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ABSTRACT: CP violation plays a very important role in nature with implications both
for Particle Physics and for Cosmology. Accounting for the observed matter-antimatter
asymmetry of the Universe requires the existence of new sources of CP violation beyond
the Standard Model. In models with an extended scalar sector CP violation can emerge
either explicitly, i.e., at the Lagrangian level, or spontaneously. Spontaneous CP violation
occurs in the framework of the electroweak symmetry breaking whenever the Lagrangian
conserves CP and the vacuum breaks it. This requires that not all vacuum expectation
values be real. In the context of multi-Higgs extensions of the Standard Model imposing
the existence of a scalar basis where all couplings are real is a sufficient condition for CP
to be explicitly conserved. We discuss a three-Higgs-doublet model with an underlying
Ss symmetry, allowing in principle for complex couplings. In this framework it is possible
to have either spontaneous or explicit CP violation in the scalar sector, depending on
the regions of parameter space corresponding to the different possible vacua of the Sj3
symmetric potential. We list all possible vacuum structures allowing for CP violation
in the scalar sector specifying whether it can be explicit or spontaneous. It is by now
established that CP is violated in the flavour sector and that the Cabibbo-Kobayashi-
Maskawa matrix is complex. In order to understand what are the possible sources of CP
violation in the Yukawa sector we analyse the implications of the different available choices
of representations for the quarks under the Ss group. This classification is based strictly
on the exact Ss-symmetric scalar potential with no soft symmetry breaking terms. The
scalar sector of one such model was explored numerically. After applying the theoretical
and the most important experimental constraints the available parameter space is shown
to be able to give rise to light neutral scalars at the O(MeV) scale.
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1 Introduction

It is by now established that the Standard Model (SM) of Particle Physics cannot be the
final theory. In fact, on the one hand the SM leaves several questions open and on the
other hand there is already clear evidence for physics beyond the SM. The phenomenon of
neutrino oscillations requires the extension of the leptonic sector of the SM. Accounting for
the observed baryon asymmetry of the Universe requires new sources of CP violation [1-5].
Furthermore, there are by now several experimental anomalies in the flavour sector hinting
at the existence of new physics [6, 7].

There are strong motivations to consider multi-Higgs extensions of the SM, despite the
fact that the properties of the Higgs boson discovered in 2012 [8—11] are still in experimental
agreement with the SM Higgs predictions [12, 13]. Among these motivations are the possi-
bility of having new sources of CP violation coming from this sector as well as having CP
spontaneously broken in the Lagrangian, rather than explicitly through the introduction
of complex Yukawa couplings. In the case of spontaneous CP breaking the complex pa-
rameters of the Cabibbo-Kobayashi-Maskawa (CKM) matrix would be generated through
phases of the vacuum expectation values (vev) of Higgs fields.

Among the simplest extensions of the SM are the so-called two-Higgs-doublet models
(2HDM) [14, 15], in which a second SU(2) scalar doublet with the same quantum numbers
as the one of the SM is introduced, allowing for explicit CP violation in the scalar sector.
It was shown, long ago [16], that the 2HDM also allows for spontaneous CP violation.
However, the 2HDM generates potentially dangerous flavour changing neutral currents
(FCNC) at tree level, when the fermions are allowed to freely couple to both Higgs bosons.
There are stringent experimental limits on FCNC, thus requiring the introduction of sym-
metries to control such effects in multi-Higgs models. It is possible to control FCNC in a
natural way by introducing a Zs symmetry, [17, 18] under which some of the Higgs dou-
blets and the quark fields transform non-trivially, leading to natural flavour conservation
(NFC). However, the 2HDM with an imposed (exact) Zo symmetry no longer provides
additional sources of CP violation. Such possibility can be restored by introducing a soft
breaking term (violation of the symmetry through an operator of dimension 2) of the Zs
symmetry [19]. The CP properties and cosmological implications of the 2HDM have been
extensively studied and are still of great interest [14, 15, 20].

Despite the rich phenomenology of the 2HDM, models with three Higgs doublets are
attracting a lot of interest in the literature. Within three-Higgs-doublet models (3HDM)
it is possible to have an additional source of CP violation in the scalar sector while at
the same time having natural flavour conservation [21-25]. The predictability of models
with several SU(2) scalar doublets can be quickly lost due to the rapid growth of free
parameters as the number of doublets increases [26]. Therefore, it is essential to control
the number of free parameters by means of symmetries [27-29]. It was found that in many
cases imposing additional symmetries to multi-Higgs models eliminates the possibility of
having CP violation in the Higgs sector. Many examples of different symmetries have been
studied where CP can be violated in the scalar sector, in the context of 3HDM, including
Ay and Sy [30-32], A(27) [33-38], exotic CP4 [39-42]. Unlike in the case of the 2HDM



(Inert Doublet Models [43-45]), it is possible to have both CP violation (in the active or
inert sector) and a possible dark matter (DM) candidate in the context of SHDM [46-53].

The S3-symmetric 3HDM has been studied since the late 70s in the irreducible [54] and
reducible [55, 56] representations, trying to explain the fermionic structures. Since then,
different cases of the CP-conserving scalar potential were discussed [57-60]. With real
couplings CP is explicitly conserved by the scalar potential and there is only the possibility
of having spontaneous CP violation for special vacua [61]. In this paper we study the
CP properties of the S3-symmetric 3HDM allowing for complex couplings in the potential.
Different vacua correspond to different regions of parameter space which are determined by
imposing the minimisation conditions. In the case of complex couplings some of the CP-
conserving vacuum structures of the real potential now correspond to regions of parameter
space that allow for explicit CP violation. For instance, CP can be explicitly violated even
in the case where the vacuum preserves the S3 symmetry.

The paper is organised as follows. In section 2 we introduce the S3-symmetric scalar
potential along with a discussion of the starting point for our analysis corresponding to
a suitable choice of a scalar basis. Although two new phases can be introduced in the
quartic couplings, we choose to fix one of them to be zero and we allow for the vevs to
be complex, which is required for generality. After fixing the basis for our discussion, in
section 3 we employ the powerful tool of CP-odd Higgs basis invariants in order to obtain
constraints on the parameter space for the case of explicit CP conservation. The CP-odd
basis invariant conditions require the imaginary part of different possible combinations of
Y- and Z-tensors to vanish. With this information it is then possible to classify models
based on the structure of their vevs. This is done in section 4. In section 5 we cover
the building of the Yukawa Lagrangian assuming that fermions are charged under the Sj
symmetry. Some of the models require further numerical investigation. These models are
discussed in section 6. In section 7 we present our conclusions.

2 The scalar potential

The S3-symmetric 3HDM is in the irreducible representation given by a singlet, a pseudos-
inglet and a doublet. We shall adopt the singlet-doublet representation. In this case the
Ss-symmetric potential can be written as [62-64]:

Vo = pdhlshs + i (hlhy + hiha), (2.1a)
Vi = A(hlhy + hiho)? 4+ Ao(hlhy — hih)? 4 As[(Rlhy — B ho)? + (Blhy + hiRy)?]
+ {2 (W) (hhs + ) + (W) (W Ry = o) + .}
+ X5 (hhs) (Bl + hEho) + As[(hha) (hlhs) + (hsha) (Rihs)]
+ {0 [(hhh1)(ha) + (hha) (Rha)| + e} + As(hfhs)®

(2.1b)

There are two couplings, Ay and A7, that could be complex. Hence, CP symmetry can be
broken explicitly. All other couplings have to be real due to the hermiticity of the potential.

Another option would be to consider the pseudosinglet-doublet representation. In
this case there is no unitary transformation into the defining representation of S3. Such



representation would yield an equivalent scalar potential, however the Yukawa Lagrangian
would not be equivalent. We do not consider such representation here.
The S5 singlet and doublet fields will be decomposed as

_ hig h

hs = ((ws+ns+ix5)/\/§>7 h; = ((wz‘erJrixz‘)/\/?)’ i={1,2}, (2.2

where the wg and w; parameters can be complex. If CP is not broken explicitly, such com-

plex vevs could result in spontaneous CP violation. The complex vevs shall be written as
{wg, wy, wo} — {ibg, 1€, Wye'?},

following the notation of ref. [61]. The hatted ws represent absolute values. Due to the

overall U(1) symmetry of the scalar potential it is possible to rotate away one of the phases,

which was chosen to be that of the S5 singlet, wg.

A different approach would be to write the scalar potential in terms of a reducible
triplet, as done by Derman [55]. He expressed the potential as a sum of five expressions,
each paired with its hermitian conjugate. However, due to the underlying S3 symme-
try, not all the hermitian conjugate pairs can be accompanied by a complex coefficient.
Transformations between the reducible and irreducible basis are covered in appendix A.

2.1 Possible choices of complex coefficients

The Ss-symmetric 3HDMs were classified in ref. [61]. Here, we are interested in expanding
the set of solutions by considering complex couplings. For the purpose of the current work
we need to define a suitable basis for the scalar potential. The most general approach would
rely on the fact that both, or either, of {A4, A7} € C. However, such an approach would
yield redundant solutions (models). In other words, there would exist different descriptions
of one and the same physical situation, related by a unitary transformation. As we shall
show, it is sufficient to consider instances when either A4 or A7 acquires a non-vanishing
phase. We shall see that for the purpose of discussing CP-conserving limits of the potential,
it is convenient to take A4 complex and A7 real.

When dealing with complex potential parameters it might be useful to perform a basis
change so that some of the phases are rotated away. Let us consider the following basis
rotation of two of the SU(2) doublets,

hi = €%nl, i={1,2}. (2.3)

Due to the global U(1) symmetry the phase of the S3 singlet, hg, can always be rotated
away, hence it is not considered. In total, there are four couplings sensitive to such rotations:
{A2+ A3, A4, A7}. As noted earlier, in the generic singlet-doublet representation basis only
two coefficients could have a phase, {\4, A7}. In consistency with the basis change of
eq. (2.3) we shall write couplings in a complex polar notation

o= e\, i={4,7) (2.4)



At this point, we have introduced three sets of phases: the o; vev phases, 0; describing a
basis change, and «; describing a polar rotation of A4 and A7. For simplicity we shall drop
primes from the factors appearing in a new basis.

After rotating the SU(2) doublets according to eq. (2.3), the quartic part of the scalar
potential can be split into two parts,

Vi=V)+ VP (2.5)
where the phase insensitive, V?, and the phase sensitive, V", quartic potential parts are:
VY = At (hlh + h§h2)2 — 2 (h{ho) (hbh1)
+ A3 [(h}hl - h;hg)Q +2 (hlhs) (h;hl)] + s (hlhs) (hlhi +hihs)  (2.60)
2 [(hn) (Rins) + (Rnz) (nihs)] + as (Whhs)”
VP = e 200 (0 1 Ag) (iR’
+ |A4|{ei<29192+a4) (Rkh1) (Rina)
+ e/ @F ) [(nEhy) (hihs) + (Rha) (b1 = hihs)] }

. 2 . 2
+ ‘>\7| [61(2914—@7) (hghl) + i (202+ar) (hTSh2) ] + h.c.

(2.6b)

Here, we see that the scalar potential is sensitive to different 6; phases of eq. (2.3). In
principle, one can consider a basis with real vevs and complex couplings, as presented
above. We note that the sum (A2 + A3) would then get a phase, while the form of the
scalar potential (2.1) suggests that these couplings should be real. This is due to a possible
choice of a basis. In order to simplify the book-keeping, without loss of generality, we
choose 61 = 63 = 6 (and allow for complex vevs). Thus, (Ay + A3) remains real and A4 and
A7 each change by an overall phase rotation; meaning that either one of them can be made
real. Explicitly, this choice gives for the phase-dependent part,

(i) = |A4|ei<9+a4>{ () (B3 ) + () (Riha) + (Rbha) (Rihy — Biho) }

+ |)\7|ei(29+a7) (hjrghl)Q + (hgh2)2] + h.c. (2.7)

Furthermore, we may rotate one of the «; phases away. We would like to stress that
we are only interested in cases with non-vanishing phases of the couplings. Cases with
spontaneous CP violation, and strictly real couplings, were covered in ref. [61].

After checking the minimisation conditions of all models (presented in section 4), we
concluded that it is convenient to choose a basis where the A7 coupling becomes real,
20 + a7 = 0 mod . For simplicity, we shall assume that A4 of eq. (2.1) is split into a real

and an imaginary part

A B gioa ) = AR 4L, (2.8)



Furthermore, since the scalar potential is not invariant under a phase rotation (2.3) we
shall consider both real and complex vacua.

3 Explicit CP violation

Allowing for complex parameters in the potential of the S3-symmetric SHDM opens up
the possibility for explicit CP violation. If the potential explicitly violates CP, the CP
violation will either be hard (CP violating phases present in Vj cannot be removed from Vj
by basis changes) or soft (CP violating phases present in the potential can by a change of
basis be moved to Vs, but they cannot be removed from the potential). It has been shown
that there exist models where phases present in the potential cannot be removed from the
potential using basis changes, yet the potential is CP invariant, i.e. CP4 [39-42]. When we
refer to irremovable CP violating phases, we do not refer to the irremovable phases of CP4
models since such phases do not violate CP. If the potential does not explicitly violate CP,
the nature of the vacuum will determine the CP properties of the model, leaving open the
possibilities of spontaneous CP violation or CP conservation. We shall proceed to write
the scalar potential (2.1) in a more compact form,

Vo =Y (hlhb) ; (3.1a)
Vy= % abed (hihb) (hihd) ; (3.1b)
where the non-zero elements of the Y- and Z-tensors are
Vi1 = Yoo = pf, Y33 = g,

Ziin = Zagzz = 2A1 + 223, Z3333 = 2s,

Zh122 = Zaa11 = 201 — 2)3, Z1133 = Z2233 = Z3311 = 43322 = As,

Zhgo1 = Zomz = —2X2 + 23, Zigs1 = Zagz2 = Zz11z = Z3223 = e, (3.2)

Z1212 = Zo121 = 2X2 + 23, Zh313 = Za3a3 = Z3131 = L3232 = 2A7,

Zi12s = Zing = Ziz12 = Zisn = Zoniz = Zosi1 = —Zazaz = —Zazzo = Ay — iA],

Zi132 = Zhas1 = Zoas1 = Zsniz = Zs121 = Zson = —Zagzz = —Zsa22 = Af + i}

This form enables us to easily establish quantities that are invariant under basis changes.
Utilizing the elegant technique of creating CP-odd invariants from the Y- and Z-tensors
will provide us with a powerful and elegant tool for establishing the CP properties of the
potential. For descriptions of this technique consult refs. [65-71]. Some other methods
were discussed in refs. [72-76]. We shall start by defining six CP-odd invariants, namely

5Z = aachdbechgheszghZfzgj] (3.3&)
5Z = Hm[ abchdaechgheszghZf]jz] ) (33b)
1) = Im [ Zusea Zoac s Zgehi Zajhe Z i Zjgn) » (3.3¢)
2

1( ) = Im [Zabed Zbae f Zgehi Zdeik Z fhki Zigij) » (3.3d)

L7z = Im [Zapcd Zea feZvgan Zieji Zg fim Zhikn Zming) (3.3e)



Lysz = Im [Zapea ZvefgZachfYgaYen) - (3.4)

Next, we establish two theorems which serve as invaluable tools in the discussion of the
CP properties of the potential.

Theorem 1. The quadrilinear part of the Ss-symmetric SHDM potential, V4, explicitly
conserves CP if and only if ISZ) = IéZZ) = Iélz) = I((fZ) =17, =0.

Proof. We must prove that the two statements of the theorem imply each other. First, we
prove that if V4 is CP invariant, then Iglz) = IéQZ) = Iélz) = Ié2Z) = Iyz = 0. This follows by
definition, since whenever V; is CP invariant, all CP-odd invariants constructed from only
Z-tensors must vanish.

M) _ 1) _ 1) _12)

Next, we must prove that I: , = 1., = I, = = Iyz = 0 imply a CP invariant Vy. In

order to do this, we demand the vanishing of all five invariants and work out algebraically
solutions in terms of the potential parameters:

« Solution 0: )} = 0;
+ Solution 1: A} = 0;
e Solution 2: \; =0;

+ Solution 3 (ARALN\; # 0):

() = - (A2 = A7)(2425 + Ar)* s =2 (M + o),
A7 ) A6 = 43,
1\2 _ ()\23 + )\7)(2)\23 — )\7)
()‘4) - )\7 ) Ag = /\1 — )\2.

For each of these solutions we were able to show that there exists a real basis for Vj, which
concludes the proof of the theorem. The technical details demonstrating this are relegated
to appendix C. O

This theorem deals only with properties of V; and gives us the conditions for CP
invariance of V4. The possibility of having explicit CP violation is still present, but CP
must then be softly broken (CP violating phases can be transferred to V2 by a change of
basis). As shown in appendix C, Solutions 0-2 do not allow for explicit CP violation, only
spontaneous CP violation is possible. The possibility of explicit CP violation is therefore
restricted to Solution 3. For Solution 3, the basis transformations to a real Vj basis will, in
general, generate extra terms in the transformed V5, containing also complex parameters.

One might wonder if there could exist an explicitly CP conserving S3-symmetric SHDM
without the existence of a real basis, like in CP4 models. The proof of the theorem tells
us that this is not the case for the complex S3-symmetric 3 HDM. We show in appendix C
that all the possible solutions can be written in a real basis when all of the five invariants
vanish. In conclusion, a solution without a real basis does not exist.

Finally, we also include the quadratic part of the potential, V5, and formulate the CP
properties of the whole potential in our second theorem.



Theorem 2. The S3-symmetric SHDM potential, V = Vo + V4, explicitly conserves CP if
and only if Iélz) = IéQZ) = Iélz) = IE(;QZ) =1Irz =loysz = 0.
Proof. Again, we must prove that the two statements of the theorem imply each other.
First, we prove that if V is CP invariant, then IéIZ) = IéQZ) = Iélz) = IéQZ) =1z =layzz = 0.
This follows by definition, since whenever the scalar potential, V', is CP invariant, all
CP-odd invariants constructed from only Y- and Z-tensors must vanish.

Then, we must prove that IéIZ) = IéQZ) = Iélz) = IéQZ) = I7z = lay3z = Iaysz = 0 implies a
CP invariant V. In order to do this we demand the vanishing of all six invariants and work
out algebraically the solutions in terms of the potential parameters. The difference from
Theorem 1 is that we now include the vanishing of Isy3z. We find that Solutions 0-2 make
all six invariants vanish. On the other hand, Solution 3 is modified with one additional

constraint, namely u? = u:

+ Solution 3’ (ARALN; # 0):

/‘% = M(2)7
()\41{)2 _ ()‘23 - >‘7)(2>‘23 + >‘7)2 )\5 =2 ()\1 + )\2) R
A ) A6 = 4)s,
A (A2 + A7)(2A23 — A7)
( 4) - )\7 9 )\8:>\1*)\2-

For Solutions 0-2, the changes of basis to a real Vj basis were expressed in terms of a
phase rotation of a doublet, and did not affect V5, which stayed real. For Solution 3/,
the constraint p? = p2 yields V5 invariant under the U(3) transformations, and hence the
quadratic Vo remains real. To summarise, for each of the solutions found we were able to
show that there exists a real basis for V', and this concludes the proof of the theorem. [

This theorem deals only with the CP properties of the potential, not the vacuum. CP
violation may still occur, but CP will then be spontaneously broken by the vacuum.

We emphasise that the two theorems only apply to the Ss-symmetric SHDM. For the
general 3HDM, the necessary and sufficient set of the CP-odd invariants needed for explicit
CP conservation has not yet been identified. The above theorems are formulated in terms
of basis invariant quantities, hence they may be used to determine the CP properties of
the potential in any scalar basis.

We are now in a position to discuss and classify different cases of explicit CP conser-
vation of the S3-symmetric 3HDM, based on these theorems. There is a common factor,
AEAL\7, contained within every CP-odd I-invariant.

For Solutions 0-2 it suffices to have ARA A7 = 0 to eliminate the possibility of having
explicit CP violation. Solution 0, given by A} = 0, reduces to the cases studied in ref. [61].
For Solutions 1 and 2 it is easy to find simple basis changes that make all potential param-
eters real as given in appendix C.

Solution 3 requires some further explanation. No additional continuous symmetries
are realised in the scalar potential when the CP-conserving conditions of egs. (C.13) are
applied. This was verified by checking the scalar mass eigenstates and the claim was also



confirmed by going through the basis-independent conditions provided in ref. [77]. However,
after applying the conditions for CP-odd invariants to vanish the Ss-symmetric potential
gets enlarged to A(54). This can be verified by performing a basis rotation

hl 1 1 _'L 0 ¢1
ho|l=—4=1|—-11 0 P2 | - (3.5)
hs V2 0 0 v2) \¢3

In the new basis the scalar potential becomes

Va = i (6] 1 + dha + dls), (3.6a)
Vi= 5 3+ ) (061 + abon + o) + v ([oloal + fobou|” + eln]”)
-~ [(dﬂfn) +(9h02) " + (8hea)” (3.6b)

— (sl01) (#hoz) — (@ho2) (ohes) — (oles) (slen)]
+{2iA7 (6163) (0503) + V2ha (861) (801) — iv2As (0]0n) (¢]62) + hoc.},

where p3 = p? was imposed as required by eq. (C.21), and where \; is real and A4 is
complex, see eq. (2.8). The potential has the structure of the A(54)-symmetric one, as
given by egs. (52) and (53) in ref. [77].

4 CP violation in different vacua

We classify cases with complex scalar potential based on ref. [61]. We first list cases allowing
for spontaneous CP violation when the scalar potential is real:

e CILa (0, e, wg);
o C-TII-h (V/31D9e™2, +1i9e'72, g);
e C-IV-c ( V1 + 2 cos? oo, 1Woe'?, ws)

. C-IV—f( 2 4 CONO1I=202) iy o1 qgeie, wS)

cos o1

4.1 Real vacua

We consider real vacua with A7 real and A4 complex. In this case it is possible to have
explicit CP violation. The minimisation conditions are provided in appendix B.2. In some
cases the minimisation conditions require A = 0. Therefore, we do not consider such
models, to wit:

e R-II-1a (0, w, Wg);
o RII-1b,c (Fv3w2, we, Ws);

o R-II-2 (0, we, 0);



o R-I1-3 (wy, wo, 0);
o R-IIT (w1, we, Wg);

By checking the minimisation conditions (B.2d)—(B.2f) we can identify which models
do not require A} = 0. In neither of the models listed below did we find instances when
the CP-odd invariants would vanish. Therefore, all these models are CP violating in the
scalar sector:

o R-I-1: (0, 0, Wg)
In this model there is a single minimisation condition given by

pd = —i?\s. (4.1)

There is a pair of charged mass-degenerate states and two pairs of neutral mass-
degenerate states.

 R-I-2a: (wy, 0, 0)
In this model there is a single minimisation condition given by

1 = —(\ + Ay, (4.2)

« R-I-2b,c: (w1, +v/3ws, 0)
In this model there is a single minimisation condition given by

u% = —4()\1 + )\3)11]%. (4.3)

4.2 Complex vacua

Next, we cover cases with the vacuum form given by {w;€'71, wW2e'?2, wg}. The minimisa-
tion conditions are provided in appendix B.3. As before, in some cases the minimisation
conditions require A} =

o C-III-b (&ity, 0, Wg);

o C-ITT-c (€™, 1pei@2, 0);
o C-III-d (ithy, Wy, Ws);

o C-Il-e (i, —t2, Ws);
o C-III-f (Zindy, itdg, bg);

e C-Illg (+

/3 1+tan o1) i A —1 tan(3t A .
* C_III_I ( l+9tan2 o1 261017 :IIUJQG rare an( an01)7 U}S>7

, —ig, Wg);

e C-IV-a el , 0, ws)

o« C-IV-d

W€, £abqelt, Ds);



Rava __sin2092 ~  _ioy 109
e C-IV-e ( choo Wae , Wee'2, Wg

Then, there are models which require )\}f = 0 due to the minimisation conditions,

though )\}1 is left as a free parameter. However, as noted earlier, see section 3 (Solution 1),

there will be no explicit CP violation present in these models. These models are:

e C-IV-b: (w1, Fis, bs)

It was pointed out in ref. [61] that there is no spontaneous CP violation in the exact
C-IV-b configuration.

pe—iarctan(3tancy) | [3(1ttan® o3)
(:twle ? 1+9tan o2

Although this vacuum looks like C-III-i, with a change of w; <> ws, the origin of
it is in C-IV-e, with @y = /—sin(201)/sin(203) and o; = —arctan (3tanoy) or
o1 = —arctan (3tan o) + 7 when there is a minus sign in the vacuum associated

W1€92, 1Wg)

with the first doublet. In the basis with real couplings we get that this vacuum is
a special case of C-IV-e. However, when Ay € C the minimisation conditions differ
and we can no longer treat this vacuum as a special case of the C-IV-e model. In the
C-1V-e like model we have A} = 0.

This model does not violate CP explicitly, however there could be spontaneous CP
violation. The C-IV-e model was shown not to violate CP spontaneously due to an
overall O(2) rotation of the S3 doublet [61]. Due to A} # 0 the O(2) symmetry is
no longer present. However, we can perform the basis transformation as given in
appendix D. Both the vacuum and the potential then become real.

Finally, we found “interesting” models when none of the CP-odd invariants, see sec-

tion 3, vanish:

e C-I-a: ('lf]l, :I:i’lf)l, 0)

There is a single minimisation condition given by
pi= =2\ — Ao) b (4.4)

while A} is a free parameter.

There are two pairs of mass-degenerate states in the neutral sector.

o C-IlI-a: (0, W2e72, 1g)
The minimisation conditions are given by

~3
2 I w3
o ()\5 + X¢ A7) W )\8 -\ 5 sin oytg’ (4.5a)
3 | Wot
2 _ A2 N ~92 91 W2 S
12 =— (A1 +A3) 0 [A5 + A6 = Mz (24 8cos? )| 0% — Migorr (45D)
M= Al cot oy + 4)\7(308072105 (4.5¢)

w2
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o C-III-h: (\/3wWoe'72, +1i2€'2, 1bg)
The minimisation conditions are given by

~3
2 ~2 ~2 I Wy
=—-2(A A6 — 2\ - A T4\, —=— 4.6a
o (A5 + X6 7) Wy 8Wg Cpmp—— ( )
9 1 [ Wag
gt = —4 (A + A3) 03 — = [)\5 + X6 — 2X7 (3 + 2 cos 209)] W% £ 3A] ,  (4.6b)
4 sin oy
AR = 2>\7M — A} cot o (4.6¢)

w2

o C-IV-g: (w1€'1, i€, Wg)

This vacuum configuration is not present in the earlier classification of ref. [61]. When
AL = 0 this vacuum reduces to either C-III-i with o1 = 4+7/6 or C-IV-e. In both
cases, C-III-i and C-IV-e, there is no spontaneous CP violation.

When we allow for a complex A4, the minimisation conditions are given by

= — (s + Xg)? — )\gw%, (4.7a)

pi= =2\ — M) 0 — 5()\5 + A6, (4.7b)

S Ll L (4.7¢)
)

A = g Co8301ds (4.7d)
Wy

By analysing the scalar sector we found that the neutral mass-squared matrix always
results in at least two negative eigenvalues. These are not caused by the perturbativity
limit of the scalar quartic couplings. Introduction of soft symmetry breaking terms
in the scalar potential would solve the issue. Another possibility would be to set
A7 = 0. However, in that case one of the scalars becomes massless.

. C-V: (wlem, Woei??, ws)
The minimisation conditions are given by

1 W2 Cq

1 A
pi = =5 Do+ 2o) (8 + 05) + N 22 22— s, (4.8
2 ~2 I’LUS Cg 1 9
=2 M 5 s+ A 4.8b
H1 (A1 2) (w1 +w ) @ C4 5 (A5 + X6) wg, ( )
= “jS ‘ (4.8¢)
o Cg’
AR — )\l sin Ulwl [2sin oy — sin (07 — 209)] 03 s
4 cos o110? — [2cos o1 + cos (01 — 209)] W3’ )
by O
S e 48
! 41135 027 ( e)
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with
C = cos (o1 — 302) 03

— [cos (301 — Boa) + 8cos (01 — o) cos 209 W3y

4.9
+ cos (301 — o) 0} (20 — 5wdig + 20) (4.9)
+ cos (01 + 02) (w? — 20105 + 212)3) ,
Cy=2 {cos o110} — [2cos oy + cos (a1 — 209)] uﬁg}
(4.9b)
X {sin QUlﬁ)f + sin 2021@%} ,
22 2 4
Cs = { — [2+ cos (201 — 202)] w2} + sin® (207 — 209) W5, (4.9¢)
C4 = 4sin (o1 — 02) {cos o10% — [2cos oy + cos (01 — 209)] wg} , (4.9d)
Cs = 2cos 207 sin (201 — 209) W03 + 2 [sin 209 — sin (207 — 404)] 105
- (4.9¢)
—|—sin201( — 6wiw;y + dw ),
Co = Ciy [sin 20103 + sin 20203 (4.9f)
C7 = cos (01 — 09) {312)‘11 — [8 + 2cos (207 — 209)] W3 + 3@3} . (4.9g)

While the dependence of the potential on the phases of the vevs is rather complicated,
we should like to stress two facts:

— When both o1 and o9 approach zero (the limit of real vevs), several things
happen: (1) A} — 0, (2) C2 — 0, and (3) Cs — 0. The two latter points lead
to (A2 + A3) and A7 both diverging and exceeding the perturbativity limit. In
the truly real case this is avoided by having A} = 0.

— Cy and Cg both contain a factor that vanishes for sin 209 = sin 20 (?/%3), a
factor that is periodic in o9, with period 7.

In the case of a real scalar potential there were three massless neutral states present
due to the O(2) ® U(1)p, ® U(1)p, ® U(1)py symmetry [78]. In a basis with complex
couplings this is no longer so. When A\ = 0 the minimisation conditions require
X3 = A4 = A7 = 0. This allows to rotate away all of the phases and the model
becomes CP-conserving [61].

5 Yukawa Lagrangian

The S3 symmetry within the fermionic sector in the context of SHDMs was previously
studied [63, 79-87]. There are several possibilities to group fermions into the Ss tuplets.
Whenever the singlet vev, wg, is different from zero we can group fermions into a trivial
singlet representation. This case yields the fermion mass matrices:

My = \}i () . (5.1a)
Mg = é () ws, (5.1b)
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where the ys are the Yukawa couplings, which can be complex, and are not constrained by
the S3 symmetry.

Another possibility relies on assigning non-trivial Ss charges to fermions. It is possible
to group fermions into a singlet-doublet representation, as in the case of the scalar SU(2)
doublets,

2:(Q1Q2)", (wpuar)’, (dirdar)” and 1:Qs, usg, dsg.

We have freedom to assign generations of fermions to different S5 representations, and not
in a strictly increasing order, e.g., Q1 might be associated with the third fermionic family,
rather than the first one. Such structure yields the mass matrix for each quark sector (d
and u) of the form

| [(viws T yiw; yswy yiwy
M, = 7 yiwi  yiws — ysws yjws |, (5.2a)
yswy Ysws yswg
) ylws +ydws  ydwr  yfw
Mg = 7 ydwi  yfws — ydws ydws | . (5.2b)
d d d
Ys W1 Ysw2 Ysws

In accordance with complex couplings present in the scalar potential, we shall assume that
the Yukawa couplings could, in principle, also be complex.

Apart from the singlet representation there is a pseudo-singlet representation in Sjs.
Although we assume that the scalar potential is given by a singlet-doublet representation
this does not force the Yukawa sector to be presented strictly in terms of singlets. There
is the possibility to group some of the fermions (the ones with subindices “3”) into the
Ss pseudo-singlet representation; while he S3 doublet representation stays intact. In this
case there are three additional possibilities to construct the fermionic mass matrices. For

simplicity we shall present only the M, mass matrix,

1 yiws + ydws ysun ydws
1:Qs,dsgp:  Mg= NG yguw yiwg — y§wy —yfuwr |, (5.3a)
y?fwa —Z/gwl yéiws
1 yilws + yng yéi wy ygwr
1:Q3, 1:dsp: Mg= NG ydws yiws — y§wa yiwy | (5.3b)
yws —ydw 0
1 yiws + ydws ysuw yws
1:Q3, 1': dsp:  Mg= 7 ydwr  yfws — ydwe —ydwy | . (5.3c)
ydw, ydw, 0

The mixed representations, eq. (5.3b) and eq. (5.3c), are equivalent. Without loss of
generality we can change the overall sign of the Yukawa couplings. Let us consider Mg of
eq. (5.3c) with {y¢, y¢} — —{v4, y¢}. Next, we can rotate the mass matrix by

0-10
U=|[100]. (5.4)
001
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This way we get from My of eq. (5.3¢c) to Mg of eq. (5.3b). An interesting aspect to note
of the mixed representations is that the number of Yukawa couplings is reduced from five
to four, y¢ = 0.

Apart from assigning different chirality states to different representations,

1:Q3, 1': ugp, dsg, 1':Q3, 1: ug, dsg,
we could also assign the up- and down-quarks to different representations:

1:Qs, 1: usg, 1': d3g, 1:Qs, 1: usg, 1': dsg,
1:Qs3, 1 : ugr, 1: dsg, 1 Q3, 1: ugr, 1: d3g.

In total, there are eight different possibilities to construct the Yukawa sector by as-
signing different S3 charges to fermions: four different possibilities in the down sector,
egs. (5.2b), (5.3) times two different possibilities for the up sector, since the S3 charge of
Q)3 is fixed by the down sector. However, the number of independent solutions is reduced
by one as two representations yield identical results, (1 : Q3, 1’ : wugp, dsg) and (1’ :
Q3, 1: u3g, d3r).

After defining the fermionic sector we can proceed to check if some of the models could
generate realistic fermionic masses. The cases with explicit or spontaneous CP violation
are:

¢« R-I-1

As the vacuum is given by {0, 0, wg}, the only possibility is to group fermions into
the S3 singlets. The pseudo-singlet representation would be equivalent to the repre-
sentation which is given in terms of singlets. The complex CKM parameters would
then be generated by complex Yukawa couplings.

e R-I-2a and R-I-2b,c

When fermions are grouped into identical singlet or pseudo-singlet representations it
is not possible to generate realistic fermionic masses as det (M) = 0, which indicates
that one of the fermions is massless. However, when fermions are grouped into mixed
representations of singlets and pseudo-singlets, det (M) # 0. Nevertheless, due to
the form of the eigenvalues it is impossible to fit realistic masses as those imply that
two of the fermions would have nearly identical masses.

e C-I-a
Regardless of the S3 charges of the fermions the Hermitian mass-squared matrix is
always given by
o AP+ 208P (282 - wiP) 0
_ T .
Ha=MaMy= | 7 (298P - 12)  wiP+2d2 o |- (55)
0 0 2|yg|?

=N

From this form of the mass-squared matrix it is obvious that the CKM matrix is
unrealistic.
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o C-III-a

After a unitary transformation (only in the case of the pseudo-singlet representation)
it is possible to write the mass matrix for both singlet and pseudo-singlet represen-

tations as
1 elo2 ygﬁ)g + yilﬁ}s 0 0
M= 0 ey s s | (50)
0 €72y, Ygig

Due to the block-diagonal form of the matrix it is impossible to generate a realistic
CKM matrix. The mixed representations yields det (M) = 0.

Another possibility would be to construct a trivial Yukawa sector. As in the case of
R-I-1 the Yukawa couplings would need to be complex.

e C-III-h

When the singlet representation is considered, the mass matrix can be rotated by

cos@ sin6 0

U=|—sinf cos6 0|, (5.7)
0 0 1
with § = —7/3, so that
1 —2ei72ydapy + yiabg 0 0
UMU?T = 7 0 2e772ydibg + yig 272 yay | - (5.8)
0 2e'72ydainy y§is

In the case of the pseudo-singlet representation it is possible to get an identical matrix
by choosing § = —57/6 and changing the sign y¢ — —y4. In these cases it is not
possible to generate a realistic CKM matrix.

The mixed representation results in det (M) = 0. The only viable possibility is to
consider a trivial Yukawa sector.

6 Numerical studies

The remaining cases (C-IV-c, C-IV-f, C-IV-g, C-V) require further discussion as those
were explored numerically. A complete systematic study of the models presented here,
involving both the scalar and Yukawa sectors, is beyond the scope of this work. We rely
on a simplified check of the models at tree level (and also disregarding the leptonic sector)
to draw a conclusion if a specific model can be rejected or not. In total, we fit several
parameters, adopting a 3-o tolerance of values taken from the PDG [88]:

e Masses of the up- and down-quarks;

o The absolute values, arguments of the unitarity triangle («, sin 2/, ) and indepen-
dent measure of CP violation (J) [89, 90] of the CKM matrix;
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For the C-V model, we perform several additional checks. These are:

o Interactions of the SM-like Higgs boson with fermions. We assume the Higgs boson
signal strength in the b-quark channel [91-93] as a reference point and apply the
corresponding limits to other channels;

o Suppressed scalar mediated FCNC [94, 95];
o CP properties of the SM-like Higgs boson [96, 97];

e Upper limit on the decay of the t-quark into lighter charged scalars when decays are
not kinematically suppressed [98, 99];

The additional checks are performed only in case of C-V as those demand input from the
scalar sector; to be more precise, one needs to know how the scalar mass eigenstates look
like to determine the interaction strength of the SM-like Higgs boson with the fermions.
Neither of the other models (C-IV-c, C-IV-f, C-IV-g) can generate a realistic scalar content,
unless the S3 symmetry is softly broken. We do not consider soft symmetry breaking.

Fitting the discussed constraints is performed by taking vevs as inputs and scanning
over ten free Yukawa couplings (v, y¢) in the range {|y¥|, |y¢|} < v/4m. Only one (one
for the up-quarks and one for the down-quarks) of the Yukawa couplings (largest in ab-
solute value) tends to be in the range of 0.1 < {|y¥|, |y¢|} < 1.5, while others are within
O(1071%) — O(1073). Tt is also possible to achieve a valid (simplified) fit, when two out of
the ten Yukawa couplings vanish. However, in this case there will be less freedom to fit
the scalar-fermion interactions.

The strategy adopted for the fitting was as follows. Due to a non-linear fitting func-
tion we found that the easiest approach is to optimise the numerical values of the Yukawa,
couplings by utilising the gradient descent and random search techniques. Since the op-
timisation of the scalar-fermionic sector is a computationally expensive task time-wise, a
simplified scan was performed. This involves performing a scan over the constraints by
binning the free variables of vevs (n) into approximately 10 n-dimensional boxes. Then,
the vevs are kept fixed while only the values of (v, y&) are evolved. If the fitting procedure
would take longer than a set threshold (one hour) a new vev would be chosen within the
same bin. Also, the scan was performed over all possible combinations of the up- and
down-quarks, left- and right-chiral states having different S3 charges assigned. Scanning
over all representations might seem to be a redundant procedure since some representations
are more constraining (can have vanishing Yukawa couplings) than others. However, this
could also be viewed as a wider coverage of the available parameter space to balance the
poor 10 data sampling of vevs. Regardless, we would like to emphasize that the reader
should be cautious when interpreting the results (especially the C-IV-c¢, C-IV-f and C-IV-
g models) since the checks were performed using a rather scarce grid and not all of the
experimental data were fitted.

We shall next comment on models which could generate a non-trivial Yukawa sector:

e C-IV-c
In the case of real Yukawa couplings it is possible to fit both the fermionic masses
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and the CKM matrix in nearly all of the Ss representations. When the (1: Qs, 1’ :
usr, dsgr) representation, or equivalently (1’ : Q3, 1 : usg, dsg), is considered it
is not possible to achieve a 3-o fit for all of the CKM considered experimental con-
straints. With complex Yukawa couplings (assuming at least nine more degrees of
freedom) this is no longer true. However, C-IV-c requires A} = 0 and one might
consider it “more natural” to take real Yukawa couplings in this case.

Nevertheless, there exists an accidental (not the Goldstone boson due to a broken
continuous symmetry) massless scalar state in the model, see ref. [78]. Soft symmetry
breaking could be introduced to make it massive.

C-I1V-f

The C-IV-c model is contained within C-IV-f with o7 = 0. Therefore, the results
do not differ significantly. There shall be more freedom due to an additional phase
coming from vevs, o;.

A massless state is also present in the C-IV-f model, and hence a possible solution is
to introduce soft symmetry breaking.

C-IV-g
The results of fitting the Yukawa sector are identical to C-IV-c since both vevs are
described in terms of three parameters.

This model is only possible when A} # 0. There are negative mass-squared scalars
present. Introduction of soft symmetry breaking terms could possibly produce non-
negative eigenvalues.

C-v

This is the only model out of those studied that could yield a realistic scalar sector
without the need to introduce soft breaking terms. In light of that, several tree-level
constraints were imposed on the scalar sector at the 3-o level:

Perturbativity (quartic scalar-scalar couplings), stability and unitarity. The
unitarity constraints are discussed in appendix E;

— LEP constraints. We adopt a generous lower bound for charged scalars, my= 2
70 GeV [100, 101]. Decays of the W* and Z into a pair of scalars are kinemat-
ically suppressed [102];

— Mass of the SM-like Higgs boson h;

— Decay of the SM-like Higgs boson into lighter scalars is assumed to be within
Br(h — BSM) < 0.1. This constraint is approximated by fixing the total width
of the SM-like Higgs boson to be I'j°" = 6 MeV;

— SM-like scalar-gauge couplings;

— Electroweak precision observables [103, 104] using techniques of refs. [105, 106];

In the above checks we assume that the SM-like Higgs boson-fermion interactions are
close to the SM-like values. This is done due to many degrees of freedom coming
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Figure 1. Scatter plots of vevs in the C-V model after imposing constraints. Left: the absolute
values of vevs parameterised in terms of two angles. Right: phases of the vevs.

from the fermionic interactions. The Yukawa sector is evaluated separately, and shall
be discussed below. Due to such limitations we do not discuss constraints relying on
the scalar-fermions interactions, like the di-photon partial width, or B-physics or the
electric dipole moment. Also, the SM-like Higgs decay into additional scalars is only
roughly approximated.

Vacuum expectation values can be parameterised in terms of two angles:
W) = wsinacos B, W =wvcosacosfB, wg=wvsinp. (6.1)

The available parameter space of the vevs after applying the discussed constraints
is shown in figure 1. We note that the central point (left panel), a = g = n/4
corresponds to @3 = 3 = v? /4, with % = v?/2. But there is a considerable spread
around this point. A striking feature of the right panel is the fact that there are
alternating bands of allowed and excluded region where oo ~ o1 + nm. This can be

understood in terms of the discussion following eq. (4.9).

In the model there are two charged scalars, HzjE The neutral sector consists of
five scalars (h, Hy, Ho, H3, Hy) which all mix. This results in CP-indefinite states.
The scalars H; are ordered from the lightest to the heaviest states, with masses
myg, < mpyg,,,. The h state is required to be compatible with the SM-like Higgs
boson. We assume that h can be in any position of sorted masses as long as it is
close to 125 GeV, e.g., the 125 GeV state could be lighter than H; or heavier than Hy.
The mass-scatter plots are presented in figure 2. The dashed lines indicate possible
locations of the SM-like A, for the different hierarchies.

The alignment of masses mp, suggests that the SM-like Higgs boson could be the
heaviest one out of the neutral states. We acknowledge the fact that some parameter
space of the model is left unconstrained as not all of the LHC-related constraints are
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Figure 2. Scatter plots of masses that satisfy constraints in the C-V model. Top: the charged
sector, Hii. Bottom: the active sector, H;. In the neutral sector the red line indicates a 125 GeV
state.

considered. Nevertheless, it is of interest to consider light scalars [107-111], which
are present in many extensions of the scalar potential.

Quite a remarkable aspect of the model is the presence of mpy, = O(MeV) neutral
scalar states, which are not excluded by the constraints. Due to freedom of the
model it is possible to have suppressed decays of the SM-like h state into the H;
states, g(hHyH;) ~ O(1075). We shall focus our discussion on the sub-GeV states.
The light states arise when |A\4| < O(1073) and A7 < O(107%). A naive idea could be
that this case becomes comparable to the one (C-V) with A} = 0. However, this is
not true since 0.1 < Aog < 3 in the discussed parameter space and the minimisation
condition of the real scalar potential would require Aog = 0. Note that the discussed
light states are specific to C-V with A4 complex, in C-V with real A4 there are three
unwanted Goldstone states present.

With input from the scalar sector one can check if the constraints coming from the
Yukawa Lagrangian are satisfied. Since the fermionic masses and the CKM-related
fits can be satisfied for more constrained models (C-IV-¢, C-IV-f, C-IV-g), of primary
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interest would be the scalar-fermion couplings. As in the case of other models, we
performed a limited scan, however this time the available parameter space of vevs
was constrained. With real Yukawa couplings it is possible to fit any representation
while satisfying the additional scalar-fermion constraints.

Interactions of the neutral non-SM scalars H; with fermions are left unconstrained.
Unlike in the SM case, where g(hfif;) = —i my, /v, due to mixing the g(Hif;fr) cou-
plings are not proportional to masses of the fermions. It becomes possible to generate
scalar-fermion interactions with “diagonal” decays to the same species of fermions
suppressed over FCNC, g(H; f; fr) > g(H; [ f]), or several interactions might be pro-
hibited in part of the parameter space, g(H;f; fr) = 0, assuming also j = k. This is
also true for the O(MeV) states. It might be possible to have really low fermionic
decay widths so that the light scalars would escape the detector. The scalar-fermion
couplings should be constrained when loop-induced observables are considered, e.g.,
di-photon signals, B-physics, electric dipole moment, (g — 2),. One of the possi-
bilities could be to consider complex Yukawa couplings, which, depending on the
representation, could introduce from eight to ten additional degrees of freedom.

Results of different S3 charges assigned to fermions are summarised in table 1. A
large number of cases of ref. [61] in our classification was rejected due to the minimisation
conditions forcing vanishing of new CP sources, to be more precise the A} = 0 condition.
Although we do not consider soft symmetry breaking in the scalar potential, it might be
interesting to consider different S5 structures of the Yukawa Lagrangian with such vacua.

The soft terms are as follows:

V3 = 13 (kb1 — hhs) + % (vihiha + 1)
1

+ 3 (1/81 h:rghl + h.c.) + % (V32 hghg + h-C.> .

(6.2)

In the case of real couplings, not all of the soft terms survive [78]. This indicates that
due to the minimisation conditions some of the bilinears could vanish. However, since we
allow for complex quartic couplings it is natural to assume that the soft terms could also
be promoted to complex parameters. Accounting for complex soft terms, depending on
which terms are considered, there could be some freedom to rotate away phases of the soft
terms as in the case of the quartic couplings, see eq. (2.7). With additional soft terms CP
violation would survive, as suggested by eq. (C.21). Whenever there is a U(3) symmetry
of the quadratic terms, CP is conserved.

Full analysis of the softly broken S3-symmetric model is beyond the scope of the paper
due to the many possibilities: there could be a single soft term, or two, or three or all
four present. In table 1 ten cases were presented, which do not require soft terms. With
the introduction of soft terms a few hundred different cases are possible. Now we have
new cases, we list in table 2 the Yukawa Lagrangian structures one might consider. An
interesting case is C-IV-b with vacuum given by (w;, +i9, wg). By performing an analysis
of the Yukawa sector alone, we found that it is possible to generate a complex CKM matrix
by means of the imaginary unit, with no need for an arbitrary phase.
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Scalar
Vacuum vevs CPV Ly
potential
complex R-I-1 (0, 0, wg) explicit trivial
complex | R-I-2a (w1, 0, 0) explicit -
complex | R-I-2b,c (w1, +£v/3w1, 0) explicit -
complex C-I-a (w1, Liwq, 0) explicit -
complex . explicit
P C-1lL-a (0, B2e'2, ) P trivial
real spontaneous
complex . . explicit
P C-11-h (V322 +iinei®?, o) P trivial
real spontaneous
real® C-IV-c (\/ 1 + 2 cos? oot Wee'?, LZJS) spontaneous | any
real® C-IV-f < 2+ %}f”)@ewg Woee'o?, 11)5) spontaneous | any
complex? | C-TV-g (W1€1, i€, Wg) explicit any
complex C-V (1€, oe'2, bg) explicit any

*In C-IV-c and C-IV-f there is a massless scalar present. Soft symmetry breaking would
remove the massless scalar.

B C-IV-g results in at least two negative mass-squared eigenvalues. Introduction of soft sym-
metry breaking terms might solve the issue.

Table 1. A summary of different CP violating models. In the first column we list if the scalar
potential can be complex. The CPV column indicates whether there is spontaneous CP violation,
as presented in ref. [61] with A} = 0, or explicit, which requires strictly complex As. In the last
column possible structures of the Yukawa Lagrangian (Ly ) are presented. Entries with “-” indicate
that it is not possible to construct a realistic Ly .

7 Discussion

In total there are four Ss-based models which do not require complex quartic couplings
but due to phases of vevs yield spontaneous CP violation. These are [61]: C-III-a, C-I1I-h,
C-IV-c, C-IV-f. Two of these (C-III-a, C-III-h) require all of the fermions to be trivially
charged under S3, or in other words fermions couple only to hg, the S3 singlet and SU(2)
scalar doublet. The C-III-a model was found to contain a viable dark matter candidate [52].
It would be interesting to see how the parameter space of the model changes when a complex
coupling is introduced since C-III-a could be completely ruled out assuming some specific
DM halo distribution profiles [112].

The other two models (C-IV-c, C-IV-f) do not survive when complex quartic couplings
are introduced since A4 is not allowed to be complex in these cases. However this fact (also
for the C-V case) does not contradict the results of ref. [113] where it is conjectured that
whenever a symmetry of the scalar potential prevents explicit CP violation it also prevents
spontaneous CP violation, since here we are considering specific vacuum directions. Apart
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Vacuum vevs Ly
R-0 (0, 0, 0) -
R-1I-1a (0, wa, wg) trivial
R-1I-1b,c (wl, +w /V/3, wg) trivial
R-11-2 (0, wa, 0) -
R-1I-3 (w1, we, 0) any except for trivial
R-II1 (w1, wa, wg) any
R-III-s (w1, 0, wg) any
C-T1I-b (£iwy, 0, ) any with 3% € C
C-Ill-c (ﬁ;lei"l, Woeo?, 0) any except for trivial
C-IT1-d (itdy, 1o, 1) any with "% € C
C-ITl-e (skithy, —1do, W) any with "% € C
C-TII-f (Fiy, i, Wg) any
C-Ill-g (Lithy, —ith, ) any
C-I11-i <\/7mwgei‘”, Fapgeiarctan(3tan o) w5> any
C-1V-a (w1e®t, 0, wg) any
C-1V-b (1, +iwg, Ws) any
C-1V-d (1€, £adoe't, bg) any
C-IV-e <\/ —%wgewl, Woeo2, ws) any

Table 2. Classification of the Yukawa Lagrangian charged under the S3 symmetry, listing only
cases which were not covered in table 1. The presented cases require soft symmetry breaking of the
scalar potential. In the last column models with complex vevs and which require complex Yukawa

couplings are identified by y(u’d) € C. Otherwise, it is sufficient to have real Yukawa couplings to

1
generate the CKM matrix. Cases with real vevs require strictly complex Yukawa couplings.

from that, both C-IV-c and C-IV-f could yield a good fit to the CKM matrix. However,
both models suffer from an unrealistic scalar particle content — massless states. Soft
symmetry breaking of the scalar potential could remove the massless scalars.

With complex quartic couplings there is more freedom to implement CP violation.
First of all, models with real vevs (R-I-1, R-I-2a, R-I-2b,c) can result in explicit CP viola-
tion. However, only R-I-1 could yield a realistic Yukawa sector. Explicit CP violation is
possible in C-I-a, C-I1I-a, C-III-h, C-IV-g, C-V. Out of these only C-I-a cannot account for
the observed fermionic content. Neither C-I1I-a nor C-III-h is appealing since they require
a trivial Yukawa sector and would not explain the source of CP violation required in the
Yukawa Lagrangian. On the other hand, C-IV-g is capable of generating the experimen-
tally observed CKM matrix with only a single phase, ¢1. This model is unique to the
scalar potential with complex couplings. Unfortunately, this model is ruled out, unless soft
symmetry breaking is introduced, due to unrealistic scalar masses.
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As a consequence, the only “good” model is C-V. It should be noted that although it
might look like the most general one, it is not so since not all other models are contained
within C-V. The complex CKM matrix is in this case generated by two phases, o1 and
09, coming from vevs. There is a viable region of parameter space with either one of the
phases close to zero allowing to generate the correct complex CKM matrix. A remarkable
aspect of the model is the possibility to have light neutral scalars at the O(MeV) scale. It is
possible to fit the scalar-fermion couplings in the C-V case in such a way that the O(MeV)
scalars escape detection. This is due to the large freedom that exists in the choice of the
Yukawa Lagrangian. It remains to be seen whether such light scalars are not already ruled
out by experiment due to some LHC channel which we did not take into account here. The
second panel of figure 2 illustrates the fact that in the C-V case the range of the lightest
scalar mass can vary from a few MeV up to around 300 GeV.

The S3-symmetric 3BHDM has a very rich phenomenology, allowing for CP violation
either explicit or spontaneous in a large variety of cases, depending on the region of pa-
rameter space. Different regions of parameter space correspond to different vacua with
implications that were outlined in this paper.
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A Reducible representation

In the reducible-triplet framework the S3 symmetry is manifest. The potential was written
by Derman [55],

Vo = —AZ <¢3¢¢) + %’yz |:¢I¢j + h.c.] , (A.la)
i i<y
Vi= A (elo)’ + {0 (6l6) (6l6s) + Clolesf + 5D |(ol0) + e}
i i<j
A [ o) el) e
7 ' 1 (A.1b)
+ > {2E2 [(6165) (6ho:) +e.] + 5 Bs [(olor) (shos + )]
ik <k
+% {E4 (5253%’) (fbjﬁf)k) + h.c.}} )
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In total there are two complex couplings, E1 and E4, which, for simplicity, shall be writ-

ten as
E; — eYE;, i={1,4}. (A.2)
The reducible triplet fields are related to the irreducible representation (2.2) by trans-
formations:
1 _
2: h =1, V2 (91— ¢2) , (A.3a)
ha 75 (01 + 62 — 2¢3)
1
1: hs = — + @2 + . A.3b
=75 (61 + d2 + ¢3) (A.3Db)

Using the above transformations we can relate couplings in different representations:

po ==\ (Ada)
pi = — (;7 + A) , (A.4b)
Al = % (44 +4C + C + D — 4By cos 01 + B — 2E3 + Eycosty) (A.4c)
Ay = % (—C’ + D + Ey — E4cos 04) , (A.4d)
A3 = % (2A —C+2C+2D — 2F; cosby — Ey + 2E5 — FE4 cos 94) , (A.de)
Ay = L(4A — 20 —2C — 2D — Eycos0y + Ey + Es + E4cosfy

62 (A.4f)
— 3 [El sin 91 — E4 sin 94] )7

1 —

A = = (44+4C = 2C = 2D + 2F1 o1 — 2B + Fy — 2F40s03) (A4g)
1 _

o= ¢ (44— 20 +4C — 2D + 2B1 cos b1 + Ey — 23 — 2By cos0s ), (A.4h)
1 _

A7 = —(4A —2C —2C +4D +2E; costh — 2E; — 2E5 + Eqcos bty
12 (A.4i)

— 31 [2E1 sin 01 + E4sin 94] ),

1 _

g = 3 (A+ C+C+D+2Fjcosby + Es + F3+ E4C0894) ; (A.4j)

where {4, A7} € C. In turn, the complex \; can be split into a real and an imaginary part
as A\; = AR + i)l which is the notation used throughout most of the article. The parts
would be expressed as A} = f; (A, C,C, D, Ey, Ey, Es, E4> and i\ = ify (E1, Ey).

B Minimisation conditions

Here, we present derivatives of the potential for different cases. The scalar potential was
minimised with respect to the neutral fields n; and x;.
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B.1 Minimisation conditions with phases 8; and «;

We start by considering the most general phase rotation of the S3 doublet (2.3) and phases
of the couplings Ay and A7 (2.4). In this case we can simplify vevs and allow strictly for real
configurations, {wi, we, wg}, due to the phase rotation of the doublets. The minimisation

conditions can be written as

(")l :/ﬁwl + Awy (w% + w%) — 29 sin2(91 — 92)11)1’11)%
8771 v
+ A3 [wi5 + cos(260; — 202)w1w§} (B.1a)
+ Ay [cos(201 — 02 + ay) + 2 cos(02 + )] wywowg
1
+ 3 (A5 + X6) wiws + A7 cos(201 + ar)wiw?,
8l :M%wg + Ajws (w% + w%) —2X sin2(c91 — Og)w%wg
67]2 v
+ A3 [w% + cos(260; — 202)10%102} (B.1b)
1
+ 5/\4 {[008(291 — B + ay) + 2cos(fy + ay)] w? — 3cos(fy + oa;)w%} wg
1
+3 (A5 + Xg) waw? + A7 cos(202 + ar)wow?,
ov 1
—| =pdws + =M\ {[cos(291 — 02 + au) + 2 cos(fa + )] wiwg — cos(fz + 044)11)5’}
ong 2
1
+ 3 (A5 + Xe6) (w% + w%) wg + A7 {003(261 + a7)w? + cos(202 + ozﬁw%} wg
+ Agw?,
(B.1¢)
oV A2 sin(20; — 202)wiw3 — Az sin(20; — 20)wiw?
| T A 1— 202 — A3 1 — 202)wr
x| 2 2 (B.1d)
— Agsin(20; — Oy + ag)wiwews — A7 sin(26; + oq)wlw%,
8V . 2 . 2
a = A\ sin(26; — 202)wiws + Az sin(26; — 2602)wiws
2
° 1 B.1le
+ 5)\4 [sin(?@l — 0y + a4)w% — sin(f2 + ay) (Qw% — w%)} wg ( )
— A7sin(26s + a7)waw,
ov 1
— ==\ {[Sin(291 — Oy + ay) + 2sin(0y + ay)] wiwy — sin(fy + a4)w§’}
Ixs| 2 (B.1f)

v

+ A7 [sin(291 + a7)wi + sin(20; + ozﬂw%} wg.
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B.2 Minimisation conditions for real vacua

The most general real vacuum form yields the following first order derivatives:

ov 1

| =3t (203 +2 (M1 + As) (] +wd) + 6Xwows + (As + Ag + 2)7) wd]

ov 1

87712 = 3 {2/1,%11)2 + 2 ()\1 + )\3) (w% + w%) wy + 3)\5 (w% — w%) wg
+ (A5 + A + 247) wowd],

ov 1

s =3 [2,u(2)ws + AR (3w%w2 - w%) + (A5 + X6 + 2A7) (w% + w%) wg
+ 2)\8w%} ,

ov

ol = Njwiwaws,

ov 1

ov 1

v

B.3 Minimisation conditions for complex vacua

(B.2a)

(B.2b)

(B.2¢)

(B.2d)

(B.2e)

(B.2f)

The most general complex vacuum form with a single complex coupling A4 yields the

following first order derivatives:

oV . T . . o
e = ,u,% Ccos o1W1 + A1 cos o1y (w% + w%) + 2Xgsin(o; — 02) sin agwlwg
mi,
+ A3 [cos o103 + cos(og — 202)1?1112)%]
+ >\4R [3 cos o1 cos g + sin 07 sin o9 Wy Wag
. IR 1 .

— /\fl sin(oq + o2) W W + 3 (A5 + A + 2A7) cos Ulwlw%,
8V o 2 ,\+>\ ~ ,\2_’_,\2 _2>\ . .( . )A2A
78772 = M7 COS O2W2 1 COS W2 | Wy Wy 281N 01 SIN(01 02)Wi W2

(2

+ A3 [008(201 - ag)w%ﬁ)g + cos agﬁ)g’]

1
+ 5)\5 [(2 + cos 201) W} — (2 + cos 20) wg} Wg
— /\fl (cos o1 sin le% — Cos 09 Sin Ugﬁ)g) s

1
+ 5 ()\5 + Xg + 2/\7) cos UQTDQ@%,
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ov 1
= s + 5)\5 {[608(201 — 03) + 2 cos a9 Wiy — cos ngg’}

ous),
1
— 5)&1 {[sin(201 — 02) + 2sin o9 u?%u?z — sin agwg’} (B-3c)
1 22, A2\ o~ 22 A2 A 3
+ 5 (A5 + Xg) (07 + w3 ) g + A7 (cos 20107] + cos 2095 ) Wg + AsWy,
oV
v = ,u% sin o111 + A7 sin o1 (’UAJ% + w§> — 2\gsin(o; — o2) cos agﬁ)lﬁ)%
X1
v
+ A3 [Sin 0112)? —sin(oy — 202)12)11@%} + /\4R sin(oy + 09) W1 Wl (B.3d)
— )\fl [3sin 0 sin 09 + cos 01 cos 9] Wy W g
1
+ B (A5 4+ A6 — 2A7) Sin01w1ﬁ)?§,
oV
vl = ,u% sin ooy + A7 sin o9t (w% + ﬁ)g) + 2)\gsin(oy — 02) cos 0112)%182
X2 ;
+ A3 [sin(201 — UQ)HA)%LZJQ + sin Uzwg}
+ AR [cos o1 sin o113 — cos o sin am%} Wg (B.3e)
1
— 5)\}1 {(2 — €08 207 ) 0% — (2 — cos 209) uﬁ%} Wg
1
+ B (A5 + A — 2A7) sin Gglf)glf)?g,
ov 1
ova| — 5)\4R {[Sin(201 — 09) + 2sin o9 Wiy — sin 021@%}
v
(B.3f)

1
+ 5)\2 {[cos(Zal — 09) + 2cos o] Wiy — cos 02121%}

+ A7 (sin 2011? + sin 20211)%) wg.

C CP-o0dd invariants

For each order of the Z-tensors we shall present only a sufficient number of invariants and

not all possible unique ones. There are no CP-odd invariants containing less than five

Z-tensors.

C.1 CP-odd invariants containing five Z-tensors

There are only two independent CP-odd invariants containing five Z-tensors. They are

given by
ISZ) = Im [Zaachdbefchhezidghzﬁjj] (€ la)
= 16AFAIAT(4M1 = A5 — 228)%,
LE,QZ) =Im [ZabchdaefchheZidthfjﬂ] (C.1b)

= 16ARAIA7 (201 — 20 + 4X3 — Ag — 2X8)2.

There are four distinct ways these two invariants can vanish:
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« Solution 0: )\ = 0.
In this case there is no explicit CP violation. The only possibility for CP violation
depends on the vacuum. We may at most have spontaneous CP violation. This case
was covered previously [61].

« Solution 1: \} = 0.
In this case there is no explicit CP violation. We may perform a change of basis by
ho — thy. This makes the whole potential real. The only possibility for CP violation
depends on the vacuum. We may at most have spontaneous CP violation.

e Solution 2: A7 = 0.
In this case we see from eq. (2.7) that the choice of § = —ay results in a real potential.
Or else, we could perform a rotation (hg),q — ') (hY) . where the argument
of the complex A4 would cancel the phase ou, so that (A4)_q — [M|new. In this case,
the only possibility for CP violation depends on the vacuum. We may at most have
spontaneous CP violation.

e Solution 3: )\5 = 2(2)\1 - )\8)7 )\6 = 2()\1 - )\2 + 2)\3 - )\8) and >\4R)\£)\7 75 0.
These constraints are not sufficient to make V4 CP-invariant. This is because there
are still non-zero invariants containing six or more Z-tensors. We shall be imposing
this condition when discussing higher-order CP-odd invariants.

C.2 CP-odd invariants containing six Z-tensors
Two independent CP-odd invariants containing six Z-tensors are found:
Iélz) = Im [Zavcd Zvae f Zgehi Zajke Z fritZjgin)
= —192XFM A7 (0 — Mo = Xg) (C.2a)
x [IAaf? = 222 = 2 (A1 = Ao = As) (3A + Xa + 43 — 3))]

Ié? = Im [Zavcd Zvaet ZgehiZaejk Z frki Zigis)
= = 192N a2 (BA1 + da + 40 — Bg) — 222 (Af = )
(C.2b)
—4 (M + A3 = Xg)
X (BX3 4 A3 + A1 Az + 20 + 403 — A2 — 6AAs — 6Aghs + 31 |-
These invariants both vanish in two cases:
e Solution 3.1:
A5 = 2()\1 + )\2), (C.Ba)
Ag = 43, (C.3Db)
)\g = )\1 — )\2, (C3C)
[2)\2 + 2A3 + /\7] 22+ A3)(2A2 +2X3 — A7) — (/\1)2
(A2 = | v . (C.3d)
229 + 2A3 — A7
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Since A} = 0 would result in no explicit CP violation we can check for special cases:

(AD? =2 (A2 + A3) (2h2 + 203 — A7), (C.4a)
A= —2 ()\2 + )\3) . (C4b)
e Solution 3.2:
)\5 = 2(2)\1 — )\8), (053)
g = 2()\1 — Ao+ 2X3 — )\8); (C5b)
1
(A2 = 2—/\7()\1 + A2 + 223 + A7 — Xg)
x [3A§ — 3A1(202 — A7+ 208) — A2 — Ao (8A3 + A7 — 6)s) (C.5c¢)
— 40+ 20)7 + 222 — Bheds + 303,
1
AD? = — (A + X2+ 203 — A7 — Xg)
27
X [3A% = 8M1(2h0 + A7 + 228) — A3 — Aa(8Xg — A7 — 6)s) (C.5d)

— 403 — 200)7 + 23 + 3)As + 3AF].

We note that the condition on (\})? can be obtained from that on (A})? by the
substitution A7 — —A7. For future reference, we note that

M2 = (A% + (A)? = 2202 420 — Ay — Ag)(BA1 + Ao + 4X3 — 3)g). (C.6)

Moreover, since ARA A7 = 0 results in no explicit CP violation we could check for
the special case /\4R)\£ = 0, with the A4 coupling expressed in terms of the other As.
Here, A} of eq. (C.5c) vanishes when

1
Mot ds =M EV3 (0% + 403 = Dodr + 8Xods + 33

(C.7a)
1/2
— 4\ (222 — A7 + 2Xg) — AArds + 403) 1 ,

and A} of eq. (C.5¢) vanishes when in the above equation we replace A7 by —A\r.
Furthermore, either one vanishes when

A8 = A1+ Ag + 2A3 £ A7, (C7b)

C.3 CP-odd invariants containing seven Z-tensors

We find that it is sufficient to check a single CP-odd invariant,

L7z = Im [Zapcd ZeafeZvgan Zieji Zg fim Zhikn Zming) - (C.8)
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Solution 3.1 yields:
R I R)? 12 2]?
I,y = 128AB ML) {(M) + (M) —%} . (C.9)

After substituting for \f we find that the I;z CP invariant vanishes when

(A2 4 A3+ A7) (202 + 203 — A7)?

(\D)? = (C.10)
A7
For Solution 3.2 we get the following expression:
Iz = 2304 ARAIA (A — Xo — Xg)? 1)

X (A1 + A2+ 2X3 + A7 — /\8)()\1 + A2+ 2X3 — A7 — Ag).

Since eq. (C.7b) would result in CP conservation the only other possible condition for the
CP invariant to vanish is
Ag = A1 — Aa. (C.12)

The two cases mentioned above coincide as both require (we introduced \og = Ao+ A3):

()\?)2 (- )\7)§\27>\23 + )\7)2’ (C.13a)

(AL)Q _ (as /\7)5\27)\23 — M) (C.13b)

MEALA; £ 0, (C.13c¢)

A = 200 4 Ag). (C.13d)

Ao = s, (C.13e)

% = M — o, (C.13f)

with

Aaf? = (AF)® + (A\D)? = 2)3. (C.14)

If we prove that the scalar potential, specifically the quartic part, is CP-invariant
provided that the eq. (C.13) constraints are satisfied, we would be assured that all other
invariants would vanish. The phase-sensitive part of the quartic potential, (2.6b), is given
by

ase )\
VP = 22 [(h{h1 = RER2)? + 2(h1ho)? + 2(R5hn)? + 2(hkhs) (Rt + hha)
— (Rshs)? + A(hlhs)(hkh1) + 4(hbhs) (hho)|
+ { A (Bl k1) (B{ho + hiha) + (Rkho) (B — hiho)| + bue.}

+ {27 (W) (ho) + (ko) (Ba) | 4+ b

(C.15)

Note that, apart from sign ambiguities, A4 is determined by As3 and A7.
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We do not need to consider all combinations of Aoz and A7. This is because (A})? and
(A])? must necessarily be positive by definition. Moreover, since A4 is related to Aoz and
A7 by eq. (C.13), parts of the (A23 — A7) plane are irrelevant for this analysis. The relevant
regions consist of Agg = 0 (no restrictions on A7 apart from A7y # 0) as well as the region
given by A2 — \3; > 0, except for the two lines given by A7 = 4-\o3.

We found that when A93 = 0 a rotation into a new basis forces all couplings to become
real. Such rotation is given by

ha 1 0 0 B,
he | = [0 e?cosa iesina | | by |, (C.16)
hs 0 sina —icosa IS
where 1
0= — %, a= — §arctan V2. (C.17)

For the remaining relevant part of the (A23— A7) plane we utilise a basis transformation
into a new basis with real coefficients, given by

ha 1 0 0 B,
ho | = |0 e?cosa e sina | | b |, (C.18)

hs 0 sina —e?cosa s

where
A23 sin 20
o = arctan | — 25 51 R , (C.19a)
Ajycosf — \jsinf
Ay cos® + A sin @

= arct , C.19b
¢ = arctan ()\23 sin (2a) + (A cos 0 — A} sin 0) cos (2a) ( )

while the general form of the 6 angle is given by

VBA7 + 2¢/22 — X2 h
90 — 4 arctan ( 7 T { m when Ag3A7 <0, (C.20)

A23 0 else.

To sum up, there always exists a basis with real coefficients if the conditions of
eq. (C.13) are satisfied. Therefore, there will in this case not be explicit CP violation
in the scalar sector. Furthermore, we checked for CP-odd invariants containing eight Z-
tensors. All of these tensors vanish provided that conditions (C.13) are satisfied.

C.4 CP-odd invariants containing both Y- and Z-tensors

For the trivial solutions (Solution 0, 1, 2) we get that the whole potential is CP invariant.
However, Solution 3 might result in CP violation coming from the V5 scalar potential part.
Therefore, one might need to impose additional constraints involving the bilinear couplings
p3 and pi. The lowest order CP-odd invariant containing a mixture of Y- and Z-tensors
is given by

Loysz = Im [ZabeaZoe g Zacht YgaYen] = 16AFN A7 (g — p1)?. (C.21)

The quadratic scalar potential part V5 becomes insensitive to basis changes, invariant under
U(3), if u2 = p3 or one of these quartic couplings vanishes.
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D Basis transformation for C-IV-e

. G P] .
For the particular vacuum (detarctan(3tanos) \/%wlew%ws) discussed in sec-
tion 4.2, the following basis transformation yields both a real potential and a real vacuum:

hy e~ cos e~0t2)ginag 0\ (M
hy | = [ e 0" sina —e=" 01+ cosa 0| | B, |, (D.1)
hs 0 0 1)\,
with
3(1+2 2
7o = arctan V3(1+ 2 cos 20) ) (D.2a)
v—1—2cos4a
v—1—2cos4a
= —arctan D.2b
n ( V3 cos 2 ( )
V3
= t , D.2
T2 are an<\/—1—2cos4a (D-2¢)
where a = 57/24 if coso < 0 and o = 7r/24 if coso > 0 for (e t¥rctan(Btanc) =y
For (—je tarctan(3tano) =y the values are a = 5m/24 if coso > 0 and o = 7r/24 if

coso < 0. It should be noted that solutions provided in terms of a are not unique, and
there are several continuous regions which yield a rotation into a real basis. The chosen «
values were picked as an illustrative example.

E Unitarity constraints

The study of unitarity in two-body scattering processes involving longitudinally polarized
bosons and the Higgs boson in the SM were pioneered by Lee, Quigg and Thacker [114]
and further on analysed in refs. [115, 116]. The process of finding the unitarity limit is
straightforward due to the Goldstone equivalence theorem, which relates the longitudinally
polarised vector boson and the Goldstone bosons in the high-energy limit [117, 118]. It
is sufficient to consider the 2 — 2 scattering processes of the scalar eigenstates. Some of
these processes will be forbidden by the CP and S3 symmetries. This indicates that there
exists a basis with block-diagonal entries. This, in turn, would simplify computation of the
eigenvalues.

The unitarity conditions for the real Ss-symmetric 3HDM were derived earlier in
ref. [64]. Due to the A} term there will arise additional off-diagonal mixing terms in the S-
matrix. The eigenvalues, which are common in both real, )\ﬁ = 0, and complex models are

e1 (bs) = A5 — e, (E.1a)
€2 (bg) =2 (/\1 — 5)\2 — 2/\3) y (E 1b)
€3 (b4, b5) =2 ()\1 + /\2 — 2)\3) s (E 1C)
ey (aét) =AM+ A +2X3+ g = \/()\1 4+ Ao+ 2)3 — )\8)2 + 8)\2, (E ld)
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e (aét) = A —A+2X 3+ Xg £ \/(—)\1 + Xo — 2A3 + )\8)2 + 2)\%, (E.le)
e6 (aZ) = BA1 — Az + 23 + 3As £ /(=5A1 + A2 — 205+ 3Xs)2 + 2(2X5 + Ao)?, (E.1f)

1
er (ait) = B <2)\1 —2X 4+ A5 + Xg = \/(—2)\1 42X + A5 + /\6)2 + 16|)\4|2) . (E.lg)

In the notation of ref. [64] these are {aI—L, aét, agi, agt, b3, by, bs, be}.
There are also additional eigenvalues. There is no simple way to write these as analytic
expressions; they should be determined numerically from:

2(A\1+A2) —2iAL 2AR

Nss = 2\ X —-20 0 : (E.2a)
20N 0 As+2\;
2 (A1 + A2 +4)3) —6i)] 6AR
Nes = 6iN] A5 + 2 — 67 0 : (E.2b)
6)\4R 0 As + 2Xg + 6A7

These eigenvalues simplify to Nsz (b2, at) and Ngg (b1, aZ) in the limit of A} = 0. A more
detailed picture is discussed below.

E.1 Deriving unitarity constraints

The most trivial way to split the scattering matrix into a block-diagonal form is to group
two-body states based on their charges,

S = diag ($°, §*, §7), (E.3)

where the superscripts indicate if the S-matrix is neutral, singly charged or doubly charged.
The scattering matrix S; = (U} | U7) is constructed from the two-particle states ¥'. These
states can be read off directly from the quartic part of the scalar potential, which is ex-
panded in terms of SU(2) doublets
hi = <“’? ) . (E.4)
n;

When a two-particle state is constructed from identical species it gets a factor 1/v/2
due to the Bose-Einstein statistics. Finally, due to symmetries of the scalar potential, some
of the off-diagonal matrix entries will be symmetric. In light of this it is useful to apply a

1 1 -1
U:\/i<1 1), (E5)

which allows for removal of several entries in the S-matrix. Also, we shall be using identity

unitary transformation

matrices of dimension n denoted as Z,, and null matrices O,,,x, of dimension m X n.
We start by considering the neutral two-body interactions. Exploiting the Zy symmetry
of hq, we can split the states into three blocks:

\If(l) = { [nin1), [na2na), |nsns), |nans) }, (E.6a)
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09 = { Inina) , |mans) |
T = { \wfwl_> , ]w;w2_> , \w;w§> , ]w§w2_> , nind),
[nan3) , [nan%), Insns), [wwg), |nsni) },
W) ={ jwiwy ), [wiwy), lwiwg), [wiwr),
mins), [nonf), |nang), Insni) },
where the first two of the four S-matrices are

20+ Xs) 200+ s) 27 V2Z(MF+aN)

G0 2 (A2 + A3) 2 (A1 + A3) 27 —\/5 ()\ﬁt + Z)\i)
! 27 27 2\ 0 ’
VZ (AR —ix) vE (=R M) o A5 + Ag
q_ 2002 2 (A} +iA})
(=) vt )

(E.7a)

(E.7b)

The eigenvalues can be compared against those in ref. [64], which are denoted as {af, b}

The eigenvalues of SY are {af, a3} and those of SY are a7.

For simplicity, we rotate the S-matrix constructed from the states ¥9 by

N1 M
0 tpT _ s 11 N2
PRS;RIP' = diag <<./\/'12 /\/11> : N33> ;

where the rotations are given by

R=Is0U,

1000000000
0010000000
0001000000
0000100000
0000001000
0000000100
0100000000
0000010000
0000000010
0000000001

and the elements of the scattering matrix are then

2(A1+ A2+ 2X3) —41')\}1 4)\4R
N = 42')\}1 As + Ag — 47 0 ,
AR 0 A5 + A6 + 4A7

~34 -

(E.8)

(E.9a)

(E.9b)

(E.10a)



4hz  —2iA] 2AR

Nig=|[2iA] g —2)\7 0 , (E.10Db)
228 0 N +2)\
6A1 — 2o + 4)3 4\ A6 205 + g
40 6A1 — 2X9 +4)X3 —Ag 2X5 + Xg
= E.10
Nas e e 2 0 (E-10c)
25 + Xg 2X5 + Ag 0 6)g

The eigenvalues of N33 are {a;, aZ}. Due to the A} there is an additional mixing between
the eigenvalues and those do not simplify to neither ali nor b;. However, in the limit
of A} = 0 we get {ajf, aét, b1, bo}. These are the only eigenvalues which differ between
the models with real and complex coefficients. As shall be discussed, see eq. (E.23), the
block-diagonal structures can be simplified.

Finally, the WY states can be rotated by

N1 N
0 »tpT ¥ 11 12
PRS;R'"P diag <N44, (ng Nn)) , (E.11)

where the rotation matrices are

R=Z,U, (E.lQa)

10000000
00001000
01000000
D 00100000 7 (E.12b)
00010000
00000100
00000010

00000001

and the elements are

2/\1 — 6)\2 — 4/\3 _4)\2
= . E.13
N ( —4dy 2\ —6Xg - 4)\3> (E.13)

The eigenvalues of Ny are {bs, bs}. As will be discussed, see eq. (E.23), the block-diagonal
structures can be simplified.
The singly-charged 2-body states can be grouped as follows,

vy = { |n1wf>, \n2w5r>, ’”Sw§r>» \nsw5r>v |n2w§r> }, (E.14a)
vf = {lnwi), i), mwg), nswl) }. (E.14b)
wf = {Infut), Inguf), nfwg), Insef), Inged) ) (Bl
i ={Injug), Indwi), Infwg), |ngwl) } (E.14d)
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The first S-matrix can be rotated by

R = diag(U, 1, U), (E.15a)
10000
00001
P=100010], (E.15D)
00100
01000
which yields
2(M = A) 2(AF+idl) 0 0 0
2(AF —idl) A5+ 0 0 0
PR S RIPT = 0 0 Xs—X¢ O 0 . (E.16)
0 0 0 228 2v/2)\;
0 0 0 2v2X7 2(A1 + A2 +2)3)

The eigenvalues are {ai, a3, bg}.
Then, the \I/; can be rotated by

R=TyaU, (E.17a)
1000
0010
= E.17b
& 0100 ( )
0001
which results in
2(M + A2 —23) 0 0 0
+ T 0 As — g 0 0
PRS; RTP = 0 0 20— 2(AF+iAl) (E.18)
0 0 2(M-i\l) s+
The eigenvalues are {a, bs, bg}.
For \Ilg we got
R = diag(U, 1, U), (E.19a)
00100
01000
P=|(10000], (E.19Db)
00010
00001
and /3
. 2)8 2X¢
RS§RIPT =d E.20
PRS; RIPT=diag { | 5y o —aat2ry)) V) (E-20)
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where
2(A\1+A2) —2iAL  2AR
Nss = 2\, As—2\ 0 : (E.21)
22} 0 As+2)\

The eigenvalues of the first block are a%, while those of N5 in the limit of )\fl = 0 coincide
with {ajf, ba}. The three eigenvalues of Ns5 should correspond to the eigenvalues coming
from the first diagonal block of S given by eq. (E.10). This observations lets us conclude
that the 6 x 6 matrix (E.10) can be split into two block-diagonal structures of dimension
three; one corresponding to Ns5. By observing the structure of As; and comparing the
eigenvalues we can guess that the other block should correspond to

2 ()\1 + Ao + 4)\3) —Gi)\i 6)\5}
Neg = 6iN, A5 + 26 — 67 0 . (E.22)
6)\4R 0 A5 + 2Xg + 67

In spite of not knowing how the rotation matrix looks like, the eigenvalues of the S-matrix
are what we care about when analysing the unitarity conditions. We conclude that after
some rotation R; the SP-matrices are given by

Rs S§ R} = diag (Nss, Nas, Nog) . (E.23a)
R4 S§ R} = diag (Maa, Nz, No) - (E.23b)

Finally, the last piece of the singly-charged S-matrix can be rotated by
R=DL U, (E.24)

so that
RSFRY = diag (2(A\ — Xy — 2X3), NZ5) . (E.25)

The first entry coincides with b4 while eigenvalues from Ns5 in the limit of /\i = 0 coincide
with {aff, bg}

In general, the doubly-charged S-matrices can be omitted as they yield redundant
eigenvalues. For completeness, we list these states:

Uit = { ]wfwf> , ]w;w;> , \w§w§> , |w§rw+> }, (E.26a)
Uit = { ]wf‘w;> , ]wf‘w+> } (E.26D)
The scattering matrices are

St =89 (E.27a)
Syt =59 (E.27b)
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