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1 Introduction

The Standard Model (SM) of particle physics has been an incredibly successful theory.
Discovery of the 125-GeV scalar, if it is confirmed to be the SM Higgs boson, will complete
the SM [1, 2]. However, in spite of its astounding success we now know that SM cannot
be the complete theory of nature. The discovery of neutrino oscillations was one of the
conclusive proofs for the shortcoming of the SM [3, 4]. Ever since the discovery of neutrino
oscillations our understanding of the neutrino oscillation parameters and hence in turn
that of the leptonic mixing matrix is improving. The precision in measurement of certain
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mixing parameters has dramatically improved over the last decade [5–7]. This implies that
neutrino physics is now entering the era of precision physics where the experimental data, in
particular from neutrino oscillation experiments, can be used to rule out new physics models
in a much more powerful way. In this work we confront one of the popular theoretical
proposals, namely the possibility of leptonic mixing matrix having a Wolfenstein form at
some high energy scale.

In its original form the ansatz hypothesized a “High Scale Mixing Unification” (HSMU)
between the lepton and quark mixing matrices [8]. Here the unification of the two mixing
matrices was hypothesized to happen at some high scale typically chosen to be the scale
of the Grand Unified Theories (GUTs). The Renormalization - Group (RG) evolution of
the leptonic mixing angles and masses can then lead to the values of neutrino oscillation
parameters within their experimental 3-σ range. One of the key prediction of the HSMU
hypothesis was the prediction of a small yet non-zero value of θ13 leptonic mixing angle [8–
15]. This was due to the fact that θ13 = 0 is not a fixed point of the RG flow. Rather the
RG evolution of the mixing angles from the high scale naturally leads to a small θ13, a fact
later observed in experimental measurements [5–7]. After the experimental measurement
of θ13 angle, the HSMU hypothesis was revisited for both Dirac and Majorana neutrinos
and it was shown that indeed HSMU can be a good candidate proposal for understanding
of the neutrino mixing and oscillation phenomenon consistent with the experimental data
of that time [12, 13]. The scale of high energy unification as well as dependence on other
parameters was also analyzed in these later works showing that the scale of unification
does not need to be necessarily the GUT scale. Still later works expanded the idea further
looking at the possibility whether the leptonic mixing matrix has a “Wolfenstein form” with
hierarchical values of mixing angles at high scale, irrespective of whether or not they are
exactly same as quark mixing angles [16–19].

Overall, HSMU and its Wolfenstein form generalization have been shown to be consistent
with successive sets of experimental data for increasingly precise determination of neutrino
oscillation parameters over the past decade. However, as neutrino physics in entering the
era of precision measurements, in this work we revisit it again to see if it still remains
a viable possibility. The work-flow is presented in the rest of the paper in the following
manner. Section 2 discusses the general framework of HSMU and RG evolution of neutrino
oscillation parameters. Then in sections 3 and 4 we show our results of HSMU for Dirac
and Majorana neutrinos. We find that the current oscillation data combined with other
experimental constraints imply that HSMU ansatz is in severe tension with experiments.
Further in section 5 we test whether or not the threshold corrections improve the negative
results for HSMU ansatz. The next section 6 expands this unification hypothesis into
Wolfenstein ansatz by introducing new free parameters. And finally we see conclusions from
all the result’s interpretations, section 7.

2 High Scale Mixing Unification Hypothesis

We start with a general discussion of the HSMU hypothesis and the essential ingredients
needed to have a large change in values of leptonic mixing angles over the course of RG
evolution from high to low energy scale.
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(a) Neutrino and quark mixing angles in SM. (b) Neutrino masses in SM.

Figure 1. RG running of neutrino mixing angles and masses in SM from HSMU scale (taken as
GUT scale) to low energy scale.

2.1 General framework of HSMU

Since HSMU assumes that at a high scale, usually taken as GUT scale, the quark and
leptonic mixing matrices are one and same, this immediately implies that in order for
HSMU to be consistent with neutrino oscillation data, a large change in neutrino mixing
angles is needed. Unfortunately this cannot be achieved within SM extended by effective
Weinberg operator1 or it’s simple Ultra-Violet (UV) completions such as Type-I seesaw. In
figure 1 we show the RG evolution of the mixing angles of quarks and leptons (left panel)
and Majorana neutrino masses (right panel) from the HSMU scale (take as GUT scale) to
low scale within Type-I seesaw. As clear from figure 1, within SM + Type-I seesaw the
neutrino mixing angles get enhanced by a negligible amount and hence HSMU hypothesis
is completely inconsistent with neutrino oscillation data given in table 2.

The situation changes dramatically if there is beyond Standard Model (BSM) new
physics at an intermediate scale such as a low scale SuperSymmetry (SUSY) at TeV scale.
In figure 2 we show the RG evolution of neutrino and quark mixing angles (left panel)
and the neutrino masses (right panel) with in Minimal SuperSymmetric Model (MSSM)
from HSMU scale to SUSY breaking scale (taken as two TeV) followed by RG evolution in
SM from SUSY breaking scale to low scale. As can be seen from figure 2, in this case a
significant enhancement can be achieved during the MSSM part of RG evolution2 provided
we take large values of tan β and the neutrino masses at HSMU scale are normal ordered
(N.O.) and quasi-degenerate [8–15]. In this work we will follow the previous works and
throughout the work we will use MSSM as the intermediate theory with the SUSY breaking
scale being two TeV. Moreover, we will always take tan β = 55 and the unification scale
will always be taken as the GUT scale (2× 1016 GeV). The dependence and effect on our
analysis due to change in HSMU scale, SUSY breaking scale and tan β were analyzed in

1RG evolution including Weinberg operator as effective operator can be done only if its UV cutoff scale
is equal to or higher than the HSMU scale.

2Note that since SUSY is typically broken only softly, for RG evolution the details of SUSY breaking are
irrelevant. However, in later section we will indeed discuss the leading SUSY threshold corrections and their
impact on our analysis.
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(a) Neutrino and quark mixing angles in MSSM. (b) Neutrino masses in MSSM.

Figure 2. RG running of neutrino mixing angles and masses in SM and MSSM from HSMU scale
(taken as GUT scale) to low energy scale. The SUSY breaking scale is taken to be two TeV.

Oscillation parameters 1-σ range Best fit values
θq12 12.96◦ - 13.04◦ 13.00◦
θq13 0.20◦ - 0.22◦ 0.21◦
θq23 2.35◦ - 2.45◦ 2.40◦
δq 63.99◦-67.09◦ 65.55◦

Table 1. Low scale Quark oscillation parameters data [20] δq is CP violation phase of quarks.

detail for Majorana neutrinos in ref. [13] and for Dirac neutrinos in ref. [12]. We will not
repeat this analysis here as changing these scales will only increase the tension between the
HSMU predictions and current experimental data.

Finally, before going to the sub-cases we must point out that the RG evolution of
mixing angles and mass-squared differences are correlated with each other. This is because
at high scale we only have three free parameters namely the “high scale masses” of the
neutrinos using which we have to obtain five neutrino oscillation parameters within their
3-σ range at low scale. Furthermore, the RG equations governing the evolution of the
mixing parameters are coupled partial differential equations and hence RG evolution of one
parameter can strongly effect the RG evolution of the other parameters. As we will see,
this means that the values of these parameters at low scale show strong correlations with
each other and obtaining all the mixing parameters at low scale within their 3-σ ranges
is non-trivial.

2.2 Computational implementation

Computationally, the implementation of HSMU can be looked at as a two-step process.
First stage involves RG evolution of known values of CKM parameters (see table 1) from
the low scale which we take as the mass scale of Z boson (MZ), to the unification scale
which is taken to be the GUT scale. While evolving from MZ scale, we need to provide all
known values of Gauge couplings, Yukawa couplings, CP violation phase (δq) and low scale
quark mixing angles at low scale listed in appendix A. Below SUSY breaking scale SM RG

– 4 –



J
H
E
P
0
7
(
2
0
2
3
)
1
5
1

Oscillation parameters 3-σ range Best fit values
θ12 31.37◦ - 37.41◦ 34.33◦
θ13 8.13◦ - 8.92◦ 8.53◦
θ23 41.21◦ - 51.35◦ 49.26◦

∆m2
atm (10−3eV2) 2.47-2.63 2.55

∆m2
sol (10−5eV2) 6.94-8.14 7.50

Table 2. Global fit ranges for the neutrino oscillation parameters taking normal mass ordering
(N.O.) of the neutrinos [28].

equations govern the evolution and above SUSY breaking scale the same is done by MSSM
RG equations [21–27].

Now, according to HSMU hypothesis the high scale quark mixing angles are equated
with high scale neutrino mixing angles.3 To evaluate all the neutrino parameters at MZ
scale, we will also need neutrino masses at GUT scale. These are the free parameters of
HSMU. With neutrino mixing angles equal to be those of quarks and masses taken as free
parameters at the GUT scale, a top-down RG evolution is performed to obtain neutrino
oscillation parameters at MZ scale. We then check the compatibility of the so obtained
neutrino oscillation parameters at low scale with the current global fit data listed in table 2.

In case of Majorana mass generation, an effective dimension-5 operator is added in the
Lagrangian below seesaw scale. Above the seesaw scale, it’s UV-completed using type-I
seesaw mechanism. All right handed neutrinos added are integrated out below the seesaw
scale. During implementation of the RG equations, we have ensured to use the appropriate
RG equations above and below the SUSY cutoff scale as well as to correctly integrate out the
right handed neutrinos for RG evolution below their mass threshold. All the RG runnings
in this work are performed with the help of the Mathematica based package REAP [26].

3 Dirac case

We begin our detailed analysis starting with the case of Dirac neutrinos. If neutrinos are
Dirac fermions then by definition, one must add three right handed neutrinos, one for each
generation, to the SM particle content. The simplest model for mass generation for Dirac
neutrinos is through Higgs mechanism where the smallness of neutrino mass is due to small
Yukawa couplings.4 As mentioned before, for HSMU one needs SUSY at the TeV scale
which in its simplest form can be implemented by embedding SM in MSSM with three
additional superfields embedding the right handed neutrinos. The Lagrangians before and
after SUSY breaking scale are given by

Below SUSY breaking scale:
L = LSM + LνR = LSM −Yij

ν L̄iH̃νj
R + h.c. (3.1)

3We will analyze both cases where the CP phase is also equated and the case where it is taken zero.
Majorana phases when taken non-zero are treated as free parameters.

4In literature there exist various other mass generation mechanisms for Dirac neutrinos, interested readers
can see refs. [29–38] for some of the recent works and ref. [39] for a review.
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Above SUSY breaking scale:
L = LMSSM + LνR = LMSSM − Yijν L̄iH2NjR + h.c, (3.2)

where i, j, k are flavor indices, Yν is the Yukawa matrix for the neutrinos, νi
R is a right

handed neutrino of flavor i and L,H2,N are the corresponding fields in the MSSM. Also, we
denote the two SU(2)L scalars doublets in MSSM by H1,H2 with their U(1)Y charges given
by H1 ∼ +1/2,H2 ∼ −1/2 whereas the U(1)Y charge of the lepton doublet is L ∼ −1/2.
The RG equations for the evolution of neutrino masses and mixing parameters for this case
can be found in [27].

The implementation of HSMU ansatz in this case follows the general strategy discussed
in previous section. We start with the known values of the quark masses, mixing parameters,
gauge couplings etc at the low scale (MZ). We use the SM RG equations for the evolution
up to SUSY breaking scale (2TeV) and then use the MSSM RG equations up to the high
scale (GUT scale). At the GUT scale we fix the leptonic mixing angles and depending
on the case (see discussion below) the CP phase also, to be equal to the quark ones. The
neutrino masses at GUT scale are taken as N.O. and are treated as free parameters. We
then do RG running back to the low scale to obtain the RG evolved values of the neutrino
oscillation parameters and compare with the global fit data [28].

In this case, we consider two sub-cases: one when there is no CP violation in the
leptonic sector i.e the CP phase δ = 0 and the other when there is CP violation in the
leptonic sector as well i.e. δ 6= 0. In the second case following HSMU ansatz, at high scale
we take δ = δq. We analyze both cases one by one.

3.1 CP conserving δ = 0 case

The experimental situation regarding CP violation in leptonic sector is still not clear. Thus
there is possibility that there is no CP violation in leptonic sector, this implies that the CP
phase δ = 0. The CP phase being zero is a fixed point in RG evolution which means that if
δ = 0 at high scale it will remain zero at the low scale as well. Thus, for the case of CP
conservation in leptonic sector, one must take δ = 0 at the HSMU scale.

As mentioned before, within HSMU hypothesis the RG evolution of neutrino oscillation
parameters are correlated. In figure 3 we show the obtained values of θ23 and θ13 at low
scale for benchmark values of θ12 angle. The shaded region (light red) corresponds to
values of θ23 and θ13 outside their 3-σ range given in table 2. The white rectangular region
corresponds to allowed values of both θ23 and θ13 simultaneously. For the correlation line
passing through the allowed region, θ12 is 14.17◦ which is an outside 3-σ low scale value for
θ12. Thus this line can be discarded as we can not have the low scale values of all three
angles within their 3-σ ranges. When θ12 is varied the linear correlation function moves
with respect to the allowed (white) region. If θ12 is increased the line moves to the top-left
corner of the allowed region, indicating that for those values of θ12 we can not have θ23 and
θ13 within their 3-σ ranges. We can see that for the entire allowed range of θ12 values, the
corresponding blue band is completely outside the allowed region for θ23 and θ13, which tells
us that we cannot have a suitable case where all of the mixing angles lie within their allowed
ranges. This happens because RG equations are monotonous functions of θ12 and therefore
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Figure 3. θ23 vs θ13 with δ = 0◦. The correlation is a straight line. Different straight lines would
correspond to different θ12. The light red region represents rejected values of θ23 and θ13 which are
out of their 3-σ ranges. The blue band represents the contour lines for all allowed θ12 values within
its 3-σ range.

Figure 4. θ23 vs θ13 with δ 6= 0◦. At GUT scale the value of δ is set equal to δq at that scale. The
shaded regions carry the same meaning as that in the previous figure.

increment in the value of θ12 moves the θ12 contour away from the allowed region and thus
the blue band which corresponds to higher values of θ12 lies outside the white region.

3.2 CP violating δ = δq case

In this case we take δ at high scale to be equal to quark sector CP violating phase at high
scale i.e. δ = δq at the HSMU scale. Running down from GUT scale to MZ scale, we still
can’t have all three angles inside their 3-σ ranges, as can be seen from figure 4. The result
remains the same as in CP conserving case. Allowed values of θ12 corresponding to the blue
band, lie completely outside the allowed region of the θ23–θ13 plane.

Thus, for the case of Dirac neutrinos neither CP conserving nor CP violating cases
allow us to have all mixing angles within their 3-σ range. Since mixing angles don’t agree
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with the experimental values for Dirac case, it is redundant to check the same for mass
squared differences. Hence, we can conclude that although HSMU for Dirac neutrinos
was a valid possibility in the past [12], the current more stringent data rules it out as a
viable possibility.

4 Majorana case

In this case we consider neutrinos to be Majorana particles whose mass is generated through
Type-I seesaw mechanism. Current limits on neutrino mass [40, 41] imply that if all Yukawas
are taken within their perturbative range then the Type-I seesaw scale has to be smaller
than the GUT scale. Throughout this work we will take the seesaw scale to be ∼ 1012 GeV
so that the neutrino Yukawa couplings remain perturbative across the entire range of RG
running. In this case there are several scales and the Lagrangian used for RG running at
each scale is shown in (4.1).

Below SUSY breaking scale:
L=LSM+L5

SUSY up to seesaw scale:
L=LMSSM+L5 (4.1)

Seesaw to HSMU scale:

L=LMSSM+Lseesaw =LMSSM−Yijν L̄iH2NiR−
1
2M

ij(N̄c)jNj+h.c.

where M represents the Majorana mass matrix, Y is the Yukawa matrix and rest of the
notation remains same as in (3.2). Furthermore, in (4.1), below seesaw scale, we have added
the dimension five Weinberg operator (L5) obtained from integrating out the right handed
neutrinos [42]. In its SUSY version it is given by

L5 = −κ
ij

Λ (L̄c)iH†2 LjH
†
2 (4.2)

where Λ is the cutoff scale for the effective operator which in our case is the seesaw scale and
κij is the effective coupling. After SUSY breaking the L5 becomes the canonical Weinberg
operator added to the SM Lagrangian [42].

At the HSMU scale, apart from the masses of neutrinos we now have three additional
free parameters, namely the three phases, the usual δ CP as well as the two Majorana
phases ϕ1 and ϕ2. Here again we have to consider two sub-cases- one when Majorana phases
are zero and the other when they are non-zero. For simplicity, we are fixing δ to be equal
to δq at high scale. We have checked and verified that no CP violation (δ = 0) in Majorana
case also leads to similar qualitative results as that of the case of δ = δq and ϕ1 = ϕ2 = 0.
Therefore, in order to avoid unnecessary repetition, we will not present it separately.

Before looking at the sub-cases we should point out that for Majorana neutrinos one
also has an additional constraint coming from the experimental searches of neutrinoless
double beta decay (0νββ). The 0νββ experiments provide constraints on a particular
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Figure 5. θ23 vs θ13 with ϕ1 = ϕ2 = 0◦. The shaded regions carry the same meaning as that in
the Dirac cases.

combination of neutrino masses and mixing parameters called the effective Majorana mass
(mββ) which is given as

mββ = |c2
12c

2
13m1 + s2

12c
2
13m2e

iϕ1 + s2
13m3e

iϕ2 | (4.3)

where cij = cos θij and sij = sin θij denote the sine and cosine of the mixing angles.
The decay rate of 0νββ process Γ ∝ |mββ |2. The most stringent upper bound range on

mββ is set by KamLAND-Zen experiment and its value ranges from 0.065 eV to 0.165 eV [43]
depending on the choice of the nuclear matrix elements. In this paper we will use the
conservative upper bound, i.e., we will demand that the low scale value of mββ < 0.165 eV.

4.1 Majorana phases, ϕ1 = ϕ2 = 0◦

This case as well as the case of no leptonic CP violation are both qualitatively similar to
Dirac cases of no leptonic CP violation and δ = δq, respectively. Like the Dirac case here
again we first look at the correlated evolution of the mixing angles at the low scale. In
figure 5 we show the correlation between low scale value of θ23 and θ13 mixing angles for
benchmark choices of the θ12 angle. Just like the Dirac case, the three mixing angles cannot
be simultaneously brought within their current 3-σ range. Since all three angles couldn’t
be brought into their 3-σ ranges, there is no reason to look into mass squared differences
or mββ’s experimental constraints. To conclude, this case is also ruled out by the current
experimental data.

4.2 Non-zero Majorana phases, ϕ1 6= 0, ϕ2 6= 0

In this case, apart from the neutrino masses at HSMU scale, we have two more free
parameters namely the two Majorana phases, ϕ1, ϕ2 which cannot be constrained by the
HSMU hypothesis. Non-zero values of the Majorana phases at HSMU scale strongly
influence the RG evolution of the neutrino oscillation parameters. In fact, contrary to the
previous cases here by appropriate choices of the two Majorana phases, one can indeed

– 9 –
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Figure 6. θ23 vs θ13 with ϕ1 = 120◦, ϕ2 = 30◦. The shaded regions carry the same meaning as
that in the previous correlation plots.

simultaneously bring all the three mixing angles inside their 3-σ ranges. In figure 6 we show
the correlation between θ23 and θ13 for the allowed range of θ12, shown by the blue band,
and for benchmark choices of the Majorana phases ϕ1, ϕ2.

Therefore this case needs closer inspection to see if there exist values of the Majorana
phases for which the mass squared differences (∆m2

atm and ∆m2
sol) can also be brought

within their 3-σ range. In addition we also need to check if the experimental upper allowed
limit of mββ is also respected. Thus one should check for all possible combinations of values
of ϕ1, ϕ2. This is computationally very challenging. Fortunately, the dependence of the RG
evolution of the mixing parameters on the Majorana phases is not completely arbitrary.
Thus, instead of scanning through randomly generated values of all possible combinations
of ϕ1, ϕ2 for the whole [0,2π] range of both phases, we manually choose some discrete
benchmark values of them which clearly show the RG evolution pattern. To this end we fix
one ϕ and record the effect of other ϕ on the low scale mixing angles as well as on ∆m2

atm
& ∆m2

sol as we discuss now.

4.2.1 Effect of ϕ1, ϕ2 on ∆m2
atm, ∆m2

sol, mββ and mlightest

The Majorana phases and neutrino masses are the only free parameters at the HSMU
scale and their choices play a critical role in RG evolution of the neutrino oscillation
parameters. At low scale, apart from the mixing angles one has to ensure that the mass
squared differences ∆m2

atm, ∆m2
sol remain in their 3-σ range and mββ remains below its

upper limit. It can be insightful to understand the extent by which we can bringing ∆m2
atm,

∆m2
sol and mββ in their allowed ranges. This can be analyzed by plotting them against one

of the masses at the low scale. We choose the lightest neutrino mass (mlightest = m1) for the
same. Figure 7 shows the trend of ∆m2

atm, ∆m2
sol and mββ plotted against mlightest with

respect to the variations of ϕ1, ϕ2.
In figure 7 the solid lines represent ∆m2

atm or ∆m2
sol and dotted lines represent mββ . The

white bands in the plots show the 3-σ range of the mass squared differences. Furthermore,
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(a) ∆m2
atm vs mlightest for ϕ1 = 100◦. (b) ∆m2

sol vs mlightest for ϕ1 = 100◦.

(c) ∆m2
atm vs mlightest for ϕ1 = 200◦. (d) ∆m2

sol vs mlightest for ϕ1 = 200◦.

(e) ∆m2
atm vs mlightest for ϕ1 = 300◦. (f) ∆m2

sol vs mlightest for ϕ1 = 300◦.

Figure 7. The correlated evolution of ∆m2
atm (left panels) and ∆m2

sol (right panels) with respect to
mlightest for different benchmark values of the Majorana phases ϕ1, ϕ2. Also plotted are the values
of mββ with respect to mlightest. Solid lines represent ∆m2

atm or ∆m2
sol and dotted lines represent

mββ . The white bands in the plots show the 3-σ range of the mass squared differences. Furthermore,
in all the plots we have kept the three mixing angles always inside their 3-σ range. See text for
more details.
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in all the plots we have kept the three mixing angles always inside their 3-σ range. In the
various panels of figure 7 we can notice the region on mlightest axis where the mββ dashed
lines are below their upper bound. The solid lines for those mββ values can be inside the
white region or outside the white region. Comparing graphs for ∆m2

sol and ∆m2
atm side by

side one can estimate whether, for a particular set of Majorana phases or for a particular
value of mlightest, whether ∆m2

sol or ∆m2
atm are above or below their corresponding allowed

values. This can help us select such a data set which has either of ∆m2
sol or ∆m2

atm inside
the white region and the other one very near to its range. And then based on which mass
squared difference is outside by what extent, one can determine how to bring in the fifth
low scale parameter value inside its 3-σ range.

Consider figure 7a and figure 7b. In both the figures, for no values of mlightest(m1),
∆m2s and mββ lie in their allowed ranges simultaneously. In conclusion, for this set of
ϕ’s, we can not have both ∆m2

sol and ∆m2
atm inside their 3-σ ranges satisfying the mββ

constraint and thus we can discard this set of ϕ1, ϕ1 values. From figure 7c, we can see
that there are only 3 combinations of ϕ1 and ϕ2 for which all three neutrino angles could
be brought in. But again for allowed mββ values, there is no value of mlightest where both
∆m2

sol and ∆m2
atm can simultaneously lie within their 3-σ ranges. Thus this set of values

can also be rejected The discussion for figure 7e and figure 7f is pretty much the same,
except for the fact that there is only one pair of ϕ1 and ϕ2, out of the chosen ones, brings
all angles inside. But again ∆m2

sol, ∆m2
atm and mββ cannot all be brought simultaneously

within their allowed ranges for any choice of mlightest.
Similarly, we have searched for many possible combinations of Majorana phases some

of which are summarized in table 3 which shows whether or not the low scale parameters
are within their 3-σ ranges for each pair of ϕ1, ϕ2 examined. From table 3, it is clear that
with mββ constraint applied, we can not bring in ∆m2

atm and ∆m2
sol, along with all 3 angles,

inside their allowed ranges simultaneously for any combination of high scale ϕ’s. It is to be
noted that in spite of examining only a few discrete values of ϕ’s, we can claim this for the
whole range [0,2π] because ∆m2

atm varies monotonously and continuously with ϕ’s.
Thus, we can conclude that although this case initially appeared to be promising; upon

closer inspection we found that this case also doesn’t lead to any viable parameter space
where HSMU ansatz is compatible with the current experimental data. However, before
completely rejecting the HSMU ansatz we need to perform one final check- namely the effect
of SUSY threshold corrections on the low scale values of neutrino oscillation parameters,
which we present in the next section.

5 Low energy SUSY threshold corrections

As we can see from table 3, for many sets of ϕ1, ϕ2; along with mββ we can bring in 4 out
of 5 oscillation parameters inside their 3-σ ranges. One of the mass squared difference could
not be brought inside its allowed range for any choice of the free parameters. However, in
past works it was shown that certain SUSY threshold corrections can have impact on the
low scale values of the neutrino oscillation parameters, in particular the values of the mass
squared differences [9, 13]. The important threshold correction relevant to our analysis are
given in appendix B.
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ϕ1(◦) ϕ2(◦) θ12 θ13 θ23 ∆m2
sol ∆m2

atm

50 0 X X X X ×
100 0 X X X × ×
200 0 X X X × ×
300 0 X × X X ×
0 50 X × X X ×
50 50 X × X X ×
100 50 X X X × ×
200 50 X × X × ×
300 50 X X X X ×
0 100 X × X X ×
50 100 X × X X ×
100 100 X X X × ×
200 100 X × X × ×
300 100 X × X X ×
0 200 X × × × ×
50 200 X × X X ×
100 200 X × X × ×
200 200 X × X × ×
300 200 X X × × X

0 300 X × X X ×
50 300 X X X X ×
100 300 X X X × ×
200 300 X X X X ×
300 300 X × X X ×

Table 3. ‘X’ represents that the corresponding parameter is within its experimental 3-σ range.
mββ is inside its bounds for ALL combinations of ϕ1, ϕ2. In some cases, we can bring one of the
mass squared difference in at the expense of keeping mββ outside its bound.

In order to see if inclusion of threshold corrections can lead to a viable parameter space
consistent with current experimental data, we try to first see how that changes the lower
values of ∆m2

atm and ∆m2
sol. For this we choose one of the most promising pair of values of

ϕ1 = 100◦ and ϕ2 = 50◦ from table 3, for which we were able to bring one mass squared
difference inside its 3-σ range. After we add the threshold corrections large enough to bring
the other mass squared difference inside its 3-σ range, we find that the other mass squared
difference which was already inside its allowed range, now moves out of the experimental
3-σ range as shown in figures 8 and 9.

Figure 8 is plotted for the case when ∆m2
atm is inside its 3-σ range without threshold

corrections and ∆m2
sol is outside. For this case we choose the masses of the s-particles such

that the threshold corrections are large enough to bring ∆m2
sol inside its 3-σ range, see

eqs. (B.1)–(B.4) in appendix B. After adding the corrections with appropriate parameters

– 13 –



J
H
E
P
0
7
(
2
0
2
3
)
1
5
1

(a) ∆m2
atm and vs m2. (b) ∆m2

sol and vs m2.

Figure 8. Impact of threshold corrections on ∆m2
atm (left panel) and ∆m2

sol vs m2 (right panel)
with respect to m2 mass eigen-state. The plots are done for the case where the uncorrected
∆m2

atm was inside its 3-σ range (white band) and ∆m2
sol is brought inside its allowed range after

threshold corrections.

set, we find that the corrected ∆m2
sol can indeed be brought inside its 3-σ range, figure 8b.

We plot this against one of the GUT scale masses- m2. The corresponding threshold
corrections will naturally be added in ∆m2

atm too. But for the same set of m2 values for
which corrected ∆m2

sol was brought in; the corrected ∆m2
atm is significantly far from its 3-σ

range, figure 8a.
The same process is repeated in the figure 9; except now ∆m2

sol is inside and ∆m2
atm

outside its range, before threshold corrections are added. Even in this case, for the same
range of m2 values the threshold corrected ∆m2

sol shifts outside its 3-σ range, figure 9a
when the corrected ∆m2

atm is successfully brought in its respective 3-σ range, figure 9b.
Thus in summary we have systematically analyzed all possible cases of HSMU ansatz,

both for Dirac and Majorana neutrinos. Overall, we can conclude that HSMU ansatz is in
conflict with the current 3-σ allowed global fit ranges for neutrinos oscillation parameters
and constraints from 0νββ decays in case of Majorana neutrinos. Today’s narrow 3-σ
experimental ranges of neutrino oscillation parameters do not allow HSMU hypothesis to be
a plausible unification idea. In the next segment of the paper we discuss about an ansatz
which generalizes the HSMU ansatz by imposing a looser set of demands on the high scale
structure of the leptonic mixing matrix.

6 Wolfenstein ansatz

It was evident from previous sections that in no case the HSMU ansatz’s prediction for all
low scale neutrino parameters is consistent with their current 3-σ ranges. For this reason,
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(a) ∆m2
sol and vs m2. (b) ∆m2

atm and vs m2.

Figure 9. Impact of threshold corrections on ∆m2
atm (left panel) and ∆m2

sol vs m2 (right panel)
with respect to m2 mass eigen state. This figure assumes that the uncorrected ∆m2

sol is inside its
range (white band) and ∆m2

atm is brought inside its allowed range after threshold corrections.

we will like to consider another ansatz which tries to explain the hierarchical nature of
neutrino mixing angles [16–19]. This ansatz lifts the stringent restrictions on high scale
leptonic mixing angles put by HSMU. In HSMU we consider that the leptonic mixing
angles are exactly equal to those of quarks at the high scale (GUT scale). But instead, here
we consider that the hierarchy in high scale quark mixing angle is duplicated in leptonic
angles as well. This hierarchy is parameterized by “Wolfenstein-like” form. In this case the
leptonic mixing angles are in the following pattern

sin θ12 = λ sin θ23 = λ2 sin θ23 = λ3 (6.1)

where λ is the leptonic Wolfenstein parameter which we define as the sine of the θ12 mixing
angle. Wolfenstein parameter gives the neutrino mixing angles the following hierarchi-
cal structure-

θ12 = arcsin(λ) θ23 = arcsin(λ2) θ23 = arcsin(λ3) (6.2)

We can vary θ23 and θ13 more finely by introducing α and β such that α, β > 0, eq. (6.2)
gets modified into

θ12 = arcsin(λ) θ23 = α arcsin(λ2) θ13 = β arcsin(λ3) (6.3)

Note that, choosing λ to be equal to 0.22532, α to be equal to 0.698353 and β to be equal
to 0.264066 we get back the HSMU ansatz.

Since from HSMU ansatz we already saw that only the case of Majorana neutrinos
(with non-zero values of ϕ1, ϕ2) is close to being viable, therefore for Wolfenstein ansatz we
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will limit ourselves to this case only. We will follow the same strategy already discussed for
HSMU but now with the relaxed condition of Wolfenstein ansatz on the high scale leptonic
mixing angles. For the initial study of Wolfenstein ansatz, we analyze the effects of varying
α and β keeping Majorana phases to be zero and λ equal to the value corresponding to
the HSMU ansatz(λHSMU = 0.22532). Once we find a suitable pair of α, β, we can study
variations in λ. Only after thoroughly analyzing effects of α, β and λ we will bring in
non-zero Majorana phases into the picture. The CP phase δ is taken to be equal to that of
quarks CP violation phase(δq) in all the cases.

6.1 Variations of α and β

Changing α and β can change the hierarchy of the angles at high scale which can possibly
alter the usual RG running of the angles. Hence, to study variations of α, β we first analyze
how the angles RG evolve for each pair of α, β we choose.

To obtain the graphs in figure 10 neutrino masses at high scales are chosen such that
θ12 and θ13 are at their best fit value at low scale and θ23 at low scale is allowed to vary.
The trend across the graphs shows that as α increases the span of θ23 shrinks and shifts
higher in values. As a result of this, for a particular value of α, only for a few β values, all
three angles have values within their experimental 3-σ range. For example from figure 10d
and figure 10e it can be seen that the entire span of θ23 lies outside of its allowed range, i.e.
for α = 0.8 and α = 1.0, we can not have all three mixing angles inside their allowed ranges.

6.2 Variation of λ

Having understood how different values of α, β are changing the RG evolution of the mixing
angles, let us now see how variation in λ values changes it. Out of 25 pairs of α, β analyzed
in previous section we choose the 20 valid pairs for which we analyze low scale values of θ12,
θ23, θ13, ∆m2

sol, ∆m2
atm as well as mββ . Note that we have still kept the Majorana phases

to be zero. Its effects are to be seen later.
Figure 11 shows the impact of variation of λ on all the low scale mixing parameters as

well as mββ. We use high scale neutrino masses (free parameters) such that θ12, θ13 and
∆m2

sol are fixed at their best fit values. Since, all the parameters are correlated, the RG
evolution of θ23, ∆m2

atm and mββ is allowed to vary freely dictated the by the RG equations.
As we can see θ23 and mββ values decrease for increasing λ. While doing so, they cross

their allowed range. The range of λ values where for some choice of other free parameters,
at least one λ value leads to either θ23 or mββ inside its allowed range, is highlighted on
X-axis of figure 11 by yellow color. For a specific pair of α and β we can compare these
minimum values of λ above which all angles and mββ can be brought inside their respective
3-σ ranges. For example, in α = 0.2 case, the λ-space for which all angles are inside allowed
ranges does not overlap with λ-space for which mββ is inside its 3-σ range. Therefore, that
case is omitted in figure 11. Although, note that even for α = 0.2, we can still bring four
out of the six parameters inside their allowed ranges, which is still an improvement over the
HSMU case, where we could not even bring all three angles inside their range. This is an
indication that Wolfenstein ansatz can potentially be more promising.

For next set of α values shown in figure 11, the results are even more promising. We
can find an overlap between λ -spaces of angles (left panels) and mββ (right panels) for
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(a) α = 0.2. (b) α = 0.4.

(c) α = 0.6. (d) α = 0.8.

(e) α = 1.0.

Figure 10. The RG evolution of neutrino mixing angles for various α, β pairs. Value of α is kept
fixed for every graph and β is varied, represented by different colours. The shaded regions show 3-σ
ranges for all three angles. For all the graphs λ = λHSMU = 0.22532.

same α. It means that for those λ values, we can bring in all angles, ∆m2
sol as well as mββ

inside their 3-σ ranges, i.e., five out of six parameters but never all six simultaneously. Thus
we have to investigate further by taking non-zero values of the Majorana phases (ϕ1, ϕ2)
and study its effects on all the low scale parameters and see if all six can be brought inside.

6.3 ϕ1, ϕ2 variations

Here we will not span the entire ϕ1, ϕ2 space unnecessarily as it is computationally very
expensive. In any case, the final goal is to find a set of input parameters for which all
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(a) θ12, θ23, θ13 vs λ for α = 0.4. (b) ∆m2
sol, ∆m2

atm, mββ vs λ for α = 0.4.

(c) θ12, θ23, θ13 vs λ for α = 0.6. (d) ∆m2
sol, ∆m2

atm, mββ vs λ for α = 0.6.

(e) θ12, θ23, θ13 vs λ for α = 0.8. (f) ∆m2
sol, ∆m2

atm, mββ vs λ for α = 0.8.

(g) θ12, θ23, θ13 vs λ for α = 1.0. (h) ∆m2
sol, ∆m2

atm, mββ vs λ for α = 1.0.

Figure 11. Impact of the variation of λ on all the low scale parameters. For each graph, value of α
is kept fixed and β is varied. The shaded regions show 3-σ ranges for all three angles, mass squared
differences and mββ . See text for more details.
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six parameters (angles, mass squared differences, mββ) are inside their 3-σ ranges at low
scale. We focus on the parameters which are set free to vary, i.e., θ23, ∆m2

atm and mββ.
This is because other parameters are held constant at their best fit values using the three
independent parameters namely the high scale neutrino masses. Thus, the newly introduced
parameters λ, α and β along with Majorana phases can be scanned to find possible ranges
where the low scale values of θ23, ∆m2

atm and mββ are within their 3-σ range.
To have a simple and convenient start, we use the HSMU case to pick up only those ϕ1,

ϕ2 pairs for which we could bring in all angles and one of the mass squared differences inside
allowed ranges. In table 3, we list the values of ϕ1, ϕ2 where four oscillation parameters
can be brought inside their 3-σ range.

ϕ1(◦) ϕ2(◦) θ12 θ13 θ23 ∆m2
sol ∆m2

atm

50 0 X X X Only one
50 300 X X X Only one
200 300 X X X Only one
300 50 X X X Only one

For these values, we then discretely vary α and β. From α, β and λ variations shown
in figure 11, it is observed that as λ increases, θ23, ∆m2

atm and mββ decrease and vice versa.
An exception to this trend is observed at lower values of α, where ∆m2

atm behaves the
opposite for larger values of λ. One more reason to ignore low α values is that the span of
θ23 is larger than its 3-σ range. Because of this, all β values for α = 0.2 and α = 0.4 should
be discarded as for these values one can not bring θ23 value inside its 3-σ range.

Keeping this in mind, we ignore the lower α values here. For now, we shall only vary λ
for those pairs of ϕ1, ϕ2 for which θ23, ∆m2

atm and mββ are all either above/below their
3-σ ranges simultaneously or are all inside their 3-σ ranges simultaneously. This is because
if one of the parameters from θ23, ∆m2

atm and mββ lies on one side(higher or lower) of its
own 3-σ range and other parameter lies on the opposite side of its own 3-σ range, changing
λ will result in shifting one of the parameters away from its 3-σ range and thus not letting
us bring in all the six low scale parameters in their allowed experimental bounds. This plan
is case-wise realised in the following sub-section.

6.4 α, β, λ, ϕ1, ϕ2 variations combined

Now we shall choose the aforementioned ϕ1, ϕ2 pairs for α, β variation and select only those
values for λ variations, for which θ23, ∆m2

atm and mββ lie on one side of their respective
3-σ range. To illustrate this, a symbolic notation is used in order to understand the
increasing/decreasing trend of these parameters.

Using various colours and shapes, tables 4 and 5 illustrate whether the respective
parameter is inside, above or below the respective 3-σ ranges for various pairs of α, β and
ϕ1, ϕ2. As discussed above, we ignore the lower values of α (0.4 and 0.2) as the λ variations
don’t assure either monotonic increase or monotonic decrease in ∆m2

atm, for these α values.
So in the rest, we want to get rid of those α, β pairs for which any two low scale parameters
lie on opposite sides of their respective 3-σ ranges. In the symbolic representation, this
translates to ruling out those data sets which have both green and red coloured symbols for
the same α, β pairs. Let’s consider the four cases one by one.
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α β θ23 ∆m2
atm mββ

1.0 1.0 • • •
1.0 0.8 ? • ?

1.0 0.6 ? • •
1.0 0.4 • • •
1.0 0.2 • • •
0.8 1.0 ? • •
0.8 0.8 • • •
0.8 0.6 ? • •
0.8 0.4 ? • •
0.8 0.2 • • •
0.6 1.0 • • •
0.6 0.8 ? • •
0.6 0.6 • • •
0.6 0.4 ? • •
0.6 0.2 ? • •
0.4 1.0 • • •
0.4 0.8 • • •
0.4 0.6 • • •
0.4 0.4 ? • •
0.4 0.2 ? • •
0.2 1.0 • • •
0.2 0.8 • • •
0.2 0.6 • • •
0.2 0.4 • • •
0.2 0.2 ? • •

(a) For ϕ1 = 50◦ and ϕ2 = 0◦.

α β θ23 ∆m2
atm mββ

1.0 1.0 • • •
1.0 0.8 ? • •
1.0 0.6 ? • •
1.0 0.4 ? • •
1.0 0.2 ? • •
0.8 1.0 ? • •
0.8 0.8 • • •
0.8 0.6 • • ?

0.8 0.4 ? • •
0.8 0.2 ? • •
0.6 1.0 • • •
0.6 0.8 ? • •
0.6 0.6 • • •
0.6 0.4 • • ?

0.6 0.2 ? • ?

0.4 1.0 • • •
0.4 0.8 • • •
0.4 0.6 • • •
0.4 0.4 • • •
0.4 0.2 • • •
0.2 1.0 • • •
0.2 0.8 • • •
0.2 0.6 • • •
0.2 0.4 • • •
0.2 0.2 ? • •

(b) For ϕ1 = 50◦ and ϕ2 = 300◦.

Table 4. The implications for the low scale values of θ23, ∆m2
atm and mββ for various values of α

and β for λ = λHSMU. The coloured symbols represent the following:
•: parameter value is inside 3-σ range
•: parameter value is below its lower bound
•: parameter value is above its upper bound
?: parameter value is inside, but near the 3-σ boundary
?: parameter value is just below its lower bound
?: parameter value is just above its lower bound.

6.4.1 Case-1: ϕ1 = 50◦ and ϕ2 = 0◦

From the case when ϕ1, ϕ2 are 50◦ and 0◦ respectively, table 4a, we can see that red and
green symbols occur together for every α, β pairs. Thus we can choose to ignore them for
λ variations as it signifies that there exists at least one parameter among θ23, ∆m2

atm and
mββ, which isn’t inside its allowed 3-σ range. Since this happens for every α, β pair, it
leaves us with no plausible sets of α, β pairs for λ variations. Thus we can rule out the
Majorana phases pair (50◦, 0◦) as a candidate to bring in all six low scale parameters.
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6.4.2 Case-2: ϕ1 = 50◦ and ϕ2 = 300◦

For the case when ϕ1, ϕ2 are 50◦ and 300◦ respectively, from table 4b, we can see that
every time red and green symbols occur together for the same α, β pairs we can choose to
ignore them for λ variations as it signifies that there exists at least one parameter among
θ23, ∆m2

atm and mββ , which does not come inside its allowed 3-σ range. This leaves us with
only five plausible sets of α, β pairs. They are as follows:

α 1.0 1.0 0.8 0.8 0.6
β 0.8 0.6 1.0 0.4 0.2

In all these pairs, ∆m2
atm can be seen below its lower bound. In this set of α-β pairs

some of them have low values α (α = 0.4, 0.2). As discussed earlier, we ignore lower values
of α because ∆m2

atm doesn’t show monotonic increasing or monotonic decreasing trend for
variations in λ. In the remaining α-β pairs, we will have to decrease λ in order to correct
∆m2

atm. But for all of these pairs of α-β, θ23 is given by ‘?’; it represents that the values of
θ23 are about to cross the upper bound of 3-σ range. Thus decreasing λ would increase
the values of θ23 and it’ll be out of its allowed range. Moreover, if we increase the value of
λ it’ll further decrease ∆m2

atm which is already below its allowed range. So, keeping both
∆m2

atm and θ23 inside their allowed ranges is not possible for any variation in λ. Thus we
can, yet again, rule out the Majorana phases pair (300, 50) as a candidate to bring all six
low scale parameters inside their respective 3-σ ranges.

6.4.3 Case-3: ϕ1 = 200◦ and ϕ2 = 300◦

From the case when ϕ1, ϕ2 are 200◦ and 300◦ respectively, we have the table 5a. We again
choose to ignore simultaneous occurrences of red and green together for λ variations. This
leaves us with only three plausible sets of α, β pairs. They are as follows

α 1.0 1.0 0.8
β 0.4 0.2 0.4

In all these pairs, ∆m2
atm is below its lower bound and in order to correct it, we will

have to decrease λ such that ∆m2
atm increases. But note that for two of these pairs of

α and β, θ23 is given by ‘?’, representing that θ23 is on the edge of its 3-σ range. Thus
decreasing λ would shift θ23 immediately out of its allowed range and we won’t be able to
get θ23 inside when ∆m2

atm comes inside 3-σ range. Upon decreasing λ for the remaining
case when α = 1.0 and β = 0.2, the same argument applies even though θ23 value is inside
3-σ range. That is, it shifts θ23 again out of its allowed range and ∆m2

atm still doesn’t come
inside. This makes it impossible again to bring all six low scale parameters in. Thus we can
again rule out the Majorana phases pair (200◦, 300◦) as a candidate to bring in all six low
scale parameters.
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α β θ23 ∆m2
atm mββ

1.0 1.0 • • •
1.0 0.8 ? • •
1.0 0.6 ? • •
1.0 0.4 ? • •
1.0 0.2 • • •
0.8 1.0 • • •
0.8 0.8 • • •
0.8 0.6 ? • •
0.8 0.4 ? • •
0.8 0.2 • • ?

0.6 1.0 • • •
0.6 0.8 • • •
0.6 0.6 • • •
0.6 0.4 ? • •
0.6 0.2 • • •
0.4 1.0 • • •
0.4 0.8 • • •
0.4 0.6 • • •
0.4 0.4 ? • •
0.4 0.2 ? • •
0.2 1.0 • • •
0.2 0.8 • • •
0.2 0.6 • • •
0.2 0.4 • • •
0.2 0.2 ? • •

(a) For ϕ1 = 200◦ and ϕ2 = 300◦.

α β θ23 ∆m2
atm mββ

1.0 1.0 ? • •
1.0 0.8 ? • •
1.0 0.6 ? • •
1.0 0.4 ? • •
1.0 0.2 ? • •
0.8 1.0 ? • •
0.8 0.8 ? • •
0.8 0.6 ? • •
0.8 0.4 ? • •
0.8 0.2 ? • •
0.6 1.0 ? • •
0.6 0.8 ? • •
0.6 0.6 ? • •
0.6 0.4 ? • •
0.6 0.2 ? • •
0.4 1.0 ? • •
0.4 0.8 ? • •
0.4 0.6 ? • •
0.4 0.4 ? • •
0.4 0.2 ? • •
0.2 1.0 ? • ?

0.2 0.8 ? • •
0.2 0.6 ? • •
0.2 0.4 ? • •
0.2 0.2 ? • •

(b) For ϕ1 = 300◦ and ϕ2 = 50◦.

Table 5. The implications for the low scale values of θ23, ∆m2
atm and mββ for various values of α

and β for λ = λHSMU. The coloured symbols represent the following:
•: parameter value is inside 3-σ range
•: parameter value is below its lower bound
•: parameter value is above its upper bound
?: parameter value is inside, but near the 3-σ boundary
?: parameter value is just below its lower bound
?: parameter value is just above its lower bound.

6.4.4 Case-4: ϕ1 = 300◦ and ϕ2 = 50◦

From the case when ϕ1, ϕ2 are 300◦ and 50◦ respectively, shown in table 5b, we again
choose to ignore simultaneous occurrences of red and green together for λ variations. This
time it leaves us with few more possibilities. It gives us total 13 plausible sets of α, β pairs
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for which we can then look for λ variations. They are as follows

α 1.0 0.8 0.8 0.6 0.6 0.6 0.6 0.4 0.4 0.4 0.4 0.4 0.2
β 1.0 1.0 0.8 1.0 0.8 0.6 0.4 1.0 0.8 0.6 0.4 0.2 1.0

In all these pairs, ∆m2
atm is below its lower bound. In this set of α-β pairs some of them

have low values α (α = 0.4, 0.2). As discussed earlier, we had already rejected lower values
of α because ∆m2

atm doesn’t show a monotonic increasing or a monotonic decreasing trend
with variations in λ. In the remaining α-β pairs, we will have to decrease λ in order to
correct ∆m2

atm. But for all of these pairs of α-β, θ23 is given by ‘?’; it represents that the
values of θ23 are about to cross the upper bound of 3-σ range. Thus decreasing λ would
increase the values of θ23 and they will be out of their allowed range. Moreover, if we
increase the value of λ it will further decrease ∆m2

atm which is already below its allowed
range. So, keeping both ∆m2

atm and θ23 inside their allowed ranges is not possible for any
variation in λ. Thus we can, yet again, rule out the Majorana phases pair (300◦, 50◦) as
here too one cannot bring all six low scale parameters inside their respective 3-σ ranges.
Thus, to conclude, the leptonic mixing angles cannot have a Wolfenstein like hierarchical
structure at high scale, as the resulting low scale values of the oscillation parameters and
mββ are incompatible with their allowed experimental ranges.

7 Conclusions

The High Scale Mixing Unification ansatz was one of the appealing possibilities to understand
the deeper connection between lepton and quark sectors. The ansatz implies that at some
high energy scale, usually taken as the GUT scale, the quark and leptonic mixing matrices
are unified. The apparent differences between the two mixing matrices at the low scale of
the experiments is then attributed to the large change in the leptonic mixing angles due to
RG evolution from the high to the low scale. Such large RG evolution can be achieved in
SuperSymmetric models like MSSM with the SUSY breaking scale in the few TeV range.
Since the leptonic mixing angles and the neutrino mass squared differences (observed in
neutrino oscillations) RG evolve in a correlated fashion, this makes HSMU ansatz quite
predictive. One of its early prediction was that θ13 angle should be non-zero but small [8],
a fact later on confirmed by the experiments. In addition correlation between low scale
values of θ13 and θ23 were also predicted [12, 13]. A generalization of the HSMU ansatz we
call the Wolfenstein ansatz was also proposed in literature, where the strict requirement
that at high scale the leptonic and quark mixing matrices are exactly same was relaxed.
Instead the ansatz requires that the leptonic mixing angles at high scale should also have a
hierarchical form, qualitatively similar to the one observed in the quark sector.

In this work we have thoroughly investigated both the HSMU and Wolfenstein ansatz,
looking at the possibility of their compatibility with the current global fit results. We first
started with the more stringent HSMU ansatz and investigated the various possibilities for
both Dirac and Majorana neutrinos. For Dirac neutrinos we looked at the possibility of no
CP violation as well as the possibility of CP violation in the leptonic sector. In both cases
we found that for Dirac neutrinos, the current experimental data is completely incompatible
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with the HSMU hypothesis. We then looked at the Majorana cases, again looking at the
possibility of zero and non-zero Majorana phases. For the case of zero Majorana phases, the
results are similar to the Dirac case and is completely incompatible with current global fit
results for the neutrino mixing angles. The case of non-zero Majorana phases was analysed
in details and although we were able to have four of the neutrino oscillation parameters
inside their current 3-σ range but we found that all the five oscillation parameters and
mββ can never be simultaneously brought inside their allowed values, even after taking
into account the SUSY threshold corrections. Thus we concluded that although promising
in past, the HSMU hypothesis is no longer compatible with the current global fit results.
Finally, we analyzed the various possibilities for the Wolfenstein ansatz and again we found
that all the six observables (the five neutrino oscillation ones + mββ) cannot be brought
simultaneously inside their currently allowed ranges, for any choice of the free parameters.
Thus, we conclude that the possibility of the leptonic mixing matrix having a hierarchical
quark like form at a high scale is no longer viable.

Finally, note that throughout this work we have assumed the SM until it is super-
symmetrized to MSSM at a higher scale, but this need not be the case. For example, the
SU(2)L ×U(1)Y gauge group of the SM can be replaced first by the Left-Right symmetric
electroweak theory after a threshold and at a still higher threshold SUSY can come. It is
worthwhile to see whether such modifications can bring the neutrino parameters to agree
with the experimental data. Since the current analysis shows that the hypothesis is still
very close to the experimentally allowed range, it is most likely that such modifications can
bring exact agreement. This will be done in future work.
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A Input parameters in bottom-up and top-down RG runnings

• MZ scale = 91.1876GeV

• GUT scale = 2× 1016 GeV

• tanβ = 55 (β is the ratio of expectation values of Higgs doublets in 2HDM)

• SUSY cutoff scale = 2000GeV

• Values of gauge coupling constants

◦ Higgs coupling = 0.4615 (at MZ scale) & 0.7013 (at GUT scale)
◦ Weak coupling = 0.6519 (at MZ scale) & 0.6904 (at GUT scale)
◦ Strong coupling = 1.2198 (at MZ scale) & 0.6928 (at GUT scale)
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• Quark mixing parameters at MZ scale (mixing angles and Yukawa matrix elements)
(Using table 1 and ref. [20])

• Lepton Yukawa matrix elements at MZ scale (Using table 2 and refs. [20, 28])
• Quark and Lepton CP violation phases
• Self Higgs coupling (λ) = 0.1291
• Higgs ground state VEV(ν) = 246GeV

Values where sources are not mentioned are either computed using [26] or taken from [20].

B Dominant SUSY threshold corrections

To compute the low scale threshold corrections we will use the following parameters

Λ = SUSY breaking scale

gw,Λ = gcut = Weak coupling at SUSY breaking scale(Λ) = 0.6354

θ12,Λ = Solar mixing angle atΛ = 34.4153◦

ϕ1,Λ, ϕ2,Λ = Majorana phases at Λ = 15.5832◦ & 359.164◦

m1,Λ,m2,Λ,m3,Λ = Neutrino masses at Λ = 0.245775 eV, 0.245973 eV & 0.248218 eV

We also define few functions which we need in threshold corrections formulae.

p(x, y) = x
y

q(x, y) = 1− p2

t(x, y) = g2
cut

32π2

[
p2(Λ,y)−p2(x,y)

q(Λ,y)q(x,y) + q2(x,y)−1
q2(x,y) ln(p2(x, y))− q2(Λ,y)−1

q2(Λ,y) ln(p2(Λ, y))
]

mcom = 1
3(m2

1 + m2
2 + m2

3)× 10−9

Finally, with these input values and functions we can calculate corrections in both ∆m2
atm

and ∆m2
sol as follows

(∆m2
sol)corr = 4m2

com

[
[sin2(θ12,Λ)cos(2ϕ2,Λ)−cos2(θ12,Λ)cos(2ϕ1,Λ)]×t(mselectron,mWino)

+[cos2(θ12,Λ)cos(2ϕ2,Λ)−sin2(θ12,Λ)cos(2ϕ1,Λ)]×t(mΛ,mWino)
]
×1018

(B.1)

(∆m2
atm)corr = 4m2

com

[
−cos2(θ12,Λ)cos(2ϕ1,Λ)×t(mselectron,mWino)

+[1−sin2(θ12,Λ)cos(2ϕ1,Λ)]×t(mΛ,mWino)
]
×1018 (B.2)

The corrected mass squared differences are given by

∆m2
sol = (∆m2

sol)RG + (∆m2
sol)corr (B.3)

∆m2
atm = (∆m2

atm)RG + (∆m2
atm)corr (B.4)
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