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1 Introduction

The existence of conformal manifolds for CFTs in d > 2 dimensions is usually associated
with supersymmetry and “the power of holomorphy”. Indeed, to the best of our knowledge
all examples of d > 2 conformal manifolds are for 3d N = 2 SCFTs and 4d SCFTs with
at least N = 1 supersymmetry.1 Moreover, it was shown in [5] that there cannot be
any supersymmetric exactly marginal couplings for unitary SCFTs in d > 4 or for 3d
SCFTs with N ≥ 3 supersymmetry. This state of affairs naturally leads to the question
whether there are any d > 2 non-supersymmetric or 3d N = 1 conformal manifolds.
Some general aspects of the properties of non-supersymmetric conformal manifolds for

1See [1–3] for a recent summary of known examples and general properties of “holomorphic conformal
manifolds” and [4] for a simple example of a non-trivial 3d N = 2 conformal manifold.
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CFTs in d > 2 were discussed recently in [6–9]. In these papers various obstructions
for the existence of exactly marginal operators and non-trivial constraints on the CFT
data were studied. Given the lack of explicit examples, it is certainly of great interest
to either find examples of CFTs for which these obstructions are avoided without “the
power of holomorphy” and there are indeed exactly marginal operators, or to rule out their
existence. A powerful tool to study the dynamics of strongly coupled CFTs is provided by
the AdS/CFT correspondence. It is therefore natural to look for explicit examples of “non-
holomorphic” conformal manifolds using top-down constructions rooted in string theory.
The goal of this paper is to discuss a number of such examples for 3d N = 1 SCFTs by
using their dual AdS4 supergravity description.

The workhorse we will use in our holographic explorations of 3d N = 1 conformal
manifolds is 4d N = 8 gauged supergravity. As summarized in [10] this supergravity
theory admits a number of distinct gaugings of subgroups of the E7(7) duality group of
the ungauged supergravity theory constructed in [11]. We will be mainly interested in
two different gaugings that involve the non-compact groups [SO(6)× SO(1, 1)] n R12 and
[SO(6)× SO(2)] nR12. As discussed in [12], see also [13], these two maximal supergravity
theories can be uplifted to type IIB supergravity on S1 × S̃5 where S̃5 denotes a squashed
five-sphere. The construction is non-geometric since it involves a twist by an element of
SL(2,Z) along the S1. When the gauge group involves the SO(2) factor this so-called S-fold
twist is by a compact generator of SL(2,Z), while for the SO(1, 1) gauging one has to use
a non-compact generator.

The [SO(6) × SO(1, 1)] n R12 gauged supergravity and its AdS4 vacua have been the
subject of recent interest and a number of non-trivial solutions were found and analyzed,
see [14–20]. Notably, several families of supersymmetric vacua were constructed in this
supergravity theory. In particular, a two-parameter family of N = 2 AdS4 solutions dual
to a 3d N = 2 conformal manifold were found in [18], see also [15, 21]. It was also pointed
out in [15, 17, 19] that there is a two-parameter family of N = 1 U(1)×U(1)-invariant AdS4
solutions of this supergravity theory. We briefly review these results below and emphasize
that this family of solutions is holographically dual to a rare example of a 3d N = 1
conformal manifold. Building on the results of [15] we also compute the masses of all 4d
supergravity modes for this family of AdS4 vacua and organize them into superconformal
multiplets of the dual 3d N = 1 SCFT. Motivated by the discussion in [22], we point out
that this construction can be generalized by replacing the internal S5 with a toric Sasaki-
Einstein manifold. This in turn leads to a large space of 3d N = 1 conformal manifolds
that are associated with the 4d N = 1 quiver gauge theories obtained by placing D3-branes
on the cone over toric Sasaki-Einstein spaces.

Encouraged by this observation we also study the [SO(6)×SO(2)]nR12 gauged super-
gravity theory and its AdS4 vacua. We find two distinct one-parameter families of N = 1
supersymmetric AdS4 solutions. The first family has SO(3) symmetry at the origin of the
conformal manifold which is broken to U(1) as one turns on the exactly marginal coupling.2

2This solution as well as its continuous deformations were independently found and discussed in the very
recent work [13].
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The other family has only U(1) symmetry along the entire conformal manifold. In both
cases we find that at least one point on the conformal manifolds can be found as a solution
of a Z2×Z2×Z2 truncation of the [SO(6)×SO(2)]nR12 gauged supergravity theory with
7 chiral superfields. For both of these families of AdS4 solutions we explicitly compute
the masses of all 4d supergravity fields and organize them in superconformal multiplets
of the dual 3d N = 1 SCFT. Most of these multiplets are long and unprotected and the
conformal dimensions exhibit interesting dependence on the exactly marginal coupling.
Similarly to the discussion in [16] we argue that the conformal manifolds in both of these
cases are compact, i.e. they have the topology of S1. In addition, we find 13 other AdS4
non-supersymmetric vacua of this gauged supergravity theory which are perturbatively
unstable.

In all three examples of 3d N = 1 conformal manifolds described above we observe a
very similar structure in part of the superconformal multiplet spectrum. The supergravity
solutions suggest that at the origin of the conformal manifold there is a certain flavor sym-
metry GF which is broken to its Cartan subalgebra by the exactly marginal deformation.3

The exactly marginal scalar operators sit in a 3d N = 1 superconformal multiplet L2[2, 0]
with ∆ = 2 scalar conformal primary. The L2[2, 0] multiplet is in the adjoint representation
of GF and at the points on the conformal manifold with enhanced flavor symmetry there is
non-trivial multiplet rearrangements. This is similar in spirit to the superconformal mul-
tiplet re-organization along holomorphic conformal manifolds discussed in [1]. Moreover,
we find that in all three examples there is a particular L1[3, 1] multiplet with a spin-1
conformal primary which is not protected but nevertheless has operators with half-integer
dimensions that do not depend on the marginal coupling. While we do not have a field
theory understanding of this peculiar pattern of superconformal multiplets we observe that
the SU(3) invariant N = 1 solution of the ISO(7) maximal gauged supergravity found
in [23] has exactly these multiplets in its 4d supergravity spectrum. This leads to the
natural conjecture that this supergravity solution also admits a two-dimensional space of
continuous deformations dual to a 3d N = 1 conformal manifold. We test this proposal
explicitly and find that it is not realized due to the structure of the cubic terms in the
supergravity potential which do not allow for a flat direction.

There is another method to find explicit examples of conformal manifolds in top-down
holography. One can start by a given AdS4 vacuum of string or M-theory which is dual to
a CFT with a continuous flavor symmetry that has a two-dimensional Cartan subalgebra
(or a three-dimensional one in M-theory). If this symmetry is geometrically realized as an
isometry of the internal manifold then one can apply the TsT transformation of Lunin-
Maldacena [24] to construct a family of AdS4 solutions that are dual to a subspace of the
conformal manifold in the dual CFT, see [25] for a review and [26] for some recent examples
of 3d N = 2 conformal manifolds constructed by this method and a more exhaustive
list of references. If the TsT transformation is applied to an AdS4 vacuum with N = 1

3Here and in the rest of the paper we use the term “exactly marginal” to describe supergravity deforma-
tions of AdS4 vacua that preserve the superconformal symmetry. It is logically possible that these “exactly
marginal” deformations are lifted by 1/N effects. We discuss this possibility further at some length in
section 5.
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supersymmetry the result will be a non-holomorphic conformal manifold.4 In the discussion
below we identify three N = 1 supersymmetric vacua of massive type IIA supergravity that
could be deformed in this way and briefly comment on their properties.

We proceed in the next section with a short summary of the properties of the family
of AdS4 N = 1 solutions found in [15] and discuss the operator spectrum and properties
of the conformal manifold of the dual 3d N = 1 SCFTs. We continue in section 3 with
the presentation of the main new results in this work. First we outline the construction of
two families of N = 1 vacua of 4d maximal supergravity with an [SO(6) × SO(2)] n R12

gauging. We then proceed to study the spectrum of 4d supergravity excitations around
these families of solutions and discuss the properties of the dual 3d N = 1 conformal
manifolds. In section 4 we argue that several other examples of supersymmetric AdS4
supergravity solutions with N = 1 supersymmetry also allow for continuous deformations
that should be dual to 3d N = 1 conformal manifolds. We conclude with a short discussion
in section 5. In the appendix we present a list of the 13 new non-supersymmetric AdS4
solutions of the [SO(6) × SO(2)] n R12 gauged supergravity we found and comment on
some of their properties.

2 Conformal manifolds from AdS4 S-fold vacua

A two-parameter family of N = 1 AdS4 solutions of the 4d N = 8 [SO(6)×SO(1, 1)]nR12

gauged supergravity theory was found in [15]. These solutions can be uplifted to S-fold
solutions in type IIB supergravity of the schematic form AdS4×S1× S̃5, see [17] for more
details. The S̃5 represents a squashed five-sphere and there is a non-trivial monodromy of
the SL(2,Z) symmetry of string theory along the S1. The solutions are specified in terms
of the constant values of three “axionic” scalar fields, χi, in the 4d supergravity theory
which obey the constraint

χ1 + χ2 + χ3 = 0 . (2.1)

The mass spectrum of the 70 scalar and the 28 spin-1 fields in the 4d supergravity theory
was computed in [15]. Our goal here is to translate this mass spectrum into the spectrum
of conformal dimensions of operators in the dual 3d N = 1 SCFT and organize them into
superconformal multiplets. To this end we also need to calculate the mass spectrum for
the spin-1/2 and spin-3/2 fermions in the supergravity theory. After doing this calculation
explicitly we can employ the standard holographic dictionary summarized in table 1 to
find the conformal dimensions of all operators and then use 3d N = 1 superconformal
representation theory to organize all operators into superconformal multiplets, see table 2.
We summarize the results of this calculation below.

For general values of χi there is the energy-momentum tensor multiplet, and two U(1)
current multiplets:

A1[5
2 ,

3
2 ] , 2×A1[3

2 ,
1
2 ] . (2.2)

4One can also imagine a situation where the seed vacuum solution has more than N = 1 supersymmetry
but the TsT transformation breaks that to N = 1.
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Spin Dimension

0 ∆ = 3
2 ±

√
9
4 +m2L2

1
2 ∆ = 3

2 + |mL|

1 ∆ = 3
2 ±

√
1
4 +m2L2

3
2 ∆ = 3

2 + |mL|

Table 1. Dimensions of operators dual to fields of spin, s, and mass, m.

Name Primary Descendants Unitarity bound

Identity, B1[0, 0] |0, 0〉 - ∆ = 0
Short scalar, A2[ 1

2 , 0] | 12 , 0〉 | 12 ,
1
2 〉 ∆ = 1

2

Short spin, A1[s+ 1, s] |s+ 1, s〉 |s+ 3
2 , s+ 1

2 〉 ∆ = s+ 1; s > 0
Long scalar, L2[∆, 0] |∆, 0〉 |∆ + 1

2 ,
1
2 〉; |∆ + 1, 0〉 ∆ > 1

2

Long spin, L1[∆, s] |∆, s〉 |∆ + 1
2 , s+ 1

2 〉; |∆ + 1
2 , s−

1
2 〉; |∆ + 1, s〉 ∆ > s+ 1; s > 0

Table 2. The 3d N = 1 superconformal multiplets, see [27] for more details . The first column
indicates also the notation we use for each multiplet which differs from the one used in [27].

These are protected multiplets in which the conformal dimensions are fixed. In addition,
we find various long multiplets. There are 7 long spin-1 multiplets

L1[3, 1] , 2× L1[1 +
√

16
9 + 5χ2

i
4 , 1] , i = 1, 2, 3 . (2.3)

We also find 12 long spin-1/2 multiplets

2× L1[1 +
√

109
36 + 5χ2

i
4 , 1

2 ] ,

2× L1[1 + 1
2

√
1 + 5(χi − χj)2, 1

2 ] ,
i < j , i, j = 1, 2, 3 . (2.4)

Finally, there are 16 long spin-0 multiplets

2× L2[2, 0] ,

2× L2[1 +
√

4
9 + 5χ2

i , 0] ,

2× L2[1 +
√

6, 0] ,

2× L2[1 +
√

4
9 + 5χ2

i
4 ] ,

i = 1, 2, 3 . (2.5)

We note that in order to compile this spectrum we have removed 26 Goldstone scalars with
m2L2 = 0 which are the result of the breaking of the 28-dimensional gauge group of the
supergravity theory to U(1)2. In addition we had to remove 7 Goldstone spin-1/2 fermions
with masses that are related to those of the spin-3/2 fermions by m2

s=1/2 = 4m2
s=3/2. These

goldstini arise due to the breaking of the N = 8 supersymmetry to N = 1. The explicit
masses for the 7 goldstini modes are

m2
s=1/2L

2 = 16 , 2×m2
s=1/2L

2 = 64
9 + 5χ2

i , i = 1, 2, 3 . (2.6)

– 5 –



J
H
E
P
0
7
(
2
0
2
3
)
2
2
0

The two exactly marginal operators sit in the L2[2, 0] multiplets in (2.5). Notice also the
appearance of long multiplets which have operator dimensions that do not depend on the
parameters χi. The L1[3, 1] multiplet is particularly interesting since the operators in it
have half-integer conformal dimensions and also this multiplet appears in the spectrum of
all examples of conformal manifolds in 4d maximal gauged supergravity that we discuss in
this work.

At special values of χi there is symmetry enhancement and multiplet rearrangements.
For χi = 0 the symmetry enhances from U(1)2 to SU(3). The multiplet rearrangement
capturing this is given in the middle line of Equation (2.4) in [27]. More specifically we
find that the six multiplets on the second line of (2.4) become six L1[3

2 ,
1
2 ] multiplets which

then reorganize as follows

6× L1[3
2 ,

1
2 ]→ 6×A1[3

2 ,
1
2 ] + 6× L2[2, 0] . (2.7)

The six A1[3
2 ,

1
2 ] short multiplets reflect the enhancement of the flavor symmetry to SU(3)

which is accompanied by the appearance of six new “naively marginal” multiplets L2[2, 0].
This multiplet rearrangement is very similar to the flavor symmetry enhancement and
rearrangements appearing in 3d N = 2 and 4d N = 1 conformal manifolds [1]. We note
that in order to complete the states in the six L2[2, 0] multiplets in (2.7) we need to
remember that at χi = 0 there are only 20 Goldstone bosons instead of the 26 present for
general values of χi. In other words, for χi = 0 six of the Goldstone scalars with m2L2 = 0
become physical modes dual to ∆ = 3 operators that are the bottom components of the six
L2[2, 0] multiplets in (2.7). A very similar mechanism is at play when two of the parameters
χi are equal, for instance χ1 = χ2 (and thus χ3 = −2χ1 due to (2.1)). In this case the
symmetry is enhanced to SU(2)×U(1) and two of the multiplets on the second line of (2.4)
become two L1[3

2 ,
1
2 ] multiplets that undergo the same multiplet rearrangement as in (2.7).

We also note that if any of the marginal parameters takes the special values χi = 1
3

or χi = 2
3 the long scalar multiplets on the second line of (2.5) become L2[2, 0] multiplets.

This could suggest the appearance of new branches of the conformal manifold at these
special values of χi. It will be most interesting to study in more detail the full potential of
the 4d N = 8 [SO(6)×SO(1, 1)]nR12 gauged supergravity and determine whether indeed
there are additional families of supersymmetric AdS4 solutions emerging at these values
of χi.

In section 4 we discuss a generalization of the families AdS4 vacua described above.
These solutions can be viewed as corresponding to exactly marginal deformations of the
AdS4 × S1 ×M5 vacua of IIB supergravity presented in [22] where M5 is a toric Sasaki-
Einstein manifold.

We want to stress that while the conformal manifold described above appears to be
non-compact, the parameters χi have to be periodically identified which in fact leads to
a compact conformal manifold in harmony with the conjecture in [3]. We discuss this in
more detail in section 3.5. We also note in passing that the supergravity kinetic terms for
the scalars χi should capture the Zamolodchikov metric on the conformal manifold. We
have computed these kinetic terms in the supergravity Lagrangian and have checked that

– 6 –
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this metric is flat. We therefore conclude that the 3d N = 1 conformal manifold at hand
has T 2 topology with a flat metric.

3 New N = 1 AdS4 vacua and conformal manifolds

In order to describe the construction of the new families of AdS4 vacua of interest here
we start with a brief review of 4d N = 8 supergravity. Maximally supersymmetric, 4d
supergravity consists of the metric, eight gravitini, 28 vector fields, 56 spin-1/2 gaugini,
and 70 scalar fields. The scalar fields parametrize the coset space E7(7)/(SU(8)/Z2). When
the theory is ungauged it exhibits a large duality symmetry given by E7(7) which acts non-
linearly on the scalar fields and the scalar potential is trivial. Our focus here is on gauged
supergravity [10] where a certain subgroup of E7(7) is promoted to a local symmetry group.
This gauging leads to a modification of the supergravity Lagrangian and most notably
induces a potential for the scalar fields of the theory. The supergravity Lagrangian is
encoded in the embedding tensor ΘM

α where α transforms in the 133 of E7(7) and M
transforms in the 56. We use the real sl(8) basis of e7(7) written as 56 × 56 matrices tα
(see [11, 28] for details). Using this we define the X-tensor [10]

XMN
R = ΘM

α(tα)NR , (3.1)

which plays an important role in the construction of the scalar potential of the theory. The
embedding tensor transforms in the 912 representation of E7(7), but in this paper we will
focus on gaugings where it is built from 36⊕ 36′ representations of sl(8). In this way the
X-tensor is written in terms of two symmetric 8× 8 matrices θ and ξ through [12]

X[AB][CD]
[EF ] = −X[AB]

[EF ]
[CD] = −8δ[E

[AθB][Cδ
D]
F ] ,

X [AB]
[CD]

[EF ] = −X [AB][EF ]
[CD] = −8δ[A

[Cξ
B][Eδ

F ]
D] ,

(3.2)

where A,B, · · · = 1, . . . , 8. We have represented the 56 index as a direct sum 28 ⊕ 28′

of two representations of sl(8), each of which is written as an antisymmetric combination
[AB]. For example, a single 56-vector can be represented as xM = (x[AB], x

[AB]).
We will discuss a number of distinct gaugings which can be described simultaneously

using diagonal matrices of the form

θ = g diag(1, 1, 1, 1, 1, 1, a, b) , ξ = g diag(0, 0, 0, 0, 0, 0, ã, b̃) , (3.3)

where g 6= 0 is the gauge coupling constant. The quadratic constraint that the embedding
tensor must satisfy for a consistent supergravity theory implies that aã = bb̃ = 0. In table 3
we list the different gauge groups of interest in this work and the corresponding value for
the parameters a, ã, b, and b̃.

Since our interest here is in the properties of AdS4 solutions of these supergravity
theories we focus on the metric-scalar part of the supergravity Lagrangian. Later we also
discuss the spectrum of fluctuations around the AdS4 solutions for all supergravity fields.
To this end we use the formulae presented in [29] for the mass matrices of supergravity
fields with different spin.

– 7 –
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Gauge symmetry a b ã b̃

SO(8) 1 1 0 0
ISO(7)c 1 0 0 1
[SO(6)× SO(1, 1)] n R12 0 0 1 −1
[SO(6)× SO(2)] n R12 0 0 1 1

Table 3. The different gauge groups studied in this paper and their corresponding parameters
in (3.10).

The 70 scalar fields parametrize the coset E7(7)/(SU(8)/Z2) and are specified in terms
of a 56× 56 scalar vielbein V. From this we can build the scalar metric

M = V · VT , MMRMRN = δMN . (3.4)

The Lagrangian can now be written as [10]5

L =
√
−g

(
R+ 1

48Tr
(
dM · dM−1)− V ) , (3.5)

where the scalar potential is

V = 1
168M

MPXMN
RXPQ

S
(
MNQMRS + 7δNS δ

Q
R

)
(3.6)

3.1 The 14-scalar model

To construct explicit AdS4 solutions we focus on a consistent truncation of the supergravity
theory that contains only a subset of the scalar fields. In particular we focus on a 14-scalar
model constructed by keeping only fields that are invariant with respect to a Z2×Z2×Z2
subgroup of E7(7). This model has been discussed by a number of authors, but we follow
the conventions in [15, 28]. We keep our discussion general so that we can treat the
different gaugings we are interested in. The scalar manifold of this model consists of seven
commuting SL(2,R)/U(1) cosets. Each SL(2,R)i with i = 1, . . . , 7 is generated by a
positive and negative root generator ei and fi satisfying Tr (eifj) = 6δij together with a
Cartan generator hi = [ei, fi]. A simple way to parametrize the SL(2,R)’s is to use

Vi = e
√

2Rezi ei · elog Imzi hi . (3.7)

With this parametrization the 14-scalar model can be cast in a standard N = 1 supergravity
language. In particular the scalar kinetic terms are specified by the Kähler potential

K = −
∑
i

log(2Imzi) . (3.8)

Similarly the scalar potential can be written in terms of a superpotential W via

V = eK
(
KīDiWD̄W − 3WW ) , (3.9)

where the Kähler covariant derivative is defined as Df = ∂f + f∂K.
5The metric is rescaled when compared to [10] as follows ghere

µν = 2gthere
µν .
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Using the embedding tensor (3.2) and the two matrices θ and ξ in (3.3) we find that
the superpotential can be written as a sum of two terms

W = W0 + 2g(ãz4z5z6z7 + b̃+ z1z2z3(a+ bz4z5z6z7)) , (3.10)

where
W0 = 2g

(
z1z5z6 + z2z4z6 + z3z4z5 + z1z4z7 + z2z5z7 + z3z6z7

)
. (3.11)

The supergravity truncation and the superpotential are invariant under the discrete sym-
metry group S4 that acts by permuting the scalar fields zi, see [18] for more details. If
a = 1 and ã = 0, then this symmetry gets enhanced to PSL(2, 7).

3.2 Flat directions

An important focus of our discussion is the construction of a number of continuous families
of AdS4 solutions. In all 4d supergravity examples we consider these continuous families are
generated from a “seed” solution as in [18, 19]. The seed solutions we utilize are described
by the scalar vielbein V0 constructed as in (3.7) and is therefore a solution of the 14 scalar
model.6 The continuous families of solutions are then given by a product

V = Vχ · V0 , (3.12)

where Vχ is a “rotation” matrix that generates the flat direction χ. If there are multiple
such direction then the scalar vielbein V is constructed as a product of multiple rotation
matrices, one for each flat direction. Recently [19] showed how to construct the rotation
matrices Vχ for the SO(6)× SO(2) and the SO(6)× SO(1, 1) gauged supergravity when V0
exhibits continuous global symmetry. In short, for each Cartan generator of the continuous
symmetry, there is a generator g such that the element

Vχ = eχ g , (3.13)

generates a flat direction as in (3.12). If the symmetry group of V0 is non-Abelian then on
a generic point on the manifold of solutions only the Cartan subgroup is preserved. We
refer to [19] for a more detailed discussion on the explicit construction of the generator g.

Several comments on this construction are in order. The family of AdS4 vacua con-
structed by the procedure described above may or may not be solutions of the 14 scalar
model used to find the seed solution. We will exhibit examples of both cases below. The
procedure to construct families of solutions is in principle independent of supersymmetry.
If the seed solution exhibits supersymmetry and the Killing spinors are not charged with re-
spect to the symmetry broken by the vielbein V0 then the whole family of AdS4 vacua will
remain supersymmetric. We will discuss both supersymmetric and non-supersymmetric
families of 4d supergravity AdS vacua below.

We note that the construction discussed above is not the only possible way a family
of AdS4 gauged supergravity vacua can arise. Indeed in [18] a two-dimensional family of

6The same approach for generating families of AdS4 vacua can be applied also to seed solutions outside
of the 14-scalar truncation. An exhaustive study of all AdS4 4d gauged supergravity vacua admitting such
deformations is outside of the scope of this paper.

– 9 –



J
H
E
P
0
7
(
2
0
2
3
)
2
2
0

N = 2 AdS4 solutions was constructed analytically. One of those directions was already
uncovered in [15] and is of the simple “rotation kind” discussed here. However, a second
continuous family was found in [18] which does not have a simple form in terms of a rotation
matrix.

3.2.1 S-fold conformal manifold revisited

Let us discuss briefly how this works for the conformal manifold discussed in section 2. In
this case we look for a solution in the [SO(6)× SO(1, 1)] n R12 gauged supergravity. This
implies ã = −b̃ = 1 and a = b = 0 in the superpotential (3.10). The SU(3) invariant seed
solution is given by [15]

z =
(
i
√

5
3 ,

i
√

5
3 ,

i
√

5
3 ,

1 + i
√

5√
6

,
1 + i

√
5√

6
,

1 + i
√

5√
6

,
1 + i

√
5√

6

)
. (3.14)

Since the Cartan subgroup of SU(3) is two-dimensional we can use the prescription above
to construct a two-dimensional manifold of AdS4 solutions connected to this one. Generic
point on the manifold preserves U(1)2 continuous global symmetry. Remarkably, the flat
directions are entirely contained in the 14 scalar model and can be generated by shifting
the first three za coordinates by χa where a = 1, 2, 3 and imposing the condition (2.1) [15].
The value of the scalar potential for this family of supersymmetric solutions is

V = −162g2

25
√

5
. (3.15)

3.3 New N = 1 AdS4 solutions

As an illustration of the procedure above we proceed with the presentation of two one-
parameter family of N = 1 supersymmetric AdS4 solutions of the [SO(6) × SO(2)] n R12

gauged supergravity theory. To this end we fix a = b = 0 and ã = b̃ = 1 in table 3 and in
the superpotential (3.10) and we look for the critical points of the supergravity potential
of the 14-scalar model (3.9). This results in a system of coupled algebraic equations which
in general do not admit analytic solutions. Through an extensive numerical search we have
identified 15 critical points of the potential corresponding to AdS4 solutions with different
values of the cosmological constant. If a given critical point of the potential is also a
critical point of the superpotential (3.10), then the AdS4 solution is supersymmetric. We
find two such supersymmetric solution of the 14-scalar model that we discuss in some detail
below. In addition there are 13 non-supersymmetric critical points which we present in
appendix A. It is notable that 9 of the 15 critical points have a continuous subgroup of the
SO(6) symmetry of the 4d gauged supergravity preserved. For all of these 9 AdS4 vacua
we can use the procedure outlined in section 3.2 to construct families of AdS4 solutions
with the same value of the cosmological constant. The other 6 critical points we find have
no continuous symmetry and correspond to isolated AdS4 solutions.

One of the AdS4 solutions we find has N = 1 supersymmetry and SO(3) ⊂ SU(3) ⊂
SO(6) symmetry. The critical point of the potential is found at the following values for the
7 scalars zi described in section 3.1

z =
(2 + i

√
5

3
√

3
,

2 + i
√

5
3
√

3
,
2 + i

√
5

3
√

3
,
−1 + i

√
5

1081/4 ,
−1 + i

√
5

1081/4 ,
−1 + i

√
5

1081/4 ,
5 + i

√
5

1081/4

)
. (3.16)
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The value of the potential (3.9) at this critical point is

V = −243
√

3 g2

25
√

5
. (3.17)

This solution is a part of a one-parameter family of N = 1 solutions with the same value
of the cosmological constant parametrized by a real parameter χ. For χ 6= 0 the SO(3)
symmetry is broken to U(1) specified by the following SO(6) generator

gU(1) =



0 0 0 1 0 0
0 0 −1 0 0 0
0 1 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


. (3.18)

The other N = 1 solution we find has U(1) ⊂ SO(6) symmetry and is specified by the
following values for the 7 scalar fields zi

z1 = κ√
6

e
iπ
3 , z2 = z3 =

√
3 + κ2

4
√

2
+ i

√
−3 + 3κ2

4
√

2
,

z4 = κ− 2
2
√

3 4√2κ2 − 5
+
i 4
√

7κ2

2 − 8
κ

, z5 = z6 =
√
κ

4√6
e

2iπ
3 ,

z7 =
√
κ2 + 2 4√2κ2 − 5√

6(2− κ)
+
i 4
√

7κ2

2 − 8
κ

,

(3.19)

where we have defined the real constant κ as

κ =
√√

13− 1 . (3.20)

The value of the scalar potential is

V = −16g2

27

√
70 + 26

√
13 . (3.21)

The U(1) subgroup of SO(6) that is preserved by this solution is specified by the following
generator of SO(6)

ĝU(1) =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 −1
0 0 −1 0 0 0
0 0 0 1 0 0


. (3.22)

Once again, this solution is a part of a one-parameter family of N = 1 supersymmetric
AdS4 vacua with the same value of the potential, parametrized by χ and generated by the
procedure described in section 3.2.
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3.4 The spectrum

For the two families of supersymmetric AdS4 vacua described above we have computed
the masses of all bosonic and fermionic fields of the 4d supergravity theory as a function
of the marginal parameter χ. We have then used the AdS/CFT dictionary in table 1 to
compute the conformal dimensions of all dual CFT operates and then organized them in
superconformal multiplets according to table 2. These results are similar to the ones in
section 2 and are summarized below.

3.4.1 SO(3) N = 1 AdS4 vacuum

For generic values of the marginal parameter χ we find the energy-momentum tensor and
one flavor current multiplets:

A1[5
2 ,

3
2 ] , A1[3

2 ,
1
2 ] . (3.23)

There are 5 long multiplets with a spin-1 primary

2×L1[3, 1] , L1[1 +
√

41
3 , 1] , 2×L1[1 + 1

3
√

2

√
77 + 25

3 χ
2 ± 5

√
1 + 350

9 χ2, 1] . (3.24)

We find 13 long multiplets with spin-1/2 primaries

L1[1 + 1
2

√
43
3 ,

1
2 ] , 2× L1[1 +

√
41
2 , 1

2 ] , 2× L[1 +
√
αn,

1
2 ] , n = 1, 2, 3

2× L1[1 + 1
2

√
43
3 + 2

3

(
10χ

3

)2
, 1

2 ] , 2× L1[1 + 1
2

√
43
3 + 2

3

(
5χ
3

)2
, 1

2 ] ,
(3.25)

where αn are the roots of a cubic polynomial

4α3
n−
(50χ2

9 +83
)
α2
n+
(625χ4

243 + 21025χ2

729 + 1763
4
)
αn− 15625χ6

39366 + 349375χ4

78732 −
106675χ2

1944 − 1681
16 , (3.26)

and explicitly take the form

αn = 1
4 + 10

9 wn + 10q2
243wn

+ q3
9 , wn = (−1)

2(n−1)
3

3
√

q1
3 + 1

9

√
9q2

1 − 1
9
( q2

3
)3
, (3.27)

and
{q1, q2, q3} = {50χ2 − 92, 175χ2

2 + 93

3 ,
25χ2

6 + 60} . (3.28)

We also find 15 long multiplets with a spin-0 primary:

2× L2[1 + 1
3
√

2

√
93 + 12

(
5χ
3

)2
± 5

√
172 + 56

(
5χ
3

)2
, 0] , L2[5

3 , 0] , L2[1 +
√

89
3 , 0] ,

2× L2[1 + 1
3
√

2

√
93 + 3

(
5χ
3

)2
± 5

√
172 + 14

(
5χ
3

)2
, 0] , L2[5, 0] , L2[1 +√γn, 0] ,

(3.29)
and a multiplet that contains the exactly marginal operator

L2[2, 0] . (3.30)
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The values of γn=1,2,3 in (3.29) are again roots of a cubic polynomial

81γ3
n − 1998γ2

n + 11153γn − 1236 , (3.31)

and are
γ1 ≈ 0.113103 , γ2 ≈ 8.30122 , γ2 ≈ 16.2523 . (3.32)

When we organized the spectrum above we have removed the 27 massless Goldston
scalars with arising from the breaking of the 4d supergravity gauge group to U(1). We have
also removed the 7 spin-1/2 goldstini that arise from the breaking of N = 8 supersymmetry
to N = 1. The masses of the goldstini are given by

2×m2L2 = 16 , m2L2 = 164
9 , 2×m2L2 = 154

9 + 50
27χ

2 ± 10
9

√
1 + 350

9 χ2 . (3.33)

At the origin of the conformal manifold χ → 0 we find that the two long multiplets
L1[1 +√α2,

1
2 ] become two L1[3

2 ,
1
2 ] multiplets, which then recombine as

2× L1[3
2 ,

1
2 ]→ 2×A1[3

2 ,
1
2 ] + 2× L2[2, 0] . (3.34)

As discussed around (2.7) this multiplet recombination is associated with the flavor sym-
metry enhancement to SO(3) at the origin of the conformal manifold.

3.4.2 U(1) N = 1 AdS4 vacuum

We again have two short multiplets in the spectrum corresponding to the energy-momentum
tensor and U(1) flavor current multiplets:

A1[5
2 ,

3
2 ] , A1[3

2 ,
1
2 ] . (3.35)

There are 7 long spin-1 multiplets in the spectrum. Three of them have conformal di-
mensions that do not depend on the parameter χ. The dependence on χ of the other 4
multiplets can be found numerically and is presented in figure 1a

L1[3, 1] , L1[3
2 +

√
13
2 , 1] , L1[1 +

√
11
3 +

√
13
3 , 1] , 2×L1[ζa(χ), 1] , a = 1, 2 . (3.36)

There are 13 spin-1/2 multiplets. Three of them have conformal dimensions that do not
depend on the parameter χ. The dependence on χ of the other 10 multiplets can be found
numerically and is presented in figure 1b

L1[1 +
√

3 + 3
√

13
4 , 1

2 ] , L1[1 +
√

29
4 +
√

13, 1
2 ] , L1[1 +

√
20
3 + 13

√
13

12 , 1
2 ] ,

2× L1[ηa(χ), 1
2 ] , a = 1, . . . , 5 .

(3.37)

We find also 15 spin-0 multiplets. One of them, L2[2, 0], contains the exactly marginal
operator. There are 6 more multiplets with dimensions that do not depend on χ. The
dependence on χ of the other 8 multiplets can be found numerically and is presented in
figure 1c

L2[2, 0] , L2[1 +
√

8 + 2
√

13, 0] , L2[1 +
√

1 + rn, 0] , n = 1, . . . , 5
2× L2[ωa(χ), 0] , a = 1, . . . , 4 .

(3.38)

– 13 –



J
H
E
P
0
7
(
2
0
2
3
)
2
2
0

-4 -2 0 2 4

0

2

4

6

8

10

χ

Δ

(a) ζa

-4 -2 0 2 4

0

5

10

15

χ

Δ

(b) ηa

-4 -2 0 2 4

0

5

10

15
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Figure 1. Dimensions of primaries in the long multiplets which depend non-trivially on the
marginal parameter χ. From left to right we have dimensions of long spin-1, long spin-1/2, and
long spin-0 multiplets.

The real numbers rn above do not depend on χ and have the approximate values

r1 ≈ −0.924201 , r2 ≈ 0.978564 , r3 ≈ 7.22535 , r4 ≈ 11.4676 , r5 ≈ 14.5036 .
(3.39)

The rn can be computed numerically to high precision as roots of the following polynomial

50544 + 35100 rn − 202731 r2
n + 286276 r3

n − 6513 r4
n − 329207 r5

n

+ 208011 r6
n − 52960 r7

n + 6577 r8
n − 393 r9

n + 9 r10
n .

(3.40)

This polynomial has 8 real roots and the rn in (3.39) are 5 of those roots.
As usual we should bear in mind that to organize the masses of the supergravity modes

in the multiplets above we had to remove the 27 Goldstone scalars with m2L2 = 0 as well
as the 7 spin-1/2 goldstini from the mass spectrum.

In all three examples of families of AdS4 vacua dual to 3d N = 1 conformal manifolds
discussed above the exactly marginal operators lie in the L2[2, 0] superconformal multiplets
which in turn transform in the adjoint representation of the flavor group on all points of
the conformal manifold, including the ones with enhanced global symmetry. Moreover in
all three examples we observe the presence of the curious L1[3, 1] which is a singlet under
the flavor group. As we discuss in section 4.1.1 the presence of these multiplets in the
spectrum of other supersymmetric AdS4 vacua does not always guarantee the existence of
exactly marginal deformations.

3.5 Free energy and periodicity of χ

After constructing the two families of supergravity solutions we can now employ the holo-
graphic dictionary to compute the S3 free energy of the dual 3d N = 1 CFTs. To do this
we also have to make use of the fact that all AdS4 solutions we discussed above can be
uplifted to type IIB supergravity where they describe the backreaction of N D3-branes
with an R1,3 × S1 world volume and an SL(2,Z) S-duality twist on the S1.

We start with the standard formula that relates the AdS length scale LAdS to the free
energy [30]

F = πL2
AdS

2GN
, (3.41)
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whereGN is the four-dimensional Newton constant. The latter is related to ten-dimensional
quantities via

1
16πGN

= 2π
(2π`s)8vol(S

5)vol(S1
ρ) , (3.42)

where vol(S5)vol(S1
ρ) is the volume of the internal space. Notice that for both SO(6)

gaugings discussed in this paper the uplift to IIB supergravity involves an S5 and a 1d
space that is compactified by S-folding [12, 13]. For simplicity of notation we denote this
sixth internal direction by S1

ρ even though it is not strictly speaking a geometric circle.
The four-dimensional Newton constant is most easily computed at the origin of the 4d
supergravity scalar manifold even though that is not a critical point of the potential. The
final answer for GN will of course not depend on the scalar configuration we use since the
four-dimensional theory is written in Einstein frame. At the origin, the volume of the five-
sphere is vol(S5) = (2/g)5π3 where g is the 4d gauge coupling constant and 2/g plays the
role of the radius of S5. In order to relate the string length `s to the number of D3-branes
N , we use five-form flux quantization. Again we can perform the flux quantization at the
origin of the 4d scalar manifold since the integer flux quanta cannot change continuously as
a function of the supergravity scalars. The RR four-form is simply given by C4 = 4(2/g)4ω4
where dω4 is the volume form on unit-S5. Flux quantization then results in

N = 1
(2π`s)4

∫
dC4 = 4

π(`sg)4 , (3.43)

where we used that the volume of the unit-radius S5 is π3.
Let us now write vol(S1

ρ) = (2/g)∆ρ where ρ is a coordinate parametrizing S1
ρ and ∆ρ

is its range. The range for ρ depends on the gauging in question. For the SO(1, 1) case, it
is given by ∆ρ = arccosh (n/2) where the natural number n specifies a hyperbolic element
of SL(2,Z) which determines the particular S-duality twist at hand and, in accordance
with its N = 4 and N = 2 cousins, has an interpretation as the Chern-Simons level of
the gauge field in the dual 3d SCFT [12, 18, 31]. For the SO(2) gauging the volume is
∆ρ = 2π(k+ 1/m) where k ∈ N and m = 2, 3, 4, 6 [13]. The value of m specifies one of the
4 elliptic conjugacy classes of SL(2,Z) while the natural number k determines a particular
representative of SL(2,Z).

Combining these volume factors and using the result from flux quantization we obtain
the four-dimensional Newtons constant

1
GN

= g2N2∆ρ
2π . (3.44)

The 3-sphere free energy is then

F = 3g2N2∆ρ
−2V ∗ , (3.45)

where we have replaced the AdS4 length scale by the value of the scalar potential at the
critical point V ∗ = −6/L2

AdS.
For the family of N = 1 AdS vacua in SO(1, 1) gauged supergravity discussed in

section 2 we recover the result obtained using five-dimensional supergravity [22, 32]

F =

√
55

36
N2

4 arccosh n2 . (3.46)
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For the SO(3) invariant N = 1 AdS vacua in the SO(2) gauged supergravity we find [13]

F =

√
55

39
N2

2 2π
(
k + 1

m

)
(3.47)

For the U(1) invariant N = 1 AdS vacua in SO(2) gauged supergravity we find the following
free energy

F = 81

32
√

70 + 26
√

13
2π
(
k + 1

m

)
N2 . (3.48)

Naively it seems that the conformal manifold dual to the family of supergravity solu-
tions is non-compact. Indeed the range of χ is completely unrestricted in 4d supergravity.
However, as explained in [16, 17] the axionic scalars χ corresponds to a local coordinate
transformation in ten dimensions. More concretely, a coordinate φ parametrizing an isom-
etry direction on S5 is shifted by the S-fold direction S1

ρ as follows

φ→ φ̂ = φ+ χρ . (3.49)

This coordinate transformation is globally well defined only when χ = 2πp/∆ρ and p ∈ Z
and therefore corresponds to the same ten-dimensional geometry. The parameter χ should
therefore be thought of as being periodic with χ ∼ χ + 2πp/∆ρ. This implies that the
three conformal manifolds discussed in this paper are all compact.7

It is interesting to understand the implications of the compactness of χ for the spectrum
computed in section 3.4, in particular for the multiplets with conformal dimensions that
depend non-trivially on χ. If we restrict χ to its fundamental domain we must include
new multiplets in the spectrum corresponding to shifting χ by its periodicity since the
conformal dimensions are not (2π/∆ρ)-periodic. These infinite families of new multiplets
should correspond to type IIB supergravity KK modes that arise from the KK spectrum
on S1

ρ . It would be very interesting to confirm this expectation by an explicit KK spectrum
calculation as was done for another family of AdS4 solutions in [16], see also [20].

4 Conformal manifolds for other AdS4 solutions

The goal of this section is to consider several other examples of supersymmetric AdS4
vacua arising from string and M-theory and to study whether they are dual to SCFTs with
exactly marginal supersymmetric deformations.

4.1 Looking for marginal deformations in 4d supergravity

We start our discussion with the known supersymmetric vacua of the two other maximal
gauged supergravity presented in table 3, namely the ISO(7)c and SO(8) gauged super-
gravities. We restrict our analysis to studying potential marginal deformations arising from
massless scalars in the 4d supergravity theory. There could be additional massless scalars
arising from the higher KK modes. Indeed, such potential marginal modes were identified

7The same holds for the non-supersymmetric families discussed in appendix A.
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in the KK spectrum analysis in [33, 34]. It will be most interesting to understand whether
these massless scalar modes can be used to construct families of supersymmetric AdS4
vacua directly in 10d or 11d supergravity.

4.1.1 ISO(7)c
As summarized in [28] there are 7 known supersymmetric AdS4 vacua of the maximal
ISO(7) gauged supergravity theory. The spectrum of masses of the 4d supergravity fields
around each of these vacua was presented in [28] and organized into superconformal mul-
tiplets. For 6 of the vacua it is easy to check that there are no candidate exactly marginal
operators in the 4d supergravity spectrum, i.e. there are no L2[2, 0] superconformal multi-
plets in the spectrum. For the N = 1 SU(3) invariant AdS4 vacuum however the story is
more interesting. This solution was first constructed in [23] and can be found as a critical
point of the potential and superpotential of the 14-scalar model described in section 3.1
for the following values of the 7 complex scalars

z = 1
4
(
−1+i

√
15,−1+i

√
15,−1+i

√
15,
√

3+i
√

5,
√

3+i
√

5,
√

3+i
√

5,
√

3+i
√

5
)
. (4.1)

The potential for this critical point takes the value

V = −48
√

3 g2

25
√

5
. (4.2)

As discussed in [28] the 3d CFT operators dual to the 4d supergravity modes can be
organized into the following multiplets. The stress-energy tensor and SU(3) flavor current
multiplets

A1[5
2 ,

3
2 ] , 8×A1[3

2 ,
1
2 ] , (4.3)

as well as the following long multiplets

L1[3, 1] , 6× L1[7
3 , 1] ,

6× L1[1 +
√

109
36 ,

1
2 ] ,

8× L2[2, 0] , 2× L2[1 +
√

6, 0] , 12× L2[5
3 , 0] .

(4.4)

Notably, we observe the appearance of the L2[2, 0] multiplet in the adjoint representation
of the flavor group together with a single L1[3, 1] multiplet. Based on the discussion of
the spectrum for the families of supergravity solutions in sections 2 and 3.4, this naively
suggests that the SCFT dual to this AdS4 supergravity vacuum admits exactly marginal
deformations. The natural conjecture is that there are two such exactly marginal deforma-
tions which break the SU(3) flavor symmetry to its U(1)2 Cartan subalgebra. Unfortunately
this expectation does not bear out. If such a family of supersymmetric AdS4 vacua exists it
should be a solution to the U(1)2 truncation of the ISO(7)c described in [35], see also [36].
We have analyzed the properties of the potential in this model in detail and found that
there are no continuous families of supersymmetric solutions. In particular we have stud-
ied the neighborhood of the location of the SU(3) critical point in (4.1) and have found
no continuous deformation of this AdS4 vacuum. To understand better the failure of the
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L2[2, 0] multiplets in (4.4) to lead to exactly marginal deformations we have also analyzed
the cubic couplings in the superpotential in the U(1)2 invariant supergravity truncation.
We find that the two L2[2, 0] multiplets that are singlets under the U(1)2 symmetry have
scalar operators with ∆ = 3 but the three point functions of these operators do not vanish.
This is manifested in the supergravity description by non-vanishing cubic terms for the
corresponding massless supergravity scalars. This analysis provides an explanation for the
absence of continuous families of AdS4 solutions. From the supergravity perspective we
have a massless scalar with a non-trivial cubic potential that lifts the flat direction. From
the perspective of the dual CFT this non-vanishing cubic coupling results in a non-zero
three-point function of the naively marginal operators which in turn means that this oper-
ator has a non-zero anomalous dimension at first order in conformal perturbation theory
and thus will not be exactly marginal [7].

4.1.2 SO(8)

There are 5 supersymmetric AdS4 vacua of the 4d maximal SO(8) gauged supergravity
theory, see [37, 38]. Out of these critical points only the U(1) × U(1) invariant one found
in [39] has 4d supergravity modes that could be candidates for marginal deformations. This
solution can again be found in the 14-scalar model after setting a = b = 1 and ã = b̃ = 0
in section 3.1 and the critical point of the potential with value V = −12g2 is located at

z =
(√

2−
√

3 e
iπ
4 ,−

√
2 +
√

3 e−
iπ
4 , e

iπ
6 ,−

√
2−
√

3 e−
iπ
4 ,−

√
2−
√

3 e−
iπ
4 , i, i

)
. (4.5)

After computing the mass spectrum of supergravity excitations around this AdS4 vacuum
we find the following multiplets in the dual 3d N = 1 SCFT

A1[5
2 ,

3
2 ], A1[3

2 ,
1
2 ]×2,

L1[3, 1], 2× L1[1 +
√

3, 1], 4× L1[5
2 , 1],

4× L1[2 +
√

5
2 ,

1
2 ], 4× L1[5

2 ,
1
2 ], 4× L1[

√
5
2 ,

1
2 ],

4× L2[1 +
√

4±
√

15, 0], L2[2 +
√

3, 0], L2[
√

3, 0], 4× L2[3
2 , 0], 2× L2[1, 0].

(4.6)
We see that there are no L2[2, 0] multiplets and therefore this critical point does not seem to
admit exactly marginal deformations. Curiously we find that there is an L1[3, 1] multiplet
which was also present in the examples of 3d N = 1 conformal manifolds discussed sec-
tions 2 and 3.4. It will be interesting to understand the reason for the recurring appearance
of this multiplet in the holographic 3d N = 1 CFTs discussed here.

4.2 Conformal manifolds from AdS4 vacua in 10d and 11d supergravity

We now discuss two methods by which on can generate family of N = 1 supersymmetric
AdS4 solutions directly in type IIB and 11d supergravity without appealing to a 4d gauged
supergravity truncation.
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4.2.1 Conformal manifolds from Sasaki-Einstein J-folds

In the previous sections we took a four-dimensional point of view to holographically con-
struct and study conformal manifolds preserving 3d N = 1 supersymmetry. In this section
we switch gears and study the holographic duals of a class of 3d N = 1 conformal mani-
folds directly in type IIB supergravity. The supergravity backgrounds generalize the ones
described in section 2 and schematically take the form8

AdS4 × S1
ρ × SE5 , (4.7)

where there is an SL(2,Z)IIB monodromy twist on the S1
ρ and it is fibered over the Sasaki-

Einstein manifold (SE5), as we describe explicitly below. The SCFTs dual to these back-
grounds arise from S-folding the IR fixed points of four-dimensional N = 1 toric quiver
gauge theories.

Our starting point is the type IIB supergravity solutions dual to the N = 1 S-folds
described in [22]. The ten-dimensional metric is given by9

ds2
10 = 2

3g2

√
5
6
[
5ds2

AdS4 + 4dρ2 + 6ds2
SE5

]
, (4.8)

where ρ ∼ ρ+ ∆ρ, and ds2
SE5

is the metric on a Sasaki-Einstein manifold of the form

ds2
SE5 = ds2

KE4 + 6
5(dψ + σ)2 , (4.9)

with Kähler-Einstein base ds2
KE4

. The Kähler base is equipped with a Kähler (1, 1) form,
2J = dσ, and a holomorphic (2, 0) form Ω which obey the relations

Ω ∧ Ω̄ = 2J ∧ J , and dΩ = 3iσ ∧ Ω . (4.10)

We focus now on toric Sasaki-Einstein spaces such that the total isometry group of the
manifold is at least U(1)R × U(1)1 × U(1)2, where U(1)R is generated by the Reeb vector
present on all Sasakian manifolds. Explicit metrics for two infinite classes of such manifolds,
known as Y p,q and La,b,c, were constructed in [41–43], see also [44] for a review.

The five-form flux takes the simple form

F5 = −24
g4 dψ ∧ J ∧ J . (4.11)

The dilaton-axion is given by

τ = C0 + i

eΦ = cosh(2ρ+ ∆ρ) + i sinh(∆ρ)
cosh(2ρ) . (4.12)

The three-form fluxes can be compactly written as

H3 + ieΦF3 = 2
g2

√
2

3 sinh ∆ρ(cosh ρ− i sinh ρ)
[
3eiψ(dψ + σ) ∧ Ω− e−3iψdρ ∧ Ω̄

]
. (4.13)

8When we take the SE5 manifold to be S5 we recover the background discussed in section 2.
9We write the metric in Einstein frame, and follow the conventions of [40] for type IIB supergravity.
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As is clear from the axio-dilaton and three form fluxes one needs to apply an S-duality
transformation along the S1

ρ direction in order to have consistent periodicity for all su-
pergravity fields charged with respect to SL(2,Z)IIB. The explicit SL(2,Z)IIB monodromy
transformation used to compactify the S1

ρ takes the form

Jn =
(
n −1
1 0

)
, with n = 2 cosh ∆ρ , (4.14)

such that the axio-dilaton and two form gauge potentials transform as10

τ → 1
−τ + n

,

(
B2
C2

)
→ Jn ·

(
B2
C2

)
. (4.15)

As was discussed in [22] these AdS4 solutions are dual to three-dimensional N = 1 CFTs
whose S3 free energy can be computed holographically to equal

FS3 =

√
55

36 arccosh(n/2)a4d , (4.16)

where a4d is the central charge of the “parent” 4d N = 1 quiver gauge theories dual to the
type IIB AdS5 × SE5 Freund-Rubin solutions.

What we will argue now is that these supersymmetric AdS4 backgrounds are not
isolated but instead belong to a continuous family whose holographically dual SCFTs share
the same value for the S3 free energy. This in turn strongly suggests that the 3d N = 1
CFTs exhibit a conformal manifold. To explicitly construct the continuous family of AdS4
backgrounds we make use of the fact that the toric Sasaki-Einstein manifolds have at
least three Killing vectors with an associated U(1)R × U(1)1 × U(1)2 isometry group. We
can then fiber the compact S1

ρ direction over these isometry directions and construct new
supergravity solutions. One can furthermore show that these fibered backgrounds remain
solutions of the equations of motion of type IIB supergravity. To ensure that the AdS4
solutions remain supersymmetric one has to require that the fibration does not affect
the Killing spinors of the seed solution in (4.8)–(4.13). Since the Killing spinors on a
Sasaki-Einstein manifold are charged with respect to U(1)R, and uncharged with respect
to the SL(2,Z) element in (4.14) it turns out that any mixing of the dψ direction with S1

ρ

breaks supersymmetry globally. The Killing spinors are however uncharged with respect
to U(1)1×U(1)2 so there is no obstruction to mix these two directions with S1

ρ . This is the
ten-dimensional manifestation of the supersymmetry preserving deformations described in
section 3.2.

To show explicitly how the holographic construction of the conformal manifolds works
we focus on the simple example where the Sasaki-Einstein manifold is T 1,1, i.e. the base of
the conifold. This is the well-known coset space

Y 1,0 = T 1,1 = SU(2)× SU(2)
U(1) . (4.17)

10We follow the conventions of [45], section 12.1, for these transformations.

– 20 –



J
H
E
P
0
7
(
2
0
2
3
)
2
2
0

Choosing the coordinates appropriate to the two spheres the metric simply becomes

ds2
Y 1,0 = 1

6
[
dθ2

1 + sin2 θ1dφ2
1 + dθ2

2 + sin2 θ2dφ2
2

]
+ 6

5(dψ + σ)2 . (4.18)

The Kähler one-form, and the holomorphic (2, 0) two-form take the explicit form

σ = 1
3 (cos θ1dφ1 + cos θ2dφ2) , Ω = 1

6(dθ1 − i sin θ1dφ1) ∧ (dθ2 − i sin θ2dφ2) . (4.19)

The three Killing vectors corresponding to the toric isometries U(1)i and U(1)R mentioned
above are

∂φi , and ∂ψ , (4.20)

To introduce the fibration of the S1
ρ over the SE5 space we apply the shifts

φi → φ̂i = φi + χiρ . (4.21)

Naïvely one could expect that a similar shift would be possible for the ψ angle, however one
can show that such a transformation does not leave the Kililng spinor of this background
invariant since it is charged under U(1)R and thus breaks supersymmetry. Formally the
type IIB supergravity background can be written in the same way as (4.8)–(4.13) with the
replacements

φi → φ̂i , σ(θi, φi)→ σ̂(θi, φ̂i) , J(θi, φi)→ Ĵ(θi, φ̂i) , Ω(θi, φi)→ Ω̂(θi, φ̂i) , (4.22)

which respect the Kähler structure on the base manifold

2Ĵ = dσ̂ , Ω̂ ∧ ¯̂Ω = 2Ĵ ∧ Ĵ , and dΩ̂ = 3iσ̂ ∧ Ω̂ . (4.23)

We have explicitly checked that these new backgrounds are solutions of the equations of
motion of type IIB supergravity and, because the spinors are not charged with respect to
any of the isometries in the Kähler base, they remain supersymmetric as well. Additionally,
it is easy to show that the volume form of the background does not change after the
deformations in (4.21), and thus one concludes that the holographic computation of the
dual SCFT S3 free energy remains the same as in equation (4.16). This is of course
compatible with the interpretation that the parameters χi correspond to exactly marginal
deformations in the dual SCFT. We end our discussion by emphasizing that in general the
coordinate transformation in (4.21) may not be globally well-defined on the SE5 manifold,
especially in the cases of quasi-regular or irregular SE5 manifolds. It will be interesting to
understand the global properties of these solutions better.

4.2.2 TsT transformations

Another well-known method to construct continuous families of AdS4 solutions of string and
M-theory is to use the TsT transformation of Lunin-Maldacena [24]. In 10d supergravity
the idea is to start with a seed AdS solution that has an internal space with an isometry
group that has an U(1)2 subgroup. Then one can generate a one-parameter family of AdS
vacua by applying a series of a T-duality along one of the isometry directions, a coordinate
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shift along the other one, and then another T-duality on the first direction. If one starts
with an 11d supergravity solution one needs an internal space with an isometry group
that contains U(1)3 as a subgroup, then one reduces along one of the isometry directions
to type IIA supergravity, applies the TsT procedure there and then uplifts the resulting
solution back to 11d. If the seed AdS solution preserves supersymmetry and at least
some of the Killing spinors are not charged under the U(1)2 (or U(1)3) isometry used in
the transformation described above then the whole family of solutions will also preserve
supersymmetry. This approach to generate families of AdS solution was used in [24] to
find the supergravity dual of the so-called marginal β-deformation of the superpotential of
4d N = 4 SYM. In the context of AdS4 solutions the TsT transformation was applied to
generate families of AdS4 solutions of 11d and massive IIA supergravity dual to 3d N = 2
conformal manifolds, see [24, 46, 47] and [26] respectively.

To the best of our knowledge the only examples of holographic duals to 3d N = 1
conformal manifolds are the ones constructed in [46] based on Freund-Rubin solutions with
weak G2 or tri-Sasakian internal manifolds. Here we would like to point out that one can
also apply the TsT procedure to supergravity solutions that are not of the Freund-Rubin
type and can be explicitly constructed by uplifting AdS4 vacua of gauged supergravity
theories. We will only discuss examples based on the known supersymmetric vacua of the
gauged supergravity theories summarized in table 3.

We start by noting that there are three known AdS4 N = 1 supersymmetric vacua of
the SO(8) maximal gauged supergravity, see [37, 38]. The isometry group of the internal
manifolds corresponding to these solutions are G2, SO(3) and U(1) × U(1), respectively.
Since these are 11d supergravity vacua we conclude that we do not have a large enough
isometry group to apply the TsT method to these solutions. For the [SO(6)×SO(2)]nR12

gauged supergravity the only known supersymmetric AdS4 solutions are the ones presented
in section 3. Both of them uplift to type IIB supergravity solutions that do not have an
isometry group that contains U(1)2 so one cannot use the TsT transformation to generate
additional continuous deformations of these backgrounds.

The situation is more interesting for the ISO(7) gauged supergravity. There are 7
known supersymmetric AdS4 solutions in this theory, see [28] for a recent summary. Four
of these solutions admit uplifts to massive IIA supergravity that can be deformed by the
TsT transformation. For the N = 2 AdS4 solutions with SU(3)×U(1) symmetry the TsT
transformations were recently presented in [26]. The G2 invariant N = 1 AdS4 solution
found in [48, 49] as well as the SU(3) invariant N = 1 solution of [23] should both allow for
1-parameter family of continuous deformations in IIA supergravity constructed by applying
the TsT procedure.11 The final example is the SO(3)F × SO(3)R invariant N = 3 vacuum
of the ISO(7) gauged 4d supergravity found in [29] is presented in [51]. At first sight it
may seem that applying the TsT transformation to this solution will break supersymmetry
completely. However since there are 3 Killing spinors in the 3 of the SO(3)R R-symmetry

11Note also that the 10d uplift of the SU(3) N = 1 solution has the explicit Kähler-Einstein metric on
CP2 and is based on the Sasaki-Einstein structure of S5 [50]. This leads to a generalization of this solution
based on arbitrary Sasaki-Einstein spaces. If these solutions have at least U(1)2 isometry then they can
also be subjected to the TsT transformation.
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there will be a singlet spinor after the TsT transformation which in turn will result in a
family of N = 1 AdS4 vacua with U(1)×U(1) flavor symmetry.

Finally we note that in the [SO(6)× SO(1, 1)]nR12 gauged supergravity there is only
a single supersymmetric AdS4 solution which can be uplifted to IIB supergravity and sub-
jected to the TsT transformation. This is the N = 1 solution discussed in section 2. Its
uplift leads to an isometry group that is either SU(3), for χi = 0, or a smaller subgroup for
non-zero χi. For any value of χi the uplifted solution can be deformed by the TsT transfor-
mation while preserving supersymmetry. The same applies also to the generalization of this
solution based on Sasaki-Einstein manifolds discussed in section 4.2.1. This suggests that
these supergravity solutions are dual to 3d N = 1 conformal manifolds spanning three real
dimensions - two marginal deformations corresponding to the 4d supergravity parameters
χi and one arising from the TsT transformations.

It will of course be interesting to construct explicitly the TsT deformations of the su-
pergravity solutions discussed above and compute (part of) the KK spectrum as a function
of the deformation parameters. This could shed some light on the dual CFT descriptions
of these models.

5 Discussion

In this paper we constructed and explored some explicit examples of families of supersym-
metric AdS4 supergravity solutions which are holographically dual to 3d N = 1 SCFTs
with conformal manifolds. The main examples we focused on arise in type IIB string theory
from the worldvolume dynamics of N D3-branes wrapped on S1 with an S-duality twist.
In these cases we showed that the 3d N = 1 conformal manifolds are compact and com-
puted the spectrum of low-lying conformal dimensions as functions of the exactly marginal
coupling. We also calculated the free energy on S3 in the planar limit of these SCFTs. Our
results lead to some natural questions and avenues for future work which we discus below.

It should be possible to understand additional properties of the new 4d gauged super-
gravity solutions we constructed by uplifting them to solutions of type IIB supergravity
or by calculating the full spectrum of KK modes.12 The latter can be evaluated by using
techniques from exceptional field theory as was recently done for holographic 3d N = 2
conformal manifolds in [16, 20]. It will also be interesting to find other explicit examples,
either in 4d or 10d/11d supergravity, of families of supersymmetric AdS4 solutions dual to
3d N = 1 SCFTs with conformal manifolds. In section 4.2 we outlined how some examples
of these solutions can be constructed but it is desirable to develop other techniques for
finding such backgrounds.

An alternative point of view on AdS4 solutions arising from type IIB string theory with
an S-fold is offered by 5d maximal SO(6) gauged supergravity, see [22, 32, 52–54] for some
recent discussions on such constructions. It is then natural to wonder how the axionic
scalars χ that lead to the marginal deformations are realized in 5d. We have explicitly
verified that these 4d scalar fields arise from a Wilson loop in a representation of the
Cartan subgroup of the SO(6) gauge group along the S1

ρ direction involved in the S-fold
12The SO(3) invariant solution was uplifted to type IIB supergravity in [13].
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procedure. The masslessness of the 4d scalar field χ can then be understood as originating
from the fact that the 5d SO(6) gauge field is massless.13

The results summarized above clearly suggest that there are new classes of 3d N = 1
SCFTs with exactly marginal couplings that arise from D3-branes in string theory. It will
of course be very interesting to find purely field theoretic mechanism to understand the
dynamics of these theories. The supergravity construction indicates that the 3d SCFTs
should be related to the low-energy limit of N = 4 SYM on R1,2 × S1

ρ with a twist by a
hyperbolic or an elliptic element of the SL(2,Z) S-duality group. A natural guess is that
these 3d SCFTs are in some way related to the strongly coupled T [U(N)] 3d N = 4 SCFT
of Gaiotto-Witten [55] with some additional deformations that break the supersymmetry
to N = 1. The exactly marginal operators in these 3d N = 1 SCFTs should then arise
from Wilson lines of the unbroken global symmetry of the Abelian subgroup of the SO(6)
R-symmetry preserved by the construction. It will be most interesting to develop technical
tools to study these types of models quantitatively and compare with the holographic
description we presented above.

Another important open question, both in field and in string theory, is to understand
whether the continuous families of solutions we have found are artefacts of the large N
approximation.14 On the 4d supergravity side it is known that both the superpotential and
the Kähler potential can in principle receive corrections. With N = 1 supersymmetry the
superpotential should not receive perturbative corrections, however the Kähler potential
can receive both perturbative and non-perturbative corrections, see for example [58] for
a summary in the AdS4 context. It is of course very interesting to understand whether
the continuous family of AdS4 vacua we discussed here is affected by such corrections
from string theory effects. In [59] general properties of the moduli spaces of AdS4 N = 1
supergravity solutions were studied, however no explicit top-down examples were discussed.
We do not have in mind any particular string theory mechanism that will lift the flat
directions we have discovered and in fact are not aware of any examples in string theory
where continuous families of supersymmetric AdS4 vacua of supergravity are destroyed
by quantum corrections.15 Note also that the candidate exactly marginal deformations
discussed above should be dual to single-trace operators in the dual SCFT and thus should
not suffer from the double-trace instability discussed in [61]. This discussion leads to the
very interesting prospect that the 3d N = 1 conformal manifolds we have identified in
this work are present also at finite N . We are then presented with the important task of
identifying the CFT mechanism for the existence of exactly marginal operators in strongly
coupled 3d CFTs with only N = 1 supersymmetry.16

13This point was also recently emphasized in [13].
14As for example was found in a simpler setting in [56, 57], where the beta function of a φ6 coupling was

studied in a large N limit of a vector model coupled to a gauge field with a Chern-Simons term.
15Recently some additional arguments for the non-perturbative stability of continuous families of AdS4

vacua very similar to the ones discussed here were summarized in [60].
16Since the 3d N = 1 SCFTs discussed in section 2 and 3 should arise from placing 4d N = 4 SYM on S1

and performing an S-duality twist, perhaps the mechanism for appearance of exactly marginal couplings in
3d BCFTs studied in [62] may play a role.
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We hope that our work will stimulate the study of 3d N = 1 conformal manifolds and
that further examples, both in field theory and holography, will be found and analyzed in
more detail.
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A Non-supersymmetric AdS4 solutions

In this appendix we present the non-supersymmetric AdS4 solutions we have found of the
14 scalar model with [SO(6)×SO(2)]nR12 gauging. We found 15 solutions in total, two of
them are the N = 1 supersymmetric solutions discussed in section 3. In addition, we have
13 non-supersymmetric solutions. The position of the solutions is given as approximate
values for the 7 zi scalars. We have determined the continuous symmetry for all solutions,
and found the number of flat directions of the potential for each solution. For all solutions
with a continuous global symmetry we find that the procedure described in section 3.2
leads to a continuous family of solutions along which the symmetry is broken to its Cartan
subalgebra. For all solutions we numerically computed the scalar masses for the 70 scalars
of the 4d supergravity theory as a function of the marginal parameters in order to check
for the BF stability of the AdS4 vacua. We find that all non-supersymmetric solutions are
BF unstable. This information is collected in table 4. Below we list the position of the 13
non-supersymmetric solutions.

V = −5.19615 g2 = −3
√

3 g2

z1 = z2 = z3 = i/
√

3 ,
z4 = z5 = z7 = −z̄6 = (1 + i)/

√
2 .

(A.1)

V = −5.24301 g2

z1 ≈ 0.0752 + 0.86328i ,
z2 = z3 ≈ 0.55825i ,
z4 = −z̄7 ≈ 0.77717 + 0.62929i ,
z5 ≈ −1.0622 + 0.92739i ,
z6 ≈ −0.53422 + 0.46642i .

(A.2)
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Potential SUSY Cont. symmetry stability # flat directions
−7.52908 g2 N = 1 SO(3) S 1
−7.58297 g2 N = 1 U(1) S 1
−5.19615 g2 N = 0 SO(4) U 2
−5.24301 g2 N = 0 U(1) U 1
−5.54078 g2 N = 0 ∅ U 0
−5.54875 g2 N = 0 ∅ U 0
−5.58415 g2 N = 0 U(1) U 1
−5.60429 g2 N = 0 U(1) U 1
−5.65862 g2 N = 0 U(1) U 1
−5.73131 g2 N = 0 U(1) U 1
−5.79114 g2 N = 0 SO(3) U 1
−5.82843 g2 N = 0 ∅ U 0
−6.22410 g2 N = 0 ∅ U 0
−7.93185 g2 N = 0 ∅ U 0
−9.87723 g2 N = 0 ∅ U 0

Table 4. The 15 AdS4 solutions of the 14-scalar model with [SO(6)× SO(2)] n R12 gauging. The
specified continuous symmetry refers to the maximally symmetric point along a possible family of
critical points sharing the same value of the potential.

V = −5.54078 g2

z1 ≈ 0.22956 + 0.81359i ,
z2 ≈ −0.10769 + 0.43692i ,
z3 ≈ 0.22408 + 0.66626i ,
z4 ≈ −0.22712 + 0.88864i ,
z5 ≈ 0.34004 + 1.6207i ,
z6 ≈ −0.21853 + 0.72191i ,
z7 ≈ 0.86772 + 0.227i .

(A.3)

V = −5.54875 g2

z1 = z3 ≈ −0.17712 + 0.5362i ,
z2 ≈ −0.24442 + 0.82564i ,
z4 ≈ 0.18395 + 0.62614i ,
z5 ≈ 0.96844 + 0.24923i ,
z6 ≈ 0.43192 + 1.4702i ,
z7 ≈ 0.25748 + 0.96628i .

(A.4)
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V = −5.58415 g2

z1 − z̄3 ≈ −0.26788 + 0.8214i ,
z2 ≈ 0.1467 + 0.34994i ,
z4 ≈ −0.84264 + 0.53847i ,
z5 − z̄7 ≈ 0.82159 + 0.57007i ,
z6 ≈ −0.56005 + 0.82846i .

(A.5)

V = −5.60429 g2

z1 ≈ −0.32226 + 0.71107i ,
z2 ≈ 0.40798i ,
z3 ≈ 0.87161i ,
z4 ≈ 1.1192i ,
z5 ≈ −1.1615 + 0.29256i ,
z6 ≈ −0.50926 + 1.2306i ,
z7 ≈ 0.52388i .

(A.6)

V = −5.65862 g2

z1 ≈ +0.35319i ,
z2 ≈ +0.79582i ,
z3 ≈ −0.40714 + 0.94357i ,
z4 ≈ −0.81032 + 0.1898i ,
z5 ≈ −0.35266 + 0.87056i ,
z6 ≈ +0.77015i ,
z7 ≈ +1.7353i .

(A.7)

V = −5.73131 g2

z1 = −z̄3 ≈ 0.26371 + 0.67265i ,
z2 ≈ 0.23082 + 0.48246i ,
z4 ≈ −0.42581 + 0.78857i ,
z5 = −z̄7 ≈ 0.97052 + 0.61309i ,
z6 ≈ −0.67594 + 0.43339i .

(A.8)

V = −5.79114 g2

z1 = z2 = −z̄3 ≈ 0.27172 + 0.57642i ,
z4 = z5 = −z̄7 ≈ , 0.37759 + 0.92597i
z6 ≈ −0.96834 + 0.24963i .

(A.9)
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V = −5.82843 g2

z1 ≈ +1.0192i ,
z2 ≈ +0.28738i ,
z3 ≈ 0.5412 + i ,

z4 ≈ 0.45692 + 0.88951i ,
z5 ≈ −0.98122 + 0.19289i ,
z6 = z7 = i .

(A.10)

V = −6.22410 g2

z1 ≈ −0.392 + 1.2574i ,
z2 = −z̄3 ≈ −0.25325 + 0.54012i ,
z4 ≈ 0.81491 + 2.1165i ,
z5 ≈ 0.28599 + 0.95823i ,
z6 ≈ 0.98756 + 0.15726i ,
z7 ≈ −0.15842 + 0.41147i .

(A.11)

V = −7.93185 g2

z1 ≈ 0.47344 + 0.31763i ,
z2 ≈ 0.25978 + 0.4808i ,
z3 ≈ 0.54128 + 0.63009i ,
z4 ≈ −0.73901 + 0.87915i ,
z5 ≈ −0.26803 + 1.1537i ,
z6 ≈ −0.85698 + 1.4975i ,
z7 ≈ 0.58745 + 0.19852i .

(A.12)

V = −9.87723 g2

z1 ≈ −0.88319 + 0.53398i ,
z2 ≈ −0.48195 + 0.63469i ,
z3 ≈ 0.28568 + 0.30692i ,
z4 ≈ −0.46442 + 0.34271i ,
z5 ≈ −0.29589 + 0.56915i ,
z6 ≈ 0.61876 + 1.1477i ,
z7 ≈ −1.4222 + 0.26466i .

(A.13)
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