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1 Introduction

The compactification of superconformal field theories on curved space provides a way of
defining new interacting fixed points in lower dimensions. When such compactification
preserves some supersymmetry there is a high control of the lower dimensional physics,
because some observables can be traced through anomaly inflow and/or localization. For
example in the case of even dimensional field theories compactified on complex manifolds one
can integrate the anomaly polynomial over the compact sub-space to obtain the anomalies
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of the lower dimensional field theory. For other dimensionalities similar results have been
proven, with the help of SUSY localization. This provides a strong tool to claim the existence
of a lower dimensional interacting fixed point. In many cases the complex manifold does not
preserve any supersymmetry and it is necessary to turn on opportune background fluxes
to restore the cancellations of the spin connection in the fermionic variations. This idea,
generically referred to as (partial) topological twist [1–3], allows the analysis of large classes of
models. Furthermore the constructions discussed above have an interesting dual counterpart
in the AdS/CFT correspondence. The original case was discussed in [4] for branes wrapped
on Riemann surfaces. This mechanism, denoted as flow across dimensions, was further
studied in [5] and associated to the dual c-extremization principle formulated in [6].

The parallel treatment of the topological twist and of the flows across dimensions has
been checked in many examples, and it provides a further check of the existence of the new
superconformal fixed point in the lower dimensional theory.

Recently a new type of compactification has been considered [7]. The starting point
consists of considering the compact space as an orbifold, instead of a manifold. If this
orbifold is a spindle, topologically a two sphere with deficit angles at the poles, it is possible
to show that some supersymmetry of the higher dimensional theory is preserved in an
unusual way. The Killing spinors are indeed not constant and chiral on the spindle. It has
been shown that there are two possible ways to preserve supersymmetry by turning on
background fluxes for the R-symmetry on the spindle. These two ways have been denoted
as the twist and the anti-twist [8].

In the case of the twist the integrated R-symmetry flux on the spindle corresponds to
the Euler number of the spindle. This is the reason for using the name twist for such a case,
indeed this property is shared by the common partial topological twist as well. Furthermore
there is second possibility, denoted as the anti-twist, that does not have any counterpart in
the standard partial topological twist.

The generality of such discussion allowed the study of this compactification in many
setups, in various dimensions, showing very non trivial holographic matchings, and allowing
to conjecture the existence of vast new families of SCFTs [8–30]. In 4d SCFTs many
predictions have been further made by the field theory analysis corresponding to the
integration of the anomaly polynomial. Many of these predictions have been holographically
checked, both from a 10 or 11d perspective, from the analysis of consistent truncations in
gauged supergravity.

In this last case for example it has been possible to check the behaviour of the universal
twist and anti-twist and in general the study of the U(1)3 STU gauged supergravity has
allowed to match the expected result for the case of N = 4 SYM. In this case the anti-twist
was studied in [10, 11], while a general analysis of all possible twists was given in [8]. Very
recently a truncation with hypermultiplets has been considered as well. It corresponds to
the Leigh Strassler N = 1∗ fixed point and it has been shown that also in this case the
expected dual results can be reproduced from the supergravity dual description. The case
of the topological twist in this case was studied from the supergravity perspective in [31].

One of the most remarkable results of [32] was that the central charge of the theory
compactified on the spindle can be obtained without the knowledge of the full solution of
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the BPS equation. It has been shown indeed that the correct central charge can be obtained
by solving these equations only at the poles of the spindle, i.e. by specifying the boundary
conditions on the fields and the conserved magnetic charges in terms of the data at the
poles of the spindle. This analysis at the poles is also a necessary step for constructing the
numerical solution when the magnetic charge for the flavor symmetry is turned on, because
it fixes most of the boundary conditions when solving the BPS equation.

Motivated by the results of [32] here we study another 5d N = 2 consistent truncation
with two vector multiplets and two hypermultiplets originally found in [33, 34]. This
truncation is associated to the Klebanov Witten theory [35]. and, due to the Higgs
mechanism triggered by a scalar in a hypermultiplet, one vector field becomes massive. The
two remaining massless vector fields are the graviphoton and the so called Betti vector.
This structure of massless vector fields allows non-trivial comparisons with the field theory
results in terms of the magnetic fluxes for the R-symmetry and the baryonic symmetry.
The role of baryonic symmetries in the case of the topological twist was then exploited
in [36, 37].

Here we study the compactification of this model on the spindle, along the lines of the
analsys of [32]. We find that also in this case the central charge can be extracted simply
from the pole data and then we solve numerically the BPS equation in order to construct the
full AdS3 solution. As a consistency check we also show that our results are in agreement
with the ones expected from the dual field theory for the anti-twist class.

The paper is organized as follows. In section 2 we review the 5d setup corresponding to
the 5d N = 2 Betti vector truncation found in [33] for the conifold. In section 3 we study the
BPS equations and the Maxwell equations for the AdS3 ansatz on the spindle, turning on
suitable magnetic fluxes for the gauge fields. Then in section 4 we solve these equations at
the poles of the spindle. This analysis fixes the boundary conditions for many of the scalars
and it imposes the necessary constraints on the fluxes. Then we show that these solutions
are enough to compute the central charge from the Brown-Henneaux formula. In section 5
we provide a complete solution of the BPS equations. First we turn-off the magnetic charge
for the baryonic symmetry reducing to minimal supergravity. In this case we recover the
analytic results of [9] for the universal anti-twist and we match it with the result obtained
in section 4 from the analysis of the BPS equations at the poles of the spindle. Then we
provide the numerical solution of the BPS equations in presence of non-vanishing baryonic
magnetic charge, again finding an agreement with the result obtained from the pole data.
In section 6 we then compare our findings with the calculation of the central charge for
the conifold obtained from the dual field theory analysis. In this case we match the result
by turning off the magnetic charges associated to the mesonic symmetries of the dual field
theories, that are indeed invisible in the 5d truncation considered here. In section 7 we
conclude, speculating over possible future directions. We also add appendix A where we
discuss further details of the quaternionic geometry of the specific 5d supergravity model
we consider in this paper.
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2 The supergravity set-up

In this section we introduce the N = 2 supergravity set-up in five dimensions. We first
summarize the main features of N = 2 matter-coupled supergravity in five dimensions. We
then provide a short summary on N = 2 consistent truncations of Type IIB supergravity
on squashed Sasaki-Einstein manifolds and we then focus on compactifications defined by
the conifold as the internal manifold. In this regards, we introduce the N = 2 5d gauged
supergravity model associated to this truncation and we study its scalar manifold with
particular focus on the gauging. Finally we discuss a further truncation of fields in 5d
restricting to those moduli which capture the physics of AdS3 × Σ backgrounds where Σ is
the spindle.

2.1 Matter-coupled N = 2 5d gauged supergravity

Here we summarize the general features of matter-coupled N = 2 gauged supergravities in
five dimensions following the conventions of [38, 39]. The N = 2 5d supergravity multiplet
can be coupled to nV vector multiplets and nH hypermultiplets. Restricting us only to the
bosonic sector, the field content of this class of theories is determined by the gravitational
field gµν , nV real moduli φx belonging to vector multiples with x = 1, . . . , nV , 4nH real
scalars (or hyperscalars) qX from the hypermultiplets with X = 1, . . . , 4nH and nV + 1
vector fields AIµ = (A0

µ, A
x
µ) with I = (0, x). The vector A0

µ belongs to the supergravity
multiplet and it is usually called the graviphoton; the vectors Axµ are included in the vector
multiplets.

Let’s briefly discuss the properties of the N = 2 moduli space. The scalars φx

parametrize a nV -dimensional Very Special Real manifold. This scalar geometry can be
defined firstly introducing a (nV + 1)-dimensional embedding manifold parameterized by
the homogeneous coordinates hI(φx). Secondly considering the hypersurface identified by
the fundamental cubic polynomial,

P (h) = CIJKh
IhJhK = 1 , (2.1)

where CIJK is a constant and symmetric tensor. From the tensor CIJK and the homogeneous
coordinates hI is thus possible to derive all the quantities needed to describe the couplings
to vector multiplets. In fact on such hypersurface we can introduce a metric gxy as the
pull-back of the metric aIJ on the embedding space,

gxy = 3
2∂xh

I∂yh
J aIJ with aIJ = −1

3 ∂hI∂hJ logP (h)|P=1 . (2.2)

The coupling between scalars φx and vectors AIµ is realized through the metric aIJ which
can be alternatively defined as

aIJ = −2CIJKhK + 3hIhJ with hI ≡ aIJhJ = CIJKh
JhK . (2.3)

The hyperscalars qX parametrize a Quaternionic manifold which can be defined as a
Riemannian manifold with metric gXY endowed with a locally defined triplet ~JXY of almost
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complex structures satisfying the relations

gZW JrXZJ
s
WY = −δrsgXY + εrstJ tXY ,

∇̃Z ~J Y
X = ∇Z ~J Y

X + 2 ~ωZ × ~J Y
X = 0

(2.4)

where {r, s, t} = 1, 2, 3 are indices of the vectorial representation of SU(2).1 The first
expression in (2.4) is the defining relation of a quaternionic structure. The second implies
that ~J is covariantly constant w.r.t. the connection ~ω = ~ωX(q)dqX associated to a SU(2)-
bundle defined over the quaternionic manifold. The corresponding SU(2)-curvature ~R turns
out to be proportional to the complex structures ~JXY as it follows

~R = d~ω + 2 ~ω ∧ ~ω = 1
2 ν

~J with ν ≡ 1
4nH(nH + 2) R. (2.6)

In this paper we focus only on abelian gaugings on the quaternionic manifold. These
are typically generated by commuting Killing vectors kXI (q). For each Killing vector we can
introduce a triplet of moment maps ~PI through the relation

∇̃X ~PI = ∂X ~PI + 2 ~ωX × ~PI = ~JXY k
Y
I . (2.7)

We are now ready to write the bosonic Lagrangian,

e−1L = 1
2R−

1
2gxy(φ)∂µφx∂µφy −

1
2gXY (q)DµqXDµqY −

1
4aIJ(φ)F IµνF J µν

+ e−1

12

√
2
3CIJKε

µνρστF IµνF
J
ρσA

K
τ − g2V (φ, q),

(2.8)

where
DµqX = ∂µq

X + gAIµk
X
I (2.9)

are the covariant derivatives of hyperscalars depending on the gauge coupling g. Finally
the scalar potential V (φ, q) has the form

V =P rI P rJ
(

4hIhJ − 3gxy∂xhI∂yhJ
)
− 3

4gXY k
X
I k

Y
J h

IhJ . (2.10)

We point out that since the gauging is abelian, the coviarant derivatives of the scalars φx are
just the ordinary onces since the scalars φx transform trivially under abelian symmetries.

Finally we can write the N = 2 supersymmetry variations using the conventions
of [34, 39, 40]. Given a N = 2 Killing spinor εi, the fermionic variations have the following
form

δψiµ =
[
Dµ + i

4
√

6
hI(γ νρ

µ − 4δνµγρ)F Iνρ

]
εi − i√

6
g γµh

I(PI)ijεj , (2.11)

δλx i =
(
− i2γ

µ∂µφ
x + 1

4γ
µνF Iµνh

x
I

)
εi − g P x ijεj , (2.12)

δζA = i

2γ
µDµqXf iAX εi −

√
6 g
4 hI kXI f

iA
X εi, (2.13)

1In this paper we use also the doublet notation instead of the vector (or triplet) one,

J Y j
X i ≡ i ~J

Y
X · ~σ j

i , (2.5)

where ~σ j
i are the three Pauli matrices. Of course, this transition between triplet and doublet notation holds

also for other quantities in the adjoint representation of SU(2).
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where we have introduced the quaternionic vielbein f iAX [39] and the supercovariant derivative

Dµε
i = ∂µε

i + 1
4ω

ab
µ γabε

i − ∂µqXωijXεj − gA
I
µP

ij
I εj , (2.14)

acting on the supersymmetry parameter εi.
The vielbein f iAX satisfies the following relation with the almost complex structures:

i ~J Y
X · ~σ j

i = 2f jAX fYiA − δ
j
i δ
Y
X , (2.15)

that will be useful in the simplification of the BPS equations.

2.2 Type IIB on the conifold and N = 2 supergravity

Let’s start with a (very) brief summary on N = 2 consistent truncations of Type IIB
supergravity over the (squashed) conifold

T 1,1 = SU(2)× SU(2)
U(1) . (2.16)

Such compactifications belong to a general class of consistent truncations on 5d squashed
Sasaki-Einstein manifolds, which have been extensively studied in the literature (see for
instance [33, 34, 41–47]). More specifically in [42, 43] reductions over squashed Sasaki-
Einstein manifolds to the N = 4 5d universal sector were constructed, then in [33, 46] this
class of truncations was extended to the non-trivial second cohomology forms on T 1,1. The
resulting lower-dimensional theory is a N = 4 5d gauged supergravity coupled to two vector
multiplets, coming from the universal sector, plus a third vector multiplet. The latter is
called the Betti multiplet and it is associated to left-invariant modes acting on the conifold.

The bosonic field content of this N = 4 supergravity includes the 5d gravitational
field, the graviphoton A0

µ, 8 vectors and 16 real scalar fields. We need now to impose a
further truncation to select the N = 2 sector. As it was showed in [33], truncating to the
N = 2 sector is not trivial since it requires the truncation either of the N = 2 Betti-vector
multiplet or of the Betti-hypermultiplet. In this way one obtains two inequivalent theories.

We will focus on the N = 2 5d supergravity retaining in its spectrum the Betti vector.2

Such a theory is described by the coupling to two vector multiplets and two hypermultiplets
whose scalar geometry is encoded in the following manifold [33],

M = SO(1, 1)2 × SO(4, 2)
SO(4)× SO(2) . (2.17)

Let’s thus explore with more detail the supergravity model defined by the scalar mani-
fold (2.17). To this aim we will follow the notation of [40]. The N = 2 matter multiplets
include 10 scalar fields and 3 vector fields

{u1, u2, u3, k, a, φ, b
i, b̄i} with i = 1, 2 and AIµ with I = 0, 1, 2 . (2.18)

2The “twin” N = 2 theory is defined by truncating away the Betti-vector [33]. The matter content of
this theory is featured by one vector multiplets and three hypermultiplets. In this case the coset manifold is
given byM = SO(1, 1)× SO(4,3)

SO(4)×SO(3) .
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Apart from the graviphoton A0
µ, the above fields are organized into two vector multiplets,

defined by the real scalars {u2, u3} and the two vectors Axµ with x = 1, 2, and two
hypermultiplets, parametrized by the scalars {u1, k, a, φ, b

i, b̄i} where b1, b2 are written in
complex notation.

We first analyze the vector multiplet sector. The two real scalars parametrize the Very
Special Real manifold SO(1, 1)2. We can organize the moduli fields following the general
analysis of sub-section 2.1,

φx = (u2, u3) and gxy =
(

4 0
0 12

)
, (2.19)

where gxy is metric on the manifold SO(1, 1)2. As explained in sub-section 2.1, a Very
Special Real manifold can be defined through the embedding relation CIJKh

IhJhK = 1
where hI(φ) are homogeneous coordinates. For our model these are given by

h0 = e4u3 , h1 = e2u2−u3 , h2 = e−2u2−2u3 , (2.20)

where the symmetric tensor CIJK has a unique non-vanishing component given by C012 =
1/6. Through the general relation written in (2.3) we can thus derive the metric aIJ on the
embedding manifold. Such quantity defines the coupling in the action of vector-scalars with
gauge fields,

aIJ =


1
3e
−8u3 0 0
0 1

3e
−4u2+4u3 0

0 0 1
3e

4u2+4u3

 . (2.21)

Let’s consider now the hypermultiplet sector. This is defined by the quaternionic
manifold SO(4,2)

SO(4)×SO(2) which is spanned by the fields {u1, k, a, φ, b
1, b̄1, b2, b̄2}. We point out

that the scalars a and φ can be also written in complex notation as τ = a+ ie−φ, where
the complex modulus τ results directly from the reduction of the axio-dilaton of Type IIB
supergravity. As discussed in sub-section 2.1, the scalars parametrizing a quaternionic
manifold are organized in quadruples qX . Following the notation of [34, 40] we can write for
our model qX = (u1, k, a, φ, b

1, b̄1, b2, b̄2). Then the line element takes the following form

gXY dq
XdqY =− 2e−4u1Mij

(
bidb̄j + b̄idbj

)
− 4du2

1 −
1
4dφ

2 − 1
4e

2φda2

− 1
4e
−8u1

[
dk + 2εij

(
bidb̄j + b̄idbj

)]2
,

(2.22)

where

Mij = eφ
(
a2 + e−2φ −a
−a 1

)
. (2.23)

We point out that the matrix Mij is covariant under SL(2,R) symmetry inherited from
Type IIB supergravity. This scalar geometry was already studied in [34, 40, 48]. We refer to
appendix A for the derivation of quaternionic structures ~J and the SU(2) spin connections ~ω.
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On the quaternionic manifold we have gauged symmetries defined by the following set
of abelian Killing vectors kI = kXI ∂X ,

k0 = −3ib1∂b1 − 3ib2∂b2 + 3ib̄1∂b̄1 + 3ib̄2∂b̄2 −Q∂k,
k1 = 2∂k,
k2 = 2∂k,

(2.24)

where Q is a constant. Given the Killing vectors on the quaternionic manifold we can also
introduce the associated Killing prepotentials P rI ,

P r0 =


3
2e
−2u1−φ2

(
b1 − iaeφ(b1 − b̄1) + ieφ(b2 − b̄2) + b̄1

)
3
2e
−2u1−φ2

(
ib1 + aeφ(b1 + b̄1)− eφ(b2 + b̄2)− ib̄1

)
−3

2 + e−4u1
(
Q
4 − 3i(b1b̄2 − b2b̄1)

)
 ,

P r1 =

 0
0

−1
2e
−4u1

 , P r2 =

 0
0

−1
2e
−4u1

 .
(2.25)

The full bosonic Lagrangian of this model is given in [34, 40]. Specifically, the scalar
potential can be obtained by specifying the general expression (2.10) with the datas on
the scalar geometry given in this section. We point out that the Killing vectors (2.24)
satisfy abelian commutation relations and generate the gauge group U(1)2 × R. After such
a gauging the scalars turn out to be charged under the subgroup U(1) × R through the
gauge vectors A0

µ and QA0
µ − 2A1

µ − 2A2
µ [34, 40].

2.3 The model

In this section we specify us to a further truncation of the 5d supergravity model introduced
in 2.2. Our aim is to retain the minimum set of fields needed to capture the oscillations of
Type IIB supergravity described by a warped product of an AdS3 factor with the spindle.
In this regards we may firstly truncate the fields

a = 0 and φ = 0 . (2.26)

This condition is equivalent to restrict to Type IIB systems with trivial axio-dilaton profile.
Then we can also impose that

b1 = b̄1 = b2 = b̄2 = 0 , (2.27)

which is equivalent to exclude those scalar fields associated to 3-form fluxes in Type IIB,
namely 5-brane contributions. It follows that with this truncation we focus only on 3-brane
systems. Summarizing we look at those solutions featured only by the hyperscalar u1, the
vector multiplet-scalars u2, u3 and the three vectors AIµ. The remaining scalar k is a flat
direction of the potential.

Given the above truncation, the Killing vectors (2.24) boil down to k0 = −Q∂k, k1 =
2∂k, k2 = 2∂k. From this expression one can observe that the scalar k gets charged under
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the vector QA0
µ − 2A1

µ − 2A2
µ, which in turns becomes massive. As far as the moment

maps (2.25) are concerned, only the r = 3 SU(2)-components survive, leading to

P ′30 = −3
2 + Q

4 e−4u1 , P 3
1 = P 3

2 = −1
2e
−4u1 . (2.28)

For such supergravity model we can introduce a superpotential as it follows,

W =
√

2
3h

IP 3
I =

√
2
3

(
1
4e
−4u1−2u3

(
Qe6u3 − 4 cosh(2u2)

)
− 3

2e
4u3

)
. (2.29)

The scalar potential can be thus derived by the general formula V = 2gΛΣ∂ΛW∂ΣW −
4
3 W

2 [34] where Λ,Σ include vector multiplet and hypermultiplet fields. This truncation
contains the following AdS5 vacuum for u1,2,3,

u1 = −1
4 log 4

Q
, u2 = 0, u3 = 1

6 log 4
Q

(2.30)

with all the other scalars in the hypermultiplets have been set to zero.

3 AdS3 × Σ geometry and BPS equations

In this section we introduce the AdS3 × Σ Ansatz and we present the corresponding BPS
equations (for details on the derivation of BPS equations see appendix B). For the space
Σ we will take a compact spindle with conical singularities at the poles. Once presented
the Ansatz and BPS equations we will also derive Maxwell equations for vector fields and
study the corresponding conserved charge. In what follows we will adapt to the case of the
conifold the analsys presented in [32] on AdS3×Σ geometries dual to Leigh-Strassler SCFT
compactified on a spindle.

3.1 The Ansatz and Maxwell equations

Let’s start with the following AdS3 × Σ geometry [32]

ds2 = e2V (y)ds2
AdS3 + f(y)2dy2 + h(y)2dz2 (3.1)

together with the gauge fields
A(I) = a(I)(y)dz , (3.2)

where ds2
AdS3

is the metric of AdS3 with unit radius. We suppose that the scalars u1, u2, u3
are functions of y, while we take the hyperscalar k linear along the z-direction, i.e. k = kz.
This prescription, originally given in [32], follows from Maxwell equations which imply that
k = k(z). Then in order to reproduce a set of Maxwell equations which are ODE along the
y-direction (avoid terms as ∂zk) we need that k is linear.

The space Σ in (3.1) is a compact spindle, a weighted projective space WCP1
[nN ,nS ] with

conical deficit angles at the north and the south pole. The geometry is specified by the two
co-prime integers nN 6= nS , associated to the deficit angles 2π

(
1− 1

nN,S

)
at the poles. The

azimuthal symmetry is parameterized by ∂z, where the coordinate z is periodic with period
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∆z = 2π. The coordinate y is compact, bounded by yN and yS (with yN < yS), i.e. finite
values at the north and the south pole of the spindle. The general analysis of [8] allows
to conclude that the function h(y) vanishes at the poles and a crucial problem consists
of finding the boundary conditions for the other fields at the poles of the spindle. In the
analysis below we will mostly work in the conformal gauge.3

In order to study the Killing spinor equations and the equations of motion of the gauge
fields it will be useful to work in the orthonormal frame

ea = eV ea, e3 = fdy, e4 = hdz, (3.4)

where ea is an orthonormal frame for AdS3. In this basis the field strengths takes the
following form

fhF
(I)
34 = ∂ya

(I). (3.5)

We can thus derive Maxwell equations specified to our Ansatz (3.1) and (3.2). We noticed
that imposing that the scalars u1, u2, u3 are functions of y and k = k̄z, Maxwell equations
can be easily integrated. Thus we can write them in the orthonormal frame as

1
3e

3V+4u3

(
e−4u2F

(1)
34 − e

4u2F
(2)
34

)
= E1, (3.6)

1
3e

3V
(
e−8u3F

(0)
34 + Q

4 e
4u3
(
e−4u2F

(1)
34 + e4u2F

(2)
34

))
= E2, (3.7)

∂y

(1
3e

3V−4u2+4u3F
(0)
34

)
= −e3V−8u1fh−1gDzk, (3.8)

where E1 and E2 are constants of motion and we defined Dzk = k̄− gQa(0) + 2ga(1) + 2ga(2).
From the last equations we immediately notice that the scalar k is charged under the vector
QA0

z − 2A1
z − 2A2

z, as we mentioned in previous section.

3.2 The BPS equations

In order to derive the BPS equations for the AdS3 × Σ geometry described in previous
section we need to give a prescription on Killing spinors. Let’s start by factorizing the
spinor as it follows [32],

ε = ψ ⊗ χ, (3.9)

where χ is a two-component spinor on the spindle and ψ is a two-component spinor on
AdS3 satisfying

∇mψ = −κ2 Γmψ, (3.10)

where κ = ±1 specifies the two chiral cases with N = (2, 0) or N = (0, 2) supersymmetry.
We outline the derivation of BPS equations in appendix B. The Killing spinor analysis

3Observe that as discussed in [32] this choice differs from the one of [8].

f = eV (3.3)

As we will see below the boundary conditions for f will be fixed from the ones of V . These last will follow
from the pole analysis.
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starts with the decomposition of the 5d gamma matrices that we choose as it follows

γm = Γm ⊗ σ3, γ3 = I2 ⊗ σ1, γ4 = I2 ⊗ σ2, (3.11)

with Γm =
(
−iσ2, σ3, σ1

)
. From gravitino SUSY variations it turns out that the Killing

spinor ε is defined in terms of a function ξ(y) and it has the following form

ε =

cos
(
ξ

2

)
I− sin

(
ξ

2

)
γ4

 η with η = eV/2 eisz η0 , (3.12)

where s is a constant and η0 is a constant spinor. The above structure of the Killing
spinor characterizes the spindle geometry, for instance it was already obtained in [32] for
AdS3 × Σ geometries in Leigh-Strassler compactification.4 We can thus write the BPS
equations obtained by specifying the N = 2 SUSY variations of fermionic fields (2.11), (2.12)
and (2.13) to the AdS3 Anstaz (3.1) and (3.2) with a spinor ε of the form (3.12),

ξ′ = 3g f W cos ξ + 2κ f e−V ,
V ′ = g f W sin ξ ,

h′ = h f sin−1 ξ
(
2κe−V cos ξ + gW (1 + 2 cos2 ξ)

)
,

u′1 = −3
8g f ∂u1W sin−1 ξ ,

u′2 = −3
4g f ∂u2W sin ξ ,

u′3 = −1
4g f ∂u3W sin ξ , (3.13)

where W is the superpotential defined in (2.29). In addition to the first-order equations the
analysis of SUSY variations leads to two algebraic constraints

(s−Qz) = − h
′

2f cos ξ + h√
6
H34 sin ξ, (3.14)

3g
2 ∂u1W cos ξ = h−1∂u1Qz sin ξ, (3.15)

where Qµdxµ = Qz dz is the connection associated to the supercovariant derivative Dµε =
(∇µ − iQµ)ε appearing in the gravitino variation (B.5). The tensor Hµν ≡ hIF

I
µν is

introduced in (B.5) and its non-zero components (in the flat basis (3.4)) are given by

H34 = 1
3

(
e−4u3F

(0)
34 + e2u3

(
e−2u2F

(1)
34 + e2u2F

(2)
34

))
= −
√

6
(
κ e−V + gW cos ξ

)
. (3.16)

Finally from the variations of gaugini and hyperini (B.17), (B.19) and (B.22) we can obtain
the non-zero components of the field strengths F I34,

e−4u3F
(0)
34 = −

√
3
2g cos ξ

(
2W + ∂u3W

)
−
√

6κe−V ,

e−2u2+2u3F
(1)
34 = −g2

√
3
2 cos ξ

(
4W − ∂u3W + 3∂u2W

)
−
√

6κe−V , (3.17)

e2u2+2u3F
(2)
34 = −g2

√
3
2 cos ξ

(
4W − ∂u3W − 3∂u2W

)
−
√

6κe−V .

4Observe that the general form of Killing spinors on spindles was studied in [8].
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As it is discussed in [32], the analysis of BPS equation is simplified observing that we
can integrate one out the first three differential equations in (3.13) obtaining

h = ` eV sin ξ (3.18)

where ` is a constant that has to be determined. The BPS equation for ξ′ can be further
simplified by plugging in (3.18) and we obtain

f−1ξ′ = −2`−1(s−Qz)e−V . (3.19)

Similarly the constraint (3.14) can be simplified to

(s−Qz) = −3
2g`e

VW cos ξ − κ`. (3.20)

Finally we can use the field strenghts (3.17) to get a fully explicit form of the conserved
charges E1,2 obtained after having integrated out Maxwell equations in (3.6) and (3.7),

E1 = 3ge3V cos ξ − 1√
6
κe2V−4u3

(
Qe6u3 cosh (2u2) + 2

)
,

E2 = 2
√

2
3κe

2(u3+V ) sinh (2u2) , (3.21)

where we used the superpotential W written in (2.29).
We observe that with the redefinitions g → g

3 , u2 → β, u3 → α , u1 → 2
√

2ϕ our
equations take the form of (3.10) in [32].

This relation between the BPS equations obtained here and the ones of [32] is dictated
by the similarity between the special geometries and by the fact that only one hyperscalar
(u1 in our notations and ϕ in the notations of [32]) can be consistently considered. Despite
this fact the Type IIB interpretation of our 5d fields is completely different from that one
of [32]. Indeed the analysis of the equations requires a proper quantization of the magnetic
charges as we will discuss later in the paper.

4 Central charge from the pole data

In this section we compute the central charge of the dual field theory obtained by the twist
and the anti-twist of the truncation of T 1,1 without solving the BPS equations. The relevant
result is indeed that this value can be predicted by specifying the boundary conditions at
the poles of the spindle solution. This does not guarantee the existence of the solutions,
that requires to solve the BPS equation from the north to the south pole of the spindle
and that will be the subject of the analysis in section 5. Nevertheless it is a notable result,
already noticed in [32] for the Leigh Strassler truncation.

4.1 Simplifications at the poles

At the poles ` sin ξ → 0, then if ` 6= 0 it follows that cos ξN,S = (−1)tN,S where tN,S = 0
or tN,S = 1. The poles are identified with yN,S , where without loss of generality we can
choose yN ≤ y ≤ yS . We have to impose also that

|h′|N,S = |` sin′ ξ|N,S = 1
nN,S

. (4.1)
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This follows from the metric and from the assumption that the deficit angles at the poles
are 2π

(
1− 1

nN,S

)
where nN,S > 1.

From the BPS equation we observe the Z2 symmetry acting on {h, a(i), Qz, s, `} by
inverting their sign. This transformation leaves the frame invariant and it can be used to
restrict the analysis to the region h ≥ 0 and then, since V ∈ R, also ` sin ξ ≥ 0.

The combination ` sin ξ is then positive and it vanishes at the two poles, with yN < yS .
Its derivative is then positive at yN and negative at yS . This can be formalized by introducing
two further constants, lN = 0 and lS = 1 and requiring

` sin′ ξ|N,S = (−1)lN,S
nN,S

. (4.2)

The twist and the anti-twist are determined by the R-symmetry flux through the
spindle [8]:

1
2π

∫
Σ
FR = ± nN + nS

nNnS
twist , (4.3)

± nS − nN
nNnS

anti-twist , (4.4)

and they are distinguished by the relation between the chiralities of the preserved spinors
at the two poles, coincident and opposite respectively. Then, among the four choices of
(tN , tS), the cases (0, 0) and (1, 1) correspond to the twist and the other two options (1, 0)
and (0, 1) correspond to the anti-twist. Then the complete set of pole data that we have
to specify correspond to {lN,S , nN,S , tN,S}. The simplification occurred in (3.20) allows to
express the quantity (s−Qz) at the poles in term of these data as

s−QZ |N,S = 1
2nN,S

(−1)tN,S+lN,S+1. (4.5)

As noted in (2.36), (2.37) of [8] and revisited in (3.25) of [32], this relation is also obtained
by requiring regularity of the spinor at the poles.

By looking at the BPS equation obtained in formula (B.22) we observe that it is
necessary the ∂u1W |N,S = 0 at the poles, otherwise u1 does not stay finite. A further
consequence of this constraint, combined with (3.20), is that also ∂u1Qz|N,S = 0. Another
consequence is that the two reals scalars in the special geometry are constrained at the
poles as Qe6u3 − 4 cosh(2u2)|N,S = 0. A further assumption (a posteriori motivated by the
numerical analysis in sub-section 5.2) is that u1|N,S 6= 0. It has been shown in [27] that
this assumption implies Dzk|N,S = 0.

It is then useful to use these relations to re-consider the expressions obtained above
for the conserved charges E1,2, using some of the simplifications occurred at the poles. By
defining

M(1) = ge4u3+V , M(2) = −κ+ 3
√

3
2M(1) cos(ξ) (4.6)

the charges can be written as

E1 =
M2

(1)
g2

(√
2
3M(2)e

−12u3 − κQ2

4
√

6

)
+ κQ

4
√

6
e2(u3+V )

(
Qe6u3 − 4 cosh (2u2)

)
(4.7)
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and

E2
2 =

M4
(1)

6g4

(
Q2 − 16e−12u3

)
+
M4

(1)
6g4

(
16e−12u3 cosh2 (2u2)−Q2

)
(4.8)

and hence last terms in (4.7) and (4.8) vanish at the poles. From (3.20) and W |N,S =
−
√

3
2e

4u3N,S we also have

M(1)|N,S =
√

6
9

(
2κ(−1)−tN,S − (−1)lN,S

` nN,S

)
, M(2)|N,S = κ− (−1)lN,S−tN,S

` nN,S
. (4.9)

From the definition of M(1) in (4.6) we see that requiring u3, V ∈ R and g > 0 imposes that
this M(1) is positive. This reflects into the constraints M(1)|N,S > 0.

The fact that E1,2 are constant, and then equal at the poles, implies the two following
equations for u3 at the poles: − 16

Q2M
4
(1)|N

16
Q2M

4
(1)|S

M2
(1)|NM(2)|N −M2

(1)|SM(2)|S

 · ( e−12u3N

e−12u3S

)
=

 M4
(1)|S −M

4
(1)|N

κQ2

8

(
M2

(1)|N −M
2
(1)|S

) . (4.10)

4.2 Magnetic fluxes

Here we express the magnetic fluxes in terms of the pole data and of the fields evaluated
at such poles. This will allow us to express the constant ` in terms of the spindle data,
without solving the BPS equations. We start observing that

F (I)
yz = (a(I))′ = (I(I))′ (4.11)

with5

I(I) =
√

3
2 ` e

V hI cos ξ. (4.12)

This relation can be worked out by looking at the BPS equations studied above. A similar
formula has been found in [27]. It has been further observed in [27] that (4.12) can be
obtained by combining the BPS equations of the hyperscalars. It would be interesting to
check if a similar relation holds in our case as well.

It follows that the (still not quantized!) fluxes can be expressed in terms of the pole
data as

pI
nNnS

= 1
2π

∫
Σ
gF (I) = gI(I)

∣∣∣S
N

(4.13)

with

I(0)|N,S =
√

3
2
`

g
M(1)|N,S(−1)tN,S , (4.14)

I(2)|N,S − I(1)|N,S = ±
√

3
2
`(−1)tN,SM(1)|N,S

2g

√
Q2 − 16e−12u3N,S (4.15)

where ± depends on the sign of u3. Observe that we are not claiming yet that the fluxes
p0,1,2 are correctly quantized and we will come back to this problem in a few, reading the
correct normalization from the AdS/CFT correspondence.

5We hope that the notation hI for the sections does not generate confusion with respect to the scalar
function h(y) in (3.1).
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In order to work with properly quantized charges we now fix Q = 4 and consider the
following (quantized) charges

pR ≡
1
2(p0 + p1 + p2) = 1

2
(
nS(−1)tN + nN (−1)tS

)
,

pF ≡
3
4(p2 − p1) = sign(u3)g nNnS

2 (I(3)|SN − I(2)|SN ),

pM ∝ 2p0 − p1 − p2 = 0 (4.16)

where the coefficient of pF is chosen to match with the one of the baryonic symmetry in the
holographic dual description. This coefficient can be extracted from the ’t Hooft anomaly
TrRB2 along the lines of the procedure discussed in [49]. Requiring the quantization of
this charge then imposes a constraint on the constant ` and no further constraints on the
spindle data. The charge pR is quantized if nN (−1)tS + nS(−1)tN ∈ 2Z. The quantization
of pF is obtained as follows. First we use the fact that 2p0 = p1 + p2 that gives the relation
2pF = 3p2 − 2pR. This is a crucial relation to determine the quantization of pF . We indeed
have that pR = 3

4(p1 + p2) ∈ Z and we must also impose that pF = 3
4(p1 − p2) ∈ Z. As

anticipated above the proportionality coefficient in this last relation comes from anomaly
matching and it contains the informations on how the 5d solution is uplifted on T 1,1 to
give a Type IIB solution, thanks to the AdS/CFT correspondence. Indeed as explained
in [49] the comparison with the field theory to fix the factor of 3/4 is equivalent to the
quantization of the 5-form flux of type IIB supergravity in the uplifted solution.

Then the relations pR + pF = 3
2p2 ∈ Z and pR − pF = 3

2p1 ∈ Z imply 3
2p1,2 ∈ Z. This

tells us the correct normalization to impose in (4.13), i.e. the definition of the fluxes p0,1,2
should be modified by multiplying it by the factor 3/2, in order to have integer fluxes, say
p̂0,1,2 ≡ 3

2p0,1,2 ∈ Z. Furthermore pR ± pF ∈ Z tell us that pR,F must have the same parity.
Then from (4.8) we have

|E2| =
4M2

(1)|N,S√
6g2

√
1− e−12u3|N,S → I(2)|N,S − I(1)|N,S = 3

2
g`

M(1)|N,S
|E2|(−1)tN,S . (4.17)

From this relation we have to require e−12u3|N,S ∈ (0, 1]. This constraint becomes a constraint
on the allowed values of the constant ` that will be computed below. Then using the fact
that E2 is constant and equal at the poles we can write

I(2)
∣∣∣S
N
− I(1)

∣∣∣S
N

= 3
2g`|E2|

(
(−1)tS
M(1)|S

− (−1)tN
M(1)|N

)
. (4.18)

We can simplify this expression using the relation

(−1)tSM(1)|N − (−1)tNM(1)|S = (−1)tS+tN+1
√

2
3
nS(−1)tN + nN (−1)tS

3 ` nN nS
(4.19)

where we used the fact that the possible values taken by tS and tN are all the possible
combinations of 0 and 1. Then we arrive at

pF
gnSnN

= 3
4

(
I(2)

∣∣∣S
N
−I(1)

∣∣∣S
N

)
= 3

4
√

6
g|E2|(−1)tS+tN+1

M(1)|SM(1)|N
nS(−1)tN +nN (−1)tS

nNnS
(4.20)
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while

pR
gnSnN

= 1
2

(
I(0)

∣∣∣S
N

+ I(1)
∣∣∣S
N

+ I(2)
∣∣∣S
N

)
= 1

2g

(
nS(−1)tN + nN (−1)tS

nNnS

)
. (4.21)

Comparing these last two expressions we have

p2
F

p2
R

= 3g4E2
2

8M2
(1)|SM

2
(1)|N

(4.22)

This equation allows to determine the constant ` in terms of the integers nN,S , tN,S ,
lN,S and pF . Solving (4.22) for ` we obtain

` = (−1)tN+1 n
4
N + nNn

3
S + n3

NnS + n4
S − 4p2

FnNnS
κnNnS(nN − nS)(3(nN + nS)2 + 4p2

F )
, for (tN , tS) = (0, 0) or (1, 1) (4.23)

corresponding to the case of the twist, and

` = (−1)tN n
4
N − nNn3

S − n3
NnS + n4

S + 4p2
FnNnS

κnNnS(nN + nS)(3(nS − nN )2 + 4p2
F )
, for (tN , tS) = (1, 0) or (0, 1)

(4.24)

corresponding to the case of the anti-twist.

4.3 Central charge from the pole data

We are now ready to compute the central charge from the pole data. These last correspond
to the integers {lN,S , nN,S , tN,S} and in addition to the constant pF . The central charge is
obtained from the Brown-Henneaux formula,

c2d = 3RAdS3

2G3
(4.25)

where the ratio between RAdS3 and the three dimensional Newton constant is

RAdS3

G3
= 1
G5

∆z
∫ yS

yN

eV (y)|f(y)h(y)|dy. (4.26)

The five dimensional Newton constant for the conifold truncation and the RAdS5 radius are

G5 = 8π
27N2

c (gW )3 , RAdS5 = gW. (4.27)

This can be verified by computing the 4d central charge, related to G5 through the
holographic relation

aT 1,1 =
πRAdS3

5

8G5
= 27N2

c

64 (4.28)

where the last equality holds by plugging (4.27) in (4.28), and it corresponds to the central
charge for the dual T 1,1 SCFT. Then we must compute the integral in (4.25). In this case
we observe that

eV (y)f(y)h(y) = − `

2κ(e3V (y) cos ξ(y))′ (4.29)
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and this justifies the fact that the central charge can be obtained only from the knowledge
of the fields at the poles.

Furthermore in the conformal gauge (3.3) the integral in the central charge becomes
eV (y)|h(y)| and the absolute value can be removed observing as above that we can restrict
to the region h ≥ 0. We arrive at the expression

c2d = 243g3`N2
c

32κ

√
3
2(e3V (yS) cos ξ(yS)− e3V (yN ) cos ξ(yN )). (4.30)

Plugging the values of the fields evaluated at the poles of the spindle in terms of the pole
data the central charge becomes

c2d = (−1)tN 3N2
c (nN + nS)((nN + nS)2 − 4p2

F )(3(nN + nS)2 + 4p2
F )

16κnNnS((n4
N + nNn3

S + n3
NnS + n4

S)− 4p2
FnNnS)

(4.31)

for the twist, and

c2d = (−1)tN+1 3N2
c (nS − nN )((nS − nN )2 − 4p2

F )(3(nS − nN )2 + 4p2
F )

16κnNnS((n4
S − nNn3

S − n3
NnS + n4

N )− 4p2
FnNnS)

(4.32)

for the antitwist. The case of the twist is completely ruled out by this analysis because
c2d > 0 is incompatible with the requirements M1|N,S > 0 and e−12u3|N,S ∈ (0, 1]. On the
other hand the solution in the case of the anti-twist exists in the following cases:

for tN = 0 & κ > 0 or tN = 1 & κ < 0 if nN − nS > 2|pF | > 0
for tN = 0 & κ < 0 or tN = 1 & κ > 0 if nS − nN > 2|pF | > 0 (4.33)

5 Solving the BPS equations

5.1 Analytic solution for the R-symmetry anti-twist

Here we study the solutions of the BPS equations for the case of the anti-twist by turning
off the charge for the baryonic symmetry pF . From the supergravity side this implies a
further truncation to the massless graviton sector. Such a truncation always exists for a
five dimensional Sasaki-Einstein manifold [50, 51].

The truncation requires to fix the field u1 to its AdS5 vacuum, i.e. u1 = 0 when fixing
Q = 4 (see (2.30)). Furthermore the analysis at the poles shows that in this case the other
two scalars u2,3 are both set to zero, compatibly with (2.30) for Q = 4. Observe also that
this is in contrast with the assumption that the scalar u1 is non vanishing in order to
have a solution of the BPS equations, but it is the case only for the analytic solution that
corresponds to the universal one, i.e. a further truncation to minimal gauged supergravity.
We will see that the other BPS equations can be then analitically solved in the case of the
anti-twist by also fixing pF = 0, corresponding to the universal R-symmetry anti-twist.

The metric and the gauge fields are (see [7] for the original derivation of this solution)

ds2 = 1
g2W 2

(
4y
9 ds

2
AdS3 + y

q(y)dy
2 + c2

0q(y)
36y2 dz2

)
,

A(0) = A(1) = A(2) = − 1
12

c0κ

4g

(
1− a

y

)
+ s

g

 dz (5.1)

– 17 –



J
H
E
P
0
7
(
2
0
2
3
)
0
8
7

and the function ξ(y) can be expressed in terms of q(y) by the relations

sin ξ = −
√
q(y)

2y3/2 , cos ξ = κ(3y − a)
2y3/2 (5.2)

where q(y) is
q(y) = 4y3 − 9y2 + 6ay − a2. (5.3)

The constants a and c0 can be read from the analysis of the BPS equations from the pole
data discussed above and they are

a =
(2nN + nS) 2

(
nNnS + n2

N − 2n2
S

)
2

4
(
nNnS + n2

N + n2
S

)
3

,

c0 =
2
(
nNnS + n2

N + n2
S

)
3nNnS (nN + nS) . (5.4)

Then taking nS > nN the poles yN and yS are

yN = (nS − nN )2(2nN + nS)2

4(n2
N + nNnS + n2

S)2 , yS = (nS − nN )2(nN + 2nS)2

4(n2
N + nNnS + n2

S)2 (5.5)

and they correspond to the two lowest roots of the polynomial q(y).
Armed with these results we can compute the central charge by evaluating the inte-

gral (4.26) between the two poles yN,S reproducing the central charge (4.32) obtained from
the pole data as in (4.33) and by setting pF = 0.

5.2 Numerical solution

The solution found by turning off pF for the anti-twist is a consistency check of the analysis,
because in this case we are truncating to minimal gauged supergravity, where a solution
is expected [7]. The analysis of the BPS equations from the pole data in the conformal
gauge (3.3) suggested the existence of a more general solution for non vanishing pF . Indeed
the central charge (4.32) is positive for suitable choices of the fluxes in the anti-twist class.
Here we want to find this solution numerically for various numbers of nS , nN and pF in the
case of the anti-twist in the conformal gauge (3.3).

The solution is constructed by solving the BPS equation by fixing the initial conditions
at one pole, for example at y = yN , for u2,3 and V . Such conditions can be read from the
analysis at the pole data, that also sets the value of ` necessary to find the profile for the
h(y) function. At this pole we further have sin ξ = 0 by assumption. On the other hand
the initial value of u1 is unfixed and indeed finding its initial value at y = yN is the task of
the analysis.

By ranging over various choices of u1(yN ) indeed the numerical solutions must interpo-
late the values of the other fields from yN to yS . Finding the correct and unique value of
u1(yN ), up to a numerical approximation, leads then to the finite value of y = yS for which
sin ξ = 0, recovering the compact geometry of the spindle.

In the following we list a series of values of nS , nN and pF for which we have obtained
a solution. In each case we have extracted the boundary values of the hyperscalar u1.
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Furthermore, from the numerical analysis, we have extracted also the location of the pole
yS , by fixing yN = 0.

nS nN pF u1(yN ) u1(yS) yS − yN
7 1 1 0.0134835 0.00528031 2.3878
9 1 2 0.0289877 0.012056 2.56658
11 1 1 0.00569605 0.00144584 2.73857
11 1 3 0.0398161 0.0179648 2.72743
9 3 1 0.0105465 0.00768971 1.85913
11 5 1 0.00973604 0.0084572 1.72323
13 1 2 0.0153541 0.00410856 2.87009
13 1 4 0.0471909 0.0229531 2.87991
13 3 1 0.00441848 0.00230355 2.07173
13 3 3 0.0335495 0.023278 2.04402

(5.6)

Observe that nS−nN is even as discussed above and we required also that pF and 1
2(nS−nN )

have the same parity and that 2pF < nS − nN . The explicit numerical solutions for the
functions u1,2,3, eV (y) and h(y) = `eV (y) sin ξ(y) for such values are given in figure 1 and 2.
In these figures we have depicted the solutions from the north pole yN of the spindle to the
south pole yS and then we have continued the integration until y = 2(yS − yN ). In this way
we have shown explicitly a consistency check of these solutions, indeed once the south pole
is reached the equations reach the boundary condition that allows us to find the solutions
from yS to yN .

– 19 –



J
H
E
P
0
7
(
2
0
2
3
)
0
8
7

F
ig
ur
e
1.

N
um

er
ic
al

so
lu
tio

ns
fo
r
th
e
sc
al
ar

fie
ld
s
u

1,
2,

3(
y
)
an

d
th
e
sc
al
ar

fu
nc
tio

ns
eV

(y
)
an

d
h

(y
)
in
te
rp
ol
at
in
g
be

tw
ee
n
th
e
no

rt
h
po

le
at

y
=
y N

=
0
an

d
y

=
2(
y S
−
y N

),
w
he
re
y S

is
th
e
so
ut
h
po

le
.
Ea

ch
lin

e
in

th
e
pl
ot

is
as
so
ci
at
ed

to
on

e
of

th
e
fir
st

fiv
e
lin

es
in

th
e
ta
bl
e
(5
.6
),

w
he
re

th
e
va
lu
es

of
n

S
,n

N
an

d
p

F
ar
e
sp
ec
ifi
ed
.
T
he
se

va
lu
es

ar
e
ex
pl
ic
itl
y

(n
S
,n

N
,p

F
)=

(7
,1
,1

)
fo
r
th
e
fir
st

lin
e,

(9
,1
,2

)
fo
r
th
e
se
co
nd

lin
e,

(1
1,

1,
1)

fo
r
th
e
th
ird

lin
e,

(1
1,

1,
3)

fo
r
th
e
fo
ur
th

lin
e,

an
d

(9
,3
,1

)
fo
r
th
e
fif
th

lin
e.

– 20 –



J
H
E
P
0
7
(
2
0
2
3
)
0
8
7

F
ig
ur
e
2.

N
um

er
ic
al

so
lu
tio

ns
fo
r
th
e
sc
al
ar

fie
ld
s
u

1,
2,

3(
y
)
an

d
th
e
sc
al
ar

fu
nc
tio

ns
eV

(y
)
an

d
h

(y
)
in
te
rp
ol
at
in
g
be

tw
ee
n
th
e
no

rt
h
po

le
at

y
=
y N

=
0
an

d
y

=
2(
y S
−
y N

),
w
he
re
y S

is
th
e
so
ut
h
po

le
.
Ea

ch
lin

e
in

th
e
pl
ot

is
as
so
ci
at
ed

to
on

e
of

th
e
la
st

fiv
e
lin

es
in

th
e
ta
bl
e
(5
.6
),

w
he
re

th
e
va
lu
es

of
n

S
,n

N
an

d
p

F
ar
e
sp
ec
ifi
ed
.
T
he
se

va
lu
es

ar
e
ex
pl
ic
itl
y

(n
S
,n

N
,p

F
)=

(1
1,

5,
1)

fo
r
th
e
fir
st

lin
e,

(1
3,

1,
2)

fo
r
th
e
se
co
nd

lin
e,

(1
3,

1,
4)

fo
r
th
e
th
ird

lin
e,

(1
3,

3,
1)

fo
r
th
e
fo
ur
th

lin
e,

an
d

(1
3,

3,
3)

fo
r
th
e
fif
th

lin
e.

– 21 –



J
H
E
P
0
7
(
2
0
2
3
)
0
8
7

6 Comparison with the field theory results

In this section we compare the results found above for the central charge in the anti-twist
class for the conifold truncation with respect to the calculation performed in the dual
field theory.

Such a dual field theory, also referred as the Klebanov-Witten theory, corresponds to a
stack of N D3 branes probing the tip of the Calabi-Yau threefold with a five dimensional
Sasaki-Einstein base, that, in this case, corresponds to the conifold singularity [35]. The
model can be represented in terms of two unitary SU(N)1,2 gauge groups with bifunda-
mentals a1,2 and anti-bifundamentals b1,2 interacting through a quartic superpotential
W = a1b1a2b2 − a1b2a2b1. The global symmetry group is U(1)R × SU(2)2 × U(1)B. The
massless vectors in the truncation that we have used here are associated only to the
R-symmetry U(1)R and to the baryonic symmetry U(1)B.

The calculation of the central charge for the conifold on the spindle, from the field
theory side, has been performed originally in [10] by integrating the anomaly polynomial
over the geometry of the spindle,6 by considering magnetic charges for the whole the global
symmetry. Here we will survey the results of [10] and then we will restrict to the magnetic
charges of U(1)R ×U(1)B in order to compare with the supergravity results obtained above.

The integration of the anomaly polynomial has been pursued thanks to the observation
that it can be written as a gluing formula in terms of the four dimensional conformal
anomaly, formally expressed in terms of the R-charges, the deficit angles and the flavor
fluxes. By c-extremization the final expression, in terms of the pole data and of the quantized
fluxes, is [27]

c2d =
3(m− + σm+)2∑

a<b,c 6=a,b papbp2
c ·
∑
a<b<c papbpc

(m2
− − σm−m+ +m2

+)
∏
a<b(pa + pb)− σm+m−ΘKW

N2 (6.1)

with
ΘKW =

∑
a<b,c 6=a,b

papbp4
c − 2

∑
a<b

papb
∏
c

pc. (6.2)

The comparison with the gravitational calculation requires a further restriction on the values
of the fluxes. The fluxes p1,2,3,4 are associated to the Cartan of the global U(1)r×SU(2)L×
SU(2)R ×U(1)B of the conifold. They are constrained by the relation p1 + p2 + p3 + p4 =
−m−+σm+

m−m+
ensuring the correct quantization for the magnetic flux associated to the R-

symmetry for the twist σ = 1 and the anti-twist σ = −1. The baryonic flux is instead
associated to the combination p1−p2 + p3−p4. The other global symmetries associated to
the flavor symmetries are set to zero in the 5d supergravtiy model, that is indeed realized
by truncating over the Reeb vector. It follows that the actual comparison requires to fix
the fluxes as

p1 = p3 = −m− + σm+
4m−m+

+ pb
2m−m+

(6.3)

6It is very important to stress that the original understanding of how to integrate anomaly polynomials
on a spindle, suitably accounting for the mixing of the global symmetries and the U(1) isometry of the
spindle, was provided in [7]. We are extremely grateful to the referee for pointing it out.
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and
p2 = p4 = −m− + σm+

4m−m+
− pb

2m−m+
. (6.4)

Furthermore we choose σ = −1 because we have to consider the anti-twist. Eventually we
fix the pole data in the notation of [27] and the ones here by identifying m+ = nN and
m− = nS . The central charge in formula (6.1) then becomes

c2d = 3N2
c (nN − nS)(3(nS − nN )2 + p2

b)((nS − nN )2 − p2
b)

16nNnS(n4
N − nNn3

S − n3
NnS + n4

S − p2
bnNnS)

. (6.5)

This expression matches (4.32) upon the identification pF = pb.
Let us conclude this section with an observation related to the relation between our

results and the general discussion that appeared in [27] regarding the geometries of Type
IIB constructed from a 5d SE and a spindle. It has been observed that such geometries are
constructed by fixing only the fluxes associated to the flavor symmetries, i.e. one can always
turn off the baryonic symmetry to obtain the internal Gauntlett-Kim 7d geometry [52]. We
expect that the solutions found here, when uplifted to 10d are in the class of [52], with just
five-form flux turned on. Furthermore we expect that, working with properly quantized
fluxes, the 10d uplifted solutions will be regular, similarly to the cases discussed in [7, 9] for
D3 and M2 branes. This is consistent with the discussion on [32] as well.

7 Conclusions

In this paper we studied a supersymmetric AdS3 × Σ asymptotic to the AdS5 N = 2
truncation of the conifold with a Betti vector multiplet found in [33]. The model consists
of gauged supergravity with two vector multiplets and two hypermultiplets. The vector
fields gauge a subgroup of the quaternionic manifold and one gauge field becomes massive
via Higgs mechanism. In the low energy spectrum there are then two massless fields, the
graviphoton and the Betti vector. One is associated to the R-symmetry and the other one
to the baryonic symmetry of the dual Klebanov-Witten field theory [35]. When this model
is compactified on the spindle many of the scalars in the hypermultiplet can be further
truncated. A crucial aspect of this compactification is that we need to include some of the
scalars from the hypermultiplet in the analysis. After a suitable ansatz on the dependence
of the spindle coordinates from the scalar fields, we have computed the BPS and the gauge
fields equations. This has helped us in discussing the properly quantized fluxes through
the spindle. We have shown that the analysis of the fluxes can be performed by studying
the BPS equations at the poles of the spindle and that this analysis, in the conformal
gauge (3.3), fixes the proper boundary conditions for all the scalars except the ones in
the hypermultiplet. Furthermore thanks to this analysis it has been possible to compute
the central charge of the would be AdS3 solution from the Brown-Henneaux formula. By
inspection we have observed that only the anti-twist class is consistent with the unitarity
bound requiring a positive central charge. This analysis is however not enough to claim
the existence of the AdS3 solution and for this reason it is necessary to solve the BPS
equations explicitly from the north to the south pole of the spindle. By turning off the
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baryonic magnetic charge we have observed that the universal solution of [7] is recovered.
Furthermore we have provided a numerical analysis for the case with the magnetic baryonic
charge turned on. In the numerical analysis we have first imposed the boundary conditions
obtained from the analysis of the BPS equations at the north pole. Then we have scanned
the boundary value of the scalar in the hypermultiplet that we cannot turn off. Solving the
BPS equations for various initial data we have looked for the unique solution corresponding
to the existence of a compact spindle. Once this value has been found we have checked
that indeed the other fields take the value expected from the analysis of the pole data at
the south pole, where this last value has been extracted numerically. We have eventually
compared our general expression of central charge for the anti-twist with the one obtained
in [10, 27] from the dual field theory, restricted to the baryonic anti-twist, and we have
found an exact agreement.

Many interesting directions in the study of supergravity truncations on the spindle
deserve further investigation. For example one can study other consistent 5d N = 2
truncations with vector multiplets and hypermultiplets where an holographic dual field
theory is available. From the analysis performed here and previously in [27] one can observe
that the central charge can be extracted from the pole data if the number of conserved
charges nq is twice the number of massless vector multiplets nm2=0

v . Let us explain this
statement more explicitly. We start from a special manifold with nv = nm

2=0
v + nm

2 6=0
v

vector multiplets, where the nm2 6=0
v massive vectors, higgsed by the hyperscalars (say φi),

do not give rise to any conserved charge. It follows that we are left with nq = nm
2=0

v + 1
conserved charges. On the other hand nm2 6=0

v real scalars in the vector multiplets can be
expressed, thanks to the equations ∂φiW |N,S = 0, in terms of the nm2=0

v real scalars in
the massless vector multiplets. We are then left with 2nm2=0

v unknowns (at the poles of
the spindle) and nq equations. This implies that the number of equations, corresponding
to the number of conserved charges, nq = nm

2=0
v + 1, has to be in general equal to the

number of unknowns, 2nm2=0
v . The only solutions of the equation is then nm

2=0
v = 1. If

nm
2=0

v > 1 then one should fix boundary conditions for some of the scalars in the vector
multiplets numerically as we did here with the ones for the scalar(s) in the hypermultiplet.
Searching for such initial data is in general non-trivial and it may require a refinement of
the numerical techniques. An interesting truncation that has nm2=0

v = 1 is the one recently
worked out in [53] elaborating on previous results [54]. This truncation describes a stack of
M5 branes wrapped on a two dimensional Riemann surface Σ. In this case the holographic
dual field theories have been found in [55, 56]. We expect that the compactification of this
truncation on the spindle proceeds along the same lines of the discussion performed here
and in [32] and that the central charge in this case can be extracted from the pole data as
well. It should be interesting to study this case by turning on a magnetic charge for the
flavor symmetry in order to obtain the solution of the BPS equations interpolating between
the poles of the compact spindle. We are currently investigating in this direction.

Another interesting aspect discussed in [32] consists of reformulating the BPS equations
in a D=4 Janus form in order to interpret the conserved charges from a different perspective.
We expect that similar results can be provided for the model discussed in this paper
as well.
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A more complicated question regards the interpretation of the solutions found here
from a flow across dimensions along the radial direction. This requires a modification of the
anstaz (3.1) and requires to solve the BPS equations also for the radial profiles of the scalars.
Finding such solutions is a necessary step to obtain a supergravity attractor mechanism
dual to c-extremization on the spindle.

We conclude by observing that one can also look at truncations dual to 3d SCFT,
corresponding to AdS4 N = 2 gauged supergravity in presence of hypermultiplets. In
this case an attempt has recently in [28] where the case of the mABJM model has been
considered. In this case one has nm2=0

v = 2 and the counting discussed above implies that
the analysis at the poles does not entirely fixe the boundary conditions for the scalar fields
in the vector multiplets. Similar results are expected for another truncation with a known
dual field theory, corresponding to the case of massive Type IIA supergravity [57].

Note added. while completing the manuscript we have been informed that the same
problem has been addressed by Minwoo Suh in [30]. The two papers appeared on arXiv on
the same day and the results agree. Here we provide the reasons for such agreement by
mapping the relevant quantities in the BPS equations studied here and the ones obtained
in [30].

Our BPS equations and gauge EOMs in section 3 match with the ones of section 3
of [30] using the following identifications:

gthere
xy = 2ghere

xy , gthere
Y X = 2ghere

XY , athere
IJ = 3ahere

IJ ,

A(I) there
µ =

√
2
3A

(I) here
µ , Cthere

IJK = 6Chere
IJK , XI there = hI here,

P r there
I = 2P r here

I , kX there
I = kX here

I , W there =
√

6W here,

gthere =
√

3
2g

here if we fix ghere ≡ 1. (7.1)
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A Details on the quaternionic geometry

In this appendix we derive the quaternionic structures ~J and the SU(2) spin connections ~ω
for the quaternionic manifold

SO(4, 2)
SO(4)× SO(2) . (A.1)
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This scalar geometry was already studied in detail in [34, 40, 48] and it is described by
nH = 2 hypermultiplets, whose real scalars can be organized as qX , X = 1, . . . , 8

Following [34, 40] we use the coordinates qX = {u1, k, a, φ, b
1, b̄1, b2, b̄2}, with line

element given by

gXY dq
XdqY =− 2e−4u1Mij

(
bidb̄j + b̄idbj

)
− 4du2

1 −
1
4dφ

2 − 1
4e

2φda2

− 1
4e
−8u1

[
dk + 2εij

(
bidb̄j + b̄idbj

)]2
,

(A.2)

where

Mij = eφ
(
a2 + e−2φ −a
−a 1

)
. (A.3)

We have chosen the normalization of the metric in order to have the curvature scalar R = 64
and thus ~R = ~J (see (2.6)). This last equality is necessary to obtain the simplified version
of the hyperino variation in (B.21).

To display the quaternionic structure of the coset, we follow the explicit construc-
tion made in appendix E of [58],7 adapting it to our coordinates, and we introduce the
quaternionic vielbeins

f1 = i

2dφ, f2 = 2i du1, f3 = i

2e
φda,

f4 = ie−4u1

(
1
2dk − b̄

2db1 + b̄1db2 − b2db̄1 + b1db̄2
)
,

f5 = i√
2
e−2u1−φ2

(
db1 + db̄1

)
, f6 = 1√

2
e−2u1−φ2

(
db1 − db̄1

)
,

f7 = i√
2
e−2u1+φ

2
(
−a db1 + db2 − a db̄1 + db̄2

)
,

f8 = − 1√
2
e−2u1+φ

2
(
a db1 − db2 + a db̄1 − db̄2

)
.

(A.4)

We can thus obtain the triplet of almost complex structures ~J as

J1 = 1√
2

(
f15 + f18 + f25 − f28 − f36 + f37 − f46 − f47

)
,

J2 = 1√
2

(
f16 − f17 + f26 + f27 + f35 + f38 + f45 − f48

)
,

J3 = −
(
f13 + f24 + f56 + f78

)
,

(A.5)

where f ij ≡ f i ∧ f j and Jr = 1
2J

r
XY dq

X ∧ dqY for r = 1, 2, 3. One can check that these
structures satisfy the quaternionic relations in (2.4). In this setting, the SU(2) connections

7See also [48] for a similar analysis.
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take the form

ω1 = 1
2e
−2u1−φ2 (db1 + db̄1)− i

2a e
−2u1+φ

2 (db1 − db̄1) + i

2e
−2u1+φ

2 (db2 − db̄2),

ω2 = − i2e
−2u1−φ2 (db1 − db̄1)− 1

2a e
−2u1+φ

2 (db̄1 + db̄1) + 1
2e
−2u1+φ

2 (db2 + db̄2),

ω3 = 1
4e

φda− 1
2e
−4u1

(
1
2dk − b̄

2db1 + b̄1db2 − b2db̄1 + b1db̄2
)
.

(A.6)

B Derivation of the BPS equations

Following the analysis made in [32], in order to construct AdS3 × Σ solutions to the BPS
equations, we first decompose the Clifford algebra via

γm = Γm ⊗ σ3, γ3 = I2 ⊗ σ1, γ4 = I2 ⊗ σ2, (B.1)

where Γm =
(
−iσ2, σ3, σ1

)
,8 are the gamma matrices in d = 3 and σi, i = 1, 2, 3, are the

Pauli matrices. We can thus write the Killing spinor as

ε = ψ ⊗ χ, (B.2)

where χ is a two-component spinor on the spindle and ψ is a two-component spinor on
AdS3 satisfying

∇mψ = −κ2 Γmψ, (B.3)

where κ = ±1 specifies the chirality of the supersymmetry of the dual 2d SCFT. In this
section we will analyze the BPS equations in order to determine the structure of the spinor
χ, that is given by

χ = eV/2eisz
(

sin ξ
2

cos ξ2

)
(B.4)

as we will see in more detail in a few.

B.1 Gravitino variation

The supersymmetry variation for the gravitino in (2.11) splits into two decoupled equations
if we impose the projection condition on the symplectic-Majorana εi.9 This decoupling is
due to the fact that in our model only the r = 3 SU(2)-components of the moment maps
survive (see (2.28)), which are related to the doublet notation through the third Pauli
matrix via (2.5).

Thus, one of the two BPS equations obtained from the gravitino variation can be
written as

δψµ =
[
∇µ − iQµ + i

4
√

6
Hνρ

(
γνργµ + 2γνδρµ

)
+ 1

2gWγµ

]
ε = 0, (B.5)

8We are using the mostly plus signature, while in [32] they use the mostly minus one.
9See appendix A.2.1 of [59] for a more general overview on the projections of SU(2) symplectic-

Majorana fermions.
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where ε is now a Dirac spinor, ∇µε = ∂µε+ 1
4ωµabγ

ab and Qµ ≡ ∂µqXω3
X + gAIµP

3
I . We also

introduced the superpotential W ≡
√

2
3h

IP 3
I and Hµν ≡ hIF Iµν .

The components of (B.5) that are tangent to the directions along AdS3 give:−(κe−V + 1√
6
H34

)
γ34 + i V ′f−1γ3

 ε = −igWε. (B.6)

In order to have non-trivial solutions to this equation, we have to impose that the two
coefficients on the left hand side live on a circle, i.e.[

cos ξγ34 + i sin ξγ3
]
ε = −iε. (B.7)

This projection condition is solved by

ε = e−i
ξ
2γ

4
η, γ3η = iγ4η (B.8)

and it allows us to split (B.6) in

− κe−V − 1√
6
H34 = gW cos ξ, V ′f−1 = gW sin ξ. (B.9)

If we now focus on the component of the gravitino variation in the longitudinal direction of
the spindle, i.e. µ = y, we can rewrite it as∂y − 1

2V
′ − i

2

(
∂yξ +

√
3
2fH34 + κfe−V

)
γ4

 η = 0. (B.10)

One can notice that this expression is in the form (a1 + a2γ
4)η = 0, which implies that

a2
1 + a2

2 = 0.
Therefore, from the first part of (B.10) we can infer that η has the structure

η = eV/2eiszη0, (B.11)

where s is a constant and η0 is independent from y and z. From the second part of (B.10)
we obtain

∂yξ +
√

3
2fH34 + κfe−V = 0. (B.12)

Similarly, the component along the azimuthal direction of the spindle (µ = z) gives∂z − iQz + i

2f
−1h′ cos ξ − i√

6
H34h sin ξ

+
(
−1

2f
−1h′ sin ξ + 1

2gWh− 1√
6
H34h cos ξ

)
γ4

η = 0,

(B.13)

from which

(s−Qz) + 1
2f
−1h′ cos ξ − 1√

6
H34h sin ξ = 0, (B.14)

− 1
2f
−1h′ sin ξ + gWh

2 − 1√
6
H34h cos ξ = 0. (B.15)

– 28 –
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B.2 Gaugino variation

Using some relations of the Very Special Real geometry and the definition of the superpo-
tential, the variation of the gaugino (2.12) gives

δλx =
[
− i2γ

µ∂µφ
x + 1

4

√
3
2g

xy∂yhIγ
µνF Iµν + i

√
3
2g g

xy∂yW

]
ε = 0. (B.16)

From the first component (x = 1), imposing again the projection condition in (B.7), we
obtain

f−1u′2 + 3g
4 ∂u2W sin ξ = 0, (B.17)

3g ∂u2W cos ξ +
√

2
3e

2u3
(
e−2u2F

(1)
34 − e

2u2F
(2)
34

)
= 0, (B.18)

where we have used the explicit expressions for the sections hI and for the field strengths.
Similarly, from the component x = 2, we have

f−1u′3 + g

4∂u3W sin ξ = 0, (B.19)

3g ∂u3W cos ξ +
√

2
3
(
2e−4u3F

(0)
34 − e

−2u2+2u3F
(1)
34 − e

2u2+2u3F
(2)
34

)
= 0. (B.20)

B.3 Hyperino variation

In order to simplify the BPS equation coming from the hyperino variation in (2.13), we
can multiply its expression for fjAY . Using (2.15), after some calculations we obtain the
relation (

−iγµ∂µu1 + 3
8 ig∂u1W + 1

4∂u1Qµγ
µ
)
ε = 0. (B.21)

Notice that to single out the vector Qµ, introduced in (B.5), it is necessary to make a
precise choice of the normalization of the metric of the quaternionic manifold, as we have
pointed out in appendix A.

Finally, imposing the projection condition (B.7), this last equation gives

f−1u′1 = −3g
8
∂u1W

sin ξ , (B.22)

3g
2 ∂u1W cos ξ = h−1∂u1Qz sin ξ. (B.23)
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