-2k contributions at order o/ becomes

starting from (7.1), and the cancellation of
manifest due to KK relations. In the remainder of this section, we will find remnants
of (7.12) in ME"

n

in particular the basis choice (7.11) for (f*4)"=2 color factors is path-
breaking for the organization of the color tensors d®192%3%4( fbed)n—4 yelevant at /2 order.

7.1 The color-dressed (n < 7)-point disk amplitude at order «’2

Keeping the dual bases (7.11) for MYM in mind, we shall next give n = 5, 6, 7-point results
for ME". According to (7.6), the five-point color tensors d*/% flab are brought into a (six
element) basis of d*7! 1% (with leg one attached to the d tensor) via generalized Jacobi
identity d*(@k fhab — (. This leads to a compact result for ME '

<>
ME = 57 T [T T T%@ T%w 7% | AP (o(1,2,3,4),5)
0€S4/Z>

. 23 jal45 24a 7a135 254 ja134
= 6i(Cr2345 [ + Cra35 f79d" + Cr 534 f774d"

34a 10125 350 ja124 450 70123
+ Cli 3425 [77d" ™ + Ci 3524 770" + Crus 23 f04d"7)

(7.13)

First of all, the symmetries of AF ! imply that color factors of type flo(2a fac(3)b fbo(4)5
drop out, see the first two lines of (7.6). Secondly, the expansion AF 4L(1,2,3,4, 5) =
(C123.45+C1 234 5+C1 2,3,45) makes all contributions to a fixed (basis) color tensor fiiaqaelkl
collapse to one single term Cl,ij,k,l-17 The precise correspondence Cf;jx; < fiiaqalkl
between kinematic and color basis elements is a non-trivial reorganization when looked
from the perspective of the composing A*" ! terms, especially at higher orders.

Even more striking cancellations occur when the symmetrized trace decompositions of

the appendix B are used to evaluate the six- and seven-point color-dressed amplitudes at

17Going through the calculation reveals that the terms proportional to f2¢d*4® are
AT (1,2,3,4,5) + A" (1,2,3,5,4) + A7 (1,2,4,3,5) + A" (1,2,4,5,3)

+ AT (1,2,5,3,4) + A7 (1,2,5,4,3) — AT (1,3,2,4,5) — A7 (1,3,2,5,4)

— AT(1,3,4,2,5) — A7 (1,3,5,2,4) + A7 (1,4,2,3,5) — AT (1,4,3,2,5)

and yet they collapse to a single term 6C" 23,45 once the relation (6.19) and the symmetries of the one-loop
BRST invariants are used.
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order a/?: the 35 = Sg’ term sum in the six-point case

1 4
—ME =
g/ '6

23a_ja16b pbd 23a_jal5b bl 23a_jald
(Ch.23,45,6.f37d 0 f245 1 Y 93,465 £232d™ %0 246 4 O 93564 222140 f056

b Clongs o fAOdUO0 O35 L 0 oy ag o F2AaqaISh P36 L 0y p24a ga1sh g6
b Closans [P0 PO L O g a4 20U O30 L O o 4 £250a130 g6
b Closans f250dUS0 PO L O g o f2aqaldb ph35 o o 626 galsh pbis
b ClanssafH9d™2 50 1 O g 6o 50U 6 L 0 o f36agal2d pbis
+ [Crasassf? [ + Crassef?* f*0]d"°

+ [Crassaef™f" + Crossaef> [0 d"M

+ [01724573,6f24afa5b + C1,254,376f25afa4b ] db136

+ [Craseasf? [ + Craesasf f*20]d""*

+ [0172467375f24afa6b + 01,264,3,5f26afa4b ] db135

+ [Cra56,34f7 " + Ci 6534120 f250 | a3

+ [Crasaspef 0 + Cigsagef®™ o4 ]

+ [Cisae2sf2 [ + Cigeazs s f40)d"*

+ [01,356,2,4f35afa6b + Ch365,24f70f* ] "

+ [Crase2sf" [ + Craes2sf**" f*"]d") (7.14)

exhibits color-kinematic-correspondence

230 1a16b ;b5 923a padb jb156
Chr2345,6 <> f724d"7 70, Clrasase < [0 f47d"°.

Likewise, the 225 = S$ terms in

/)
6 M%M = <15 terms [ <Cl723457677f23afa4bfb56 -+ sym(345) ] dc167

+ 60 terms [017234,5677f23af(l4b 4 (3 o 4) } f56cdbcl7
+ 15 terms Cl,23,45,67f23af45bf67cdlabc> (715)

allow to read off the dictionary

2 4 1
01,23,45,67 PN f 3af 5bf67cd abc

Clasiser < 230 patb p56e bl (7.16)

Cl,2345,6,7 o f23afa4bfb50dclﬁ7'

In the next subsection, we shall put these observations into a more general con-
text. Note that d'23%56 and @235 f967 tensors (or more generally d®-as(fbcd)n=6 and
dar--azk (fbedyn=2k at L > 3) from the rank > 6 traces do not contribute at O(a'?) because
of the KK-like amplitude relations between A .

7.2 Dual bases in color and kinematic space

We conclude from the calculations above that the BRST invariants C, .. are natural objects

to appear not only in the one-loop integrand but also in color-dressed tree-level amplitudes.
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According to (6.17), they are related to subamplitudes A* " at order o/ by a change of
(S5~ element) basis with coefficients +1 and automatically solve their KK-like relations.
Moreover, the Cl,al...ap,bl...,bq,cl...cr inherit all symmetry properties of the Berends-Giele

current triplet M! M quk

. . . n—1 .
a1.may o e see subsection 4.5. This makes their S5 basis

under relations with constant coefficients manifest and leads to the observed harmony with
the symmetries of color tensors d®1@2¢3%4 ( fbedyn—4,

In fact, arriving at the simple results (7.13), (7.14) and (7.15) for the a/? correction
to the color-dressed amplitude crucially relies on the fact that the dimension of the basis
for color factors and the kinematics matches. This fact has been exploited to choose
“compatible” bases of color structures and corresponding kinematics, generalizing the tree-
level correspondence (7.11) between color factors (f*°4)"=2 and AYM in their (n — 2)! KK
bases. In the SYM case, the reduction to (n — 2)! bases makes use of Jacobi identities on
the color side and the KK relations for the subamplitudes.

We shall now explain why also the d*1@293%4( fbedyn=4 color factors align into a basis of
Sg‘_l elements. The reduction algorithm consists of two steps:

1. Move label number one to the symmetrized four-trace, i.e. d“F(fod)n=4
3 @tpa(foedyn=4 " by repeated use of generalized Jacobi identities (7.8). At five-
points, one applications is enough,

d234aflab _ _d123af4ab o d412af3ab . d341af2ab. (717)

For six-points there are two possibilities for the color factors which do not contain
the label number one inside the symmetrized trace d”*!. The number of color space
propagators % between leg number one and d/* is either one (as in f34¢ flabgb246)
or two (as in f12¢ fe3bqb456)  For the one-propagator-link one uses the generalized
Jacobi identity (7.17), whereas in the two-propagator-case the identity

f12afa3bdb456 — _f12ada45bfb63 _ ledda64bfb53 _ leada56bfb43 (718)

reduces it to terms of one-propagator form where (7.17) can be applied. The analysis
for higher-points is analogous, with more successive applications of (7.8) needed. The
possibility to reduce dik!( foed)n—=4 - S~ glrar( fbed)n=4 is the color dual of the finding
in subsection 4.5 that any C; . with ¢ # 1 can be expressed as a sum of (. in the
BRST cohomology.

2. Mod out the d'P4" (fb@)"=4 by Jacobi identities (7.7) among the f*~* factors: consider
a generic color structure d' passing the first selection rule,

dLprqu fala2$2 f«TQllBCCS .. fzp—Qap71$p71 f.rp,lap.rp
x foibayz py2bsys L. fYa—2ba-1Ya—1 fYa—1balq (7.19)
x fOLC2%2 f22C323 .. fEr—aCr—1Zr1 fZr—1Crr

Each of the remaining three slots of d'®¥%*r can adjoin a tree subdiagram with
p,q and r external legs, respectively, such that p + ¢+ r = n — 1. Within the
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Figure 8. The diagram associated with the leading term of Ci ;. .a,b;..04.0c1..c0

Vi M

diagrams represented by M} ayr M, gl..ibq and M, ckl ... yield all identities between the permutations

, Mgl___bq M Ckl .., T BRST invariant completion. The Kleiss-Kuijf relations for the tree sub-

el

0, 0,7 0 C1 g(ay...ap),p(b1...bg) m(c1.cr) -

color tensors of each subdiagram like f@192%2 fr2a3%3 = fp—20p-1Tp—1 fLp-10pTp e
can eliminate the Jacobi redundancy in analogy to the tree-level KK basis (7.11).
This amounts to the convention that a; is kept fixed at the “outmost” struc-
ture constant f919(92)%2 whereas the remaining free indices {az,as,...,a,} can
appear in any of the (p — 1)! possible permutations. Then, the collection of
faro(az)zs frao(as)es  frp—20(ap-1)Tp-1 frp-10(ap)tp with ¢ € Sp—1 exhaust all Jacobi-
independent half-ladder diagrams with fixed endpoints a; and z,. The kinematical
dual is the reduction of C1 (4, ...q,),... t0 the smaller set of C1 4, 5(ay...a,)

5 yooe

After this two-step reduction, the basis dimension for the color factors d@k!(fbedyn—1
is manifestly equal to the unsigned Stirling number Sgil, the same number which governs
the number of independent BRST invariants C1 ...

A more intuitive understanding of the interplay between kinematic- and color basis
can be found by inspecting the unique term ‘/lMél---angL..quCkl---Cr in Cla;..ap,bi..bgsc1...cr
with the standalone unintegrated vertex operator Vj, see the explicit expression in
subsection 4.4. The ellipsis in C1 4, apb;..bg,c1..c0 = VlMél...angl...qufl...cr + ... obeys
the same symmetry properties, so the first term is a valid representative for the symmetry
analysis. Recall that the Berends-Giele currents Mél...ap are color-ordered (p + 1)-point
amplitudes with leg number p + 1 off-shell (corresponding to the color index z, which
is contracted into the box d!*»¥%s*r), see figure 8. Within each of these three off-shell
subamplitudes Mélm%, we pick a Kleiss-Kuijf basis where, again, a; is kept fixed as the
first subscript of M; —and a>2 can appear in any permutation.

— 47 —



Each of the KK basis elements M

aro(az...ap)

is adapted to the permutation o € S,_; according to the tree-level rule (7.12):

is accompanied by a fP~! color factor which

i ( ) o fa1a'(a2)zg fl‘go'(ag)l‘g . f:):p_lo'(ap)xp )
aio(as...ap

The three chains of f corresponding to the M?, M7 and MF* are then contracted with
the x,,yq, 2 indices of d'®r¥a*r ie. glued to the three corners of the box where leg one is
not attached to. This amounts to the following rule how the dual Sg_l element bases for
color- and kinematic factors enter M~ . permutations of C1 4, a,.b;...b.c1...c, TOr fixed sets
{ar,a9,...,a,}, {b1,b2,..., b} and {c1,c2,..., ¢} always appear in the combination

Z Z Z Cl,alo'(ag...ap),blp(bQ...bq),(qﬂ'(CQ...C»,») v faw(az)acz facza(a3)ac3 f;rpﬂtf(ap)ﬂﬁp

0€Sp_1 pESGg—1 TESr_1
x for1pb2)yz gy2p(bs)ys ... fya-1P(ba)yq 5 permlc2)za pramles)zs . pzroamler)zr glopyezr
(7.20)
in agreement with our results (7.13), (7.14) and (7.15) for Mgg This can be recognized
as sum over the Sg_l partitions of legs 23...n into three cycles: see subsection 5.4 for the
associated set Sg‘fl. Using the latter notation defined in (5.32), we can compactly write
the n-point color-dressed amplitude as

4 .
M = 6i" Z (Clo(23..p) i (p 1) plat1.m)) APYa70 g (f2578 fradea . frpo1piy)
U><7r><p€$§71
T (fp+1,p+2,yp+2 fyp+2,p+3,yp+3 fyqth,yq) p (fq+17Q+27Zq+2 fzq+27Q+3:Zq+3 fznfl,n,zn)‘
(7.21)
As in (5.34), the numbers p and g are defined through the cardinality of the permutations
tobep=|o|+1and g—p=|nr|

7.3 Duality between one-loop integrands and M54

This subsection is devoted to the close relationship between Mf " and the one-loop kine-
matic factor K,. Our final expressions (5.28), (5.30), (5.31) and (5.34) for K5, K¢, K7
and K, can be obtained from the corresponding MZ ! using a well-defined one-to-one map
between d'Pa" (fo@)n=4 colors factors and the (X,5)"~* polynomials in the worldsheet inte-
grand. The color basis choice of having leg one attached to d' corresponds to integrating
by parts on the worldsheet such that only X, with r, s # 1 enter the minimal form of K,.

Let us start with lower order examples for the dP4"(fod)n=4 5 (X,,)"* dictionary.
First of all, K4 = AF4(1, 2,3,4) is related to Mf4 via

6d' —— 1. (7.22)
Comparing the representation (5.28) for K5 with (7.13) yields the five-points dictionary,
6if230dmM s Xo3. (7.23)

The two six-point topologies C1 23456, C1.23.45.6 in K¢ and ME" (given by (5.30) and (7.14),
respectively) are accompanied by
—6 f23afa4bdb156 ; X23 (X24 + X34)

7.24
-6 f23af45bdab16 RN X23 X45 , ( )
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and the 1 23456,7, C1,234,56,7 and C1 23 45 67 at seven-points are dressed by

— Gi f23 fadb p05eqelbT o Xog (Xog + X34) (Xos + X35 + Xus)
—6i f23afa4bf56cdbcl7 RN X23 (X24 + X34) X56 (725)

—6Gi f23af45bf67cdabcl Xo3 Xu5 Xer,

see (5.31) for K7 and (7.15) for M?, respectively.

Both sides of the mappings (7.22) to (7.25) have the same symmetries in the labels
23...n— the left hand side because of Jacobi identities, the right hand side due to algebraic
identities such as Xo3(Xo4 + X34) + cyc(234) =0 « f[23‘“f“|4]b =0 or

0= Xo3 (Xoa + X34) (Xo5 + X35+ Xu5) — (4 5)
+ Xus (Xa2 + Xs2) (Xuz + X3 + Xo3) — (24 3)

corresponding to f23¢ faldlb gblsle 4 ¢45a gal2(b fbl3le — (which in turn reflects the “third”
BRST symmetry Th3u5) + Tys[23) = 0 under the map (2.15)).

More generally, the three independent cubic subdiagrams contracted with the x,,, y4, 2
indices of d'*»¥a* each correspond to a separate nested product of worldsheet functions
like TT0_g 8L X,

m=

fR3s pradra TPt o Nog (Xog + X34) o (Xop+ Xap+ oo+ Xpoi1p) -

Combining the three subdiagrams with the central quartic vertex, we arrive at the following
dictionary between d'P4"( f¢4)n=4 color tensors and (X,s)"~* worldsheet integrands:

6i" dlxpyqzn f23x3 fx34x4 o fxp_z,p—l,zp_1 fazp_1pa:p

« fp+1,p+2,yp+2 fyp+27p+3)yp+3 fyq727q—17yq71 fyqflvqyyq

+1,q+2,2 z ,q+3,2 zp—2,n—1,2n Zn—1,12n
X fl] q q+2 f q+2,9 q+3 f 2 1 f 1 (7.26)
p k-1 q k—1 n k—1
— (22X ) | I 20 X | | T 22 X
k=3 m=2 k=p+2 m=p+1 k=q+2 m=q+1

Given the most general definition (7.26) of the double-arrow notation, the final forms (5.34)
and (7.21) for K,, and ME" | respectively, are related by

MEY s K, (7.27)

This map allows to construct the one-loop kinematic factor by knowledge of the corre-

sponding color-dressed tree amplitude at order o2

7.4 Proving total symmetry of K,

In this subsection, we use the ME "o K, duality (7.26) to carry out the outstanding proof
that K, as given by (5.34) is completely symmetric in all labels (12...n).

Representing K,, and MZ " in their minimal Sg“l basis hides the total permutation
symmetry in 12...n. Leg number one is singled out in (5.34) and (7.21) on the level of both
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BRST invariants C1, . and color factors d'par (fbedyn=4 and worldsheet functions (X,.¢)" 4
since r,s # 1. Since the remaining legs 23...n enter on equal footing, it is sufficient to
prove 1 <> 2 symmetry of K,, and Mf ‘. The explicit check would require several changes of
basis — firstly in kinematic space from C . to Cy . using the identities in subsection 4.5,
secondly in color space d'P?" s d?P9" and thirdly in the worldsheet integrand (X,.¢)" 4
from r,s # 1 to r, s # 2. We will instead apply an indirect argument.

The mapping (7.26) between color factors and (X,s)" % integrands respects not only
the standard Jacobi identities (7.7) but also those relations which are required for the afore-
mentioned change of basis: the generalized Jacobi relations (7.8) are dual to integration

by parts. The simplest non-trivial example can be found at five-points,
f12ad0345 + f13ada245 + f14ada235 + f15ada234 =0 X12 + X13 + X14 + X15 =0

where the validity of the X1, relation rests on integration against the Koba Nielsen factor,
see subsection 5.3. At higher multiplicity, the form Hi:g an—:12 X of the worldsheet
functions is sufficiently integration-by-parts-friendly such that they still obey four term

identities of type (7.8), e.g.
fF120 pasbgb456 _ fl2a(gadsb £636 4 cuo(456)) s Xya(Xi3+ Xoz) = Xi2( Xz + Xas + Xs6)
as well as

f2Ba palbghts6 | gum(1456) =0 <—  Xo3(Xo1 + Xog + Xos + Xog +2 45 3) =0

at six-points. Generalizations to higher multiplicity are straightforward.

Since the mapping (7.26) preserves the generalized Jacobi relations (7.8), the hidden
total symmetry of M54 implies that of K,. Our computation of M54 started with the
manifestly 1 <> 2 symmetric expression (7.1) summing over all cyclically inequivalent per-
mutations, so we can be sure that the representation (7.21) is totally symmetric. Our
derivation of the final result (5.34) for K,,, on the other hand, started with the V! < U?
asymmetric prescription (3.1) and involved incomplete arguments about the absence of
additional b-ghost contributions. It is quite assuring to see that (5.34) must be totally
symmetric as well — if the b-ghost contributed to K, via OPE contractions, then this
would probably modify its symmetry properties due to the asymmetric response of V! and
U322 suggesting their absence.

7.5 Correspondence between color and kinematics in M{;ﬂl

It was argued in [27] that the symmetric role of kinematic numerators and color factors in
SYM amplitudes suggests to impose dual Jacobi identities in the kinematic sector. They
have been successfully applied to simplify the calculation of multiloop amplitudes in both
SYM and gravity [69, 70]. The BRST building blocks technique can be used to obtain
local BCJ numerators at tree-level for any number of external legs [28] through the low
energy limit of string amplitudes. Therefore, it seems worthwhile to search for possible
BCJ generalizations at the next order in the momentum expansion of the superstring.
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5) 6 7 8 n
diagrams per color-stripped AYM 5 14 42 132 C(n—2)

multiplicity 4
2
diagrams per color-dressed MYM | 3 15 105 945 10395 (2n — 51!
1
1

5 21 84 330 22C(n-2)
10 105 1260 17325 32 (2n —5)!l

diagrams per color-stripped AP

diagrams per color-dressed M !

Table 2. Number of diagrams which compose the different types of amplitudes according to their

kinematic pole structure. Here, C(k) denotes the k** Catalan number C(k) = k,gi]ﬂ),

So in this final subsection we show that the final form (7.21) for the color-dressed O(a'?)
amplitude ./\/lg4 is symmetric under exchange of color and kinematics. This observation
has no direct relevance for one-loop amplitudes but it is an interesting generalization of
the color-kinematic-symmetric representation [27]

(2n—5)!

C; Ny

i a;  Soy

for color-dressed SYM tree amplitudes. The sum over ¢ encompasses all cubic diagrams
-1

with n — 3 propagators Hai S4;» and c;,n; denote the associated color- and kinematic
structures. One rewarding property of (7.28) is the fact that gravity tree amplitudes can be
immediately obtained by replacing color factors ¢; — n; by another copy n; of the kinematic
numerators n;, provided that the latter satisfy Jacobi identities dual to the color factors ¢;.

This encouraged us to build the /\/lf4 analogue (7.32) of (7.28), we regard it as the
first step towards a double copy construction that could ultimately yield a gravity analogue
of AF" amplitudes. Instead of the cubic diagrams in (7.28), the diagrams in ME" are built
from one totally symmetry quartic vertex and n — 4 cubic vertices.

The expansion of Mf " in terms of BRST invariants (... takes a very compact form,
but since each C .. encompasses several kinematic poles (i.e. diagrams of the form figure 4),
it is not immediately obvious from (7.21) how the kinematic numerators associated to these
poles combine with color factors. In section 4, we have constructed these numerators in pure
spinor superspace, they are quartic expressions <Td1_._dsTglmapTglmbq Tk ) in tree subdia-
grams T’ and T%J* attached to a totally symmetric quartic vertex. As an artifact of insert-
ing leg one via unintegrated vertex operator V!, each numerator obeys 1 € {dy,ds .. .ds}.

The number of diagrams per color-dressed M54 is displayed in the last line of ta-
ble 2.18 In order to resolve all of them, we start from the <Md1---dsMgl---angl...bq ME )
constituents of Cp . and expand the Berends-Giele currents in terms of BRST building

81n order to arrive at the diagrams per topology, note that there are (2p — 3)!! subdiagrams within all
the Tiyi,..4, permutations (at fixed set {i1i2...4p}), corresponding to the (2n — 5)!! cubic diagrams in an
n-point color-dressed SYM tree amplitude. For instance, there are three different diagrams

71123 7531 7%12

) )
S125123 5235123 5135123

corresponding to the s-, t- and u channel in MY™ and 15 different Tpqrs/s® subdiagrams.
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blocks <Td1...dsT

;lmaij TF . ). Each individual kinematic diagram is associated with

bi...bg ~C1.-Cr
a separate color factor d/*( f¢4)"=4 which precisely matches its propagator structure. Of
course, the color algebra makes use of the generalized Jacobi identities (7.7) and (7.8), e.g.
the five-point result (7.13) yields
1 1 o 1 -
CME = AT TTE) P T T T e
62 $93 524
1 o 1 o
4+ — <V1T225Tng>f25ada134 4+ <‘/1T§4T2JTéc>f34ada125
525 534
1 o 1 o
£ T TS 5+ S (MTTYTE) e (7.29)
535 545
1 p 1 y
4+ <T12T§TiTé€>f12ada345 + 7<T13T27'T4{Té€>f13ada245
512 513
1 p 1 y
4+ — <T14T21TgT5k>f14ada235 + 7<T15T21T§Tf>fl5ada234.
S14 515
Similarly at six- and seven-points, (7.14) and (7.15) become

— 2 ME" =45 terms [ f120 f310 qab (T, T, TS TF)]
6 §12 834

1 o
+ 60 terms [ f12% f430 @456 —— (T3 Tf TY TF)] (7.30)
512 5123

= ME' =105 terms [ f12¢ p¥0 p36¢ gt~ (T, T4, TS TH))
61 512 534 556

1
+ 630 terms [fma pasb pase b7 T
S12 8123 S45
1

512 5123 $1234

1 o
E— Yy & TET! TRV . (7.31
512 534 51234 < 12[34] %5 %6 57 >] ( )

(Tha3 Tis TY TF)]

+ 420 terms [ f12e fo3b gbie ges67 (Tho3a T2 T TFY)]

+ 105 terms [f12a f34b fabc dc567

For each topology, we sum over all permutations that are inequivalent under the
symmetries of <Td1...dsT51...aP
{di,da...ds} holds in each term. For instance, one of the suppressed terms in (7.30)
reads f23af45bdab61 <V1T2i3Ti‘5Té€>/($23845).

For higher multiplicity, this generalizes to

cl...cr

Tg b T, k), up to the aforementioned rule that 1 €
1---Oq

%(nf —5)!!

3)(2n N
M= Y (7:32)
I HOéI Sap

where the sum over I encompasses all box diagrams with four tree subdiagrams at the

corners, [] ar s;} denotes the associated n — 4 propagators, and the numerator contains a

Unfortunately, our superspace representation of these numerators Ny does not yet lead
to kinematic Jacobi identities dual to the color relation d*(Wk fhab — (¢ g

(T TiTYTE) + (TisTET{TF) + (T TET{TE) + (TisTTITE) # 0. (7.33)
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One could suspect that this is an artifact of the asymmetric role of label one in (112757 Z TF)
and (TYT4;T{TF). Tt would be desirable to find an improved representation of the N; such
that a strict duality holds

Cr+Cj+Crg+Cr, =0 + N;y+Nj+ Ng+ N =0. (7.34)

This is for instance achieved by the five-point box-numerators v;; in [81]. Finding such
a duality-satisfying representation for n-point kinematics and studying the significance of
the gravity amplitude obtained by replacing C7 — Ny in (7.32) is left for future work.

8 Conclusions

In this article, we have derived BRST invariant worldsheet integrands K, for one-loop open
superstring amplitudes involving any number n of massless gauge multiplets. Our main
result (5.34) is expressed in terms of kinematic building blocks C .. which are implicitly
given in terms of O(a’?) tree subamplitudes via (6.17). Since we have used BRST invariance
in determining the associated worldsheet functions, our setup is by construction blind to
the hexagon anomaly [21, 22]. A superspace treatment of anomalous amplitude ingredients
along the lines of [74] is left for future work.

Both the superspace kinematics C'; .. and the associated worldsheet functions fall into
a basis of dimension Sg_l, an unsigned Stirling number of first kind. The same kind of sym-

2 so we point out a

metries also govern the color-dressed tree amplitude MZ " at order o
duality between its minimal form (7.21) in a color basis and the one-loop integrand K, given
by (5.34). The link is a one-to-one dictionary (7.26) between color factors di/*(fbed)yn—4
(encompassing one symmetrized four-trace and structure constants otherwise) and world-
sheet functions Xi”j*4 = (s45mi)"* (built from 1;; = 0;(x(2i,Z;)x(24,%;))) present in K.
A detailed analysis of the Sghl worldsheet integrals is left for future work. The only
comment we want to make at this point is that the integrand structure closely parallels
the tree-level result from [6, 7]: each z; — z; singularity in both the tree-level and the
one-loop integrand is always accompanied by a corresponding Mandelstam numerator s;;,
i.e. we have s;;1;; = s;j/2i; + O(zi;). This guarantees that the integration does not intro-
duce any poles in kinematic invariants, i.e. that the full propagator structure due to open
string exchange is captured by the C .. On the other hand, loop amplitudes additionally
involve non-analytic momentum dependencies, so the main challenge in further studying
the worldsheet integrals is to identify the polylogarithms that arise in both leading and

subleading orders in /.
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A On the uniqueness of the b-ghost zero mode contribution

The computation of higher-point amplitudes at one-loop might involve different d, zero-
mode distributions among the picture changing operators, the b-ghost and the external
vertices. In addition, the b-ghost might have OPE singularities with the other operators,
resulting in yet other types of contributions.

However, the following argument supports that the zero-mode b-ghost contribu-
tion at one-loop is unique and given by d*§’(N). In order to see this note that
the zero-mode contribution of the picture changing operators is fixed and given by
(d)1ON)OSIO(N)S§(J)(0)H 61 (N), which is responsible among other things for absorb-
ing all 11 bosonic zero-modes of w, [5]. Now assume that the b-ghost zero-mode
contribution contains (d)"d™(N) and note that performing the zero-mode integral
JIDN]d*d(d)* Ot (A)1051(X)6™(N) [vertices| has the net effect of replacing (d)®"(N)™
zero-modes from the external vertices by a function quadratic in A,

() (N)™ — (M) (A1)

since [DN] has ghost number —8. From the expression (3.3) for the b-ghost it follows that
the possible values are n = 0,1,2,4 and m = 1,2,3. However (d)*(N)™ and (d)®(N)™
have no (00002) component for any value of m [34] and the zero-mode integral vanishes
for n = 1,2. Therefore group theory alone does not exclude the possibility of the b-ghost
contributing either 0 or 4 zero modes of d, with varying number of derivatives of delta
functions. So let us analyze these possibilities in separate.
The possible zero-mode contribution from the b-ghost containing no d, zero modes
are given by
NII’§(N),  NZII%§'(N), (A.2)

but they both vanish due to oversaturated N™" zero modes using that No(N) = 0. For
the same reason, any contribution ~ J and ~ J? from the b-ghost (e.g. (d)*JN§"(N)
or (d)*(J)2§""(N) at four d, zero modes) is suppressed by the d(J) = 0 from the picture
changing operator Z;. That leaves the three contributions

()*'(N), ()*NG"(N), (d)*(N)*6"(N) (A.3)

of uniform type under integration by parts. Therefore the zero-mode contribution from
the b-ghost is unique and given by (d)*¢’(N). In this paper we studied the cohomology
properties of precisely this class of terms in order to anticipate its appearance in the final
expression for the superspace kinematic factors.
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When the b-ghost is allowed to contribute non-zero modes the number of possibilities
increases, but only those which also contain either 0 or 4 zero modes of d, can have
a nonzero impact on the amplitude. As argued in [9], terms involving only one OPE
contraction of the b-ghost vanish because they are proportional to a derivative with respect
to the position zy of the b-ghost insertion. Since zy appears nowhere else in the correlation
function, those terms are total derivatives which integrate to zero due to the doubling trick.
Having excluded single OPEs with the b ghost, it follows that the five-point amplitude gets
no contribution at all from b ghost OPEs [9], but from six-points onwards these terms
are not excluded. For example, the b-ghost term (d)*JN4§”(N) can in principle have
simultaneous OPEs involving J and N with different external vertices leading to factors
which are not manifestly total derivatives. This term requires two d’s and three N’s from

the integrated vertices which can be provided in case of six and more external states.

B Symmetrized traces for six- and seven-point amplitudes

The six- and seven-point symmetrized traces can be computed using the color package
of FORM. After rewriting the generated terms in the Kleiss-Kuijf basis of f?~2 and in the
“Stirling” basis of d7*( fbed)"=4 one gets for six-points

Te(T'T2*T3TAT5TS) + Te(TSTSTAT3T?TY) = 24123456
1 1 1 1
+ gf12(?1,f(?1,3bfb4c](*c56 o %f12afa3bfb5cf046 o ?Of12afa4bfb3cf056 o ?Of12afa4bfb5cf036
1 12a pabb £b3c rc46 1 12a pabb pbdc rc36 1 13a pa2b pbdc £c56 1 13a pa2b £b5c £c46
o 120 I 1Dy i ush phle pes6 i pub pblc 36 1 s pod e g
1 1 1 1
. %f13afa4bfb20fc56 . %fl3afa4bfb50f026 . %f13afa5bfb20fc46 + %f13afa5bfb4cf626
1 1 1 1
o %f14afa2bfb36f656 + %fl4afa2bfb50fc36 + %fl4afa3bszcf056 + %fl4afa3bfb5cf026
1 1 1 1
_ %f14afa5bfb20f636 + %f14afa5bfb36f026 _ %flsafa2bfb36f646 + %flsafa%chfC?)G
1 15a pa3b pb2c £c46 1 15a pa3b pbdc £c26 1 15a padb pb2c £c36 1 15a padb £b3c £c26
o 150U U OGS pash e 20y gl pie e pida g gl
1 1 1 1 1
o §f23ada14bfb56 o §f23ada15bfb46 o §f23ada16bfb45 o 5']('240,(1(113[7](’656 o §f24ada15bfb36
1 1 1 1 1
o §f24ada16bfb35 o §f25ada13bfb46 o §f25ada14bfb36 o §f25ada16bfb34 o §f26ada13bfb45
1 26a jal4db £b35 1 26 15b £b34 1 34 12b £b56 1 35 12b £b46 1 36 12b £b45
- d® - a e - a e - a e - a e
S 195 RISt L gagalan (156 giageiah 0 i gei2h g
o 1f23afa5bdbl46 o 1f23afa6bdb145 o 1f24afa3bdb156 o 1f24afa5bdb136
3 3 3 3
- 1f24afa6bdb135 - 1f26(1f(15bdb134 + gf34afa2bdb156 - 1f34afa5bdb126
3 3 3 3
1 1 1 1
_ §f34afa6bdb125 + §f35afa2bdbl46 + §f36afa2bdbl45 _ g]0360,fa,5bdb124

1 1 1 1
+ §f45afa2bdbl36 + §f45afa3bdb126 + §f46afa2bdb135 + §f46afa3bdb125
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1 2 2 2
o §f46afa5bdb123 + §f56afa2bdbl34 + §f56afa3bdb124 + §f56afa4bdb123.
The seven-point expression is too big to be illuminating and was therefore omitted.'”

C The higher-multiplicity BRST invariants

In this appendix we list the explicit form of the BRST invariants which appear in the
eight-point amplitude.
C1,23456,7,8 = (Ml Miayss + Mo Miys + Msgioz My + [Misgas M + Migss Mg
+ Migs Mjisg + Mia Miyse + Mer2s Mis + Meiaza ML+ (2,3 <> 6, 5)}>M$M§
C1,2345,67,8 = (Ml Misys Mé} + Moy M, Mg7 + [ M7 Migys Mé (6 7)]
+ [ Mo M5 + Miog Mg + Missa Mi+ Mysio M — (2,3 > 5,4) | MY,
+ { [ M712 Miys M} + Mrpiog Mis M} + Mriosa MM — Mrios My M}
+ M75193 Mi Mé + Ms71923 Mi Mg — (2, 3 < 5, 4)] — (6 > 7) }) Mg
C1,234,567,8 = (Ml Mgy Migr + [ Mg My Ml + My My Mg, + Mgz Mj Mg,
+ Mgz M3 Mgy + Mg My Mg, + (2,3,4 <5 5,6,7) | + [ M2 Miy Mg
+ Mr193 M} Mgg + Mgr1a My Mg + Mgz12 My M% + Mi1o4 M} Mé7
+ Moys7 My M7 + Mgriaz My M2 — Mes124 My M2 — M3o57 M M}
+M24157M§Mg + (2 L 4) -+ (5 L 7)]) Mgf
C1,234,56,78 = (M1 Mgy + Moya M§ + [ Myo M3, + Moz My + (2 4> 4) ] ) M M,
+ ([ Mas My Mg — Mig Mgy M3 | My + [ Marg My M + Mz M; M3
+ Mo M MI + (2 4) — (5 > 6)] Mly + (5,6 7,8))
+ [M617 M§34 Mg Mg —(5+6)— (7T« 8)] + [(M7126 + M7162) M§4 Mg Méﬂ
+ (Mrs123 + Ms7123) My M3 ME — (Mrs124 + Mszi24) M4 M3 M
+(244)—(5+6)— (7T« 8)]
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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