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1 Introduction

In [1, 2] it was shown that in a suitable limit, the Argyres-Douglas (AD) limit, the moduli
space of a massive N/ = 2 supersymmetric gauge theory of the Yang-Mills type leads to
isolated superconformal field theories (SCFT). A first attempt to classify such theories
appeared in [3, 4] while more recent results were obtained in [5—14]. In this paper we
will be concerned with the rank-one version of the AD SCFT’s as well as of those of the
Minahan-Nemeschansky (MN) type [15]. Being such SCFT’s isolated and strongly coupled,



their analytic treatment is troublesome given that a Lagrangian description is not available.
To circumvent these difficulties, at least five different strategies have appeared in the
literature: the conformal bootstrap, the AGT duality, the matrix-model methodology, the
large-charge expansion, and the geometric approach based on the {)-background technology.
The numerical conformal bootstrap is a method that exploits the constraints coming from
the symmetries of the theory to give numerical estimates of the parameters of interest [16—
20]. The AGT duality, in its original formulation, relates the partition function of a
four-dimensional SQCD with four massive flavors with a four-point correlator of a two-
dimensional conformal field theory [21, 22]. Making some (or all) of these points collide leads
to rank-one SCFT’s [23-28]. Similar ideas have also been used to provide matrix-model
representations for the partition function in a class of AD theories [29-36]. Both the
AGT and the matrix-model technology have been useful to study AD theories with large
deformation parameters (see also [37]). Another original perspective has been explored
in the context of the large-charge expansion [38-46], where it was suggested that one can
have an approximate description of such strongly coupled SCFT’s in terms of an universal
effective field theory. Finally, using the genus expansion of the {2 background, as well
as ideas coming from localization [47-61], it has been possible to study chiral/anti-chiral
correlators of non-Lagrangian theories [45, 62]. Such analytic results, even if based on
the first two leading terms in the expansion of the prepotential for small curvatures, show
surprisingly good agreement with the numerical bootstrap method [18] as well as with the
large-charge expansion [43, 44]. To improve the analytic estimate of [45, 62] and get an
exact result, one should incorporate higher curvature terms in the prepotential. This is the
main motivation of this paper.

To accomplish this task we use the recursion equations following from the refined
holomorphic anomaly. The latter was originally investigated in topological field theories [63],
and then revisited in [64-75] after the introduction of the Q background [47-52]. We
want to emphasize that, when approaching the AD point, it is essential to employ the
holomorphic anomaly equation. Indeed this technique, while providing expressions which
are perturbative in the 2-background parameters, is exact in all the other parameters of
the theory. This is an important difference with respect to localization techniques a la
Nekrasov, which instead cannot be used in the context of strongly coupled field theories.

All rank-one SCFT’s of the AD and MN type are characterized by the dimension of their
Coulomb-branch parameter and they can be treated in a uniform way. First, we specialize
the holomorphic anomaly equation to a specific one-parameter family of deformations
of these SCFTs. This allows us to compute the free energy exactly in the deformation
parameters and order by order in the €2 background parameters €; 2. When we turn off
the deformation and go to the conformal point, we discover significant simplifications.
More precisely, we find that their partition function can be expressed as an infinite sum of
confluent U-hypergeometric functions
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where a is the local coordinate on the Coulomb branch, é = 2,3 depending on the SCFT,



Er are the Eisenstein functions evaluated at the fixed value of the modular parameter
7. =1,e3,and ~ a constant determined by the conformal dimension of the Coulomb-branch
operator (see section 3.1 for more details). Finally, the coefficients ¢, are pure rational
numbers depending only on the phase of the 2 background. They are determined by the
gap conditions [66, 73], that ensure consistency of the expansion near singular monopole
points. In order to compute them, deforming away from the conformal point is essential.
Nevertheless, we check that their value is independent of the particular deformation we
choose. We will also show that in the so-called Nekrasov-Shatashvili limit (NS) [76],
i.e. € — 0, the summation in (1.1) undergoes a non-trivial re-organization in terms of
a different set of functions. This limit is relevant for the study of quantum-mechanical
anharmonic oscillators.

This paper is organized as follows. In section 2 we review the holomorphic anomaly
equation and explain how to solve it recursively. In section 3 we specialize this algorithm
to the isolated rank-one conformal field theories and show that important simplifications
occur leading to (1.1). In section 4 we focus on the example of the sphere (¢; = e2) which
is relevant for the computation of the extremal correlators of these SCETs. In section 5 we
discuss the NS limit. We conclude in section 6 with a few hints for further investigations.
Several technical details as well as conventions are relegated to five appendices.

2 The Q-background prepotential

2.1 Holomorphic anomaly equation

We consider rank-one A = 2 supersymmetric (in general non-Lagrangian) theories living on
an Q-background specified by the parameters €1, €2 and by a Seiberg-Witten (SW) geometry.
We denote by (a,ap) the SW periods, by u the Coulomb-branch parameter and omit the
dependence on all remaining parameters: couplings and masses. The partition function on
the Q-background can be written as

F(a,eq1,€2)

Z(a, €1, 62) =e €l (2.1)

with F the prepotential. The theory prepotential is regular in the limit €;,e2 — 0 so it can
be expanded as

f(a, €1, 62) = 2(6162)9]:9(61,5) = Z (61 + 62)2}1(6162)5};7}1(&) (2.2)

g=0 h,s>0
with
g
_ €1
FolaB) =3 (B+B7)" Foonnla), 8=/ (2:3)
h=0
The Fy(a) term represents the theory prepotential in flat space which can be determined out

of the SW geometry. Higher derivative terms are given by the reduced partition function

~ _ Fo(a)

Z(a,€e1,e2) = e 12 Z(a,€1,€2) (2.4)




that unlike Z has a regular limit when the 2-background is turned off. This function will
be the main object of our study. We introduce the IR coupling

. . da 827y (a)
mir(a) _ TGl _ o~ pher | (2.5)

q(a) = e

The partition function Z can be alternatively viewed as a function of g or as a function of
a. In particular, one can express Z(q) in terms of the Eisenstein’s series Ea(q), E4(q), Es(q)
that form a basis of quasi-modular functions, see appendix B for all the relevant definitions.!
All F4(q)’s have weight zero and a(q) has weight one. S-duality covariance constrains the
dependence of the partition function on Fs. Indeed the full dependence on this form is

determined by the anomaly equation [66, 69, 73, 77]?

€1€2

578 0:2(q) - (2.6)

8E22(q) =

In (2.6) the derivatives on the Lh.s. is carried out keeping F4, Fg constant. In the r.h.s.
of (2.6) the partition functions is meant as a function of ¢ and a. Writing

oo
Z(q,e1,e2) = ) (e1€2)7Z4(q, ) (2.7)
g=0
one finds the recursive equation
~ 1 95
aEzzg — ﬂ aaZg,1 . (28)

For the “reduced” prepotential ﬁ(q, B) = F(q,B) — Fo(q) one finds

~ 1 92 ~\ 2
Op, F = 21 [61623af+ (8(1.7:) } , (2.9)
or equivalently, using (2.2),
1 91
8E2‘Fg = ﬂ ac%fg—l + Z 8a'F:g’aa‘F:q—g’ . (210)
g'=1

Equations (2.10) allows to compute F, recursively starting from Fi(g,) up to Es-
independent terms. On the other hand Fj(g, ) is determined in terms of %(q) and
the discriminant A(q) characterising the dynamics in flat space via the formula

o 2 -2
Filg. 8) = 5 log () + T

'As we will see later, in specific cases it is convenient to replace E4(q), Es(q) with different modular

log A(q) . (2.11)

functions.
2Throughout this paper we consider the holomorphic version of the anomaly equation, obtained by
— EQ(T).

replacing E» (7,7) = Ea(7) — ﬂ%}(ﬂ



2.2 Seiberg-Witten elliptic curve

The functions %(q) and A(q) entering F; are described by the SW elliptic geometry. For a

recent discussion see also [78]. We write the Seiberg-Witten curve in the Weierstrass form?

y? = 42° — ga(u)z — g3(u), (2.12)
with discriminant
A(u) = 16[g3(u) — 27¢3 (u)] (2.13)
The SW periods are given by
Oda 1 dz dap 1 dz
_0Oa _ 1 _Y%p _ 2 [ 4z 2.14
R Wi 7{1 y(z)’ 2790 T %8 y(2) (2.14)

and the complex coupling parameter ¢ introduced in (2.5) can also be given in terms of

q = emw/er (2.15)

The functional dependence u(q) and wi(q) is determined by solving the elliptic geometry
formulae 1) SE(q)
4\q 6\q

— 3 =>4 2.16

g2 (U 3W1(Q)4 ) g3 (U) 27(4)1 (Q)G ( )

for u(q) and wi(q) in terms of E4(q) and Eg(g). Once this is done, all functions of u can be
viewed as functions of gq. For example, the discriminant is given by
_ 1024(E4(q)® — Es(9)*)

Aa) = 16(} ~ 27) = =t (2.17)

and the first gravitational correction becomes

LB

o log A(q) . (2.18)

Fi(q) = —% logwi(q)

To compute higher derivative terms, we need derivatives with respect to a, that can be
translated into derivatives with respect to g using the chain rule

8a]:g(Q7/B) = §DT'7:9(Q7/B) (2'19)
with
p, =9 _ 4, (2.20)
i
and ,
‘= 1dg 1 V'(u) E4 Eg (2.21)

da  wiDyu - 2w (B2 — E3)

where £ is a modular form of weight —3 and

27g3(u)? R Es(q)?
p? P Eig?

3In appendix A, we collect some results which are useful to bring to this standard Weierstrass form the

v(u) = log

(2.22)

different expressions used in the literature for the elliptic geometry of rank-one theories.



Here we have used (2.16) and computed the derivatives with respect to 7 using
1 2
—(E2-E D.Ey= =
(B2 = E1), DrBEy= o

Plugging (2.19) into (2.10) one can compute F, order by order in g up to E» invariant

D,E, = EyEy—Eg), DrEg=FEyEg—Ej.  (2.23)

terms. The general form of F, is

39—3
Folq, B) = €72 (Z cg(B, Ex, Eo) Ej + hg<ﬁ,E4,E6>) , 922, (224)
=1
where ¢y ¢(8, E4, Es) is a modular form of weight 6g — 6 — 2¢ and hy(3, E4, Eg) is a modular
function of weight 6g — 6, known as holomorphic ambiguity, which cannot be determined
using (2.10).
The holomorphic ambiguities are fixed by imposing the so-called “gap conditions” [65,
66, 73, 79], that determine the behavior of the prepotential near the points where the elliptic
curve degenerates. Rank-one SCFT’s can be deformed in such a way that the discriminant
of their SW curve takes the particularly simple form

n .
A(u) ~ [J(u—uoe™ ) = u" — uf) (2.25)
i=1
leading to n equivalent singularities in the u-plane.
According to (2.17), the zeroes of the discriminant u ~ ug correspond to the point

where ¢ = 0. This limit can be studied, expanding

_ [ _dd
a(q) = / JEd) (2.26)

for small ¢, and inverting the series to get ¢(a) for small a. Plugging this into the F,, the

holomorphic ambiguities h, are determined by requiring the gap conditions [73, 75]

29—2k

g ~ ~
(29 —3)!> szBQHkL + O(a) (2.27)

F, g(a) : 292
=0

q—0
where

B, — (2’%1_1)3’”

(2.28)

m!

and Bj are the Bernoulli numbers. We will work out two different choices of 2 background,

i.e. $=1and 8 =0. In these cases (2.27) becomes:

~ By

=0  2g(2g —2) a?9-2
(1 —21729) (2g — 3)!Byy

B=0: Fyla) T (2g) a9 +0(d?). (2.30)

B=1: Fyla) +0(a%), (2.29)

It is important to stress that in more complicated setups,* equations (2.16) or (2.22) are
hard to solve or admit several inequivalent solutions, often related to each other by modular

“For instance where (2.25) does not hold.



SW|Ho H1 Ho Es E7 Eg
N2 3 4 8 9 10
d|% 3 3 3 4 6
g |0 uw 0 0« 0
g3 lu 0 w2 ut 0 W
T e%i i e%i e%i i e%i

Table 1. SW data for isolated rank-1 A = 2 SCFTs.

transformations. In such cases (see appendix C for details), the F,’s transform non-trivially
under modular transformations and a different set of gap conditions on their modular
transformed ]-'éj is required at gp — 0. The basis of modular functions to use is also
adapted according to such situations.

3 Isolated rank-1 conformal field theories

3.1 The partition function

Rank-one conformal field theories can be realized in F-theory as a single D3-brane, probing
a singularity built out of a certain number N7 of coinciding mutually non-perturbative
7-branes [80]. The low-energy dynamics on the D3-brane is described by a SW elliptic curve
specified by a single Coulomb-branch parameter u, a u-independent modular parameter 7
and a discriminant

Au) ~ g3 — 2792 ~ 07 | (3.1)

Prototypical examples are the AD theories Hg, H1, Ho, and the Minahan-Nemeschansky
theories Eg, E7, Eg. These are all isolated, non-Lagrangian field theories and are the focus
of the present work. They can be split into two classes depending on the value of the
modular parameter

A: 7-263’ y2:4$3—ub3’ b3:1,2,4,5, HO,H27E67E8
B: T = i7 y2 = 4$3 — 'LLbZZE, b2 = 1, 3, H17E7 (32)

The conformal dimension d of the Coulomb-branch parameter is given by

12

d=—"_
12— Ny

(3.3)
that follows from the requirement that the SW period %Z be of dimension 1—d and therefore
the conformal dimension of the holomorphic differential be [dz/y] = 1 — d. From (3.1)
and (3.3) it follows that N7 is an integer, multiple of 2 or 3, and smaller than 12. In table 1
we collect the SCFT data for all possible choices of N7.> In the theories of type A the

The case of N7 = 6 is special because both g2 and g3 are generically non-vanishing, with the ratio g3 /g2
an arbitrary complex number. The associated SCFT is therefore not isolated and it corresponds to the
SU(2) gauge theory with four massless fundamental hypermultiplets.



modular form F4 vanishes, whereas Fo, Fg are constants. Similarly in the theories of type
B the modular form FEjg vanishes, whereas Eo, F/4 are constants. Therefore, in all these
cases, the free energy is a function of 8 and of the following dimensionless quantities

Eseren Ess
— e —— 3.4
2% =5 (3.4)
where
3 A

0= . 3.5
{ > (35)

For these SCF'Ts one finds
u~a, A(u) = a1 (3.6)

where d is the conformal dimension of the Coulomb-branch operator (see table 1). The first
correction to the SW prepotential takes the general form®

Fi(a,B) = ~log <\/ZTQ> (3.7)

with J-1
v= 51+ B4 7). (3.8)
By dimensional analysis, the higher corrections take the form
fo(5)
‘Fg(aMB) = agQg,Q ) (39)

where f4(f) are numbers. The latter can be computed recursively using the holomorphic
anomaly equation with boundary conditions fixed by an Es-independent function. We can
make the following Ansatz

~ Y X
Z(a,p) = E} Z K" fn(z, B), (3.10)

n=0
where ¢, are numerical coefficients encoding the holomorphic ambiguities and depend

on the phase of the € background. Plugging (3.10) into (2.6) leads to the confluent
hypergeometric equation”

2:U?’f,'{(ac) +x 3z —2) fl(x) + (2nd — ) fu(z) =0, (3.11)

where the boundary conditions are chosen such that (3.10) has a power-like behavior for
x — 0. The final solution is

~ e 1 1
Z — BN khe, (—7 5, = —> 12
(a,B) A ngoﬁ;c U 2—{—71,2, =) (3.12)

with U(a, b, z) the confluent U hypergeometric function® and cq is an overall normalization
which can be set to ¢g = 1 without loss of generality. The coefficients {c,}n>1 are S-
dependent coefficients encoded in the Fo-independent part of Z. In the next section we will

5Throughout the paper we will omit any additive constant to JFi.
"We remark that in a SCFT 7 is independent of a, and thus F»> and a are independent variables.
80ur conventions are the same as in Mathemetica.

-8 —



derive the first few coefficients ¢, for the theories in table 1, and show that they are rational
numbers. The strategy will be to first turn on suitable mass or coupling deformations for
such theories, in order to isolate a monopole point where the gap condition can be imposed.
The coefficients ¢, will then be derived by turning off the deformation.® We check explicitly
that the final result is independent of the deformation. We also note that (3.12) as it is
written holds for €; # 0, i.e. all phases of the 2 background except the NS phase. Indeed if
we consider the NS limit there is a non-trivial re-organization of (3.12) which we discuss
in section 5.

3.2 Deformations

Conformal invariance can be broken by turning on masses or couplings. Here we consider
the simplest deformation splitting democratically the discriminant into its N7 roots

A(u) ~ ulNT — maNT (3.13)

We will refer to m generically as a mass deformation, although for the case of Hg, where
masses are not available, the dimension-one parameter m is related to the IR-relevant
coupling ¢ via m = ci. The deformed SW curves look like
4bg
A y? =423 — mFhs g — bs =1,2,4,5
6by

B: y? = dad — uP2e —mTh2 by=1,3 (3.14)
In all these examples, we will derive g-exact formulae for the first few F,’s. An important
ingredient in our procedure will be to parametrize the holomorphic ambiguities for A and
B theories respectively in the following form (g > 2)

E3g—3 [%] E2 i
60 = S > (5] )
5 R [25] Efi’ @ |
h‘g (67 Q) - EG Z E2 hg,z(ﬁ) ’ (315)
i=0 6

where hy () are g-independent coefficients to be determined. The above expressions are
dictated by the requirement that h, has modular weight 6g — 6, allowing only integer powers
of E4 and Eg, such that hy does not grow faster than its corresponding non-ambiguous part
when F4 — 0 and Eg — 0.
In appendix C, we will consider an alternative deformation of the AD theory H;
described by the SW curve
y? =423 — ur — cu + 4¢3 (3.16)

where c is the IR-relevant coupling. In particular we will show that the results for the F,’s
in the conformal limit are the same, independently of the deformation used to compute
them. An analogous match for the theory Hs is obtained in appendix D, where we consider
the Ny = 3-SQCD description of this AD theory.

In [81] it was also observed that, to determine the partition function of topologically twisted Ho, one
has to first perturb the theory away from the conformal point.



4 Examples: 8 =1

In this section, we consider the €2 background given by €; = €5 = ¢, i.e. § = 1. This choice
enters for example the computation of the round-sphere partition function [54, 82] and
of extremal correlators [45, 46, 57-60, 62]. Despite such a large interest, the holomorphic
anomaly techniques have not been explored so far for this particular phase of the (2
background.!? In the following we will compute (2.24) stopping at the first order in g in
which the holomorphic ambiguity contributes in the conformal limit. This is dictated by a
reason of simplicity given that the formulae become very large. In appendix E we will give
results up to g = 18,7, 15 for Hg, H1, Ho respectively.

4.1 Ho theory
The SW curve for the deformed Hg theory is

y? =42 —cx —u. (4.1)

Plugging g2 = ¢, g3 = u into (2.16) and (2.21) gives

¢? Eo(q) <4E4) 31 Ea(q)’
= - 3> w1 = | 5 — ) § = "1 35
 3V3Ei(g)? 3¢ 22c1(Bf — E})
1 E4(q)3 — Es(q)?
Fi = —log <c3 1(0)” = Fo(q) ) . A=16(c - 27u?). (4.2)
12 Eq(q)?

In this case the holomorphic ambiguity takes the form of the first expression in (3.15).
Solving recursively the holomorphic anomaly equation (2.10), one finds the first few terms:

£2 3E (34E3+21E3)
Fo= 51122 fE +—6E2 TEQ-F}IQ((])
&t 10Eq (16E3+67E2) _, (1465EES+147E) o
.Fg 24124 E2+ E2+ QEZ 2 QEZ’ E2
11897ES +59376 E2E3 +6300E4 104257Es E3 +95565E3
- : 30E46 : 6)E§+( 154Ez 6)E2+h3(Q)
4 4

6 3
1105 865 FE 3589E% = 2039F. 41491 F, 69869 F
]_—4_ f |: 9 6 6 4>E27—|—( 6+ 6>E§

T 94196 1296E2+ E2+< 4E2 + T2E3 216
175987FE4  43813E2  149791E%\ 5 76559Eg§ 399439E2  10250789E4Fs \ 4
+ By — By

+ +

240E%  60E4 720 48E3 15E2 720
_ (20125E¢ | 11223703E; | 92285669E5 | 1372051E% 3 154401743E2 576047063 E32
4ES 120E3 1080 270 2 360E4 360E,
" 328463299E7 Es B2 14652664 ES  13723519199F4  11480517509F, F32 B
630 2 45E53 3600E2 3150 2
753433829 E4
- <31504) E2+h4(Q)] (4.3)

10We also note that the holomorphic anomaly equation for the sphere and the standard topological string
phase (€1 = —e2) is actually the same. What changes are the initial data, i.e. F1, and the gap conditions.

~10 -



The ambiguous part is given by

1619
hy = ‘

2 15 6

140891F¢  1206371E3  124319E3
hs = — — — — (4.4)
453 90 63
 26737369E | 7883698699E; N 21429183673 E§ N 256327346393 Eg
T 540ES 3600E3 4050 18900

which has been determined by imposing the gap conditions (2.29).

The conformal limit. The theory becomes conformal in the limit ¢ — 0 and fits into the
class A according to (3.2). In this limit 7 — e™/3. Therefore Fs, Fg become constants'!
and Ey vanishes. More precisely, using (4.2), we find

1
91132\ 5
5 ) ca”s . (4.5)

From the above formulae we notice that while both Ey4 and £ go to zero in the limit ¢ — 0,
their ratio stays finite and goes like

1 6
= = . 4.
Ey bEsa (4.6)
Keeping only the leading terms in (4.3) and (4.4), and using (4.6), one finds
TE,
72 50042
. TE3
° 7 80004t
161 £ 26737369 Fg
Fy~ — 2 . 4.7
4 76800045 12960000000 ab (47)
The above formulae reproduce the result (3.12), with
3 Eg Eyé?
/8 ) ) Y 10 ) K Eg, ) x 6@2 ’ ( )
d
o . 26737369 19)
co = 0= ———. .
0T ! 28 3 57

Higher-genus prepotentials F, can also be computed. Results for the ambiguity coefficients
¢, are listed in (E.2). As we can see, the growth of ¢, is relatively fast. It is likely that the
sum over hypergeometric is divergent. However, a more detailed analysis is needed.

UTheir numerical values are Es ~ 1.103, Eg ~ 2.881.

- 11 -



4.2 H; theory

The SW curve for the H; theory deformed by the second-order mass Casimir is
y? = 4a® —ux —m?. (4.10)

In this case go = u and g3 = m? leading to

3
3E,ms ( 8 )é : \@Eé
w = = -
T atm2) 2m(E3 — E2)

1 E} — E?
Fi = —log <m646> ;A =16(u® - 2Tm?) (4.11)

Here the holomorphic ambiguity takes the form of the second expression in (3.15). Solving
recursively the holomorphic anomaly equation (2.10), one finds the first few terms

&2 |5 4 3EF 9B}
= B3+ 2B+ | — = —46E, | Ex+h 4.12
Fa 24122 |3 5+ e 5+ Eg 1 | E2+ha(q) ( )
i & |5 E6+10E§ B 63E2+10E B 9ES 461E; 310Fg 2
ST 12t |6 2 Bs 2\ 2E2 YT ER T 3Es 9 2

27TEY T068E; 687T1EZ\ _, (8289E] 9425EF 6716E¢Ey
— - - E. Ey+h :

The ambiguous part is given by

_ 35LE} | 560Es

h
>” 5B 15

o _1112E]  4842049B§ 3186886E] 1222057 (4.13)
A Yo7 63052 315 21 '

which has been determined by imposing the gap conditions (2.29).

The conformal limit. The theory becomes conformal in the limit m — 0 and fits into
the class B according to (3.2). In this limit 7 — i. Therefore Ey, E4 become constants!?
and Fg vanishes. More precisely, using (4.11), we find

35 \7 4
A

By~ 32m2E?
3a?

64m?
§~ 343
a

(4.14)

2Their numerical values are Es ~ 0.955, E4 ~ 1.456.
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From the above formulae we notice that while both Fg and £ go to zero in the limit m — 0,
their ratio stays finite and goes like
13 2

e . 4.15
E¢ aE? (4.15)

Keeping only the leading terms in (4.12) and (4.13), and using (4.15), one finds

Es
T
243 B2 + 1112E,4
Fan — 4.16
’ 279936 o’ (4.16)
The above formulae reproduce the result (3.12), with
1 E4 E262
B ) ) Y 97 K E% ) T 6a2 ) ( )
and 139
=1 =——. 4.1
=1, «a 972 (4.18)

Higher-genus prepotentials F, can also be computed. Results for the ambiguity coefficients
cp are listed in (E.3).

4.3 Ho theory
The SW curve for the Hs theory deformed by the second-order mass Casimir is
y? = 4a® —mPr —u?. (4.19)

In this case go = m? and g3 = u? leading to

3
VEgm?2 <4E4 )i ¢ 3V2E2 Eq
u = s w1 = _— s =
o F w2 (E§ — Ef)m
1 E3 _ E2 9
F1 = —log (4—96)m + const, A =16(m5 — 27ut) (4.20)
4

Here the holomorphic ambiguity takes again the form of the first expression in (3.15).
Solving recursively (2.10) one finds the first few terms

& [5,.3 3B, 3E2
& |5 g S(EITEY) 5 (2B} 185Es | 26E2\ 4 [251E}  1207Es  19E3\ .3
]:3*24124 62 6E41Fs B3+ EZ % Jr3E§ Ey— 6B T 9 +6Eff 12

153E5  9167E? 29353FE2 3E§ 2343E+  27774ATEgE, 51607ES
_( 4 -+ ) B (TR e tam ) Prts(@)
4 6 4

2F2 T % 30F,
&5 T1105E8 985EF 805Es \ s [ 445Ef  8135E, 3781FE; 7

T 941926 | 1296 144 F; + T2E, 36E?2 + 72 7262
11ES  54395FEF  117511E¢ = 10921E3 59E7 8509E% 4097E2 13583E¢
+ 34 + 4 + 6 36 Eg—{— 24 _ 4 6 + 46 Eg’
4E3 216 Eg 216 108FE3 2F2 48 36E, 240E%
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99E] 1176895E4 9441703EsEs = 1150283E3 577E2> Jor
2

( 2E3 144E¢ 360 1442 24E3
7273E4 7755O3E4 97040443EF | 15561623E3  9Eg 3
1080 1080E3 ES )2
n 13905E4 6407761E4 512201711 EoE2+ 29391479E 42036497 E3 52
4E3 18E¢ At 0E, 1260E% 2
160687E] = 10391931E; = 385527557 8137162319E¢  3300704E¢
( B2t 4 T w0 BB+ 810052 ' BI5ED Eat+ha(q)
(4.22)

The ambiguous part is given by

147E3 N 1178Fg

ho =
>~ 5B 15
b  3529E§  1038589E]  6008447E§  150032E¢ (4.23)
5T T 4R 126 630 31553 '
63691E]  25347539ES 132133663 _ 5 150291551071 E8
h4 = 3 + EG 4 +
10E3 30F 30 45360
11994210803E7  12428E7
37800E% 27E

which has been determined by imposing the gap conditions (2.29).

The conformal limit. The theory becomes conformal in the limit m — 0 and fits into
the class A according to (3.2). In this limit 7 — e™/3. Therefore Ey, Eg become constants®
and E4 vanishes. More precisely, using (4.20), we find

1
(8)4 3
YS\o1Es) ¢

m2E6

2a?
3m?
N — 4.24
i (424)
From the above formulae we notice that while both F4 and £ go to zero in the limit m — 0,
their ratio stays finite and goes like

vl

E4%

Ei Ei (4.25)
Keeping only the leading terms in (4.21) and (4.23), and using (4.25), one finds
b
P T
2
F3% i ol

13Their values are clearly the same as in the Ho theory.
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The above formulae reproduce the result (3.12), with

3 Es Ese?
B b b ’7 4 M K'/ E% ) (L‘ 6&2 b ( )
and 3107
—1 - 4.2
co , 1 3072 (4.28)

Higher-genus prepotentials F, can also be computed. Results for the ambiguity coefficients
cp, are listed in (E.4).

4.4 Eg theory

The SW curve for the Eg theory deformed by the eighth-order mass Casimir is
y? = 4a® — mPr —ut. (4.29)

In this case go = m® and g3 = u* leading to

1 9 3
Eim3 <4E4 >i ; 2238 E; B
u = s wr = | —5 s = V=
3iE; 3m® (Eg — E})m
1 E3 o E2 36
Fi1=—=log (4# + const, A = 16(m** — 27u®) (4.30)
4

Here the holomorphic ambiguity takes again the form of the first expression in (3.15).
Solving recursively (2.10) one finds the first few terms

€ [5E3 [(9E? 3Es)\ .o [ 6E2
fQ— 51192 3 + TEG_E E2+ Ei —61F, E2+h2(q) (431)
4 6 5(5E3+3EZ)ES 4 2
7 & |sES (5E3+3ES) B3 [ 39E4 UBE: | 3E3 pa
T 24124 | 6 1E4Es 1B, T4 B )2
6 2723 4, 5TES\ 13
N (81E4‘4869E6E4‘8165E6+ Ef)EQ _I566E] _ 107860EF ATAE] 3ELY 1o
T2FE3 5E3 60 E, 4AE}) 2
(3969E4 4562005 E3 ES +957017 E§ E + 75585 E¢ ) E» b
+ 12052 E3 +hs(9)
7, = & [ 1105E8 n 985F3 Jr745E6 By 303F% +8399E4 +70E§ I
4794196 | 1206 96FEs ' 96F4 2 82 72 3E? 2
(19143 E3 + 198654 E8 ES +159643 E¢ E + 11244 E¢ ) ES
+ 132E3ED
(27459 E1% +638676 5 £ — 734194 E¢ Ef —5ATTA0Eg 5 425455 E¢ ) E
T 2880F1 E}
(2599047 E}* 447027130 E3 Ef + 64395032 5 5 + 8268330 E¢ E — 555 E¢ ) E3
B 2880E5 E3
15 12 2 9 4 6 176 8 3 10 3
(1954449 E1° 4 135004860 E{* E§ + 452446390 E Eg +215240996 £ B¢ + 12237645 E§ E —540E4° ) E3
- 4320EES
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(484499421 E1* 48105065554 E3 E +13840109482 Eg £ + 3239239130 E¢ E + 39065765 E5 ) I3

10080E{ E3
(482143347 E1° 470093473948 E§ E;° + 394187429578 E§ E +- 312678218260 E EX) ) E»
B 100800E% E¢
(31095995615 E¢ E +29687000E5° ) E»
- 10080057 B2 +ha(q) (4.32)
The ambiguous part is given by
B 441E3 | 383Es
>~ 10Es 6
_ 21909E§  3426562EF  4063991E7F  21205Ej (4.33)
T 20E2 315 630 252F3 '
_ 150204789E7 = 2879128369E5 731025235537 Fg E}
4T T 1600E3 1400Eg 151200
166127444801 E3 N 22522691 N SES
90720 320E% 27ES

which has been determined by imposing the gap conditions (2.29).

The conformal limit. The theory becomes conformal in the limit m — 0 and fits into
the class A according to (3.2). In this limit 7 — e™/3. Therefore Fy, Fg become constants'*
and Ey vanishes. More precisely, using (4.30), we find

a3

u =~ 1
6V6ES
203 EEm®
e
_203'Egm®

ad

Ey

(4.34)
From the above formulae we notice that while both F4 and £ go to zero in the limit m — 0,
their ratio stays finite and goes like

¢ 12
PN 4.
Ei  Ega (4.35)

Keeping only the leading terms in (4.31) and (4.33), and using (4.35), one finds

Es
b
B3
}_SN_32(L4
E3  Eg\ 1
% _— — —_— 4.
Fe (192+81>a6 (430)

M heir values are clearly the same as in the Ho and Hz theories.
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The above formulae reproduce the result (3.12), with

Es Eyé?
/6:1, 5:3, ")/:3, H:F%, .T:W, (437)
and
8
Cco = 1 , C1 = —g. (4.38)

Higher-genus prepotentials F, can also be computed in exactly the same manner as in the
previous examples.

4.5 Eg7 theory

The SW curve for the E7 theory deformed by the eighteenth-order mass Casimir is
y? =42 —udz —mtd. (4.39)

In this case go = u? and g3 = m'® leading to

1 1 1 13 2 19
33miE} \/5 E¢ ¢ 3% B} Eg®
U= ——7- 5 wl - - T q bl N
£ 3 \m? 2im(E} ~ )
6

Here the holomorphic ambiguity takes again the form of the second expression in (3.15).
Solving recursively (2.10) one finds the first few terms

& [5E2 [ E? 8Es\ o (7E
Fao= 54122 | 3 + TEG—FE E5+ E7§—62E4 E2+h2(q) (4.41)
4 6 5 3 2 4 2
5ES 10E3(17TE3+10E, 191E3 80E2 T754E
J,—_-SZ 5 2 2( 4 6)+E§1( 24+ g+ 4)
24124 | 6 27TE,Es 18E2 ' 27F? 27
n E3(229E5 —T48TE{ B3 —T250E;)  E3(210E3 +142680E§ E§ +577955E% Eg +101728E¢)
81E3 270F,E}
E2(6905E5 +128405ES E2 +59572E3 Eg — 2624 F¢
_ 2( 4t 4 6;‘3 4l 6)+h3(q) (442)
135E2F3

The ambiguous part is given by

191EF  82Fg

h =
2 15Es = 15
302161E¢  2294657E;  230203E%  1544857EY
hy = — = — - - - (4.43)
5184E3 2592 3240 25920 F¢

(4.44)

which has been determined by imposing the gap conditions (2.29).
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The conformal limit. The theory becomes conformal in the limit m — 0 and fits into
the class B according to (3.2). In this limit 7 — i. Therefore E5, E; become constant!®
and Eg vanishes. More precisely, using (4.40), we find

3at
210 E4
B 245 Eff mlS
67~ 733,18
246 Ejll m18
3alY

u

£~ (4.45)

From the above formulae we notice that while both Fg and £ go to zero in the limit m — 0,
their ratio stays finite and goes like

£ 18

= & . 4.46
E6 EZ a ( )
Keeping only the leading terms in (4.41) and (4.43), and using (4.46), one finds
21FE5
P2 % 5002
21F3 1544857E, '\ 1
F3m — 2 = 4.47
3 < 128 * 330598817280) a* ( )
The above formulae reproduce the result (3.12), with
9 E4 E262
B ) ) Y 97 K E% ’ T 6a2 ’ ( )
and
4634571
=1 ey 4.4
=5 a 10240 (4.49)

Higher-genus prepotentials F, can also be computed in exactly the same manner as in the
previous examples.

4.6 Eg theory

The SW curve for the Eg theory deformed by the twentyth-order mass Casimir is

y? =42® —mP Pz —u’. (4.50)

2

In this case go = m?° and g3 = u® leading to

1 . 1 1121 4
EZmS V2E} 530 EP EJ
b=—"3> wi=| T £= V2 2 3
SﬁEio 31im 2m (EG —E4)
1 ES _ E2 90
Fi = —log w +eonst, A =16(m® — 2741) (4.51)
4

15Their values are clearly the same as in the #; theory.
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Here the holomorphic ambiguity takes again the form of the first expression in (3.15).
Solving recursively (2.10) one finds the first few terms

3

£ [5E3 24E7 9Es 2 39EZ 314E,
..FQ 2 4 2+ 6

T 24122 5E;  5Es BE2 5 )Eﬁhz(fﬂ]

¢t [5153‘ 10 (2E%+E3) E3 (1776Ejf 40884 361E§>E4
2

Fa= 24124 | 6 3E4Fs 1502 150 ' 150E2

(2592E2—85236E§E§f—119429E;I’E§—|—573Eg) E3 307080E7  1603513E2  468E% I
+ 1125E3E3 ~\ 750E2 750  T50EY ) 72

N <373864Eg) o (—13392E3+705816 E5 £ +1812719E§ ES +165107Eg ) Ea (4.52)

750E4 2™ 1875 B2 3 +hs(q)

Fi= £8 [1105E§ <197EZ +745E6> B8 Jr(80144152 205727F, 342791562) I
924196 | 1296 18Fs ' 96E, 2 1800F2 1800 18002 2

(1660608 3 + 13257736 E§ Ef +495277 Eg 5 4 11244E¢) ES

+ 2700052 3
(8688384 E4° + 117129744 E§ Ef — 201837711 E¢ B — 104795596 E§ EX + 2173929 ) E3
450000 E1 B2
(120661632 E; + 1894444360 E§ EX +2294021 113 Eg ES +241621016 B B — 1371E5) E5 - 39ES B3
2880F 1 E4 500ES
(657891072F1% 443610234472 E] Eg + 155402608452 E5 Eg + 70330783117 E Eg +2529429287E¢§ ) E3
675000F2 E3
(211652806254 E2 + 3413887736674 Eg ES + 5487101754954 B¢ E +1215593719179E¢ ) E3
42525000 E4 E3
2142744527ESE2 (2590531017336 E1° +248754470552736 £ E{ 4120709070596 7416 E§ 3 ) Eo
6075000 E 425250000 E4

35035331393449 E2 B4 > (70923207769701E§E§’+31893238160E§0) E,

8859375 42525000065 E2 +ha(q)

++

_l’_

(4.53)

The ambiguous part is given by

hy — 124E3  917Es

25 75

21308148037E3 ~ 11593299743E%  56925211E¢  7183179683E$
S 72835000 2835000 1215000E3 T 8505000 E%2
392331535221859E%  460255802444281E6 £ 8109292812051391E
273375000 a 1913625000 ~ 3827250000E4
460255802444281E]  12356384824399E7  4482151319E(

_ 4.54
3827250000E¢ 273375000E% + 109350000E% ( )

hy =

which has been determined by imposing the gap conditions (2.29).

The conformal limit. The theory becomes conformal in the limit m — 0 and fits into
the class A according to (3.2). In this limit 7 — ¢™/3. Therefore Ey, Eg become constants
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and E, vanishes. More precisely, using (4.51), we find

ab

4 9933 R
~ 39 230 Eél m20
B
_ 5 231 310 Eé’) m20
~ 21

- (4.55)

From the above formulae we notice that while both F4 and £ go to zero in the limit m — 0,
their ratio stays finite and goes like

¢ 30
= & —. 4.56
E4 E6 a ( )

Keeping only the leading terms in (4.52), (4.53) and (4.54), and using (4.56), one finds

65E5
P2~ 5o
65F2
73~ =Gt
162563  22410756595F6 \ 1
~ — 4.57
! ( 2048 | 537ATI2 ) af (4.57)
The above formulae reproduce the result (3.12), with
15 Eg Ese?
/8 ’ 4 37 Y 9 ) K E% ’ €z 6a2 ) ( )
and 22410756595
=1 = 4.59
=5 a 248332 (4.59)

Higher-genus prepotentials F, can also be computed in exactly the same manner as in the
previous examples.

5 NS limit: 8 =0

In this section we consider the NS limit ¢; — 0, i.e. 5 — 0 [76]. In this limit the prepotential
takes the form

F=Y &'F, (5.1)
g=0

where
Fy=Fog= élgb 3% Fy(B) (5.2)

The holomorphic anomaly (2.9) for F = F — Fy becomes

Op, F = i (aaﬁf (5.3)
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or equivalently, using (5.1),
o1
Op,Fg = o > 0aFy0uF gy (5.4)
g'=1

This equation allows to compute all .7?9 terms recursively starting from Fi, given in (2.18).
Sending f — 0 and using (2.17), we get

~ 1 1024(E3 — E§) a
Fi1= 21 log T e 7 log <€2> + const (5.5)
with g1
~ 1 2 _ -
'Y—[lg})ﬁ T=— (5.6)

Equation (5.4) has been extensively studied in the context of the WKB expansion
for a certain class of quantum mechanical operators corresponding to AD theories with
some deformations [74, 75, 83-85]. See also [32, 86-89] for other works relating WKB and
non-lagrangian theories.

Here we are interested in the conformal limit where such deformationss are turned off.
From the point of view of quantum mechanics this corresponds to having a potential with a
single term of the form V(z) = 2™, n > 3. Parallel to (3.10) we make the following Ansatz

to capture the conformal limit'®

9 o B \" Esé3
— Ylog (E 220 f () - . .
= JoeE s X () he. o= 6:)

Equation (5.3) can then be solved order by order in Es. At zero order we have!”
7 —22° fo(x)? + 2z fy () = 0 (5.8)

where the boundary conditions are chosen such that the solution does not have negative
power-like behavior as * — 0. This gives

V22 ¥ 11— a7log (Wi VQ];‘““) ~1

fola) = - . (5.9)

At the first order in Eas, (5.3) gives
z (227 fj(x) = 1) fi(2) + fi(x) =0 . (5.10)

Using (5.9) we obtain

6
YT — /27 1+1
Yz Yr+ 1+ ) 7 (5.11)

Yy

filz) =a (

16Recall that F in this paper is defined up to a multiplicative constant.
"We recall that in this conformal limit @ and E5 can be treated as independent variables.
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where ¢; is the integration constant. Likewise, at second order we find

26
[y =2y +1+1 9 52
fo(z) = ( pom ) (CQ__Clq/271:+-l> (5.12)

where cg is the integration constant and ¢; is as in (5.11). In principle higher-order f,
terms can also be obtained in a similar manner. However, in contrast to the case of finite /3,
when 5 = 0 we do not have a general form for f,,. The value of the integration constants ¢,
is fixed by the holomorphic ambiguity.

The example of Hg. Let us spell out some detail for the case of Hg. The starting

5/4. The special

point of the recursion is given in (5.5), where m is the relevant coupling ¢
geometry relations are as in (4.2) and we have ¥ = 1/10, § = 3. The ambiguity is of the
form (3.15) (first line) and the gap condition is given in (2.30). Using these initial conditions

and running the equation (5.3), we obtain

1 [ EE?
— h
F2= 5112 | 3asemz T2
. 1 ¢ [ E3E} E3 (6E3EZ+5EL)  Fo (ATAE} E+1427EY) @
574128 | 4458050224128FE% 1486016741376 Ef 7430083706880 £ s\
P 1 . E3FE} E3 (24E3E3+23Ey)
17 2412%> | 739537035580145664E7 ' 739537035580145664 5
E3 (5688 E§ Eg+55638 B3 E§+4T141E)  E3 (2502EE2+8011E3 E§+1250E%)
1848842588950364160 5546527766851092480 £%
LB (1572732 E7 +95314012E$ E2 +199451203 B3 E¢ +24620960E¢) Cha(a)
129418981226525491200 E3 e
(5.13)
with
7 E%
31
€= 15— (5.14)
and
E
hy — 79Es
5
he — 21983F¢ 5611E3 4TT31E?
> T 22290251120640E3 8668430991360  11145125560320 5 15
b — 8670019 N 382204771 E3 (5.15)
* 7 19412847183978823680E5 | 18488425889503641600 3
107731843 E3 Eg 706159453 F3

8088686326657843200 * 13866319417127731200

- 29 —



The results perfectly agree with those obtained in [74]. The conformal limit ¢ — 0 can be
computed using (4.5) and (4.6), and gives

F n log(a) B Ej 4375F3 +8670019Eg
10 2400a? 288000a? 9072000000045
34680076 B2 Es+6125E3 26010057 E3 Eg+2450E3
~ 7257600000000a8 145152000000000410
8523712429375 F3 Eg+ 516140625 ES +261612601805031778 E2
B 1401079680000000000000¢ 2
+155131566214625E§E6+14661054900894611191E2E§+6709828125E§ N 0( 1 )

784604620800000000000000a 4 alt
(5.16)
This agrees with (5.7) for
8670019 1458581050220478983
Cl = ——— s Co) — — . (517)
52500 2627625000

6 Outlook

This paper exploits the holomorphic anomaly equation to compute the partition function
of intrinsically strongly coupled SCFT’s with eight supercharges living on a generic €2-
background. We studied one-parameter deformations of such theories allowing for an
exact integration of the anomaly equation, order by order in the e expansion of the Q-
deformed prepotential. Within this framework, we observed important simplifications at the
conformal point. The 2-deformed prepotential is given by the elegant formula (1.1) in terms
of hypergeometric functions, with coefficients ¢,, determined by the gap conditions. It would
be interesting to understand whether this non-trivial re-organization of the e expansion of
the partition function can improve the precision in the computation of extremal correlators
made in [45, 62], and shed light on the analytic structure of the exact answer. We will
report on this in [90].

In the NS phase of the Q background (¢; = 0), we show that (1.1) undergo a non-
trivial re-organization in which the hypergeometric functions become simpler functions,
see e.g (5.9) and (5.11). This results are relevant for the study of quantum periods of
anharmonic oscillators. We will report more on this in [90].

Acknowledgments

We would like to thank Santiago Codesido for useful discussions. The authors thank the
CERN theory division and INFN Tor Vergata for hospitality at various stages of this work.
The work of FF and JFM is partially supported by the MIUR PRIN Grant 2020KR4KN2
“String Theory as a bridge between Gauge Theories and Quantum Gravity”. The work of
AG is partially supported by the Swiss National Science Foundation Grant No. 185723 and
the NCCR SwissMAP.

~ 93 -



A SW curves for SQCD

In this appendix we review the SQCD/AD dictionary for SW curves. The SW curves for
a SU(2) gauge theory with 0 < Ny < 4 hypermultiplets transforming in the fundamental
representation of the gauge group are given by

Ny
9+ 9P(x) +q[[(z —mi) =0 (A1)
i=1
with ¢ = A*N7 /4 and
2 —u Ny=1,
Plx)=Q 2> ~u+gq Ny=2, (A.2)

2?2 —u+qlx =3, my) Ny =3.
is chosen in such a way that u = %trch. The periods of the holomorphic one-form are

da(u) 1 dx dap(u) 1 dx

ou 2w Jo w(z)’ ou 2w Jsw(x) (A-3)
with
4 4 . Ny
w($)2 =dp H(x —e) = Z dixt ™ = P($)2 —4q H(az —my) (A4)
i=1 i=0 i=1

The quantum correlator of the gauge theory can be obtained from the large z-expansion of
the SW differential

dlog y(zx) ~ i (tre™) 2u

—2miA =z e . %2—{—?4—... (A.5)

n=0
leading to v = %trgpQ. To write the elliptic curve (A.4) into the Weierstrass form, we
introduce the variables (y, z) related to (w,x) via

1

ivy

z
a5 — A A.6
T — ey y o v 2(z +v6)? (4.6)
with
3 1 1
=d ; — o= — A7
v oizl—[l(ez es), 3Zei_e4 (A7)
In the new variables the SW curve takes the Weierstrass form
y? =42 — g2z — g3 (A.8)
with
4d3
go = ? — 4dqds + 16dpdy
8d3 4 32dydad
g5 = —2 — —dydsdy — “222 4 4d2dy + 4d3d,y (A.9)
27 3 3
Finally the discriminant of the Weierstrass is given by
A =16(g5 — 2793) (A.10)
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A.1 Hp theory

The AD Hg theory can be obtained by tuning the parameters spanning the moduli space of
SU(2) with Ny = 1 fundamental flavors. For Ny = 1, the elliptic curve is given by

y? =42° — goz — g3 (A.11)
with
64u>
go = 3“ L 16A%m
512u 64
g3 = 27“ + o AP+ 44° (A.12)

The AD point is obtained by taking

3A2 As A3 3A As
UT T AT T eAD T M e R eAD T
2= 3A5, y=gAs (A.13)

and keeping the leading order in uap,cap — 0. This leads to
§? = 42% 4+ deapZ — 4uap (A.14)
The same SW curve can be obtained from the quartic expression
w? =28 (217—#025?—{—1?) , (A.15)
where the SW differential is given by [91] (see also [92] for a review)
A= —dz (A.16)

A.2 “H; theory

The AD H; theory can be obtained by tuning the parameters spanning the moduli space of
SU(2) with Ny = 2 flavors transforming in the fundamental representation of the gauge
group. The elliptic curve is given by

y? =42° — goz — g3 (A.17)
with
EENICIAY: 2 2 2 2
g2 = 5 (A% (A% +124° — 12m%) 4 160" — 4A%u)
8

9= (A" (A2 + 1802 + 36m?) — 6A%u (A% — 1247 + 12m?) + 64u® — 24A%?)

with m = $(m1 4+ ma), p = 2(m1 — m2). The AD point is obtained by taking

A2 A A A3
u:?—}—A%UAD—FA/L—TSC, m:§—£c
2 = A5, y = GA2 (A.18)
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and taking uap, ¢ and p small

2

2 8

gQ = 423 —4 <4UAD =+ C3> zZ— 4 (27C3 — gC’U,AD + /,62> (Alg)
The same curve is obtained starting from the standard #H; quartic form
1 c n uAD>
2 8

= —+ =+ =+ — A.20
w z<28+z6+25+z4 ( )

A.3 Hs theory

The AD Hjy theory can be obtained by tuning the parameters spanning the moduli space of
SU(2) with Ny = 3 flavors transforming in the fundamental representation of the gauge
group. The elliptic curve is given by

y2 =47 — g2z — g3 (A.21)

64u?  8A 5 5 o 4du\ Adm  A?
=gty (2C5-3Com-+6m (m?+u) ) +A <02+6m 3) 5+ 153

512u3 32 ASm A6

= ZAu(2 2 _ _ -
g3 o + 9 u( C3+6m (m +u) 302m) 96 + 13824
1 2012
+ A2 <C§ — 4Com? — 6§3m - 8032“ +20m* + 09“ ) (A.22)
+ A% (—210 m + 2C5 — 30m3 + 30mu) T A (30 T 54m? — 4u)
18 2 3 144 \°72

with

m = éZml , Cy = z:(mz —m)? Cs = Z(mz —m)3 (A.23)

The AD point is obtained by taking

_ LY A A A Az
Y PADT o) T 16" T s T e
z =N, y = jA? (A.24)
and taking uap, ¢ and Co, C3 small
4 6 2
9 3 . c 9 c ccCy 405
=4 4 — =2 —4 —_— - A2
7 z —|—z< cuAD—|—12 Cg) uAD—|—432 G 3 (A.25)
The same curve is obtained starting from the standard Ho quartic form
1 c I UAD M?
2 6
_ T ol - A.26
w z<26+z5+z4+23+22 (A.26)

after the identification
1oy 2 2 2
CQ_Q(C +164% + 192M2 — 8p1c?)

Cs 643 — 8 — 24212 + 5762 M? — 2304uM? + 12641 — 2462 ,ﬂ) (A.27)

:@(
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B Modular functions

In this section we collect some definitions and useful modular identities. The Eisenstein

series are defined as k—1.92
2 N

B.1

C1—Fk) ‘= 1—g¢™ .

A basis of modular forms is given by E4, Fg and the quasi-modular form Es. They are

Ex(q) =1+

related to the theta functions via

Ey = %(03 +05+03)

E2 = é (65 + 05 + 03)° — 5425

E = 12¢9,logn(q) (B.2)
We introduce the functions

Ky=03+601, Ly=06; (B.3)

Under S-duality they transform as
2 Ky(7) + 3La(7)

Ko(—1/7) = 5
La(-1/7) = -~ KA = Lo(D) (B.4)
whereas under T-duality they transform as
Ko(t+1) = Ko(T)
Ly(T+1) = —La(7) (B.5)
In terms of these variables the Eisenstein series read
B — K3 —ZBL% ’ By — KQ(K§8— 9L3) (B.6)

C c-deformation of H;

In this appendix we work at 8 = 1 and consider a deformation of 71 obtained by turning
on the IR-relevant coupling ¢. The SW curve is now described by a cubic curve with

g2 =1u, gs = cu— 4c® (C.1)
and discriminant
A = 16(u — 3¢*)(u — 12¢2)? (C.2)

We notice that we have now two monopole points u = 3¢? and u = 12¢%. It is convenient in
this case to introduce the modular functions Ky and Lo related to E4 and Ejg via

K2 +3L3 I Ky(K2 —9L3)
= —— 6 -_——

E
4 4 8

(C.3)
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Plugging this into (2.16) and solving for w; and u one finds three inequivalent solutions

3L3 [ Ko
732 1 2 .
U= c<—|—22>, wi =1/ 5>

. 12¢? (K3 + 3L3) oy — iiwm
(K2 —3L2)? ~ V6y/c

u— 1202 (K22 + 3L%) wy = —i V _K2 - 3L2 (C 4)
(Ky +3L9)% Veye '

These solutions correspond to three different duality frames related by S, T transforma-
tions (B.4), (B.5). In order to make contact with the results derived in section 4.2 for the
mass-deformed H; theory, we choose the duality frame given by the second line in (C.4).
To make formulae simpler, it is convenient to define

A K2—3L2 i __K2+L2

which correspond to the ST transformations of Ky and Ly respectively. This leads to

1 L3(L% — K32)? 2 K2
Fi=—log | P=272 20 ) == i C.6
! & ( <=3 V2TBIL3(K2 — L) ()

Likewise we define up, wip = dap/du, .FQD by the same formulae (C.4) replacing Ko — Ko
and Ly — ﬁg.
The holomorphic ambiguity for the theory has the following form (see [74])

3g—4
29i £-3(g—1)—21
hg =Y LFKSD%h,; (C.7)
1=0

with coefficients hy ; determined by requiring that both F,; and .FgD satisfy the gap conditions
when a — 0 and ap — 0 respectively, i.e. ¢ — 0 or ¢qp — 0. Solving recursively, the
holomorphic anomaly equation (2.10) one finds the first few terms

2 (5p3  3E3(K3+ L3 8114  55K2 .
fz—f( 2 4 ( )+E2 2 T2 L1512 ) + halg)

PZERE 2K, AK32 4
¢ (5ES ([ . 2003 . (59LS 83K  263L3
Fys=— | =24+ E5(phy— =2 ) + B3 | =2 + -
PToas 6 TP\ 3R, *\skz = 8 12
447L8  403K3  TTLY  465K,L3
E3 A 2 2 - 2 + 2 + h-
2 ( 3 Kg’ 18 2Ry 3 3(q)
Ey (1998221%28 — 779495 KS 13 + 1133751 K5 L4 — 801225 K3L§ — 376245133)
+ .
480K3
E3 (775735 — 254926 K§13 + 292815 K4 L3 — 129600K3L + 65610L5 ) cs)
A80 K73 '
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where

_ 1619K3 27914  111K,L3

h - C.9
2 120 8K, A (C.9)
11660261K%  3753L1°  20885K3L3  303615L5  733469K3L4
hy = — Bl I - 2
40320 8K4 16 128K32 320
31887LS
oo 1
+ 6 (C.10)
These are such that
Bs 1
Fy = (-1)9712%! I 1 + O(ah)
I 29(1—g) apy
—162g—2 B2g 1 0
Fy=(—1)9712% + 0. (C.11)

2g(1 — g) a?971

The conformal limit. This is a theory of type B, hence 7* =i at the conformal point.
In particular at this point both Ly and K> are finite with

Kol =3Ls| , Lo| =3Y2/Ey (C.12)
T=1 T=1 T=1 T=1
and
320232 K3 4iV2¢3/%(6Ey + 4K K
a =~ V2 §/2+ V2 2K 2)+O Lg—?2 (C.13)
27 (L, — 52) 9/ Lo — 13
as well as
o B2 ( EF 139E4\ 1 P D2 (7533F35+106752E4)
27 9602 7\ 1152 34992 ) ot e 4031078448 ’
597051 E5 — 17173728 E3 By — 44454429 E7
o 870712934448 v
(C.14)

which agrees with the results of section 4.2. This provides an explicitly test that the
conformal limit is independent of the deformation we perform.

D SQCDxy,=3 at the conformal point

The SW curve of SQCD with Ny = 3 flavors of equal mass m = —% is described by a curve
in the Weirstrass form with

1 2\ 2  (64u — 5A%)° (17A2 + 128u)
927 192 (64“ —5A ) o B= 27648
2 _ mAa2\4 2
A _ A% (64u—5A%)" (TA% 1 256u) D.1)

65536

For this choice, formula (2.16) can be explicitly solved and one finds

A? (17 B + 105 ) 1643 (B3 - B) D)

128 (B - Be) CBAEY? 4 By

u =
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and
1 ABE] (B + Es)

F1 = - log (Ei’/Z - EG)S

12
Plugging this into the anomaly equation, one finds for the first few gravitational corrections
at =1

(D.3)

¢ |sms 3E3 (3E3/2+4E6) EQ( 36E3/2E6+7Eg+12Eg)
Fo=

2 —
24122 | 3 T B, E7 +h2(q>]

& |5ES | (5B 5 [8E2 49Es E4\ a4
Fs=spmgr | 5t (5 9P ) B > R el 2

Ef
68E3 48E2? 520E 3 48E} 144E3 482E2 7108 4669¢2
+ | 2+ -4 96E | B3 | 2+ —=2+ f—E4 Eg+—1 | B2
3B g3 9 E} 53 Ey4 6
4 4

5
12E3  9676E2 101773E E¢ 2294TE}
+< EQG* 164’ 15 - 5 4 E2+h3(q)
4 5E72
4

32 Eg +3130E§—270E§>
Fi=

I3 1105E§+E8 5Bs _ 625vF1 | (3543E
24126 | 1296 2\ Ea 48

9912E2 24483
+ o B (2/26—315301372/2 6 +73105E6)
4

36E2

9/2

E3 (128520E3/ ?E34-232800E, % Eg+ 172505 ES +235218 B3 B2 +27480Eg>

* 360E7

15/2

B (442080E3/ ? 442633742, > B2+ 5296335 E, >/ > — 7947226 ES E +939180 3 E3 +94080Eg)

+ +

360E7

3/2 9/2 15/2

(2372448E E4 696242070F, E2 897505518 F, +1568619971E2E6+52768708EZE§+733600E§)

1260E4

540E6 (1555200E3/ B3 4+2157384E) > E3 — 54053697 E, "/ Eg + 27173594 ES + 20978368 ES 52

+3306360E3 E¢ +311040E¢)

b (512517120E3/2E6 3951672720 E;/% B3 — 95049030780 E; "/ B¢+ 53185189825 E

 25200E%
+49201422412E5 E§ + 1174650320 E% B¢ +92288000EF) )

+ha(q) ] (D.4)
The ambiguous part is given by

3
1106Es 171E}

h p—
2 15 5
1648EF  24144E%  1234978E2 292119 _3 850279F3
h3 = - 3 - - + E42 Eﬁ -_—_—
9E; 353/ 315 35 126
 795392Ef N 2311168 E¢§ N 13813852E3 N 79514072 E¢ N 9197665261 E3
T 2TES 155772 A5E3 31562 28350
 3057458963E)°EZ | 15201332353E3Es  3669761651E; 0.5
1260 3780 1680 ‘
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The conformal limit. This is a theory of type A, hence 7" = 5. By perturbing around
this point we get

9v/3E
a = Q (D.6)
8v/Eg
and 9
EQ E2
T2~ 082 73~ " 0484
3107Es 3E3 34177E2Es 97TE}; (D.7)
4 5 B

~ 66355246 3276840 ~ 5308416a° 314572845

These can be resummed using the hypergeometric functions (3.12) and in agreement
with (4.28). This provides an explicitly test that the conformal limit is independent of the
deformation we perform.

E Holomorphic ambiguities for Ho, H.,H, at 8 =1

The holomorphic anomaly equation determines zZ (a,B) up to the Fs-independent part
of (3.12), i.e.
= i €1€2 mi—%
E@Blmoo =Y on (-232) " " B (B1)
n=0 a
In this appendix we list the first few ¢, coefficients at 5 = 1 for the three AD theories we
analyzed in this paper.
Ho.
3411230845030961039
B 21732514 ’
11228416395151247860243314067849
B 92534521 ’
336921369293660561201677735133941404089137439
N 93535528 ’
54446679876958884558177953879909686803701101902116733352249
B 94336536 :
These coefficients determine the behavior of f, in (3.9) up to g = 18.

Hi.

Cy =

C3 =

Cy =

c5 = (E.2)

399471589

60466176 °
231844286893415

176319369216
These coefficients determine the behavior of f4 in (3.9) up to g = 7.

Ha.

Cy —

C3 =

23495274215
o 92132 ’
4120670292728086475
o 93134 ’
6480114817503034769242602575
- 24335 )
These coefficients determine the behavior of f, in (3.9) up to g = 15.

Cy =

C3 =

(E.4)

Cq4 =
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