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1 Introduction

In the past years, there has been much interest in the study of generalized global symmetries
in quantum field theory (QFT) [1]. A general way to understand symmetries involves
the study of topological operators, also called defects, which are supported on generic
submanifolds M of spacetime. These defects are associated with the symmetry itself and
implement its action on the other operators of the QFT. For instance, a 0-form symmetry G
acts on point operators, and is described as generated by a set of codimension-1 topological
operators Ug(M) (one per group element g ∈ G). The action of the 0-form symmetry on a
local point operator can be thought as encircling such operator with the topological one,
and then shrinking the latter to zero size. Higher-form symmetries, both continuous and
discrete, admit an analogous description where the topological defects are supported on
submanifolds of higher codimension [1, 2].

Upon composition, topological defects can satisfy group-like laws (as in the case of the
higher-form symmetries we just mentioned above) or more general fusion properties. For
this reason, one can distinguish between invertible topological defects, and non-invertible
ones. Thus one can distinguish between invertible and non-invertible symmetries.

There are many examples in the literature of non-invertible symmetries in the context
of 2d or 3d QFTs, see for example [3–26]. More recently, they have also been studied
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in higher dimensional theories [27–80],1 including several supersymmetric models such as
N = 4 super Yang-Mills (SYM) and theories of class S in 4d.

One remarkable class of supersymmetric QFTs, for which the possibility of existence
of non-invertible symmetries has yet to be explored, consists of Argyres-Douglas (AD)
theories. These are 4d N = 2 superconformal field theories (SCFTs) which enjoy many
interesting features, such as fractional dimensions of the Coulomb branch (CB) operators.
Theories of AD-type were historically first found in [83–86] where they were seen to arise
as the low-energy effective theory at very special points in the CB of an asymptotically
free mother theory. At these specific points, non-local dyons become massless, making
the AD theory intrinsically non-Lagrangian.2 It was later understood that AD theories
can be realized in many contexts, such as within the framework of class S [90], or by
type IIB geometric engineering on singular Calabi-Yau (CY) 3-fold [91–93], or by twisted
compactification of 6d N = (1, 0) theories [94–96]. In the present work we will be primarily
concerned with the SCFTs of Dp(G) type [97–99] and their gauging. In the context of
geometric engineering and class S, it has been discovered that several of such AD theories
possess non-trivial 1-form [100–103] and 2-group symmetries [103, 104]. The presence of
these symmetries brings about rich dynamical consequences that have been studied in our
previous work [104, 105].

In this article, we continue the exploration of generalized global symmetries in AD
theories. In particular, we focus on the presence of non-invertible symmetries in an infinite
family of AD theories arising from compactification of 6d N = (1, 0) theories on a torus,
which admit a description in terms of diagonal gauging of the flavor symmetry of a certain
number of Dp(SU(N)) AD theories. One of the notable non-Lagrangian models in this
class is the (A2, D4) theory, which can be realized from diagonal gauging of the su(2) flavor
symmetry algebra of three copies of the D3(SU(2)) = (A1, A3) theory [101, 106, 107] and
possesses the central charges that satisfy a = c. We point out that this model admits
non-invertible duality and triality defects as for the 4d N = 4 super Yang-Mills (SYM)
theories [28, 32, 54, 59] with gauge algebra su(2), upon choosing an appropriate global form
of su(2). In this paper, we point out that other AD theories with central charges a = c in
this class can be discussed in parallel to the N = 4 SYM theories. Moreover, we extend
this result to theories with a 6= c by restricting ourselves to an appropriate one dimensional
submanifold of the conformal manifold parametrized by the complex structure τ of the
torus associated with compactification. The SL(2,Z) action inherited from the mapping
class of the torus acts on τ in the usual way, and so there exist values of τ such that this is
invariant under action of a certain element of SL(2,Z) which becomes a zero-form symmetry
of the theory. We observe that these theories once again reproduce the structure of the
N = 4 SYM. Our observation is supported by examining some special cases that can be
realized as theories of class S.

Organization of the paper. This paper is organized as follows. In section 2, we consider
4d SCFTs obtained by the conformal gauging of the flavor symmetry algebra su(N) of a

1See also recent reviews in [81, 82].
2See also [87–89] for reviews on 4d SCFTs.
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collection of Dp(SU(N)) theories. We review that these theories can also be obtained from
a T 2 compactification of 6d N = (1, 0) theories realized by putting F-theory on the orbifold
(C2 × T 2)/Γ, where Γ is a Zk cyclic subgroup of SU(3). We explain details of the orbifold
and analyze the higher-form symmetries for the 6d theories in section 2.1. In section 2.2 we
discuss the descriptions of the 4d SCFTs in detail. The 1-form symmetry of the 4d theories
is derived in this section, utilizing information in appendix A, where the operators of each
Dp(G) theory involved in the conformal gauging are analyzed by means of the Lagrangian
description of the theory dimensionally reduced to 3d.

The main result of the paper is presented with an example in section 3, where we show
that, upon choosing an appropriate global form for the gauge group, the (A2, D4) theory
contains the non-invertible duality and triality defects. We then generalize this result to
infinite families of AD theories in section 4, distinguishing between those that have equal
central charges (a = c), and those which do not. If a = c, the non-invertible symmetries
can be established in an analogous way to that of the 4d N = 4 SYM [28, 32, 54, 59]. On
the other hand, if a 6= c, a similar result is established provided that one restricts oneself
to an appropriate one dimensional submanifold of the conformal manifold as mentioned
above. This procedure is demonstrated in section 4.1, where we present certain examples
that admit a class S description.

2 6d N = (1, 0) theories on T 2

In this work, we are mainly interested in “trinion” theories obtained by conformally gauging
the flavor symmetry algebra g associated to the group G of a collection ofDp(G) theories. For
completeness, let us briefly summarize the information about the Dp(G) theory as follows.

The Dp(G) theories3 can be realized in class S [90, 108–110] as a compactification of a
6d N = (2, 0) theory on a sphere with a regular full puncture and an irregular puncture.
Whenever G is not simply-laced, one needs to consider outer-automorphism twists in this
construction. The theories also admit another realization in terms of Type IIB geometric
engineering [91, 92] on a non-compact CY 3-fold realized as the zero-locus of a single
hypersurface singularity in C3 ×C∗. For example, the hypersurface singularity realizing the
Dp(SU(N)) theory, which is the protagonist of this paper, in Type IIB is given by

W (x1, x2, x3, z) = x2
1 + xN2 + x2

3 + zp+1 = 0 , with Ω = dx1dx2dx3dz

zdW
, (2.1)

where z is the C∗ variable. By closure of the regular puncture in the class S realization
of the Dp(G) theory, the theory has a realization in Type IIB on non-compact CY 3-fold
given by the zero-locus of a single hypersurface singularity, this time, in C4. Conventionally,
when G = An, Dn or En, the resulting theory can be identified with the (Ap−h(G)−1, G)
AD theory [92].

As is well known, the vanishing of the G beta function imposes a constraint on the set
of Dp(G) models we can choose: we are allowed to consider either 4 copies of D2(G) or three
theories with (p1, p2, p3) = (3, 3, 3), (p1, p2, p3) = (4, 4, 2) or (p1, p2, p3) = (2, 3, 6) [98].

3They are also known as Db
p(G) with b = h(G), i.e. the Coxeter number of G, where in this case the

superscript b is conventionally omitted.
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In [94], it was pointed out that such models can be realized by compactifying certain 6d
N = (1, 0) theories on T 2. More precisely, the double dimensional reduction of the 6d
theory leads to a (generically) non-conformal 4d model (which we refer to as KK theory
from now on) and by tuning Coulomb branch and mass parameters in this theory we can
find singular points in the moduli space hosting the N = 2 SCFTs we are after. This
procedure is analogous to the technique originally used to construct the first examples of
Argyres-Douglas theories, which are realized at singular points in the Coulomb branch
of asymptotically free gauge theories [83]. We will now review the argument of [94] and
describe the relevant 6d theories.

One convenient way for defining a 6d SCFT is to specify the Calabi-Yau 3-fold, which
engineers it in F-theory. In order to get the trinion theories we are after, we can focus on
Calabi-Yau manifolds which are orbifolds of C2 × T 2. The orbifold group Γ is a discrete
subgroup of SU(3) and corresponds to the direct product of a cyclic group Zk acting as

(ωk, ωk;ω−2
k ) , (2.2)

where ω−2
k acts on T 2 (this indeed restricts the possible values of k to the set k =

2, 3, 4, 6, 8, 12) and a ADE discrete subgroup of SU(2) ΓADE acting on C2 only. It
will turn out that the G gauge algebra of the trinion theory is determined by the choice of
ADE group appearing in the orbifold. The cyclic group Zk in turn determines the value of
the pi parameters, therefore specifying the actual Dp(G) theories involved in the gauging,
as follows

Value of k value of pi parameters
3, 6 p1 = p2 = p3 = 3

4 p1 = p2 = p3 = p4 = 2
8 p1 = p2 = 4; p3 = 2
12 p1 = 2; p2 = 3; p3 = 6

(2.3)

We neglected the case k = 2 which correspond to a trivial action on the torus and therefore
reduces to a ADE orbifold of C2. This of course leads to the N = (2, 0) theories in 6d.

Let us focus on the special case in which ΓADE is also cyclic of order n, in which case
the group G will be unitary. The group action on C2 × T 2 is of course

(ωn, ω−1
n ; 1) ,

where the action on the T 2 is trivial. Overall, the orbifold group acts as follows:

Zk : (ωk, ωk;ω−2
k ) ; Zn : (ωn, ω−1

n ; 1) . (2.4)

We will now analyze the two extreme cases in which k and n are coprime or k is a divisor of n.

k and n coprime. In this case, the orbifold group is cyclic of order nk and the 6d theory
turns out to be a non-Higgsable theory, which is entirely specified by the configuration
of curves in the C2 base. Exploiting the results of [111], we conclude that the curves
in the base form a linear chain and their self-intersection {ni}i=1,...,r is encoded in the
continuous fraction

nk

q
= n1 −

1
n2 − 1

n3−...
, (2.5)
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where q satisfies the relation

q(n+ k) = (n− k) modnk . (2.6)

The latter can always be solved, and the corresponding curve self-intersections are reported
in [94]. In the special case n = 1, (2.6) is solved by q = 1 and the resulting 6d theory is a
minimal model with a single curve of self-intersection −k.

The origin of (2.6) is as follows: in [111], it was shown that for all non-Higgsable
theories the underlying Calabi-Yau 3-fold is always an orbifold of C2 × T 2 and in the case
of a linear chain of curves in the base the orbifold action is

(ωp, ωqp;ω−q−1
p ) , (2.7)

with p and q coprime. The pattern of self-intersections is encoded in a continuous fraction
analogous to (2.5) with p/q on the left-hand side. We should therefore first try to rewrite (2.4)
in the form (2.7). Since for n and k coprime (2.4) is equivalent to a cyclic group of order
nk, we immediately get p = nk. We should then demand that (ωkωn, ωkω−1

n ) is equivalent
to (ωp, ωqp), which leads to (2.6).

n multiple of k. In this case, it turns out that the 6d theory engineered in F-theory is
a non-minimal conformal matter [112], which can be alternatively constructed by placing
multiple M5-branes at an orbifold singularity in M-theory. We will denote this theory as
T (G,N) where G denotes the orbifold type and N is the number of M5-branes. In order
to understand this statement, let us go back to (2.4) and denote the generators of Zk and
Zn by g and h respectively for convenience. We can notice that ghn/k and gh−n/k act on
C2 × T 2 in the following way:

ghn/k : (ω2
k, 1;ω−2

k ) ; gh−n/k : (1, ω2
k;ω−2

k ) .

Here we recognize the singularities in F-theory produced by 7-branes of type D4 for k = 4,
E6 for k = 3, 6, E7 for k = 8 and E8 for k = 12. The groups G associated to the 7-branes
we have just listed become global symmetries of the 6d SCFTs, and therefore we expect
to get models with G×G global symmetry. These correspond to the (D4, D4), (E6, E6),
(E7, E7) and (E8, E8) conformal matters, respectively. The number of M5-branes can be
determined by studying the singularity at which the two G-type non-compact divisors
collide. It turns out to be n/k for k = 3 and 2n/k in the other cases.

Another equivalent argument is as follows: the theories T (G,N) we have just discussed
can be alternatively engineered with the orbifold

Zr : (1, ω−1
r ;ωr) ; ZNr : (ωNr, ω−1

Nr; 1) . (2.8)

We find G = D4 for r = 2 and G = E6, E7, E8 for r = 3, 4, 6 respectively. We can now
observe that for k = 3 (2.4) is equivalent to (2.8) with r = 3 and N = n/3. For k = 4, 6, 8
and 12 instead, (2.4) is equivalent to (2.8) with r = k/2 and N = 2n/k.
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2.1 Higher-form symmetries in 6d

Once the configuration of curves in the F-theory base is known, it is possible to identify
the defect group of the 6d theory using the method proposed in [113]. Since higher-form
symmetries do not change upon higgsing, we can reduce to considering the non-Higgsable
theory our SCFT flows to.

In the case of non-minimal conformal matter we have discussed before, this is the
N = (2, 0) theory living on the stack of M5-branes. In the case, the higgsing is realized
geometrically in M-theory by moving the M5-branes away from the ADE orbifold singularity
and therefore the 2-form symmetry is Zn/k for k = 3 and Z2n/k in the other cases.

The case of non-Higgsable theories we have seen before (when the order of the two
orbifold groups n and k are coprime) can be determined as follows: since the collection of
curves in the base are arranged as a linear chain, with neighboring curves having intersection
1, according to [113] the 2-form symmetry is a cyclic group of order equal to the determinant
of the adjacency matrix, whose entry ij is minus the intersection of the i-th and j-th curves.
This is always equal to the numerator appearing on the l.h.s. of (2.5) and therefore we
conclude that the 2-form symmetry is Znk.

Finally, some of these theories also have a 1-form symmetry. This can be determined by
moving on the tensor branch, where the theory becomes Lagrangian. The 1-form symmetry
is therefore given by the center of the gauge group modulo screening due to the matter
sector (both the hypermultiplets in the various representations of the gauge group and
the BPS strings [114, 115]). For example, in the case of minimal models (n = 1 and
k = 2, 3, 4, 6, 8, 12) we have a simple gauge group without matter fields and therefore
the 1-form symmetry is simply the center of the gauge group: trivial for k = 2, 12, Z3 for
k = 3, 6, Z2×Z2 for k = 4 and Z2 for k = 8. The 1-form symmetry will not play a relevant
role in the present work.

2.2 Trinion theories from 6d

Let us now discuss in more detail the 4d N = 2 SCFTs we get upon compactification on T 2

of the 6d theories we have described above. As was pointed out in [95, 96], dimensional
reduction of a 6d SCFT to 4d in general leads to a KK theory which is not conformal:
it has a dynamically generated scale which coincides with the inverse size of the T 2. For
example, the 4d reduction of non-minimal conformal matter analyzed in [96] involves
strongly-interacting sectors coupled through an infrared free vector multiplet. The only
known cases in which upon dimensional reduction we get a superconformal theory is when
the 6d theory has enhanced N = (2, 0) supersymmetry, or it is very-Higgsable [95] (meaning
it can be higgsed to a collection of free hypermultiplets).

Since in this work we are considering SCFTs which are not very-Higgsable, we should
not expect to get a SCFT directly upon double dimensional reduction but rather a non-
conformal KK theory. The most natural question then is how we can describe it. The
strategy adopted in [94] is to exploit string dualities: as we have seen 6d theories can be
defined as compactification of F-theory on singular 3-folds, orbifolds of C2 × T 2 in our case,
and therefore we can define the KK theory as Type IIB string theory4 compactified on

4Putting the 6d theory on T 2 is equivalent to study F-theory on CY×T 2 = CY × S1 × S1. This by
definition is equivalent to M-theory on CY×S1 or Type IIA on CY. We then exploit mirror symmetry to
move to a Type IIB description.
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the mirror Calabi-Yau. This admits a Landau-Ginzburg (LG) type description (we will
discuss this point more in detail later on) which allows us to understand the structure of
the Coulomb branch of the KK theory.5 Once we have the Type IIB geometry available, we
can try to identify singular points on the Coulomb branch hosting a SCFT in the infrared.
This is analogous to the method first proposed in [83, 84] to identify singular points on the
Coulomb branch of N = 2 gauge theories and study the SCFTs living at those points.

In [94] it was argued that by tuning Coulomb branch moduli in the KK theory we can
obtain the trinion SCFTs we are interested in. More precisely, starting from the orbifold
Calabi-Yau manifolds (2.4), we can end up with a g = su vector multiplet coupled to
several Dp(G) theories, according to the pattern reported in (2.3). All these theories are
conformal and exhibit an exactly marginal coupling inherited from the complex structure
of the torus we compactify the 6d theory on. When n is a multiple of k, we find g = su(n)
and can see from (2.3) that for all the Dp(SU(n)) theories involved the parameter p is a
divisor of n. Theories with this property are known to be Lagrangian and describe a linear
quiver with p− 1 special unitary gauge groups [98]. Overall, we end up with a Lagrangian
SCFT as listed below, where, for convenience of the presentation, we choose the global form
associated with each su(n) gauge algebra to be SU(n):

k = 3 :

SU(n)

SU(n/3)

SU(2n/3)

SU(n/3) SU(2n/3) SU(n/3)SU(2n/3)

k = 4 : SU(n)

SU(n/2)

SU(n/2) SU(n/2)

SU(n/2)

k = 6 :

SU(n)

SU(n/3)

SU(2n/3)

SU(n/3) SU(2n/3) SU(n/3)SU(2n/3)

(2.9)

k = 8 :
SU(n)

SU(n/2)

SU(n/4) SU(n/2) SU(3n/4) SU(n/2)SU(3n/4) SU(n/4)

k = 12 :

SU(n)

SU(n/3)

SU(2n/3)

SU(n/6) SU(n/3) SU(n/2) SU(2n/3) SU(5n/6) SU(n/2)

Notice that for all the quivers, the 1-form symmetry of the 4d theory (namely Zn/3 for

5We are grateful to Michele Del Zotto for the discussion on this point.
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k = 3 and Z2n/k for other cases) is equal to the 2-form symmetry of the parent 6d theory.
We may gauge such a 1-form symmetry or its subgroup in each of the above theories.

In the opposite case when n and k in (2.4) are coprime the situation is a bit more
involved. The vector multiplet of the trinion theory corresponds to su(n) for k = 3 and
to su(2n) in the other cases. We can easily see from (2.3) that for k = 3, 6 (when all the
Dp(SU) theories involved have p = 3) p is coprime with n. In this case it is known that the
global symmetry of the Dp(G) theory is exactly G, without further enhancements, and that
the theory is isolated, meaning it has no marginal couplings. As a result, the conformal
manifold of the trinion theory is one-dimensional and is inherited from the 6d torus, as we
have mentioned before. For k = 4, 8, 12 instead the trinion theory involves Dp(SU(2n))
sectors with p even and these all have (see [116]) one exactly marginal parameter and an
extra U(1) global symmetry (besides the SU(2n) flavor symmetry). Overall, the dimension
of the conformal manifold is 5, 4 and 3 for k = 4, k = 8 and k = 12 respectively. We find
the following trinion6 models for n and k coprime:

k = 3 :
SU(n)

D3(SU(n))

D3(SU(n)) D3(SU(n))

k = 4 : SU(2n)

D2(SU(2n))

D2(SU(2n))

D2(SU(2n))

D2(SU(2n))

k = 6 :
SU(2n)

D3(SU(2n))

D3(SU(2n)) D3(SU(2n))
(2.10)

k = 8 :
SU(2n)

D2(SU(2n))

D4(SU(2n)) D4(SU(2n))

k = 12 :
SU(2n)

D3(SU(2n))

D2(SU(2n)) D6(SU(2n))

where, for the convenience of presentation, we have taken the global form of the su(n) and
su(2n) gauge algebras to be respectively SU(n) and SU(2n). Of course, other global forms
can be chosen. We will consider the other choices in subsequent sections.

Since the condition that n and k are coprime implies that all the pi parameters as
well are coprime with n, we find that for k > 2, the 1-form symmetry is always Zn apart
from the case k = 6, when the 1-form symmetry becomes Z2n. The former is due to the
screening effect of certain operators in the Dpi(SU(2n)) theories; we discuss this in detail in
appendix A. Notice that this is a proper subgroup of the 2-form symmetry of the parent

6For k = 4, the theory actually arises from gauging of four Dp(G) theories. It would be more appropriate
to call it “quadrinion”. Nevertheless, for simplicity’s sake, we abuse the terminology by referring to all of
these quivers as trinions.
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6d theory, leading to the conclusion that the KK theory has a Zk (Z3 for k = 6) 1-form
symmetry which does not act on the SCFT. We also emphasize that in the cases in which
all the pi parameters are coprime to the number of colors N of the central node SU(N),
the theory has central charges a = c. To put it another way, whenever the Z2n center of
the SU(2n) gauge group is broken to Zn due to the screening effect, the theory has central
charges a 6= c.

Let us discuss more in detail the SCFTs one gets in this way starting from minimal
models in 6d with n = 1 and k = 2, 3, 4, 6, 8, 12: for k = 2 the orbifold does not act
at all on the T 2 and therefore we find in 6d the N = (2, 0) theory of type A1, whose
T 2 reduction gives N = 4 SYM with gauge group SU(2). For k = 3 the theory cannot
be interpreted as a trinion since the gauge group at the center would be SU(1). In this
case, it turns out that the SCFT can be interpreted as D3(SU(2)) [94]. In all other cases,
we have SU(2) trinions. Since D2(SU(2)) is equivalent to a doublet of SU(2), the 1-form
symmetry is trivial whenever we have a D2(SU(2)) sector and is Z2 otherwise. The cases
with trivial 1-form symmetry, namely k = 4, 8, 12 correspond to SU(2) SQCD with four
flavors, (A3, A3) and (A2, A5) AD theories respectively [92]. The only case with Z2 1-form
symmetry is k = 6, which corresponds to the (A2, D4) AD theory [107]. This model will be
the focus of section 3.

2.3 Mirror Calabi-Yau and trinion theories

Let us now explain how to derive (2.10). The strategy of [94] involves analyzing the Coulomb
branch geometry of the KK theory TKK via its Calabi-Yau geometry (or Landau-Ginzburg
superpotential) which is the mirror dual of the T 2 × C2 orbifold we have discussed so far.
We would now like to explain how the mirror dual is constructed, focusing on the case in
which n and k are coprime.

It is easier to use the orbifold description (2.7) where p = nk and q satisfies (2.6). This
group includes a Zr action on T 2, where r = k for k = 3 and r = k/2 for k even. It is known
that the mirror of a Zr orbifold of T 2 is given by the Landau-Ginzburg superpotential

Orbifold order r LG superpotential WT 2/Zr(x1, x2, x3)

3 x3
1 + x3

2 + x3
3 + τx1x2x3

4 x2
1 + x4

2 + x4
3 + τx1x2x3

6 x2
1 + x3

2 + x6
3 + τx1x2x3

(2.11)

where the xi’s are complex variables and the parameter τ (the complex structure of the
mirror T 2) will eventually be interpreted as the complex structure of the torus we compactify
the 6d SCFT on. Apart from the τ term these LG models have in their chiral ring operators
of dimension `/r with 0 ≤ ` < r, associated with deformations of the geometry (2.11), and
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their multiplicity is as follows:

Orbifold order r ` = 0 ` = 1 ` = 2 ` = 3 ` = 4 ` = 5
2 1 4
3 1 3 3
4 1 2 3 2
6 1 1 2 2 2 1

(2.12)

From now on, we will denote the corresponding deformations as ϕa,`/r(xi). Note that
in (2.12) we have included the spectrum for the Z2 orbifold, even though we have not
included the corresponding superpotential in (2.11) since there is no simple expression for
it. We would like to stress that the analysis below will apply to the r = 2 case as well, using
the multiplicities reported in (2.12).

The orbifold action on C2 is accounted for by introducing two C∗ variables y1 and y2
and adding to the LG superpotential monomials of the form

yp1 , yp2 , y
[mr1]p
1 y

[mr2]p
2 ,

where r1 and r2 denote the charges of the two complex coordinates under the orbifold group
(in the case of interest for us 1 and q respectively), [·]p denotes the (mod p) operation and
m is an integer 0 ≤ m < p subject to the constraint that all the terms appearing in the
superpotential should be homogeneous of dimension one. Putting everything together we
find the expression

WTKK = WT 2/Zr + yp1 + yp2 +
∑
a

∑
`

∑
m

βa,`,mϕa,`/r(xi)ym1 y
[mq]p
2 . (2.13)

The homogeneity constraint explicitly reads

m+ [mq]p
p

+ `

r
= 1 . (2.14)

The parameters βa,`,m in (2.13) describe the Coulomb branch moduli of the KK theory and
are inherited from the 6d vector and tensor multiplets. We, therefore, conclude that (2.13)
encodes the structure of the Coulomb branch of our KK theory TKK.

If we now want to identify the trinion SCFTs we are after, it is convenient to work in
terms of the mirror Calabi-Yau geometry in type IIB. This is given by the equation

WTKK = 0

defined in the projectivization of the (xi, yi)-space. We can then go to the patch y2 = 1 and
introduce a new C variable w = yb1 + 1 (where b is an integer) in order to get a hypersurface
in C4 WTKK(x1,2,3, w) = 0, which is the usual description of the trinion SCFTs we are
interested in. It is now convenient to notice that (2.14) requires m being a multiple of r if
we set ` = 0. This can be seen as follows: eq. (2.6) implies that q − 1 is a multiple of k
and q + 1 is a multiple of n. The last statement implies that (2.14) is satisfied when m is a
multiple of k for ` = 0. On the other hand, when k is even both n and q are necessarily
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odd, since they are both coprime with k. This implies that q + 1 is an even multiple of n
and, therefore, in order to solve (2.14), it is enough to let m be a multiple of k/2. Overall,
we find that all the βa,`=0,m terms in (2.13) are functions of yr1 and yr2.

At this stage, the trinion SCFT can be found by setting to zero all the βa,`,m parameters
with ` 6= 0 and define w = yr1 + 1. By properly tuning the remaining parameters we can
bring (2.13) to the form

WT 2/Zr(x1, x2, x3) + wp/r = 0 , (2.15)

which is precisely the hypersurface singularity describing the trinion SCFTs we are after
with gauge group SU(p/r) = SU(2n) when k is even and SU(p/r) = SU(n) when k is odd.
We would now like to notice that by restricting further the β parameters, setting, e.g., to
zero all βa,`=0,m with m not a multiple of k, we can introduce a different variable w = yk1 + 1
and tune the surviving parameters in such a way that the resulting 3-fold reads

WT 2/Zr(x1, x2, x3) + wn = 0 . (2.16)

This leads to trinions of Dp(SU(n)) theories also for k even. The conclusion is that SU(p/r)
is the maximal choice, but with a different specialization of the parameters, we can also
find the same trinion theory but with a SU(n′) vector multiplet where n′ is a divisor of p/r.
All choices such that n′ is coprime with all the pi’s labelling the Dpi(SU(n′)) sectors will
lead to SCFTs with a = c central charges (see [117–119]).7,8 An analogous argument to the
one above when n is a multiple of k leads to the Lagrangian SCFTs (2.9) (see [94] for the
details), which should be seen as the maximal choice for this set of theories.

Let us consider a couple of examples to illustrate the above arguments. For k = 6 and
n = 5 the orbifold group is Z30 and acts as follows:

Z6 : (ω6, ω6;ω−2
6 ) ; Z5 : (ω5, ω

−1
5 ; 1) . (2.17)

We can find trinion SCFTs made of three D3(SU(N)) theories gauged together with N = 2, 5
or 10, where SU(10) is the maximal choice. For N = 2 we find the (A2, D4) theory, which
is located at the point β`=0,m=15 = 2,9 and all other β parameters set to zero. From (2.5),
we find that p = 30 and q = 19. The configuration of curves is, therefore, (2, 3, 2, 3, 2) and
after blowup we find (see [111]) the sequence (3, 1, 6, 1, 3, 1, 6, 1, 3, 1, 6, 1, 3) where the
−3 curves support a su(3) gauge algebra and the −6 curves support a e6. The rank of the
gauge algebra is therefore 26 and the dimension of the tensor branch is 13, leading to a
total of 39. This matches precisely the counting of β parameters is the Landau-Ginzburg
superpotential:

WTKK = WT 2/Z3 + y30
1 + y30

2 +
∑
a

∑
`

∑
m

βa,`,mϕa,`/3(xi)ym1 y
[19m]30
2 . (2.18)

7The case of k = 8 in (2.10) with SU(2n) replaced by SU(3) describes (A3, E6), and the
case of k = 12 in (2.10) with SU(2n) replaced by SU(5) describes (A5, E8); see also [121, ap-
pendix C][appendix C]Carta:2022spy.

8Note that, in the case of maximal choice, only the theories with k = 6 have central charges a = c.
9We have suppressed the parameter a since we have only one chiral operator for ` = 0.
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For ` = 0, we have one chiral operator (ϕ(a, `/r = 0) = 1) and m is any multiple of 3
ranging from 3 to 27. This provides nine parameters. For ` = 1, we have three chiral
operators (ϕ(a, `/r = 1/3) = x1, x2, x3) and m is of the form 3N + 1 with 0 ≤ N ≤ 6
giving a total of twenty-one β parameters. Finally, for ` = 2, we have three chiral operators
(ϕ(a, `/r = 2/3) = x1x2, x2x3, x1x3) andm = 2, 5 or 8 providing nine β parameters. Overall,
we reproduce the counting of thirty-nine parameters from 6d.

Let us also discuss the closely-related example with k = 3 and n = 5. In this case, the
orbifold group is Z15 and acts as

Z3 : (ω3, ω3;ω3) ; Z5 : (ω5, ω
−1
5 ; 1) . (2.19)

The only trinion SCFT we find in this example is given by a SU(5) vector multiplet gauging
three copies of D3(SU(5)):

SU(5)

D3(SU(5))

D3(SU(5)) D3(SU(5))
(2.20)

Note that this theory has a = c = 16. From (2.5), we get p = 15 and q = 4, leading to the
sequence of curves (4, 4), which become after the required blowups (6, 1, 3, 1, 6) which
corresponds to the minimal (E6, E6) conformal matter with both e6 algebras gauged. We
have a gauge group of rank 14 and 5 tensors, leading to a total of nineteen parameters. The
LG superpotential reads

WTKK = WT 2/Z3 + y15
1 + y15

2 +
∑
a

∑
`

∑
m

βa,`,mϕa,`/3(xi)ym1 y
[4m]15
2 . (2.21)

From (2.14) we find, for ` = 0, four β parameters with m = 3, 6, 9, 12. For ` = 1, we get
nine parameters with m = 2, 5, 8, and six for ` = 2, corresponding to m = 1, 4. The total
is indeed nineteen, as expected.

3 Non-invertible symmetry in the (A2, D4) theory

In this section, we discuss in detail higher-form symmetries, their mixed anomalies, as well
as the non-invertible symmetries of the (A2, D4) theory. We will see that there is a close
resemblance to those of the 4d N = 4 super Yang-Mills theory with su(2) gauge algebra,
and the arguments presented in [32, 54, 59] can also be applied to this theory.

3.1 Higher-form symmetries

As mentioned earlier, the (A2, D4) Argyres-Douglas theory can be realized by taking three
copies of the (A1, A3) = D3(SU(2)) theory, whose flavor symmetry algebra is su(2), and
then gauging the diagonal su(2) symmetry [101, 106, 107]:

su(2)

D3(SU(2))

D3(SU(2)) D3(SU(2))
(3.1)

Note that this theory has the central charges a = c = 2. The corresponding global form of
the gauge symmetry can be chosen to be SU(2), SO(3)+ or SO(3)−, giving rise to three
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variants of the (A2, D4) theory, denoted by (A2, D4)0, (A2, D4)+ and (A2, D4)−, respectively.
We will discuss the symmetries of the theory for each of these choices later. In the meantime,
let us discuss how to realize it from a higher dimensional perspective.

For completeness, let us summarize the procedure in obtaining the (A2, D4) theory
discussed in [94] and in the precedent section. We first compactify F-theory on the Calabi-
Yau 3-fold geometry (T 2×C2)/Z6. The resulting 6d N = (1, 0) theory is the minimal SCFT
on the (−6)-curve. We then compactify this 6d SCFT further on T 2

τ , where the subscript τ
denotes the complex structure of this particular T 2. Keeping the size of the torus finite,
we obtain a four dimensional KK theory TKK, described by the Landau-Ginzburg mirror
associated with (T 2 × C2)/Z6 orbifold. The superpotential for the geometric engineering
for TKK is given by [94, (5.1)]

WTKK = WT 2/Z3(τ ;x1, x2, x3) + y6
1 + y6

2 + y1y2(β1x1x2 + β2x1x3 + β3x2x3)
+ y2

1y
2
2(β4x1 + β5x2 + β6x3) + β7y

3
1y

3
2 ,

(3.2)

where the part associated with the T 2 torus10 is described by three complex variables x1,
x2 and x3 such that

WT 2/Z3(τ ;x1, x2, x3) = x3
1 + x3

2 + x3
3 + τx1x2x3 (3.3)

and the C2 part is described by two complex variables y1 and y2. Note that the complex
structure τ of the T 2

τ torus appears as a dimensionless parameter in the superpotential.
Subsequently, we go to a special point on the Coulomb branch of TKK where the (A2, D4)
theory emerges. This is done by tuning the parameters involving only y1 and y2 in order
to get a quadratic term, and this is performed in such a way that the WT 2/Z3 part is
left untouched:

W̃TKK = x3
1 + x3

2 + x3
3 + τx1x2x3 + (y3

1 + y3
2)2 , (3.4)

The singular geometry associated with the geometric engineering of the (A2, D4) theory is
obtained by setting y2 = 1 and taking w = y3

1 + 1:

x3
1 + x3

2 + x3
3 + τx1x2x3 + w2 = 0 . (3.5)

We will shortly see that the higher-form symmetry of the TKK theory is larger than that of
the (A2, D4) theory. In other words, part of the 1-form symmetry of TKK acts trivially on
the line operators of the (A2, D4) theory.

The BPS strings associated with the (−6)-curve gives rise to a Z[2]
6 2-form symmetry [113–

115]. Moreover, there is also a e6 gauge algebra associated with the (−6)-curve. The precise
gauge group can be chosen as either E6 or E6/Z3, where the former choice gives rise to a
Z[1]

3 1-form symmetry and the latter choice gives rise to a Z[3]
3 3-form symmetry (see also

10This is actually the T 2 in the mirror geometry (T 2 × C2)/Z6. It should not to be confused with T 2
τ ,

which is involved in the torus compactification of the 6d theory to TKK.
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the discussion in [120]). Note that gauging one of these symmetries leads to the other; in
other words, they are dual symmetries in 6d.11

Let us first consider the Z[2]
6 symmetry in 6d. Upon compactification on a circle to 5d,

the Z[2]
6 2-form symmetry leads to a Z[2]

6 2-form symmetry and a Z[1]
6 1-form symmetry [1].

However, as pointed out in [115, section 3.3.1], the 5d theory cannot possess both 1-form
and 2-form symmetries originating from the 2-form symmetry of the 6d theory. In other
words, one has to choose to keep either the 1-form or 2-form symmetry. In fact, gauging
one leads to the other, i.e. they are dual symmetries in 5d. For definiteness, we choose to
keep the Z[1]

6 1-form symmetry. Upon further compactification on a circle to 4d, the latter
gives rise to a Z[1]

6 1-form symmetry and a Z[0]
6 0-form symmetry.

Now let us consider the Z[1]
3 symmetry in 6d. Upon compactification on a circle

to 5d, this leads to a 1-form Z[1]
3 symmetry and a 0-form Z[0]

3 symmetry. Upon further
compactification on a circle to 4d, the Z[1]

3 symmetry gives rise to a Z[1]
3 1-form symmetry and

a Z[0]
3 0-form symmetry, whereas the 0-form Z[0]

3 symmetry remains the same. In summary,
we have a Z[1]

3 ×
(
Z[0]

3

)2
symmetry in 4d, originating from the Z[1]

3 symmetry in 6d.

On the other hand, suppose that we consider the Z[3]
3 symmetry in 6d, using the

same arguments as before. Upon compactifying on a torus to 4d, we would have a
Z[3]

3 × Z[2]
3 × Z[2]

3 × Z[1]
3 . Since, if gauged, Z[3]

3 would not be dynamical in 4d, the dynamical
symmetries are Z[1]

3 ×
(
Z[0]

3

)2
, as mentioned in the previous paragraph, where we have

dualized Z[2]
3 to Z[0]

3 in 4d.
Let us turn back to the (A2, D4) theory. According to [100, 101], this theory has a

Z[1]
2 1-form symmetry. Since Z2 is not a subgroup of Z3, it is clear that this Z[1]

2 must be a
subgroup of the Z[1]

6 1-form symmetry, which originates from the Z[2]
6 2-form symmetry in

6d. The other Z3 symmetries as well as the Z[1]
3 commutant of Z[1]

2 in Z[1]
6 act trivially on

the (A2, D4) theory. In other words, by going to a special point of the Coulomb branch of
TKK where the (A2, D4) theory emerges, only the Z[1]

2 1-form symmetry subgroup of Z[1]
6 of

the former acts non-trivially on the line operators of (A2, D4).
We would like to end this subsection with a brief comment. The fact that the 1-form

symmetry of (A2, D4) is smaller than the 1-form symmetry of the mother KK theory is
a manifestation of a phenomenon that seems to be very generic for AD theories. Such a
decrease in the 1-form symmetry often happens when the AD theory is realized at a specific
point in the (extended) Coulomb branch of some asymptotically free theory. For example,
it even happens for the most basic AD theory, H0 = (A1, A2) (which has a trivial 1-form
symmetry) when compared to the asymptotically free pure SU(3) gauge theory (which has
a Z3 1-form symmetry) in which we can embed the H0 theory.

3.2 SL(2,Z) Transformations and non-invertible defects of (A2, D4)

Let us mention some properties of the (A2, D4) theory. Recall that the three variants
of the (A2, D4) theory, namely (A2, D4)0, (A2, D4)+ and (A2, D4)−, can be realized from

11In general, gauging a Z[p]
N p-form symmetry in d spacetime dimensions leads to a dual Z[d−p−2]

N (d−p−2)-
form symmetry.
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gauging the diagonal SU(2) or SO(3)+ or SO(3)− flavor symmetry of three copies of the
D3(SU(2)) theory [101, 106, 107]. Each of these variants has a Z[1]

2 1-form symmetry, and
the N = 2 preserving conformal manifold is one complex dimensional [121], where the
parametrization can be taken as the holomorphic coupling of the corresponding gauge group.
This can indeed be identified as τ , the complex structure of the T 2

τ torus, that appears also
in (3.5). Note that, on the other hand, D3(SU(2)) = (A1, A3) does not have a conformal
manifold [116] and does not have a 1-form symmetry [100, 101].

As pointed out in [94, section 5.1], even though direct compactification of the 6d
theory on T 2

τ leads to TKK, the parameter τ of the conformal manifold and the SL(2,Z)
transformation that acts on τ (as well as the local and extended operators) of the (A2, D4)
theory are inherited directly from the complex structure and mapping class group of the
torus T 2

τ respectively.12 This is a consequence of the fact that, in tuning the parameters in
TKK to reach the (A2, D4) superconformal point, the parameter τ is left untouched.

At this point, we observe that the (A2, D4)0, (A2, D4)+ and (A2, D4)− theories can be
analyzed in the same way as the 4d N = 4 SYM with gauge groups SU(2), SO(3)+ and
SO(3)− respectively. In the subsequent analysis, we follow closely the arguments given
by [54] (see also [32, 59]). The S and T transformations in SL(2,Z) acts on the parameter τ
as τ → −1/τ and τ → τ + 1, respectively. Let B be a 2-form background gauge field of the
Z[1]

2 1-form symmetry. In the same way as in [1, 32, 54, 59, 123] (which generalized [124]),
we introduce topological manipulations S and T as follows: let S to be gauging of the Z[1]

2
1-form symmetry, and T to be stacking an invertible field theory

exp
(1

2πi
∫
P(B)

)
, (3.6)

where P(B) is the Pontryagin square of B. In fact, (3.6) can be viewed as the counterterm
resulting from the T action which shifts the theta angle θ → θ + 2π. In fact, S and T
generates the SL(2,Z2) symmetry; they satisfy the relations S2 = (ST )3 = 1. Following [54],
we add an extra subscript m taking a mod 2 value to (A2, D4)x (with x = 0,+,−) in such a
way that (A2, D4)x,m means the (A2, D4)x theory without the counterterm for m = 0 mod 2
and with the counterterm form = 1 mod 2. By shifting the θ-angle by 2π while turning on the
background field B, we see that T maps (A2, D4)0,0 to (A2, D4)0,1; see [54, eqs. (2.1)-(2.2)].
Similarly, T exchanges (A2, D4)0,m with (A2, D4)0,m+1. Under the S action, we have13

Z(A2,D4)+,0 [τ,B] =
∑

b∈H2(X,Z2)
Z(A2,D4)0,0 [τ, b] exp

(
iπ

∫
bB

)
,

Z(A2,D4)−,0 [τ,B] =
∑

b∈H2(X,Z2)
Z(A2,D4)0,1 [τ, b] exp

(
iπ

∫
bB

)

=
∑

b∈H2(X,Z2)
Z(A2,D4)0,0 [τ, b] exp

(
i
π

2

∫
P(B)

)
exp

(
iπ

∫
bB

)
.

(3.7)

12The presence of the SL(2,Z) S-duality group, together with the action on the mass parameters, was
studied in the special case of the (A3, A3) theory at the level of the SW curve in [122].

13As in [54], we suppress the overall normalization of the partition function.
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As explained in [54], S2 = 1 implies that S interchanges (A2, D4)0,0 with (A2, D4)+,0, and
(A2, D4)0,1 with (A2, D4)+,1, and (ST )3 = 1 implies that we can map any (A2, D4)x,m
theory back to itself by applying (ST )3. Moreover, using the fact that the group SL(2,Z2)
commutes with SL(2,Z), we have

ST(A2, D4)0,0 = S(A2, D4)0,1 = (A2, D4)−,0 = TS(A2, D4)0,0 = T(A2, D4)+,0 , (3.8)

which means that T maps (A2, D4)+,0 to (A2, D4)−,0. Using the fact that (ST)3 = 1 together
with the fact that SL(2,Z2) commutes with SL(2,Z), we arrive to the same diagram as [54,
figure 5], namely

(A2, D4)0,1 (A2, D4)+,1 (A2, D4)−,1

(A2, D4)0,0 (A2, D4)+,0 (A2, D4)−,0

T

S T

S

TS

T
S

T
S

S

T

(3.9)

The subsequent statements, again, follow in the same way as for the 4d N = 4 SYM
with su(2) gauge algebra [54]. At τ = i, the operation SS maps the (A2, D4)0,0 theory
back to itself and is implemented by a non-invertible defect in the theory. More generally,
at τ = i, the (A2, D4)0,m and (A2, D4)+,m theories have non-invertible duality defects
T mSST −m, whereas the (A2, D4)−,m theories have invertible defects T mT ST −m. The
presence of T in the latter even for the case of m = 0 indicates that there is a mixed
anomaly between S and the Z[1]

2 1-form symmetry in the (A2, D4)−,m theory at τ = i. On
the other hand, at τ = e2πi/3, the (A2, D4)0,m and (A2, D4)−,m theories have non-invertible
triality defects T mST STT −m, whereas the (A2, D4)+,m theories have non-invertible triality
defects T mT SSTT −m.

3.3 Anomalies involving the Z[1]
6 1-form symmetry of the KK theory

From (3.2), we see that the parameter τ enters the superpotential via the term WT 2/Z3 and
that tuning the parameters in TKK to reach the (A2, D4) SCFT does not affect the term
WT 2/Z3 in any way. We can therefore restrict ourselves to a one dimensional submanifold
of the parameter space parametrized by τ , on which the SL(2,Z) group acts in a usual way.
We can also focus on τ = i, which is the fixed point of the S transformation of SL(2,Z). For
simplicity, let us choose the configuration of the 6d theory in such a way that TKK contains
the (A2, D4)−,0 theory as a SCFT point on the Coulomb branch. At this point, it makes
sense to ask whether there is a mixed anomaly between S and the Z[1]

6 1-form symmetry.
Unfortunately, we do not know an explicit description of the KK theory, and so we

cannot produce an answer to this question in a direct way. Nevertheless, we have seen
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that there is a mixed anomaly between S and a Z[1]
2 subgroup of the Z[1]

6 symmetry in the
(A2, D4)−,0 theory. It is therefore expected that the answer to the precedent question is
positive. More generally, we will show the following statement holds:14

Claim 1. If a Z[1]
N 1-form symmetry has a mixed anomaly with a Z[0]

2 0-form
symmetry, then a Z[1]

n subgroup of Z[1]
N (i.e. n divides N) has a mixed anomaly

with the Z[0]
2 0-form symmetry if n2 does not divide N .

This result is analogous to that presented in [125, (2.31)]. We will provide an argument
to justify Claim 1 for general N and n below. For the problem at hand, we have N = 6,
n = 2, and S being identified with the Z[0]

2 0-form symmetry. Therefore, we find that the
presence of a mixed anomaly between S and the Z[1]

6 1-form symmetry in the KK theory is
consistent with the fact that there is a mixed anomaly between S and the Z[1]

2 subgroup of
the Z[1]

6 1-form symmetry in the (A2, D4)−,0 theory.
Let us point out that our current problem is very similar to that of the 4d SYM theory

with gauge group (SU(36)/Z6)0, where the subscript 0 denotes the discrete theta angle.
This theory has a Z[1]

6 electric 1-form symmetry and a Z[1]
6 magnetic 1-form symmetry.

Moreover, it is easy to see that the set of the charges of line operators [126, (2.8)]

{(ze, zm)|(ze, zm) = (6e, 6m) mod 36 , e ∈ Z, m ∈ Z} (3.10)

is invariant under the S action that maps (ze, zm) to (zm,−ze), and is also invariant under
the T action that shifts the continuous theta angle by 2π [126, (2.9)], which maps (ze, zm)
to (ze + zm, zm). To put it another way, the global form (SU(36)/Z6)0 is invariant under S
and T up to stacking invertible phases. It follows that the self-duality defect at τ = i is
invertible; in other words, the Z[0]

2 0-form symmetry associated with S has a mixed anomaly
with a Z[1]

6 subgroup of the Z[1]
6 × Z[1]

6 1-form symmetry.15 It was argued in [44, section 5.2]
that, for the (SU(36)/Z6)0 SYM, the Z[1]

2 subgroup of the Z[1]
6 subgroup of the 1-form

symmetry also has a mixed anomaly with the S symmetry. This is indeed consistent with
Claim 1, since 22 = 4 does not divide 6.

Justification of Claim 1. Let us now justify Claim 1 using background fields. Let A1
be a 1-form background field for the Z[0]

2 0-form symmetry, which is S in our problem, and
let B2 be a 2-form background field for the Z[1]

N 1-form symmetry.16 We will assume that
14We emphasize that this statement is not in contradiction with the proposition of [44, section 5.2], namely

there is a mixed anomaly between the Z[0]
2 0-form symmetry associated with S at τ = i and the Z[1]

2 subgroup
of the Z[1]

2n × Z[1]
2n 1-form symmetry of the 4d N = 4 SYM with gauge group SU(4n2)/Z2n. We will elucidate

this point for n = 3 below.
15Note that this is completely analogous to the discussion of the N = 4 SYM with gauge group

(SU(4)/Z2)+ ∼= SO(6)+, whose 1-form symmetry is Z[1]
2 × Z[1]

2 . This theory resides in its own SL(2,Z) orbit
(see [126, figures 4 and 6]), and is therefore invariant under S and T up to stacking invertible phases. As
argued in [54], at τ = i, the self-duality defect is invertible, implying the mixed anomaly between S and a
Z[1]

2 subgroup of the 1-form symmetry. It is also argued in [54] that the non-invertible defects of the other
variants of the so(6) gauge theory can all be related to the invertible defects of SO(6)+ by gauging Z[1]

2
subgroup of its 1-form symmetry.

16Here the subscripts denote the form degrees.
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N is even. The mixed anomaly between Z[0]
2 and Z[1]

N is characterized by the 5d anomaly
theory whose action is given by [32, (C1)],17 [44, (2.1)]:18

S = 2πp
N

∫
M5
A1 ∧

P(B2)
2 −→ pN

2π2

∫
M5

A1 ∧B2 ∧B2 , (3.11)

where p is an integer. On the right of the arrow, we proceeded as in [125, (E.1) and (E.2)]
and [60, Footnote 8] (see also [43, (A.6)]). In particular, we treat B2 as a flat U(1) 2-form
gauge field whose holonomy is restricted to be 2π/N times an integer; this practically makes
it a Z[1]

N gauge field, i.e. B2 → 2π
N B2. Similarly, A1 is treated as a flat U(1) 1-form gauge

field whose holonomy is restricted to be 2π/2 times an integer; this makes it effectively a
Z[0]

2 gauge field, i.e. A1 → 2π
2 A1. We did not write explicitly the Lagrange multipliers that

impose these restrictions.
To gauge a Z[1]

n subgroup of the Z[1]
N 1-form symmetry, we add a Lagrange multiplier

C2, which is a 2-form dynamical gauge field, to the above action in the following way:

S′ = pN

2π2

∫
M5

A1 ∧B2 ∧B2 + n

2π

∫
M5

B2 ∧ dC2 . (3.12)

Using the equation of motion of C2, we have

nB2 = d`1 , or B2 = 1
n
d`1 , (3.13)

where `1 is a dynamical U(1) 1-form gauge field. Using the equation of motion of B2, we
have

0 = pN

π2 (A1 ∧B2) + n

2πdC2 (3.14)

Therefore,
n

2πB2 ∧ dC2 = −pN
π2 A1 ∧B2 ∧B2 . (3.15)

Substituting (3.13) and (3.15) in the action (3.12), we obtain

S′ = pN

2π2

∫
M5

A1 ∧B2 ∧B2 −
pN

π2

∫
M5

A1 ∧B2 ∧B2

= − pN2π2

∫
M5

A1 ∧B2 ∧B2

= −pN
n2

1
4π2

∫
M5

d`0 ∧ d`1 ∧ d`1 .

(3.16)

where in the last line we have used (3.13) and written A1 = 1
2d`0 such that `0 is a dynamical

U(1) 0-form gauge field, where the factor 1/2 is there to make the holonomy of the A1
gauge field 2π/2 times an integer.

Recall that the 5d U(1) Chern-Simons term is c
24π2a ∧ da ∧ da, where gauge invariance

restricts the coefficients c to take values in 6Z on a generic five-manifold (see [127] and [128,
17In [32, (C1)], p was chosen to be p = N/GCD(2, N).
18These anomalies have been computed also in earlier works, e.g. in [27].
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(2.5)]). As a consequence, under gauge transformation a→ a+dλ, the integral 1
4π2

∫
M5

dλ∧
da ∧ da must be an integer multiple of 2π. Therefore, regardless of the value of p, we see
that if N

n2 is an integer, then (3.16) is an integer multiple of 2π, i.e. the anomaly action (3.16)
is trivial for integral values of N

n2 . On the other hand, if N
n2 is not an integer, then there

exists a p such that GCD(p, n) = 1 rendering action (3.16) not a multiple of 2π; in other
words, there is a mixed anomaly between a Z[1]

n subgroup of the Z[1]
N 1-form symmetry and

the Z[0]
2 0-form symmetry corresponding to S at τ = i.

4 Generalization

Having discussed in detail the properties of the (A2, D4) theory, we now examine other
theories in (2.9) and (2.10). We will see that the resemblance of the (A2, D4) theory and the
N = 4 SYM with su(2) gauge algebra is a special case of the general feature of theories with
a = c. We will also generalize our argument to theories a 6= c whose conformal manifolds
generically have dimension larger than one. We point out that if we restrict ourselves to an
appropriate one dimensional submanifold of the latter, we recover the observed resemblance
to N = 4 SYM again. We first study the models which have a class S realization and draw
a general lesson from them.

4.1 Lessons from S-duality of trinion and class S theories

In this section, we will check that trinion theories we have studied so far indeed have a
SL(2,Z) S-duality and how it affects the global form of the gauge group using class S
technology. We will limit ourselves to the case k = 4 in (2.9) and (2.10), where we have
a SU(N) vector multiplet gauging four copies of D2(SU(N)) since this system is known
to have a class S description involving regular punctures only. We believe the statements
which follow apply to other values of k as well, even though we do not have an explicit
derivation other than the construction from 6d we have discussed above.

When n is coprime with 4 (in other words n is odd), we can have either a SU(N = 2n)
gauge group at the center, which corresponds to the maximal choice, or a SU(n) gauge
group at the center. The latter has a = c and behaves like N = 4 SYM with the same
gauge group, whereas the former has a 6= c and the 1-form symmetry is a proper subgroup
of the center. On the other hand, the case SU(N) with N a multiple of 4 is recovered by
taking n to be a multiple of 4, so corresponds to the T 2 compactification of non-minimal
(SO(8), SO(8)) conformal matter rather than a non-Higgsable theory. We would now like to
understand how S-duality acts in these theories.

We can now notice that the 4d SCFTs described above have a class S realization with
regular punctures only: the case N = 2m + 1 odd involves four identical A2m twisted
punctures on the sphere, whereas for N even we have eight punctures on the sphere, four
twisted and four untwisted of type AN−1. Let us start from the case N odd, which is
simpler to analyze, and then proceed to the case of N even.

N odd. Twisted A2m trinions were studied in [129] where it was observed that there is
one trinion describing two decoupled copies of D2(SU(2m+ 1)). This involves two minimal
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twisted punctures (which carry no global symmetry) and a full untwisted puncture whose
global symmetry is the diagonal combination of the global symmetry of the two decoupled
SCFTs; see [129, (6.4)]. In order to construct the theory we are interested in, we just need
to glue together two such trinion obtaining a sphere with 4 twisted minimal punctures:

q

0

∞

1

(4.1)

As is well known, modulo reparametrizations of the sphere, we can set three punctures
to be at z = 0, z = 1 and z = ∞. The position of the fourth cannot be constrained and
parametrizes the conformal manifold (the parameter q can be thought of as a function of
the coupling τ we have introduced before). Let us now look at possible degeneration limits.
When q tends to zero, we have the weak-coupling limit, in which the two glued trinions
disconnect and each one contains a pair of twisted punctures. When q tends to either one
or infinity, we find a degeneration limit, in which the two twist lines run along the tube. At
this stage we can simply let them collide and reduce to the previous situation since their
fusion leads to a trivial twist line. We display this for the case q →∞ in (4.2):

1

0

∞

q

1

0

∞

q

1

0

∞

q

(4.2)

We therefore see that all the degeneration limits are equivalent as in the case of four
identical untwisted punctures. In that case it is known that the S-duality group of the
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theory is SL(2,Z), in perfect agreement with our expectations. We are also in the position
to understand the action of the S transformation on the global structure of the gauge group.
As was discussed in [130], the defect group of our theory is Z2

N and is generated by surface
operators of the 6d SCFT wrapping a nontrivial cycle on the Riemann surface. The relevant
cycles are those looping around one of the cuts, say the one connecting the punctures at
z = 0, q, and the one going from one cut to the other and then back, i.e.

1

0

∞

q

(4.3)

It is easy to see that under the rearrangement of the twist lines we considered in (4.2)
these two cycles get interchanged and as a result electric and magnetic 1-form symmetries
get interchanged as well. Therefore if we start from a theory with SU(N) gauge group
(upon properly choosing the maximal subgroup of mutually local line operators) and Z[1]

N

electric 1-form symmetry which becomes weakly coupled as q → 0, when we send q →∞
and rearrange the twist lines we find a new weakly-coupled description. This will have a
Z[1]
N magnetic 1-form symmetry and the gauge group is now SU(N)/ZN . This reproduces

the structure of N = 4 SYM with su(N) gauge algebra.

N even. Let us now consider the case N = 2m even. Now, our trinion theory is
Lagrangian and has a five dimensional conformal manifold. This model has a class S
realization in twisted A2m−1 involving a sphere with 4 minimal untwisted and 4 minimal
twisted punctures [131]:

q

0

1

∞

(4.4)

We can now proceed as in the previous case and rearrange the twist lines as we go from
one degeneration limit to another since they are not affected by the presence of untwisted
punctures. The only caveat is that with this procedure we always land on equivalent cusps
provided that we move the untwisted punctures accordingly, in such a way that in the
degeneration limit we end up with two spheres, each with two twisted and two untwisted
punctures. This clearly illustrates the following fact: the SL(2,Z) duality group we consider
refers to a one dimensional submanifold of the conformal manifold. Only all cusps inside
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this special submanifold are equivalent. Said differently, the actual duality group of the
theory is larger, our SL(2,Z) is a proper subgroup and its action maps the submanifold
parametrized by q to itself. We stress that we are not claiming that all the cusps in the full
conformal manifold are equivalent, which is actually known not to be true.19

According to [130] the defect group of (4.4) is Z2
m and therefore if we start from a

SU(2m) gauge group in the center with electric Z[1]
m 1-form symmetry we end up, after

rearranging the cuts, with a SU(2m)/Zm gauge group and magnetic Z[1]
m 1-form symmetry.

This is how the S transformation acts on the global structure of the gauge group. This is
equivalent to the action of S-duality for N = 4 SYM with su(m) gauge algebra.

We conclude by noticing that, although the action of S-duality in the examples we
have studied depends only on the charge of the matter sector under the center of the gauge
group, this is not true in general. For example, a trinion theory with a SU(4) gauge group
at the center behaves like N = 4 SU(2) SYM whereas SU(4) SYM with one hypermultiplet
in the rank-2 symmetric representation and one in the rank-2 antisymmetric representation
has a different S-duality group. As studied in [131], the latter model corresponds in class
S of type A3 to a torus with one untwisted puncture and a closed twist line. After a
S-duality transformation the twist line ends up looping around the other cycle of the torus
and as a result we get a USp(4) vector multiplet coupled to the E6 Minahan-Nemeschansky
theory [132]. This cusp in the conformal manifold is clearly different from the one at which
the SU(4) group becomes weakly-coupled.

4.2 Theories in (2.9) and (2.10)

We now examine the non-invertible symmetries in general theories (2.9) and (2.10). It is
convenient to discuss two separate cases, namely theories with central charges a = c and
those with a 6= c.

Theories with a = c. The theories with a = c are those listed in (2.10) with the
following conditions (see also [117–119]):

1. those with k = 3 and GCD(n, 3) = 1,

2. those with k = 6 and GCD(n, 6) = 1, and

3. the non-maximal choices discussed around (2.16), where the central gauge group is
SU(n′) such that n′ is coprime with all the pi’s labelling the Dpi(SU(n′)) sectors.

Each of these theories has a one dimensional conformal manifold parametrized by τ , which
can be viewed as the complex structure of the torus associated with compactification from
6d as well as the holomorphic coupling of the central gauge group. The 1-form symmetry
in each case is Z[1]

n , Z[1]
2n and Z[1]

n′ , respectively. The action of the SL(2,Z) duality group on
τ , as well as the topological manipulations involving gauging of 1-form symmetries and
stacking invertible phases are the same as for the 4d N = 4 SYM with su(n), su(2n) and
su(n′) gauge algebras, respectively [32, 54, 59]. For appropriate values of n and n′, there
can be non-invertible duality and triality defects, as for the N = 4 SYM.

19For instance, the dualities for trinion theories studied in [107] provide plenty of counterexamples.
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Theories with a 6= c. Theories with a 6= c are

1. those in (2.10) with k = 2M even, k 6= 6, and the central gauge group being SU(2n)
such that GCD(n, k) = GCD(n, 2M) = 1, and

2. those with the Lagrangian descriptions in (2.9).

In general, the dimension of the conformal manifolds of these theories is larger than 1. We
restrict ourselves to a one dimensional submanifold of the conformal manifold parametrized
by τ , corresponding to the holomorphic gauge coupling of the central node. The SL(2,Z)
proper subgroup of the S-duality group acts on τ in a usual way. Let us work with an
appropriate value of n such that there is a global form of the central gauge group that is
invariant under an element of SL(2,Z). For simplicity, we take it to be S. Focusing on
τ = i, we then obtain a 0-form symmetry of the theory.

For theories in Class 1, each of them has a Z[1]
n 1-form symmetry, whereas the 2-form

symmetry of the corresponding parent 6d theory is Z[2]
2Mn

∼= Z[2]
2M × Z[2]

n . As argued earlier,
the KK theory also has a Z[2]

2Mn 1-form symmetry, where only the Z[1]
n subgroup acts

non-trivially on the line operators of the corresponding SCFT. We can then proceed as
discussed around Claim 1. If the Z[1]

2Mn 1-form symmetry of the KK theory has a mixed
anomaly with the 0-form symmetry S and n2 does not divide 2Mn, it follows that the Z[1]

n

subgroup of the Z[1]
2M × Z[1]

n 1-form symmetry also has a mixed anomaly with the S 0-form
symmetry. Gauging the Z[1]

n 1-form symmetry leads to the non-invertible symmetry [32].
For theories in Class 2, the situation is even simpler, since the 1-form symmetry of the

4d SCFT is the same as that of the KK theory and is equal to the 2-form symmetry of the
parent 6d theory. We can thus choose a global form of the theory such that the 1-form
symmetry has a mixed anomaly with the 0-form symmetry S, and by gauging the former
we obtain the non-invertible symmetry.

Let us consider this in an explicit example of k = 4 and n = 8r2 in (2.9). This also
admits the class S description (4.4) with m = 4r2. The original electric 1-form symmetry of
the theory as depicted in (2.9) is Z4r2 , but we can choose the global form of the gauge group
such that it becomes Z[1]

2r × Z[1]
2r , where one Z[1]

2r factor is the electric 1-form symmetry and
the other is the magnetic 1-form symmetry. Focusing on the one-dimension submanifold of
the conformal manifold parametrized by τ , we find that the property of the theory is similar
to that of the N = 4 SYM with gauge group (SU(4r2)/Z2r)0, which resides in its own
SL(2,Z) orbit. At τ = i, the S generator of SL(2,Z) gives rise to a Z[0]

2 0-form symmetry.
In the same way as argued in [44, section 5.2], there is a mixed anomaly between the 0-form
symmetry S and the Z[1]

2 subgroup of the 1-form symmetry. Gauging the latter leads to a
non-invertible duality defect in the theory in question.

5 Conclusions and outlook

In this paper, we have studied the presence of non-invertible symmetries in a certain
class of Argyres-Douglas theories. In particular, we considered AD theories obtained by
compactifying certain 6d N = (1, 0) theories on a 2-torus T 2. Such 6d theories can be
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constructed by compactifying F-theory on the orbifold (C2 × T 2)/Γ, where Γ are some
cyclic subgroups of SU(3). By tuning the parameters of the theory, one can find a 4d N = 2
SCFT on the singular orbifold points. The resulting theories are then “trinions” arising
from diagonal gauging of the su(N) flavor algebra of the Dpi(SU(N)) theories for values
of pi shown in (2.3). Various global forms of su(N) can be chosen in such a way that it is
compatible with the operators of the Dpi(SU(N)) theories. The compactification on torus
with complex structure τ gives rise to a SL(2,Z) group with S and T generators acting
on τ as τ → −1/τ and τ → τ + 1, respectively. The parameter τ is identified with the
holomorphic gauge coupling of the central gauge algebra su(N) in the trinion. The 1-form
symmetry of these 4d theories are subgroups of the 2-form symmetry of their parent 6d
theories.

For the theories with central charges a = c, the conformal manifold is one dimensional,
parametrized by τ , and the discussion is parallel to that of N = 4 SYM with gauge algebra
g = su(N). In particular, by choosing an appropriate global form of su(N), there are
non-invertible duality and triality defects in those AD theories, in analogy with the N = 4
SYM theory [28, 32, 54, 59]. We have explicitly discussed this in the example of the (A2, D4)
theory. It was observed in [117, 118] that the Schur indices for this class of theories can be
written in terms of that of N = 4 SYM theory upon rescaling of fugacities (see also the
comment in [133]). It would be nice to investigate in future work whether these connections
between the N = 2 SCFTs with a = c and the N = 4 SYM are actually related or not.

For the theories with central charges a 6= c, the dimension of the conformal manifold
is generally larger than one, and we restrict ourselves to the one dimensional subspace
parametrized by τ . In this class of theories, the center symmetry ZN of the central gauge
group SU(N) is screened by certain operators of the surrounding Dpi(SU(N)) theories, and
so the 1-form symmetry is a proper subgroup Zs of ZN . The discussion is analogous to
that of the N = 4 SYM with su(s) gauge algebra. We demonstrated this observation by
exploiting a class S realization of a subclass of these theories.

Our findings lead to a number of open questions that are worth further investigations
in the future. Let us list some of them as follows. First, it is natural to ask whether
there are non-invertible symmetries in other families of N = 2 AD theories or not. If so,
it would be nice to examine the common properties of such theories and the dynamical
consequences of the non-invertible symmetries. Secondly, since there are several known
4d N = 1 SCFTs with central charges a = c that arise from diagonally gauging the G
symmetry of some Dpi(G) theories [134, 135], it is interesting to study the presence of the
duality and triality defects in such theories. Moreover, recently, it was discovered that
some of such N = 1 theories flow to a fixed point on the N = 1 preserving conformal
manifold of N = 4 SYM [135]. This could be a signal for the non-invertible symmetry in
the aforementioned class of theories.
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A 1-form symmetries for trinion theories from 6d

In this appendix, we discuss the 1-form symmetries for theories in (2.10). In order to do so,
it is important to understand how operators in the Dp(SU(N)) theories that appear in the
quivers transform under the center of the SU(N) gauge group, where N = n for k = 3 and
N = 2n for k = 4, 6, 8, 12. Since in general Dp(SU(N)) theories do not admit a 4d N = 2
Lagrangian description, it is convenient to exploit the fact that upon compactification
to 3d the resulting theories can be described in terms of 3d N = 4 gauge theories [116,
eqs. (5.10)-(5.11)]. We also rely on the observation that the Higgs branch of the original 4d
theory coincides with that of the corresponding 3d theory upon compactification.

Using the notation introduced in [116, (5.1)], we define

x =
⌊
N

p

⌋
, M = N − (x+ 1) , m = GCD(p,N) , n = N

m
, q = p

m
, (A.1)

and we obtain the following quivers for 3d reduction of Dp(SU(N)) theories involved in (2.10)
(see [116, eqs. (5.10)-(5.11)])

(D2(SU(2n)))3d : [2n]− SU(n) , (A.2a)

(D3(SU(N)))3d : [N ]−U(M)−U(x) , (A.2b)

(D4(SU(2n)))3d : [2n]−U(M)− SU(n)−U(x) , (A.2c)

(D6(SU(2n)))3d : [2n]−U(M)−U(n+ x)− SU(n)−U(n− x− 1)−U(x) . (A.2d)

The Higgs branch of each of these Dp(SU(N)) theories contains the meson (moment map)
transforming in the adjoint representation of the flavor symmetry algebra su(N). In addition,
when there is a SU(n) gauge group present in the quiver, there are also baryonic operators in
the rank-n antisymmetric representation ∧n of the flavor symmetry algebra su(2n). These
can be constructed using the chiral fields in the hypermultiplets between [2n] and SU(n)
where the SU(n) gauge indices are contracted with the Levi-Civita tensor.20

When the SU(N) symmetries of these Dp(SU(N)) theories are diagonally gauged as
in (2.10), we have to check whether the Wilson lines in the representations charged under
the ZN center of the gauge group SU(N) may be screened or not by the Higgs branch
operators. The mesons of course do not screen these Wilson lines. However, for N = 2n,
the baryons in the representation ∧n of su(2n) can screen them modulo n, and therefore
the 1-form symmetry of the theory is reduced to Zn. Note that the Dp(SU(N)) theory

20For eqs. (A.2c) and (A.2d) we can notice that it is not possible to build more baryonic-like operators using
the bifundamental fields on the right-hand side of SU(n) since there is no way to make them gauge invariant.
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does not have a 1-form symmetry [102] (see also [100, 101, 136]) and so there is no extra
contribution to the 1-form symmetry of the star-shaped quivers (2.10).

In conclusion, we have the following results for (2.10):

• There is no baryon in the D3(SU(N)) theory and so the 1-form symmetry for the
k = 3 case is Zn, while for k = 6 it is Z2n.

• For k = 4, the center of the SU(2n) central gauge node is Z2n, but due to the
screening effect of the baryons in the D2(SU(2n)) theory, it reduces to Zn. By the
same argument, this is also the case for k = 8 and k = 12.

Equivalently, one can simply notice from (A.2a)–(A.2d) that the star-shaped quivers
obtained upon compactification of (2.10) to 3d contain only bifundamental matter, unitary
gauge groups and special unitary groups with rank n − 1 and 2n − 1. As a result, the
diagonal Zn subgroup of the center of the gauge groups does not act on any matter fields,
leading to the conclusion that the 1-form symmetry is always at least Zn and enhances to
Z2n whenever we do not have any SU(n) gauge nodes. This happens only for k = 6.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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