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1 Introduction

The general two D-brane intersection was discussed in [1] and it was pointed out that the
method of Cherkis and Hashimoto [2] does not yield a solution in terms of elementary
functions for the D0/D4 intersection. The problem was not further pursued there and the
more serious difficulty of the instability when the branes are not separated was therefore
not encountered. By separating the branes and distributing the D4’s on a spherical
shell we are able to provide both an analytic perturbative solution and a numerical non-
perturbative solution.

Much progress has been made in improving the understanding of Gauge/Gravity duality
especially in low dimensional settings. The existence of explicit dual geometries to known
quantum theories has enabled non-perturbative studies of the corresponding field theories



make quantitative comparisons with the predicted results from their gravitational duals.
This work is still in its primitive stage and much remains to be done. In particular there is
as yet no known backreacted dual geometry which is accessible to numerical lattice field
theory techniques. Our present study is a first step in this direction.

Of the low dimensional gauge/gravity pairs the most studied is the BFSS model and
its massive deformation the BMN matrix model. The gravitational dual of the BFSS model
is the solution of ITA supergravity with a stack of coincident DO-branes or equivalently
its lift to 11-dimensional supergravity. This geometry can be conveniently probed using
D4-branes [3] which can be displaced from the origin where the DO-branes are located
and in the presence of a black hole the shape of the condensate is determined by the
background geometry. Checks of the condensate provide strong probes of the background
geometry. In particular the comparison of the condensate as computed from a Born-Infeld
probe action [3] on the geometry with a non-perturbative lattice study of the gauge theory
provides a strong test of the gravity predictions and probes the dual geometry in layers
associated with the location of the D4-branes. A further check is provided by comparison
of the mass susceptibility of the condensate [4]. It is noteworthy that all these checks give
excellent agreement between the matrix model and its gravitational dual.

To go beyond the probe limit one needs to solve for the backreacted geometry taking
the non-perturbative effects of the D4-branes into account. It is not difficult to set up the
necessary supergravity equations, however the simplest situation,! where the D0O-branes
all sit at one point within the overlapping D4-branes, suffers an instability [5] reflected by
divergent gravity solutions. In the dual field theory this corrspond to the limit of vanishing
mass of the fundamental fields.

To overcome this difficulty and preserve spherical symmetry we distribute the D4-branes
on a spherical shell around the D0O-branes.? More specifically we displace the D4s from the
DO0-branes, hence introducing a mass for the fundamental fields and further distribute the
displacement of the D4s on a spherical shell around the D0s. Then, just as in electrostatics,
the solution interior to the shell is that in the absence of D4-branes while in the exterior
one has the spherically symmetric solution of the combined system with continuity of
the geometry required on the shell. We are then in a position to solve the resulting
D0/D4 system. We begin by studying it perturbatively in N¢/N,. The resulting 1st order
perturbative backreaction is sufficient to guide the full non-perturbative solution.

Unfortunately, we have not yet found the solution in the presence of a black hole which
would be dual to the Berkooz-Douglas model in a thermal bath but we are optimistic that
a numerical solution can be constructed in this case also.

The principal results of the paper are:

e« We study the case of D4-branes separated from the DO-branes and distributed
(smeared) over an S* orthogonal to the D4s and surrounding the DOs and find
the resulting backreacted geometry.

!Certain aspects of the abelian D0-D4 bound state have been studied in ref. [6].
2For more backreacted solutions in the context of the gauge/gravity correspondence we refer the reader
to [9]-[18] for localized and [19]-[37] for smeared solutions.



e« We provide an explicit perturbative solution to the leading backreaction of the

D4-branes on the DO-geometry in a perturbative expansion in %

Ny X
N 2mg
myg is the bare mass of the fundamental flavours.

e We find a numerical solution for general where A is the ‘t Hooft coupling and

The paper is layed out as follows: in section 2 we briefly review the matrix model, then
in section 3 we set up and exhibit the dual geometry with the relevant partitial differential
equation, (3.18), necessary to find the non-perturbative geometry. In section 3.4 we exhibit
the perturbative solution for a generic distribution of D4-branes that preserve the spherical
symmetry of the overlapping D0/D4 intersection. In section 4 we solve for the explicit
solution to first order with the D4s distributed on a spherical shell as in figure 1 and in
section 4.3 we exhibit the non-perturbative solution for this shell distribution. The bulk of
the paper closes with a discussion. The paper closes with some technical appendices, in
particular in appendix C we present the equivalently smeared D2/D6 system.

2 The dual matrix model

In this paper we address the dual geometry to the Berkooz Douglas matrix model.

When fundamental flavours are added to the maximally supersymmetric matrix model
(the BFSS model) the resulting is know as the Berkooz-Douglas matrix model [7, 8]. The
resulting Lagrangian is then:

1 1 ] 1 — b
L= —2']:‘[' (2D0XaDoXa + %)\TPDO)\/) + §D0prDopr + QQTPD()GP')

g

+ 912131' (Doi)pDo‘I)p + iXTDOX) + Lint , (2.1)
where:
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The indices a = 1,...,5 correspond to the directions transverse to the D4-brane, while my
are the components of the bare masses of the flavours and correspond to the positions of
the D4-branes. The Tr denotes trace over the SU(NN) colour gauge indices, while tr denotes
a trace over the flavours.



The adjoint fermions A\? and # (the BFSS fermions) are four eight-component Weyl
fermions of six dimensions correspondingly of positive and negative chirality and satisfying
the reality conditions (simplectic majorana):

Ao =eap NP o= —eup6°0 (2.3)

where:

Y = CglﬁT. (2.4)
In the final line quadratic in the fields the masses of the different /Ny-fundamental multiplets
are to be distributed on an S%, so that mg = mgng and the nf are Ny vectors distributed
spherically symmetrically® on S*. In the large N ¢ limit the sum will become an integral
and it is this case that is of interest in this paper.

3 Uplift of the D0/D4 intersection

It is well known that DO0-branes solutions of type ITA supergravity can be obtained by
dimensional reduction of solutions to eleven dimensional supergravity with momentum along
the M-theory circle. On the other hand the D4-branes solutions of type IIA supergravity
are obtained after dimensional reduction of an M5-brane solution of eleven dimensional
supergravity. This is why the eleven dimensional uplift of the backreacted D0/D4-brane
intersection can be obtained by considering an Mb5-brane geometry with momentum along
the M-theory circle. This construction is a magnetic dual analogue of the construction
used by Cherkis and Hashimoto [2] to obtain the uplift of the backreacted D2/D6-brane
intersection.

Starting from the most general invariant ansatz for the eleven dimensional metric
consistent with the above assumptions and imposing the requirement to preserve 1/4 of the
original supersymmetry of the background one can reduce the anzatz to a form depending
on a single harmonic function. Indeed, the most general SO(5) x SO(4) anzatz is:

ds?) = —K1 (u,v) dt* + K3 (u,v) (dz11 + Ao (u,v) dt)? + Ky (u,v) (du2 + u2dQ§) +

+ K4 (u,v) (dv2 T v%m) , (3.1)
Flay = F' (v) vt sin® ¢ sin@ cosadi Ada AdB A dA, (3.2)
dQ3 = do® + sin? a dB? + cos® ady?, (3.3)
d03 = dyp? +sin?dQ3,  dQ% = da® +sin® adp? + cos® adi’. (3.4)

Requiring that the Mb5-brane charge is fixed to @5 determines the function F'(v). Indeed,

8
/]:(4) = 571'2 v F'(v) = —Qs5. (3.5)
results in: 0 5
_ 5 Ys

3This can be done by sprinkling using a Poisson distribution.



where without loss of generality we set F(oo) = 1. It is straightforward to show (see
appendix A for details) that the solution preserving supersymmetry is given by:

4\ —1/3
K = (1 + Zg) H(u,v)™ (3.7)
3\ —1/3
Ky = (1 + :ﬁ) (3.8)
3\ —1/3
Ky = (1 + ff) H(u,v) (3.9)
4 2/3
Ky = (1 + z5> (3.10)
Ag(u,v) = H(u,v)™t — 1 (3.11)

where in equation (3.11) we have fixed a constant of integration demanding that if H — 1
at infinity then Ag — 0. The resulting metric can be written in the format:

3\ /3 )
ds?, = (1 + Ug) (—H (u,v)"" dt* + H (u,v) (dwn + (H (u,v)"" — 1) dt) +

3\ 2/3
du? + dQ§> n <1 + Zg) (dv? + % d03) . (3.12)

We observe that supersymmetry does not restrict the shape of the function H (u,v). The
equation of motion for H can be obtained either by using the Einstein equations or by
requiring that the angular momentum along z1; is conserved.?

3.1 The function H(u,v)

In this subsection we obtain the equation of motion for H(u,v) by demanding that the
current associated with the angular momentum along z1; is conserved. The metric (3.12)
has the Killing vector £ = 0/0,,, which we can use to define the angular momentum
along x1; as:

T, oc/ (V0 &, dat A da”) :/ dx (V& dah A da”) (3.13)
[0)> by

where ¥ is a constant time slice of the geometry and 9% is its boundary. Demanding that
the definition of J;,, is independent on the choice of the slice requires that the variation of
Jz,, with respect to deformations of the surface would vanish:

5Jz11 = /62d* (VH & dxt /\dm”) =0. (3,14)

Therefore, we obtain:

g\ —1
dx (V& dat Ndx”) = (1 + Zg) Os(v) + Og(u) | H(u,v)waey =0, (3.15)

4 After reduction to 10D this corresponds to the conserved D0-brane Ramond-Ramond charge.



where w(1g) = du A dv A wg) is the volume form of 3. And the differential operators are
given by:

Os(v) = v%av (v'a,) (3.16)
1
3

Oy (u) = u—au (u38u) . (3.17)

The equation of motion can be written as:
2 4 'Ug 2 3
Oy H(u,v) + =0y H(u,v) + | 1+ = | | 0, H (u,v) + =0y H (u,v) | =0. (3.18)
v v u

One can show that equation (3.18) can be obtained from the Einstein equations. It can also
be obtained by requiring Ramond-Ramond charge conservation in the dimensionally reduced
ten dimensional metric. Note also that the metric (3.12) and the harmonic equation (3.18)
can be obtained in a very elegant way using the Garfinkle-Vachaspati method [10, 11] using
considerations very similar to those performed in ref. [12], we refer the reader to appendix B
for details of the derivation.

3.2 Dimensional reduction

Using the standard ansatz:
ds?, = e 3%, datda” + 3% (dayy + Apdat)?. (3.19)
It is straightforward to obtain the type IIA metric:

3

—1/2 3\ —1/2
dsty = —H (u,v)~"/? (1 + Zi) dt* + H(u,0)'? (1 + Zjﬁ)) (du? +u? d03) +

3 1/2
<1 + vg) (dv2 + v in) (3.20)
o3 —1/4
e? = (1 + 1)3> H(u,v)** (3.21)
Cr = (H(u,v)™ 1) dt (3.22)
Fy=—-3vdwg, (3.23)

where we have renamed v5 to v4 and wga is the volume form of the unit S5%. The parameter

v} is proportional to the number of D4-branes, N IS

vi = N;7gs o/3/?, (3.24)



3.3 Decoupling limit

Let us consider the v — oo limit of equation (3.18) (which is equivalent to the v4 — 0 limit).
In this limit the differential operator reduces to the Laplacian in 9D, and has an SO(9)

symmetric solution:
7

o
(’LL2 + U2)7/2 ’

which is the harmonic function of the DO-brane in the absence of D4-branes. This is not

Ho(u,v) =1+ (3.25)

surprising since at large v (far from the D4-branes) the effect of the D4-branes dies out,
the SO(9) symmetry is restored and the form (3.25) follows from Ramond-Ramond charge
conservation. The parameter 7“(7] is proportional to the number of DO-branes, N.:

rg = N, 6073 gs /T2 (3.26)

Given that the u dependent part in equation (3.18) is the same as in flat space we consider

a Fourier transform along u:

i
(2m)*

RN 7 ?
H(u,v) =1+ /d4p P p(p,v) = 1+ % /dpp2 ULGED) h(p,v). (3.27)
T U
0
where the Fourier transformed function h satisfies:

3
Ohip,v) + ~0,h(p,) ~ p? <1 * fi,) h(p,v) =0, (3.28)

To make contact with the dual field theory we consider the near horizon (decoupling) limit.
To this end we define new variables:
U=u/d, V=uv/d, P=pd (3.29)

Now taking the limit o/ — 0 while keeping the new radial coordinates U and V fixed will
zoom in the region near the core of the DO-branes. Leaving only the leading contribution

to the metric we obtain:

3 1—3/2 3,2 3
vy Nymgsa B Nedm2gypy Ny 4
1+v3f1+ 3 =1+ 3 71+7Nc T (3.30)

where the relation g%, = (27)P~2 g5 o'z for p = 0 have been used. As one can see the
warp factor of the D4-branes survives the decoupling limit reflecting the fact that only the
fundamental fields sourced by the D4-branes contribute to the dynamics. We also have

ry  N.6073 g, a'7/?

T = = 00 Neghy (o) = 60m°A (o), (3.31)

where A = N, g%, is the t’Hooft coupling. Furthermore, in the limit v4 — 0 the function
h(p,v) is given by the Fourier transform of equation (3.25):

472 —ppltpU

T5€ '1)3 (332)

ho(p,’l)) =




which suggests that h(p,v) scales as 1/v® under the transformation (3.29) or rather:

h(p,v) = (o/)3h(P, V). (3.33)
Therefore we have:
Huv) =1+ 2 g,’)f ) ()W, V)+0 (o), (3.34)

where

h(P,V). (3.35)

. > PU) -
H(U,V):607r3)\/dPP2Jl(UU)

The decoupled metric is then given by:

1/2
. Ny 4x* -
dsiy/o/ =—H 1/ <1+ 17 A) dt* + H'/?

N. V3

1/2
<1+N 7 ) (aU+02d03) +

Ny amda )2
<1+f ” ) (av2+v2d?) (3.36)

N, V3

Note that the functions h(p,v) and ?L(P, V') satisfy practically the same equation. This is
why we continue to consider both the decoupled solution and the flat solution simultaneously.

3.4 Perturbative solution far from the D4-brane

The fact that the solution is tractable in the regime v > v4 instructs us to consider the
expansion:
Next we expand:

P, i?) i (pvs)® D, v) (3.37)

and substitute in equation (3.28) to obtain:

hnfl(pa U)

2
2 2 _
Oyhn(p,v) — ;avhn(pvv) —p ha(p,v) = D3

: (3.38)

where the convention h_1(p,v) = 0 was used. The homogeneous part of equation (3.38) has
the general solution:

~ 472 _ 472
hn(p,v) = 15 Ap(p) e P (1 +pv) + 15

It is easy to check that at n = 0 we have hg = hg with Ag(p) = 1 and By(p) = 0. Next we
construct a Green’s function satisfying:

By (p) e’ (1 —pu). (3.39)

2
2G (v, ') — ;&,Gp(v,v’) — p?Gp(v,0") = d(v — ) (3.40)
and vanishing as v — co. We obtain:

O —v)e P =)(1 — pu)(1 + pv') + O(v — v)e PV (1 + pu)(1 — po)

GP(U’ Ul) = 2p3v’2

(3.41)



The general solution of equation (3.38) can now be written as:

/dv Golv,v) n;iz/;, 1 15 A n(p)e (1 +pv). (3.42)

Note that we have intentionally omitted the lower boundary of the integral in equation (3.42)
since its dependence can always be absorbed in a redefinition of the constant A, (p). In
more details we have:

oo v pv’ 1_ ,
/dv’ Gp(v, ") f(v") = e PP (1 —|—pv)/dv’€2(pglfv)f(v’)+
v
+e’’(1—pu /d = 2p1:pv)f(v’), (3.43)

where in the first integral we have taken the primitive function evaluated at v. The freedom
to add a constant to the primitive function reflects the freedom to redefine the constant
An(p) in equation (3.42). Next we define:

Gk-l—l /d U Ul /d ’Ul,’Ug /d Uk 1,’Uk;) Gp('Uk,'U/)

pu} pus pud po”
(3.44)

with the convention Gll,(v,v’) = Gp(v,v")/(pv®) and ég(v,v’) = §(v — ). Now using
recursively (3.42) for the general solution of (3.38) regular at large v, we can write:

T (py v) = ZAk )/dv’é;—k(v,v/)e—m/u+pv’), (3.45)

where Ay(p) = 1 is fixed by DO-brane charge conservation and the rest of the constants
remain undetermined. Note that the undetermined constants Ay (p) are constants only in v
and the undetermined behaviour in p can describe a very large family of possible solutions
once the Fourier transform is performed. Formally, we can write down the solution valid

for v > va:
T (pva)®™ &
H(u,v):1+1—%/d S ZAk /dvG" Flo,0) e PV (14 po'),
0
(3.46)
which (using that we know the solution at n = 0) can be written as:
Huo) =14 —"0 3.47
(’LL, U) - (U2 +U2)7/2 ( : )
g r 2 Jl(pu) - pv4) n—k pv’
5O/dpp w2 gAk /dvG (v,0") e PV (14 p').



We can also substitute in equation (3.37) to write down the solution for the Fourier
transformed h(p,v):
42

[e_p” (1+pv) (3.48)

+ Z (pv4)3" Z A (p) /dv’ G;;“k (v, ") e PV (14 p2)
n=1 k=0

In practice, we quickly loose analytic tractability of the perturbative solution (3.47) when
attempting to evaluate the higher order contributions. In the next section we will “regulate”
the geometry by introducing a hollow shell of partially smeared D4-branes. This will allows
us to determined the constants of integration Ay (p) and construct a perturbative solution.

4 Massive shell

To obtain a non-perturbative solution one needs to impose appropriate boundary conditions
both near the core of the geometry and at infinity. While the boundary condition at infinity
is physically clear (asymptotic flatness) it is not as clear in the massless case near the core of
the geometry. In fact, the authors of [5] have argued that the massless solution is unstable
and the DO-branes would desolve inside the D4-branes if the two stacks of D-branes are
not separated.

To circumvent this difficulty we separate the D4-branes from the DO-branes and
distribute them spherically symmetrically (i.e. smear them) along the S* directions of the
R® transverse to the D4-branes (see figure 1). The result is a shell of radius vg, where in
the decoupling limit vy is related to the bare mass of the fundamental flavours m, in the
holographic theory via: y

my = FOO/ . (4.1)
Smearing is equivalent to considering flavours with masses uniformly distributed® on a unit
S%. Equation (3.5) now becomes:

8
/ Fay=smv Fo)  =-@s, (4.2)
v>v0
vV>V0
8
[ Fay =37t F @l = 0. (43)
v<vg

Given that the function F'(v) determines the components of the metric (see appendix A
and equations (3.7)—(3.12) we require that F'(v) is continuous across the shell. Therefore,
equation (3.6) is modified to:

F(v) =

{14—1}2/@3 for v > vy (4.4)

1+ v /o3 for v < vy

®Note that the masses of the fundamental flavours are five dimensional vectors see [3].

~10 -
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Figure 1. The DO-branes at the origin are surrounded by uniform density of D4-branes separated
in the R® transverse to the D4-branes and a distance v = vg from the DO-branes.

Note that the solution outside of the shell (for v > wvg) is the same as if all the D4-branes
were concentrated at the origin (similarly to the Birkhoff’s theorem in General Relativity
and the shell theorem in Newtonian gravity), since we preserved the symmetry and charges
of the massless case (vg = 0). Note also that the Rammond-Rammong field has jump in
its first derivative at the shell. In fact these leads to cusp in the matric leading to a delta
function in the Einstein tensor. We refer the reader to appendix D for a discussion on the
origin of the delta function source.

4.1 Solution inside the shell

To write down the solution for the background inside the shell we define:



The solution inside the shell (v < vp) is then given by:

dsly = —H(a,0)""/%di? + H(a,0)"/2 [da® + 0% dQj + do? + 0 dOf] (4.6)
N
e® = (1 - ‘;) H(a,0)%*, (4.7)
Yo
1)3 1/4
Cy = (H(ﬁ,f))_l — 1) (1 + g) dt . (4.8)
Yo

The analogue of equation (3.18) is then:

3
O2H (u, v) + %&,H(u,v) + (1 + Zg) (agﬂ(u, o) + i@uH(u,v)) —0,  (49)
0

which under the change of variables (4.5) becomes:
2 rris Y 4 2 5 a 2rrim Ay L 9 AN
05 H(G,v) + -0y H(u,0) + | 05 H(4,0) + -0 H(4,0) | =0, (4.10)
0 U
with the maximally symmetric solution:

—1/4
(1+ o3 /ud) " 1l

H (U,’U) =1 + (ﬁ2 n ,02)7/2

(4.11)

4.2 First order solution

Our strategy is to solve (petrubatively) the Fourier transformed equation of motion (3.28)
by using the Fourier transformed solution inside the shell and imposing continuity of the
solution at the shell.® To obtain a closed form solution we consider a perturbative expansion
in small vg/vp. In the near horizon limit the ratio v4/vg can be related to the physical
parameters of the dual gauge theory via:

3
Uy Nf )\
v c 2my
and requirement vy < vy can be written as mg > QNTfC)\, that is the bare mass of the

fundamental flavours is much larger than the energy scale set by the t’Hooft coupling.
Note that since v > vy outside of the shell, this implies that v > v4 and we can apply the
formalism fom section 3.4. Restricting to first order in equation (3.48) and performing the
necessary integration we get:

(L+pv)  of <p2

o TAm +pv)> +0 (p*f)

4 2
h(p,v) = ——e P

= (4.13)

5To verify the validity of this approach in appendix C we have revisited the backreacted D2 /D6 system,
we have constructed an analytic solution with a massive shell of smeared D6-branes. Remarkably, but
not unexpectedly, in the limit of vanishing radius of the shell (which is the limit of vanishing fundamental
mass) we recover the original solution from ref. [2], which was obtained exploiting properties of the Taub-
NUT geometry.

- 12 —



To determine the constant of integration A;(p) we expand we first restore the original
variables in equation (4.11) to obtain:

v’
H(u,v) =1+ (21 02)7/2 , (4.14)
2 vj
where ~* =1+ 3 (4.15)
0

which is valid inside the shell (v < vg). The corresponding expression expressed as a Fourier
transformed is then given by:

3,7 4 1
14— = / 17; vl TPV (4.16)
v
(w2 +207) /
Next, we expand the solution inside the cavity (4.14) to obtain:
7 3 3 2 4 2 6
H(u,v):1+ro7<1+”§“2”2+0<”g>> . (4.17)
(u2 + v2)2 vy 2(u? +v?) vy
From the expansion of the Fourier transformed expression inside the cavity (4.16) at v = vy
we get:
Amr? 1+pvy v3 p? v
h(p,vg) = ——e P - 42 40(14)), 4.18
(P, vo) 15 ¢ < v3 vg 2vg * v§ (4.18)

consistent with the Fourier transform of the expansion (4.17). Comparing inside and outside
the shell, i.e. equations (4.13) and (4.18) at v = vp, for the constant of integration A;(p)
we obtain:

3 p?

A =——
1(p) 4dvg1l+pug

(4.19)

and hence the Fourier transformed function h(p,v) is given by:

(1+pv) i’ P> 3p® 1+pv 6,6
- —_— - O 4.20
v3 + 4v  4dvg 1+ pug * (p U4) (4.20)

472

h(p,v) = =

For the function H(u,v) outside the shell (v > vy) we obtain:

Hu,v) =1+ o 1+Ué’ 3u? — 402 3v — vy
’ (u? —|—v2)% v3 \ uZ+02 4y

) T 6
7U4 v UO / p'up Ji( pu)dp+0<v4> (4.21)

093 20u vy ) 1+ pug v§

We can combine equations (4.17) and (4.21) into the following expression:

7 6
Huv) =14+ —0 1+”4H1<“ ”) 1o (4.22)
(u2 + U2)§ 1}0 Vo Vo UO
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Figure 2. A contour plot of the function H; from equation (4.23).

where the function H; is given by:

z
2

302432 39-1 _ (0-1)(@>45%)2 T _550° Ji(pa) 5~ -
Hy (10, 7) = W40 403 204 53 Ofe 5 dp forv>1 (4.23)

302 —492 ~
MT) for ¥ S 1

with @ = u/vg, ¥ = v/vg and p = vgp. A plot of the function H; is presented in figure 2. As
one can see, it is continuous with a range [—2, 1.5]. Therefore, if one keeps the perturbative
parameter small (v4 < vg) the perturbative expansion is well defined and valid everywhere
(except at the origin where H diverges).

In fact, one can see that the range of values of the function H; is seeded at the origin
where the function H; is multi-valued. Indeed, consider the correction (4.23) inside the
shell (9 < 1) evaluated on the ray @ = k0. We obtain:

. 3(kD)? — 492 3k% —4
(w0, 0) = 2(((/“1))2 102 2(k2+1) (424)

Clearly the possible values of the parameter k are in the range [0,00). In the limit x — 0
we get H; — —2, and in the limit kK — co we get H; — %, which is the observed range of
the correction function H; € [—2,1.5]. We can now understand the contour lines in figure 2
as representing a ~ 1/(u? 4+ v?)7/? fall of the full function H(u,v) along the contour with
the coefficient of proportionality seeded at the origin.

— 14 —
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4.3 Non-perturbative numerical solution

In this section we follow the same strategy, namely to use the closed form solution inside
the shell to specify the boundary conditions at the shell. However, instead of solving
perturbatively the equation of motion (3.28) we solve it numerically.

The non-petrubative solution inside the shell and its Fourier transform are given in
equations (4.14) and (4.16), respectively. The Fourier transform of H(u,v) outside the shell
is given by equation (3.27) and satisfies equation (3.28). Our strategy is to solve numerically
equation (3.28) for h(p,v) by imposing continuity at v = vy and regularity at infinity. One
can show that for large v the Fourier transform function h(p,v) has the asymptotic form:

hip,v) = A(p) e P (1)13 + L +0 (;)) + B(p) e <U13 -f 4o (;)) o (42)

It is clear that regularity of the solution requires B(p) = 0. On the other hand continuity
at v = vg requires:

(4.26)

The boundary condition (4.26) at v = vy and the regularity condition at v = co (B(p) =0
in (4.25) are sufficient to obtain a unique numerical solution to equation (3.28). For more
details on the numerical techniques that we used we refer the reader to section E in the
appendix. Here we simply present the numerical profile of the function H(u,v). It is again
convenient to introduce the dimensionless variables 4@ = u/vg, and ¥ = v/vg, and define

04 = v4/v0. Then we can write the correction function H. as in equation (4.22):

H(u,v) = 1+r737 [1+1)§Hc (“,”,“)] . (4.27)
(UQ + U2)§ () Vo Vg Vo

Note that unlike the first order correction function Hi, in (4.22), the correction function
H., is non-perturbative and thus dependent on v4/vg. In figure 3 we have provided contour
plots of the correction function H, for different values of the parameter v4/vy whose physical
meaning is given by equation (4.12). As one can see for vy < vy the contour plot is very
similar to the one for the first order correction presented in figure 2. The analogies with
the perturbative studies go even further. One can again see that the range of the correction
function is seeded at the shell and is determined by the solution inside the shell. Indeed, let
us evaluate the correction function H.(u,v) inside the shell along a ray @ = kv starting at
the origin. Using equation (4.14) For the we obtain:

3 2 7/2 9 3 3\ 3/2 3
_ ooy U = (2 2\ T2 _ (524 1) g (vg +vg) Yo
Hc(mv,v,m)—vi)(H(nv,v) ((fw) + 0 ) —1) = (2T 1) ok 4 of) 172 —
(4.28)

which is a constant. The parameter k is again in the range [0,00), which cover all of
the internal region of the shell. Furthermore one can check that the right-hand side of
equation (4.28) is monotonically increasing function of k. Therefore, to we obtain the
minimum value of the correction function inside the shell, we take the limit x — 0 to obtain:

T RS N BT 429
(v +vi) 2 v vg/ ‘
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(a) A contour plot of H, for vsa = 0.5v0. (c) A contour plot of H, for va = 1.0vo.
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(b) A contour plot of H, for va = 1.5v0. (d) A contour plot of H, for v4 = 2.0vy.

Figure 3. Contour plots of the correction function H,. from equation (4.27) for different values of
the parameter vy /vg.

which to leading order agrees with the lower limit for the first order correction Hi. In the
same way if take the limit kK — oo we obtain the maximum value of the correction function
H., inside the shell:

(vd +v3) 3% — vg/z 3 30} vg
vy vy 0 0

which again to leading order agrees with the maximum value of the first order correction
H,. Furthermore examining again the contour plots in figure 3, we verify that the range ot
the correction function H, outside of the shell is seeded at the shell and one can understand
the contour lines as curves with a ~ 1/(u? +v2)7/2 fall off with a constant of proportionality
seeded at the origin, where the correction function H,. is multi-valued while the full function
H diverges.

~ 16 —



5 Discussion

We have provided a solution to a D0/D4 system where the D4-branes are displaced from
the DO-branes with the displacement lying on a spherical shell around the D0s. The leading
perturbative solution in Ny¢/N. is given by (4.22) and (4.23) and presented in graphical
form in figure 2. Just as in electrostatics, the solution interior to the shell is the same as
that in the absence of the D4s, however the interior expression is modified from

7

3,7
H(u,v):l—i—% to H(u,v):1+7r0

7 (5.1)
where 42 = 1+ %—iﬁ and r? = u? 4+ ~%v? is the interior radial coordinate. The dependence
on Ny/N. may appe;r strange, however, it arises since the parameter rg is measured at
infinity by following a direction radially outwards in u at fixed v. The non-perturbative (in
N¢/Nc) solution, as can be seen from figure 3, is quite similar to the leading perturbative
solution. The principal effect of increasing vy /v is that the geometry outside of the shell
approaches that of the near horizon limit of the D4-branes. Indeed, let us consider the
dilaton e® from equation (3.21). If we use the analytic solution inside the shell (4.14)
evaluated at v = vy, it is easy to show that in the limit v4 — oo, while keeping vg fixed,
we have:

3 3/2 3/4
3\ ~1/4 1+ 4 o 3/4 15/4
o)) o
Yo (u2 + (1 + Z—%) 1)(2)) v v
(5.2)

which is the behaviour of the dilaton in the near horizon limit of the D4-brane background.

o

Our study is the begining of a larger one. The next step is to include the presence of a
black hole in the dual geometry. This would be dual to the finite temperature Berkooz-
Douglas model and would provide predictions for observables such as the internal energy
and condensate of the matrix model as a function of temperature. Further generalisations
would involve the mass deformed BD-model [38], i.e. the BMN model with fundamental
flavours. This however would be especially challenging since the dual geometry to the BMN
model is itself quite complicated.
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A Supersymmetry analysis

We impose the requirement that the gravitino variation vanish. Which is equivalent to

showing the existence of a Killing spinor e satisfying:
M% F>\1>\2>\3>\4_1F

1
0Wu=Vuet+ 5 (F LIVPYPYOV o T dexs FA”m)& (A1)
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One can easily check that:

1 F)q AoA3 g F/(U) f\78910

E : - A2
g e ds e Ky (u,v)2 ) (A-2)
' (v) ~78910 4
o s _ ) SRt n T €S A3
92 HAL A2 A3 = L ( ) )
0 pé S

where T'® are the flat gamma matrices. Therefore, the gravitino equation has the follow-

ing form:
1 F'(v) _
5¢M:V“5—6WI‘“P789105 for pe S*, (A4)
1 F'(v) -
(;1?[}'“ :VWSJrEWFMFmgwe for /L€S4 (A5)

Before we proceed to solve these equations we fix our conventions for the projections on the
Killing spinor € and 11D Clifford algebra: we consider:

[012345678910 _ 5 (A.6)
[012345. _ 5 . (A7)
f016:(53€, (AS)

where:
2=02=8=1. (A.9)

The first equality (A.6) reflects the freedom that one has when using the 10D chirality
matrix to construct the 11D Clifford algebra. The first projection (A.7) reflects the fact
that the M5-brane breaks the 11D Poincare invariance down to P4 x SO(5), while the
second projection reflects the fact that momentum along the x1; direction (labelled by
‘1’ in the index notations) breaks the 11D Poincare invariance down to SO(9) invariance
(rotational summetry in the transverse directions), which is also the symmetry of the
DO-brane background in 10D. We see that the projections (A.7), (A.8) leave intact 1/4
of the original supersymmetry of the background which is expected for the D0/D4 brane
intersection. We proceed by writing down the components of the gravitino equations.

Component along t. We obtain:

_ _ 1/2 . —
OuK1Tga + 0, K1Tgg +K3/ <8uA0F12+5’vA0F16)

0=E 0 e+ €
° 1K, K 1K) KL
1 F'(v) = 278910
- INSN A10
12 K7 ° £ (A-10)
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where we have omitted the arguments of the functions K; and Ay. Equations (A.6)—(A.8)

imply that:
78910 — 5,6, Tg e (A.11)
[i9e =—03T02¢ (A.12)
Ige=—03Tgge. (A.13)

Substituting in equation (A.10) and equating to zero the coefficients in front of the inde-
pendent projections we obtain:

0= &5 g (A14)
uK K 1/2
0= 8K11 _ 5 (K?) 8, Ao (A.15)
K1 K3\ /2 1 F'(v)
0 = Kl - 53 <K’1> av AO + (51 52 gﬁ . (Alﬁ)
4

Component along x1;. We obtain:

1/2 = = _ _

0=E{Oe+ ET" Opyy 6 —

172 -1/2 172
4K R AK3 K/
1 F'(v) = =78910
— Inr . Al
+ 12 KZ 1 € (A.17)
Using equations (A.11)—(A.13) as well equations (A.14)—(A.16) we obtain:
0=04,¢ (A.18)
OuKs ([ K3\'/?
=4 — LA Al
0 3 e + <K1> 04y (A.19)
0=>5 a”K3+<K3>1/28A NP Rl G (A.20)
_3K3 Kl v410 1233K2/2- .
Combining equations (A.15)—(A.16) and (A.19)—(A.20) we obtain:
O K1 0yK3
= A21
0 e + e ( )
3 3/2 (8UK1 a1)[{3)
F'(v)=—=610 K . A.22
(W) = =500 Ky (== + = (A.22)
Component along u. We obtain:
KY?8,A, - 0Ky - 1 F'(v) - -
0=EYd,e — 23" "Toe4+ ——-Tose+ = [, 78910 (A.23)
2 1/2 ,-1/2 Ky Ki/2 3 K2
Using (A.8) and (A.11) and setting to zero the independent components, we obtain:
1/2
By o, e =55t Do (A.24)
K2 12
1 B
b K
F'(v) = =36 6, K2/* % . (A.25)
2
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Component along v. We obtain:

K31/28 Ao = 0Ky = 1 F’( )F6f789108

0 = EY Ope — Toge+ —
6 Yv K1/2K1/2 41{11/21(4 12 K2

(A.26)

Using equations (A.11)—(A.13) as well equations (A.14)-(A.16) and setting to zero the
independent components we obtain:

1/2 /
K 0, AQ 1 F (’U)
EU8€:5337U5—5152f (A.QS)
o 1K P K1 12 K}
Components along S3. We obtain:
~ab /
. 4 _ 2K. 0 Ko = Oy K. 1F -
Eylams—l—Ll/QFaba—ﬁ—uWF%g_F”iz/rzﬁ + — (;}) Fi]-_‘789105,
4u K, 4u K, 1K) K, 12 Kj
(A.29)
where o?fb is the flat spin-connection on the unit S®. Now using that:
E%) L _gng (A.30)
7 ﬁi‘g_uKl/g 7715 .
we can write the first two terms in (A.29) as
. (Dab _ 1 5
El'0pe + ——=Tope = —5 Ve, (A.31)
U gu kAT uk?

where V; = E V,. is the covariant derivative along S® in flat coordinates. Note that even
though S? is an odd sphere we can still construct a Killing spinor satisfying:

~ 1 _

where {~, fi} = 0 and 72 = 1. We choose v = T'5 and a positive sign. Now using
equation (A.11) and isolating the independent components we obtain:

OuK2 =0, (A.33)

3/2 Oy K2
2

F'(v) = —61 8,3 K (A.34)

Components along S4. We obtain:

Qab oo O0uK4 7, E_2K4+vavK4 P 8_11?’(1;)
a m m
4o K} 1KYV K, 4o K32 6 Kj

B0, e+ £, [78910

(A.35)
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Now using that:

ESr O, € = ES o, (A.36)
m Y€ Ki/2 3
we can write the first two terms in (A.35) as
Qb B Ve

ES 0, + (A.37)

o Tape = =2,
41)Ki/2 ¢ vKi/z

where V,, is the covariant derivative along the unit S* along the flat component m. Since
S4 is an even sphere we can write:

B 1- _ 1- - 1 -
va = §F78910 FmE = _§Fm F789105 - _5 Fm657 (A38)

where we used (A.11). Using all that and separating the independent components in
equation (A.35) we obtain:

0K, =0 (A.39)
F/(’U) = 51 52 g K41/2 8vK4 . (A.40)

Finally, we put all equations together (already making some obvious simplifications):

Ou K1 K3\ /2

_ _ A A4l
0 x 03 <K1> Ou Ao ( )

a K 1/2 1F (v
0= 1 _ 03 ( ) Oy Ag + 01 02 = 3 §/2) (A.42)

4

K K
0= 8K11 + 8K33 (A.43)
oy 3 3/2 <8vK1 avK3>
F (’U) = 251 09 K4 @ + s (A44)
F(v) = =36, 0, KJ/* 90 K2 (A.45)
2

F/(v) = 61 65 g K2 0,K, (A.46)
OuKs =0 (A.47)
OuKy =0 (A.48)

It is not difficult to check that with the choice §; = d» and d3 = 1 we have the following
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solution to equations (A.41)—(A.48):

3\ "1/3
K, = <1+-U5> H(u,v)™? (A.49)
o3 -1/3
Ky = (1 + 5) (A.50)
v
,3\ L3
Ks = (1 + 5) H(u,v) (A.51)
v
o3 2/3
K, = (1 + ;) (A.52)
Ao(u,v) = H(u,v) ' — 1 (A.53)
v
F(v) =1+ 3 (A.54)

where in equation (A.53) we have fixed a constant of integration demanding that if H — 1
at infinity then Ag — 0.

B Using the Garfinkle-Vachaspati method

The Garfinkle-Vachaspati (GV) method [10, 11] applies to space-times solutions extremizing
the action:

S = /ddxx/jg <R - %Z%(@(V%)Q - ;Zﬁp(éf))FéH)) ; (B.1)

which clearly includes eleven dimensional supergravity. It is also required that the solutions
to (B.1) admit hypersurface-orthogonal Killing field k* satisfying:

ky ke =0, (B.2)
V() =0,
Viuky) = KV S,

where S is a scalar. The new deformed metric G, is then constructed as:
G = guw +€° Hky by, (B.3)
where g, is the old metric and the scalar H satisfies:
k'V,H=0 and V?H=0 (B.4)

In ref. [12] the authors applied GV method to various membranes to study the possibility
of asymptotically plane wave spacetimes which admit an event horizon. Our goal is more
modest we will use the GV method as a shortcut to deform the Mb5-brane solution into the
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uplift of the backreacted DO/D4-brane intersection. We start by the observation that the
uplift of the DO-brane solution to eleven dimensions can be constructed as GV deformation
of flat space-time. Indeed, it is easy to see that the metric:

ds?) = —di* + d#?, + dr? +r2dQ3 . (B.5)

admits a hypersurface-orthogonal Killing field (with S = 0). To this end consider light-
cone coordinates:

t=(t—a11)/V2 (B.6)
x1y = (E+311) /V2. (B.7)

The flat metric is now:
ds?) = 2dt dxyy + dr* + r?dQ3 . (B.8)

and clearly the vector field k = 9/0x1; satisfies the requirements (B.2) with S = 0. Next
we consider the deformation:

Guw = guw + H(‘)’i“éﬁ“ , (B.9)
to obtain:

ds?y = 2dt dxyy + Hdx?| + dr® + r2dQ3
2
= —H7NA + H (don + H™dt) o dr® %9, (B.10)

which is the metric of the uplift of the D0O-brane to eleven dimensions. Note that the choice
H oc 1+ 1 /r" satisfies equations (B.4).

Encouraged by this observation we repeat the same procedure this time starting with
the M5-brane background written in light-cone coordinates:

3\ /3 23\ 23
ds? = (1 + Ug) (th dr1y + du® +u? dQ%) + <1 + Ug) (dv2 + 02 in)

(B.11)
One can check that the field k = 0/0z11 again satisfies equations (B.4) with S = 0 and we
can apply the deformation (B.9). The result (after the translation x1; — x1; — t) is the
metric (3.12) which we duplicate below:

3\ —1/3 )
ds?, = <1 + Zg) <—H(u,v)_1 dt* + H(u,v) (d:nn + (H(u,v)"t =1) dt) +

2 2 102 UE?; 28 2 2 102
du? + u? d03) + 143 (dv? +02d0}) .

Note also that the first equation in (B.2) is satisfied with we consider H = H (u,v), while
the second equation is the harmonic equation (3.18):

3
O2H (u, v) + %&,H(u,v) + (1 + Zg) (agﬂ(u, o) + i@uH(u,v)) ~0.
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C The D2/D6 system revisited

In this section we revisit the D2/D6 system studied in ref. [2], where a fully localized
supergravity solution of the system was constructed. The 10D metric obtained in ref. [2] is:

9 —-1/2
ds®=H(y,r)"'/? <1+;”) (—dt2+d:¢%+dm§) (C.1)
9 —-1/2 9 1/2
+H(y,r)'/? <1+;n) (dy2+y2d9§) +H(y,r)"/? <1+;n) (dr2+r2dQ%> :

where H(y,r) is a solution of the harmonic equation:

1 P 20 )
(m) <32 * m) H(y,r)+ V3H(y.r) = 0. (C2)

The authors of ref. [2], considered the Fourier transform of H:

4
(;Zﬂf;l ePVE(r)., (C.3)

where H,(r) is a solution of the ordinary differential equation:

2
<1+12m> <§r2 t i;) Hy(r) = p*Hy(r) = 0. (C.4)

The solution of equation (C.4) regular at infinity is [2]:

H(yﬂ')zl-i-QMz/

Hy(r) = cpe " U(1 + pm, 2, 2pr), (C.5)

where U(a, b, z) is the confluent hypergeometric function. The normalization factor ¢, was
fixed in ref. [2] to:

2 1
8 m?

by requiring that in the limit m — oo while keeping 2% = 8mr fixed, one has:

(pm)°T(pm) . (C.6)

Cp:

2
Hy(2) = 2 pz Ki1(p2), (C.7)

222
corresponding to:

d'p Qa2
PEL(2) =14 M2
€ =

To arrive at this result the authors of ref. [2] exploited the fact that in limit m — oo
(with fixed z? = 8mr) the 11D uplift of the geometry is that of a M2-membrane, which
suggests the asymptotic form (C.8)). Clearly this is a property very specific to the D2/D6

Hy,2) =1+ QMQ/ (C.8)

intersection and the fact that the 11D uplift of the D6-branes is a magnetic monopole
realised as a Taub-NUT geometry. We will show how to arrive at the same result following
the method applied to the DO/D4 system.
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To this end, we distribute the D6-branes on a shell of radius rg surrounding the D2-
branes. inside the shell (for r < r0) the density of the D6-brane Ramond-Ramond charge
vanishes and the corresponding warp factor is constant. Imposing continuity at the shell we
arrive at the following form of the 10D metric for r < r:

9 —1/2
ds? = H(y,r)~1/? <1+rm) (—dt?+da?+da3) (C.9)
0

9 —-1/2 9 1/2
FHpn2 (1450 ) (P +y2d08) + B (1450 ) (artr2a0s)

Now we define:

—1/4
f= (1 Qm) t, (C.10)
To
~1/4
;= <1+2m> w;, for i=1,2; (C.11)
T
—1/4
i=(1+20) T (C.12)
0
1/4
= (1 + 2m> r. (C.13)
To

resulting in the metric:

ds? = H(g, )"V (=di? + di? + dz3) + H(g,7)"/? (di? + 7295 + di + 72d03)

(C.14)
The most symmetric solution is then that of a D2-brane:
—3/4
Hio. /) = 1 QD2(1+%) C15
(y7 T) - + (g2 + 1—;2)5/2 ) ( : )
where Qp2 = (3/64m)Q 2. Going back to the original variables we have:
1/2
Qpa (1+ 2 o
H(y,r)=1+ ( ) 73 = L+ Qe / ) 1;462%}1}50)@, 7o), (C.16)
2
(v +(1+53)7) "
where: s
o o)
HY = C.17
P (Ta TO) 16m r ( )
Next we consider a solution of the form (C.5) outside of the shell (r > r9):
Hp(r) = bye P"U(L + pm, 2, 2pr) (C.18)
and impose continuity across the shell. Namely, we require that:
Hy(ro) = HY" (ro, 70), (C.19)
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which is:

o\ /2
m
2 67p710 <1+ TO)

T
16m 70

and can be used to determine the constant of integration b, as a function of p. We obtain:

1/2
(1+i—?) —1}

bpe PTOU(1 + pm, 2, 2prg) =

(C.20)

—PpPTo

b= € (C.21)
P 16moroU(1 4 pm, 2, 2pro) ’
Now taking the ro — 0 limit:
1/2
—pro (1+2T—7g) 1]
lim by = lim | ¢ " L pm)?r(om) (C.22)
im b, = lim = ——(pm m .
ro=0 ¥ ro=0 | 16mroU (1 + pm, 2, 2pro) 8 m2 W pm
we recover the result (C.6).
D Supegravity action and delta function sources
The ITA Supergravity action coupled to D4-brane action is given by:
1 10 =5 1 e ® 2
S[[Azj/dl‘ T/ —g R—78u<1>8“<1>——|H(3)| + (D.1)
2K7) 2 2

3® e

ez 5 €2 9 1
_7|F(2)| — ?|F(4)| } — 745%0 /B(g) VAN dC(3) VAN dC(3)+

NyTy / do¢ eq>/4\/det[§ab + 21l e®/2F ) + N;Ty / CAe,
M

where g is the pull back of the metric on the worldvolume of the D4-branes and Fg;, =
B/ (2md’) + Fup, where By is the pullback of the Kalb-Rammond B-field and Fy is the
U(1) gauge field of the D4-branes. The last two terms in equation (D.1) are the DBI and
WZ actions of the D4-brane. Choosing co-moving frame for the D4-brane a* = (£%,y™) the
DBI action can be written in a ten dimensional form as:

SpBr = /dloiﬁ €©/4\/th [Gab + 2male=®/2F ] 6O (2™ — X™ (€)) (D.2)

where the functions X (§) for m = 1,...,5 describe the embedding of the D4-brane. One
can see that varying the action (D.1) with respect to the ten dimensional metric will result
in a delta function source term in the Einstein equations.

E Numerical techniques

To solve numerically equation (3.28) we use shooting techniques available in the NDSolve
method of Wolfram Mathematica. We also constructed the solution in python using
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the method ‘odeint’ from the scipy packages, which gave equivalent results. The results
presented in the paper were obtained in Mathematica.

To employ a shooting technique we have to specify both the value and derivative of
the function h(p,v) and the shell v = vy. While the value h(p,vp) is fixed by imposing
continuity and using the analytic solution inside the shell, the first derivative is obtained
using a searching procedure. The criteria to select the correct value of the first derivative is
to obtain a regular solution at infinity. To this end one employs the perturbative solution
at large v (v > vg) and imposes the constraint that B, (p) in equation (3.39) vanishes.

The final step to obtain the numerical solution is to perform numerically the inverse
Fourier transform integrating over the numerically generated function h(p,v). A challenge
here is integrating numurerically for large momenta p. To improve the accuracy of the
behavior of the function h(p,v) for large p ip to a cutoff )\, is approximated parametri-
cally and the integration in the open interval [A,,c0) is performed analytically over the
approximated function.
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