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1 Introduction

Topological Quantum Field Theories (TQFT) are instances of ordinary, often finite-
dimensional, quantum mechanical systems [1, 2]. A special feature of these instances
is the possibility to cast quantum states and quantum operations as topological spaces,
which realize the defining properties of Hilbert spaces. In other words, in TQFT quan-
tum states and quantum operations (operators) can be visualized by drawing diagrams of
topological spaces and manipulating them.

Diagrammatic representation of linear operations is a very natural way to visualize
matrix multiplication, widely used in different areas of physics, mathematics and computer
science, including tensor networks and computer algorithms. However, in most cases
such representations are symbolic and do not literally reflect the physical processes in the
manipulated systems. In TQFT, on the contrary, the diagrams can be understood literally,
as quantum evolution of the system’s elements, such as particles, qubits, or general media
composing the systems.
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In this paper we will work with a topological version of tensor networks based on the
axiomatic definition of TQFT [2]. Similar constructions are well-known under the name
of topological quantum computation [3–6], but the focus of this paper will be in different
aspects of the construction. In particular, we will discuss what quantum entanglement is
from the point of view of topology and show how topology highlights some of its fundamental
properties. In this sense the work continues some previous discussion in the literature
(e.g [7–12] and earlier works by Kauffman et al. cited in [13]) inspired by the question of
the connection between topological and quantum entanglement raised explicitly in [14].

We will consider a specific example of a TQFT, that is Chern-Simons theory with gauge
group SU(2) in spaces, which are locally R3, with boundaries carved as disjoint 2-spheres.
We will allow the 2-spheres to have punctures — point-like defects that have to be extended
in the three-dimensional bulk as one-dimensional lines. These are the Wilson lines from the
point of view of the Chern-Simons theory. Three-dimensional manifolds with boundaries
and Wilson lines represent states and more general tensors of the quantum theory, with
boundary S2 corresponding to elementary subsystems, that is Hilbert spaces of individual
“particles” [15]. The key observation in this construction is that spheres connected by a
sufficient number of Wilson lines correspond to entangled subsystems [11]. So, entanglement
corresponds to wiring of the bulk space with Wilson lines. We refer to such wirings as
“connectomes”, borrowing the term from neuroscience.

Obviously the same space can be wired in different ways, so the first question is what
kind of entanglement different wirings describe. Here we focus on the choice of wirings with
the simplest topology. The essential information that such wirings should contain is what
is connected to what. Such objects can be characterized by classes labeled by the adjacency
matrices of graphs, whose nodes are associated with the subsystems and edges — with the
Wilson lines. The classes contain infinite number of elements and we would like to consider
only the simplest representatives, which do not have non-trivial knotting and tangling of
the Wilson lines, the planar (trivial) connectomes.

In this work we will mostly focus on these simplest connectome quantum states and
use them to illustrate different features and applications of quantum entanglement. We will
find that such states have some distinctive features. The entanglement entropy for such
states share the properties with the holographic states:1 the entropy of a single subsystem is
given by a discrete version of the minimal area law, while for many subsystems, the entropy
satisfies a number of inequalities beyond subadditivity, which are also satisfied by the
holographic states. For bipartite entanglement the planar connectome states are equivalent
to the classes of states in the classification provided by the action of stochastic local
operations and classical communication (SLOCC) [16, 17]. For multipartite entanglement
they are similar to either full multipartite GHZ states or to the embeddings of lower rank
GHZ states.

The main advantage of the topological approach to description of entanglement is
that it makes the properties of entanglement very intuitive: the states are entangled if
the topological spaces are properly connected; shared Wilson lines is the entanglement

1That is states that are expected to have a dual gravity description.
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resource shared between the parties; impossibility of sharing this resource with several
parties simultaneously is the monogamy of entanglement. One of the goals of this work is to
show that the topological interpretation can motivate new tools for study and applications
of entanglement. In this work we use the topology argument to construct a new measure
of multipartite entanglement. We also find that basic quantum algorithms, such as dense
coding and quantum teleportation have purely topological interpretation, which makes visual
the role of different aspects of entanglement in quantum computation and communication.

As another application of the topological method we reflect on the recent progress in
the understanding of black holes and propose a toy model that contains the salient features
of an evaporating black hole in the context of the information paradox [18]. In this model
we build upon our experience with the planar connectome states, which are supposedly
similar to the holographic ones. The way in which the Hawking radiation gets entangled
with the interior and later destroys the entanglement, allowing the information to escape, is
analogous to the topological realization of quantum teleportation [19].

The paper is organized as follows. In section 2 we give a short introduction in TQFT
and describe a specific realization of quantum mechanics (qubits and entanglement) in
Chern-Simons theory with S2 boundaries. In section 3 we introduce the connectome states
and review the classification of bipartite entanglement via connectomes. In section 4 we
briefly discuss connectomes in the multipartite situation. Section 5 contains the main
discussion of entanglement properties and applications. In section 5.1 we discuss the
topological expression for the entanglement entropy and introduce a new measure, which
detects multipartite entanglement. In section 5.2 we discuss inequalities for the entanglement
entropy focusing on the planar connectome states. In section 5.3 we propose topological
cartoons of the dense coding and quantum teleportation protocols. Finally, section 5.4
describes a model of unitary evaporation in a topological interpretation of the black hole
information paradox.

Some of the results discussed in this paper were previously reported in [17] and [19].
This paper makes a more detailed discussion of those results and offers a number of new
ones. For example, the discussion of a new entanglement measure, the inequalities for the
entanglement entropy and the dense coding protocol are the main new results. Moreover,
this paper is written for a more general audience and is expected to be self-contained.

2 Topological quantum field theory

2.1 Definitions

Following the axiomatic definition of TQFT [2] we will consider an n dimensional orientable
hypersurface Σ as a Hilbert space HΣ. Then any n+ 1-dimensional topological spaceM,
such that Σ is a boundary of M, that is Σ = ∂M, corresponds to a vector in HΣ, as
illustrated by the following diagram,

Σ −→ HΣ , M
Σ −→ |Ψ〉 ∈ HΣ . (2.1)

– 3 –
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Note that spaces homeomorphic to each other, that is continuously deformable into each
other, preserving the topology, define equivalent states.

We can also consider an n+ 1-dimensional space O with boundaries ∂O = Σ ∪ Σ as
an evolution of the Hilbert space HΣ, that is an operator acting on HΣ. Here Σ and Σ
differ by choice of orientation, so one may think of Σ as representing the dual vector space
HΣ = H∗Σ. More generally, space O with boundary ∂O = Σ1 ∪Σ2 can be viewed as a linear
operator that acts on the respective Hilbert spaces. Such space is also called a cobordism
of Σ1 and Σ2.

Application of an operator on a state is realized by gluing boundary Σ of the state with
boundary Σ of the operator, as the following diagram shows.

Σ
Σ

Σ
_

−→ O · |Ψ〉 . (2.2)

The result of this operation is obviously another state in HΣ. Similarly, composition of
operators is a concatenation of the latter.

For completeness of the axiomatic definition we need to spell out a few other properties.
It should be obvious that gluing together two homeomorphic spaces-states should correspond
to the square of the norm of the state. More generally, gluing two inequivalent spaces
should produce a diagram of the internal product in the Hilbert space,

(2.3)

The result of the gluing is a space without boundary. Spaces without boundary thus
correspond to zero-dimensional Hilbert spaces or C-numbers. We also need to define the
diagrammatic analog of the identity operator. The latter should represent a trivial evolution
of the Hilbert space, which is achieved by gluing a featureless cylinder Σ⊗ I (I being an
interval) or any space homeomorphic to it.

Finally the last property that plays the major role in this paper is the consequence
of separability of topological spaces. Namely, if Σ consists of disconnected components
Σ = Σ1 ∪ Σ2 (Σ1 ∩ Σ2 = ∅) then it corresponds to a direct product of Hilbert spaces
HΣ = HΣ1 ⊗HΣ2 .

The map of topological spaces to linear spaces described above is realized by path
integrals of metric-independent quantum field theories, with the primary example provided
by the three-dimension Chern-Simons theory [15]. This example motivated the general
definition of TQFT [1]. In particular, states in quantum Chern-Simons theory are path
integrals of the on manifolds M with prescribed boundary conditions for the fields on
boundary Σ.

2.2 Topological qubits

Now let us describe a specific realization of TQFT axioms and a particular class of Hilbert
spaces. In other words, we describe the qubits and qudits that we will be working with in
this paper.

– 4 –
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We will consider spaces Σ that are disjoint unions of two-spheres S2 and assume the
underlying CFT to be Chern-Simons theory with gauge group SU(2) and coupling constant
(level) k. The main information that we will need here about this theory is the dimension of
the Hilbert spaces on the spheres and a few rules of assigning matrix operators to topological
diagrams, or equivalently computing scalar products of states. These will be introduced in
due course.

It turns out that in the Chern-Simons theory, the Hilbert space of a featureless two-
sphere is one-dimensional [15]. In order to have a non-trivial Hilbert space one has to
consider spheres with punctures. From the point of view of the Chern-Simons theory
punctures are special points of the Chern-Simons field and can be viewed as external
particles coupled to the field. In the SU(2) theory these particles are characterized by a spin
j (to be precise, by “integrable” representations R of Kac-Moody algebra su(2)k). In order
to consistently put n particles with spins j1, j2, . . . jn on a sphere these particles should form
a spin singlet (tensor product of irreps Ri should contain a trivial irrep). The dimension
of the Hilbert space of S2 is defined by the number of possible ways of forming a singlet
from n spins (number of trivial irreps in the tensor product of Ri) with the following caveat.
In su(2)k Kac-Moody algebra there is only a finite number of integrable representations
labeled by spin 0 ≤ j ≤ k/2. As a result, the dimension of the Hilbert space may be less
than the number of singlets formed by the tensor product of the puncture spins, unless
k/2 is larger than any of the spins that can appear in the tensor products. In the rest of
the paper we will assume k to be large, so that the dimension is precisely the number of
singlets in the tensor product.

Obviously a sphere cannot have a single puncture, unless it corresponds to a particle of
spin zero. The latter case is equivalent to absence of any punctures. For two punctures,
in order to have a Hilbert space, the associated particles must have equal spins. There is
only one way to form a singlet of two spins, so the dimension of the Hilbert space is at
most one, as for the zero-puncture case. We will be mostly interested in the situation of
the punctures-particles with spin 1/2. Three particles of spin half cannot form a singlet.
The minimal non-trivial example of a Hilbert space comes with four punctures of spin 1/2.
There are two ways of forming a singlet from four spin-half particles, by pairwise forming
singlets or triplets, so S2 with four spin-half punctures correspond to a Hilbert space of
dimension two — the qubit.

In a three-dimensional bulk spaceM punctures are extended to one-dimensional defects.
In the Chern-Simons language these defects are trajectories of the boundary particles, called
Wilson lines. Wilson lines cannot end in the bulk: they either end on the same two-sphere
or on two different spheres included in Σ. An example of a two-qubit state with different
options for the Wilson lines is shown in figure 1 (left). Besides, the bulk ofM can contain
closed Wilson lines — Wilson loops.

The next question is choice of a basis in the Hilbert space. We start by choosing
two inequivalent extensions of the punctures in the bulk, as shown by figure 1 (right). In
the following sections, we will not draw the spheres explicitly, but will rather group the
punctures assuming that each group belongs to the surface of a two-sphere. We will not
draw the three-dimensional spaces either, assuming they have a topology of S3, so the pair
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Figure 1. (Left) An example of a three-dimensional space bounded by a pair of two-spheres S2.
Each sphere has four punctures. In the three-dimensional space the punctures are connected by one
dimensional defects (Wilson lines). (Right) A pair of basis states for a TQFT on S2.

of states shown in figure 1 (right) will be simply denoted as

|e1〉 = , |e2〉 = . (2.4)

These two diagrams are not homeomorphic (one has to assume the position of the punctures
fixed), so the two diagrams correspond to two linearly independent states. The states are
not orthogonal though. To construct an orthogonal basis from the above pair of states one
needs to know how to compute scalar products in this Hilbert space.

From the definitions in section 2.1 one has the following three overlaps to compute,

〈e1|e1〉 = , 〈e1|e2〉 = , 〈e2|e2〉 = . (2.5)

In this exercise one glues two three-balls along a two-sphere. The result is a three-sphere
S3 with the above Wilson loops inside. The celebrated result of Witten [15] is that such
partition functions of the SU(2) Chern-Simons theory are computed by Jones polynomials
of the corresponding knots (links) of variable

q = exp
( 2πi
k + 2

)
. (2.6)

In order to compute overlaps of quantum states that are given by knots and links in S3

it will be sufficient to use the skein relations of Conway, which we summarize here using the
conventions of Kauffman [20]. Let us denote by J(L) the Jones polynomial of link L. First,
we normalize the polynomial in such a way that J(∅) = 1, that is empty S3 corresponds
to the trivial polynomial. Second, the Jones polynomial of a diagram with a topologically
trivial loop (the one that can be contracted to a point) is equal to the Jones polynomial of
the same diagram, but with the loop removed, times a numerical factor,

J( ∪ L) = d · J(L) , d = −A2 −A−2 , A = q1/4 . (2.7)

Here A is the variable of Kauffman’s “bracket polynomial”, which we will mostly use.
These two rules are sufficient to compute the above overlaps, but if the diagram contains a
non-trivial knot then to compute it one also needs the skein relation

= A + A−1 (2.8)

– 6 –
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This relation tells that any diagram with a crossing can be replaced by a linear combination
of diagrams with no crossings. The Jones polynomial acts linearly on the linear combination
of diagrams.

With the above rules, one can now construct an orthonormal basis for the qubit,

|0〉 = 1
d
|e1〉 , |1〉 = 1√

d2 − 1

(
|e2〉 −

1
d
|e1〉

)
. (2.9)

Note that for k = 1 parameter d2 − 1 vanishes, which means that |e1〉 and |e2〉 are linearly
dependent, which is a consequence of the fact that the dimension of the Hilbert space has a
non-trivial dependence of k.

It is useful to note that loop factorization and skein relations apply not only to
calculations in S3, but also to any three-dimensional manifold with boundaries. This will be
useful in the discussion of many particle states and operators. The rules for three-manifolds
with different global structure follow automatically from the above, since any manifold can
be constructed by gluing three-spheres with S2 boundaries.

To construct a basis in the case of an arbitrary even number of punctures one needs
to consider all diagrams that connect the points without intersecting lines. For 2n points,
any such diagram can be mapped to an element of the Temperley-Lieb algebra TLn. The
dimension of the Temperley-Lieb algebra is given by the Catalan numbers, so the dimension
of the Hilbert space of a two-sphere with 2n punctures in SU(2) Chern-Simons theory with
sufficiently large level k is given by

dimH2n = Cn = (2n)!
(n+ 1)!n! , k > n− 1 . (2.10)

2.3 Quantum entanglement

In this paper we discuss properties of quantum entanglement as seen by the topological
description of quantum mechanics. The map from topological to linear spaces offers a
very natural interpretation for entanglement: separability of spaces implies separability of
wavefunctions. We can illustrate this by the following heuristic diagrams,

ΣA ΣB −→ separable,
ΣA ΣB

−→ entangled. (2.11)

Here ΣA and ΣB may represent a pair of two spheres. In the latter case the first diagram
can be a pair of three-balls, and the second — a space between two concentric S2, but in
principle the diagrams are supposed to illustrate the most general situation.2

One can formally prove the correspondence described by diagrams (2.11), for example,
by computing the von Neumann entropies [11], but there are some subtleties. The second
diagram in (2.11) is in general an entangled state, but there are situations, in which it
is actually separable. One such situation happens when either ΣA or ΣB correspond to
Hilbert spaces of dimension one. Therefore, for entanglement one needs non-trivial Σ.
Moreover, if we understand the diagram as an evolution Σ[t] with Σ[0] = ΣA and Σ[1] = ΣB ,

2Another interesting example is the case of Σ = T 2, a two-dimensional torus. Entanglement for states
with linked T 2 boundaries (knot complement states) was originally discussed in [8].
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at no intermediate 0 ≤ t ≤ 1 can the dimension of HΣ be trivial, otherwise the diagram
corresponds to a separable state.

For two-spheres this means that we will always need Wilson lines to support en-
tanglement. For Wilson lines in the representation j = 1/2, we will need at least four
lines crossing any section of the three-dimensional space M that breaks it into a discon-
nected pair of three-manifolds. Therefore, we have the following refinement of the simple
classification (2.11),

−→ separable , −→ entangled.
(2.12)

Since the Wilson lines are fundamental for creating entanglement between 2-spheres, in
this paper we will focus on the Wilson-line wiring of three-dimensional spaces. As already
mentioned before, we will not draw spheres, where the lines end, nor we will draw the three-
dimensional spaces, essentially reducing the study to S3 topologies. Classification (2.12)
will be cast as

−→ separable , −→ entangled. (2.13)

In fact, non-trivial global topologies can be replaced by linear combinations of S3 topologies
with additional Wilson loops via the “surgery operation” [15]. This means, as we will
demonstrate below, that such topologies correspond to weaker entanglement, as compared
to simply connected 3D topologies.

We have already seen that subtleties of quantum Chern-Simons theories can make
images of some non-homeomorphic topological spaces linearly dependent. Therefore one
has to keep in mind that the TQFT map is not always faithful, or more generally, only
a finite set of quantum states is available for the topological description for some integer
values of the Chern-Simons coupling constant k. A specific version of this problem is
known as non-universality of quantum computation with Ising anyons [6]. The problem
can be avoided if k is taken sufficiently large, or more generally if one makes an analytic
continuation to generic values of k or q. We will assume either of these loopholes in the
remaining discussion.

3 Connectome classification of bipartite entanglement

3.1 Connectomes

Quantum entanglement is studied by the Quantum Resource Theory, which views it as
a resource for quantum computation. States entangled in different ways are suitable for
different quantum tasks, so classification of different types of entanglement is an important
problem. Topological picture discussed in this paper provides an intuitive classification of
entanglement in terms of topology: wiring of Wilson lines, and more general connectivity of
topological spaces. This classification, although discrete, is still too detailed, and one is
typically interested in a coarser one, with a finite number of classes.

– 8 –
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One very well known classification in Quantum Resource Theory is by stochastic local
operations and classical communication (SLOCC) [16]. This classification identifies quantum
states that differ by the action of local invertible operators (not necessarily the unitary
ones), and produces a finite number of classes for bipartite entanglement. Specifically, if
a quantum system is split into subsystems A and B, such that HA ' Cm and HB ' Cn,
with m ≥ n, then there are n possible classes that cannot be mixed by action of invertible
operators on HA and HB . This result can be obtained by applying Schmidt decomposition
of the reduced density matrix, which has at most n independent terms (rank), with the
rank invariant under the action of local invertible operators. For a pair of qubits this gives
just two classes: separable states and entangled states.

Let us introduce a simple class of topological diagrams that characterize different types
of entanglement and also produce a finite number of classes, equivalent to the SLOCC ones
for bipartite entanglement. We will assume that each sphere represents a party. So, for
bipartite entanglement we will consider different wiring of a pair of two-spheres.

We expect that different ways of wiring of spheres with Wilson lines should produce
different ways of entangling quantum states. We can label different choices of wiring by
graphs, which only distinguish what is connected to what, but ignore the specific 3D topology
of connections. That is the information encoded by the graph is Aij (the adjacency matrix)
— the number of connections between sphere i and sphere j, including self-connections.
Graphs split the infinite number of wiring options in a finite number of classes. Let us
focus on the simplest class representatives that are given by planar graphs, which can be
drawn on a plane without line intersections. For a pair of spheres planar graphs include
representatives of all the classes. We can also identify graphs that are connected by local
permutations. Such permutations should not affect entanglement.

For two qubits, that is a pair of two-spheres with four punctures, our wiring prescription
leads to three inequivalent options,

, , and , (3.1)

considered up to local permutation of punctures. Absence of either local or non-local
braiding makes the diagrams equivalent to elements of Temperley-Lieb algebra TL4. We
will generally refer to representatives of the adjacency matrix classes as connectomes,
specifying whether they are planar or not whenever necessary.

One can note that the second diagram in (3.1) possesses a section crossed by only two
lines, so it in fact represents a separable state. Indeed, using basis (2.9) one can show that
the first and the second diagram correspond to the same normalized wavefunction. Therefore
there are two inequivalent connectome diagrams describing entanglement of two qubits:
separable state and entangled state. Moreover, the diagram of the entangled state describes
the case of maximal entanglement. As expected, the collection of parallel lines is equivalent
to the identity operator, which in the present case describes both the wavefunction and the

– 9 –
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reduced density matrix. To confirm this, expand in basis (2.9),

≡ = |0〉〈0|+ |1〉〈1| . (3.2)

One can also note that the equivalence between the reduced density matrix and the
wavefunction is true for all the connectome states.

Let us now extend the connectome classification to pairs of qudits.

3.2 Bipartite entanglement

To systematically construct qudit Hilbert spaces, that is H = Cn with n > 2, we will make
use of the fact that tensor product of representations of spin j1 and j2 expands in the sum
of j1 + j2 − |j1 − j2| + 1 representations with spin varying between |j1 − j2| and j1 + j2.
Since we would like to work with S2 boundaries with j = 1/2 punctures, representations
of any spin j1 and j2 can be obtained by fusing several j = 1/2 representations. In other
words, for spin j1 (j2), we will consider groups of 2j1 (2j2) regular punctures and project
out all the irrelevant irreps j < j1 (j < j2) that appear in the tensor product of 2j1 (2j2)
fundamental irreps. In our case the projection can be organized through the Jones-Wenzl
symmetrizers (projectors) [21, 22], which we will now introduce.

The Jones-Wenzl projectors are elements of the Temperley-Lieb algebra, which can be
defined recursively as follows. For TLn+2 the projector on the space of spin n/2 + 1 can be
obtained from the projector on the space of spin (n+ 1)/2 of TLn+1 through relation [13]

n

=

n

− ∆n

∆n+1

n

. (3.3)

Here the thick line with label n substitutes n ordinary lines. Parameters ∆n are also defined
recursively,

∆−1 = 0 , ∆0 = 1 , ∆n+1 = d∆n −∆n−1 . (3.4)

For example, for TL2 the following is the projector on the subspace of j = 1 in the
tensor product of two spins j = 1/2,

= − 1
d

. (3.5)

Note that the last term in this expression is an orthogonal projector on the j = 0 subspace,
and the two projectors are equivalent to states |0〉 and |1〉 in basis (2.9). We can use this
projector to construct the basis in the Hilbert space of a qutrit.

The qutrit can be obtained in the tensor product of two j = 1 spins. Recall that in the
large k regime the dimension of the Hilbert space in the TQFT construction is counted by
the number of singlet representations appearing in the expansion of the tensor product of
the spins of the punctures. If we take four spin j = 1 punctures, there will be three ways to
form a singlet and the dimension of the Hilbert space will be three.

– 10 –
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One can convince oneself that the following is a basis in the sought Hilbert space,

|e1〉 = , |e2〉 = , |e3〉 = . (3.6)

Here each projector groups a pair of j = 1/2 particles in a j = 1 particle and we search
for all possible ways of connecting the outputs of the projects without intersections. Apart
from the standard property of a projector to square to itself, the Jones-Wenzl symmetrizers
have the property that a closure of any pair of adjacent input, or output lines, annihilates
the projector,

· · ·

· · ·
=

· · ·

· · ·
=

· · ·

· · ·
= 0 . (3.7)

This obviously follows from the fact that the symmetrizers are orthogonal to the subspaces
of a lower spin. Assuming this property and ignoring permutations of the projectors, the
diagrams in (3.6) are the only valid ways of connecting the outputs.

Basis (3.6) now looks a natural generalization of the qubit case, where instead of
connecting punctures, we connect bunches of punctures. The cables that we use to connect
the bunches have fibers, which give more options for wiring. As in the case of the qubit, we
can orthogonalize the basis. For example,

|0〉 = 1
∆2
|e1〉 , |1〉 = d

(∆2 − 1)
√

∆2
|ê2〉 , |2〉 = 1√

∆2
2 −∆2 − 1

(
|e3〉 − |0〉 −

√
∆2|1〉

)
.

(3.8)
Here, for convenience, we redefined the state |e2〉,

|ê2〉 = |e2〉 −
1
d
|e1〉 = . (3.9)

At the next step we discuss possible entanglement types for a pair of qutrits described
by Hilbert spaces spanned by (3.6). Taking into account (3.7) and considering the diagrams
up to permutations of the projectors and permutations of outputs within each projector
one should conclude that the following three diagrams make a complete set of inequivalent
wirings of two qutrits,

, , and . (3.10)
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Note that in our choice the lower half of each diagram is the same. As in the case of
the qubit, breaking of a half of the connections between the two sides already leads to a
separable state. Breaking more connections would just give linearly dependent states. This
allows to choose the lower half of all the diagrams to have the maximal possible number of
connections and only consider variations in the upper half. Using basis (3.8) one can check
that the corresponding matrices have ranks one, two and three respectively.

In summary, a state of two qutrits admits three types of connectomes corresponding to
reduced density matrices of ranks one, two and three. Ignoring the non-informative halves
of the diagrams, these connectomes are

, , . (3.11)

The three cases are in one-to-one correspondence with the SLOCC classes.
It is straightforward to generalize this construction to a pair of qudits with the same

dimension n. The Hilbert space of a qudit is constructed as a subspace of the Hilbert
space of S2 with 4(n− 1) spin j = 1/2 punctures. The subspace is obtained by applying
Jones-Wenzl (n − 1)-projectors on each of the four groups of n − 1 punctures. Next one
has to draw all possible connectomes of 2(n − 1) points, modulo permutations of points
within the projectors and permutations of the projectors. For each of the two considered
projectors of the left qudit the lines can only connect to either the other projector of the
left qubit, or to a projector of the right qudit, so the number of diagrams is equal to the
maximal number of lines that can connect two projectors plus one, that is n. So there are
n inequivalent classes of diagrams, or n classes of entanglement. For n = 2, 3, 4, one has the
following connectomes,

n = 2 : , , (3.12)

n = 3 : , , , (3.13)

n = 4 : , , , . (3.14)

Finally, we have to consider the situation of two inequivalent qudits, with dimensions
m and n. Each of these qudits is represented by four projectors on spin (m − 1)/2 and
(n− 1)/2 representations respectively. As for the case of identical qudits it is enough to
consider connections between two pairs of projectors, assuming that the other pair has the
maximal connection rank.

Let us assume that m > n. Then one can have at most 4(n− 1) lines connecting the
two parties (2(n − 1) in the reduced diagrams). Considering only a half of the system,
each (m− 1) projector must receive the same number of lines from the (n− 1) projectors.
Equally, each (m − 1) projector can receive lines from only one (n − 1) projector. Then
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there are obviously n inequivalent diagrams, which correspond to n SLOCC classes. We can
illustrate this with an example of entanglement classes of a qutrit and a qudit with m = 5,

n = 3
m = 5

: , , . (3.15)

The last diagram with all the qutrit lines connected to the qudit gives an example of a
connection of maximal rank. Altogether, this analysis is a diagrammatic illustration of
the Schmidt decomposition. Diagram with 4(n− 1) connections between the left and right
subsystems corresponds to a matrix of rank n.

Since the diagrams themselves are classified by the adjacency matrices of graphs, we
can also discuss the properties of the class of adjacency matrices appearing in this problem.
For the bipartite problem the matrices are always of the form(

a k − a
k − a l − (k − a)

)
, (3.16)

where k ≥ l count the number of points representing the qudit and 0 ≤ a ≤ k is the number
of self-connections of the qudit of smaller dimension. Since half of the connections are
considered fixed the number of points is related to the dimension of the corresponding
spaces through dimCn = n = k/2 + 1, dimCm = m = l/2 + 1. In the adjacency matrices
the sum of rows and columns intersecting i-th element of the diagonal should be the number
of points corresponding to the i-th qudit (k or l).

The eigenvalues of matrix (3.16) are given by

λ± = 1
2
(
2a+ l − k ±

√
4a2 − 8ak + l2 − 2lk + 5k2

)
. (3.17)

In particular, for n = m the eigenvalues are λ+ = k = 2(n−1) and λ− = 2a−k = 2a−2n+2.
Since a can only assume even values, there are n possible choices for the last eigenvalue,
2− 2n ≤ λ− ≤ 2n− 2, corresponding to n entanglement classes. The latter is also true for
the general case m ≥ n. We note that both λ+ and λ− are monotonous functions of a, and
so is the trace of the adjacency matrix, which has a simpler expression,

λ+ + λ− = 2a+ l − k , a = 0, 2, 4, . . . , k . (3.18)

Hence, the spectrum of the adjacency matrix is a measure of entanglement in the bipartite
case. We can also say that the negative of the trace of the adjacency matrix is an
entanglement monotone (to make it non-negative one can consider l − λ+ − λ−), that
is a function that does not increase under the action of local operations and classical
communication. For this statement to be more meaningful, it would be interesting to
analytically continue a beyond even integer values. The discussion in the next section hints
what the adjacency matrix with non-integer values could mean, but we will leave more
precise statements for a future work.
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The above construction of qudit spaces is based on embedding them into higher
dimensional Hilbert spaces, which corresponds to spheres with a large number of punctures.
While the number of punctures and the dimension of the qudit spaces grow linearly, the
dimension of the large Hilbert spaces grows exponentially. Grouping the lines in the
Jones-Wenzl projectors specifies the embedding of the qudit space. The existence of an
ambient space makes some diagrams equivalent when projected onto the qudit subspace, in
particular, some diagrams are null when acting in that subspace, like the ones that connect
outputs of the same projector. The diagrams considered above also take into account such
an identification.

One natural question however, is why not identify qudit spaces directly with the spaces
of spheres with punctures, without using the projectors. One answer to this question is
that spaces of fundamental j = 1/2 punctures do not grow linearly with their number, so
it is not straightforward to generalize the construction to arbitrary qudits. Working with
punctures of different representations requires implementation of fusion operations, which
is solved by the Jones-Wenzl projectors.

A more fundamental issue is that planar connectome diagrams for Hilbert spaces of
punctures do not capture all the entanglement classes. Let us consider a pair of spheres
with six punctures. The dimension of the corresponding Hilbert space is C3 = 5 (it is
straightforward to construct the diagrammatic basis for this space, see [17] for example).
One can choose the following set of independent planar connectome diagrams for this space,

, , and . (3.19)

So, there are only three planar connectome diagrams for the expected five SLOCC entan-
glement classes.

Meanwhile, embedding qudits in higher dimensional spaces allows to make explicit
the correlations responsible for entanglement. Fusion, or fibered structure of higher spin
representations in larger Hilbert spaces provide more options to entangle two parties. In
terms of the matrix representation of wavefunctions and density matrices, embedding
in higher dimensions allows factorizing the correlations, while in the low-dimensional
representation the information about the correlations is packaged in the corresponding
matrix in a not so obvious way.

3.3 Non-local tangling and entanglement

In our topological description of bipartite entanglement we avoided using complex space
connectivity, caused in particular by crossings of Wilson lines. It turned out sufficient in
order to talk about entanglement at the level of the SLOCC classification. Reduction of
the connectome classes to planar connectomes produced an equivalent classification. In
this section we briefly discuss the properties of more complex connectomes, which contain
crossing and tangling of the lines.

We would like to distinguish local and non-local tangling caused by the crossings. Local
tangling operations result in a local change of basis and by themselves are not important
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for entanglement. Non-local tangling is a result of a non-local permutation (exchange) of
punctures. The following diagrams give an example of a local and non-local tangling,

−→ local , −→ non-local . (3.20)

The local tangling can be undone by a permutation of a pair of points on either side of the
diagram. For the non-local one, one can apply skein relation (2.8) to express the diagram
as a linear combination of a fully connected and a fully disconnected diagrams (see the
example below). In a more general setup this would imply a linear combination of states
with a stronger and a weaker entanglement. This means in particular, that such a diagram
cannot represent maximal entanglement and the correlations will be even weaker for a more
complex tangling.

Without further elaborating on this point we consider an example [17] of an entangled
two-qubit state with two pairs of punctures connected through a non-local tangle (3.20).
Using skein relations we reduce this state to a linear combination of connectome diagrams,

= A4 + (A2 −A−2)
(

+
)

+ (1−A−4)2 .

(3.21)
Using basis (2.9) this state can be cast in an algebraic form,

= (A4 +A−4)2|00〉+ (1−A−4)2|11〉 . (3.22)

In terms of the SLOCC classification, the diagram is an example of an operation that is
invertible, but not unitary. It can be applied locally to the maximally entangled state to
produce a more generic state of the Bell class. Although it is an invertible operation there
is no obvious diagrammatic presentation for a local inverse, which is reminiscent of the fact
that the maximally entangled state can be obtained from a generic Bell class state only
with finite probability of success, while the inverse transformation can be performed with
certainty [23].

We can investigate the entanglement entropy of this state and a family of similar states
with increasing complexity of the tangle. Let us consider the following family

, , . . .

( )2`−1

. (3.23)

In this family, every state is equivalent to the reduced density matrix of the previous state,
which allows computing the entropies recursively. Specifically, one has

|Ψ0〉 = s0|00〉+ c0|11〉 , s0 = (A4 +A−4)2 , c0 = (1−A−4)2 , (3.24)

|Ψ`+1〉 = |s`|2

|s`|2 + |c`|2
|00〉+ |c`|2

|s`|2 + |c`|2
|11〉 , ` = 0, 1, 2 . . . , (3.25)

S` = − |s`|2

|s`|2 + |c`|2
log |s`|2

|s`|2 + |c`|2
− |c`|2

|s`|2 + |c`|2
log |s`|2

|s`|2 + |c`|2
. (3.26)
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Figure 2. Entanglement entropy of the family of chain states (3.23) as a function of θ = −i logA
for ` = 0, 1, 2. Apart from a few special values of θ the entropy of these states is lower than the
maximal value for a pair of qubits. With increasing complexity of the tangle the entanglement
entropy decreases, with the single chain lock (` = 0, blue) showing the highest entropy in the family
and others showing a monotonous decrease with the number of chain segments.

The plots of the entropies for ` = 0, 1, 2, where by ` = 0 we understand the first diagram
in (3.23), as a function of the topological phase parameter θ = −i logA, which is related to
coupling constant k through (2.6) and (2.7), are shown in figure 2. Values θ = ±π/12 and
θ = π/4 modulo π/2 are special TQFTs, in which the above states are equivalent to the
maximally entangled one (s` = c`). For general values of θ the entropy drops with `.

Note that states in family (3.23) belong to the connectome class of the first diagram
in (3.1), which describes a separable state. As compared to this state tangling increases
entanglement, but the strongest entanglement is yet in the state with the least tangling.
This counterintuitive feature is better explained with the use of the skein relation. By the
latter, every subchain is a linear combination of two diagrams in the right hand side of (2.8).
However, expansion of a long chain produces only one connected element, while the number
of disconnected elements grows with the length of the chain giving a higher weight to the
disconnected elements.

The effect of non-local tangling is similar to that of other types of defects, such as
“holes”. By holes we mean non-trivial global 3D defects, which generalize the holes of
Riemann surfaces to the case of 3-manifolds. Holes also tend to weaken entanglement if
compared to simply connected spaces: heuristically they can be thought as of ruptures of
space tying the quantum parties. In fact they can be reduced to a linear combination of
tangles by the operation known as surgery. By a surgery one can close the 3D hole in the
topology at the expense of insertion of additional Wilson loops, as illustrated by figure 3.

4 Connectome states in the multipartite entanglement

It would be interesting to extend the connectome classification to multipartite entanglement.
For bipartite entanglement use of the planar connectomes (the connectomes with no line
crossing) was successful: we showed how they describe the SLOCC entanglement classes.
Moreover, the construction suggests that such planar connectomes correspond to maximal
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=
∑

R

SR0

R

Figure 3. Surgery allows to express non-trivial 3D topologies as linear combinations of simpler
ones, in which 3D defects are replaced by 1D defects (Wilson lines). It is not possible to draw a
picture of a 3D space with global 3D defects, for example S2 × S1, so the diagrams are heuristic
depictions. Here the defect is shown as a pair of light gray spheres whose surfaces must be identified,
so that lines can disappear at one sphere and reappear from the other one. Blue spheres are the
boundaries. After the surgery, the defect is replaced by an additional Wilson loop in representation
R. Coefficients SR1R2 of the surgery operation are determined by the modular S transformation in
the basis labeled by irreducible representations [15, 24].

entanglement in each SLOCC class. In particular, introduction of tangling reduces the
amount of entanglement. The first problem in the case of multipartite entanglement is that
connectomes for a high number of parties are in general non-planar, so one has to refine
the definition of the simplest representatives of each class. This can be done by requiring
that a representative is “simple” if connecting endpoints of any line in the given topology
results in a trivial loop.

For a triplet of qubits one can still use planarity as the criterion. However, in this case
the classification diverges with the SLOCC one [16]. For three qubits one can draw seven
inequivalent planar diagrams up to local permutation of points and permutation of parties.

(4.1)

As explained above, parties connected by only two fundamental Wilson lines are not
entangled, so from the seven options only three are independent. Thus, the first four diagrams
correspond to a fully separable state, the following pair to the biseparable generalization
of the Bell type and only the last diagram to a genuinely tripartite entanglement. To
determine the SLOCC class of the last state we can expand it in the basis (2.9),

= |000〉+ 1√
d2 − 1

|111〉 . (4.2)

This is a representative of the GHZ class in the SLOCC classification. One property of the
GHZ class, which is usually cited, is the separability of the result of the measurement of
any of the three qubits. This property can be seen in the diagram if one glues state |0〉
of (2.9) to either of the ends of the diagram. The result of such an operation will be the
second diagram of (3.1), which is a separable state.

Yet this analysis misses the W class of SLOCC. An obvious solution is to consider
other connectomes, allowing for non-trivial tangling in the diagrams. This was attempted

– 17 –



J
H
E
P
0
7
(
2
0
2
3
)
0
1
5

in [17] in particular, where a special tangled state was found to be at least numerically
close to a W state for a specially tuned k, but no diagram that is generically of W type
was found. Unlike GHZ state, W states are measure zero in the space of all three-qubit
states, so a possibility remains that the connectome classes can only describe such states
approximately, although with any desired precision.

More generally trivial connectomes rather describe different generalizations of GHZ
states, either their versions for arbitrary number of parties, or embedding of the latter in
partially separable situations. For four qubits one can still work with planar diagrams, and
the same approach gives six inequivalent sets, of which two correspond to non-biseparable
entanglement. The latter classes can be illustrated by the following diagrams

= |0000〉+ 1
d2 − 1 |1111〉 , (4.3)

= 1
d
|0000〉+ 1

d
(|1100〉+ |0011〉)− 1

d(d2 − 1) |1111〉 . (4.4)

Here the first class is the four-qubit analog of the GHZ state. The second state differs
from the GHZ one in that its parties share entanglement with all the remaining parties,
while in the GHZ state entanglement is shared only with the two parties in the form of
a chain. Breaking this chain at any segment, that is making a measurement of either of
qubits, produces a product state.

The above two classes of the four-partite entanglement can be compared with nine non-
biseparable families of SLOCC in the classification found by [25]. The classification of [25]
is not finite, since most of the families are defined using additional complex parameters that
can vary continuously. It turns out, that states (4.3) and (4.4) both belong to the same
family dubbed Gabcd, for different choices of the parameters. Similarly to the GHZ states
in the tripartite entanglement, states of the Gabcd family exhibit strongest entanglement
characteristics. This implies in particular, that such states are dense and can be used to
approximate all other forms of entanglement, which makes them an important resource for
quantum computation.

We close this section with a discussion of the properties of the adjacency matrices in the
case of the multipartite entanglement. For three qubits the trace of the adjacency matrix is
not a fully faithful measure of entanglement. For the diagrams in (4.1) the matrices have
the following spectrum

{4, 4, 4} , {4, 4, 0} , {4, 2,−2} , {4, 1, 1} , {4, 4,−4} , {4, 1,−3} , {4,−2,−2} ,
(4.5)

respectively. One can see that diagrams three and five have the same trace of the adjacency
matrix, but belong to two different entanglement classes. Other than that, the values of the
trace are ordered from the maximum value in the completely separable case to the minimal
value in the GHZ diagram. The main problem in this classification is the equivalence of
the diagrams. For example, the first three diagrams in (4.1) describe the same state, up

– 18 –



J
H
E
P
0
7
(
2
0
2
3
)
0
1
5

to normalization, yet the spectrum of the adjacency matrices appears different. In the
four-qubit case, one can notice that both state (4.3) and a product of two Bell states (3.2)
would correspond to adjacency matrices of zero trace — the property indicating maximal
entanglement in the bipartite and tripartie cases. Therefore, to make meaningful statements
about the relation of the spectral properties of the adjacency matrices and the types of
entanglement, a more thorough analysis is needed than the one performed in this work.

5 Applications

Connectome states and, more generally, the topological picture of quantum entanglement
discussed in this paper are particularly suitable for discussing general properties and
applications of entanglement. In this section we will discuss a few examples.

5.1 Measures of entanglement

The most common measure of entanglement is the von Neumann entropy. Let us briefly
review a general result [11] for the entropy of an entanglement pair, which illustrates the
convenience of the topological approach (to author’s knowledge this idea was originally
explored in [26], for an interesting realization on link complement states see [8]).

Previously we have introduced a natural TQFT presentation for separable,

|Ψ1〉 = ΣA ΣB

, (5.1)

and entangled,

|Ψ2〉 =
ΣA ΣB

, (5.2)

states. The von Neumann entropies of these two states can be conveniently computed using
the replica trick. First, one defines the reduced density matrices, say for subsystem A,
by duplicating the diagrams representing the states and gluing the two copies along the
boundary ΣB. The result can be cast as the following diagrams,

ρ1(A) =
[ ]−1 ΣA

ΣA

_ , or ρ2(A) =
[ ]−1

ΣA

ΣA

_ . (5.3)

Here the normalization factors in the square brackets have been added to ensure that the
matrices have unit trace. In the replica trick one needs to compute tr ρn(A), analytically
continue the result in n and then compute

SE(A) = − lim
n→1

d

dn
tr ρn(A) . (5.4)

Stacking replica of the diagrams in (5.3) on top of themselves produce equivalent diagrams
so, unless the interior of the spaces has some features, n dependence can only occur in the
normalization factors. In fact, in the first case tr ρn

1 (A) = 1, and features of the interior are
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unimportant, so that the entropy vanishes, as expected for a separable state. In the second
case one arrives at a formal result

SE(A) = log

  . (5.5)

To get an actual number on needs to specify some further information about both the
boundary ΣA and the topological features of the bulk of the above diagram. In the naive
case of ΣA ' S2 and no features in the bulk, the above diagram equals unity and there is
no entanglement between A and B. This result was anticipated in the previous sections,
since a trivial S2 corresponds to a trivial Hilbert space. If ΣA is a torus T 2, or a higher
genus Riemann surface, the Hilbert spaces are non-trivial and their dimensions non-trivially
depend on k [8, 15, 26]. In the absence of internal features, the diagram in (5.5) counts the
dimension of the Hilbert space, dimHΣA

.
Spheres with punctures also correspond to non-trivial Hilbert spaces. For 2n punctures

generalization of states (3.2) with no extra features in the bulk have entropy

SE(A) = log dimHΣA
−−−−→
k>n−1

logCn . (5.6)

These are maximally entangled states with reduced density matrices of maximal rank.
Similar results apply to arbitrary planar connectome states with two 2-sphere boundaries,
like (3.1) and (3.19), since they have the property that their reduced matrices (and their
powers) are proportional to the states themselves and the only problem is to correctly
determine the normalization factor. For such states the entropy will be determined by the
number of lines that connect ΣA to ΣB.

This property can be compared with the holographic formula for the entanglement
entropy [27], which states that the entropy is computed by the area of the minimum area
surface in the bulk separating ΣA and ΣB. Indeed, there is a close connection between the
formulations of AdS/CFT and TQFT, and the latter can be seen as a fundamental version
of the former, where the bulk space only has topological rather than geometric structure.
The notion of the area is then replaced by the discrete counting of Wilson lines (flux units)
piercing the space, with approximately log 2 entropy per unit flux.

If the states have additional bulk features, like tangling in (3.21), the entropy counting is
more involved. Equation (5.5) is not valid in general, but the steps of the replica procedure
are well defined and allow computing the entropy at least in principle. We still expect the
area law to control the entropy in this case, in particular by providing an upper bound.

The topological approach gives a very convenient way of understanding the entanglement
entropy. The property of the entropy of being defined by the part of the space (section) that
has the minimum number of piercing Wilson lines suggest a way to construct generalizations
of this measure to the case of multiple parties. For example, for an indicator of genuine
tripartite entanglement between parties A, B and C one can consider the following. Let us
schematically denote a tripartite state as

|Ψ〉 = A C
B

. (5.7)
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It does not necessarily stand for a genuinely tripartite entanglement and can be separable.
Consider the following object acting in HA ×HA,

L̂ =
A

A

A

A
B A C

C

C

B

B

, (5.8)

This ladder is constructed in such a way that if either party A, B or C is disconnected, the
ladder breaks into disconnected pieces. This object is intended to substitute the reduced
one-party density matrix. The latter has the form

ρ̂ =
A A

C

B

, (5.9)

up to normalization, and only breaks when both parties B and C are separable. The analog
of von Neumann entropy for appropriately normalized L defines a measure of tripartite
entanglement,

τ3(A) = −TrHA×HA
L logL , L = L̂

TrHA×HA
L̂
, (5.10)

One can introduce the same ladders for B and C, and the computation of the entropy
will be non-zero, for either τ3(A), τ3(B) or τ3(C), only if there is three-way entanglement
between A, B and C.

Let us compute τ3(A) for the principle representatives of the SLOCC classes of tripartite
entanglement. One easily finds the following up to obvious permutations,

|Ψ〉 = |000〉 , τ3(A) = 0 , (5.11)

|Ψ〉 = 1√
2

(|000〉+ |011〉) , τ3(A) = 0 , τ3(B) = 0 , (5.12)

|Ψ〉 = 1√
2

(|000〉+ |111〉) , τ3(A) = log 2 , (5.13)

|Ψ〉 = 1√
3

(|001〉+ |010〉+ |100〉) , τ3(A) = 1
4
(
i
(√

5− 1
)
π + 4 log 4− 2

√
5 arcsinh 2

)
.

(5.14)

As expected, τ3 vanishes on biseparable states, while GHZ and W states produce non-
vanishing values. Note that the values of τ3 are in general complex, because matrix L is not
Hermitian by construction. One can improve the result by introducing a more complicated
but Hermitian matrix

L̂ =
A

A

A

A
B A A

C

C

B

B

C

C

B , (5.15)
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Figure 4. Correlation between the tripartite entanglement measure (5.10), defined with respect to
the Hermitian ladder (5.15), and the 3-tangle [28] calculated for 104 three-qubit states with random
real coefficients. The dots are showing the locations of biseparable states (orange), GHZ state (cyan)
and the W state (blue).

The updated definition only changes the value on the W state, now given by

W: τ3(A) = 1
9

(
13 log 3−

√
13 arccoth

( 7√
13

))
' 1.36 > log 2 . (5.16)

In figure 4 we show the correlation of the ladder τ3 (5.15) with the measure of triparite
entanglement known as 3-tangle [28]. The plot shows the following properties: τ3 is bounded
from above by ∼ 1.44; the W state almost maximizes τ3 and the GHZ, which maximizes
the 3-tangle has only a half of the maximum value of τ3; states with low τ3 tend to have
low 3-tangle; although the 3-tangle appears bounded as τ3 approaches zero, its value on
some states may still be considerable.

The discussed measure of tripartite entanglement can be generalized to higher number
of parties. Moreover, it is straightforward to extend the topological interpretation to the
Renyi entropies and other related measures of entanglement.

5.2 Basic properties of entanglement

In quantum computation entanglement is viewed as a resource shared between parts of a
quantum system. The topological picture provides an intuitive interpretation of this nature
of entanglement. The resource are the strings connecting points distributed between parts.
One obvious property of entanglement in this picture is monogamy. For example, if a pair
of qudits (with the same d) are maximally entangled, they must share all the strings with
each other and cannot be entangled with any other qudit. Let us compare two situations
described by the following diagrams,

A B

C

and
A B

C

(5.17)

In both cases A and B share the maximal possible number of connections, but in the
second case part C is topologically entangled with the pair AB. As a consequence, in
the second case, C has some amount of quantum entanglement with A and B. But in
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this case the entanglement between A and B is not maximal. One can show, using skein
relations (2.8), for example, that the second state is a linear combination of a state with
maximally entangled AB and other states with less entanglement in the same pair.

As another example of the properties of quantum entanglement in the topological
realization we will discuss the subadditivity of the von Neumann entropy. The regular
subadditivity is the inequality for the entropy of two subsystems

S(ρAB) ≤ S(ρA) + S(ρB) , (5.18)

where ρS are reduced density matrices of subsystems S = A,B,AB, respectively. To
compare this with the topological picture, let us use the fact that the dimension of the
Hilbert space of a sphere with n punctures scales approximately as 4n/2 if one assumes
k > n, that is the von Neumann entropy of maximally entangled pairs is approximately
linear in the number of lines that connect them. In other words, the number of lines
connecting two systems is a measure of entropy of entanglement shared by them.

Let us denote as C ≡ AB the complement of AB (C = ∅ if AB describes a pure state,
otherwise the state is mixed). If NA and NB are the numbers of lines that emanate from
A and B, respectively, `AB is the number of lines connecting A and B, and NAB is the
number of lines connecting both A and B to C, then the following inequality holds,

NA +NB = NAB + 2`AB ≥ NAB , (5.19)

which is the “connectome” version of (5.18). To be precise, we do not include in NA and NB

lines that have both endpoints belonging to the same subsystem. For planar connectome
states it is straightforward to promote this relation to the statement about the entropies.
As we discussed in the previous section, for such states the entanglement entropy for any
subsystem S is given by the logarithm of the dimension of the Hilbert space Hmin(S) of
a surface that separates this subsystem from its complement and contains the minimum
number of punctures. In our case such surface is simply a 2-sphere in R3 that encircles S.
Inequality (5.19) then implies a statement about the dimensions,

dimHmin(A) · dimHmin(B) ≥ dimHmin(AB) , (5.20)

where Hmin is defined with respect to the mentioned “minimal” surface. In other words,
Hmin(AB) in general contains less degrees of freedom than HAB, which is defined as a
product HA ⊗HB. Then, for connectome states, inequality (5.18) follows from the above
statement about the dimensions. Of course, the inequality must hold for arbitrary TQFT
states, but we will not give a topological proof of this fact.

Similar discussion applies to the case of the strong subadditivity property, which is
defined for three subsystems and spells

S(ρABC) + S(ρB) ≤ S(ρAB) + S(ρBC) . (5.21)

The connectome version of this inequality reads

NABC = NAB +NBC − 2`AC −NB ≤ NAB +NBC −NB , (5.22)
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where NABC is the total number of lines that connect A, B or C with the complement of
their union, NAB and NBC count the number of lines connecting the respective unions with
their complements, NB is the number of lines emanating from B, and `AC is the number
of lines connecting A and C. Again, for planar connectome states (5.22) implies (5.21)
through the statement about the dimensions of the Hilbert spaces.

It is straightforward to generalize inequalities like (5.19) and (5.22) to a larger number
of parties. For example, for a system with parts A, B, C and D one possibility would be

NABCD ≤ NABC +NBCD −NB −NC (5.23)

The corresponding relation for the entropies must be satisfied on the connectome states.
We note again the similarity of the connectome states with quantum states in holographic

models, which comes through the connection of entanglement entropy with minimal surfaces.
The inequalities used above are based on a discrete version of the area counting, which also
appears in the tensor network models of holography [29]. In the context of holographic
theories, the inequalities for entanglement entropy and other measures were extensively
studied, starting from [30]. In [31] a comprehensive study of the inequalities was performed,
which is very reminiscent of the topological approach. Among other results it was shown
in that study that holographic states satisfy a set of other commonly known inequalities,
such as the monogamy of the mutual information, Zhang-Yeung inequality and Ingleton
inequality. Below we list these inequalities and their connectome versions.

The monogamy of mutual information [32] can be cast in the following way,

S(AB) + S(BC) + S(AC) ≥ S(ABC) + S(A) + S(B) + S(C) . (5.24)

Constructing the connectome analog one finds that the connectomes actually saturate this
inequality

NABC = NAB +NBC +NAC −NA −NB −NC . (5.25)

A simple way to see this is to write (5.24) in terms of mutual information I(A : B) =
S(A) + S(B)− S(AB),

I(A : BC) ≥ I(A : B) + I(A : C) . (5.26)

In the connectome version, the mutual information I(A : B) ∼ 2`AB, just the double of
the number of lines connecting A and B. Then the number of lines connecting A with the
union of B and C is simply `AB + `AC .

The Zhang-Yeung inequality [33] is

2I(C : D) ≤ I(A : B) + I(A : CD) + 3I(C : D|A) + I(C : D|B) , (5.27)

where I(A : B|C) = S(AC) + S(BC) − S(ABC) − S(C). The latter quantity also char-
acterizes the correlations between A and B, but in the presence of an additional sub-
system C. Its connectome version is just equivalent to the ordinary mutual information
I(A : B|C) = I(A : B). Hence the above inequality is satisfied trivially by the connec-
tome states.
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The Ingleton inequality [34] reads

I(A : B|C) + I(A : B|D) + I(C : D) ≥ I(A : B) . (5.28)

It is also trivially satisfied by the connectomes due to positivity of mutual information and
the above interpretation, I(A : B) ∼ 2`AB and I(A : B|C) ∼ 2`AB. In fact, connectome
states must satisfy a stronger version of (5.28),

I(A : B|C) + I(A : B|D) + 2I(C : D) ≥ 2I(A : B) . (5.29)

Finally, we can comment on other inequalities, derived in [31] for the first time. It
turns out that the “cyclic entropy inequalities” for n ≥ 2k + l subsystems,

n∑
i=1

S(Ai · · ·Ai+l−1|Ai+l · · ·Ai+k+l−1) ≥ S(A1 · · ·An) , (5.30)

are satisfied by the connectome states. Here S(A|B) = S(AB)− S(B) is the conditional
entropy, and the indices are defined modulo n. For n = 2 and l = 2 and k = 0 this is
just the regular subadditivity and for n = 3, k = l = 1 this is the monogamy of mutual
information. As stated in [31], the most interesting case is l = 1 and n = 2k + 1, because
all other cases follow from this one and strong subadditivity. It easy to check that the
connectome states saturate the inequality, that is

2k+1∑
i=1

S(Ai|Ai+1 · · ·Ai+k) = S(A1 · · ·A2k+1) . (5.31)

A simple argument to demonstrate this is to note that a measure of the conditional entropy
S(A|B) is the difference between the number of lines connecting A to the complement of
AB and the number of lines connecting A to B. In the sum over all the subsystems Ai all
of them contribute `AiAj twice: first when Aj is in a subsystem with Ai and second, when
it is in a complement. Hence, the only contribution to the left hand side is the number of
lines connecting A1 · · ·An to its complement, which is precisely the right hand side.

Overall, the comparison with the study of holographic states [31] shows that connectomes
are a subclass of holographic states, which likely correspond to simply-connected topologies.

5.3 Basic quantum algorithms

5.3.1 Dense coding

Let us consider a few examples of quantum algorithms as seen by the topological ap-
proach. We will work out two examples of communication algorithms based on pre-sharing
entanglement between the parties. The first example is superdense (or simply dense)
coding [36].

In the simplest version of dense coding Alice and Bob share a pair of entangled qubits.
Alice can use her qubit to code a pair of classical bits and send the result to Bob via a
quantum communication channel. By performing operations and measurements on his and
Alice’s qubits Bob can recover the classical bits of Alice without classically communicating
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b1 b2 b1 b2

0 0 0 1

1 0 1 1

Figure 5. The topological version of the dense coding protocol. Charlie (pink background) prepares
a pair of entangled qubits and passes them to Alice (light blue) and Bob (lime). Alice codes a pair
of classical bits by applying one of the four operations shown on the left in the place indicated by
the gray cylinder. After that Bob receives Alice’s qubit. He applies one local transformation on his
original qubit and a non-local disentangling transformation on the pair of qubits [35], separating
black and blue lines. In the final state the two unentangled qubits encode the pair of Alice’s
classical bits.

with her. This algorithm is an example of a quantum cryptography protocol, in which the
security of information is protected by the distribution of entanglement between the parties.

We will explain the dense coding algorithm directly through its topological version.
The necessary ingredients include a maximally entangled pair and a measurement basis.
From section 3.1 we know that a maximally entangled pair can be represented by diagrams
like (3.2). For the measurement basis it is more convenient to choose the non-orthonormal
basis (2.4). To code the classical bits Alice can use the braiding gates.

The dense coding protocol is shown in figure 5. On the left of the figure a table shows
the gates that Alice needs to apply to code classical qubit pairs 00, 01, 10 and 11, so that
Bob would measure states |00〉, |01〉, |10〉 and |11〉 respectively, here coded by basis (2.4),
with unit probability. These gates must be substituted for the gray cylinder in the circuit
on the right half of the figure.

The essence of the protocol is in the existence of two topologically separable subcircuits
(blue and black in the figure). At different stages these subcircuits are shared between the
parties (qubits) or separated. The fact that a planar connectome state is used simplifies
the protocol: one should not worry about additional tangling of the subcircuits.

5.3.2 Quantum teleportation

Quantum teleportation is another basic quantum protocol in which Alice has an unknown
quantum state, which she would like to pass to Bob [37]. As in the case of dense coding,
Alice and Bob pre-share a pair of entangled qubits. In order to transfer the unknown qubit,
Alice first entangles it with her half of the shared pair and then measures both qubits.
The result of the measurement is communicated classically to Bob, who can recover the
unknown qubit on his half of the shared pair after applying transformations defined by the
received classical information.
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Figure 6. The topological version of the quantum teleportation protocol [19]. Alice (lime back-
ground) possesses a qubit in an unspecified state (black cup). She also receives a qubit from an
entangled pair (pink). Brown and olive caps denote projections of the results of Alice’s operations
on a two-qubit basis in the table on the right. To retrieve Alice’s black qubit Bob (blue) needs to
apply an operation denoted by the gray cylinder, according to the outcome of Alice’s measurement,
as instructed by the table.

The topological version of the teleportation protocol is shown in figure 6. Again we
use (2.4) as the measurement basis. In her manipulations Alice can use the same two-qubit
entangling gate as Bob used in the dense coding protocol, cf. figure 5. Figure 6 shows which
transformations Bob needs to apply on his qubit for each one of four possible outputs of
Alice’s measurement. In fact, they are the same transformations as the ones Alice would use
in the dense coding up to the one qubit transformation used by Bob in the same protocol.

5.4 Model of unitary evaporation

Quantum teleportation algorithm, especially in its topological version, highlights some
properties of entanglement of interacting particles. Interactions modify the entanglement
which results in a transfer of some particle properties, which we generally refer to as
information (about states or particles), from one particle state to a distant particle state.
The information, however, is not accessible unless there is a classical channel that provides
details about the interaction. Otherwise the information is encrypted.

This mechanism of the transfer of properties is a possible way to explain, how the
information contained in a causally disconnected region, such as the interior of a black hole,
can be retrieved in the presence of entanglement with that region [19]. In the case of a
black hole Hawking pairs is the source of the shared entanglement between the exterior and
interior [18]. Hawking pairs are created by the gravitational field of the black hole, with
one particle of the entangled pair falling inside the horizon and the other escaping the black
hole and being collected by a distant observer [38]. Trajectories of such pairs are shown as
solid straight lines in the causal diagram in the left panel of figure 7.
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Figure 7. (Left) A causal diagram of an evaporating black hole. Solid straight lines show the
trajectories of Hawking pairs. Interactions of the Hawking quanta in the interior result in the
entanglement of the Hawking radiation with the internal modes of the black hole (dotted lines) but
they can also result in the teleportation of the interior states to the exterior (blue lines). (Right)
The evaporation of the black hole in the topological model. The blue lines show the initial scrambled
state of the black hole. The dashed line shows the location of the horizon, which separates the
interior (shaded) and exterior, and contracts as long as the evaporation progresses. The shape of
this line is adapted to reflect the fact that the on-shell particles cross it in one direction, while the
off-shell ones in the opposite. Solid black lines show evolution histories of the black hole degrees of
freedom, which include pair creation-annihilation processes prescribed by the S matrix (5.32). The
void in the interior corresponds to the formation of the island, as explained in the text. Numbers on
the sides count the number of degrees of freedom contained in the interior (NA) and entangled with
the Hawking radiation (NB) at discrete steps of evolution.

Particles inside the black hole must interact. Creation of the Hawking pairs themselves
is one of the results of these interactions. The other type of interactions expected inside
the black hole is the one that guarantees maximal scrambling of the information in the
interior [39]. These kind of interactions can engage the quantum teleportation protocol so
that the information of the interacting quanta are transferred to a state of their entangled
cousins outside the black hole. The latter situation is illustrated by the blue lines in
figure 7 (left).

If the information escapes the black via some kind of quantum teleportation one can
try to understand this process from a toy quantum mechanical model, building upon a
teleportation protocol. Although it is not guaranteed that the analog model would be a
correct reflection of the processes happening in black holes, one might at least hope to
understand better relevant physical processes and possible obstacles in the solution to
the information paradox. In this section we would like to build such intuition based on
a TQFT model, in the first place, due to simplicity of such models and connection to
lower-dimensional gravity, but most importantly, with the idea of applying the techniques
discussed in the rest of this work.

The model that we are going to consider is a model of a finite number of qubits, which
are supposed to represent the interior and the exterior of a black hole [19]. Let us call the

– 28 –



J
H
E
P
0
7
(
2
0
2
3
)
0
1
5

corresponding subsystems as A and B. We must assume that A is causally disconnected
from system B, that is A and B are separated by a horizon-like interface that on-shell
particles can only cross in one direction, from B to A. In the meantime, virtual particles
can cross the interface in either directions. We will take the above as the defining properties
of the horizon in a discrete quantum mechanical model. Indeed, topological theories should
be viewed as models of discrete spacetime, so let us assume that such a one-way conducting
potential barrier can be constructed between two spin-chains in a lab.

Let us use solid lines for the trajectories of the on-shell particles. Virtual particles,
which are intermediate states in the interactions of the on-shell particles will have no lines,
but will rather appear as voids. A toy two-particle S matrix of a relevant interaction can
be chosen to be the R matrix,

= A + A−1 , (5.32)

where the first diagram on the right is a trivial scattering and the second is the particle
production via annihilation, with a virtual particle appearing in the intermediate state.
This is, of course, the skein relation (2.8). Note that by (5.32) we understand the full
non-perturbative scattering matrix. This is natural in the TQFT approach, since there is
no local Hamiltonian.

At the initial time we choose the horizon to separate some number of particles in A

(interior) from B (exterior). These particles can be in some complex entangled state. Let
us assume that particles in the interior, close to the horizon, interact via (5.32) in such a
way that the virtual particle crosses the interface and a pair is created in the exterior. In
the present discrete topological model, the position of the horizon is defined only up to the
positions of the particles: the particles are either on one, or the other side of the horizon,
so when we say that a pair of particles was created in the exterior, what this means is that
the horizon must be drawn in the void between the disconnected parts of the last diagram
in (5.32). This is how the evaporation of the black hole [38, 40] appears in the present
description. A series of such evaporation events is shown in the right diagram of figure 7,
where the horizon is shown as a dashed line.

One of the created on-shell particles returns to the interior, crossing the interface in the
allowed direction. As a result entanglement is formed between the exterior and the interior
in the sense discussed in this paper. By the same kind of interaction, the in-falling particle
gets “scrambled” in the interior at the initial steps of the evaporation. In the topological
setup the scrambling is modeled by entangling modes in the deep interior and the modes
close to the horizon. In this way the out-going particle gets entangled with the particles
deep in the interior.

While this process continues, and more Hawking pairs are created, the entanglement
of the escaped particles with the interior grows. Horizontal lines show discrete time steps
in the diagram of figure 7 (right). At approximately half of the evaporation one has the
external particles connected with all the remaining particles in the interior. At this moment
the number of internal degrees of freedom of the black hole is equal to the number of
entangled Hawking quanta (the black hole entropy and the entanglement entropy are the
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same). After that moment, the in-falling quanta cannot entangle with the particles in
the interior without destroying their entanglement with the exterior, as a consequence of
monogamy. From that moment the number of pairs connecting the interior and the exterior
begins to fall, and no such pairs remain when the black hole evaporates completely.

In this model the evaporation happens unitarily and no information paradox appears [18,
41]. In particular, one can measure the entanglement by counting the lines connecting
particles in the interior and exterior, which as we argued before, gives a measure of
entanglement entropy. The entropy of the black hole is defined by the number of lines in the
interior at a given moment of evaporation. The entropy of the Hawking radiation is counted
by the number of lines connecting the exterior and interior. Clearly the latter cannot be
bigger than the former. In terms of the example of figure 7 (right), this fact is reflected in
the inequality NA ≥ NB. While NA decreases with time, NB may increase initially, but is
eventually bounded by NA, providing a unitary example of the Page curve [42].

The notion of the “island” [43], which appears in the recent proposals of the solution of
the information paradox [44–46] can be illustrated by the topological model. In figure 7
(right) the moment of the first engagement of quantum teleportation occurs after the third
Hawking pair is created. A pair of entangled particles in the center is teleported to the
exterior and the corresponding void is indicated by the unshaded part of the interior. The
complement of the unshaded part at the given moment of time is the island.

The model of evaporation considered here should be viewed as an interpretation of
a specific discrete evolution in a discrete chain, with interactions (5.32) as basic building
blocks. Since there is no local Hamiltonian in TQFT, the evolution is defined ad hoc,
here by the diagram in figure 7 (right). What we do is rather interpreting this evolution
diagram as a process of information evaporation from a causally disconnected region. This
is done, in the most part, by drawing the line of the horizon through the voids corresponding
to the virtual particles and through the solid lines interpreted as the in-falling on-shell
particles. We argued, that such an interpretation contains many elements of the processes
attributed to the black hole evaporation, although a direct connection to gravity remains
to be shown.

6 Conclusions

In this paper we have shown how topology can encode correlations in quantum systems. One
of the messages that was conveyed is that topology can provide an intuitive understanding
of quantum entanglement and its properties and can assist in developing new theoretical
tools and applications. Let us summarize some possible further questions that can be
addressed in the topological approach.

In the study of the classification of entanglement we have found that planar represen-
tatives of connectome classes are only sufficient for the description of the SLOCC classes
of bipartite entanglement. For multipartite entanglement the class of topologies must be
extended. It remains to be verified, whether the connectome classes contain all the SLOCC
entanglement classes or they can only approximate the latter. A basic version of this
question is whether there is a topological representation of W entanglement of three qubits.
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We have argued that planar connectome states are those realizing maximal entanglement
in each class of the bipartite entanglement. We have also demonstrated how tangling reduces
entanglement. It would be interesting to perform a more systematic study of the effects
of tangling or non-trivial 3D topology on entanglement. Such a study can shed additional
light on the problem of classification.

Topological realization gives an intuitive interpretation not only to quantum states,
but more generally to correlations and measures of quantum entanglement. We used this
advantage to introduce indicators of multipartite entanglement constructing analogs of
reduced density matrices for the multipartite case. Although a more detailed study is
necessary to show that such indicators are useful measures of entanglement, the topological
approach seems to be a very simple tool for engineering specifically tailored measures.

We have seen that certain properties of entanglement are especially transparent in the
topological interpretation. Planar connectomes are particularly simple quantum states,
which illustrate the properties of entanglement and its measures. We have noticed that planar
connectome states have similarities with the holographic quantum states, which includes
the “minimal area” formula for the entanglement entropy and different inequalities that the
entanglement entropy satisfies on both classes of states. Yet, the connectome states seem
to be a more restricted class, saturating some of the inequalities of the holographic states.
Therefore, it would be interesting to understand how the connectomes can be generalized to
match the properties of the holographic states. Presumably this can be done by allowing non-
trivial topologies, but one should also remember that in most studies holographic states are
described by classical geometries, so there is a tantalizing perspective that generic topologies
can encode quantum geometries, that is states of quantum gravity. In this respect the
present work touches upon some active areas of research, including tensor network models of
quantum gravity and low dimensional gravities, which are themselves topological theories.

A somewhat related problem is the generalization of the entropy formula for planar
connectome states. We have argued that on this class counting Wilson lines gives a faithful
measure of entanglement entropy. This formula should somehow be corrected on generic
states — a relevant problem for the holographic states as well.

A model of information retrieval from a causally disconnected region viewed here as a
toy model of black hole evaporation was also motivated by recent discussion and progress
in quantum gravity. The topological model makes the information transfer particularly
manifest. The main question is whether such a mechanism can be consistently embedded in
a theory with dynamical gravity. We can note that the specific interactions considered in
the model were only chosen to make explicit the action of the teleportation protocol, but
the protocol itself should work in a similar way for arbitrary particle interactions.

Finally, we have shown that basic quantum algorithms have a very intuitive realization
in the topological setup. The dense coding algorithm is based on the realization of
shared entanglement as a physical resource (Wilson lines) that can be manipulated and
redistributed between parties. The quantum teleportation is based on the topological
equivalence: topological sets can be deformed violating locality. It would of course be
interesting to know if such topological tricks can be played to construct yet unknown
quantum algorithms.

– 31 –



J
H
E
P
0
7
(
2
0
2
3
)
0
1
5

Acknowledgments

This work was supported by RSF grant No. 18-71-10073.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.

References

[1] E. Witten, Topological Quantum Field Theory, Commun. Math. Phys. 117 (1988) 353
[INSPIRE].

[2] M. Atiyah, Topological quantum field theories, Inst. Hautes Etudes Sci. Publ. Math. 68 (1989)
175 [INSPIRE].

[3] A.Y. Kitaev, Fault tolerant quantum computation by anyons, Annals Phys. 303 (2003) 2
[quant-ph/9707021] [INSPIRE].

[4] A. Kitaev, Unpaired Majorana fermions in quantum wires, Phys. Usp. 44 (2001) 131
[cond-mat/0010440] [INSPIRE].

[5] M.H. Freedman, A. Kitaev and Z. Wang, Simulation of topological field theories by quantum
computers, Commun. Math. Phys. 227 (2002) 587 [quant-ph/0001071] [INSPIRE].

[6] C. Nayak et al., Non-Abelian anyons and topological quantum computation, Rev. Mod. Phys.
80 (2008) 1083 [arXiv:0707.1889] [INSPIRE].

[7] G. Salton, B. Swingle and M. Walter, Entanglement from Topology in Chern-Simons Theory,
Phys. Rev. D 95 (2017) 105007 [arXiv:1611.01516] [INSPIRE].

[8] V. Balasubramanian, J.R. Fliss, R.G. Leigh and O. Parrikar, Multi-Boundary Entanglement in
Chern-Simons Theory and Link Invariants, JHEP 04 (2017) 061 [arXiv:1611.05460]
[INSPIRE].

[9] V. Balasubramanian et al., Entanglement Entropy and the Colored Jones Polynomial, JHEP
05 (2018) 038 [arXiv:1801.01131] [INSPIRE].

[10] D. Melnikov et al., Towards topological quantum computer, Nucl. Phys. B 926 (2018) 491
[arXiv:1703.00431] [INSPIRE].

[11] D. Melnikov et al., From Topological to Quantum Entanglement, JHEP 05 (2019) 116
[arXiv:1809.04574] [INSPIRE].

[12] L.H. Kauffman and E. Mehrotra, Topological Aspects of Quantum Entanglement,
arXiv:1611.08047.

[13] L.H. Kauffman, Knot Logic and Topological Quantum Computing with Majorana Fermions,
arXiv:1301.6214 [INSPIRE].

[14] P.K. Aravind, Borromean entanglement of the GHZ state, in Potentiality, entanglement and
passion-at-a-distance, Springer (1997), p. 53–59.

[15] E. Witten, Quantum Field Theory and the Jones Polynomial, Commun. Math. Phys. 121
(1989) 351 [INSPIRE].

– 32 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/BF01223371
https://inspirehep.net/literature/260815
https://doi.org/10.1007/BF02698547
https://doi.org/10.1007/BF02698547
https://inspirehep.net/literature/278226
https://doi.org/10.1016/S0003-4916(02)00018-0
https://arxiv.org/abs/quant-ph/9707021
https://inspirehep.net/literature/445447
https://doi.org/10.1070/1063-7869/44/10S/S29
https://arxiv.org/abs/cond-mat/0010440
https://inspirehep.net/literature/1236700
https://doi.org/10.1007/s002200200635
https://arxiv.org/abs/quant-ph/0001071
https://inspirehep.net/literature/523234
https://doi.org/10.1103/RevModPhys.80.1083
https://doi.org/10.1103/RevModPhys.80.1083
https://arxiv.org/abs/0707.1889
https://inspirehep.net/literature/804600
https://doi.org/10.1103/PhysRevD.95.105007
https://arxiv.org/abs/1611.01516
https://inspirehep.net/literature/1496034
https://doi.org/10.1007/JHEP04(2017)061
https://arxiv.org/abs/1611.05460
https://inspirehep.net/literature/1498586
https://doi.org/10.1007/JHEP05(2018)038
https://doi.org/10.1007/JHEP05(2018)038
https://arxiv.org/abs/1801.01131
https://inspirehep.net/literature/1646286
https://doi.org/10.1016/j.nuclphysb.2017.11.016
https://arxiv.org/abs/1703.00431
https://inspirehep.net/literature/1515539
https://doi.org/10.1007/JHEP05(2019)116
https://arxiv.org/abs/1809.04574
https://inspirehep.net/literature/1693671
https://arxiv.org/abs/1611.08047
https://arxiv.org/abs/1301.6214
https://inspirehep.net/literature/1216780
https://doi.org/10.1007/BF01217730
https://doi.org/10.1007/BF01217730
https://inspirehep.net/literature/264818


J
H
E
P
0
7
(
2
0
2
3
)
0
1
5

[16] W. Dur, G. Vidal and J.I. Cirac, Three qubits can be entangled in two inequivalent ways, Phys.
Rev. A 62 (2000) 062314 [quant-ph/0005115] [INSPIRE].

[17] D. Melnikov, Entanglement classification from a topological perspective, Phys. Rev. D 107
(2023) 126005 [arXiv:2208.13901] [INSPIRE].

[18] S.W. Hawking, Breakdown of Predictability in Gravitational Collapse, Phys. Rev. D 14 (1976)
2460 [INSPIRE].

[19] D. Melnikov, Toy Gravizap for Black Hole Redemption, arXiv:2211.01339 [INSPIRE].

[20] L.H. Kauffman, State models and the Jones polynomial, Topology 26 (1987) 395.

[21] V.F.R. Jones, A polynomial invariant for knots via von Neumann algebras, Bull. Am. Math.
Soc. 12 (1985) 103 [INSPIRE].

[22] H. Wenzl, On sequences of projections, CR Math. Rep. Acad. Sci. Canada 9 (1987) 5.

[23] G. Vidal, Entanglement of pure states for a single copy, Phys. Rev. Lett. 83 (1999) 1046
[quant-ph/9902033] [INSPIRE].

[24] E.P. Verlinde, Fusion Rules and Modular Transformations in 2D Conformal Field Theory,
Nucl. Phys. B 300 (1988) 360 [INSPIRE].

[25] F. Verstraete, J. Dehaene, B. De Moor and H. Verschelde, Four qubits can be entangled in nine
different ways, Phys. Rev. A 65 (2002) 052112.

[26] S. Dong, E. Fradkin, R.G. Leigh and S. Nowling, Topological Entanglement Entropy in
Chern-Simons Theories and Quantum Hall Fluids, JHEP 05 (2008) 016 [arXiv:0802.3231]
[INSPIRE].

[27] S. Ryu and T. Takayanagi, Holographic derivation of entanglement entropy from AdS/CFT,
Phys. Rev. Lett. 96 (2006) 181602 [hep-th/0603001] [INSPIRE].

[28] V. Coffman, J. Kundu and W.K. Wootters, Distributed entanglement, Phys. Rev. A 61 (2000)
052306 [quant-ph/9907047] [INSPIRE].

[29] F. Pastawski, B. Yoshida, D. Harlow and J. Preskill, Holographic quantum error-correcting
codes: Toy models for the bulk/boundary correspondence, JHEP 06 (2015) 149
[arXiv:1503.06237] [INSPIRE].

[30] M. Headrick and T. Takayanagi, A holographic proof of the strong subadditivity of
entanglement entropy, Phys. Rev. D 76 (2007) 106013 [arXiv:0704.3719] [INSPIRE].

[31] N. Bao et al., The Holographic Entropy Cone, JHEP 09 (2015) 130 [arXiv:1505.07839]
[INSPIRE].

[32] P. Hayden, M. Headrick and A. Maloney, Holographic Mutual Information is Monogamous,
Phys. Rev. D 87 (2013) 046003 [arXiv:1107.2940] [INSPIRE].

[33] Z. Zhang and R.W. Yeung, On characterization of entropy function via information
inequalities, IEEE Trans. Inform. Theory 44 (1998) 1440.

[34] A.W. Ingleton, Representation of matroids, Combinatorial Mathematics and its Applications,
Academic, London, U.K. (1971), p. 149.

[35] L.H. Kauffman and S.J. Lomonaco Jr., Braiding operators are universal quantum gates, New J.
Phys. 6 (2004) 134.

[36] C.H. Bennett and S.J. Wiesner, Communication via one- and two-particle operators on
Einstein-Podolsky-Rosen states, Phys. Rev. Lett. 69 (1992) 2881 [INSPIRE].

– 33 –

https://doi.org/10.1103/PhysRevA.62.062314
https://doi.org/10.1103/PhysRevA.62.062314
https://arxiv.org/abs/quant-ph/0005115
https://inspirehep.net/literature/551489
https://doi.org/10.1103/PhysRevD.107.126005
https://doi.org/10.1103/PhysRevD.107.126005
https://arxiv.org/abs/2208.13901
https://inspirehep.net/literature/2143704
https://doi.org/10.1103/PhysRevD.14.2460
https://doi.org/10.1103/PhysRevD.14.2460
https://inspirehep.net/literature/114952
https://arxiv.org/abs/2211.01339
https://inspirehep.net/literature/2175716
https://doi.org/10.1090/S0273-0979-1985-15304-2
https://doi.org/10.1090/S0273-0979-1985-15304-2
https://inspirehep.net/literature/225572
https://doi.org/10.1103/PhysRevLett.83.1046
https://arxiv.org/abs/quant-ph/9902033
https://inspirehep.net/literature/495112
https://doi.org/10.1016/0550-3213(88)90603-7
https://inspirehep.net/literature/23353
https://doi.org/10.1103/physreva.65.052112
https://doi.org/10.1088/1126-6708/2008/05/016
https://arxiv.org/abs/0802.3231
https://inspirehep.net/literature/779912
https://doi.org/10.1103/PhysRevLett.96.181602
https://arxiv.org/abs/hep-th/0603001
https://inspirehep.net/literature/711505
https://doi.org/10.1103/PhysRevA.61.052306
https://doi.org/10.1103/PhysRevA.61.052306
https://arxiv.org/abs/quant-ph/9907047
https://inspirehep.net/literature/503644
https://doi.org/10.1007/JHEP06(2015)149
https://arxiv.org/abs/1503.06237
https://inspirehep.net/literature/1355240
https://doi.org/10.1103/PhysRevD.76.106013
https://arxiv.org/abs/0704.3719
https://inspirehep.net/literature/749522
https://doi.org/10.1007/JHEP09(2015)130
https://arxiv.org/abs/1505.07839
https://inspirehep.net/literature/1373763
https://doi.org/10.1103/PhysRevD.87.046003
https://arxiv.org/abs/1107.2940
https://inspirehep.net/literature/918770
https://doi.org/10.1109/18.681320
https://doi.org/10.1088/1367-2630/6/1/134
https://doi.org/10.1088/1367-2630/6/1/134
https://doi.org/10.1103/PhysRevLett.69.2881
https://inspirehep.net/literature/352002


J
H
E
P
0
7
(
2
0
2
3
)
0
1
5

[37] C.H. Bennett et al., Teleporting an unknown quantum state via dual classical and
Einstein-Podolsky-Rosen channels, Phys. Rev. Lett. 70 (1993) 1895 [INSPIRE].

[38] S.W. Hawking, Particle Creation by Black Holes, Commun. Math. Phys. 43 (1975) 199
[Erratum ibid. 46 (1976) 206] [INSPIRE].

[39] P. Hayden and J. Preskill, Black holes as mirrors: Quantum information in random
subsystems, JHEP 09 (2007) 120 [arXiv:0708.4025] [INSPIRE].

[40] S.W. Hawking, Black hole explosions, Nature 248 (1974) 30 [INSPIRE].

[41] S.D. Mathur, The information paradox: A pedagogical introduction, Class. Quant. Grav. 26
(2009) 224001 [arXiv:0909.1038] [INSPIRE].

[42] D.N. Page, Information in black hole radiation, Phys. Rev. Lett. 71 (1993) 3743
[hep-th/9306083] [INSPIRE].

[43] A. Almheiri, R. Mahajan, J. Maldacena and Y. Zhao, The Page curve of Hawking radiation
from semiclassical geometry, JHEP 03 (2020) 149 [arXiv:1908.10996] [INSPIRE].

[44] G. Penington, Entanglement Wedge Reconstruction and the Information Paradox, JHEP 09
(2020) 002 [arXiv:1905.08255] [INSPIRE].

[45] A. Almheiri, N. Engelhardt, D. Marolf and H. Maxfield, The entropy of bulk quantum fields
and the entanglement wedge of an evaporating black hole, JHEP 12 (2019) 063
[arXiv:1905.08762] [INSPIRE].

[46] G. Penington, S.H. Shenker, D. Stanford and Z. Yang, Replica wormholes and the black hole
interior, JHEP 03 (2022) 205 [arXiv:1911.11977] [INSPIRE].

– 34 –

https://doi.org/10.1103/PhysRevLett.70.1895
https://inspirehep.net/literature/332268
https://doi.org/10.1007/BF02345020
https://inspirehep.net/literature/101338
https://doi.org/10.1088/1126-6708/2007/09/120
https://arxiv.org/abs/0708.4025
https://inspirehep.net/literature/759404
https://doi.org/10.1038/248030a0
https://inspirehep.net/literature/91634
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/0264-9381/26/22/224001
https://arxiv.org/abs/0909.1038
https://inspirehep.net/literature/830427
https://doi.org/10.1103/PhysRevLett.71.3743
https://arxiv.org/abs/hep-th/9306083
https://inspirehep.net/literature/355396
https://doi.org/10.1007/JHEP03(2020)149
https://arxiv.org/abs/1908.10996
https://inspirehep.net/literature/1751747
https://doi.org/10.1007/JHEP09(2020)002
https://doi.org/10.1007/JHEP09(2020)002
https://arxiv.org/abs/1905.08255
https://inspirehep.net/literature/1735792
https://doi.org/10.1007/JHEP12(2019)063
https://arxiv.org/abs/1905.08762
https://inspirehep.net/literature/1735823
https://doi.org/10.1007/JHEP03(2022)205
https://arxiv.org/abs/1911.11977
https://inspirehep.net/literature/1767458

	Introduction
	Topological quantum field theory
	Definitions
	Topological qubits
	Quantum entanglement

	Connectome classification of bipartite entanglement
	Connectomes
	Bipartite entanglement
	Non-local tangling and entanglement

	Connectome states in the multipartite entanglement
	Applications
	Measures of entanglement
	Basic properties of entanglement
	Basic quantum algorithms
	Dense coding
	Quantum teleportation

	Model of unitary evaporation

	Conclusions

