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ABSTRACT: In this paper, we calculate the Rényi entropy of one single interval on a circle
at finite temperature in 2D CFT. In the low temperature limit, we expand the thermal den-
sity matrix level by level in the vacuum Verma module, and calculate the first few leading

terms in e~ ™/TL

explicitly. On the other hand, we compute the same Rényi entropy holo-
graphically. After considering the dependence of the Rényi entropy on the temperature, we
manage to fix the interval-independent constant terms in the classical part of holographic
Rényi entropy. We furthermore extend the analysis in [9] to higher orders and find ex-
act agreement between the results from field theory and bulk computations in the large
central charge limit. Our work provides another piece of evidence to support holographic

computation of Rényi entropy in AdS3/CFTy correspondence, even with thermal effect.
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1 Introduction

Rényi entropy is an important quantity in the study of the entanglement of a subsystem A
with its compliment B [1, 2]. The usual entanglement entropy of A is defined as the Von
Neumann entropy of the reduced density matrix

Sy =-—Trapalogpa. (1.1)

In practice, it is hard to compute the entropy using the above relation. Instead, one may
start from the Rényi entropy, which is defined as

n 1 n
Sg)z—n_llogTrApA, (1.2)

and take the n — 1 limit to read the entanglement entropy
1 (n)
SA—}bl_)mlSA . (1.3)

Besides providing an effective way to compute the entanglement entropy, the Rényi entropy

is also essential to understand the spectral properties of the reduced density matrix. Once

we know the Rényi entropy Sg") for all n € N, we may find the spectrum of p4.



Very recently, it has been discovered that the Rényi entropy plays an indispensable role
in the study of the AdS/CFT correspondence, especially the AdS3/CFTy correspondence.
In [3, 4], it has been proved that for multiple intervals in two-dimensional(2D) CFT, the
leading contributions of their Rényi entropies in the large central charge limit are given by
the classical action of corresponding gravitational configurations. In 2D CFT, the Rényi
entropy is usually given by the partition function on a higher genus Riemann surface via the
replica trick [5]. From the AdS3/CFT; correspondence, the bulk gravitational configuration
is the classical solution whose asymptotic boundary is exactly the Riemann surface got in
CFT [6]. The study in [3, 4] actually proved the holographic computation of Rényi entropy
to leading order in 2D CFT [7, §].

In the AdS3/CFTs correspondence, the central charge of 2D CFT is inversely propor-
tional to the three-dimensional Newton coupling constant

3l

In the large central charge limit, the gravity is weakly coupled. The 1-loop correction to
the holographic Rényi entropy could be obtained from the 1-loop partition function around
the classical gravitational configuration. In [6, 9], the 1-loop correction to the holographic
Rényi entropy of two intervals has been studied. Such correction presents as the terms
independent of the central charge in the CFT computation. In [10], by using the operator
product expansion(OPE) of the twist operators in the small interval limit [11], the Rényi
entropy in two-interval case has been computed order by order in small cross ratio. It has
been found in [10], both the leading contribution and the subleading correction are in per-
fect match with the holographic results. This provides strong support that the holographic
computation of quantum correction to the Rényi entropy is correct. Further evidences have
been obtained from the study of the holographic Rényi entropy in the CFT with W symme-
try [12, 13], in the AdS/LCFT correspondence [14] and in the case with scalar coupling [15].

In this work, we shall discuss the Rényi entropy of one single interval on a circle in
2D CFT at low temperature. The holographic computation has been worked out in some
details in [9]. However, there is short of direct CFT computation.! We address this unsolved
issue. We are inspired by the recent study of thermal correction to the entanglement entropy
in [17]. The essential point in the treatment of [17] is that at low temperature, there are
excitations above the vacuum so that the thermal density matrix should be expanded level
by level, and the computation boils down to the correlation function of vertex operators
corresponding to the excitations. For our purpose, we focus on the vacuum Verma module
and consider the excitations to level 4. In the large central charge limit, we read the order

O(c) contribution to order e 3"/TL and the c-independent contribution to order e=67/TL

On the other hand, we compute the same Rényi entropy holographically. Our strategy
is to calculate it at high temperature first and then do a modular transformation to read

'For a concrete computation of Rényi entropy of free boson on a torus, see [16].



the result at low temperature.? The classical part is determined by the differential equation

oS, _ ¢ ‘
9z 6(n-1)"

(1.5)

where ~; is the accessory parameters. However in the finite temperature case, we notice
that this equation alone cannot fix the y-independent constant terms, where 2y is the
distance of the interval. At high temperature, considering the dependence of the Rényi
entropy on the radius of the circle, we propose the relation

9S8, ¢ n z =
ﬁ - ETL — 15(5 - 5n:1)a (16)

where 8 consists of all z-independent terms. This equation allows us to determine all the
y-independent constant terms. Consequently we can extend the analysis in [9] to higher
orders. By a modular transformation, we obtain the holographic Rényi entropy at low
temperature and find perfect agreement with the results from the field theory computation.

This work is organized as follows. In section 2, we compute the Rényi entropy in 2D
CFT at low temperature. In section 3, we generalize the analysis in [9] to higher orders
and compute the holographic Rényi entropy. In section 4, we end with conclusion and
discussion. In appendices, we present some technical details.

2 Rényi entropy at low temperature in CFT: single interval case

In this section, we try to calculate single interval entangle entropy and Rényi entropy on a
circle at low temperature. The circle length is L, the interval length is /, the temperature
isT = % In the field theory, we can compute the Rényi entropy and entanglement entropy
by using the replica trick as in [17, 18]. By definition the thermal density matrix is

e
_ — —BE
= o = e 9 | N6 | O (21)

where the summation is over all the excitations in the theory. On a cylinder the energy

p

spectrum is read by

2 — 15
H=—(CLo+Lo— —= 2.2
L( 0 0 12) ( )

In this work, we only focus on the excitations from the vacuum Verma module, so the
thermal density matrix is

_10)0 |+ [éa){dale T + 3 lds)(sle T + 3 [oa)(dale T +O0(eT )
P= T (2.3)

(14277 421 +5e 1 +0(e 1))

where |¢;) stands for all normalized states with the total level i. More explicitly, the level

12>=\/EL_210>, \§>=\/EZ?2\0>,

2Certainly we can work directly with the low temperature case directly. It turns out that the two cases

two states include

are related by a modular transformation, as shown in [9].



the level three states include

|3>=\/2TCL3|0>, |§>=\/2TCE§|0>,

and the level four states include

1 —~ 1 —
4.1) =/ —L_4 | 0), |4 1) =/—L_4]0),
| ) > 5c 4| >7 | ) > 5c 4| >
2o (S MY 1 0)
==+ —c ol 9 ——L_
’ 2 5 2 2 5 4 )
14,2) = 52+—11 N A | 0)
) — 2 5C —2L-2 5 —4 )

-9 —
12.3) = 2L 5L 50). (2.4)

N[

We divide the space into two parts: A and its complement B. The reduced density
matrix for A is

pa = trpp (2.5)

and the Rényi entropy is defined as

1
Sp = 1 log Tr(pa™). (2.6)

-n
In the thermal case, we find that

8B _lomp

log Tr(pa)™ = log Tr(trp | 0)(0 )" + Age_# + Age_# +Age” L +0(e L) (2.7)

where the first term is the zero temperature contribution from the vacuum, and the other
terms are the thermal corrections at low temperature. Here

_ X Trftr | ¢2)(¢2 | (trp [ 0)(0 )] .

Az =n Tr(trg [ 0)(0 )" 2, (28)
X Teltrn | da)len | (tra |00 )",

Az =n Te(trp [ 0){0 )" 2, (29)

and
_ Trltrp | 4,1)(4,1] (trp | 0)(0 )" ! +trp | 4,2)(4,2] (trp | 0)(0 )" 1]
A= Snt(n To(orp [0){0 )"
0 Tolrgl2) (2 (tmp10)(0 ) trp12)(2 | (irp]0)(0 )1
2 4 Tr[trp|0)(0 |

1
1o Tftrp |2)(2 ] (trp [ 0)(0 D™
2 Tr(trp | 0)(0 [)™

<
Il

+ anti-holomorphic terms). (2.10)

In the above, we have used the fact the computation could be decomposed into holomorphic
and anti-holomorphic sectors. In A;’s, there are two kinds of multi-point functions. One is



the two-point function on the n-sheet Riemann surface with two vertex operators inserting
at the infinity future and infinity past on one sheet

trftrp | 01)(O02 | (trp | 0)(0 )"~ Y)]
tr(trp [ 0)(0 )

(2.11)

The other is the four-point function

trftrg | 01)(O2 | (trp | 0)(0 )0~ Dtrp | 01)(O02 | (trp | 0)(0 [)*=9-1]
tr(trp | 0)(0 )"

(2.12)

where O1, O3 are two vertex operators inserting at the infinity future and the infinity past
on one sheet, while O, Oy are two other vertex operators inserting at the infinity future
and the infinite past on another sheet.

For convenience, let us make a conformal transformation
u=e "L~ (2.13)

In this coordinate, the two branch points are €1 and €2 with

0y 0, — 2%1 (2.14)

and the vertex operators are now inserted at the origin and the infinity respectively. In the
appendices, we discuss how to read the explicit form of the vertex operators in this new
coordinate. They can be written as (A.1), (A.2), (A.3)

L_2 | 0> — T(u) ‘uan
W (W) |uw—oos

L_3 | 0> — aT(u) |u:07
—wSOT (w) — 4w T (W) |w—soo,
1

L_4 | 0> — 582T(u) |u:0,

1
§w862T(w) + 5w73T(w) + 10w6T(w) lw—s00s
L_oL_5]0) = : T(u)? :[u=o,
w® : T(w)? : +3w 0T (w) + 6w’ T (W) |0,
3 3
L_QL_Q — gL_4 | 0> — ZT(U)2 : —1—082T(u) ‘uan

3
wd(: T'(w)? —Ea%(w)) lw—so0 - (2.15)

We can further make a coordinate transformation, taking the surface into one complex

(= <u_ei62>i. (2.16)

u — et

plane




Therefore we may compute the multi-point functions in full complex plane, and then make
a inverse conformal transformation to read the functions on the n-sheet Riemann surface.
For example, in the full complex plane

1
(T()T(G)) = g(@ o (2.17)
Under a conformal transformation
oC 2 ¢
7w = 70) (50 ) + 156
P 2 i if1\2
= T(¢) (5)2) + i (u _(Z%P(Z _)eiel)2' (2.18)

Since (T'(¢)) = 0, then we get

c ((61‘02 o €i61)2)2

2

(T(w)T(u)) = (24> (w — €92)2(w — et01)2(y — €i02)2(y — ¢i01)2
1 . o\

#( e - o) )

n

x (u — 6192)2(%—1)@ _ eiel)—2(%+1)(w _ 6@92)2(%—1)(10 _ 61’91)—2(%“)' (2.19)
For As, its holomorphic part is a two-point function on n-sheet Riemann surface

trftrp | 2)(2 | (trp | 0)(0 )"~']
Tr(trp | 0)(0 )™

— im0 MT(0) T () sheet

w—o0,u=0 C
2 s 4wl
c 1 4 (Tl 1 sin®(7)
- (1= - - L7 2.20
18< n2> s (L) T (L) (2.20)

For As, we compute it in a similar way and get

Trtrp | 3)(3 ] (trp | 0)(0 )]
Tr(trp | 0){0 [)"
(—wbdT (w) — 4w T (w))OT (u))

1
—  lim
26 w—oou=0

2 1\? ml l 1 sinf(Z1) sin%(21)
90( — ) sin <L)cos <L> +n6< sin® (L) sin?( L)
: s

8 s1n5(fl) ml ml 4 sin (TS) o (Tl
S L s (I - iy 728 ). 2.21
n’ sin® (L) o8 <L> o8 <nL> + nt sint( L) N\ (2.21)

nL

For Ay, the computation becomes quite complicated and we are satisfied to get the
leading ¢ term. Let us calculate the terms in A4 one by one. First of all

Trltrp [ 4,1)(4,1 ] (trp | 0)(0 )]
Tr(trp | 0)(0 )™




51c<< wPo*T (w )+5w78T(w)+1Ow6T(w)>;62T(u)> |w—s00,u=0
() (D) o3 2 o e

Tr[trp | 4,2)(4, 2 (trp [ 0)(0 )]
Tr(trp | 0) <0 )"

- (32+4) <w8< (W) s~ 0T () ) (TR = 20T (0 )} oo

c? 1\* ml 11c 1 wl ¢l 1\ 2 sin® =

- 1 o - .8 o 1 _ 8 o - 1 o L
648< n2> T 1620< n2> s 9n4< n2> sin 1L
+0(c°) (2.23)

Secondly

In the calculation, we have used egs. (B.4) (B.5) and (C.2) (C.3). Next
i [trz|2)(2 | (trp|0)(0 )~ 1trp|2)(2 | (trp|0)(0 [)»~ 1]
=1 Tr[trp[0)(0 |

n—1 2
— <2> (w*TO (W)TW ()T (@)Y (@)
c

=1

c? 1\* gl ¢ 1 21 sin8’£l

Sln
IN2(m2+1)(n?2 -1 l
+C<1_> (n” + )4(n )sinsl
n L

(- (- D) () (o)) o

The antiholomophic terms give the similar contributions. Taking all the contributions

into account, we obtain the Rényi entropy, which could be classified into the tree-level part
and the 1-loop part

1
S = 1 log trplh = S+ S5

The tree-level part is proportional to the central charge

ree c(1+n) 1
St = T {12

1(n?—1 - u
_9(nn2) (Sm4 (?)e e + 4sin? (72) cos? (?)e_ﬁf

(—11—2n2+1309n4 <87rl) —11 +28n? + 11904 (67rl>
+ cos| — ) — S| —

o ml
log sin? T + const

11520n1 L 1440n* L
7734607 4+ 1970t (4wl 77+ 436n” +433n" (2wl
2880n" L 1440n* L



—T77 4 46612 4+ 907n*\ _sms _ 1078
+ 2304n* )6 " > +O(€ ) >} (229)

And the 1-loop part is independent of ¢

Sl-loop _ 2n 1 Sil’l4(%l> 1 —%
" N _n —1 ﬁ sin? ET ¢
nL
on (4 (sinZEN' @l 8 (sinZN\® @l @l
— — COS™ — — —/ COS —= COS —
n—1\n4\gin % L n5 \ sin % nL L
4 [ sinZ\* l 5 (sinZ\6 ™8 78
_6< : iz) Sin27z+6< : fz) 1) e +O(e_8T). (2.26)
n° \ sin - n° \ sin -+
nlL nlL

As shown in [17], there is a symmetry [ — nL — [ in the n-th Rényi entropy.
The entanglement entropy could be read easily

Spg = lim S,
n—1

11 . 27rl+ ;
= Cc| — 10 ST — cons
6 8 L

+8 <1 - 7Tflcot (?))6_426 +12 (1 - %lcot (?))e_&iﬁ + O(e‘y). (2.27)

Due to the thermal correction terms, the symmetry [ — L — [ is broken. Such correction
terms are independent of the central charge, and are expected to be captured by the
quantum correction in the holographic computation. Different from entanglement entropy,
there appear thermal correction terms even at the leading order in the Rényi entropy.

So far, we have calculated the low temperature Rényi and entangle entropy to order
e for O(c) term, and to order e for O(1) term. The Rényi entropy is slightly differ-
ent from Cardy and Herzog’s result at the leading order of the thermal correction, because
we are now considering the energy-momentum tensor which is not a primary field. But the
entanglement entropy is the same as Cardy and Herzog’s universal result [17]. In the next
section, we compute these quantities holographically in the bulk, and find exact agreement.

3 Holographic computation

The Rényi entropy in 2D CFT can be calculated holographically by using AdS/CFT cor-
respondence in the large ¢ limit [3, 9]. For a fixed Riemann surface at the boundary
originating from the replica trick, one needs to find the dominant gravitational configu-
ration, whose gravity action gives us the classical Rényi entropy. Moreover, the one-loop
partition function of various fluctuations around the configuration leads to the 1-loop cor-
rection to the holographic Rényi entropy. For the classical contribution, the holographic
Rényi entropy is given by the following relation
oS, B cn

9z 6(n—1)" (3:1)




where ~;’s are called the accessory parameters appearing in the equation
1" ].
¥ (2) + 5T(2)¥(2) =0, (32)

T(z) =3 <(z _AZi)2 +- ZZ> (3.3)

7

in the zero temperature case [3] with A = (1 — -5), and

T(z) = Z(A@(Z — %) + 7%z — z) +6) (3.4)
7
in the finite temperature case, with g, ( being the Weierstrass elliptic function and Weier-
strass zeta function respectively and § being an additional constant [9].

Choosing two solutions 11 and 19 of the equation (3.2), locally they define a con-
formal transformation w = % The conformal transformation defines a global Schottky
uniformization, which respects the replica symmetry. Holographically, every Schottky uni-
formization can be extended into the bulk [19]. For one boundary configuration there can
be different Schottky uniformizations and correspondingly different bulk configurations for
the same boundary configuration. With proper regulation the classical gravity action re-
duces to the Liouville action [20], which leads to the relation (3.14). The 7;’s are determined
by imposing the monodromy condition. For two interval at zero temperature case, it has
been discussed carefully in [3].

In the case of one finite circle at finite temperature, there are two cycles on each sheet

u~u+mR+ing, (3.5)

with R being the length of the circle and § being the imaginary time. We can set trivial
monodromy along one cycle so that the other cycle is the generator of Schottky group. For
example, for single interval finite temperature cylinder, the Riemann surface corresponding
to the n-th Rényi entropy is of genus n, and the Schottky generators are the non-trivial
cycles in n sheets. At high temperature, the time direction is of trivial monodromy, and
at low temperature, the spatial direction is of trivial monodromy. This is because at high
temperature above the Hawking-Page transition, the bulk spacetime is actually a black
hole, while at low temperature, it is the thermal AdS spacetime. However, for the finite
temperature case the equation (3.1) is not enough to fix the Rényi entropy completely.
There are interval-independent terms in the classical action, which appear as the integration
constants and cannot be fixed by the equation (3.1). In this work, we propose one more
relation to determine all the terms uniquely.

For 1-loop quantum correction, after finding all primitive words in Schottky group,
then the 1-loop partition function is [9, 21, 22]

l0g Z |1-toop=—D_ > log | 1—qJ' | (3.6)

v m=2

_1
where v’s are the primitive words, and ¢, * is the larger eigenvalue of . There are infi-

nite terms in the summation. However, in the cases of single interval in a circle at low



temperature or high temperature, and double intervals with small cross ratio x at zero
temperature, there are only finite terms contributing in each order of 6_%, e orz [9].

Furthermore, we need to point out that the holographic Rényi entropies at the low
temperature and high temperature are dual to each other by the following transformation

R—iB, B—iR. (3.7)

The classical part and the 1-loop correction of holographic Rényi entropy have been com-
. _678 _4npB . . . . .

puted in [9] to order e” =~ and e” = respectively. We will extend their analysis to higher

order. By using the above transformation we can read the entropy at low temperature.

However, there is no difficulty to do the calculation at low temperature directly.

3.1 Classical contribution at high temperature

In this subsection, we compute the high temperature Rényi entropy of a single interval on
a circle, following the strategy and convention in [9]. The temperature is T, the length of
the circle is R. The interval length is 2y, with two branch points being at £y. At high
temperature, the monodromy along Euclidean time direction should be trivial. With the
coordinates

U= efQﬂTz’ Uy, = 6727rTy7 up = e*ZTK‘TR, (38)

the wave function is

Yy = \}a(u — uy)A“ <u - ) mzoo z/Ji uy,uR) . (3.9)

For convenience, we rewrite the energy momentum tensor as

() 1 <1 1 > f 4m2T? ++i:’° 47r2T2
Z)=5\1—> 1 BT T
2 n s uuyuy + T 2 —~ usf LUy UUR _ 9
1 + uuR
uuyuR Uy ~
v Z T ——4 1 Z wTim + 0. (3.10)
m=—0o0 1- uuyuR m=—o00 ugf

Here we have extract all of the constant terms independent of u in g and ¢ and put them
into a new constant 4. The constant ¢ consists of an infinite summation with respect to
ugk. Even though each of the summation in (3.10) including the one in 4 is divergent, T'(2)
itself is finite. The advantage for this decomposition is that when we integrate T'(z) over
z, only the terms in § contribute. We will use this property in the later discussion.

The infinite summation should be convergent at u, and 1 . This leads to

1—n?cosh(2nTy) 11, , P
=T ——(n® —1)*[~2sinh(8nTy) + 4 h 4xT
v 4 { n?  sinh(27Ty) + 6 nd (n ) [—2sinh(87Ty) + 4 sinh(47T'y)]e

% i4 (n* — 1)’ [—6sinh(127Ty) + 8sinh(87Ty) + 2sinh(4nTy)]e " F

ﬁ%(n —1)%[(11 + 2n° — 1309n*)2sinh(167Ty) 4+ 6(—11 + 28n> + 199n*)2 sinh (127 Ty)
+2(77 — 346n° + 197n*)2sinh(87Ty) + 2(—77 + 436n> + 433n*)2 sinh(47TTy)]e_8"TR}
+0(e”10mTHY, (3.11)

,10,



2

. 1)° 1)°
6 = 8n°T? {§ (1 - E) cosh® (2nTy)e "7 4 4(1 - n—) sinh? (27Ty) cosh® (2nTy)e °" " #

1\? [ =77 +466n> + 907n*  —11 — 2n® + 1309n*
1— — h(167T
+( n2) < 172804 864004 cosh(16mTy)
11 — 28n% — 199n* —77 4 346n* — 197n*
1080m3 cosh(127Ty) + 2160m4 cosh(8nTy)
o 2 4
+ 4?1’(6)’;%4 A33n cosh(47rTy)) eSTTR 0(6—10“”)} — 2T 4 O(e107TRY, (3.12)

As we pointed out before, the differential equation (3.1) is not enough to determine
all the terms uniquely. There exist y-independent terms appearing as the integration
constants. Here we propose a new differential equation to fix all the terms

S, ¢ n < =
R = a0 =) (313)

We will discuss how to get this equation in the next subsection. With the equations (3.1)
and (3.13), we can obtain the holographic Rényi entropy

Sn ‘classical

1 D(n* -1
= g o log sinh(27TY") + const. — ;(n +Din )
n

- { sinh?(2nTy)e 4" TR

—11 — 2n? + 1309n*

+4sinh? (27 Ty) cosh? (2nTy)e 5T 4 ( 117;2(;;4 n cosh(167T'y)

—11 4 28n? + 199n* 77 — 346n2 + 197n*
- A0 cosh(127Ty) — 783008 cosh(87Ty)

—77 + 43602 + 433n* —77 446602 +907Tn*\ 4
_ h 4 T —8nTR

144004 cosh(4nTy) + 2304n* ‘

+0(e 10 TRy, (3.14)

3.2 Size dependence of Rényi entropy

In this subsection, we want to give a brief derivation for the equation (3.13). Generally,
when we calculate the Rényi entropy, we are computing the partition function on a Riemann
surface. The branch cuts’ positions, the temperature and the circle length decide the moduli
of the Riemann surface. The equation (3.1) encodes the dependence of the classical action
on the length of the interval. In the finite temperature case, in the same spirit, we should
consider the dependence of the classical action on the temperature and the circle length.

For a field theory on a curved spacetime, when we take a variation with respect to the
metric, the action changes as

0SE = —4i / d?0\ /g0 TG (3.15)
7

The TCFT here equal to the T in (3.2) times 13- This can be seen by comparing the
conformal transformation of T'(z) [3] with the one of T¢*T. Now let us take a variation on

g11 for high temperature case. It changes the length of spatial cycle
20R

— 11 —



Considering the integration [ dQU\/gT(z), we notice that the first four summations in 3.10,
after being integrated, can be written formally as

> (r(neg)-s(n-3)) 317)

m=—00

and cancel each other. Therefore only & contribute to the integration

/ d?0\/gT(z) = BRS. (3.18)

Finally we have

C ~
= — . .1
dSk 127Tﬁ<5dR (3.19)
By definition
48, = ———d(log Zyn — nlog Z1) = —— (ndSp — ndST=). (3.20)
n—1 n—1
This leads to the equation (3.13)
oS c n R

B B(6 — bne1). (3.21)

OR  12rn—1
In the above derivation, we only used the variation with respect to dg11 but not dgos.
This is because of the monodromy condition. In high temperature the trivial monodromy
is along the imaginary time direction, and in u coordinate the imaginary time direction is
along the angle, so we cannot change the parameter in that direction. On the contrary, in
the low temperature case we are only allowed to do variation with respect to gss. In this
case, we would get the temperature dependence of holographic Rényi entropy

oS, c n ~

where to get § we should make transformation (3.7) in (3.12).

3.3 1-loop correction at high temperature

In this subsection, we calculate the 1-loop correction to holographic Rényi entropy at high
temperature. In this case the monodromy along the 5 cycle is trivial, and the monodromy

o (L) (Lo)12
= ((L1)21 (L1)22> (3.23)

along the spatial cycle is

where
nuk% n+ DuZ+n—1]?
(L)1 = (1_yu2){ B [(n+ lny%; 1] uR—I-O(u%)},
nu n + 1)u? n—D|[n-Du2+n+1
(Lomza_u%gm{l_[( + 1ud + 4n>2]75<§ 1 £+ ]uﬁo(u@}’
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(L1)21 = —(L1)12,
(L1)22 = (L1)11 ln—s—n - (3.24)

Other Schottky generators can be obtained by a series of movement: first wind j loops
around a branch point, and go along spatial cycle, finally wind back j loops in opposite
direction around the same branch point. In other words, they are

. . 2Tl"L (1+ ) 0
.L.7 = Mj_lLlM_(-j_l) = 0 2#2%(1 %) . (325)

In terms of these generators, all of primitive elements in the Schottky group could be

6T R

constructed. However, up to e~ only L;’s contribute. There are totally 2n such kind

of generators including L; and Lj_l. For every L;, its larger eigenvalue is

_1 1
%2:2[(11)11-1- 22+\/ )11+ (L )2—4]

nu —= 1 L
m(w " uf) {1 t g (1= up) un(uy * — ujf)~
Y

n?ul 11 —1[(n+ Dug + (n—1)]?
L [(n— 1)u2 + (n+1)]
up i > _ 1) } (3.26)

which is independent of j. Then the 1-loop partition function is

log Z ’1 loop=— ZZ log‘l_q’y ‘

Y m=2
8L

=Y Relg+q]+0(e 7))
vy

_on sinh 27Ty # 5 (sinh 27Ty 6 =6aL
B n4 sinh 271y ‘ * nb \ ginh 277Y ¢
n n

1 0h 27T 5 inh 21Ty 8 27T
+— <sm T y) ( sinh(%,) 4 cosh2(27TTy) — — cosh(27Ty) cosh <7ry>
n K "

sinh @ Slnh(27rTy)
4 2 T L T
+QSinh(27TTy)sinh< ™ y)) %L}+o< ) (3.27)
n n
When n=1
—4nL 6L 8L

log Z1 |i—ioop=2¢ 7 +2¢ 5 +0(e 7). (3.28)

Thus we have

n ’1—loop: -

m 1 sinh4(27rTy) 1| o—4TR
_ — I e
n—1\n* ginh? @

1
— (log Z,, — nlog Z1)
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2
- — cosh?(2nTy) — — ————"~ cosh(2nTy) cosh .

2n [ 4 sinh*(27Ty) 8 sinh®(27Ty) Ty
n—1\n* ginh? 27Ty n® sinh® 277y
n n

4 sinh®(27Ty) 5 sinh®(2nTy)
nb sinh? 271y nb sinh® 271y a
n n

1) e TR L O(e=8THY. (3.29)

The entangle entropy is

SEE = % log sinh 2Ty + const + 8[1 — 2nTy coth(2nTy)]e 4™ 1t
+12[1 — 27Ty coth(27Ty))e 5T E, (3.30)

3.4 Low temperature Rényi entropy

At low temperature, the partition function and the Rényi entropy can be obtained by acting
the duality transformation (3.7) on the results at high temperature. The transformation
leads to

_ _2m
e 2nTR — e TrL,

l
cosh? 2Ty — cos? 7%,

I
sinh? 27Ty — — sin® % (3.31)

Considering these transformations, it is easy to see that the classical part (3.14) is in perfect
agreement with (2.25), and the 1-loop correction (3.29) is in perfect agreement with (2.26).

4 Conclusion and discussion

In this work, we studied the Rényi entropy and entanglement entropy of one single interval
on a circle at low temperature in 2D CEF'T. When the temperature is low, we are allowed
to expand the thermal density matrix level by level. We focused on the vacuum Verma
module and considered the excitations up to level four. Such a consideration was motivated
by the holographic computation of Rényi entropy in pure AdSs gravity. We found exact
agreement in the large ¢ limit between field theory and holographic computation up to
e‘y for classical contribution and to 6_% for 1-loop correction. Our discussion in this
work provides another evidence that three dimensional pure AdSs gravity correspond to a
conformal field theory with only vacuum Verma module [4, 10].

One important ingredient in our holographic computation is to consider the size (tem-
perature) dependence of the Rényi entropy. By considering the monodromy condition
and the variation with respect to the worldsheet metric, we propose the differential equa-
tions (3.13) and (3.22), which help us to determine the y-independent constants in the clas-
sical action. Our treatment should apply for other cases at finite temperature and finite size.

The discussion in the present work is technically very different from the ones in [10].
Considering the boundary Riemann surfaces of the gravitational configurations, the one
in this work is to connect n genus-1 torus along one branch cut; while in the two-interval
case [10] we connect n sheets at two branch cuts. When we calculate S,,, even though the
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replica symmetry is Z,, the Riemann surface at finite temperature is of genus n; while for
double intervals it is of genus n — 1. Moreover the field calculation is also quite different.
In this work we did the low temperature expansion and considered the excitations level
by level. At each level, the computation boils down to the correlation of vertex operators
inserted at the infinity past and infinity future on some sheet. While in [10] the twist
operators being inserted at the branch points in every interval are close to each other so
that one may use the operators product expansion of the twist operators to compute the
Rényi entropy order by order in small cross ratio.

One interesting issue is on the Rényi entropy of one single interval on a circle at high
temperature. From the holographic point of view, the computation in the high temperature
case is dual to the one in the low temperature case by a modular transformation. This is
possible because the main difference in the bulk computation comes from the monodromy
condition. In the high temperature case, one needs to impose the trivial monodromy along
the time circle, while in the low temperature case, it is the trivial monodromy along the
space circle. In both cases, one impose the trivial monodromy along the cycle enclosing
the branch cut from single interval. As a result, the two gravitational configurations in
two cases are dual to each other. However, on the CF'T side, all the excitations have to
be taken into account at high temperature such that a direct computation seems to be
impossible. Naively, one may think that the modular transformation exchanges the role of
time and space direction, especially after Euclideanization. For example, it is conceivable
that the thermal density matrix could be taken as o e FH = e=2m(L/B)(Lo+Lo) . But the
interval which is along the spatial circle would be mapped to the interval along the time
circle. This is exactly the dual geometry showing us. This could be seen from the functional
combination of y with L and T in two cases. However, it is clear in the bulk computation,
the interval was treated as in the spatial circle. Nevertheless, considering the accumulating
evidence on the correctness of holographic computation of two-interval Rényi entropy stud-
ied in [10, 12, 14] and the single-interval Rényi entropy at finite temperature case discussed
above, we are inclined to believe that holographic computation of Rényi entropy in other
cases, including the high temperature case, provides a trustable way to compute exactly
the same entropy in 2D CF'T in the large central charge limit. Therefore, the holographic
computation at high temperature in [9] allows us to read the thermal corrections to the
Rényi entropy and the entanglement entropy from (3.14), (3.29) and (3.30) respectively.

One furthermore question is on how to calculate a large interval Rényi entropy at
high temperature. In [23], the holographic entanglement entropy in this case has been
studied. It was found that the geodesic in the bulk would break into two pieces, one
winding around the black hole, the other connecting two boundary points. Therefore Sy, =
lime_0(S(1—€)—S(€)). To compute the holographic Rényi entropy in this case, it seems that
we need to find another set of monodromy condition to build the bulk structure [24]. In this
work, we paid more attention to the excitations of the vacuum Verma module and checked
the AdS/CFT correspondence of pure AdSs gravity. It would be interesting to generalize
the present study to the case with other primary fields [24]. The similar studies in the
two-interval case have been pursued in the context of HS/CFT correspondence [12, 13],
the AdS3/LCFT; correspondence [14], and the scalar matter coupling [15]. The correction

,15,



from chemical potential to higher spin entanglement entropy in the single interval on the
infinite spatial line and at finite temperature has been studied recently in [25].
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A Vertex operators
In this appendix, we present some technical details on the vertex operators.

A.1 Vertex operator at infinity

The vertex operators from the vacuum module at origin are well known

Lo ]0) = T(u),

L3|0>—>5T()

L4]0) = 32(),

LoaL_5|0) = :T(u)”:. (A1)

At infinity, we just need to make a conformal transformation w = %, and get

T(w) > T(w) (?:) — W' T(w),
T (u) — g:jaw (T(w) @2’)2) = —w%0T (w) — 4w°T(w), (A.2)

1,9 ow ,, [Oow ow\? 150 7 6
58 T(u) — %&U [8“81” <T(w) <8u> >} =W 0“T(w) + 5w’ 0T (w) + 10w T (w).

As w = 1 belongs to SL(2,C) transformation, there is no Schwarzian derivative term.
For : T(u)? :, the transformation is a little complicated

o L1
T(u)* = omi P udulT(ul)T(u)
1 [ ow 1 dwr \? ow”
1 wwy, Ow (dw\ (¢ 1 2T(w) 9T (w) ‘
27 dun( 1)w1—w ouq <8u> <2 (wy —w)* + (w1 —w)? +wl—w k2 T (w)T(w) :
= w® : T(w)? + 3w T (w) + 6wST (w). (A.3)
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A.2 Conformal transformation for : T(u)? :

In our computation, we need the explicit forms of the operators in full complex plane.

Under )
u—ef2\n
(= () | (A1)

u — eif
the transformation of the energy-momentum tensor and its higher derivatives are easy to
obtain. However, we still need to deal with the conformal transformation on : T'(u)? :. It

changes as

1 1 oG 2 ¢ 1 (ew2 - eiel)2
"o o et (T“” <aul> T <1 - nQ) (a1 — )2y — ci0y)?

(%) a1 ) )

"\ 2 ®Y\ " /
= gageA) + (‘i(i) +3 ) (T + 5 (0T + () TP
a¢ 2. 1 (eieg _ ei91)2
+27(¢) ((%) o7 (1 —~ n2> O = )
e\ 2 1\2 (602 — ¢ifr)? 2
+(24> (1 B n2> ((u — eif2)2(y — ei91>2> (A.5)
where
2
Au) = %( 2-1) (u _162.91 - _1€i92) <2(11 + 61n?) (0=t )1(u ey
1 1
+(—11+119n?) <(u s 62.92)2)) (A.6)

B Multi-point functions for vertex operators

Here we list some useful relations in computing the multi-point functions

c 1
(T(u1)T (u2)) = 2 (uy — )™ (B.1)
<T(u1)T(u2)T(u3)> = (ug — 'LLQ)Q(UQ — U3)2(U3 — ul)gv (B.Q)
(T'(u1)T (u2)T (us)T (ua))
c 1 N 1 N 1
- 4 (u1 — UQ)4(U3 — U4)4 (u1 — U3)4(U2 — U4)4 (U1 — U4)4(U2 — ’LL3)4
+c(u2 —u3)?(u1 — ua)? + (ug — ug)?(u1 — uz)? + (uz — ug)?(ug — uz)? (B.3)

(w1 —u2)?(ur — uz)?(ur — ua)?(uz — uz)?(ug — ua)?(uz — us)?

,17,



1 duq 3c

(T s Twa) = 5 f = (T T ) = e (B)
(: T(ug)? = T(ug)? ) = % dﬁl % dq_m (T (u1)T (u2)T (us)T (ua))
m ) Ul — U2 27 ) U3 — U4
1 1
() .

C Summation formulae

In calculation we need two kinds of summation

n—1 n—1

— 1
: — (C.1)
; 2 ; (25171(922”01 1))4
By studying the residue of the function

ft) =

sm

t(1—)2(1 = H2(tn — 1)’

it is easy to get

(.Si7117rj)4 720(71 +11)(n? — 1). (C.2)

o n
f(t) =e (02 91)t(1 — t)2(1 — %)2(1;“ (02 91))
we get
n—1 1 1 TL2 9 9 1
2 Goin(Bt i~ ettt 3 (0 Vel )+ (28] =g g

(C.3)
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