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Abstract: We recently proved that, when integrating out the spacetime dependence with
a certain integration measure, four-point correlators 〈O2O2O(i)

p O(j)
p 〉 in N = 4 supersym-

metric Yang-Mills theory with SU(N) gauge group are governed by a universal Laplace-
difference equation. Here O(i)

p is a superconformal primary with charge p and degeneracy i.
These physical observables, called integrated correlators, are modular-invariant functions
of Yang-Mills coupling τ . The Laplace-difference equation is a recursion relation that re-
lates integrated correlators of operators with different charges. In this paper, we introduce
the generating functions for these integrated correlators that sum over the charge. By
utilising the Laplace-difference equation, we determine the generating functions for all the
integrated correlators, in terms of the initial data of the recursion relation. We show that
the transseries of the integrated correlators in the large-p (i.e. large-charge) expansion for
a fixed N consists of three parts: 1) is independent of τ , which behaves as a power series
in 1/p, plus an additional log(p) term when i = j; 2) is a power series in 1/p, with coeffi-
cients given by a sum of the non-holomorphic Eisenstein series; 3) is a sum of exponentially
decayed modular functions in the large-p limit, which can be viewed as a generalisation
of the non-holomorphic Eisenstein series. When i = j, there is an additional modular
function of τ that is independent of p and is fully determined in terms of the integrated
correlator with p = 2. The Laplace-difference equation was obtained with a reorganisation
of the operators that means the large-charge limit is taken in a particular way here. From
these SL(2,Z)-invariant results, we also determine the generalised ’t Hooft genus expansion
and the associated large-p non-perturbative corrections of the integrated correlators by in-
troducing λ = p g2

YM
. The generating functions have subtle differences between even and

odd N , which have important consequences in the large-charge expansion and resurgence

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP07(2023)129

mailto:a.a.x.brown@qmul.ac.uk
mailto:c.wen@qmul.ac.uk
mailto:h.xie@se21.qmul.ac.uk
https://doi.org/10.1007/JHEP07(2023)129


J
H
E
P
0
7
(
2
0
2
3
)
1
2
9

analysis. We also consider the generating functions of the integrated correlators for some
fixed p by summing over N , and we study their large-N behaviour, as well as comment on
the similarities and differences between the large-p expansion and the large-N expansion.

Keywords: 1/N Expansion, AdS-CFT Correspondence, Nonperturbative Effects, Super-
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1 Introduction

It was proposed in [1–3] and recently proved in [4] that the four-point correlation function of
superconformal primary operators of the stress tensor multiplet in N = 4 supersymmetric
Yang-Mills (SYM) theory, once the spacetime dependence has been integrated out with
a certain measure, can be expressed in a lattice sum. These observables are often called
integrated correlators.1 For example, in the case of the SU(N) gauge group, the integrated
correlator can be expressed as [1, 2]

CN (τ, τ̄) =
∑

(m,n)∈Z2

∫ ∞
0

e−tYm,n(τ,τ̄)BN (t)dt , (1.1)

where the coupling τ dependence only appears through the quantity Ym,n(τ, τ̄), which is
defined as

Ym,n(τ, τ̄) := π
|m+ nτ |2

τ2
, with τ = τ1 + iτ2 = θ

2π + i
4π
g2
YM

, (1.2)

and BN (t) is a rational function that encodes all the dynamics of the integrated correla-
tor. In [4], the generating function that sums over the N dependence for the integrated
correlator CN (τ, τ̄) was introduced, and takes the following form,

C(z; τ, τ̄) =
∞∑
N=2
CN (τ, τ̄) zN =

∑
(m,n)∈Z2

∫ ∞
0

e−tYm,n(τ,τ̄)B(z; t) dt , (1.3)

where B(z; t) =
∑
N BN (t)zN and its explicit expression is given in (3.21). We see that all

the non-trivial information about the integrated correlator for any N is contained in a sim-
ple function B(z; t). Analogous expressions can be found in [4, 11] for other classical gauge
groups, built on earlier results [12]. These expressions make manifest the Montonen-Olive
duality [13], as well as its generalisation, the Goddard-Nuyts-Olive (GNO) duality [14].

In this paper we generalise the lattice-sum representation (1.1) and the generating
function (1.3) to integrated correlators that are associated with four-point functions of
the form 〈O2O2O(i)

p O(j)
p 〉, where the operator Op is a superconformal primary of charge

(or dimension) p. There are multiple operators which have the same dimension p (when
p > 3), and the index i is to distinguish such degeneracy. When p = 2, it reduces to
the integrated correlator CN (τ, τ̄) that we discussed above. Because the operators O(i)

p are
the bottom component of supersymmetry transformation, they are not charged under the
bonus U(1)Y symmetry [15, 16]. This means that these more general integrated correlators
are also SL(2,Z) modular invariant due to Montonen-Olive duality of N = 4 SYM. These
integrated correlators were recently studied in [17], following the earlier work [5]. In [17],
the SL(2,Z) spectral decomposition analysis was applied to these integrated correlators
that generalises the earlier work of [18]. It was assumed in [17] that only the continuous

1The integrated correlator can be related to the partition function of N = 2∗ SYM on S4 [5], which can
computed using supersymmetric localisation [6]. See also [7–10] on other aspects of the integrated correlator
especially its connections with the four-point amplitude in the type IIB superstring theory on AdS5×S5.
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spectrum (i.e. non-holomorphic Eisenstein series) contributes to these integrated correla-
tors.2 This is the same property that was used in [18] for the integrated correlator CN (τ, τ̄).
This proposal was verified by explicit perturbative and non-perturbative instanton compu-
tations [17]. However, as already pointed out in [3, 18] for CN (τ, τ̄), this particular form of
the SL(2,Z) spectral decomposition (i.e. only non-holomorphic Eisenstein series contribute)
is mathematically equivalent to the lattice-sum representation in (1.1). We will therefore
assume that these more general integrated correlators associated with 〈O2O2O(i)

p O(j)
p 〉 also

have a lattice-sum representation, analogous to (1.1).
As we showed recently in [19], instead of simply organising the operators according to

their charges (or equivalently dimensions), it is vital to reorganise operators into different
towers and subtowers. We define the operators as

O(i)
p|M = (O2)pO(i)

0|M , (1.4)

where the operator O(i)
0|M can be defined recursively as given in (2.7). The operator O(i)

0|M

has charge M , so the total charge of O(i)
p|M is 2p + M . We denote O(i)

p|M with any p as an
operator in the i-th subtower of the M -th tower. By this construction, two operators will
have a vanishing two-point function on S4, where the localisation computation is performed,
unless they have the same M and i (i.e. they are in the same subtower of a given tower).
The integrated correlators C(M,M ′|i,i′)

N,p (τ, τ̄) that we will consider are associated with the
four-point correlation functions of the following form,

〈O2O2O(i)
p|M O

(i′)
p′|M ′〉 . (1.5)

We have removed the explicit dependence on p′ because of the relation 2p+M = 2p′+M ′.
This is because the four-point correlation functions are non-trivial only when the two
higher-dimensional operators have the same dimension (see e.g. [20–22]). For the special
case of M = M ′ = 0 and p = 1, C(M,M ′|i,i′)

N,p (τ, τ̄) reduces to CN (τ, τ̄) as given in (1.1).
Furthermore, for the integrated correlators C(M,M ′|i,i′)

N,p (τ, τ̄) to obey a universal Laplace-
difference equation, it is critical to normalise them properly [19],

C(M,M ′|i,i′)
N,p (τ, τ̄) =

R̃
(M,M ′|i,i′)
N,p

4 Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) , (1.6)

where the normalisation factor R̃(M,M ′|i,i′)
N,p (given in (2.21)) is independent of coupling

τ . The quantity Ĉ(M,M ′|i,i′)
N,p (τ, τ̄), which in general is a highly non-trivial modular func-

tion of (τ, τ̄), will be the main focus of the paper. In this paper, we will simply refer to
Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) as the integrated correlator. It was shown in [19] that the integrated cor-

relators Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) obey a universal Laplace-difference equation on the τ plane, that

relates integrated correlators with different charges p. In this paper, we will generalise the
lattice-sum representation (1.1) for Ĉ(M,M ′|i,i′)

N,p (τ, τ̄), and propose the same representation

2In general a SL(2,Z)-invariant quantity can be decomposed into the continuous spectrum of non-
holomorphic Eisenstein series and discrete spectrum of Maass cusp forms.
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for these more general integrated correlators,

Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) =

∑
(m,n)∈Z2

∫ ∞
0

e−tYm,n(τ,τ̄)B̂
(M,M ′|i,i′)
N,p (t) dt . (1.7)

Once again, all the non-trivial information of the integrated correlators is encoded in the
rational functions B̂(M,M ′|i,i′)

N,p (t). We will mostly be interested in the integrated correlators
for a fixed N but arbitrary p. Following the ideas of [4], it is very convenient to further
introduce generating functions by summing over the charge p dependencies,3

Ĉ(M,M ′|i,i′)
N (w; τ, τ̄) =

∑
p

Ĉ(M,M ′|i,i′)
N,p (τ, τ̄)wp =

∑
(m,n)∈Z2

∫ ∞
0

e−tYm,n(τ,τ̄)B̂
(M,M ′|i,i′)
N (w; t) dt ,

(1.8)
where B̂(M,M ′|i,i′)

N (w; t) =
∑
p B̂

(M,M ′|i,i′)
N,p (t)wp. We will determine the generating functions,

and use them to study the properties of the integrated correlators, especially in the large-
charge limit. The Laplace-difference equation that is satisfied by the integrated correlators
becomes a differential equation for B̂(M,M ′|i,i′)

N (w; t). We will determine the generating
functions by solving the differential equation, and the generating functions will enable us
to study the charge dependence of the integrated correlators in a straightforward manner.

We will be particularly interested in the large-charge (i.e. large-p) limit of the inte-
grated correlators. Understanding the behaviour of quantum field theories at the large
global charge limit has been of great interest [23–28] (see [29] for a recent review). Particu-
larly related to our study, the large-charge limit has been studied in the context of extremal
correlators in N = 2 supersymmetric theories, which can also be computed using supersym-
metric localisation, see e.g. [30–38]. We find that, for the integrated correlators in N = 4
SYM that are considered in this paper, the large-p expansion takes a universal form, sum-
marised in (4.32), and contains three parts. The first part is independent of τ . It behaves
as log(p) plus a power series in 1/p when M = M ′, i = i′ (i.e. when two higher-dimensional
operators are the same), otherwise we only have a power series in 1/p. The second part is a
power series in 1/p, with coefficients given by a sum of the non-holomorphic Eisenstein series
with half-integer indices. Finally, the third part is a sum of exponentially decayed modular
functions in the large-p limit. These modular functions can be viewed as a generalisation
of the non-holomorphic Eisenstein series. When M = M ′, i = i′, there is also an additional
p-independent modular function that is completely determined in terms of CN (τ, τ̄). The
second and third parts are remarkably similar to the large-N expansion of the integrated
correlator CN (τ, τ̄) in (1.1) that was recently obtained in [4], with N and p exchanged.
However, it should be stressed that even though the large-p and large-N expansions look
similar, there are interesting and subtle differences. In particular, when N is even, the
number of non-holomorphic Eisenstein series that appear in the large-p expansion do not
grow indefinitely as we consider higher orders in the expansion. This is very different from
what has been seen in [2, 4, 8]. This fact also implies that in the generalised ’t Hooft genus

3To distinguish the resummation parameter z in summing over N as given in (1.1), we will use the
parameter w for summing over the charge p.
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expansion, at a given order in 1/p, the large-λ expansion truncates.4 These structures have
interesting consequences in understanding the connections between the power series terms
and exponentially decayed terms in the large-p limit from the point of view of resurgence.

The rest of the paper is organised as follows. Section 2 mainly summarises the results
of [19]. We will begin by briefly reviewing the definition of the integrated correlators and
their connection with the partition function of N = 2∗ SYM on S4. We will particularly em-
phasise the importance of reorganising the operators in the localisation computation of the
integrated correlators. With an important appropriate normalisation factor, the integrated
correlators obey a universal Laplace-difference equation, as proved in [19]. In section 3, we
will introduce the lattice-sum representation and generating functions for the integrated
correlators, following the ideas of [4]. We will determine the generating functions (in terms
of some initial conditions) by utilising the Laplace-difference equation, which becomes a
differential equation of the generating functions. The generating functions have interesting
differences depending on whether N is even or odd. We will further determine the sin-
gularity structures (discontinuities and poles) of the generating functions, since they are
most relevant in the study of the large-charge expansion of the integrated correlators. We
will give several explicit examples to illustrate the general structures. In section 4, we will
discuss how to obtain the large-charge expansion of the integrated correlators by utilising
the generating functions derived in the previous section. By a simple contour deformation
argument, it is easy to show that the p-dependence properties of integrated correlators are
determined by the singularities of the generating functions. We will find that the large-
charge expansion of the integrated correlators takes a universal form for any N , up to a
subtle and interesting difference depending on whether N is even or odd. This difference is
sharpened in the generalised ‘t Hooft limit, and makes connections with resurgence anal-
ysis. In section 5, we will give several non-trivial examples of the large-p expansion of the
integrated correlators. We will conclude and discuss future research directions in section 6.
The paper also includes three appendices. In appendix A, we will provide more examples
of generating functions for the integrated correlators and their singularity properties. Ap-
pendix B briefly reviews the connections between the lattice-sum representaion and the
SL(2,Z) spectral decomposition of integrated correlators. Appendix C concerns the large-
N expansion of the integrated correlators with fixed charge p, generalising the results of [4].

Note added. While we were finalising this paper, [39] appeared on arXiv, which also
studied some large-charge properties of the integrated correlators Ĉ(M,M ′|i,i′)

N,p (τ, τ̄) for the
cases with M = M ′ = 0 (the corresponding operators are called maximal-trace operators
in [39]). We found perfect agreement between our results where there are overlaps, up to
an overall factor of 4 due to different normalisations.

4In the large-p expansion, we will also consider the generalised ’t Hooft genus expansion by introducing
λ = p g2

Y M
.
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2 Integrated correlators and Laplace-difference equation

In this section, we will review the construction of [19], where the superconformal primary
operators are reorganised into different towers and subtowers, which greatly simplifies the
Gram-Schmidt procedure in the localisation computation of the integrated correlators. The
integrated correlators organised in this particular way, with some crucial normalisation
factor, were shown to obey a universal Laplace-difference equation that relates integrated
correlators with different charges.

2.1 Review of integrated correlators

The operators O(i)
p that appear in the four-point correlation functions that we will study are

half-BPS superconformal primary operators. They are in the [0, p, 0] representation of the
SU(4) R-symmetry, and have scaling dimension p, which is protected by supersymmetry.
There are in general more than one distinguishable operator for a given charge (or dimen-
sion) p, and so the superscript i denotes such degeneracy. In terms of the fundamental
scalar fields ΦI (with I = 1, · · · , 6), they take the following form:

Tp1,··· ,pn(x, Y ) = p1 · · · pn
p

Tp1(x, Y ) · · ·Tpn(x, Y ) , (2.1)

where p =
∑
pi, and each Tp(x, Y ) is a single-trace operator,

Tp(x, Y ) = 1
p
YI1 · · ·YIpTr

(
ΦI1(x) · · ·ΦIp(x)

)
, (2.2)

and YI is a null SO(6) vector that conveniently sums over the R-symmetry index I. Note
for a finite N , not all the Tp1,··· ,pn(x, Y ) are independent. For example, T4 = 1

2T2,2 when
N = 2, 3. In fact, for N = 2 the only independent operator at dimension 2p is T2,2,...,2
(with p copies of T2); they are often called maximal-trace operators. We will consider a
special class of correlators of the form 〈O2O2O(i)

p O(j)
p 〉. Because of the constraints from

superconformal symmetry, the correlators can be decomposed as [40, 41]

〈O2(x1, Y1)O2(x2, Y2)O(i)
p (x3, Y3)O(j)

p (x4, Y4)〉 = G(i,j)
free (x, Y ) + I4(x, Y )H(i,j)

N,p (U, V ; τ, τ̄) ,
(2.3)

where we separate the correlator into a free part, G(i,j)
free , which may be simply computed by

free-field Wick contractions, and a part that non-trivially depends on the dynamics of the
theory. For the dynamic part, one can further factor out all the R-symmetry dependence,
denoted as I4(x, Y ) in (2.3). The factor I4(x, Y ) is completely fixed by the symmetry;
we will follow the convention of [5], and the expression for I4(x, Y ) can be found in that
reference. The function H(i,j)

N,p (U, V ; τ, τ̄) is our main focus, which is a function of the
Yang-Mills coupling τ and the cross ratios,

U = x2
12x

2
34

x2
13x

2
24
, V = x2

14x
2
23

x2
13x

2
24
. (2.4)

As argued in [5] (see also [17]), this particular type of correlator, once the spacetime depen-
dence has been integrated out with a certain measure, can be computed by supersymmetric

– 6 –
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localisation. More precisely, we define the integrated correlators as [5]

C(i,j)
N,p (τ, τ̄) = − 2

π

∫ ∞
0

dr

∫ π

0
dθ
r3 sin2 θ

U2 H(i,j)
N,p (U, V ; τ, τ̄) , (2.5)

with U = 1 − 2r cos θ + r2 and V = r2. Importantly, as shown in [5], the integrated
correlators C(i,j)

N,p (τ, τ̄) are related to the partition function ZN (τ, τ ′A;m) of N = 2? SYM on
S4, deformed by the higher-dimensional operators O(i)

p . The partition function, and thus
the integrated correlators, can be computed by supersymmetric localisation [6, 42]. The
integrated correlators C(i,j)

N,p (τ, τ̄) are modular functions of (τ, τ̄), and of course also have
non-trivial dependence on the parameters N, p and i, j.

2.2 Organisation of operators and Laplace-difference equation

Due to the dimensionful radius of S4, operators with different dimensions will mix. In
general, a dimension-p operator on S4 could mix with operators of dimensions (p−2), (p−4),
etc. This is resolved by a Gram-Schmidt procedure [5, 43]. To efficiently perform the
procedure, we will reorganise the operators into towers and subtowers, such that operators
in different (sub)towers are orthogonal to each other. We will then only need to perform
a Gram-Schmidt procedure within the (sub)towers. We therefore reorganise the operators
in the following manner:

O(i)
p|M = (T2)pO(i)

0|M , (2.6)

where the operator O(i)
0|M has dimension ∆ = M and consequently O(i)

p|M has dimension
2p+M . The operatorO(i)

0|M is defined as follows. We begin by considering a general operator
Tp1,p2,...,pn as defined in (2.1) with all pi > 2 (namely, T2 is excluded). These operators are
ordered according to their dimensions, which are labeled as B(i)

M with dimension M and i
denotes possible degeneracy. The first few examples are B0 = I (i.e. the identity operator),
B3 = T3, B4 = T4, and B5 = T5. We have omitted the degeneracy index i, since there is
no degeneracy when M < 6. For M = 0, we define O0|0 = B0 = I, and O(i)

0|M with M ≥ 3
is defined recursively as

O(i)
0|M = B

(i)
M −

∑
M ′≤M, j<i

〈B(i)
M ,O(j)

0|M ′〉S4

〈(T2)δO(j)
0|M ′ ,O

(j)
0|M ′〉S4

(T2)δO(j)
0|M ′ , (2.7)

where δ = (M −M ′)/2, and

〈OA ,OB〉S4 =
∂τ ′A∂τ

′
B
ZN (τ, τ ′A; 0)

∣∣
τ ′A=0

ZN (τ, 0; 0) , (2.8)

where ZN (τ, τ ′A; 0) is the partition function ZN (τ, τ ′A;m) with m = 0. For a general mass
m, the partition function ZN (τ, τ ′A;m) can be expressed as

ZN (τ, τ ′A;m) =
∫
dN−1a

∣∣∣∣∣∣exp

2πi
N∑
i=1

a2
i + i

∑
p>2

πp/2τ ′p

N∑
i=1

api

∣∣∣∣∣∣
2

× Z1−loop(a;m)
∣∣Zinst(τ, τ ′, a;m)

∣∣2 ,
(2.9)

– 7 –
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where the integration variables ai are constrained by
∑N
i=1 ai = 0, and Z1−loop and Zinst

give the perturbative and non-perturbative contributions, respectively. When m = 0, both
Z1−loop(a;m) and Zinst(τ, τ ′, a;m) simply become 1, and we have

ZN (τ, τ ′A; 0) =
∫
dN−1a

∣∣∣∣∣∣exp

2πi
N∑
i=1

a2
i + i

∑
p>2

πp/2τ ′p

N∑
i=1

api

∣∣∣∣∣∣
2

. (2.10)

One may find more detailed localisation computation of the integrated correlators in [5,
17, 19].

Using (2.7) and the above expression for the partition function, it is straightforward
to obtain O0|M . For M < 6, there is no degeneracy, and we find

O0|0 = I , O0|3 = T3 , O0|4 = T4 −
2N2 − 3
N(N2 + 1)T2,2 , O0|5 = T5 −

5(N2 − 2)
N(N2 + 1)T3,2 .

(2.11)
They coincide with the so-called single-particle operators [44]. For M ≥ 6, in general
there is non-trivial degeneracy. For example, when M = 6, we can choose B(1)

6 = T3,3 and
B

(2)
6 = T6, with which we found

O(1)
0|6 = T3,3 −

9
N2 + 7T4,2 + 3

(
5N2 + 1

)
N (N2 + 3) (N2 + 7)T2,2,2 , (2.12)

O(2)
0|6 = T6 −

3N4 − 11N2 + 80
N(N4 + 15N2 + 8)T3,3 −

6(N2 − 4)(N2 + 5)
N(N4 + 15N2 + 8)T4,2 + 7(N2 − 7)

N4 + 15N2 + 8T2,2,2 .

The operators O(i)
p|M (for any p) with differentM are denoted as different towers, and within

a given M -th tower, i labels different subtowers [19]. One of the crucial properties of O(i)
p|M

is that they are mutually orthogonal on S4 [43]. More precisely, they obey the following
conditions,

〈O(i1)
p1|M1

, O(i2)
p2|M2

〉S4 = 0 , unless M1 = M2 and i1 = i2 , (2.13)

for any p1, p2. Precisely because of this property, we only need to perform the Gram-
Schmidt procedure within a given (sub)tower, as was done in [19]. We will briefly review
the results of [19] below.

As we commented earlier, the integrated correlators are related to the partition function
of N = 2∗ SYM on S4. Following [19], they can be expressed as,

C(M,M ′|i,i′)
N,p (τ, τ̄) =

R̃
(M,M ′|i,i′)
N,p

4 Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) , (2.14)

where

Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) =

vµp|M v̄νp′|M ′∂τ ′(i)
µ|M

∂
τ̄ ′

(i′)
ν|M′

∂2
m logZN (τ, τ ′A;m)

∣∣
m=τ ′A=0

N (i)
M D

(M,M ′)
N,p

, (2.15)

with ZN (τ, τ ′A;m) being the partition function of N = 2∗ SYM on S4 as given in (2.9).
Here ∂

τ ′
(i)
µ|M

(and ∂
τ̄ ′

(i′)
ν|M′

) corresponds to inserting the operator O(i)
µ|M (and O(i′)

ν|M ′). The
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sum over µ (or ν) in vµp|M ∂
τ ′

(i)
µ|M

(or v̄νp′|M ′ ∂τ̄ ′(i′)
ν|M′

) is from 0 to p for M > 0 (or 0 to p′ for

M ′ > 0), and from 1 to p for M = 0 (or 1 to p′ for M ′ = 0).5 We will now explain all
the other ingredients as follows. The mixing coefficients vµp|M for the operators O(i)

p|M are
found by performing the Gram-Schmidt procedure within a given (sub)tower because of the
orthogonality property (2.13). The mixing coefficients are therefore defined by requiring〈

vµp|MO
(i)
µ|M ,O(i)

q|M

〉
c

= 0 , with q = 0, 1, . . . , p− 1 , (2.16)

where the connected two-point function is defined as〈
O(i)
p|M ,O(i′)

p′|M ′
〉
c

=
〈
O(i)
p|M ,O(i′)

p′|M ′
〉
S4
−
〈
O(i)
p|M

〉
S4

〈
O(i′)
p′|M ′

〉
S4
. (2.17)

This uniquely defines the mixing coefficients vµp|M as

vµp|M =
(
p

µ

)(N2+2M−1
2 + µ

)
p−µ

(2 i τ2)p−µ . (2.18)

Another crucial ingredient of the construction is the normalisation factors in the de-
nominator in (2.15), which are given as [19]

N (i)
M = M2

4M τ
N2−1

2
2 R

(M,M |i,i)
N,0 ,

D
(M,M ′)
N,p = 2−2p−δ τ

−(a+1+δ+2p)
2 (a+ 1)p+Θ(δ) (δ + p−Θ(δ))! ,

(2.19)

where Θ(x) = 0 if x ≥ 0 and Θ(x) = x if x < 0, and

a = N2 +M +M ′ − 3
2 , δ = M −M ′

2 . (2.20)

Without loss of generality, we will assume M ≥M ′ and we simply have Θ(δ) = 0. Finally,
the prefactor R̃(M,M ′|i,i′)

N,p in (2.14), which is independent of the coupling τ , is given by
(when M ≥M ′)

R̃
(M,M ′|i,i′)
N,p = 22p+δM2

(M + 2p)2 (a+ 1)p Γ (p+ δ + 1)R(M,M |i,i)
N,0 , (2.21)

with R(M,M |i,i)
N,p determined by the two-point function,

〈O(i)
p|M (x1, Y1) ,O(i)

p|M (x2, Y2)〉 = R
(M,M |i,i)
N,p

(
Y1 · Y2
x2

12

)2p+M
. (2.22)

In the special case M = M ′, i = i′, the denominator in (2.15) reduces to

N (i)
M D

(M,M)
N,p = vµp|M v̄νp′|M ′∂τ ′(i)

µ|M
∂
τ̄ ′

(i)
ν|M

logZN (τ, τ ′A; 0)
∣∣
τ ′A=0 , (2.23)

5This is because for M = 0, the first non-trivial operator is T2, which, by our definition, is O1|0, i.e.
M = 0, p = 1.
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and
R̃

(M,M |i,i)
N,p = R

(M,M |i,i)
N,p . (2.24)

After setting up all the necessary ingredients, we are ready to present the Laplace-
difference equation that is satisfied by Ĉ(M,M ′|i,i′)

N,p (τ, τ̄) [19],

∆τ Ĉ(M,M ′|i,i′)
N,p (τ,τ̄)=(p+1+δ)(p+a+1)Ĉ(M,M ′|i,i′)

N,p+1 (τ,τ̄)+p(p+a+δ)Ĉ(M,M ′|i,i′)
N,p−1 (τ,τ̄) (2.25)

−[2p(p+a)+(2p+a+1)(δ+1)]Ĉ(M,M ′|i,i′)
N,p (τ,τ̄)−4δM,M ′δi,i′C

(0,0)
N,1 (τ,τ̄),

where the laplacian ∆τ = 4τ2
2 ∂τ∂τ̄ and a and δ are given in (2.20). The “source term”

C(0,0)
N,1 (τ, τ̄) denotes the integrated correlator associated with 〈O2O2O2O2〉, which appeared

in (1.1) as CN (τ, τ̄) and has been studied in [1, 2, 4] (see also [7–10, 18, 45]). Correspond-
ingly, BN (t), which appeared in its lattice-sum representation, will be denoted as B(0,0)

N,1 (t)
(note that we also omit i, i′ indices since there is no degeneracy in this case). Furthermore,
the prefactor R(0,0)

N,1 is simply (N2 − 1)/2, namely,

C(0,0)
N,1 (τ, τ̄) = N2 − 1

8 Ĉ(0,0)
N,1 (τ, τ̄) . (2.26)

The Laplace-difference equation provides a powerful recursion relation, which in prin-
ciple determines Ĉ(M,M ′|i,i′)

N,p (τ, τ̄) once the initial condition Ĉ(M,M ′|i,i′)
N,0 (τ, τ̄) is given. Inter-

estingly, the difference

Ĥ(M,M ′|i,i′)
N,p (τ, τ̄) = Ĉ(M,M ′|i,i′)

N,p (τ, τ̄)− Ĉ(M,M ′|i,i′)
N,p−1 (τ, τ̄) , (2.27)

also satisfies a three-term recursion of a similar manner

∆τ Ĥ(M,M ′|i,i′)
N,p (τ, τ̄) = (p+ 1 + δ) (p+ a+ 1) Ĥ(M,M ′|i,i′)

N,p+1 (τ, τ̄)

+ (p− 1) (p+ a+ δ − 1) Ĥ(M,M ′|i,i′)
N,p−1 (τ, τ̄)

− [(p+ a)(p+ δ) + p(p+ a+ δ)] Ĥ(M,M ′|i,i′)
N,p (τ, τ̄) .

(2.28)

Note the above recursion relation for Ĥ(M,M ′|i,i′)
N,p (τ, τ̄) is valid for p ≥ 1. The Laplace-

difference equation for Ĥ(M,M ′|i,i′)
N,p (τ, τ̄) is particularly useful since it removes the “source

term” C(0,0)
N,1 (τ, τ̄) when M = M ′, i = i′.

3 Generating functions of integrated correlators

As anticipated in the introducation, we will assume the lattice-sum representation for the
integrated correlators,

Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) =

∑
(m,n)∈Z2

∫ ∞
0

e−tYm,n(τ,τ̄)B̂
(M,M ′|i,i′)
N,p (t) dt , (3.1)

where Ym,n(τ, τ̄) is defined in (1.2). The function B̂(M,M ′|i,i′)
N,p (t) is a rational function of t

that contain all the dynamics of the integrated correlators. It has a Taylor expansion,

B̂
(M,M ′|i,i′)
N,p (t) =

∞∑
s=2

ĉ
(M,M ′|i,i′)
N,p;s ts−1 , (3.2)

– 10 –
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and obeys several important properties, such as

B̂
(M,M ′|i,i′)
N,p (t) = 1

t
B̂

(M,M ′|i,i′)
N,p (1/t) ,

∫ ∞
0

dt√
t
B̂

(M,M ′|i,i′)
N,p (t) = 0 . (3.3)

It should be stressed that assumption of the lattice-sum representation is mathematically
equivalent to assume that the SL(2,Z) spectral decomposition of the integrated correlators
only contains the continuous spectrum (i.e. the non-holomorphic Eisenstein series) [3] (see
also appendix B for more details). This proposal (in the language of SL(2,Z) spectral
decomposition) has been checked in [17] by explicit perturbative and non-perturbative
instanton computations for some non-trivial examples. These checks provide highly non-
trivial evidence for this representation.

We argue that the SL(2,Z)-invariant Laplace-difference equation (2.25), which recur-
sively determines Ĉ(M,M ′|i,i′)

N,p (τ, τ̄) for all p in terms of the initial data Ĉ(M,M ′|i,i′)
N,0 (τ, τ̄) (or

Ĉ(0,0)
N,1 (τ, τ̄) for the case ofM = M ′ = 0), provide further strong evidence for the lattice-sum

representation (3.1). It is easy to see that, following from the Laplace-difference equation,
if the initial data Ĉ(M,M ′|i,i′)

N,0 (τ, τ̄) has the lattice-sum representation, all the integrated
correlators will enjoy the same representation.6 When M = M ′ = 0, it was proved re-
cently in [4] that indeed Ĉ(0,0)

N,1 (τ, τ̄) can be expressed in the lattice-sum form for any N ,
as in (1.1). Furthermore, using the results of [17], it was shown in [19] (see appendix A
of the reference) that all initial conditions Ĉ(M,M ′|i,i′)

N,0 (τ, τ̄) with M,M ′ < 6 can be written
as linear combinations of Ĉ(0,0)

N,1 (τ, τ̄), which implies that they also all have the lattice-sum
representation. This shows that Ĉ(M,M ′|i,i′)

N,p (τ, τ̄) should have the lattice-sum representation
for all N and p, at least for any M,M ′ < 6.

Once the lattice-sum representation is given, following [4], it is natural to further
introduce the generating functions for the integrated correlators by summing over the p-
dependence of the integrated correlators,7

Ĉ(M,M ′|i,i′)
N (w; τ, τ̄) =

∑
p

Ĉ(M,M ′|i,i′)
N,p (τ, τ̄)wp =

∑
(m,n)∈Z2

∫ ∞
0

e−tYm,n(τ,τ̄)B̂
(M,M ′|i,i′)
N (w; t) dt ,

(3.4)
where

B̂
(M,M ′|i,i′)
N (w; t) =

∞∑
p=0

B̂
(M,M ′|i,i′)
N,p (t)wp =

∞∑
p=0

∞∑
s=2

ĉ
(M,M ′|i,i′)
N,p;s ts−1wp . (3.5)

The integrated correlators can then be expressed in terms of generating functions as a
contour integral,

Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) = 1

2πi

∮
C

dw

wp+1 Ĉ
(M,M ′|i,i′)
N (w; τ, τ̄) , (3.6)

6The general solutions to the Laplace-difference equation that we will present later further confirm this
statement.

7More generally, one may consider the generating functions for summing over both N and p, namely
Ĉ(M,M′|i,i′)(w; z; τ, τ̄) =

∑
N,p
Ĉ(M,M′|i,i′)
N,p (τ, τ̄) zNwp.
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where the contour C circles the origin w = 0 clockwise. It will prove to be convenient to
introduce an intermediate quantity,

B̂
(M,M ′|i,i′)
N ;s (w) =

∞∑
p=0

ĉ
(M,M ′|i,i′)
N,p;s wp , (3.7)

and then B̂(M,M ′|i,i′)
N (w; t) =

∑∞
s=2 B̂

(M,M ′|i,i′)
N ;s (w) ts−1.

One can also introduce the generating function for Ĥ(M,M ′|i,i′)
N,p (τ, τ̄) in (2.27) by defining

Ĥ(M,M ′|i,i′)
N (w; τ, τ̄) =

∞∑
p=0
Ĥ(M,M ′|i,i′)
N,p (τ, τ̄)wp , (3.8)

with its lattice-sum representation given by

Ĥ(M,M ′|i,i′)
N (w; τ, τ̄) =

∑
(m,n)∈Z2

∫ ∞
0

e−tYm,n(τ,τ̄) Ĥ
(M,M ′|i,i′)
N (w; t) dt , (3.9)

and

Ĥ
(M,M ′|i,i′)
N (w; t) =

∞∑
s=2

Ĥ
(M,M ′|i,i′)
N ;s (w) ts−1 =

∞∑
s=2

∞∑
p=0

ĥ
(M,M ′|i,i′)
N,p;s ts−1wp , (3.10)

with ĥ
(M,M ′|i,i′)
N,p;s = ĉ

(M,M ′|i,i′)
N,p;s − ĉ

(M,M ′|i,i′)
N,p−1;s . It is easy to see that B̂(M,M ′|i,i′)

N (w; t) and
Ĥ

(M,M ′|i,i′)
N (w; t) are related by the following relation,

B̂
(M,M ′|i,i′)
N (w; t) = 1

1− wĤ
(M,M ′|i,i′)
N (w; t) . (3.11)

In the next section, we will determine the generating functions using the Laplace-
difference equation. To obtain the generating functions, we will first determine
B̂

(M,M ′|i,i′)
N ;s (w) defined in (3.7), and then obtain B̂

(M,M ′|i,i′)
N (w; t) by summing over the

index s. The Laplace-difference equations (2.25) and (2.28) become differential equations
of B̂(M,M ′|i,i′)

N ;s (w) and Ĥ(M,M ′|i,i′)
N ;s (w), and we will see that the solutions to these equations

are Hypergeometric functions, from which one can perform the summation over the index
s. We will begin with the generating functions for M = M ′, i = i′. By including some
extra differential operators, we then generalise our method to obtain B̂

(M,M ′|i,i′)
N (w; t) for

the most general cases.

3.1 Generating functions for M = M ′, i = i′

We begin with the case of M = M ′, i = i′, namely the higher-dimensional operators
that appear in the definition of the integrated correlators are identical. When M = M ′,
i = i′, there is a non-trivial source term for the Laplace-difference equation (2.25) of
Ĉ(M,M |i,i)
N,p (τ, τ̄). We will simplify the process by considering the Laplace-difference equation

for Ĥ(M,M |i,i)
N,p (τ, τ̄) as given in (2.25), which removes the source term. It is straightforward
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to see that the Laplace-difference equation (2.25) implies the following differential equation
for Ĥ(M,M |i,i)

N ;s (w),

s(s− 1)Ĥ(M,M |i,i)
N ;s (w)− (w − 1)2

(a+ 1)
dĤ

(M,M |i,i)
N ;s (w)
dw

+ w
d2Ĥ

(M,M |i,i)
N ;s (w)
dw2

 = 0 ,

(3.12)
where we have set δ = 0 in (2.25) and here a = (N2 + 2M − 3)/2 since M = M ′. Here we
have used the fact that the laplacian ∆τ , when acting on the lattice-sum representation,
becomes t∂2

t (tĤ(M,M |i,i)
N (w; t)), which gives the first term in the differential equation (3.12).

The solution to this differential equation is given by the standard Hypergeometric function.
After taking into account the boundary conditions, we obtain the general formula for
Ĥ

(M,M |i,i)
N ;s (w),

Ĥ
(M,M |i,i)
N ;s (w) =

(a+ 1) ĥ(M,M |i,i)
N,1;s

s(s− 1) [(1− w)s 2F1 (s, s+ a; a+ 1;w)− 1] + ĥ
(M,M |i,i)
N,0;s .

(3.13)
where ĥ(M,M ′|i,i′)

N,p;s are the Taylor coefficients of Ĥ(M,M ′|i,i′)
N (w; t), as defined in (3.10). We

need both ĥ
(M,M |i,i)
N,0;s and ĥ

(M,M |i,i)
N,1;s as the boundary conditions, as the recursion rela-

tion (2.28) is only valid when p ≥ 1.
Using the relation (3.11) and the solution (3.13), we can express B̂(M,M |i,i)

N ;s (w) as,

B̂
(M,M |i,i)
N ;s (w) = q

(M,M |i,i)
N ;s (−1)s (1− w)s−1

2F1 (s, s+ a; a+ 1;w)−
4 c(0,0)

N,1;s
s(s− 1)(1− w) ,

(3.14)
with

q
(M,M |i,i)
N ;s = (−1)s

ĉ(M,M |i,i)
N,0;s +

4 c(0,0)
N,1;s

s(s− 1)

 , (3.15)

where we have used ĥ
(M,M |i,i)
N,p;s = ĉ

(M,M |i,i)
N,p;s − ĉ

(M,M |i,i)
N,p−1;s , and have expressed ĉ

(M,M |i,i)
N,1;s in

terms of ĉ(M,M |i,i)
N,0;s and c(0,0)

N,1;s using the Laplace-difference equation.8 Importantly, q(M,M |i,i)
N ;s

contains all the initial data, and ĉ(M,M |i,i)
N,p;s is always proportional to (−1)ss(s− 1)(2s− 1)2,

and is symmetric under s↔ 1− s. Below are a few examples of ĉ(M,M |i,i)
N,p;s ,

ĉ
(0,0)
2,1;s = 2

3(−1)ss(s− 1)(2s− 1)2 , ĉ
(0,0)
2,2;s = 2

15(−1)ss(s− 1)(2s− 1)2(s2 − s+ 8) ,

ĉ
(3,3)
3,0;s = 3

40(−1)ss(s− 1)(2s− 1)2(s2 − s+ 18) , (3.16)

ĉ
(4,4)
4,0;s = (−1)s

1028160s(s− 1)(2s− 1)2

× (25s6 − 75s5 + 8599s4 − 17073s3 + 291832s2 − 283308s+ 2140848) ,

and ĉ
(0,0)
N,0;s = 0 for any N . Here we have omitted the degeneracy index i since M ≤ 5

exhibit no degeneracies. These were calculated by using (2.15) and the representation (B.1).
8Note c(0,0)

N,1;s = (N2−1)
8 ĉ

(0,0)
N,1;s according to (2.26).
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Because of the representation (B.1) (or equivalently the lattice-sum representation), we only
need to focus perturbative terms to determine these coefficients ĉ(M,M ′|i,i′)

N,p;s [3].
As c(0,0)

N,1;s and ĉ(M,M |i,i)
N,0;s are both proportional to (−1)ss(s − 1)(2s − 1)2, it is easy to

see that q(M,M |i,i)
N ;s is a polynomial in s, and we find it has degree

x = 2N + 2 bM/2c − 2 , (3.17)

where byc is the floor function.
To complete the final step of obtaining the generating functions for the integrated

correlators, we also need to sum over the parameter s in B̂(M,M |i,i)
N ;s (w),

B̂
(M,M |i,i)
N (w; t) :=

∞∑
s=2

B̂
(M,M |i,i)
N ;s (w) ts−1 . (3.18)

Firstly, for the last term in (3.14), which has a pole at w = 1, we have

B̂
(M,M |i,i)
N (w; t)

∣∣
pole = −

∞∑
s=2

4c(0,0)
N,1;s

s(s− 1)(1− w) t
s−1 . (3.19)

It is easy to see that B̂(M,M |i,i)
N (w; t)

∣∣
pole is independent ofM and i, and obeys the following

relation,

t ∂2
t

(
t B̂

(M,M |i,i)
N (w; t)

∣∣
pole

)
= 4
w − 1

∞∑
s=2

c
(0,0)
N,1;st

s−1 = 4
w − 1B

(0,0)
N,1 (t) , (3.20)

where B(0,0)
N,1 (t) again is simply BN (t) that appears in the lattice-sum representation (1.1)

(here we write it in our unified notation). The generating function for B(0,0)
N,1 (t), by summing

over the N -dependence, was determined recently in [4], and is given by

B
(0,0)
1 (z; t) =

∞∑
N=2

B
(0,0)
N,1 (t) zN = 3tz2 [(t− 3)(3t− 1)(t+ 1)2 − z(t+ 3)(3t+ 1)(t− 1)2]

2(1− z)
3
2 [(t+ 1)2 − (t− 1)2z]

7
2

.

(3.21)
The result (3.19) shows that the generating functions in general have a pole at w = 1, and
from (3.20), the residue at this pole obeys the following relation,

t ∂2
t

(
tResw=1B̂

(M,M |i,i)
N (w; t)

)
= 4B(0,0)

N,1 (t) , (3.22)

where B(0,0)
N,1 (t) is given in (3.21). The differential operator t ∂2

t (t . . .), when translated
into the τ -plane, becomes ∆τ . Therefore the contribution from the residue at w = 1 of
the generating function cancels precisely the “source term” −4 C(0,0)

N,1 (τ, τ̄) in the Laplace-
difference equation (2.25).

For the remaining part of B̂(M,M |i,i)
N ;s (w), we see that there is an interesting distinction

in B̂(M,M |i,i)
N ;s (w) depending on whether N is even or odd, due to the Hypergeometric func-

tion containing integer or half-integer arguments. In particular, the parameter a defined
in (2.20) that appears in the solution (3.14) is an integer if N is odd and a half integer
if N is even. This distinction leads to different structures of the final expression for the
generating function B̂(M,M |i,i)

N (w; t), and consequently the integrated correlators, especially
in the large-charge expansion. We will now discuss each case separately.
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3.1.1 Even N

We begin with the case of even N , for which a is a half-integer. From (3.14), the remaining
part of

∑
s B̂

(M,M |i,i)
N ;s (w) ts−1 is given by

∞∑
s=1

q
(M,M |i,i)
N,s (−1)s (1− w)s−1

2F1 (s, s+ a; a+ 1;w) ts−1 . (3.23)

Focusing first on the sum of the Hypergeometric function, we define

F (M)
N (w, t) :=

∞∑
s=1

2F1 (s, s+ a; a+ 1;w) ts−1 , (3.24)

which for the even N case (again in this case the parameter a is a half integer) is given by

F (M)
N (w, t) = (−1)a+1/2

22a

(
a
1
2

)((
t2 − 2t(w + 1) + (w − 1)2)a−1/2

(w t)a G(w, t)− f
(M)
N (w, t)

(w t)a−1/2

)
,

(3.25)
where we have defined

G(w, t) := coth−1
(√

w − 1√
t

)
+ coth−1

(√
w + 1√
t

)
. (3.26)

The function f (M)
N (w, t) is a polynomial in w and t, which can be written as

f
(M)
N (w, t) = g

(M)
N (w, t) + t2a−2

(w − 1)2a−2 g
(M)
N

(
w,

(w − 1)2

t

)
, (3.27)

and g(M)
N (w, t) is a polynomial obtained by expanding (t2−2t(w+1)+(w−1)2)a−1/2

(w t)1/2 G(w, t) up to

O(ta−3/2). Said another way, the function f (M)
N (w, t) is essentially determined by G(w, t) by

ensuring that the full function F (M)
N (w, t) has the right properties in the small-t expansion.

When N = 2,M = 0, as an example, we have a = 1/2 and

F (0)
2 (w, t) =

∞∑
s=1

2F1

(
s, s+ 1

2; 3
2 , w

)
ts−1 = −G(w, t)

2
√
w t

. (3.28)

In this particular case, f (0)
2 (w, t) = 0 according to (3.27), since g(0)

2 (w, t) = 0.
We now take into account the prefactors (−1)s and (1− w)s−1, giving

∞∑
s=1

(−1)s(1− w)s−1
2F1 (s, s+ a; a+ 1;w) ts−1 = −F (M)

N (w, t(w − 1)) , (3.29)

which can be written as

F (M)
N (w, t(w − 1)) = 1

22a

(
a
1
2

)[
− (t+ 1)2a−1(1− w/w1)a−1/2

(w t)a
√
w − 1

G(w, t(w − 1))

+ f
(M)
N (w, t(w − 1))

(w t)a−1/2(1− w)a−1/2

]
,

(3.30)
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where w1 = (1 + t)2/(1− t)2. Finally, we take into account the prefactor q
(M,M |i,i)
N ;s .

From (3.23), one can see that each s in q
(M,M |i,i)
N ;s becomes a differential operator in t,

defined by
S · f(t) := ∂t (t f(t)) , (3.31)

where f(t) is a general polynomial. As q(M,M |i,i)
N ;s is a polynomial in s, it gets promoted to

the differential operator q(M,M |i,i)
N ;S acting on the function F (M)

N (w, t(w − 1)). Putting all
the terms together, the generating function is given by

B̂
(M,M |i,i)
N (w; t) = −q(M,M |i,i)

N ;S · F (M)
N (w, t(w − 1)) + B̂

(M,M |i,i)
N (w; t)

∣∣
pole , (3.32)

where q(M,M |i,i)
N ;s is given in (3.15). This equation is valid for both even and odd N .

For the even N case, we can use the expression of F (M)
N (w, t(w− 1)) in (3.30), and the

simple structure of q(M,M |i,i)
N ;S , to write down the general form of B̂(M,M |i,i)

N (w; t),9

B̂
(M,M |i,i)
N (w; t) = (t+ 1)2b (1− w/w1)b

√
w − 1P (M,M |i,i)

N (w, t)
π(w t)a G(w, t(w − 1))

+ (t+ 1)Q(M,M |i,i)
N (w, t)

(w t)a−1/2 + B̂
(M,M |i,i)
N (w; t)

∣∣
pole ,

(3.33)

where P (M,M |i,i)
N (w, t) (or Q(M,M |i,i)

N (w, t)) is a polynomial of degree-2x (or degree-2(x−1))
in t and degree-(x−1) in w, with the parameter a given in (2.20), x (the degree of q(M,M |i,i)

N ;s
as a polynomial in s) given in (3.17), and b given as

b = a− 1/2− x = N2 + 2M
2 − 2N − 2

⌊
M

2

⌋
. (3.34)

Furthermore, the polynomials P (M,M |i,i)
N (w, t) and Q

(M,M |i,i)
N (w, t) obey some interesting

symmetry properties. For instance, under t→ 1/t,

Q
(M,M |i,i)
N (w, t) = t2(x−1)Q

(M,M |i,i)
N (w, 1/t) , P

(M,M |i,i)
N (w, t) = t2xP

(M,M |i,i)
N (w, 1/t) ,

(3.35)
and correspondingly the generating function has the property B̂

(M,M |i,i)
N (w; t) =

1/t B̂(M,M |i,i)
N (w; 1/t) as stated in (3.3). We further find that P (M,M |i,i)

N (w, t) satisfies an
analogous symmetry in w as

P
(M,M |i,i)
N (w, t) = wx−1P

(M,M |i,i)
N (1/w, −t) . (3.36)

The general structure (3.33) can be understood from (3.32) and using the fact
that q

(M,M |i,i)
N ;S is an order-x differential operator in t acting on F (M)

N (w, t(w − 1)).
The first term of B̂(M,M |i,i)

N (w; t) in (3.33) arises from the first term given in (3.30),
specifically when the derivatives act on the term in front of the G(w, t(w − 1)).

9The formula does not apply to the special case N = 2,M = 0. For this particular case, the generating
function is given in (3.80).

– 16 –



J
H
E
P
0
7
(
2
0
2
3
)
1
2
9

The pre-factor q
(M,M |i,i)
N ;S has a factor of (2S − 1), which leads to an extra factor of

(w − 1) when acting on (t + 1)2a−1(1 − w/w1)a−1/2/(w t)a. One can also see that
f

(M)
N (w, t(w − 1))/(w t)a−1/2 in (3.30) (and the contribution from the first term when the
derivatives act on G(w, t(w − 1)), which becomes a rational function) leads to the second
term in B̂(M,M |i,i)

N (w; t). This term naively contains some higher-order pole 1/(w− 1)a−1/2

due to t → t(w − 1). However this is canceled out by the numerator f (M)
N (w, t(w − 1)),

which behaves as (w − 1)a−1/2, as can be seen from the definition (3.27). Finally, the last
term B̂

(M,M |i,i)
N (w; t)

∣∣
pole is given in (3.19), which obeys the relation (3.20).

As we will see, by a simple application of the residue theorem, what is important for
understanding the charge dependence of integrated correlators is the singularity structure
of the generating functions on the w-plane. As shown in (3.33) explicitly, the generating
functions have a pole at w = 1, which is determined by (3.20). The generating functions
in general also have branch cuts along (1, w1) (again w1 = (t + 1)2/(t − 1)2), and the
discontinuities can be read off from (3.33), and take the following general form,

discB̂(M,M |i,i)
N (w; t) = −i(t+ 1)2b (1− w/w1)b

√
w − 1P (M,M |i,i)

N (w, t)
(w t)a , (3.37)

where we have also used that G(w, t(w − 1))
√
w − 1 has branch cuts along (1, w1) with

discontinuity given by

disc
[
G(w, t(w − 1))

√
w − 1

]
= −i π

√
w − 1 . (3.38)

It is of importance to note that the parameter b, as defined in (3.34), is an integer when
N is even. Therefore, in this case, (t+ 1)2b (1− w/w1)b is simply a polynomial in t and w.
This will not be the case for odd N , and we will discuss the implications of this later.

The discontinuity can also be found directly from F (M)
N (w, t(w − 1)). As (a − 1/2) is

an integer, the discontinuity in (3.30) arises solely from the first term, and so

discF (M)
N (w, t(w − 1)) = i π

22a

(
a
1
2

)
(t+ 1)2a−1(1− w/w1)a−1/2

(w t)a(w − 1)1/2 . (3.39)

As q(M,M |i,i)
N ;S will not affect the discontinuity on the w-plane, we find

discB̂(M,M |i,i)
N (w; t) = −q(M,M |i,i)

N ;S ·
(
i π

22a

(
a
1
2

)
(t+ 1)2a−1(1− w/w1)a−1/2

(w t)a(w − 1)1/2

)
. (3.40)

Then the general structure of the discontinuity given in (3.37) follows using the fact that
q

(M,M |i,i)
N ;S is an order-x differential operator in t with a factor of (2S−1), with the operation
S given in (3.31).

3.1.2 Odd N

We now consider the case of odd N . In this case, the parameter a (as given in (2.20)) is
an integer, and so the Hypergeometric function in (3.23) has integer arguments. Using the
Pfaff transformation

2F1 (a, b; c;w) = (1− w)−b2F1

(
b, c− a; c; w

w − 1

)
, (3.41)
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and the definition of Jacobi polynomials

P (α,β)
n (w) = (α+ 1)n

n! 2F1

(
−n, 1 + α+ β + n;α+ 1; 1− w

2

)
, (3.42)

we can express F (M)
N (w, t) defined in (3.24) in terms of Jacobi polynomials,

F (M)
N (w, t) =

∞∑
s=1

(1− w)−sΓ(a+ 1)
(s)a

P
(a,−a)
s−1

(1 + w

1− w

)
ts−1 . (3.43)

We can then apply the generating function of the Jacobi polynomials

∞∑
n=0

P (α,β)
n (z)tn = 2α+βR−1(1− t+R)−α(1 + t+R)−β , (3.44)

where R =
(
1− 2zt+ t2

) 1
2 , and find

F (M)
N (w, t) = Γ(a+ 1)

(1− w) (S)−1
a · R̃−1

(
1− t

1− w + R̃

)−a (
1 + t

1− w + R̃

)a
, (3.45)

where R̃ =
(
1− 2t 1+w

(1−w)2 + t2

(1−w)2

)1/2
. As before, S should be understood as a differential

operator, whereas its inverse from the factor (S)−1
a should be understood as an integral on

any function f(t) it acts on,

(S + k)−1 · f(t) := t−k−1
∫
dt tk f(t) , (3.46)

which is the inverse of (S + k).
Evaluating (3.45), we find, similarly to (3.25),

F (M)
N (w, t) = (−1)a+1π

22a+1

(
a
1
2

)(
(t2 − 2t(w + 1) + (w − 1)2)a−1/2

(wt)a − f
(M)
N (w, t)
(wt)a

)
, (3.47)

where, similarly to the even N case (3.27), f (M)
N (w, t) is a polynomial in w and t, defined by

f
(M)
N (w, t) = g

(M)
N (w, t) + t2a−1

(w − 1)2a−1 g
(M)
N

(
w,

(w − 1)2

t

)
, (3.48)

and g(M)
N (w, t) is a polynomial obtained by expanding (t2 − 2t(w + 1) + (w − 1)2)a−1/2 up

to O(ta−1).
To obtain the total generating function, we rescale t→ t(w − 1), and obtain

F (M)
N (w, t(w − 1)) = − π

22a+1

(
a
1
2

)(
(t+ 1)2a−1(1− w/w1)a−1/2

(wt)a
√

1− w
− f

(M)
N (w, t(w − 1)
(wt)a(1− w)a

)
.

(3.49)
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Finally, from (3.32), we find the generating functions take the following general form,10

B̂
(M,M |i,i)
N (w; t) = (t+ 1)2b (1− w/w1)b

√
1− wP (M,M |i,i)

N (w, t)
2 (w t)a

+ (t+ 1)Q(M,M |i,i)
N (w, t)

(w t)a + B̂
(M,M |i,i)
N (w; t)

∣∣
pole ,

(3.50)

where B̂(M,M |i,i)
N (w; t)

∣∣
pole is again determined in (3.22), with the parameters a and b are

given in (2.20) and (3.34), respectively. The function P
(M,M |i,i)
N (w, t) is a polynomial of

degree-2x in t and degree-(x − 1) in w, just as in the even N case, and the polynomial
Q

(M,M |i,i)
N (w, t) has degree 2(a − 1) in t and (a − 1) in w. They are very similar to the

polynomials that appeared in the even N case, and also satisfy similar symmetries,

P
(M,M |i,i)
N (w, t) = t2xP

(M,M |i,i)
N (w, 1/t) , Q

(M,M |i,i)
N (w, t) = t2(a−1)Q

(M,M |i,i)
N (w, 1/t) ,

(3.51)
and

P
(M,M |i,i)
N (w, t) = wx−1P

(M,M |i,i)
N (1/w,−t) . (3.52)

The generating function again has a pole at w = 1 due to the last term B̂
(M,M |i,i)
N (w; t)

∣∣
pole.

It is easy to see that B̂(M,M |i,i)
N (w; t) also has branch cuts along (1, w1) with discontinuity

of the form,

discB̂(M,M |i,i)
N (w; t) = −i(t+ 1)2b (1− w/w1)b

√
w − 1P (M,M |i,i)

N (w, t)
(w t)a . (3.53)

Similarly to the even-N case, this discontinuity can be obtained directly from (3.49). The
discontinuity of (3.49) is

discF (M)
N (w, t(w − 1)) = i π

22a

(
a
1
2

)
(t+ 1)2a−1 (1− w/w1)a−1/2

(w t)a
√
w − 1

, (3.54)

and so the discontinuity of B̂(M,M |i,i)
N (w; t) is given by

discB̂(M,M |i,i)
N (w; t) = −q(M,M |i,i)

N,S ·
(
i π

22a

(
a
1
2

)
(t+ 1)2a−1 (1− w/w1)a−1/2

(w t)a
√
w − 1

)
, (3.55)

which again, after using the definition of q(M,M |i,i)
N,S as in (3.15), leads to the general expres-

sion of the discontinuity discB̂(M,M |i,i)
N (w; t) as given in (3.53).

We see that, very interestingly, even though the generating functions for even N and
odd N take different forms, they have identical singularity structures. However, when N

is odd, the parameter b as given in (3.34) is a half-integer, and so unlike the even N cases,
the combination (t+ 1)2b (1− w/w1)b in discB̂(M,M |i,i)

N (w; t) is not a polynomial of t and w
anymore. In particular, it has branch cuts along (w1,∞). This will lead to an important
difference in the large-p expansion of the integrated correlators for even and odd N .

10Just as in the case of the even N , where N = 2 is a special case, here N = 3 is special, and the
corresponding generating functions for N = 3 do not follow the same structure as (3.50). When N = 3, we
can have M = 0 or M = 3, which are given in (3.89) and (A.1), respectively.
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3.1.3 Generating functions for M 6= M ′ or M = M ′ with i 6= i′

We now consider the generating functions for integrated correlators with M 6= M ′ or
M = M ′ but with i 6= i′. Without loss of generality, we will assume M ≥ M ′ so that
δ = (M −M ′)/2 ≥ 0. In these cases, because of the lack of the source term −4 C(0,0)

N,1 (τ, τ̄),
it is not necessary to use the difference Ĥ(M,M ′|i,i′)

N,p (τ, τ̄) to remove the source term. The
Laplace-difference equation is now

∆τ Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) = (p+1+δ)(p+a+1) Ĉ(M,M ′|i,i′)

N,p+1 (τ, τ̄)+p(p+a+δ) Ĉ(M,M ′|i,i′)
N,p−1 (τ, τ̄)

− [2p(p+a)+(2p+a+1)(δ+1)] Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) . (3.56)

In terms of B̂(M,M ′|i,i′)
N ;s (w), which was introduced in (3.7), the Laplace-difference equation

becomes

(w − 1)2∂2
wB̂

(M,M ′|i,i′)
N ;s (w) + (w − 1) [(a+ δ + 3)w − (a+ δ + 1)] ∂wB̂(M,M ′|i,i′)

N ;s (w) (3.57)

−
[
s(s− 1)− (w − 1)

(
a+ δ + 1− a δ

w

)]
B̂

(M,M ′|i,i′)
N ;s (w) = 0 .

The solution to this differential equation is again given in terms of Hypergeometric function,
and takes the following form,

B̂
(M,M ′|i,i′)
N ;s (w) =

ĉ
(M,M ′|i,i′)
N,0;s (a− δ + 1)δ δ!

(s− δ)2δ wδ

[
(1− w)s−1

2F1(s− δ, s+ a, a− δ + 1, w)

−
δ−1∑
r=0

δ∑
l=0

(
s− 1
l

)
(s− δ)r−l(a+ s)r−l

(a− δ + 1)r−l(r − l)!
(−1)lwr

]
. (3.58)

We therefore see that the generating functions in general can be written as

B̂
(M,M ′|i,i′)
N ;s (w) = (−1)sq(M,M ′|i,i′)

N ;s

(
(1−w)s−1

2F1(s−δ,s+a,a−δ+1,w)−K(M,M ′)
N ;s (w)

)
,

(3.59)
where K(M,M ′)

N ;s (w) = 0 when M = M ′ (with δ = 0), otherwise,

K
(M,M ′)
N ;s (w) =

δ−1∑
r=0

δ∑
l=0

(
s− 1
l

)
(s− δ)r−l(a+ s)r−l

(a− δ + 1)r−l(r − l)!
(−1)lwr . (3.60)

It is easy to see that the role of K(M,M ′)
N ;s (w) is to ensure that, by definition, B̂(M,M ′|i,i′)

N ;s (w)
behaves as w0 in the small-w expansion. Finally, q(M,M ′|i,i′)

N ;s (w), which again contains all
the initial data, is given by

q
(M,M ′|i,i′)
N ;s (w) = (−1)s

 ĉ(M,M ′|i,i′)
N,0;s (a− δ + 1)δ δ!

(s− δ)2δ wδ
+ δM,M ′δi,i′

4 c(0,0)
N,1;s

s(s− 1)

 . (3.61)

We see that, when M = M ′ and i = i′, q(M,M ′|i,i′)
N ;s reduces to q(M,M |i,i)

N ;s given in (3.15). As
we are only focusing on the cases with M 6= M ′ or i 6= i′, we will ignore the term with
c

(0,0)
N,1;s. When M 6= M ′, ĉ(M,M ′|i,i′)

N,0;s always has a factor of (−1)s(s− δ)2δ(2s− 1)2 (and when
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M = M ′, ĉ(M,M ′|i,i′)
N,0;s vanishes at least at s = 0, 1), and is symmetric under s→ 1− s. For

example,

ĉ
(4,0)
4,0;s = (−1)s

7560 (s− 2)(s− 1)s(s+ 1)(2s− 1)2
(
5s4 − 10s3 + 251s2 − 246s+ 360

)
, (3.62)

ĉ
(5,3)
5,0;s = (−1)s

60480(s− 2)(s− 1)s(s+ 1)(2s− 1)2

×
(
s6 − 3s5 + 115s4 − 225s3 + 3604s2 − 3492s+ 5040

)
.

It is therefore clear that q(M,M ′|i,i′)
N,s is a polynomial in s, and its degree is

x = 2N + 2
⌊
M

2

⌋
− 2− 2δ , (3.63)

which generalises (3.17) for δ 6= 0.
We now perform the summation over the index s. As there is a factor of (s − δ)δ in

B̂
(M,M ′|i,i′)
N ;s (w), which can be seen from the expansion of the Hypergeometric function, we

can start the sum at s = δ + 1. We therefore find

B̂
(M,M ′|i,i′)
N (w; t) = −

∞∑
s=δ+1

q
(M,M ′|i,i′)
N ;s (w) (3.64)

×
[
(1− w)s−1

2F1(s− δ, s+ a, a− δ + 1, w)−K(M,M ′)
N ;s (w)

]
(−t)s−1 .

As q(M,M ′|i,i′)
N ;s (w) and K

(M,M ′|i,i′)
N ;s (w) are both polynomials in s, the last term in (3.64)

sums to
q

(M,M ′|i,i′)
N ;S (w)K(M,M ′)

N ;S (w) ·
(

(−t)δ

1 + t

)
, (3.65)

where S is the differential operator defined in (3.31). To compute the summation of the
first term in (3.64), we first find the generating function for the Hypergeometric function,

F (M,M ′)
N (w, t) :=

∞∑
s=δ+1

2F1 (s− δ, s+ a, a− δ + 1, w) ts−1 , (3.66)

which reduces to F (M)
N (w, t) in (3.24) when M = M ′.

We can shift s so that the sum starts from s = 1, as in the M = M ′ case, so we have

F (M,M ′)
N (w, t) =

∞∑
s=1

2F1 (s, s+ a+ δ, a− δ + 1, w) ts+δ−1 . (3.67)

Using the identity

∂nz

(
zc−1

2F1(a, b, c, z)
)
≡ (c− n)n zc−n−1

2F1(a, b, c− n, z) , (3.68)

F (M,M ′)
N (w, t) can be written as

F (M,M ′)
N (w, t) =

∞∑
s=1

1
wa−δ (a− δ + 1)2δ

∂2δ
w

(
wa+δ

2F1(s, s+ a+ δ, a+ δ + 1, w)
)
ts+δ−1 .

(3.69)
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As a + δ = (N2 + 2M − 3)/2, this is exactly the same Hypergeometric function that ap-
peared in (3.24), and so taking the sum inside the differential, we find

F (M,M ′)
N (w, t) = tδ

wa−δ (a− δ + 1)2δ
∂2δ
w

(
wa+δ F (M)

N (w, t)
)
, (3.70)

where F (M)
N (w, t) is given in (3.25) for even N and (3.47) for odd N . Therefore, finally,

the generating function is given by

B̂
(M,M ′|i,i′)
N (w; t) = −q(M,M ′|i,i′)

N ;S (w) ·
[
F (M,M ′)
N (w, t(w − 1))−K(M,M ′)

N,S (w) ·
(

(−t)δ

1 + t

)]
,

(3.71)
where q(M,M ′|i,i′)

N ;s (w) is given in (3.61) in terms of the initial data of the recursion rela-
tion (2.25) (i.e. ĉ(M,M ′|i,i′)

N,0;s ).
Unlike the case with M = M ′, i = i′, the generating functions B̂(M,M ′|i,i′)

N (w; t) do not
have a pole at w = 1 due to the absence of the source term when M 6= M ′ or i 6= i′, but
once again they do have branch cuts along (1, w1). We will now compute the corresponding
discontinuity. From (3.25) and (3.47), and using (3.38), we find that the discontinuity of
B̂

(M,M ′|i,i′)
N (w; t) is given by

discB̂(M,M ′|i,i′)
N (w; t) = q

(M,M ′|i,i′)
N ;S (w) · iπ (−1)a+δ+1/2 2−2(a+δ)

ta(w − 1)awa−δ(a− δ + 1)2δ

(
a+ δ

1
2

)
×
[
∂2δ
w

(
(t2 − 2t(w + 1) + (w − 1)2)a+δ−1/2

) ∣∣
t→t(w−1)

]
.

(3.72)

To see the form of the discontinuity, we can perform the derivatives ∂2δ
w explicitly, and

so discB̂(M,M ′|i,i′)
N (w; t) can then be expressed as

discB̂(M,M ′|i,i′)
N (w;t)=− iπ2−2a

(w−1)δ+1/2wa−δ

(
a+δ

1
2

)
(3.73)

×q(M,M ′|i,i′)
N,S (w)·

[
t−a(t+1)2a−2δ−1(1−w/w1)a−δ−1/2h(w,t(w−1))

]
,

where h(w, t) is a polynomial in w and t, explicitly given by

h(w, t) =
δ∑

n=0

(
δ

n

)(
δ + 1

2 − n
)
n

(
a− δ + 1

2 + n

)
2δ−n

(1 + t− w)2(δ−n)

×
(
t2 − 2t(w + 1) + (w − 1)2

)n
.

(3.74)

A factor of (w − 1)a−δ−1/2 has been factored out in (3.73), and h(w, t(w − 1)) has an
extra factor of (w − 1)δ. Furthermore, the prefactor q(M,M ′|i,i′)

N,S (w) is an order-x (as given
in (3.63)) differential operator in t, and so

discB̂(M,M ′|i,i′)
N (w; t) = −i

√
w − 1 (1− w/w1)b (t+ 1)2bP

(M,M ′|i,i′)
N (w, t)

(w t)a , (3.75)

where
b = a− δ − 1/2− x = N2 + 2M

2 − 2N − 2
⌊
M

2

⌋
, (3.76)
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and P
(M,M ′|i,i′)
N (w, t) is a polynomial of degree-(x + δ − 1) in w and degree-2(x + δ)

in t. In writing down the general expression, we have used the fact that an extra
factor of (w − 1) comes from the factor of (2S − 1) in q

(M,M ′|i,i′)
N,S (w) when acting on

t−a(t + 1)2a−2δ−1(1 − w/w1)a−δ−1/2. Once again P
(M,M ′|i,i′)
N (w, t) obeys some interesting

symmetries, for example,

P
(M,M ′|i,i′)
N (w, t) = t2(x+δ)P

(M,M ′|i,i′)
N (w, 1/t) . (3.77)

However, it does not have the corresponding symmetry in w, and so P (M,M ′|i,i′)
N (w, t) is

not palindromic in w. Compared with (3.37) and (3.53), we find that remarkably the
discontinuity discB̂(M,M ′|i,i′)

N (w; t) for all cases takes a unified form.

3.2 Examples of generating functions

We will now give some concrete examples of generating functions, and their singularity
structures on the w-plane (i.e. their poles and discontinuities). We will begin with the
simplest case of M = M ′ = 0, then move on to examples with M = M ′ > 0 and M 6= M ′.

3.2.1 M = M ′ = 0

Let us begin to consider the operators Op|0 = (T2)p with the simplest SU(2) gauge group,
namely M = M ′ = 0, and N = 2. Because in this is the case there is no degeneracy, we
will remove the index i. From (3.14), we have

B̂
(0,0)
2;s (w) =

c
(0,0)
2,1;s

s (s− 1) (1− w)

[
(1− w)s 2F1

(
s, s+ 1

2; 3
2 , w

)
− 1

]
, (3.78)

where
c

(0,0)
2,1;s = 3

2 ĉ
(0,0)
2,1;s(s) = (−1)ss(s− 1)(2s− 1)2 . (3.79)

Going through the procedure we outlined in the previous section, we find the generating
function is given by,

B̂
(0,0)
2 (w; t) = 4t(t− 1)2 (3t2 − 2t+ 3

)
w − (t+ 1)2 (3t2 − 10t+ 3

)
(t+ 1)3(w − 1) [(t+ 1)2 − (t− 1)2w]2

. (3.80)

For this particular N = 2 case, the coth−1 components of G(w, t(w−1)) in F (0)
2 (w, (w−1)t)

actually cancel out, and the generating function only contains poles but no branch cuts in
the w-plane.

In general for N > 2, the generating functions have both poles and branch cuts and
take the general form as given in (3.33). To illustrate the universal structures, we will
consider an example of even N , namely N = 4. When N = 4, we have

B̂
(0,0)
4;s (w) =

c
(0,0)
4,1;s

s (s− 1) (w − 1)

[
(1− w)s 2F1

(
s, s+ 13

2 ; 15
2 , w

)
− 1

]
, (3.81)

where c(0,0)
4,1;s is given by,

c
(0,0)
4,1;s = 15

2 ĉ
(0,0)
4,1;s = 1

12(−1)s(s− 1)s(2s− 1)2
(
s2 − s+ 4

) (
s2 − s+ 18

)
. (3.82)
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Using the procedure we outlined in the previous paragraphs, it is straightforward to
obtain the generating function B̂

(0,0)
4 (w; t), which takes exactly the general form given

in (3.33), with a = 13/2 and b = 0,

B̂
(0,0)
4 (w; t) =

√
w − 1P (0,0)

4 (w, t)
π(w t)13/2 G(w, t(w − 1)) + (t+ 1)Q(0,0)

4 (w, t)
(w t)6 + B̂

(0,0)
4 (w; t)

∣∣
pole ,

(3.83)
and the relevant polynomials are given by

P
(0,0)
4 (w, t) = 45045π

33554432
[
6837 t̃12

0,5 − 32775 t̃12
1,4 (w + 1) + 5688 t̃12

2,3

(
11w2 + 18w + 11

)
− 5457 t̃12

3,2

(
11w3 + 21w2 + 21w + 11

)
+ 899 t̃12

4,1

(
33w4 + 60w3 + 70w2 + 60w + 33

)
−190 t̃12

5,0

(
33w4 + 12w3 + 38w2 + 12w + 33

)
(w + 1)

]
, (3.84)

and

Q
(0,0)
4 (w,t)=− 39

16777216
[
7896735t̃10

0,5−1155t̃10
1,4(37333w+19101)

+231t̃10
2,3

(
451717w2+270630w+87645

)
−132t̃10

3,2

(
1182061w3+291179w2+165375w+51345

)
+110t̃10

4,1

(
1610089w4−799548w3+95802w2+10332w+4221

)
− t̃10

5,0

(
89980301w5−131315679w4+50765066w3−4821894w2−181335w−232155

)]
, (3.85)

where we denote t̃nm,q = (tm + tn−m)(w − 1)q. Finally, the pole term is

B̂
(0,0)
4 (w; t)

∣∣
pole = −2

(
3t6 − 24t5 − 2t4 − 70t3 − 2t2 − 24t+ 3

)
(t+ 1)7(w − 1) . (3.86)

We will eventually use the residue theorem to compute the large-p expansion of the
integrated correlator, so what is relevant is the singularity structures on the w-plane.
From (3.83), we see that B̂(0,0)

4 (w; t) has a pole at w = 1 with residue from (3.86)

Resw=1B̂
(0,0)
4 (w; t) = −2(3t6 − 24t5 − 2t4 − 70t3 − 2t2 − 24t+ 3)

(t+ 1)7 , (3.87)

and it has branch cuts along (1, w1), with the discontinuity given by,

discB̂(0,0)
4 (w; t) = − i

√
w − 1P (0,0)

4 (w, t)
(t w)13/2 , (3.88)

with P (0,0)
4 (w, t) given in (3.84).

We now consider the cases with odd N . For example, for N = 3 (and M = 0,M ′ = 0),
we find

B̂
(0,0)
3 (w;t)=

3t
(
t4+4t3+17t2+10t+12

)
(t+1)5(w−1) (3.89)

+
48tw

[
12t2(t+1)−t

(
7t3−21t2+33t−11

)
(w−1)+(t−1)2(t3−6t2+12t−5

)
(w−1)2]

(t+1)7
√

1−w
(√

1−w+
√

1−w/w1

)4
(1−w/w1)

3
2

+
24t
[
8t2−6t

(
3t2+4t+5

)
(w−1)+

(
8t4−t3−3t2−7t+11

)
(w−1)2−(t−1)2(t3−t2+t+1

)
(w−1)3]

(t+1)6(1−w)
(√

1−w+
√

1−w/w1

)3
(1−w/w1)

3
2

.
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As we commented, just like the first even N case (i.e. N = 2), for this special case,
B̂

(0,0)
3 (w; t) does not follow the general structure (3.50). However, the singularity properties,

which we will use for the computation of the large-p expansion of the integrated correlator,
are universal. More concretely, it is straightfoward to see that B̂(0,0)

3 (w; t) has a pole at
w = 1 with residue,

Resw=1B̂
(0,0)
3 (w; t) = −3

(
t4 − 7t3 − 7t+ 1

)
(t+ 1)5 , (3.90)

and branch cuts along (1, w1), with discontinuity

disc B̂(0,0)
3 (w; t) = − i

√
w − 1P (0,0)

3 (w, t)
(w t)3 (t+ 1)3 (1− w/w1)3/2 , (3.91)

where P (0,0)
3 (w, t) is given by

P
(0,0)
3 (w, t) = 3

[
5t̃80,3 − 21t̃81,2(w + 1) + t̃82,1

(
34w2 + 37w + 34

)
−9t̃83,0(w + 1)

(
3w2 − 2w + 3

)
+ 9t̃84,1

(
w2 + w + 1

)]
.

(3.92)

3.2.2 M = M ′ 6= 0

Let us now consider the generating functions for M = M ′ 6= 0. We will consider the
simplest case with M = 3,M ′ = 3, N = 3 as an example, and other cases take similar
forms. Here we will only give the singularity structures of the generating function, i.e. the
discontinuity and the pole. The generating function for this particular case can be found
in appendix A. As explained earlier, singularities are eventually the relevant information
for understanding the charge dependence of integrated correlators.

The singularity structures of B̂(3,3)
3 (w; t) follow the general structure of (3.22). As

in all the cases, B̂(3,3)
3 (w; t) has a pole at w = 1 and branch cuts along (1, w1), with the

following expressions for the residue and the discontinuity,

Resw=1B̂
(3,3)
3 (w; t) = −3

(
t4 − 7t3 − 7t+ 1

)
(t+ 1)5 , (3.93)

and

disc B̂(3,3)
3 (w; t) = − i

√
w − 1P (3,3)

3 (w, t)
(tw)6(t+ 1)

√
1− w/w1

, (3.94)

with the polynomial P (3,3)
3 (w, t) given by

P
(3,3)
3 (w,t) = 3

[
11t̃12

0,5−56t̃12
1,4(w+1)+5t̃12

2,3

(
23w2 +36w+23

)
−12t̃12

3,2(w+1)
(
10w2 +7w+10

)
+ t̃12

4,1

(
65w4 +92w3 +97w2 +92w+65

)
−4t̃12

5,0(w+1)
(
w2 +w+1

)(
4w2−5w+4

)
+ t̃12

6,1

(
w2 +w+1

)2
]
. (3.95)
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3.2.3 M 6= M ′

Finally, we consider examples with M 6= M ′. We will consider the case M = 4,M ′ = 0
with N = 4 as an example, and again we will only give the singularity structures. Recall
that, for M 6= M ′ or i 6= i′,

Resw=1B̂
(M,M ′|i,i′)
N (w; t) = 0 , (3.96)

and so we only need to consider the discontinuity. The discontinuity takes the general form
of (3.75),

discB̂(4,0)
4 (w; t) = −i

√
w − 1P (4,0)

4 (w, t)
(w t)17/2 , (3.97)

and the polynomial P (4,0)
4 (w, t) is given by

P
(4,0)
4 (w, t) = 36465π

17179869184
[
2386324t̃16

0,7 − 1025423t̃16
1,6(19w + 11) (3.98)

+ 213186t̃16
2,5

(
323w2 + 306w + 99

)
− 84545t̃16

3,4

(
1615w3 + 1785w2 + 945w + 231

)
+ 38932t̃16

4,3

(
4199w4 + 4420w3 + 2730w2 + 1092w + 231

)
− 27795t̃16

5,2

(
4199w5 + 3315w4 + 1950w3 + 910w2 + 315w + 63

)
+ 962t̃16

6,1

(
46189w6 + 14586w5 + 6435w4 + 2860w3 + 1155w2 + 378w + 77

)
−139t̃16

7,0

(
46189w7 − 17017w6 − 3003w5 − 1001w4 − 385w3 − 147w2 − 49w − 11

)]
,

where we have omitted the degeneracy indices i, i′ since there is no degeneracy for M < 6.
An analogous expression for disc B̂(5,3)

5 (w; t) can be found in appendix A.
The computation for the generating functions for other cases is very similar. We will

not list results for more examples here. In the next section, we will use these generating
functions, especially their singularity structures, to obtain the large-charge expansion of
integrated correlators.

4 Large-charge expansion

As we commented in the introduction, it has been shown in the literature that the charge
of some global symmetry provides a very useful expansion parameter for performing the
analytical study of physical observables in QFT. In particular, it allows us to access the
strong coupling regime, and can often be described by some effective field construction
(see e.g. [23–27]). In this section, we will utilise the generating functions of integrated
correlators we obtained previously to study the large-charge properties of the integrated
correlators. It will provide explicit analytical results of the integrated correlators in the
large-charge expansion. As we will show, all the integrated correlators behave universally
in the large-charge expansion (up to some subtle difference between even and odd N),
and we will further find that the large-charge expansion of the integrated correlators take
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w

0

C

1 w1

(a)

0 1 w1

C ′

C∞

(b)

w

Figure 1. We have used w1 = (t+ 1)2/(t− 1)2. (a) The contour C encircling the pole at w = 0.
(b) The deformed contour C ′ encircles the cut, together with the contour at infinity, C∞, which
gives a vanishing contribution.

a rather similar form to that of the large-N expansion. In particular, the same types of
modular functions appear in both cases.

Let us begin with the general expression for the integrated correlators. From (3.4), we
have

Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) =

∑
(m,n)∈Z2

∫ ∞
0

dt
1

2πi

∮
C

dw

wp+1 e
−tYm,n(τ,τ̄)B̂

(M,M ′|i,i′)
N (w; t) . (4.1)

It is convenient to separate Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) into several different parts. Firstly, we will sep-

arate out the (m,n) = (0, 0) case in the lattice-sum, which contributes to the τ -independent
part of the integrated correlators since Y0,0(τ, τ̄) = 0. In fact, in the large-p expansion,
there is additional τ -independent contribution, as we show in (B.9). We will denote all the
τ -independent contributions as Ĉ(M,M ′|i,i′)

N,p

∣∣
const. For the remaining (m,n) 6= (0, 0) part,

we will deform the contour, as shown in figure 1. Instead of surrounding w = 0, it will
surround the pole at w = 1, and the discontinuity along (1, w1). These contribtuions will
be denoted as Ĉ(M,M ′|i,i′)

N,p (τ, τ̄)
∣∣
pole and Ĉ(M,M ′|i,i′)

N,p (τ, τ̄)
∣∣
disc, respectively. To summarise,

in the large-charge expansion, the integrated correlators can be conveniently decomposed
into the following different contributions

Ĉ(M,M ′|i,i′)
N,p (τ, τ̄) = Ĉ(M,M ′|i,i′)

N,p

∣∣
const + Ĉ(M,M ′|i,i′)

N,p (τ, τ̄)
∣∣
pole + Ĉ(M,M ′|i,i′)

N,p (τ, τ̄)
∣∣
disc . (4.2)

Below we will discuss each part separately; we will start with the discontinuity part and
consider the remaining parts afterwards.

4.1 Discontinuity part

As we will see, the most interesting part of the large-charge expansion of integrated corre-
lators arises from the discontinuity part, Ĉ(M,M ′|i,i′)

N,p (τ, τ̄)
∣∣
disc, which can be written as

Ĉ(M,M ′|i,i′)
N,p (τ, τ̄)

∣∣
disc := 1

2πi
∑

(m,n) 6=0

∫ ∞
0

e−tYm,n(τ,τ̄)
∫ w1

1

dw

wp+1 discB̂(M,M ′|i,i′)
N (w; t) dt ,

(4.3)
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where the notation (m,n) 6= (0, 0) means excluding the case m = n = 0. The analysis is
very similar to that of the large-N expansion for the integrated correlators associated with
〈O2O2O2O2〉 done in [4]. It is convenient to separate the integration region into (1,∞)
and (w1,∞):

Ĉ(M,M ′|i,i′)
N,p (τ, τ̄)

∣∣
disc = Ĉ(M,M ′|i,i′),P

N,p (τ, τ̄) + Ĉ(M,M ′|i,i′),NP
N,p (τ, τ̄) , (4.4)

with

Ĉ(M,M ′|i,i′),P
N,p (τ, τ̄) = 1

2πi
∑

(m,n) 6=(0,0)

∫ ∞
0

e−tYmn(τ,τ̄)
∫ ∞±iδN ε

1

dw

wp+1 discB̂(M,M ′|i,i′)
N (w; t)dt ,

Ĉ(M,M ′|i,i′),NP
N,p (τ, τ̄) =− 1

2πi
∑

(m,n) 6=(0,0)

∫ ∞
0

e−tYmn(τ,τ̄)
∫ ∞±iδN ε
w1

dw

wp+1 discB̂(M,M ′|i,i′)
N (w; t)dt ,

(4.5)
where δN = 1 for odd N and δN = 0 for even N . The factor ±iε in the integrations given
in (4.5) is to choose the integration contour slightly above or below the real axis to avoid
the cut in the odd-N case. Recall that the exponent b of (1− w/w1)b in the discontinuity
discB̂(M,M ′|i,i′)

N (w; t) given in (3.37) and (3.53) is an integer for even N and a half-integer
for odd N . Therefore in the odd N case, discB̂(M,M ′|i,i′)

N (w; t) itself has branch cuts along
(w1,∞), but for the even-N case it is a polynomial. For this reason we need to deform the
integration slightly by ±iε for the cases with odd N .

For odd N , the factor ±iε in the integration has no effect in the case of
Ĉ(M,M ′|i,i′),P
N,p (τ, τ̄), and gives an overall ±i “ambiguity” in the case of Ĉ(M,M ′|i,i′),NP

N,p (τ, τ̄) [4].
This “ambiguity” is in a complete agreement with the resurgent analysis. More pre-
cisely, as we will see, Ĉ(M,M ′|i,i′),P

N,p (τ, τ̄) contains power series terms in the large-p expan-
sion, and Ĉ(M,M ′|i,i′),NP

N,p (τ, τ̄) is exponentially decayed in the large-p limit. Furthermore,
Ĉ(M,M ′|i,i′),P
N,p (τ, τ̄) is not Borel summable, and the ±i reflects the choices in resummation

of the perturbative expansion Ĉ(M,M ′|i,i′),P
N,p (τ, τ̄), and the completion of the asymptotic

perturbative series is precisely Ĉ(M,M ′|i,i′),NP
N,p (τ, τ̄). For even N , however, the function

B̂
(M,M ′|i,i′)
N (w; t) has no branch cuts along (w1,∞), and so we can simply integrate along

the real axis. Therefore, there is no such ambiguity. As we will see, this is also in agreement
with resurgence.

To perform the computation explicitly, we make a suitable change of variables. For
the perturbative part, we use the substitution w = e

µ
p , and find

Ĉ(M,M ′|i,i′),P
N,p (τ, τ̄) = 1

2πi
∑

(m,n) 6=(0,0)

∫ ∞
0

dt e−t Ymn(τ,τ̄) 1
p

∫ ∞
0

discB̂(M,M ′|i,i′)
N (e

µ
p ; t) e−µ dµ .

(4.6)
By expanding the integrand discB̂(M,M ′|i,i′)

N (e
µ
p ; t) in the large-p limit, we can perform

the µ integral, which leads to objects of the form ts + t1−s. Using the definition of the
non-holomorphic Eisensetein series,

E(s; τ, τ̄) =
∑

(m,n) 6=(0,0)
(Ym,n(τ, τ̄))s = 1

Γ(s)
∑

(m,n) 6=(0,0)

∫ ∞
0

e−t Ymn(τ,τ̄)ts−1 dt , (4.7)
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as well as the functional relation Γ(s)E(s; τ, τ̄) = Γ(1− s)E(1− s; τ, τ̄), we find

Ĉ(M,M ′|i,i′),P
N,p (τ, τ̄) =

∞∑
r=1

p−r−1/2
r∑

m=1
a

(M,M ′|i,i′)
N ;r,m E(m+ 1/2; τ, τ̄) , (4.8)

where the coefficients a(M,M ′|i,i′)
N ;r,m are rational.11

Before we move on to the other contribution Ĉ(M,M ′|i,i′),NP
N,p (τ, τ̄), let us pause here to

comment on an important difference between even and odd N in (4.8) that we have already
anticipated when we discussed the generating functions. For odd N , the coefficients in front
of the Eisenstein series a(M,M ′|i,i′)

N ;r,m are all non-zero; for even N , however, the coefficients
vanish when m is too large. More precisely, we have,

a
(M,M ′|i,i′)
N ;r,m = 0 , if m > (N2 +M +M ′)/2− 2 . (4.9)

This is because (1 + t)2b(1 − w/w1)b is a polynomial for even N , which truncates in the
variable t (and w). Therefore, according to the definition of E(s; τ, τ̄) in (4.7), the index s
cannot be too big if the expansion in t truncates.

For computing the non-perturbative part Ĉ(M,M ′|i,i′),NP
N,p (τ, τ̄), we make the change of

variables w = w1e
µ
p to give

Ĉ(M,M ′|i,i′),NP
N,p (τ, τ̄) = 2

∑
(m,n) 6=(0,0)

∫ ∞
1

h
(M,M ′|i,i′)
N,p (t) e−Sp(t) dt , (4.10)

where we have used the symmetry property (3.3) to change the integration region t ∈ (0,∞)
to t ∈ (1,∞), which, as we will see, turns out to be convenient; furthermore h(M,M ′|i,i′)

N,p (t)
and Sp(t) are defined as follows:

h
(M,M ′|i,i′)
N,p (t) = −1

p

∫ ∞±i δN ε

0
discB̂(M,M ′|i,i′)

N (w1e
µ
p , t) e−µ dµ

2πi , (4.11)

and
Sp(t) = t Ymn(τ, τ̄) + 2 p log( t+ 1

t− 1) . (4.12)

Importantly, h(M,M ′|i,i′)
N,p (t) does not contain exponentially behaved terms in the large-p

limit, which is in the “action” Sp(t), more precisely in e−Sp(t). In the integration region,
Sp(t) > 0, therefore in the large-p limit Ĉ(M,M ′|i,i′),NP

N,p (τ, τ̄) is exponentially decayed. The
saddle-point is at ∂tS(t)|t=t∗ = 0, with the solution

t∗ =
√

1 + 4p/Ym,n(τ, τ̄) . (4.13)

To obtain the large-p expansion, we substitute t = t∗ + α back into (4.10) and perform
Gaussian integrals over α. We find the result of this analysis takes the following form,

pv1
∞∑
r=0

2r∑
m=0

p−r/2d
(M,M ′|i,i′)
N ;r,m Dp

(
m−3r

2 + v2; τ, τ̄
)
, (4.14)

11To be precise, in some cases the large-p expansion of Ĉ(M,M′|i,i′)
N,p (τ ; τ̄) may have some overall factors of

π,
√

2, etc.
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where Dp(s; τ, τ̄) is a generalisation of E(s; τ, τ̄) with an exponentially decayed piece,

Dp(s; τ, τ̄) =
∑

(m,n) 6=(0,0)
exp(−4

√
p Ym,n(τ, τ̄)) (Ym,n(τ, τ̄))s . (4.15)

When the parameter p = 0, it reduces to E(s; τ, τ̄). As we explained earlier, there may be
an overall ±i ambiguity in (4.14) depending on whether N is odd or even. Furthermore,
v1, v2 are some simple rational numbers (such as 1/4, 1/2) depending on the parameters
(M,M ′|i, i′) and N , and the coefficients d(M,M ′|i,i′)

N ;r,m are rational numbers (again, up to some
overall factors of π,

√
2, etc., depending on particular cases). We note that exactly the same

modular function Dp(s; τ, τ̄) appeared in the large-N expansion of C(0,0)
N,1 (τ, τ̄) (again, this is

the simplest integrated correlator with M = M ′ = 0, p = 1) with N and p exchanged [4].12

4.2 Remaining parts

We will now consider the additional contributions to the integrated correlators that are
beyond what has been considered in subsection 4.1. They are relatively simpler to compute.
The remaining parts can be separated into two parts: one is independent of the charge p,
which arises from the pole at w = 1 of the integrated correlators, as given in (4.16); the
other is independent of the coupling τ , as explained in appendix B (more precisely it is
given in (B.9)).

4.2.1 The p-independent term from w = 1 pole

We begin by considering the contribution from the pole at w = 1, which is given by

Ĉ(M,M ′|i,i′)
N,p (τ, τ̄)

∣∣
pole := 1

2πi
∑

(m,n) 6=0

∫ ∞
0

e−t Ym,n(τ,τ̄)
∫ w1

1
Resw=1B̂

(M,M ′|i,i′)
N (w; t) dt .

(4.16)
As we commented earlier, this contribution is associated with the source term C(0,0)

N,1 (τ, τ̄),
which is only relevant when M = M ′, i = i′. Furthermore, this contribution is independent
of M, i and p. The residue at the w = 1 pole, Resw=1B̂

(M,M |i,i)
N (w; t), is a rational function

of t, which obeys
t ∂2

t

(
tResw=1B̂

(M,M |i,i)
N (w; t)

)
= 4B(0,0)

N,1 (t) . (4.17)

One can in fact write down the generating function by summing over N . Using the re-
sult (3.21) and appropriate boundary conditions, we find,

∞∑
N=2

Resw=1B̂
(M,M |i,i)
N (w; t) zN = z

2t

[
t+ 1

(1− z)2 + (t− 1)4z − (t+ 1)4

(1− z)3/2 [(t+ 1)2 − (t− 1)2z]3/2

]
.

(4.18)
According to (4.16), the contribution to the integrated correlators arising from the w = 1
pole can be expressed as

Ĉ(M,M |i,i)
N,p (τ, τ̄)

∣∣
pole = −

∑
(m,n) 6=(0,0)

∫ ∞
0

e−tYm,n(τ,τ̄)Resw=1B̂
(M,M |i,i)
N (w; t) dt , (4.19)

12Non-holomorphic modular invariant functions analogous to DN (s; τ, τ̄) and the generalisations have
recently appeared in another context [46].
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where we have excluded (m,n) = (0, 0) here in the lattice sum, as it will be considered
in the next subsection. Explicitly, Resw=1B̂

(M,M |i,i)
N (w; t) is determined by its generating

function as given in (4.18). Furthermore, the relation (4.17) implies that Ĉ(M,M |i,i)
N,p (τ, τ̄)

∣∣
pole

satisfies the following Laplace equation

∆τ Ĉ(M,M |i,i)
N,p (τ, τ̄)

∣∣
pole = −4

∑
(m,n) 6=(0,0)

∫ ∞
0

e−tYm,n(τ,τ̄)B
(0,0)
N,1 (t) dt , (4.20)

where the right-hand side is precisely −4 C(0,0)
N,1 (τ, τ̄), with the (m,n) = (0, 0) excluded in

the lattice sum.

4.2.2 The τ -independent term

We now consider the τ -independent part of the integrated correlators. As shown in (B.9)
in appendix B, it consists of two contributions in the large-p expansion, which we quote
below

Ĉ(M,M ′|i,i′)
N,p

∣∣
const = 2

∫ ∞
0

B̂
(M,M ′|i,i′)
N,p (t) dt+ 2

∞∑
g=0

p−g−1 lim
s→0

ĉ
(M,M ′|i,i′)
N ; g; s

s
. (4.21)

Since it is independent of τ , the Laplace-difference equation (2.25) for Ĉ(M,M ′|i,i′)
N,p

∣∣
const

becomes

(a+1)(δ+1)Ĉ(M,M ′|i,i′)
N,p

∣∣
const = (p+1+δ)(p+a+1) Ĉ(M,M ′|i,i′)

N,p+1
∣∣
const−2p(p+a+δ+1)Ĉ(M,M ′|i,i′)

N,p

∣∣
const

+p(p+a+δ) Ĉ(M,M ′|i,i′)
N,p−1

∣∣
const−4δM,M ′δi,i′C(0,0)

N,1
∣∣
const , (4.22)

where a is given in (2.20) and C(0,0)
N,1

∣∣
const = N(N − 1)/4. Solving the recursion relation, we

obtain

Ĉ(M,M ′|i,i′)
N,p

∣∣
const = Ĉ(M,M ′|i,i′)

N,0
∣∣
const + β

(a+ 1)(δ + 1)
a δ

(
1− (a+ p+ 1)δ(a+δ

δ

)
(p+ 1)δ

)
+ δM,M ′δi,i′N(N − 1) [(a+ 1)Hp+a −Hp] ,

(4.23)

where Hn =
∑n
k=1

1
k are the harmonic numbers, with the analytic continuation Hn =

γ + ψ(n + 1), where ψ is the digamma function and γ is the Euler-Mascheroni constant.
And Ĉ(M,M ′|i,i′)

N,0
∣∣
const is the initial condition and β is p-independent. When M = M ′, the

limit δ → 0 should be understood.
Using the results of B̂(M,M ′|i,i′)

N,p (t), we can evaluate the first contribution in (4.21)
straightforwardly. We find

2
∫ ∞

0
B̂

(M,M ′|i,i′)
N,p (t) dt = 2

∫ ∞
0

B̂
(M,M |i,i)
N,0 (t) dt+ δM,M ′ δi,i′ N(N −1) (Hp+a −Ha) . (4.24)

It is easy to see that (4.24) is a solution to the recursion relation (4.22). Interestingly, for
M 6= M ′ or i 6= i′,

∫∞
0 B̂

(M,M ′|i,i′)
N,p (t) dt is independent of p, which is a rather non-trivial

fact from the expressions of B̂(M,M ′|i,i′)
N,p (t). However, this is expected from the viewpoint
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of the recursion relation (4.22). Below we give some examples of the initial conditions, i.e.
B̂

(M,M ′|i,i′)
N,0 (t).

When M = M ′ = 0, we have B̂(M,M ′|i,i′)
N,0 (t) = 0, and for M = M ′ = 3, 4, 5 we find∫ ∞

0
B̂

(3,3)
N,0 (t) = N(2N + 3)

(N + 1)(N + 2) ,∫ ∞
0

B̂
(4,4)
N,0 (t) = 3N6 + 12N5 + 15N4 + 17N3 + 16N2 − 5N − 6

N(N + 1)(N + 2)(N + 3) (N2 + 1) ,∫ ∞
0

B̂
(5,5)
N,0 (t) = 4N7 + 30N6 + 95N5 + 245N4 + 475N3 + 325N2 − 130N − 120

N(N + 1)(N + 2)(N + 3)(N + 4) (N2 + 5) .

(4.25)

As we commented earlier, when M 6= M ′ or i 6= i′,
∫∞

0 B̂
(M,M ′|i,i′)
N,p (t) dt is independent of

p. For example, for (M,M ′) = (4, 0) and (M,M ′) = (5, 3), we find∫ ∞
0

B̂
(4,0)
N,p (t) dt = − 4

(N + 3)(N + 2) ,
∫ ∞

0
B̂

(5,3)
N,p (t) dt = − 12

(N + 4)(N + 3) . (4.26)

Note that because there is no degeneracy, we have omitted the indices i, i′ in all these
examples.

We now consider the second term in (4.21), which we find to be

2
∞∑
g=0

p−g−1 lim
s→0

ĉ
(M,M ′|i,i′)
N ; g; s

s
= ρ

(p+ 1)δ − (a+ p+ 1)δ
δ (p+ 1)δ

, (4.27)

where ρ is independent of p. When M = M ′, i = i′, we find ρ = N(N −1)/2 and the above
expression reduces to

2
∞∑
g=0

p−g−1 lim
s→0

ĉ
(M,M |i,i)
N ; g; s
s

= −N(N − 1)
2 (Hp+a −Hp) . (4.28)

When M 6= M ′, for example for (M,M ′) = (4, 0) and (M,M ′) = (5, 3), we find

2
∞∑
g=0

p−g−1 lim
s→0

ĉ
(4,0)
N ; g; s
s

= 2
(
N2 + 1

) (
N2 + 4p+ 7

)
(N + 2)(N + 3)(p+ 1)(p+ 2) ,

2
∞∑
g=0

p−g−1 lim
s→0

ĉ
(5,3)
N ; g; s
s

= 12
(
N2 + 5

)
(N + 3)(N + 4)(p+ 1) .

(4.29)

In summary, in the large-p expansion, the τ -independent part of the integrated cor-
relators is given by (4.21), with each contribution defined in (4.23) and (4.27). When
M = M ′, i = i′, we find

Ĉ(M,M |i,i)
N,p

∣∣
const = 2

∫ ∞
0

B̂
(M,M |i,i)
N,0 (t)dt+N(N−1)

[
log(p)+γ−Ha+ a+1

2p −
3a2 +3a+1

12p2

+ a(a+1)(2a+1)
12p3 − 15a4 +30a3 +15a2−1

120p4 +O
(
p−5

)]
, (4.30)
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and a few examples for the initial conditions
∫∞

0 B̂
(M,M |i,i)
N,0 (t) dt may be found in (4.25).

Whereas for the examples of M 6= M ′, we have

Ĉ(4,0)
N,p

∣∣
const = 2

(
N4 +4N2(p+2)−4p(p+2)−1

)
(N+2)(N+3)(p+1)(p+2) , Ĉ(5,3)

N,p

∣∣
const = 12

(
N2−2p+3

)
(N+3)(N+4)(p+1) .

(4.31)

4.3 Summary

Putting everything together, we find that the large-p expansion of all the integrated corre-
lators can be summarised in the following form,13

Ĉ(M,M ′|i,i′)
N,p (τ ;τ̄)=δM,M ′δi,i′ Ĉ(M,M |i,i)

N,p (τ ;τ̄)
∣∣
pole+δM,M ′δi,i′b

(M,M |i,i)
N log(p)+

∞∑
k=0

b
(M,M ′|i,i′)
N ;k p−k

+p−1/2
∞∑

r=1
p−r

r∑
m=1

a
(M,M ′|i,i′)
N ;r,m E

(
m+1

2;τ,τ̄
)
±ipn1

∞∑
r=0

2r∑
m=0

p−r/2d
(M,M ′|i,i′)
N ;r,m Dp

(
m−3r

2 +n2;τ,τ̄
)
,

(4.32)
where the first line is the result of subsection 4.2 and the second comes from subsection 4.1.
The coefficients (up to some overall factors of π,

√
2) in each contribution, as well as n1, n2,

are rational numbers that may depend on the parameters (M,M ′|i, i′) and N .
The results, especially the second line in the above equation, are remarkably similar to

the large-N expansion of the integrated correlator C(0,0)
N,1 (τ, τ̄) that was recently obtained

in [4]. However, as we have emphasised, there are important differences. In particular,
when N is even, the number of non-holomorphic Eisenstein series that appear in the large-
charge expansion do not grow indefinitely as we consider higher orders in the 1/p expansion.
More precisely,

a
(M,M ′|i,i′)
N ;r,m = 0 , when m > (N2 +M +M ′)/2− 2 . (4.33)

This is very different from what has been seen in the large-N expansion of integrated cor-
relators [2, 4, 8]. Furthermore, when considering the generalised ’t Hooft genus expansion
by introducing λ = p g2

YM
, the zero mode of the Eisenstein series give power series terms

in the 1/
√
λ expansion, whereas the functions Dp (s; τ, τ̄) lead to exponentially decayed

terms e−2n
√
λ. The property (4.33) implies that in the ’t Hooft expansion, at a given

order of 1/p, the power series in the 1/
√
λ expansion also truncates. Often the power

series terms and exponentially decayed terms are related by resurgence [2, 4, 18, 45]. The
truncation therefore has interesting consequences in understanding the connection between
power series terms and exponentially decayed terms from the point of view of resurgence.
Indeed this phenomenon, that certain physical observables have truncating perturbative
expansions but still possess non-perturbative objects, has appeared in the literature of

13We have expanded the integrated correlators Ĉ(M,M′|i,i′)
N,p (τ ; τ̄) in 1/p. As we commented earlier, the

total charge of the operator O(i)
p|M is 2p+M rather than p. One could expand in 1/(2p+M) instead of 1/p

as we do here. This of course can be obtained from our results by a simple change of variables. The general
form presented in (4.32) will not change, although the precise coefficients in the expansion do change due
to this shifting.
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resurgence, under the name of “Cheshire cat” resurgence [47–54]. The general idea is that
one may introduce some deformation parameter such that the truncated perturbative series
becomes an asymptotic series with such a deformation parameter. One can then perform
more standard resurgence analysis, and turn off the deformation parameter at the end of
the calculation to obtain the non-perturbative terms. In our case, presumably the rank of
gauge group N naturally plays the role of such a deformation parameter.

Finally, we would like to stress that, because it is completed with the exponentially
decayed terms, the large-p transseries (4.32) should be understood as the full result of
Ĉ(M,M ′|i,i′)
N,p (τ ; τ̄). The Borel resummation of the transseries provides a well-defined analytic

continuation for all values of p, and should reproduce the starting-point expression in terms
of generating functions. This is analogous to the large-N expansion of C(0,0)

N,1 (τ, τ̄) that was
recently obtained in [4]. In the next section, we will consider specific examples and compute
explicitly the coefficients.

5 Large-charge expansion: examples

5.1 SU(2) gauge group

We begin by considering the simplest case, the integrated correlators with gauge group
SU(2). As we commented earlier, for this special case, the only independent operators are
(T2)p, or equivalently Op|0, which have dimension 2p. So for this particular gauge group,
the only relevant integrated correlators are Ĉ(0,0)

2,p (τ, τ̄). The generating functions of the
integrated correlators can be expressed as

Ĉ(0,0)
2 (w; τ, τ̄) =

∑
(m,n)∈Z2

∫ ∞
0

e−tYm,n(τ,τ̄)B̂
(0,0)
2 (w; t) dt , (5.1)

with B̂(0,0)
2 (w; t) given in (3.80). The integrated correlator is then given by

Ĉ(0,0)
2,p (τ, τ̄) =

∑
(m,n)∈Z2

∫ ∞
0

e−tYm,n(τ,τ̄)B̂
(0,0)
2,p (t) dt . (5.2)

The generating functions with SU(2) gauge group are special in that they do not have any
branch cuts. From (3.80), we find

B̂
(0,0)
2,p (t) = 1

2πi

∮
C

dz

wp+1 B̂
(0,0)
2 (w; t) = (t2 − 6t+ 1)

(t+ 1)3 − [t2 − 2(4p+ 3)t+ 1]
(t+ 1)3

(
(t+ 1)2

(t− 1)2

)−p
.

(5.3)
We now consider the large-p expansion of the integrated correlator following the general

discussion in the previous section. First of all, the first term in (5.3) arises from the
B̂

(0,0)
2 (w; t)

∣∣
pole, which is independent of p and leads to

Ĉ(0,0)
2,p (τ, τ̄)

∣∣
pole =

∑
(m,n) 6=(0,0)

∫ ∞
0

e−tYm,n(τ,τ̄) (t2 − 6t+ 1)
(t+ 1)3 dt . (5.4)
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The τ -independent part is given in (4.30) by setting N = 2 and M = M ′ = 0,

Ĉ(0,0)
2,p

∣∣
const = 2 log(p) + 2γ − 2H1/2 + 3

2p −
13

24p2 + 1
4p3 −

119
960p4 +O

(
p−5

)
. (5.5)

We will now focus on the remaining part of the large-p expansion of the integrated corre-
lators, namely the second line of (4.32), which is given by

Ĉ(0,0),NP
2,p (τ, τ̄) = −

∑
(m,n) 6=(0,0)

∫ ∞
0

e−tYm,n(τ,τ̄) [t2 − 2(4p+ 3)t+ 1]
(t+ 1)3

(
(t+ 1)2

(t− 1)2

)−p
dt . (5.6)

Firstly, we note that Ĉ(0,0),NP
2,p (τ, τ̄) obeys the following Laplace-difference equation,(

∆τ + 3
2

)
Ĉ(0,0),NP

2,p (τ, τ̄) = (p+ 1)
(
p+ 3

2

)
Ĉ(0,0),NP

2,p+1 (τ, τ̄)

− 2p
(
p+ 3

2

)
Ĉ(0,0),NP

2,p (τ, τ̄) + p

(
p+ 1

2

)
Ĉ(0,0),NP

2,p−1 (τ, τ̄) ,
(5.7)

where the “source term”, −4C(0,0)
2,1 (τ, τ̄) in (2.25), cancels out because of the relation (4.20).

The superscript ‘NP’ is to indicate that this term is only exponentially decayed in the
large-p limit; this is consistent with (4.33), as for this special case there are no 1/p power
series terms with a sum of non-holomorphic Eisenstein series as the coefficients. We will
study the large-p behaviour of Ĉ(0,0),NP

2,p (τ, τ̄) by a saddle-point analysis as we outlined in
the previous section. We write Ĉ(0,0),NP

2,p (τ, τ̄) as,

Ĉ(0,0),NP
2,p (τ, τ̄) = −2

∑
(m,n) 6=(0,0)

∫ ∞
1

e−Sp(t) [t2 − 2(4p+ 3)t+ 1]
(t+ 1)3 dt , (5.8)

with Sp(t) given in (4.12). The result of the saddle-point analysis can be written as,

Ĉ(0,0),NP
2,p (τ, τ̄) =

√
2π p1/4

∞∑
r=0

2r∑
m=0

p−r/2d
(0,0)
2;r,mDp

(
m−3r

2 −
1
4; τ, τ̄

)
, (5.9)

where the modular function Dp(s; τ, τ̄) is given in (4.15), and some examples of the coeffi-
cients d(0,0)

2;r,m are given

d
(0,0)
2;0,0 = 4 , d

(0,0)
2;1,0 = −2

3 , d
(0,0)
2;1,1 = −6 , d

(0,0)
2;1,2 = − 5

23 , (5.10)

d
(0,0)
2;2,0 = 1

18 , d
(0,0)
2;2,1 = 1 , d

(0,0)
2;2,2 = 233

48 , d
(0,0)
2;2,3 = 27

24 , d
(0,0)
2;2,4 = 1

29 .

Not surprisingly, all the d(0,0)
2;r,m are determined by the Laplace-difference equation (5.7),

except d(0,0)
2;r,2r, which plays the role of the initial condition for the recursion relation. We

find that d(0,0)
2;r,2r is given by

d
(0,0)
2;r,2r = (−1)r+1

(
4r2 − 8r − 1

)
Γ
(
r − 1

2

)2

π 23rΓ(r + 1) . (5.11)
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With this initial data, one may determine all the coefficients d(0,0)
2;r,m using the Laplace-

difference equation (5.7).
Finally, it is instructive to consider the generalised ’t Hooft limit by introducing

λ = p g2
YM

in the region 1 � λ � p. We begin by considering the small-λ perturba-
tive expansion, for which we find

Ĉ(0,0)
2,p (λ)

∣∣
pert =

∞∑
s=2

8(−1)sΓ
(
s+ 1

2

)
ζ(2s− 1)

π2s−3/2 Γ(s)
λs−1

+ 1
p

∞∑
s=3

6(−1)sζ(2s− 1)Γ
(
s+ 1

2

)
π2s−3/2Γ(s− 1)

λs−1 +O(p−2) .

(5.12)

It is easy to see that the perturbative expansion is convergent with a finite radius |λ| < π2.
This is identical to the small-λ perturbative expansion in the large-N expansion of in-
tegrated correlators with p = 2 [2]. However, we find the large-λ expansion is trivial.
This can be seen easily from the fact that the coefficients of λs−1 in (5.12) have vanishing
residues for negative half-integer s. This peculiar property of the large-λ expansion is also
related to the fact that the large-p expansion of the integrated correlators with finite τ only
contains exponentially decayed terms, as we discussed earlier. The large-λ expansion of the
integrated correlators can be obtained from the zero mode of the non-holomorphic Eisen-
stein series, and for this particular case there is no 1/p power series with non-holomorphic
Eisenstein series.

In the ’t Hooft limit, the zero-mode part (i.e. the zero-instanton sector) of Ĉ(0),NP
2,p (τ, τ̄)

leads to exponentially decayed terms in the large-λ limit,

Ĉ(0,0),NP
2,p (λ) =

√
π
∞∑
n=1

e−2n
√
λ
[
8n

1
2λ

1
4 − 5

2n
1
2λ

1
4

+ 1
26 n

3
2λ

3
4

+ 33
210 n

5
2λ

5
4

+ . . .

]
(5.13)

+ p−1e−2n
√
λ
[
−6λ

3
4n

3
2 + 27

23 λ
1
4n

1
2 + 117

28λ
1
4n

1
2
− 135

212λ
3
4n

3
2

+ . . .

]
+O(p−2) .

This is obtained from the Fourier zero mode of the modular function Dp(s; τ, τ̄), which
contains exponentially decayed terms of the form e−2m

√
λ. This arises from Dp(s; τ, τ̄)

by setting n = 0 in Dp(s; τ, τ̄) and using the definition of Ym,n(τ, τ̄) as given by (1.2).14

From the zero mode of Dp(s; τ, τ̄), one may also obtain terms that behave as e−2m
√
λ̃

for λ̃ = 4πp/λ in a different region where 1 � λ̃ � p. As emphasised in [4], all these
types of exponentially decayed terms in terms of the ’t Hooft coupling are contained in our
SL(2,Z)-invariant expression, as given in (5.9).

We can also consider the finite λ or λ̃ region, generalising the results of [4, 45]. In
these regions, Ĉ(0,0),NP

2,p (λ) behaves as

exp
(
−pA

(
nπ/
√
λ
))

or exp
(
−pA

(
nπ/

√
λ̃
))

, (5.14)

where the function A(x) is defined as A(x) = 4
(
x
√
x2 + 1 + sinh−1(x)

)
. All these be-

haviours are very similar to what have been found in large-N expansion of C(0,0)
N,1 (τ, τ̄) in

the ’t Hooft limit (for which λ = Ng2
YM

), so we will not consider all the regions in detail.
14See [4] for more detailed analysis of the Fourier mode decomposition of Dp(s; τ, τ̄).
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In the large-N expansion of C(0,0)
N,1 (τ, τ̄), besides the exponentially decayed terms

e−2n
√
λ, at each order in 1/N expansion, C(0,0)

N,1 (τ, τ̄) also contains power series terms
1/
√
λ. In fact, the exponentially decayed terms may be considered as the non-perturbative

completion for the power series terms through a resurgence procedure [2, 18, 45], because
of the fact that the power series terms are not Borel summable. In comparison, for the
case we are considering, there are no power series terms at all, therefore applying the
standard resurgence procedure to obtain the above exponentially decayed terms given
in (5.13) may not be straightforward. As we will show later for higher-rank gauge groups
SU(N), there will be both power series terms and exponentially decayed terms. However
when N is even, the power series terms are not an infinite series as we commented on
earlier, and once again relating the power series terms and exponentially decayed terms
through resurgence procedure is not as straightforward. The resurgence analysis may be
done through the so-called “Cheshire cat” resurgence as we commented earlier. We will
leave such analysis for future work.

5.2 M = M ′ = 0 with SU(3) gauge group

We now consider the large-charge expansion of the integrated correlator Ĉ(0,0)
3,p (τ, τ̄). As

described in section 4.2, the p-independent and τ -independent contributions are relatively
simple, so we will focus on the more interesting part from the branch cuts (3.91),

Ĉ(0,0)
3,p (τ, τ̄)

∣∣
disc = 1

2πi
∑

(m,n) 6=(0,0)

∫ ∞
0

e−tYmn(τ,τ̄)
∫ w1

1

dw

wp+1 discB̂(0,0)
3 (w; t) dt

= Ĉ(0,0),P
3,p (τ, τ̄) + Ĉ(0,0),NP

3,p (τ, τ̄) ,
(5.15)

where the perturbative and non-perturbative terms are given by (4.5), which we quote
again below:

Ĉ(0,0),P
3,p (τ, τ̄) = 1

2πi
∑

(m,n) 6=(0,0)

∫ ∞
0

e−t Ymn(τ,τ̄)
∫ ∞±iε

1

dw

wp+1 discB̂(0,0)
3 (w; t) dt ,

Ĉ(0,0),NP
3,p (τ, τ̄) = − 1

2πi
∑

(m,n) 6=(0,0)

∫ ∞
0

e−t Ymn(τ,τ̄)
∫ ∞±iε
w1

dw

wp+1 discB̂(0,0)
3 (w; t) dt .

(5.16)

Using the substitution w = e
µ
p for Ĉ(0,0),P

3,p (τ, τ̄), we find

1
p

∫ ∞
0

discB̂(0,0)
3 (e

µ
p ; t) e−µ dµ

2πi = 27
(
t2 + 1

)
4
√
π t3/2p3/2 −

27
(
13t4 + 24t3 + 24t+ 13

)
32
√
π t5/2p5/2

+ 135
(
59t6 + 832t5 + 857t4 + 857t2 + 832t+ 59

)
2048

√
π t7/2p7/2 +O(p−9/2) .

(5.17)

From the definition (4.7) of the non-holomorphic Eisensetein series, we find

Ĉ(0,0),P
3,p (τ, τ̄) =

∞∑
r=1

p−r−1/2
r∑

m=1
a

(0,0)
3;r,mE(m+ 1/2; τ, τ̄) , (5.18)
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where the first few examples of the coefficients are given as

a
(0,0)
3;1,1 = 27

4 , a
(0,0)
3;2,1 = −81

4 , a
(0,0)
3;2,2 = −1053

26 ,

a
(0,0)
3;3,1 = 115695

211 , a
(0,0)
3;3,2 = 5265

26 , a
(0,0)
3;3,3 = 119475

213 .
(5.19)

For the non-perturbative part Ĉ(0,0),NP
3,p (τ, τ̄), we make the change of variables w = w1e

µ
p

to give, as in (4.10),

Ĉ(0,0),NP
3,p (τ, τ̄) = 2

∑
(m,n) 6=(0,0)

∫ ∞
1

h
(0,0)
3,p (t)e−Sp(t) dt , (5.20)

with Sp(t) defined in (4.12), and, as in (4.11), with

h
(0,0)
3,p (t) = −1

p

∫ ∞±iε
0

discB̂(0,0)
3 (z1e

µ
p , t) e−µ dµ

2πi , (5.21)

which is only polynomial in p. Performing the analysis described in the above leads to the
final result, which is given by

Ĉ(0,0),NP
3,p (τ, τ̄) = ± i

∞∑
r=0

2r∑
m=0

p−r/2d
(0,0)
3;r,mDp

(
m−3r

2 ; τ, τ̄
)
, (5.22)

with Dp(s; τ, τ̄) defined in (4.15), and the coefficients d(0,0)
3;r,m (some examples) given by

d
(0,0)
3;0,0 = −24 , d

(0,0)
3;1,0 = 4 , d

(0,0)
3;1,1 = 96 , d

(0,0)
3;1,2 = −51 , (5.23)

d
(0,0)
3;2,0 = −1

3 , d
(0,0)
3;2,1 = −16 , d

(0,0)
3;2,2 = −367

2 , d
(0,0)
3;2,3 = 204 , d

(0,0)
3;2,4 = −1839

24 .

It is straightforward to verify that the results (5.18) and (5.22) obey the Laplace-difference
equation (2.25) with the “source term” −4C(0,0)

3,1 (τ, τ̄) on the r.h.s. removed. It is important
to note the ±i ambiguity in the final expression, which is due to the branch cuts of the
discB̂(M,M ′|i,i′)

N (w; t) along (w1 ,∞) for any odd N , as we explained earlier.
As before, from the SL(2,Z)-invariant results, we can extract the expression in the ’t

Hooft limit. In particular, from (5.18), we find that the perturbative terms become

Ĉ(0,0),P
3,p (λ) =

[108ζ(3)
λ3/2 − 1053ζ(5)

λ5/2 + 119475ζ(7)
25λ7/2 + 959175ζ(9)

26λ9/2 +O(λ−11/2)
]

(5.24)

− 1
p

[324ζ(3)
λ3/2 − 5265ζ(5)

λ5/2 + 836325ζ(7)
25λ7/2 + 8632575ζ(9)

26λ9/2 +O(λ−11/2)
]

+O(p−2) ,

and the non-perturbative terms lead to

Ĉ(0,0),NP
3,p (λ) =± i

∞∑
n=1

e−2n
√
λ
[(
−48− 204

nλ1/2 −
1839
2n2λ

− 20211
23n3λ3/2 −

578817
27n4λ2 + . . .

)
+ 1
p

(
96nλ1/2 +408+ 2043

nλ1/2 + 27567
22n2λ

+ 1063881
26n3λ3/2 + . . .

)]
+O(p−2) , (5.25)
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which can be expressed in terms of polylogarithm’s,

Ĉ(0,0),NP
3,p (λ)=±i

[(
−48Li0(x)− 204Li1(x)

λ1/2 − 1839Li2(x)
2λ − 20211Li3(x)

23λ3/2 +...
)

(5.26)

+1
p

(
96λ1/2Li−1(x)+408Li0(x)+ 2043Li1(x)

λ1/2 + 27567Li2(x)
22λ

+...
)]

+O(p−2).

where the argument x = e−2
√
λ. Importantly, unlike the even-N cases, Ĉ(0,0),P

3,p (λ) contains
infinite numbers of terms at each order in 1/p expansion. This property can also be seen
from small-λ expansion, which is given by

Ĉ(0,0)
3,p (λ)

∣∣
pert =

∞∑
s=2

48(−1)s
(
s2 − s+ 6

)
ζ(2s− 1)Γ

(
s+ 1

2

)2

π2s−1Γ(s)Γ(s+ 3) λs−1

+ 1
p

∞∑
s=3

96(−1)s
(
s2 − s+ 6

)
ζ(2s− 1)Γ

(
s+ 1

2

)2

π2s−1Γ(s− 1)Γ(s+ 3) λs−1 +O(p−2) .

(5.27)

We see the coefficients of λs−1 have non-trivial residues at s = −1/2−n for all n = 0, 1, . . ..
Using the contour integral representation described in appendix B, one can precisely red-
erive (5.24) from (5.27) by computing the residues at s = −1/2 − n. As we commented
earlier, Ĉ(0,0),NP

3,p (λ) can be understood as the non-perturbative completion of Ĉ(0,0),P
3,p (λ) by

the process of resurgence. In particular, the large-λ expansion of the integrated correlator
at each order in 1/p expansion is asymptotic and not Borel summable, and Ĉ(0,0),NP

3,p (λ)
gives the non-perturbative completion. This analysis was performed recently in [39]; we
will not repeat the analysis here. Once again, in our analysis, all these results in the ’t
Hooft limit are simply the zero Fourier mode of the complete SL(2,Z) invariant expression.

5.3 M = M ′ = 0 with SU(4) gauge group

The computation of the large-p expansion for N = 4,M = M ′ = 0 is very similar to those
we described in the previous subsections. We will only list the results in this section. Let
us begin with the power series terms. We once again find that they are expressed in terms
of non-holomorphic Eisenstein series. However, as we already emphasised in the general
expression (4.32), due to (4.33), it turns out not all the Eisenstein series appear in the 1/p
expansion of the integrated correlators. In fact, we find it terminates at E(13/2; τ, τ̄) for the
integrated correlators Ĉ(0,0),P

4,p (τ, τ̄). Explicitly, using the result of the discontinuity given
in (3.88), we find that the power series terms in the large-p expansion take the following
form,

Ĉ(0,0),P
4,p (τ, τ̄) = π

∞∑
r=1

p−r−1/2
r∑

m=1
a

(0,0)
4;r,mE(m+ 1/2; τ, τ̄) . (5.28)

where the coefficients a(0,0)
4;r,m are rational numbers. For the first few examples, they are

given by

a
(0,0)
4;1,1 = 4279275

218 , a
(0,0)
4;2,1 = −192567375

221 , a
(0,0)
4;2,2 = −364459095

221 , (5.29)

a
(0,0)
4;3,1 = 17052910875

225 , a
(0,0)
4;3,2 = 27334432125

224 , a
(0,0)
4;3,3 = 55307377125

225 ,
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and a
(0,0)
4;r,m = 0 for all m > 6, which implies that E(s; τ, τ̄) with s > 13/2 do not appear

in the expansion of Ĉ(0,0),P
4,p (τ, τ̄). As we explained before, this happens because the factor

(t+ 1)2b (1− w/w1)b in discB̂(M,M |i,i)
N (w; t) given in (3.37) is a polynomial when N is even,

in which case b is an integer. Therefore the degree of t does not increase indefinitely in the
large-p expansion.

We now move to the non-perturbative terms. For the same reason we discussed above
(i.e. the factor (t + 1)2b (1− w/w1)b is polynomial when N is even), the discB̂(0,0)

4 (w; t)
does not have branch cuts on the w-plane, therefore there is no ambiguity in the choice of
contour as in the SU(3) case (or more general odd N cases). We find the non-perturbative
terms are given by

Ĉ(0,0),NP
4,p (τ, τ̄) = i√

2
p−3/4

∞∑
r=0

2r∑
m=0

p−r/2d
(0,0)
4;r,mDp

(
m−3r

2 +3
4; τ, τ̄

)
, (5.30)

and below are a few examples of the rational coefficients d(0,0)
4;r,m,

d
(0,0)
4;0,0= 45045

27 , d
(0,0)
4;1,0=−15015

28 , d
(0,0)
4;1,1=−675675

28 , d
(0,0)
4;1,2= 14909895

212 (5.31)

d
(0,0)
4;2,0= 5005

210 , d
(0,0)
4;2,1= 225225

29 , d
(0,0)
4;2,2= 75570495

213 , d
(0,0)
4;2,3=−3476347875

216 , d
(0,0)
4;2,4= 6121840725

218 .

Once again, the complete finite-τ results allow us to obtain the ’t Hooft limit of the
integrated correlators expressed in terms of λ. We find

Ĉ(0,0),P
4,p (λ)= 45045π

214

[95ζ(3)
λ3/2 −

8091ζ(5)
2λ5/2 +1227825ζ(7)

23λ7/2 −39193875ζ(9)
28λ9/2 +29268894375ζ(11)

28λ11/2

− 738779042925ζ(13)
29λ13/2

]
−10135125π

217p

[19ζ(3)
λ3/2 −

2697ζ(5)
2λ5/2 +572985ζ(7)

23λ7/2 −23516325ζ(9)
23λ9/2

+21463855875ζ(11)
28λ11/2 −640275170535ζ(13)

29λ13/2

]
+O(p−2) (5.32)

It is notable that at each order in 1/p expansion the large-λ expansion terminates at
O(λ−13/2). This is related to the fact that in (5.28), a(0,0)

4;r,m = 0 for m > 6, namely
Eisenstein series with indices larger than 13/2 do not appear. This interesting property
can also be seen from the small-λ expansion

Ĉ(0,0)
4,p (λ)

∣∣
pert =

∞∑
s=2

90090(−1)s
(
s2−s+4

)(
s2−s+18

)
ζ(2s−1)Γ

(
s+ 1

2

)
π2s−3/2(2s+1)(2s+3)(2s+5)(2s+7)(2s+9)(2s+11)Γ(s)

λs−1 (5.33)

+ 1
p

∞∑
s=3

675675(−1)s(s2−s+4)(s2−s+18)ζ(2s−1)Γ
(
s+ 3

2

)
π2s−3/2(2s+1)2(2s+3)(2s+5)(2s+7)(2s+9)(2s+11)Γ(s−1)

λs−1 +O(p−2) .

We see that the coefficients of λs−1 at each order in 1/p have non-trivial residues at s =
−1/2, . . . ,−11/2, and these residues precisely lead to (5.32).

Even though there are only finite number of power series terms, our results show that
at each order in the 1/p expansion, there are associated exponentially decayed terms. They
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can be obtained from (5.30) and are given by

Ĉ(0,0),NP
4,p (λ)= i

∞∑
n=1

e−2n
√
λ
[ 45045

25n3/2λ3/4

(
1+ 331

24nλ1/2 + 135905
29n2λ

+ 20197489
213n3λ3/2 +...

)
− 675675

27n1/2λ1/4p

(
1+ 343

24nλ1/2 + 149145
29n2λ

+ 24002829
213n3λ3/2 +...

)
+O(p−2)

]
. (5.34)

Unlike the SU(3) case, there is no “ambiguity” of choosing the contours for Ĉ(0,0),NP
4,p (λ).

From a resurgence point of view, this is related to the fact the perturbative series Ĉ(0,0),P
4,p (λ)

as shown in (5.32) has only a finite number of terms at each order in 1/p expansion, and
so there are no issues of resummation of the perturbave series.

5.4 Operators in other identical towers

We now consider integrated correlators involving operators in other identical towers, i.e.
M = M ′ > 0. The computation is very similar. We begin with the operators with
M = M ′ = 3, for which the discontinuity is given in (3.94). Because this tower of operators
involve T3, we must have N ≥ 3 for the gauge group SU(N). Let us take the simplest N = 3
case as an example; the computation and the results for higher N are very similar. The
perturbative terms in this case are given by

Ĉ(3,3),P
3,p (τ, τ̄) =

∞∑
r=1

p−r−1/2
r∑

m=1
a

(3,3)
3;r,mE(m+ 1/2; τ, τ̄) , (5.35)

where a few examples of a(3,3)
3;r,m are given by

a
(3,3)
3;1,1 = 27 , a

(3,3)
3;2,1 = −567

22 , a
(3,3)
3;2,2 = −5427

24 ,

a
(3,3)
3;3,1 = 373275

29 , a
(3,3)
3;3,2 = 189945

26 , a
(3,3)
3;3,3 = 6461775

211 .
(5.36)

The non-perturbative terms are

Ĉ(3,3),NP
3,p (τ, τ̄) = ±i

∞∑
r=0

2r∑
m=0

p−(r+1)/2d
(3,3)
3;r,mDp

(
m−3r

2 + 1
2; τ, τ̄

)
, (5.37)

and the some examples of the coefficients d(3,3)
3;r,m are given

d
(3,3)
3;0,0 = −216 , d

(3,3)
3;1,0 = 36 , d

(3,3)
3;1,1 = 1512 , d

(3,3)
3;1,2 = −1917 , (5.38)

d
(3,3)
3;2,0 = −3 , d

(3,3)
3;2,1 = −252 , d

(3,3)
3;2,2 = −9891

2 , d
(3,3)
3;2,3 = 13797 , d

(3,3)
3;2,4 = −180207

24 .

In the ’t Hooft limit and expressed in terms of λ = p g2
YM

, we find

Ĉ(3,3),P
3,p (λ) = 27

[16ζ(3)
λ3/2 −

804ζ(5)
λ5/2 + 239325ζ(7)

23λ7/2 − 13260625ζ(9)
24λ9/2 +O(λ−11/2)

]
(5.39)

− 567
p

[4ζ(3)
λ3/2 −

335ζ(5)
λ5/2 + 558425ζ(7)

25λ7/2 − 39781875ζ(9)
26λ9/2 +O(λ−11/2)

]
+O(p−2) ,
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and from the non-perturbative term, we have,

Ĉ(3,3),NP
3,p (λ) = ±i

∞∑
n=1

e−2n
√
λ
[
−9
( 96
nλ1/2 + 1704

n2λ
+ 20023
n3λ3/2 + 685361

22n4λ2 + . . .

)
+ 36

p

(
84 + 1533

nλ1/2 + 152089
23n2λ

+ 5638493
25n3λ3/2 + . . .

)]
+O(p−2) .

(5.40)

We have also analysed the integrated correlators with higher ranks of gauge group, once
again the results are all given in the general structure (4.32).

We will move on to consider the integrated correlators Ĉ(4,4),P
N,p (τ, τ̄). For this case,

we require N ≥ 4, and here we will consider the case with SU(4) gauge group. The
perturbative terms are given by

Ĉ(4,4),P
4,p (τ, τ̄) = π

∞∑
r=1

p−r−1/2
r∑

m=1
a

(4,4)
4;r,mE(m+ 1/2; τ, τ̄) , (5.41)

with

a
(4,4)
4;1,1 = 726424904205

234 , a
(4,4)
4;2,1 =−50123318390145

237 , a
(4,4)
4;2,2 =−168450013576845

237

a
(4,4)
4;3,1 = 6948254208720825

241 , a
(4,4)
4;3,2 = 19371751561337175

240 , a
(4,4)
4;3,3 = 35448187717317375

240 , (5.42)

and the non-perturbative terms take the following form,

Ĉ(4,4),NP
4,p (τ, τ̄) = i

√
π

2 p
−3/4

∞∑
r=0

2r∑
m=0

p−r/2d
(4,4)
4;r,mDp

(
m−3r

2 +3
4; τ, τ̄

)
, (5.43)

which has no ±i ambiguity and coefficients d(4,4)
4;r,m are given by

d
(4,4)
4;0,0 = 21396375

215 , d
(4,4)
4;1,0 =−7132125

216 , d
(4,4)
4;1,1 =−492116625

216 , d
(4,4)
4;1,2 = 18721828125

220 ,

d
(4,4)
4;2,0 = 2377375

218 , d
(4,4)
4;2,1 = 164038875

217 , d
(4,4)
4;2,2 = 84052093125

221 , (5.44)

d
(4,4)
4;2,3 =−436507446375

221 , d
(4,4)
4;2,4 = 21765002874615

226 .

Importantly, we also find that the coefficients of the perturbative terms obey the
condition that all a(4,4)

4;r,m = 0 for m > 10. Once again, this implies that the Eisenstein series
E(s; τ, τ̄) with s > 21/2 do not appear in the expansion. In terms of ’t Hooft coupling λ,
this means that there are only a finite number of terms in the large-λ expansion for a given
order in 1/p. In the ’t Hooft limit, we find

Ĉ(4,4),P
4,p (λ) = 855855π

230

[848771ζ(3)
λ3/2 − 196820739ζ(5)

2λ5/2 + 41418450225ζ(7)
22λ7/2 + . . .

]
(5.45)

− 59053995π
233 p

[848771ζ(3)
λ3/2 − 328034565ζ(5)

2λ5/2 + 96643050525ζ(7)
22λ7/2 + . . .

]
+O(p−2) ,

where for each order in 1/p, the power series terminates at order O(λ−21/2). The non-
perturbative terms are given by

Ĉ(4,4),NP
4,p (λ) = i

√
π
∞∑
n=1

e−2n
√
λ
[ 21396375

213n3/2λ3/4

(
1 + 875

16nλ1/2 + 25430713
12800n2λ

+ . . .

)
−1
p

492116625
215n1/2λ1/4

(
1 + 887

16nλ
1
2

+ 26305713
12800n2λ

+ . . .

)
+O(p−2)

]
.

(5.46)
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5.5 Operators in different towers

We now consider integrated correlators involving operators in different towers, i.e.M 6= M ′.
The analysis is very similar. We begin with the case M = 4,M ′ = 0, with the simplest case
of SU(4). Using the result of (3.97) for the discontinuity, we find that the perturbative
terms are given by,

Ĉ(4,0),P
4,p (τ, τ̄) = π

∞∑
r=1

p−r−1/2
r∑

m=1
a

(4,0)
4;r,mE(m+ 1/2; τ, τ̄) , (5.47)

with

a
(4,0)
4;1,1 = 15205905

223 , a
(4,0)
4;2,1 = −15205905

226 , a
(4,0)
4;2,2 = −5524994475

226

a
(4,0)
4;3,1 = −12240753525

230 , a
(4,0)
4;3,2 = 259674740325

229 , a
(4,0)
4;3,3 = 4788998589375

231 ,
(5.48)

and a
(4,0)
4;r,m = 0 for all m > 8, and so that E(s; τ, τ̄) with s > 17

2 does not appear in the
expansion of Ĉ(4,0),P

4,p (τ, τ̄). The non-perturbative terms take the following form,

Ĉ(4,0),NP
4,p (τ, τ̄) = i

√
π

2 p
−3/4

∞∑
r=0

2r∑
m=0

p−r/2d
(4,0)
4;r,mDp

(
m−3r

2 +3
4; τ, τ̄

)
, (5.49)

with

d
(4,0)
4;0,0 =−182325

210 , d
(4,0)
4;1,0 = 60775

211 , d
(4,0)
4;1,1 = 4193475

211 , d
(4,0)
4;1,2 =−109941975

215 ,

d
(4,0)
4;2,0 =−60775

213 3 , d
(4,0)
4;2,1 =−1397825

212 , d
(4,0)
4;2,2 =−732764175

216 , (5.50)

d
(4,0)
4;2,3 = 2479802325

216 , d
(4,0)
4;2,4 =−77604703605

221 .

In the ’t Hooft limit, we find

Ĉ(4,0),P
4,p (λ) = 109395π

227

[35584ζ(3)
λ3/2 − 6464640ζ(5)

λ5/2 + 700434000ζ(7)
λ7/2 + . . .

]
− 109395π

226 p

[2224ζ(3)
λ3/2 − 18989880ζ(5)

λ5/2 + 4071272625ζ(7)
λ7/2 + . . .

]
+O(p−2) , (5.51)

where for each order in 1/p, the power series terminates at order O(λ−17/2). The non-
perturbative terms are given by

Ĉ(4,0),NP
4,p (λ) = i

√
π
∞∑
n=1

e−2n
√
λ
[ 182325

128n3/2λ3/4

(
1 + 603

16nλ1/2 + 2128197
2560n2λ

+ . . .

)
−1
p

4193475
512n1/2λ1/4

(
1 + 13601

368nλ
1
2

+ 48442011
58880n2λ

+ . . .

)
+O(p−2)

]
.

(5.52)

Finally, we will study the case M = 5,M ′ = 3, with the gauge group SU(5). With the
expression for the discontinuity (A.4), we find that the perturbative terms in the large-p
expansion are given by

Ĉ(5,3),P
5,p (τ, τ̄) =

∞∑
r=1

p−r−1/2
r∑

m=1
a

(5,3)
5;r,mE(m+ 1/2; τ, τ̄) , (5.53)

– 43 –



J
H
E
P
0
7
(
2
0
2
3
)
1
2
9

with
a

(5,3)
5;1,1 = 133888

22287 , a
(5,3)
5;2,1 = −234304

7429 , a
(5,3)
5;2,2 = 4047408

7429
a

(5,3)
5;3,1 = 10054675

44574 , a
(5,3)
5;3,2 = −55651860

7429 , a
(5,3)
5;3,3 = −5811253875

59432 ,
(5.54)

and the non-perturbative terms take the following form,

Ĉ(5,3),NP
5,p (τ, τ̄) = ±i p−5/2

∞∑
r=0

2r∑
m=0

p−r/2d
(5,3)
5;r,mDp

(
m−3r

2 +5
2; τ, τ̄

)
, (5.55)

with

d
(5,3)
3;0,0 =−2702700 , d

(5,3)
5;1,0 = 450450 , d

(5,3)
5;1,1 = 45945900 , d

(5,3)
5;1,2 =−291215925

2 ,

d
(5,3)
5;2,0 =−75075

2 , d
(5,3)
5;2,1 =−7657650 , d

(5,3)
5;2,2 =−1458331875

4 , (5.56)

d
(5,3)
5;2,3 = 5024994975

2 , d
(5,3)
5;2,4 =−134111352375

32 .

In the ’t Hooft limit in terms of λ, we find the integrated correlators can be expressed
as

Ĉ(5,3),P
5,p (λ) = 32

22287

[66944ζ(3)
λ3/2 + 24284448ζ(5)

λ5/2 − 17433761625ζ(7)
λ7/2 + . . .

]
(5.57)

− 8
7429 p

[468608ζ(3)
λ3/2 + 445214880ζ(5)

λ5/2 − 517201594875ζ(7)
λ7/2 + . . .

]
+O(p−2) ,

The non-perturbative terms are given by

Ĉ(5,3),NP
5,p (λ) = ±i

∞∑
n=1

e−2n
√
λ
[345945600

n5λ5/2

(
1 + 431

4nλ1/2 + 198485
32n2λ

+ . . .

)
−1
p

2940537600
n4λ2

(
1 + 7437

68nλ
1
2

+ 3498373
544n2λ

+ . . .

)
+O(p−2)

]
.

(5.58)

6 Conclusion and discussion

In this paper we proposed a lattice-sum representation for integrated correlators that are
associated with four-point correlation functions in N = 4 SYM of the form 〈O2O2O(i)

p O(j)
p 〉,

where O(i)
p is a charge-p (or dimension-p) half-BPS operator. This generalised the earlier

proposal for the simplest integrated correlator with p = 2 [1, 2]. The formulation makes
manifest SL(2,Z) invariance of the correlators, and allows us to introduce generating func-
tions for the integrated correlators which sum over the dependence on charge p and/or
gauge group rank N . As we reviewed in this paper, we recently proved [19] that all the in-
tegrated correlators for any N are governed by a universal Laplace-difference equation that
relates integrated correlators of operators with different charges. The Laplace-difference
equation is a recursion relation that completely determines all the integrated correlators,
once the initial conditions are given. In this paper, we utilised the Laplace-difference
equation to explicitly determine the generating functions for the integrated correlators, in
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terms of initial data. We found that the generating functions, and especially their singu-
larity structures, which are what is relevant for understanding the charge dependence of
the integrated correlators, take a universal form for all the integrated correlators. Using
the generating functions (and the singularity structures), we determined the transseries for
the integrated correlators in the large-charge limit. The Laplace-difference equation of [19]
is satisfied only after reorganising the operators in a particular way (as we reviewed in
subsection 2.2), so accordingly we have taken the large-charge limit in a specific manner.

In particular, for a fixed N , the large-charge expansion of integrated correlators uni-
versally contains three parts. The first part is independent of the coupling τ and behaves as
a power series in 1/p as well as a log(p) term when i = j (i.e. when two higher-dimensional
operators are identical). The second part is a power series in 1/p, where the coefficient
of each term is an SL(2,Z) invariant function given by a sum of finite numbers of non-
holomorphic Eisenstein series with half-integer indices and rational pre-factors. The third
part is exponentially decayed in the large-p limit. It can be organised as a “power series”
in 1/p, and the coefficient of each term is a sum of the new SL(2,Z) invariant functions
Dp(s; τ, τ̄), which behave as e−c(τ,τ̄)√p. Finally, when i = j, there is an additional modular
function of τ that is independent of p and is determined in terms of the integrated correlator
with p = 2. These results (especially the second and third parts) are remarkably similar to
those found recently in [4] for the integrated correlator with p = 2 in the large-N expansion,
by exchanging p↔ N . Furthermore, in appendix C we also studied the large-N expansion
of the integrated correlator with a fixed p = 3, and once again a similar structure is found.

There are however some interesting differences between the large-N expansion of inte-
grated correlators with a fixed p and the large-p expansion with a fixed N . In particular,
the precise form of the large-p expansion of integrated correlators depends on whether N is
even or odd. In the case of odd N , the number of Eisenstein series for a given order in the
large-charge expansion grows as the order of the 1/p expansion increases. This is the same
as the large-N expansion of the integrated correlators [2, 4]. In terms of the generalised
’t Hooft coupling λ = p g2

YM
, the power series terms in 1/p become asymptotic series in

1/
√
λ, which are not Borel summable. As has been seen in the large-N expansion [2, 18, 45],

through resurgence this is tightly related to the exponentially decayed terms Dp(s; τ, τ̄),
which behave as e−2n

√
λ in the ’t Hooft coupling. For even N , on the other hand, the

number of Eisenstein series that appear in the large-p expansion does not grow indefinitely.
In terms of ’t Hooft coupling, this implies at a given order in 1/p expansion, the 1/

√
λ

expansion terminates at a finite order, and there is in principle no ambiguity of defining
such polynomials of 1/

√
λ. Nevertheless, we find that there are still always exponentially

decayed terms e−2n
√
λ for even N . This imposes interesting questions of relating these per-

turbative terms and exponentially decayed terms through the resurgence analysis, as in the
case of odd N . As we commented earlier, this phenomenon is not new and has appeared in
the literature of resurgence, see e.g. [47–54]. The general procedure of understanding such
observables from the viewpoint of resurgence is to introduce some deformation parameters
so that the finite perturbative series depends on the parameters and becomes asymptotic.
This is often called “Cheshire cat” resurgence. For the integrated correlators, a natural
parameter here is clearly N . The power series in the large-λ expansion truncates when we

– 45 –



J
H
E
P
0
7
(
2
0
2
3
)
1
2
9

tune the parameter N to be even. We will leave the systematic study of the resurgence
analysis for the integrated correlators, especially for even N , for future work.

As we commented earlier, we have studied the large-charge expansion of the integrated
correlators Ĉ(M,M ′|i,i′)

N,p (τ, τ̄) by considering the large-p limit with fixed M,M ′; this allows
us to utilise the Laplace-difference equation. It will be very interesting to understand the
large-M (and large-M ′) behaviour of the integrated correlators with a fixed p (even for
p = 0). Another research direction is to study the large-N limit along with the large-
charge limit. It will be of particular interest to understand this double scaling limit, and
its connections with the dual string theory on AdS5×S5 along the line of [55]. The double
scaling limit has been considered for Ĉ(M,M ′|i,i′)

N,p (τ, τ̄) in the recent work [39], but mostly
only for the special cases ofM = M ′ = 0. The Laplace-difference equation and the concept
of generating functions should provide powerful pathways to extend the analysis of [39].

In this paper (and our previous paper [19]) we have only considered the integrated
correlators with SU(N) gauge group. It has been shown in [3] (see also [12] on related
work) that for the simplest integrated correlator that is associated with 〈O2O2O2O2〉 (i.e.
Ĉ

(0,0)
N,1 (τ, τ̄) in our notation), more general classical gauge groups also exhibit many re-

markable properties such as the lattice-sum representation, simplicity in the large-N ex-
pansion [4], and the Goddard-Nuyts-Olive duality [14]. It is clearly of interest to extend
our analysis for these more general integrated correlators Ĉ(M,M ′|i,i′)

N,p (τ, τ̄) to other gauge
groups.
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A More examples of generating functions and the singularity structures

In this appendix, we give some more examples of generating functions and their singularity
structures. In particular, they are relevant for the computation of large-charge expansion
of the integrated correlators in the main text.

A.1 M = 3,M ′ = 3, N = 3

In the main text, we gave the singularities for the generating function B̂(3,3)
3 (w; t), which is

relevant for the large-charge expansion of the itnegrated correlator. For the completeness,
here we present the generating function itself,

B̂
(3,3)
3 (w; t) = 1

(w−1)

[
3t
(
t4 +4t3 +17t2 +10t+12

)
(t+1)5 (A.1)

+ f
(3,3)
3 (w,t)

(t+1)6
√

1−w/w1

(√
1−w+

√
1−w/w1

)5 −
g

(3,3)
3 (w,t)

√
1−w

(t+1)7
√

1−w/w1

(√
1−w+

√
1−w/w1

)6

 ,
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where

f
(3,3)
3 (w,t) = 96

(
t6(w−1)3 +2t5(w−1)2(5w−8)−3t4(w−1)

(
10w2−10w−3

)
(A.2)

+2t3(10w−11)
(
w2−w+1

)
+ t2(w−1)

(
20w2−22w+17

)
−30tw(w−1)2 +11(w−1)3

)
,

and

g
(3,3)
3 (w,t)=192

(
t6(w−1)2(12w−11)−t5(w−1)

(
46w2−51w+10

)
+t4

(
85w3−164w2+94w−10

)
−5t3

(
20w3−35w2+16w−2

)
+t2(w−1)

(
85w2−79w+10

)
−5t(w−1)2(9w−2)+11(w−1)3) . (A.3)

A.2 M = 5,M ′ = 3, N = 5

Here we give another example that is the case with M 6= M ′, i.e. M = 5,M ′ = 3 with
SU(5) gauge group. We will only present the singularity structures of generating functions.
As we commented previously that the generating functions for all the cases with M 6= M ′

or i 6= i′ do not have the pole at w = 1. But they do have branch cuts along (1, w1). For
this particular case of M = 5,M ′ = 3, N = 5, we find that the discontinuity is given by

disc B̂(5,3)
5 (w; t) = −i(t+ 1)7 (1− w/w1)7/2√w − 1

(t w)15 P
(5,3)
5 (w, t) , (A.4)

where P (5,3)
5 (w, t) is given by

P
(5,3)
5 (w,t) = 1

89148
[
744952t̃22

0,10− t̃22
1,9(6044741w+4543487) (A.5)

+ t̃22
2,8
(
20823446w2 +31072748w+11074349

)
− t̃22

3,7
(
39158777w3 +89446063w2 +61990132w+13409786

)
+7t̃22

4,6
(
6100411w4 +19749968w3 +20911974w2 +8157878w+1137253

)
−3t̃22

5,5
(
8612009w5 +39521965w4 +62784928w3 +34204774w2 +6660697w+579475

)
+3t̃22

6,4
(
2167263w6 +16208346w5 +45386438w4 +36991154w3 +4160024w2−339412w−41574

)
+6t̃22

7,3
(
169560w7−363930w6−6592600w5−15265824w4 +639744w3 +2076207w2−1750w+5226

)
−3t̃22

8,2
(
207523w8 +962492w7 +4008725w6−14486528w5

−6539106w4 +11812290w3−2227372w2 +23528w−19006
)

−2t̃22
9,1
(
237328w9−430521w8 +12675w7−13939422w6 +38168298w5

−32891229w4 +9568083w3−324744w2−48426w−7436
)

+ t̃22
10,0
(
132769w10−353990w9 +4937166w8−18083610w7 +19406856w6 +5960934w5

−25339020w4 +17720010w3−4901967w2 +541348w−37232
)

+14t11 (30511w9−102141w8 +528255w7−2217315w6 +4291569w5

−4099383w4 +1978413w3−457983w2 +50220w−4238
)]
.

B Lattice-sum representation and SL(2,Z) spectral decomposition

The lattice-sum representation (1.7) of integrated correlators implies that they can be
formally expressed as an formal infinite sum of non-holomorphic Eisenstein series, [1, 2]

Ĉ(M,M ′|i,i′)
N,p (τ ; τ̄) =

∫ ∞
0

B̂
(M,M ′|i,i′)
N,p (t) dt+

∞∑
s=2

ĉ
(M,M ′|i,i′)
N,p;s Γ(s)E(s; τ, τ̄) , (B.1)
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where the coefficients ĉ(M,M ′|i,i′)
N,p;s are related to B̂(M,M ′|i,i′)

N,p (t) through

B̂
(M,M ′|i,i′)
N,p (t) =

∞∑
s=2

ĉ
(M,M ′|i,i′)
N,p;s ts−1 . (B.2)

In arriving the expression (B.1), we have used the definition of the Eisenstein series,

E(s; τ, τ̄) = 1
Γ(s)

∑
(m,n) 6=(0,0)

∫ ∞
0

e−t Ymn(τ,τ̄)ts−1 dt . (B.3)

Importantly, the formal sum can be re-cast into a contour integral along imaginary axis [3],

Ĉ(M,M ′|i,i′)
N,p (τ ; τ̄) = 2

∫ ∞
0

B̂
(M,M ′|i,i′)
N,p (t)dt+ 1

2πi

∫ 1/2+i∞

1/2−i∞
ds
π(−1)s

sin(πs) ĉ
(M,M ′|i,i′)
N,p;s Γ(s)E(s;τ, τ̄) ,

(B.4)
which leads to the SL(2,Z) spectral representation of Ĉ(M,M ′|i,i′)

N,p (τ ; τ̄) [17, 18], where the
first term was denoted as an average 〈Ĉ(M,M ′|i,i′)

N,p 〉. In general, a SL(2,Z)-invariant quantity
can be decomposed into a continuous spectrum in terms of non-holomorphic Eisenstein
series and a discrete spectrum in terms cusp forms. It is remarkable that SL(2,Z) spectral
decomposition of these integrated correlators only contain the non-holomorphic Eisenstein
series.

The non-holomorphic Eisenstein series can be expressed in the Fourier mode expansion,

E(s; τ, τ̄) = 2ζ(2s)
πs

τ s2 + 2Γ(s− 1/2)ζ(2s− 1)
πs−1/2Γ(s)

τ1−s
2

+
∑
k 6=0

e2πikτ1
4√τ2
Γ(s) |k|

s−1/2σ1−2s(|k|)Ks−1/2 (2π|k|τ2) ,
(B.5)

where σν(k) =
∑
n|k n

ν is the divisor sum, and Kν(x) the Bessel function. The first line
in the above expression is the zero mode of the non-holomorphic Eisenstein series, which
gives perturbative contributions; whereas the second line accounts for non-zero modes,
which lead to non-perturbative instanton contributions.

From the above expression of E(s; τ, τ̄) and (B.1), we find the zero-mode part of
integrated correlators15

Ĉ(M,M ′|i,i′)
N,p (τ ; τ̄)

∣∣
zero−mod = 2

∫ ∞
0

B̂
(M,M ′|i,i′)
N,p (t) dt (B.6)

+ 2
2πi

∫ 1/2+i∞

1/2−i∞
ds
π(−1)s

sin(πs) ĉ
(M,M ′|i,i′)
N,p;s

2Γ(s− 1/2)ζ(2s− 1)
πs−1/2 τ1−s

2 .

We are interested in the large-p expansion, for which, using the symmetry property
ĉ

(M,M ′|i,i′)
N,p;s = ĉ

(M,M ′|i,i′)
N,p;1−s and the large-p expansion of

ĉ
(M,M ′|i,i′)
N,p;1−s = p−s

∞∑
g=0

p−g ĉ
(M,M ′|i,i′)
N ; g; 1−s , (B.7)

15The overall factor of 2 on the second line is due to the fact that the resummation of the first term
in (B.5) gives the same result as the second term in the large-τ2 expansion [2]. This is related to the
symmetry property, ĉ(M,M′|i,i′)

N,p;s = ĉ
(M,M′|i,i′)
N,p;1−s .
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we have

Ĉ(M,M ′|i,i′)
N,p (τ ; τ̄)

∣∣
zero−mod = 2

∫ ∞
0

B̂
(M,M ′|i,i′)
N,p (t) dt (B.8)

+
∞∑
g=0

p−g
2

2πi

∫ 1/2+i∞

1/2−i∞
ds
π(−1)s

sin(πs) ĉ
(M,M ′|i,i′)
N ; g; 1−s p−s

2Γ(s− 1/2)ζ(2s− 1)
πs−1/2 τ1−s

2 ,

with the contour closing from the right in the large-p limit. Besides the 1/τ2 perturbative
terms, as ζ(2s− 1) has a singularity at s = 1, we see that the residue at s = 1 leads to an
additional τ -independent term, and the total constant part of the integrated correlators in
the large-p expansion is given by

Ĉ(M,M ′|i,i′)
N,p

∣∣
const = 2

∫ ∞
0

B̂
(M,M ′|i,i′)
N,p (t) dt+ 2

∞∑
g=0

p−g−1 lim
s→0

ĉ
(M,M ′|i,i′)
N ; g; s

s
. (B.9)

From point of view of generating functions, the second τ -independent term arises because
when performing large-p expansion, the generating functions may develop 1/t singularity
and the residue at t = 0 leads to Ym,n(τ, τ̄)-independent (i.e. τ -independent) terms. And
that the contribution at t = 0 is essentially equivalent to s→ 0 limit.

C Large-N expansion with fixed-p

Here we consider the large-N expansion of integrated correlators with a fixed charge. The
example of we will consider is C(3,3)

N,0 (τ ; τ̄),16 namely the integrated correlators associated
with the four-point function 〈O2O2O3O3〉. It was noted in [17] that C(3,3)

N,0 (τ ; τ̄) obeys the
following recursion relation,

N(N+1)
[
C(3,3)
N+1,0(τ ; τ̄)− C(3,3)

N,0 (τ ; τ̄)
]

= 2N(N−1)C(0,0)
N+1,1(τ, τ̄)+2(N+1)(N+2)C(0,0)

N,1 (τ, τ̄) .
(C.1)

It is easy to solve the above recursive relation, which leads to

C(3,3)
N,0 (τ, τ̄) = 2

N−1∑
i=1

(
C(0,0)
i,1 (τ, τ̄) + C(0,0)

i+1,1(τ, τ̄)
)
− 4
N
C(0,0)
N,1 (τ, τ̄) . (C.2)

The generating function that sums over the N dependence is defined as C(3,3)
0 (z; τ, τ̄) =∑∞

N=2 C
(3,3)
N,0 (τ, τ̄)zN , which can be expressed as

C(3,3)
0 (z; τ, τ̄) =

∑
m,n∈Z2

∫ ∞
0

e−tYmn(τ,τ̄)B
(3,3)
0 (z; t)dt . (C.3)

From (C.2), we see

B
(3,3)
0 (z; t) = 2

∞∑
N=2

N−1∑
i=1

(
B

(0,0)
i,1 (t) +B

(0,0)
i+1,1(t)

)
zN − 4

∞∑
N=2

1
N
B

(0,0)
N,1 (t)zN , (C.4)

16Recall C(3,3)
N,p (τ ; τ̄) =

R
(3,3)
N,p

4 Ĉ(3,3)
N,p (τ ; τ̄), with R(3,3)

N,0 = (N2−1)(N2−4)
3N .
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and the generating function B
(0,0)
1 (z; t) = B

(0,0)
N,1 (t)zN is known, as given in (3.21) which

we quote below for the convenience,

B
(0,0)
1 (z; t) = 3tz2 [(t− 3)(3t− 1)(t+ 1)2 − z(t+ 3)(3t+ 1)(t− 1)2]

2(1− z)
3
2 [(t+ 1)2 − (t− 1)2z]

7
2

. (C.5)

We can now relate each piece in (C.4) to B(0,0)
1 (z; t). In particular,

∞∑
N=2

1
N
B

(0,0)
N,1 (t)zN =

∫ z

dx
∞∑
N=2

B
(0,0)
N,1 (t)xN−1 =

∫ z dx

x
B

(0,0)
1 (x; t) , (C.6)

and
∞∑
N=2

N−1∑
i=1

(
B

(0,0)
i,1 (t) +B

(0,0)
i+1,1(t)

)
zN =

∮
C
dx

(x+ 1)z2

x2(z − 1)(z − x)B
(0,0)
1 (x; t) , (C.7)

where we have used
B

(0,0)
i,1 (t) =

∮
C

dx

xi+1B
(0,0)
1 (x; t) , (C.8)

with contour C circling the origin. Using the explicit expression of B(0,0)
1 (z; t) as given

in (C.5), we find,

B
(3,3)
0 (z; t) =−

3
(
t3 +1

)
2t2 − 2(z+1)

z−1 B
(0,0)
1 (z; t) (C.9)

+
3
[
(t−1)4 (t2 + t+1

)(
3t2 +4t+3−(t−1)2z

)
z2−(t+1)4 (t2− t+1

)(
(3t2−4t+3)z−(t+1)2)]

2t2(1−z) 1
2 [(t+1)2−(t−1)2z]

5
2

.

The function has branch cuts along (1, z1) (here z1 = (t+1)2/(t−1)2) with the discontinuity
given by

discB(3,3)
0 (z; t) =−3 i

[
2tz2(z+1)

[
(t+3)(3t+1)(t−1)2z+(3− t)(t+1)2(3t−1)

]
(z−1)5/2 [(t+1)2−(t−1)2z]7/2 (C.10)

+
(t−1)4z2 (t2 + t+1

)
[(t−1)2z−(3t2 +4t+3)]+(t+1)4(t2− t+1)[(3t2−4t+3)z−(t+1)2]

t2
√
z−1[(t+1)2−(t−1)2z]5/2

]
.

With the explicit expression of discB(3,3)
0 (z; t), we can now study the large-N behaviour

of the integrated correlator following the same analysis that we described in the main text.
We find that C(3,3)

N,0 (τ, τ̄) can again be separated into power series terms and exponentially
decayed terms in the 1/N expansion,

C(3,3)
N,0 (τ, τ̄) = C(3,3),P

N,0 (τ, τ̄) + C(3,3),NP
N,0 (τ, τ̄) , (C.11)

where the power series terms are given by

C(3,3),P
N,0 (τ, τ̄) = N3

3 −
5N
6 −

N3/2

2 E (3/2; τ, τ̄) + 45N1/2

25 E (5/2; τ, τ̄)

+ 25
N1/2

[ 31
210E (3/2; τ, τ̄)− 189

212 E (7/2; τ, τ̄)
]

− 225
N3/2

[ 25
213E (5/2; τ, τ̄) + 147

215 E (9/2; τ, τ̄)
]

+O(N−5/2) ,

(C.12)
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and the non-perturbative terms take the following form,

C(3,3),NP
N,0 (τ, τ̄) = ±i

[
4N5/2DN (1/2; τ, τ̄)− N2

3

(
2DN (−1; τ, τ̄)− 57

2 DN (1; τ, τ̄)
)

+ N3/2

32

(1
2DN (−5/2; τ, τ̄)− 3

22DN (−1/2; τ, τ̄) + 3789
25 DN (3/2; τ, τ̄)

)
−N34

(1
4DN (−4; τ, τ̄) + 603

80 DN (−2; τ, τ̄)− 43065
26 DN (0; τ, τ̄)− 244215

28 DN (2; τ, τ̄)
)]

+O(N1/2) . (C.13)

The modular function DN (s; τ, τ̄) is defined in (4.15) with p replaced by N now. The
perturbative terms C(3,3),P

N,0 (τ, τ̄) were also computed in [17], and we find our results agree
with those in the reference.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] D. Dorigoni, M.B. Green and C. Wen, Novel representation of an integrated correlator in
N = 4 supersymmetric Yang-Mills theory, Phys. Rev. Lett. 126 (2021) 161601
[arXiv:2102.08305] [INSPIRE].

[2] D. Dorigoni, M.B. Green and C. Wen, Exact properties of an integrated correlator in N = 4
SU(N) SYM, JHEP 05 (2021) 089 [arXiv:2102.09537] [INSPIRE].

[3] D. Dorigoni, M.B. Green and C. Wen, Exact results for duality-covariant integrated
correlators in N = 4 SYM with general classical gauge groups, SciPost Phys. 13 (2022) 092
[arXiv:2202.05784] [INSPIRE].

[4] D. Dorigoni, M.B. Green, C. Wen and H. Xie, Modular-invariant large-N completion of an
integrated correlator in N = 4 supersymmetric Yang-Mills theory, JHEP 04 (2023) 114
[arXiv:2210.14038] [INSPIRE].

[5] D.J. Binder, S.M. Chester, S.S. Pufu and Y. Wang, N = 4 super-Yang-Mills correlators at
strong coupling from string theory and localization, JHEP 12 (2019) 119 [arXiv:1902.06263]
[INSPIRE].

[6] V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops,
Commun. Math. Phys. 313 (2012) 71 [arXiv:0712.2824] [INSPIRE].

[7] S.M. Chester, Genus-2 holographic correlator on AdS5 × S5 from localization, JHEP 04
(2020) 193 [arXiv:1908.05247] [INSPIRE].

[8] S.M. Chester et al., Modular invariance in superstring theory from N = 4 super-Yang-Mills,
JHEP 11 (2020) 016 [arXiv:1912.13365] [INSPIRE].

[9] S.M. Chester and S.S. Pufu, Far beyond the planar limit in strongly-coupled N = 4 SYM,
JHEP 01 (2021) 103 [arXiv:2003.08412] [INSPIRE].

[10] S.M. Chester et al., New modular invariants in N = 4 super-Yang-Mills theory, JHEP 04
(2021) 212 [arXiv:2008.02713] [INSPIRE].

– 51 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevLett.126.161601
https://arxiv.org/abs/2102.08305
https://inspirehep.net/literature/1846934
https://doi.org/10.1007/JHEP05(2021)089
https://arxiv.org/abs/2102.09537
https://inspirehep.net/literature/1847336
https://doi.org/10.21468/SciPostPhys.13.4.092
https://arxiv.org/abs/2202.05784
https://inspirehep.net/literature/2031395
https://doi.org/10.1007/JHEP04(2023)114
https://arxiv.org/abs/2210.14038
https://inspirehep.net/literature/2170593
https://doi.org/10.1007/JHEP12(2019)119
https://arxiv.org/abs/1902.06263
https://inspirehep.net/literature/1720583
https://doi.org/10.1007/s00220-012-1485-0
https://arxiv.org/abs/0712.2824
https://inspirehep.net/literature/770728
https://doi.org/10.1007/JHEP04(2020)193
https://doi.org/10.1007/JHEP04(2020)193
https://arxiv.org/abs/1908.05247
https://inspirehep.net/literature/1749563
https://doi.org/10.1007/JHEP11(2020)016
https://arxiv.org/abs/1912.13365
https://inspirehep.net/literature/1773623
https://doi.org/10.1007/JHEP01(2021)103
https://arxiv.org/abs/2003.08412
https://inspirehep.net/literature/1787038
https://doi.org/10.1007/JHEP04(2021)212
https://doi.org/10.1007/JHEP04(2021)212
https://arxiv.org/abs/2008.02713
https://inspirehep.net/literature/1810390


J
H
E
P
0
7
(
2
0
2
3
)
1
2
9

[11] D. Dorigoni, M.B. Green and C. Wen, The SAGEX review on scattering amplitudes. Chapter
10: selected topics on modular covariance of type IIB string amplitudes and their
supersymmetric Yang-Mills duals, J. Phys. A 55 (2022) 443011 [arXiv:2203.13021]
[INSPIRE].

[12] L.F. Alday, S.M. Chester and T. Hansen, Modular invariant holographic correlators for
N = 4 SYM with general gauge group, JHEP 12 (2021) 159 [arXiv:2110.13106] [INSPIRE].

[13] C. Montonen and D.I. Olive, Magnetic monopoles as gauge particles?, Phys. Lett. B 72
(1977) 117 [INSPIRE].

[14] P. Goddard, J. Nuyts and D.I. Olive, Gauge theories and magnetic charge, Nucl. Phys. B
125 (1977) 1 [INSPIRE].

[15] K.A. Intriligator, Bonus symmetries of N = 4 super-Yang-Mills correlation functions via
AdS duality, Nucl. Phys. B 551 (1999) 575 [hep-th/9811047] [INSPIRE].

[16] K.A. Intriligator and W. Skiba, Bonus symmetry and the operator product expansion of
N = 4 super-Yang-Mills, Nucl. Phys. B 559 (1999) 165 [hep-th/9905020] [INSPIRE].

[17] H. Paul, E. Perlmutter and H. Raj, Integrated correlators in N = 4 SYM via SL(2, Z)
spectral theory, JHEP 01 (2023) 149 [arXiv:2209.06639] [INSPIRE].

[18] S. Collier and E. Perlmutter, Harnessing S-duality in N = 4 SYM & supergravity as
SL(2, Z)-averaged strings, JHEP 08 (2022) 195 [arXiv:2201.05093] [INSPIRE].

[19] A. Brown, C. Wen and H. Xie, Laplace-difference equation for integrated correlators of
operators with general charges in N = 4 SYM, JHEP 06 (2023) 066 [arXiv:2303.13195]
[INSPIRE].

[20] E. D’Hoker et al., Extremal correlators in the AdS/CFT correspondence, hep-th/9908160
[DOI:10.1142/9789812793850_0020] [INSPIRE].

[21] E. D’Hoker, J. Erdmenger, D.Z. Freedman and M. Perez-Victoria, Near extremal correlators
and vanishing supergravity couplings in AdS/CFT, Nucl. Phys. B 589 (2000) 3
[hep-th/0003218] [INSPIRE].

[22] C. Rayson, Some aspects of conformal N = 4 SYM four point function, Ph.D. thesis,
Cambridge U., Cambridge, U.K. (2008) [arXiv:1706.04450] [INSPIRE].

[23] S. Hellerman, D. Orlando, S. Reffert and M. Watanabe, On the CFT operator spectrum at
large global charge, JHEP 12 (2015) 071 [arXiv:1505.01537] [INSPIRE].

[24] A. Monin, D. Pirtskhalava, R. Rattazzi and F.K. Seibold, Semiclassics, Goldstone bosons
and CFT data, JHEP 06 (2017) 011 [arXiv:1611.02912] [INSPIRE].

[25] L. Alvarez-Gaume, O. Loukas, D. Orlando and S. Reffert, Compensating strong coupling with
large charge, JHEP 04 (2017) 059 [arXiv:1610.04495] [INSPIRE].

[26] S. Hellerman, S. Maeda and M. Watanabe, Operator dimensions from moduli, JHEP 10
(2017) 089 [arXiv:1706.05743] [INSPIRE].

[27] D. Jafferis, B. Mukhametzhanov and A. Zhiboedov, Conformal bootstrap at large charge,
JHEP 05 (2018) 043 [arXiv:1710.11161] [INSPIRE].

[28] S. Hellerman et al., Universal correlation functions in rank 1 SCFTs, JHEP 12 (2019) 047
[arXiv:1804.01535] [INSPIRE].

[29] L.Á. Gaumé, D. Orlando and S. Reffert, Selected topics in the large quantum number
expansion, Phys. Rept. 933 (2021) 1 [arXiv:2008.03308] [INSPIRE].

– 52 –

https://doi.org/10.1088/1751-8121/ac9263
https://arxiv.org/abs/2203.13021
https://inspirehep.net/literature/2058003
https://doi.org/10.1007/JHEP12(2021)159
https://arxiv.org/abs/2110.13106
https://inspirehep.net/literature/1951357
https://doi.org/10.1016/0370-2693(77)90076-4
https://doi.org/10.1016/0370-2693(77)90076-4
https://inspirehep.net/literature/121372
https://doi.org/10.1016/0550-3213(77)90221-8
https://doi.org/10.1016/0550-3213(77)90221-8
https://inspirehep.net/literature/111435
https://doi.org/10.1016/S0550-3213(99)00242-4
https://arxiv.org/abs/hep-th/9811047
https://inspirehep.net/literature/478872
https://doi.org/10.1016/S0550-3213(99)00430-7
https://arxiv.org/abs/hep-th/9905020
https://inspirehep.net/literature/499309
https://doi.org/10.1007/JHEP01(2023)149
https://arxiv.org/abs/2209.06639
https://inspirehep.net/literature/2151519
https://doi.org/10.1007/JHEP08(2022)195
https://arxiv.org/abs/2201.05093
https://inspirehep.net/literature/2010484
https://doi.org/10.1007/JHEP06(2023)066
https://arxiv.org/abs/2303.13195
https://inspirehep.net/literature/2645233
https://arxiv.org/abs/hep-th/9908160
https://doi.org/10.1142/9789812793850_0020
https://inspirehep.net/literature/506094
https://doi.org/10.1016/S0550-3213(00)00534-4
https://arxiv.org/abs/hep-th/0003218
https://inspirehep.net/literature/525352
https://arxiv.org/abs/1706.04450
https://inspirehep.net/literature/1605152
https://doi.org/10.1007/JHEP12(2015)071
https://arxiv.org/abs/1505.01537
https://inspirehep.net/literature/1367327
https://doi.org/10.1007/JHEP06(2017)011
https://arxiv.org/abs/1611.02912
https://inspirehep.net/literature/1496657
https://doi.org/10.1007/JHEP04(2017)059
https://arxiv.org/abs/1610.04495
https://inspirehep.net/literature/1492129
https://doi.org/10.1007/JHEP10(2017)089
https://doi.org/10.1007/JHEP10(2017)089
https://arxiv.org/abs/1706.05743
https://inspirehep.net/literature/1605783
https://doi.org/10.1007/JHEP05(2018)043
https://arxiv.org/abs/1710.11161
https://inspirehep.net/literature/1633622
https://doi.org/10.1007/JHEP12(2019)047
https://arxiv.org/abs/1804.01535
https://inspirehep.net/literature/1666026
https://doi.org/10.1016/j.physrep.2021.08.001
https://arxiv.org/abs/2008.03308
https://inspirehep.net/literature/1810931


J
H
E
P
0
7
(
2
0
2
3
)
1
2
9

[30] S. Hellerman and S. Maeda, On the large R-charge expansion in N = 2 superconformal field
theories, JHEP 12 (2017) 135 [arXiv:1710.07336] [INSPIRE].

[31] A. Grassi, Z. Komargodski and L. Tizzano, Extremal correlators and random matrix theory,
JHEP 04 (2021) 214 [arXiv:1908.10306] [INSPIRE].

[32] A. Bourget, D. Rodriguez-Gomez and J.G. Russo, A limit for large R-charge correlators in
N = 2 theories, JHEP 05 (2018) 074 [arXiv:1803.00580] [INSPIRE].

[33] M. Beccaria, On the large R-charge N = 2 chiral correlators and the Toda equation, JHEP
02 (2019) 009 [arXiv:1809.06280] [INSPIRE].

[34] M. Beccaria, Double scaling limit of N = 2 chiral correlators with Maldacena-Wilson loop,
JHEP 02 (2019) 095 [arXiv:1810.10483] [INSPIRE].

[35] S. Hellerman et al., S-duality and correlation functions at large R-charge, JHEP 04 (2021)
287 [arXiv:2005.03021] [INSPIRE].

[36] S. Hellerman and D. Orlando, Large R-charge EFT correlators in N = 2 SQCD,
arXiv:2103.05642 [INSPIRE].

[37] S. Hellerman, On the exponentially small corrections to N = 2 superconformal correlators at
large R-charge, arXiv:2103.09312 [INSPIRE].

[38] G. Cuomo and Z. Komargodski, Giant vortices and the Regge limit, JHEP 01 (2023) 006
[arXiv:2210.15694] [INSPIRE].

[39] H. Paul, E. Perlmutter and H. Raj, Exact large charge in N = 4 SYM and semiclassical
string theory, arXiv:2303.13207 [INSPIRE].

[40] B. Eden, A.C. Petkou, C. Schubert and E. Sokatchev, Partial nonrenormalization of the
stress tensor four point function in N = 4 SYM and AdS/CFT, Nucl. Phys. B 607 (2001)
191 [hep-th/0009106] [INSPIRE].

[41] M. Nirschl and H. Osborn, Superconformal Ward identities and their solution, Nucl. Phys. B
711 (2005) 409 [hep-th/0407060] [INSPIRE].

[42] N.A. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv. Theor. Math.
Phys. 7 (2003) 831 [hep-th/0206161] [INSPIRE].

[43] E. Gerchkovitz et al., Correlation functions of Coulomb branch operators, JHEP 01 (2017)
103 [arXiv:1602.05971] [INSPIRE].

[44] F. Aprile et al., Single particle operators and their correlators in free N = 4 SYM, JHEP 11
(2020) 072 [arXiv:2007.09395] [INSPIRE].

[45] Y. Hatsuda and K. Okuyama, Large N expansion of an integrated correlator in N = 4 SYM,
JHEP 11 (2022) 086 [arXiv:2208.01891] [INSPIRE].

[46] C. Luo and Y. Wang, Casimir energy and modularity in higher-dimensional conformal field
theories, JHEP 07 (2023) 028 [arXiv:2212.14866] [INSPIRE].

[47] G.V. Dunne and M. Unsal, Deconstructing zero: resurgence, supersymmetry and complex
saddles, JHEP 12 (2016) 002 [arXiv:1609.05770] [INSPIRE].

[48] C. Kozçaz, T. Sulejmanpasic, Y. Tanizaki and M. Ünsal, Cheshire cat resurgence,
self-resurgence and quasi-exact solvable systems, Commun. Math. Phys. 364 (2018) 835
[arXiv:1609.06198] [INSPIRE].

– 53 –

https://doi.org/10.1007/JHEP12(2017)135
https://arxiv.org/abs/1710.07336
https://inspirehep.net/literature/1631822
https://doi.org/10.1007/JHEP04(2021)214
https://arxiv.org/abs/1908.10306
https://inspirehep.net/literature/1751342
https://doi.org/10.1007/JHEP05(2018)074
https://arxiv.org/abs/1803.00580
https://inspirehep.net/literature/1658460
https://doi.org/10.1007/JHEP02(2019)009
https://doi.org/10.1007/JHEP02(2019)009
https://arxiv.org/abs/1809.06280
https://inspirehep.net/literature/1694191
https://doi.org/10.1007/JHEP02(2019)095
https://arxiv.org/abs/1810.10483
https://inspirehep.net/literature/1700204
https://doi.org/10.1007/JHEP04(2021)287
https://doi.org/10.1007/JHEP04(2021)287
https://arxiv.org/abs/2005.03021
https://inspirehep.net/literature/1794737
https://arxiv.org/abs/2103.05642
https://inspirehep.net/literature/1850975
https://arxiv.org/abs/2103.09312
https://inspirehep.net/literature/1852116
https://doi.org/10.1007/JHEP01(2023)006
https://arxiv.org/abs/2210.15694
https://inspirehep.net/literature/2172994
https://arxiv.org/abs/2303.13207
https://inspirehep.net/literature/2645228
https://doi.org/10.1016/S0550-3213(01)00151-1
https://doi.org/10.1016/S0550-3213(01)00151-1
https://arxiv.org/abs/hep-th/0009106
https://inspirehep.net/literature/533597
https://doi.org/10.1016/j.nuclphysb.2005.01.013
https://doi.org/10.1016/j.nuclphysb.2005.01.013
https://arxiv.org/abs/hep-th/0407060
https://inspirehep.net/literature/654057
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://arxiv.org/abs/hep-th/0206161
https://inspirehep.net/literature/588642
https://doi.org/10.1007/JHEP01(2017)103
https://doi.org/10.1007/JHEP01(2017)103
https://arxiv.org/abs/1602.05971
https://inspirehep.net/literature/1422632
https://doi.org/10.1007/JHEP11(2020)072
https://doi.org/10.1007/JHEP11(2020)072
https://arxiv.org/abs/2007.09395
https://inspirehep.net/literature/1807934
https://doi.org/10.1007/JHEP11(2022)086
https://arxiv.org/abs/2208.01891
https://inspirehep.net/literature/2132054
https://doi.org/10.1007/JHEP07(2023)028
https://arxiv.org/abs/2212.14866
https://inspirehep.net/literature/2619389
https://doi.org/10.1007/JHEP12(2016)002
https://arxiv.org/abs/1609.05770
https://inspirehep.net/literature/1487316
https://doi.org/10.1007/s00220-018-3281-y
https://arxiv.org/abs/1609.06198
https://inspirehep.net/literature/1487463


J
H
E
P
0
7
(
2
0
2
3
)
1
2
9

[49] D. Dorigoni and P. Glass, The grin of Cheshire cat resurgence from supersymmetric
localization, SciPost Phys. 4 (2018) 012 [arXiv:1711.04802] [INSPIRE].

[50] D. Dorigoni and P. Glass, Picard-Lefschetz decomposition and Cheshire cat resurgence in 3D
N = 2 field theories, JHEP 12 (2019) 085 [arXiv:1909.05262] [INSPIRE].

[51] T. Fujimori and P. Glass, Resurgence in 2-dimensional Yang-Mills and a genus-altering
deformation, PTEP 2023 (2023) 053B03 [arXiv:2212.11988] [INSPIRE].

[52] D. Dorigoni and A. Kleinschmidt, Modular graph functions and asymptotic expansions of
Poincaré series, Commun. Num. Theor. Phys. 13 (2019) 569 [arXiv:1903.09250] [INSPIRE].

[53] D. Dorigoni and A. Kleinschmidt, Resurgent expansion of Lambert series and iterated
Eisenstein integrals, Commun. Num. Theor. Phys. 15 (2021) 1 [arXiv:2001.11035]
[INSPIRE].

[54] D. Dorigoni, A. Kleinschmidt and R. Treilis, To the cusp and back: resurgent analysis for
modular graph functions, JHEP 11 (2022) 048 [arXiv:2208.14087] [INSPIRE].

[55] F. Aprile and P. Vieira, Large p explorations. From SUGRA to big STRINGS in Mellin
space, JHEP 12 (2020) 206 [arXiv:2007.09176] [INSPIRE].

– 54 –

https://doi.org/10.21468/SciPostPhys.4.2.012
https://arxiv.org/abs/1711.04802
https://inspirehep.net/literature/1636259
https://doi.org/10.1007/JHEP12(2019)085
https://arxiv.org/abs/1909.05262
https://inspirehep.net/literature/1753734
https://doi.org/10.1093/ptep/ptad058
https://arxiv.org/abs/2212.11988
https://inspirehep.net/literature/2617939
https://arxiv.org/abs/1903.09250
https://inspirehep.net/literature/1726390
https://doi.org/10.4310/CNTP.2021.v15.n1.a1
https://arxiv.org/abs/2001.11035
https://inspirehep.net/literature/1777929
https://doi.org/10.1007/JHEP11(2022)048
https://arxiv.org/abs/2208.14087
https://inspirehep.net/literature/2143724
https://doi.org/10.1007/JHEP12(2020)206
https://arxiv.org/abs/2007.09176
https://inspirehep.net/literature/1807925

	Introduction
	Integrated correlators and Laplace-difference equation
	Review of integrated correlators
	Organisation of operators and Laplace-difference equation

	Generating functions of integrated correlators
	Generating functions for M=M', i=i'
	Even N
	Odd N
	Generating functions for M neq M' or M=M' with i neq i'

	Examples of generating functions
	M=M'=0
	M=M'neq 0
	M neq M'


	Large-charge expansion
	Discontinuity part
	Remaining parts
	The p-independent term from w=1 pole
	The tau-independent term

	Summary

	Large-charge expansion: examples
	SU(2) gauge group
	M=M'=0 with SU(3) gauge group
	M=M'=0 with SU(4) gauge group
	Operators in other identical towers
	Operators in different towers

	Conclusion and discussion
	More examples of generating functions and the singularity structures
	M=3, M'=3, N=3
	M=5, M'=3, N=5

	Lattice-sum representation and SL(2,Z) spectral decomposition
	Large-N expansion with fixed-p

