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Abstract: We study quantum fields on an arbitrary, rigid background with boundary.
We derive the action for a scalar in the holographic basis that separates the boundary and
bulk degrees of freedom. A relation between Dirichlet and Neumann propagators valid
for any background is obtained from this holographic action. As a simple application, we
derive an exact formula for the flux of bulk modes emitted from the boundary in a warped
background. We also derive a formula for the Casimir pressure on a (d−1)-brane depending
only on the boundary-to-bulk propagators, and apply it in AdS. Turning on couplings and
using the holographic basis, we evaluate the one-loop boundary effective action in AdS by
means of the heat kernel expansion. We extract anomalous dimensions of single and double
trace CFT operators generated by loops of heavy scalars and nonabelian vectors, up to third
order in the large squared mass expansion. From the boundary heat kernel coefficients we
identify CFT operator mixing and corrections to OPE data, in addition to the radiative
generation of local operators. We integrate out nonabelian vector fluctuations in AdS4,5,6
and obtain the associated holographic Yang-Mills β functions. Turning to the expanding
patch of dS, following recent proposals, we provide a boundary effective action generating
the perturbative cosmological correlators using analytical continuation from dS to EAdS.
We obtain the “cosmological” heat kernel coefficients in the scalar case and work out the
divergent part of the dS4 effective action which renormalizes the cosmological correlators.
We find that bulk masses and wavefunction can logarithmically run as a result of the
dS4 curvature, and that operators on the late time boundary are radiatively generated.
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effective action.
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1 Introduction and summary

Imagine a quantum field theory (QFT) supported on a background manifold with boundary.
What can an observer standing on the boundary learn about the QFT living in the interior
of the manifold? While this is a simple problem at the classical level, evaluating boundary
observables at the quantum level is more challenging since it involves integrating over
the quantum fluctuations occuring in the bulk of the system. Integrating out the bulk
quantum fluctuations can be done through the quantum effective action, the latter is then
a functional of the boundary degrees of freedom, i.e. a “boundary effective action”.

Such a setup— a QFT seen from the boundary — is common in physics, and is typically
referred to as “holographic”. Holography actually refers to a variety of similar-but-not-
equivalent concepts that we briefly review further below. Among all examples of QFTs on a
background manifold with boundary, we can single out two cases of paramount importance:
the Anti-de Sitter (AdS) and de Sitter (dS) spacetimes. These are the maximally symmetric
curved spacetimes.

In AdS space, an observer standing on the AdS boundary sees a strongly-coupled
CFT, with large number of colors N if the bulk QFT is weakly coupled [1–4]. Therefore
holography in AdS leads to a profound connection between gravity and strongly-coupled
gauge theories, opening new possibilities to better understand both. The holographic
view of AdS was formulated two decades ago [5, 6], AdS/CFT is now studied at loop
level. In this work our application to AdS holography will be focused on systematic one-
loop computations.

The notion of holography in dS space is even more concrete: cosmological observations
suggest that the chronology of the Universe has at least two phases with approximate dS
geometry: the current expanding epoch and the inflationary epoch. When we look at the
sky and measure galactic redshifts or the CMB, we are actually observers standing on the
late time boundary of the expanding patch of dS, probing the dS interior with telescopes.
The inflationary phase is of great interest because it probes the highest accessible energies
and the earliest period of the Universe. Remarkably, taking a glimpse into the quantum
fluctuations of the Early Universe is possible by analyzing the cosmological correlators
of the CMB. Classical and quantum calculations of cosmological correlators are much
less advanced than those in AdS. In this work, we focus on establishing a boundary
quantum effective action that generates these correlators, with the goal of extracting loop-
level information from it.

In the litterature, depending on context, the term “holography” may either refer to
the computation of boundary observables and related quantities, or to the identification
of a dual d-dimensional theory reproducing these observables [7–9].1 Here we adopt the

1The latter usage is also sometimes referred to as “holographic principle”. One concrete incarnation is the
emergence of dual d-dimensional theories from d+1-dimensional Chern-Simons theories, with for example
the 3d CS/WZW correspondence [10]. Another incarnation is the AdS/CFT correspondence. Holographic
dualities can aim beyond weakly coupled QFT, exploring non-perturbative aspects of quantum gravity,
black holes, and entanglement entropy (see e.g. [11]). The present work is about weakly coupled quantum
fields. In AdS/CFT a distinction is also drawn between bulk theories with and without dynamical gravity
— in the latter case the conformal theory has no stress tensor. This distinction is unimportant for the
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former usage: our focus is not on the existence and specification of dual boundary theories
but simply on the evaluation and content of the boundary effective action itself. Only in
the case of AdS background will we discuss data of the dual CFT.

The initial goal in this work is to derive the holographic action of a QFT on an arbitrary
background. Apart from providing a formalism computing holographic quantities beyond
AdS, this approach brings a somewhat different viewpoint on well-known AdS holography.
In AdS holography, one may wonder whether a given feature is either a manifestation of
AdS/CFT or a more general property of the holographic formalism itself. If the latter is
true, the feature under consideration is valid beyond AdS. Thus the boundary action on
arbitrary background can, in this sense, be used to shed light on AdS/CFT features.

Using the established holographic formalism, we then proceed with computing and
investigating the effects of bulk quantum fluctuations on the physics seen from the bound-
ary. Among these effects we can distinguish i) the bulk vacuum bubbles (i.e. 0pt dia-
grams) which cause a quantum pressure on the boundary and ii) (n > 0)pt connected
bulk diagrams which are responsible for correcting/renormalizing the boundary theory.
We investigate aspects from both i) and ii).

From a technical viewpoint, the integration of quantum fluctuations at one-loop on
manifolds with boundary is encoded into the heat kernel coefficients of the one-loop effective
action [12–15]. The first heat kernel coefficients have been gradually computed along the
past decades (see [16] and references therein). To study the boundary correlators, we
introduce these results into the framework of the holographic action. An overarching
theme of the second part of our study is therefore the encounter of the heat kernel with
holography, and especially with AdS/CFT.

The holographic basis. A quantum field may or may not fluctuate on the boundary, i.e.
have respectively Neumann or Dirichlet boundary condition (BC).2 In either case, the crux
of the holographic approach is to separate the bulk and boundary degrees of freedom of the
quantum field. Here we will isolate the pure bulk degrees of freedom by singling out the
field component that vanishes on the boundary, that we refer to as “Dirichlet component”.
The remaining degree of freedom on the boundary is then encapsulated into a separate
variable. The value of a field at a given point xM in the bulk is completely described
by the Dirichlet component plus the (possibly fluctuating) boundary degree of freedom.
The boundary degree of freedom contributes remotely to Φ(x), thus a propagator must be
involved — we will see in section 2 that it is the so-called boundary-to-bulk propagator K.
Such a “holographic” decomposition of the quantum field is illustrated in figure 1. Since a
boundary observer does not probe the Dirichlet modes, these can be completely integrated
out to give rise to a boundary effective action. We will perform this operation at the loop
level throughout this work.

present study which only involves interacting fields with spin-0 and 1 while interactions with the graviton
sector are not considered.

2Here and throughout this work, “Neumann” BC includes “Robin” BC. For fields with spin, the field
components consistently split into a subset with Neumann BC and a subset with Dirichlet BC.
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Figure 1. The holographic decomposition of a quantum field Φ where Φ0 is the boundary value of
Φ, K is the boundary-to-bulk propagator, ΦD is the Dirichlet component of Φ. Here, the field is
supported inM = R× R+ with boundary at x0 = 0.

Review. The literature related to our study includes the following references.

- Vacuum bubbles and quantum pressure: we are unaware of a work about evaluating
Casimir pressure or energy in the presence of a Rd boundary beyond the much studied
case of Minkowski background. In our application we are interested in a difference
of vacuum pressure between each side of the boundary, hence our setup has little
connection to the formal calculations of Casimir energy in AdSd+1 from [17] and
subsequent references.

- Boundary correlators in AdS : there has been a lot of activity about computing and
studying loop-level correlators [18–62]. However to the best of our knowledge, such
studies are always focused on specific diagrams, and not on the one-loop effective
action. It seems that the AdS one-loop effective action has been used only in the very
specific case of the one-loop scalar potential (namely, for constant scalar field with
dimension ∆ = d) [42, 63–68]. The one-loop boundary effective action, through the
heat kernel coefficients, contains much more information on the (bulk and boundary)
divergences and on the long-distance EFT.

- Boundary correlators in dS : there has been a lot of activity about computing cosmo-
logical correlators and understanding their structure in terms of conformal symmetry
and singularities [69–85].3 A bootstrap program analogous to flat space amplitudes
techniques has also been developed, often at the level of the dS wavefunction coeffi-
cients, with e.g. cutting rules, dispersion relations and positivity bounds, see for exam-
ple [56, 71, 88–102]. In this work we build on recent developments for computing the
cosmological correlators via analytical continuation from dS to EAdS [97, 103, 104],
see also [105–108] for earlier works. We build on a proposal from [109] to define an
EAdS effective action that generates the perturbative cosmological correlators.

- Added in v2 : along similar lines, the recent work ref. [110] computed loop corrections
to cosmological correlators using the EAdS formulation.

3See also [83, 86–91] for extension to models without invariance under special conformal transformations.
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1.1 Outline

Since our study intertwins a number of themes and results, we end this introduction with
a guide to the sections and their relationships.

Essential conventions can be found in section 1.3 (see also D). We work with both
Euclidian and Lorentzian metric depending on the section. We work with scalar and
vector fields, restricting mostly to scalars for conceptual discussions (vectors are introduced
in section 6).

In section 2, we introduce the holographic basis for a scalar field in an arbitrary back-
ground with boundary, and compute the action in this basis. The holographic basis will
later be an important ingredient to derive the boundary effective action, and it also brings
some insights on the behaviour of the fields in the presence of the boundary. The bound-
ary component “KΦ0” of the holographic basis is on-shell in the bulk while off-shell on the
boundary, in which case AdS/CFT can apply. This direction is pursued in sections 7, 8.

In section 3 we apply our general formulation to a more specific class of Lorentzian
warped background, obtaining holographic action and propagators. This section is essen-
tially a review accompanied with some scattered new results and observations. For example
we find a simple formula for the flux of modes emitted from the boundary.

In section 4 we consider a (d − 1)-brane (a.k.a. interface or domain wall) in the
warped background. We show how to compute the one-loop quantum pressure on the
brane using our formalism. This section is about integrating the bulk modes at one-loop
at the level of 0pt diagrams, i.e. vacuum bubbles. In contrast, the following sections are
about connected correlators.

In section 5 we introduce interactions in the holographic basis and describe in details
the general structure of the boundary action. The structure of the long-distance EFT,
which is then used in sections 6, 7, 8, is discussed in details. This section also points out
a connection between a certain type of AdS Witten diagram and a large N diagrammatic
expansion in the CFT.

In section 6 we introduce the one-loop boundary effective action, which is computed
by the heat kernel coefficients in the holographic basis. This section essentially contains
a rewriting of known heat kernel results, with a discussion on the one-loop effective po-
tential as an aside. The background and fluctuations for both scalar and vector fields
are considered.

In sections 7 and 8 the overall goal is to extract AdS and CFT results from the heat
kernel coefficients. We evaluate the one-loop boundary effective action in AdSd+1 back-
ground. In section 7 we integrate out a scalar fluctuation interacting with scalars, while in
section 8 we integrate out a nonabelian vector, interacting with either vectors or charged
scalars. Since AdS/CFT applies when using the holographic basis, we can extract CFT
data from the heat kernel coefficients. This is an algebraic (as opposed to diagrammatic)
computation from the AdS side of leading non-planar effects in the CFT.

In section 9 the overall goal is to extract one-loop corrections to cosmological corre-
lators from the heat kernel coefficients. To put the “cosmological” effective action in a
convenient form we use analytical continuation from dS to Euclidian AdS (EAdS) space.

– 4 –
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The boundary effective action expressed in EAdS connects to the AdS results from sec-
tions 7, 8, (upon proper translation of AdS/EAdS conventions). We give some concrete
results on renormalization in dS4 for inflaton-like scalar fields, extracting information from
the EAdS heat kernel coefficients. Finally we discuss propagation in dS in the presence of
boundary operators.

The appendices contain a proof of the discontinuity equation A, details and checks
on propagators in warped background B, a derivation of the double holographic action C,
basics of the heat kernel D and some explicit expressions for cosmological correlators E.

1.2 Summary of results

General background.

• We derived the action of a scalar field in the holographic basis in a general background.
The action is diagonal and the Neumann-Dirichlet identity “GN = GD + KG0K”
immediately follows, proving that such a relation is independent of the background
geometry. This relation provides a trivial understanding of the effect of boundary-
localized bilinear operators on the propagator.

• We evaluate the holographic action in a generic warped background, including also a
dilaton background, and find that it is essentially as simple as in AdS. We obtained
a general formula for the flux of bulk modes emitted from the boundary. In the AdS
limit we find GD = G∆=∆+ and GN = G∆=∆− for any ∆, which, together with
GN = GD + KG0K, reproduces a known identity for AdS propagators. We derive
the “double” holographic action in the presence of two boundaries, as a functional of
the two boundary variables (appendix C).

• Integrating out the free bulk modes, we obtain a simple formula for the quantum
pressure induced by a bulk scalar fluctuation on a (d− 1)-brane, expressed only as a
function of boundary-to-bulk propagators. We recover the scalar Casimir pressure of
(d+1)-dimensional flat space then study the quantum pressure on a brane in AdSd+1
(or a point particle if d = 1). For AdS2 we find that the point particle is attracted to-
wards the AdS2 boundary. For a conformally massless scalar, the field effectively sees
a flat half-plane and the known 2d Casimir force is recovered. For higher dimensions
the pressure can be understood as a contribution to the brane tension. For example,
if the brane is static at the tree level, at quantum level it acquires a velocity driven
by the quantum pressure. Logarithmic divergences renormalize the brane tension for
even d.

Anti-de Sitter background.

• The AdS boundary effective action for fields fluctuating on the boundary generates
boundary diagrams with ∆− internal lines. Upon using the Neumann-Dirichlet iden-
tity, the diagrams are decomposed into diagrams whose internal lines are either ∆+
or boundary propagators. We point that diagrams with only internal boundary lines
can be computed by using a perturbative expansion scheme in 1

N directly in the
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holographic CFT. The resulting large N CFT diagrams are built from “vertices”
made from the amputated n > 2pt CFT correlators at leading order in 1

N , connected
to each other by the mean field (i.e. N = ∞) 2pt CFT correlator. An analogous
diagrammatic approach to large N CFT was introduced in [111], here we found out
how it arises from the AdS side.

• In AdSd+1 space, we evaluate the boundary effective action arising from integrating
out a heavy scalar fluctuation at one-loop via the heat kernel formalism, assuming
scalar interactions. AdS/CFT applies since the holographic basis has boundary com-
ponents which are on-shell in the bulk, therefore we can extract non-planar CFT
data from the heat kernel coefficients. We obtain anomalous dimensions of scalar
single trace operators up to fourth order in the large ∆h expansion. We compare a
3d result with the corresponding anomalous dimension from an exact AdS3 bubble
and obtain perfect agreement at all available orders. We also derive contributions to
the anomalous dimensions of double-trace operators O�nO.

• From boundary heat kernel coefficients, we obtain corrections to the OPE data in
the form of a “wavefunction renormalization” of the CFT operator. We also ob-
tain that a mixing between the O and O2 operators arises at one-loop. Finally we
obtain the one-loop correction/renormalization to local operators on the boundary.
Such local operators can, under certain conditions, be interpreted as multitrace de-
formations of the CFT. More generally, the local operators generated on the bound-
ary include mass, kinetic and interaction terms, whose existence is known from the
extradimension literature but which had, to the best our knowledge, never been
computed exactly.

• In AdS4,5,6, we integrate out nonabelian vector fluctuations and deduce the holo-
graphic β function of the gauge coupling. For any of these dimensions the boundary
gauge coupling has a logarithmic running, which comes from either bulk or boundary
heat kernel coefficients depending on spacetime dimension. For d = 6 the logarithmic
running of the dimensionful gauge coupling is a consequence of the nonzero curva-
ture of spacetime. We also give the 6d result in general background. In the case of
heavy nonabelian vectors (i.e. highly nonconserved CFT currents), we compute the
anomalous dimensions of the operators associated with light scalars in arbitrary rep-
resentation of the gauge group. We also obtain the anomalous dimensions of scalar
double trace operators generated by the heavy vectors.

de Sitter background.

• Turning to the expanding patch of dS, we evaluate the dS 2pt functions directly
in momentum space and perform the analytical continuation from dS to EAdS also
used in [97, 103, 104, 109]. Following a proposal from [109] we establish a boundary
effective action which is the generating functional of amputated cosmological correla-
tors. Working in a simple scalar case, we obtain the “cosmological” one-loop effective
action. More developments are however needed to extract all one-loop information
from the cosmological heat kernel coefficients.

– 6 –
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• Focussing on scalar fields in dS4 we extract the divergences from the cosmological
one-loop effective action. In the case of a massless field with nonderivative quartic
interactions, we find that the bulk mass (and thus the associated scaling dimen-
sion) runs logarithmically as a result of the finite Hubble scale. Along the same
line a boundary-localized mass term is also radiatively generated. The normalization
of the corresponding boundary CFT operator also runs. In the case of a massless
field with derivative quartic interactions (e.g. the inflaton) we obtain wavefunction
renormalization in the bulk controlled by the Hubble scale, and the radiative genera-
tion of a boundary-localized kinetic term. The cosmological effective action provides
the beta functions for all of these operators. Finally we point that such boundary-
localized operators should be included in the dS action from the start, and that
dS propagators may be substantially deformed in their presence, as dictated by the
Neumann-Dirichlet identity.

1.3 Definitions and conventions

We consider a d+ 1-dimensional manifoldM with boundary ∂M. The bulk and boundary
are taken to be sufficiently smooth such that Green’s identities apply. The metric is either
Euclidian or Lorentzian with (− + + . . .) signature. Latin indices M,N, . . . = {0, 1, . . . d}
index the bulk coordinates, denoted by xM . The bulk metric gMN is defined by ds2 =
gMNdx

MdxN . A point belonging to the boundary is labelled as xM0 ≡ xM |∂M in the
bulk coordinates. Greek indices µ, ν, . . . = {0, 1 . . . d − 1} index boundary coordinates,
denoted by yµ. The boundary is described by the embedding xM = xM0 (yµ). Defining
EMµ = ∂xM0

∂yµ , the induced metric is defined by ḡµν = EMµ E
N
ν gMN . Let eM⊥ (yµ) be the

unit vector normal to the boundary at the point yµ and outward-pointing. We refer to
the contraction ∂⊥ ≡ eM⊥ ∂M as the normal derivative. The ∂µ ≡ EMµ ∂M derivatives are
referred to as transverse.4

We consider a QFT on theM spacetime background. The boundary value of a field Φ
is denoted by Φ0 = Φ|∂M. The “Dirichlet” component of Φ that vanishes on the boundary is
denoted as ΦD. We will routinely switch between Euclidian and Lorentzian metric via Wick
rotation x0

E = ix0
L. We remind the convention for the actions, SE = −iSL. Propagators

are related by GE = iGL.
We define the bulk inner product as

p ? q =
∫
M
dd+1x

√
g p(x)q(x) . (1.1)

We define the boundary inner product as

p ◦ q =
∫
∂M

ddy
√
ḡ p(x0)q(x0) . (1.2)

4The unit normal vector satisfies eM⊥ eN⊥gMN = 1 and eM⊥ E
µ
M = 0 by definition. refs. [16, 112] used

orthonormal vielbeins. In our notations, the orthonormal vielbein in ∂M is defined by ḡµν = eaµe
a
νηab. The

orthonormal vielbein inM is (eM⊥ , EMµ eµa) — the (eM⊥ , EMµ ) basis forms a non-orthonormal vielbein inM.
Here we do not need to use these vielbeins explicitly apart from the normal vector. See e.g. [113] for details
on hypersurface geometry.

– 7 –
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5 This is useful to manipulate Green’s identities. For example Green’s first identity is
∂MΨ ? ∂MΦ = −Ψ ?�Φ + Ψ ◦ ∂⊥Φ in this notation.

2 The holographic action in a general background

We derive the action in the holographic basis for an arbitrary, smooth manifold with
boundary. We assume Euclidian signature. The analogous result in Lorentzian signature
can be obtained via analytical calculation of the Euclidian result.6 It is sufficient to focus
on a scalar field Φ to avoid spin-related technicalities. This section is somewhat technical,
the reader willing to skip the details can go to the main result eq. (2.22).

Action and Green’s functions. The fundamental action is denoted S[Φ]. The general
partition function with a generic bulk source J is Z[J ] =

∫
DΦ exp[−S[Φ]−

∫
dxd+1√gJΦ].

The quadratic part of the action takes the form

S[Φ] = 1
2

∫
M
dd+1x

√
g
(
∂MΦ∂MΦ +m2Φ2

)
+ 1

2

∫∫
∂M

ddyddy′
√
ḡy

√
|g̃|

y′
Φ0BΦ0 + int.

(2.1)
In the boundary term we have included the most general form of the bilinear operator B.
It can contain transverse derivatives and can be non-local. Using the product notations of
eqs. (1.1) , (1.2), we have

S[Φ] = 1
2
(
∂MΦ ? ∂MΦ +m2Φ ? Φ + Φ0 ◦ B ◦ Φ0

)
+ int. (2.2)

We can identify the wave operator by applying Green’s first identity to the bulk term,
giving ∂MΦ ? ∂MΦ +m2Φ ?Φ = Φ ? (−� +m2)Φ+boundary terms, with � the Laplacian
onM.

Finally, the inverse of the −� +m2 operator is the propagator G,(
−� +m2

)
G(x, x′) = 1

√
g
x

δd+1(x− x′) . (2.3)

We denote by GD the propagator with boundary condition

GD(x0, x) = 0 ∀x0 ∈ ∂M, x ∈M (Dirichlet) (2.4)

The Neumann boundary condition is a bit more subtle. We denote by GN the propagator
with the boundary condition

∂⊥x0GN (x0, x) = c ∀x0 ∈ ∂M, x ∈M (Neumann) (2.5)
5The identity elements for the bulk and boundary products are respectively 1√

gx
δd+1(x − x′) and

1√
ḡy
δd(y − y′).

6In Lorentzian signature the derivation of the holographic action for a timelike boundary is identical to
the Euclidian case. The case of a spacelike boundary is possibly more subtle because time-ordering in the
2pt functions matters. It is not treated in this section. Holographic calculations in dS space (which has
spacelike boundary) are done in section 9 relying on analytical continuation to Euclidian space.
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where

c =

0 if m 6= 0
− 1

Vol(∂M) if m = 0 .
(2.6)

Such a distinction is required for consistency of the boundary condition with the bulk
equation of motion. For m 6= 0, the volume integral of eq. (2.3) gives, upon use of
the divergence theorem,

∫
∂M ddy

√
ḡy∂

⊥
x0G(x0, x) = 0.7 For m = 0, one has instead∫

∂M ddy
√
ḡy∂

⊥
x0G(x0, x) = −1. This is Gauss’s law on M [114]. We will show that the

subtlety about the Neumann BC has no consequence for physical results.8
Finally, we compute the discontinuity in the normal derivative of the propagator with

endpoints on the boundary. A derivation is given in appendix A, the result is

∂⊥
x−0
G
(
x−0 , x

′
0

)
− ∂⊥x0G

(
x0, x

′−
0

)
= 1√

ḡy
δd
(
y − y′

)
(Discontinuity) (2.7)

where the minus superscript denotes bulk points in the vicinity of the boundary. In the
first term of the l.h.s. of eq. (2.7), the x′0 point is exactly on the boundary while x−0 is in
the vicinity of the boundary. In the second term x0 is exactly on the boundary while x′−0
is in the vicinity of the boundary. For a Neumann propagator the second term of the l.h.s.
of eq. (2.7) is set by the Neumann boundary condition, giving

∂⊥
x−0
GN

(
x−0 , x

′
0

)
= 1√

ḡy
δd
(
y − y′

)
+ c . (2.8)

This discontinuity equation is needed for holographic calculations.

Holographic basis. We work out the holographic decomposition of a scalar field Φ with
Neumann BC i.e. that fluctuates on the boundary. The starting point is to split the field
variable into boundary and bulk degrees of freedom,∫

DΦ =
∫
DΦ0

∫
Φ|∂M=Φ0

DΦbulk . (2.9)

The bulk degrees of freedom on the r.h.s. describe the set of fluctuations leaving the bound-
ary value unchanged. These bulk modes satisfy thus Dirichlet condition on the boundary.
We introduce the “Dirichlet” component that satisfies

DΦbulk = DΦD and ΦD|∂M = 0 . (2.10)

How is Φ decomposed into the “holographic basis” (Φ0,ΦD)? Let us write Φ in a
general form Φ(x) = Φ0 ◦ K(x) + aΦD(x) and determine the a and K functions. To
proceed we consider the classical value of Φ, 〈Φ〉J(x) = 〈Φ0〉J ◦K(x) + a〈ΦD〉J(x) sourced
by a generic source J , and satisfying 〈Φ〉J(x) = GN ? J(x).

7One uses
∫
M dd+1x

√
g
x
G(x, x′) = G ? 1M = 〈Φ〉1M . Applying the EOM to this equation gives

m2〈Φ〉1M = 1M, thus
∫
∂M dd+1x

√
g
x
G(x, x′) = 1

m2 1M. This identity is then used in the integral of
eq. (2.3), resulting in c = 0 for m 6= 0.

8The value of c for m = 0 could more generally be any unit-normalized distribution on ∂M. The
subsequent results hold in the general case, here we use constant c for simplicity.
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If we choose a source JD that vanishes on the boundary, there is no contribution from
the boundary, 〈Φ0〉JD = 0. We get 〈Φ〉JD = 〈ΦD〉JD and thus a = 1. If, conversely,
we choose a boundary-localized current J0(x)|∂M = J0(x0), the Dirichlet component does
not contribute, 〈ΦD〉J0 = 0. In that case the field is purely sourced from the boundary,
〈Φ〉J0(x) = 〈Φ0〉J0 ◦K(x).

To obtain the K function, we need to use Green’s third identity9 in the case of a
Neumann problem. Using the Neumann boundary condition eq. (2.5), we get

〈Φ〉J0(x) = c′Φ̄0 + ∂⊥〈Φ0〉J0 ◦GN (x) (2.11)

with c′ = −Vol(∂M)c. The Φ̄0 constant is the average value of the field over the bound-
ary [114] and will drop from the calculations. To proceed, we define the boundary-to-
boundary propagator

G0(x0, x
′
0) = GN (x, x′)|x,x′∈∂M . (2.12)

We also introduce its inverse G−1
0 as

G−1
0 ◦G0

(
x0, x

′
0
)

= 1√
ḡ y
δd(y − y′) . (2.13)

We evaluate eq. (2.11) on the boundary, which gives the value 〈Φ〉J0(x0) = 〈Φ0〉J0 we are
interested in. Using the expression of 〈Φ0〉J0 we substitute the quantity ∂⊥〈Φ0〉 in eq. (2.11)
by making use of the inverse boundary propagator. The Φ̄0 constant cancel.10 The result is

〈Φ〉J0(x) = 〈Φ0〉J0 ◦G−1
0 ◦GN (x) . (2.14)

It follows that the K function is

K(x0, x) = G−1
0 ◦GN (x0, x) (2.15)

That is, K is the bulk propagator with an endpoint on the boundary, and amputated by a
boundary-to-boundary propagator. It satisfies Φ0 ◦K|∂M = Φ0. The quantity K is itself
typically called the “boundary-to-bulk propagator”.

Summarizing, we have determined K and a by considering the expectation value of Φ.
The expression of the bulk field Φ in the holographic basis is found to be

Φ(x) = Φ0 ◦K(x) + ΦD(x) (2.16)

with K = G−1
0 ◦GN .

In the Neumann case considered here, Φ0 fluctuates. If instead the field has Dirich-
let BC, the decomposition is the same but Φ0 is not dynamical and corresponds to the
boundary data of the Dirichlet problem.

9Here Green’s third identity takes the form 〈Φ〉(x) = −〈Φ0〉 ◦ ∂⊥G(x) + ∂⊥〈Φ0〉 ◦G(x).
10To see this, first note that Φ̄0 can be written as Φ̄0 = GN ◦ J̄0 (where J̄0 is an averaged boundary

source), then use that Φ̄0 is constant in the bulk, which implies Φ̄0 = GN ◦ J̄0 = G0 ◦ J̄0. It follows that
Φ̄0 ◦G−1

0 ◦GN = Φ̄0, such that Φ̄0 cancels throughout the evaluation and does not appear in eq. (2.14).
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Action in the holographic basis. We plug the obtained expression of Φ in the (Φ0,ΦD)
basis into the partition function. This is

Z[J ] =
∫
DΦ0DΦD exp [−S [Φ0 ◦K + ΦD]− (Φ0 ◦K + ΦD) ? J ] . (2.17)

The action eq. (2.1) takes the form

S [Φ] = 1
2 (∂M (Φ0 ◦K + ΦD) ? ∂M (K ◦ Φ0 + ΦD) + Φ0 ◦ B ◦ Φ0) + interactions .

(2.18)
We apply Green’s first identity to each of the three bulk terms

∂M (Φ0 ◦K) ? ∂M (K ◦ Φ0) + 2∂MΦD ? ∂M (K ◦ Φ0) + ∂MΦD ? ∂
MΦD (2.19)

For the middle one, one applies the identity such that the obtained Laplacian acts on
K ◦ Φ0. The action becomes

S [Φ] = 1
2
(
Φ0◦K?

(
−�+m2

)
K◦Φ0+2ΦD?

(
−�+m2

)
K◦Φ0+ΦD?

(
−�+m2

)
ΦD

)
+ 1

2 (Φ0◦K◦∂⊥K◦Φ0+2ΦD◦∂⊥K◦Φ0+ΦD◦∂⊥ΦD)+int. (2.20)

The first two terms of the first line vanish because (−� +m2)K = 0 in the bulk. The last
two terms of the second line vanish because of the Dirichlet condition, ΦD|∂M = 0. We
also used that ∂⊥Φ0 = 0 and Φ0 ◦K|∂M = Φ0.

The remaining terms are ΦD ? (−� +m2)ΦD + Φ0 ◦ ∂⊥K ◦ Φ0. To evaluate the term
with ∂⊥K = ∂⊥G ◦G−1

0 we note that the point of G on which the derivative does not act
belongs to the boundary. Therefore this is a derivative of the ∂⊥

x−0
G(x−0 , x0) form, which

requires the use of the discontinuity equation eq. (2.8). We obtain

Φ0 ◦ ∂⊥K ◦ Φ0 = Φ0 ◦G−1
0 ◦ Φ0 + c′J̄0 ◦ Φ0 . (2.21)

The extra term J̄0 ◦Φ0 (with Φ̄0 = G0 ◦ J̄0) present in the massless case amounts to a shift
of the boundary value of the generic J source and can thus be absorbed by a redefinition
of J . This explicitly shows that this term has no physical relevance.

Combining all the pieces, we find that the partition function of a scalar field supported
on an arbitrary background with boundary and fluctuating on the boundary
(i.e. Neumann BC) is

Z[J ] =∫
DΦ0DΦD exp

[
−1

2
(
ΦD ?

(
−� +m2

)
ΦD + Φ0 ◦

(
G−1

0 + B
)
◦ Φ0

)

− (Φ0 ◦K + ΦD) ? J + interactions
]

(2.22)

The holographic action in eq. (2.22) is diagonal. The Dirichlet modes have canonical
kinetic term. We often equivalently refer to them as “bulk modes”. On the other hand,
the boundary degree of freedom has a nontrivial, generally nonlocal self-energy. While the
B piece is a generic surface term, the G−1

0 piece of this holographic self-energy reflects the
fact that the boundary degree of freedom knows about the bulk modes.
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Propagator. Perturbative amplitudes are obtained by taking J derivatives of eq. (2.22)
or of related quantities such as the generator of connected correlators. In particular, we
can compute the propagator

〈Φ(x)Φ(x′)〉 = 1
√
g
x

√
g′
x

δ2

δJ(x)δJ(x′) logZ[J ] . (2.23)

We denote it as 〈Φ(x)Φ(x′)〉 = GBN (x, x′) since, as verified below, it is the Neumann
propagator in the presence of the boundary term B. Defining the inverse of the boundary
operator as [

G−1
0 + B

]−1 (
G−1

0 + B
)

(x0, x
′
0) = 1√

ḡ x0

δd(y − y′) , (2.24)

we obtain
GBN (x, x′) = GD(x, x′) +K ◦

[
G−1

0 + B
]−1
◦K(x, x′) (2.25)

Let us verify that GBN satisfies a Neumann boundary condition. To do so we act with
∂⊥ and convolute with a boundary field Φ̂0 i.e. we act on eq. (2.25) with Φ̂0 · ∂⊥. The
action of ∂⊥ on the first term is evaluated using the discontinuity equation eq. (2.8). The
second term is evaluated using Green’s third identity, giving Φ̂0 ◦ ∂⊥GD(x) = −Φ̂(x). One
gets that Φ̂0 ◦ (∂⊥ + B)GBN (x0, x) = 0. This is true for any Φ̂0, therefore

(∂⊥ + B)GN (x0, x) = 0 ∀x0 ∈ ∂M, x ∈M (2.26)

which is the Neumann boundary condition in the presence of the boundary term.
We have obtained a “holographic” representation of the bulk Neumann propagator

in terms of Dirichlet and boundary-to-bulk propagators, valid in any background. We
sometimes refer to it as the “Neumann-Dirichlet” identity. The two terms on the r.h.s.
of eq. (2.25) correspond to the propagation of Dirichlet modes and to the propagation of
the boundary degree of freedom — connected to the bulk endpoints by a boundary-to-bulk
propagator. We can notice that the boundary term takes the form of a Dyson resummation
of the boundary operator B. The effect of the boundary action in GBN can be recovered
by dressing GN with B boundary insertions. We can also see that whenever B becomes
infinite, the GBN propagator reduces to the Dirichlet one, i.e.

GBN

∣∣∣
B→∞

= GD . (2.27)

3 Review: holography in a warped background

We discuss aspects of the holographic formalism for a scalar field in the case of a generic
warped background with flat boundary. Since this setup has been studied to death for two
decades, this section can be considered as mostly review with bits of less known results.
This section also provides sanity checks of the general results from section 2.
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3.1 Warped background

We consider a d+1-dimensional Lorentzian conformally-flat background with d-dimensional
Poincaré symmetry along the constant-z slices. The background metric takes the form

ds2
warped = gMN dx

MdxN = 1
ρ2(z)

(
ηµνdy

µdyν + dz2
)

(3.1)

with a boundary at z = z0 constraining z ≥ z0 .11

The quadratic action in Lorentzian signature is

S=−
∫
M
dd+1x

√
|g|e−ϕ

(1
2∂MΦ∂MΦ+ 1

2m
2Φ2

)
+ 1

2

∫∫
∂M

ddx
√
ḡe−ϕ0Φ0B [∂µ∂µ]Φ0+· · ·

(3.2)

where ϕ(z) is a dilaton background. This action covers many cases considered in the
literature (for a sample, see e.g. [115–120]). For ρ(z) = kz, z0 = 0, ϕ = 0, the background
reduces to the AdSd+1 Poincaré patch with curvature k.

We Fourier transform along the z slices, using Φ(xM ) =
∫ ddp

(2π)d e
ipµyµΦp(z). The wave

operator takes the form

D = −� +m2 = −ρd+1eϕ∂z
(
ρ1−de−ϕ∂z

)
+ ρ2p2 +m2 (3.3)

with p = √ηµνpµpν .
The physical p2 takes both signs in Lorentzian signature. With the mostly plus metric,

we have p2 > 0 for spacelike momentum, p2 < 0 for timelike momentum. In the free theory,
p2 is made slightly complex to resolve the non-analyticities arising for timelike momentum.
This corresponds to the inclusion of an infinitesimal imaginary shift p2 + iε, ε → 0. ε > 0
is consistent with causality and defines the Feynman propagator. The iε shift will often be
left implicit in our notations.

The homogeneous solutions of D are denoted f , h with Df = 0, Dh = 0. The
Wronskian of these solutions, W = fh′ − f ′h, satisfies

W (z) = Cρd−1eϕ (3.4)

where the only unknown is the overall constant C, which depends on the choice of
f, h solutions.

Regularity condition. We specify a regularity condition on a hypersurface away from
the boundary, at z = z1 > z0. On this surface we assume that the h solution blows up
while f is the regular solution. The precise condition at z1 is

f(z)
h(z)

z→z1−−−→ 0 , f ′(z)
h′(z)

z→z1−−−→ 0 . (3.5)

For timelike momentum, taking f as an outgoing wave and h as an ingoing wave, the
condition eq. (3.5) amounts to a outgoing wave condition. This condition is assumed
throughout this section.

11The normal, outward pointing component of the vielbein obtained from the metric is eM⊥ = −ρ(z)δMz ûz.
Hence the normal derivative is ∂⊥ = −ρ0∂z.
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Asymptotics. In any region where the condition

|p2| � m2 + (∂z logW )2 + ∂2
z logW (3.6)

is verified, the solutions of the EOM admit the asymptotic behaviour√
W (z)e

√
p2z ,

√
W (z)e−

√
p2z . (3.7)

This can be shown by performing a field redefinition Φ = Φ̃ρ d−1
2 eϕ/2 in the action.

3.1.1 Propagators

All the propagators satisfy the bulk equation of motion

DG(x, x′) = −iρd+1eϕδd+1(x− x′) . (3.8)

We define f(z0) = f0, ∂zf |z0 = f ′0 and similarly for h, ρ and ϕ. The propagators take the
following form.
Neumann propagator :

GBN (p; z, z′) = i

C

(
ρ0h
′
0 +Bh0

ρ0f ′0 +Bf0
f(z<)− h(z<)

)
f(z>) (3.9)

Boundary-to-boundary propagator :

GB0 (p) ≡ GBN (p; z0, z0) = iρd0e
ϕ0 f0
ρ0f ′0 +Bf0

(3.10)

(Amputated) Boundary-to-bulk propagator :

K(p, z) = ρd0e
ϕ0 f(z)

f0
(3.11)

Dirichlet propagator :

GD(p; z, z′) = i

C

(
h0
f0
f(z<)− h(z<)

)
f(z>) (3.12)

We also have G0 = GB=0
0 . In some of the above expressions, the Wronskian at z0 (eq. (3.4))

has been used.
In appendix B.1 we show that these propagators satisfy the general relations derived

in section 2. For example one gets by direct calculation the relation

GBN (p; z, z′)−GD(p; z, z′) = K(p, z)K(p, z′)
(
G−1

0 − iρ
−d
0 e−ϕ0B

)−1
(3.13)

which verifies eq. (2.25) upon translating to Euclidian conventions.
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3.1.2 Holographic action

The holographic basis is

Φ(p, z) = f(p, z)
f0(p, z0)Φ0(p, z0) + ΦD(p, z) . (3.14)

We remind that f is the regular solution of the EOM away from the boundary, see eq. (3.5).
We then derive the holographic action. We introduce the spectral representation of the
Dirichlet component,

ΦD(p; z) =
∑
λ

φλD(p)fλD(z) (3.15)

where each Dirichlet mode fλD satisfies the EOM DfλD(z) = 0 with p2 = −m2
λ. The mode

distribution may be either discrete or continuous depending on the background, we denote
the summation by ∑λ either way.12 The Dirichlet modes satisfy the orthogonality and
completeness relations∫

dzρ1−de−ϕfλD(z)fλ′D (z) = δλλ′ ,
∑
λ

fλD(z)fλD(z′) = ρd−1eϕδ(z − z′) . (3.16)

Using orthonogonality of the Dirichlet modes and the other properties of the holo-
graphic variables previously derived, we get the partition function for a scalar fluctuating
on both bulk and boundary of the warped background,

Z[J ] =∫
DΦ0DφD exp

[
i

2

∫
ddp

(2π)d

(
−
∑
λ

φλD

(
p2+m2

λ

)
φλD+

√
ḡe−ϕ0Φ0

(
ρ0
f ′0
f0

+B
)

Φ0

)

−i
∫

ddp

(2π)d
∫
dz
√
|g|eϕ

(
f(z)
f0

Φ0+ΦD(z)
)
J(z)+interactions

]
(3.17)

This is a consistent with the main formula eq. (2.22) upon translating into Euclidian
conventions. The p-dependence of the fields is left implicit, it is Φϕ = Φ(p)ϕ(−p) for each
monomial of the quadratic action.

3.1.3 Holographic mixing

In the class of warped backgrounds considered here, the holographic self-energy may feature
a pole indicating the existence of a d-dimensional free field, here denoted Φ̃0. This is
the mode satisfying the bulk EOM with p2 = m2

0 � m2, which can always exist upon
appropriate tuning of the boundary terms in B (see e.g. discussion in [121]). In the presence
of this mode, a variant of the holographic basis is to let Φ(z; p) = Φ̃0(p)K(z, p2 = m2

0) +
ΦD(z; p) (see refs. [122, 123] for the original proposal in the case of a slice of AdS). In
this basis all the degrees of freedom are free fields but the resulting holographic action is
nondiagonal. The action contains a cross term between Φ̃0 and ΦD, taking the form∫

dzρ1−de−ϕ Φ̃0 (p)
(
p2 −m2

0

)
K (p; z)

∑
λ

f (z)λD φ
λ
D (−p) (3.18)

12See e.g. [115–120] for some examples of warped backgrounds featuring either discrete or continuum
spectra beyond pure AdS.
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upon integration by parts. This term induces both kinetic and mass mixing between the
Φ̃0 and φλD fields — this is how the boundary degree of freedom knows about the bulk
modes in this basis. The interpretation of this “holographic mixing” is discussed in details
in [122, 123]. In our present work the holographic action is instead exactly diagonal, to the
price of having a nontrivial self-energy for the boundary degree of freedom.

3.2 Properties of AdS propagators

We review the propagators in AdS background (with regularized boundary) from the view-
point of our formalism.

In AdS we have ρ(z) = kz with k the AdS curvature. We take gMN ≡ gAdS
MN throughout

this subsection. The scalar bulk mass is written as

m2 = ∆(∆− d)k2 . (3.19)

Defining ∆+ = d − ∆− > ∆−, the solutions to the wave equation DΦ = 0 near the AdS
boundary (z = 0) are13

Φ (x, z) = z∆+
(
A+ (x) +O

(
z2
))

+ z∆−
(
A− (x) +O

(
z2
))

(3.20)

For m2

k2 > −d2

4 + 1, the − modes are non-normalizable. For −d2

4 < m2

k2 < −d2

4 + 1, both
+ and − modes are normalizable. The modes can be selected by imposing appropriate
condition on the AdS boundary,

(z∂z −∆±)Φ|z=0 = 0 (3.21)

However in AdS calculations (e.g. for Witten diagrams and AdS/CFT), it is often
necessary to regulate the AdS boundary, which amounts to truncate spacetime such that
z > z0 with z0 6= 0. Even if z0 is infinitesimal, the propagators reflect on the boundary and
take the form given in section 3.1.1 instead of being simply −iC−1g(z<)f(z>). Moreover,
in our formalism we have standard Neumann and Dirichlet BC on the regulated boundary.
How does this language compare to the BC eq. (3.21)? To understand how our regulated
formalism matches onto the unregulated one, we start from our holographic basis in AdS
(given in eq. (3.14)) and take the near-boundary asymptotic values for K ∝ f

f0
and fλD.

The result is

Φ = Φ0

(
z

z0

)∆− (
1 +O

(
z2
))

+ z∆+
(
A+ (x) +O

(
z2
))

(3.22)

for any ∆. In case of Neumann BC, the modes that dominate near the boundary are from
the first term i.e. scale as z∆− . In case of a Dirichlet BC, Φ0 does not fluctuate, and the
remaining modes from the second term i.e. scale as z∆+ . Hence the − modes correspond
to Neumann BC and the + modes correspond to Dirichlet BC.

13In the notation of section 3.1.1, the solutions satisfying the regularity condition eq. (3.5) are f(z) =
zd/2K∆+−d/2(

√
p2z), h(z) = zd/2I∆+−d/2(

√
p2z). f and h match respectively onto the − and + asymp-

totics discussed here.
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3.2.1 AdS bulk propagators

The Neumann/Dirichlet≡ ∓ identification implies that the regulated bulk propaga-
tors satisfy

G∆=∆− = GN , G∆=∆+ = GD (3.23)

when z0 → 0. Only the second propagator exists if m2

k2 > −d2

4 + 1 because − modes are
not normalizable in that case.

We can readily apply the general results of section 2. The general relation between
GD and GN obtained in eq. (2.25) becomes here

G∆=∆−(p; z, z′) = G∆=∆+(p; z, z′) +K(p, z)K(p, z′)G∆=∆−(p; z0, z0)
∣∣∣
z0→0

(3.24)

in Fourier space. The K are computed from GN , and thus here from the G∆=∆− propaga-
tor. The Neumann-Dirichlet identity eq. (3.24) has been known in the AdS literature see
e.g. [67, 124, 125], but was not given a deeper explanation. Our approach shows that such
a relation is intrinsic to the holographic formalism and exists for any background geometry.

We can also comment on the conformal spectral representation of AdS propagators
(see [126–128], and [41, 42, 52, 57, 62, 129] for some applications). The ∆+ propagator can
be written as

G∆=∆+ = kd−1
∫
R
dνP (ν,∆)Ων (3.25)

where Ων is a known harmonic kernel and P (ν,∆) = 1
ν2+(∆−d/2)2 . In contrast [42], the ∆−

propagator takes the form

G∆=∆− = kd−1
∫
R+Cu+Cd

dνP (ν,∆)Ων (3.26)

where Cu,d are contours wrapping the ν = ±i(∆ − d/2) clockwise and counterclockwise
respectively. We verified explicitly using ref. [57] that the harmonic kernel satisfies

i
2π
νk

Ω(p; z, z′) = K(p, z)K(p, z′)G∆=∆−(p; z0, z0)
∣∣∣
z0→0

. (3.27)

This implies that eq. (3.26) is equivalent to eq. (3.24). The R integral gives GD, while the
Cu,d integrals give the KKG term.

3.2.2 AdS boundary-to-bulk propagators

The AdS propagators need to properly encode the regulated AdS boundary in order to
obtain the correct CFT correlators, see e.g. [130, 131]. Such a regularization is built-in in
our approach, since all propagators are evaluated in the presence of the regulated boundary
without any approximation.

Let us work out the CFT 2pt function in our formalism. We start from our general
definition K(x) = GN ◦ [G0]−1. One can easily evaluate ∂⊥K using the discontinuity
equation (as in section 2) giving ∂⊥K = [G0]−1. The subsequent evaluations are best done
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in momentum space because the final result may have contact terms, that we will need to
take into account in subsequent calculations. We have

∂⊥K = − 1√
ḡ

∫
ddp

(2π)d
kz∂z

(
zd/2K∆− d2

(pz0)
)
z=z0

z
d/2
0 K∆− d2

(pz0)
(3.28)

which matches the usual result [130]. This expression is exact and is invariant under
∆+ ↔ ∆−.

We then focus, as customary, on the large chordal distance limit ζ(x0, x
′
0) � 1

k2 (see
appendix B.1 for position space expressions), which amounts to the (y − y′)2 � z2

0 limit,
and thus to p2zz0 � 1 in momentum space. For any value of ∆, the leading term scales as
p2∆+−d, where ∆+ > ∆−. Evaluating the Fourier transform and plugging the result into
the Euclidian boundary action SE = 1

2Φ0 ◦ ∂⊥K ◦ Φ0 + . . . gives the asymptotic result

SE2pt = 1
2

∫
ddyddy′

√
ḡ

[ C∆+η∆+

(y − y′)2∆+
+ ∆−kδd(y − y′) +O

(
ζ−∆+−1

)]
Φ0(y)Φ0(y′) (3.29)

with
C∆ = (2∆− d)Γ(∆)

πd/2Γ(∆− d
2)
, η∆ = kz2∆−d

0 (3.30)

The nonlocal part of SE2pt gives rise to the CFT 2pt function with the correct normalization
factor C∆. The remaining dimensionful factor η∆ (or

√
ḡη∆) can be absorbed into the

normalization of the CFT operators. We see that, in addition to the standard nonlocal
part, there is a contact term.

If one tries instead to evaluate [G0]−1 in position space by taking the ζ � 1
k2 limit

and using a conformal integral to perform the inversion, one gets precisely the nonlocal
part of eq. (3.29) but not the contact term. One could also try to evaluate the whole
GN ◦ [G0]−1 expression in position space, by taking the ζ � 1

k2 limit for GN and G0. Such
an approximation gives a divergent result for z → z0. We trace back these discrepancies to
the fact that the ζ � 1

k2 limit, which requires large |y − y′|, does not commute in general
with the convolutions in y-space — which involve integrals over arbitrary values of y. We
conclude that the complete result is eq. (3.29). In the following we will see that the contact
term in eq. (3.29) is needed to ensure consistency of results with conformal symmetry.

3.3 On boundary flux and unitarity

Here we present an elementary application of the formalism of section 3.1 in the case
where Φ fluctuates on the boundary (i.e. Neumann BC). We consider the generic warped
background of eq. (3.1) and assume that some isolated states localized on the boundary
collide to form Φ states. What is the flux of Φ modes emitted from the boundary? To
obtain the answer we will use a unitarity cut.

We denote the boundary-localized states by Ψ, Ψ̄ and consider the 2 → 2 timelike
process where Φ is produced from a boundary-localized interaction, e.g. a Ψ̄ΨΦ|∂M cou-
pling. The corresponding scattering amplitude is denoted by iAΨ̄Ψ→Ψ̄Ψ and is represented
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Figure 2. The iAΨ̄Ψ→Ψ̄Ψ amplitude and its unitarity cut.

in figure 2. This amplitude is proportional to the boundary-to-boundary propagator given
in eq. (3.10),

iAΨ̄Ψ→Ψ̄Ψ = −αGB0 (p) (3.31)

where α is a positive coefficient encoding couplings and other overall constants.
The production rate of bulk modes, σΨ̄Ψ→Φ, can be obtained from a unitary cut of the

iA amplitude. The unitarity cut amounts to take the imaginary part of A, one gets

σΨ̄Ψ→Φ = 2ImA = 2α Im
[
iGB0 (p)

]
= 2αρd0eϕ0 ρ0

|ρ0f ′0 +Bf0|2
Im
[
f †0f

′
0

]
(3.32)

We then evaluate Im
[
f †0f

′
0

]
. By definition, f is the outgoing wave solution. The conjugate

f † must contain the ingoing wave solution, f † = h+ . . . where we chose a unit coefficient for
h without loss of generality. It follows that the imaginary part takes the form Im

[
f †0f

′
0

]
=

1
2i(f ′0h0 − f0h

′
0) and is thus computed by the Wronskian eq. (3.4). Because of f † = h+ . . .

one has W = −W †, thus the Wronskian is imaginary. Thus the Wronskian can be written
as W = −icρd−1eϕ with c ∈ R.

What is the sign of c? Assuming that the EOM is regular everywhere, the Wronskian
cannot be zero. Thus ImW has a definite sign everywhere, encoded into c. To determine
the sign of c we consider the large p asymptotic limit obtained in eq. (3.7), with f ∼ eipz,
g ∼ e−ipz. The corresponding asymptotic Wronskian is −2ip, therefore c > 0.

Putting the pieces together we obtain that the imaginary part is given by Im
[
f0f
′†
0

]
=

1
2cρ

d−1
0 eϕ0 . As a result the production rate of bulk modes is given by

σΨ̄Ψ→Φ = αc
ρ2d

0 e
2ϕ0

|ρ0f ′0 +Bf0|2
. (3.33)

This is a very simple, exact formula for the flux emitted from the boundary. We see that
only the regular solution near the boundary is needed to determine it. We can also notice
that the c > 0 condition derived above ensures that unitarity is respected.

3.4 Summary

While this section is mostly a review, there are lessons to take away. We have shown that
for the warped background eq. (3.1), even in the presence of a dilaton background, the holo-
graphic action and the propagators take simple, explicit expressions, making holographic
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calculations in this class of background essentially as simple as in the Poincaré patch of
AdS. We used this background to perform checks of the general formalism of section 2.

Going back to AdS, we have cast a new light on an elementary aspect of the propa-
gators, the Neumann-Dirichlet identity eq. (3.24), which is understood to be an intrinsic
property of the holographic formalism, and not as a specificity of AdS. We have also veri-
fied that our approach gives the CFT 2pt function with correct normalization and we have
taken into account the 2pt contact term.

Finally we have derived a simple general formula for the flux of bulk modes emitted
from the boundary by using a unitarity cut on a boundary 2→ 2 exchange diagram.

4 Quantum pressure on a brane in warped background

Throughout the rest of the paper, our focus is essentially on integrating out bulk modes
at the quantum level. In the present section we consider free bulk modes and their effect
on the boundary. More precisely, we assume that space is subdivided by a codimension-1
interface or domain wall, here referred to as brane. Our aim is to derive the pressure on
the brane induced by the quantum fluctuations of the field. Apart from formal interest
this setup is also relevant because it serves in braneworld models, where the motion of the
brane in the bulk is relevant for cosmology (see for example [132–134]).

4.1 Preliminary observations

We consider a free scalar Φ supported on the class of warped background discussed in
section 3. The brane is along the z = z0 slice as shown in figure 3. Our aim is to investigate
the pressure on the brane induced by fluctuations of Φ. The field may have either boundary
condition on the brane, we focus here on integrating the Dirichlet component ΦD on either
side of the brane. We refer to the z < z0 and z > z0 regions as “left” and “right”. Our
method to obtain the quantum pressure is to vary the energy of the quantum vacuum with
respect to the position of the brane, z0 (this method was used in [135] in flat space).14

In the presence of curvature and/or dilaton background, the variation in z0 can be
tricky to evaluate. It is useful to rescale the fields in the action as follows

ΦD = ρd−1eϕΦ̂D (4.1)

to absorb the geometric prefactors into the fields. With this field redefinition, the pref-
actors are moved into an effective position-dependent mass term for Φ̂D, that leads to
no difficulties in the calculation of the variation. This trick simplifies the calculations
and, as we will see, renders manifest the small-distance limit for which the flat metric is
asymptotically recovered.

14The energy of the QFT vacuum is a divergent quantity. However, if one varies it with respect to a
physical parameter (such as the distance between two plates), the resulting variation is a physical observable
and thus must be finite. If divergences still appear in the expression of the vacuum pressure, they have a
physical meaning and have to be treated in the framework of renormalization.
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Figure 3. A brane (i.e. an interface or domain wall) along the z = z0 slice in the Poincaré patch
of AdSd+1. Loops of the scalar field Φ in each region induce a finite pressure on the brane.

Starting from the partition function with no sources, Z(z0), the vacuum energy is
given by

Evac(z0) = W (z0)
T

, W (z0) = i logZ(z0) (4.2)

with the overall time factor T =
∫
dt. This factor is irrelevant for the static quantities we

compute.
The leading order contribution from the bulk modes is the one-loop determinant,

Evac(z0) = − i
2Tr log (D) = − i

2
∑
λ

∫
Ad−1

ddp
(2π)d log

(
p2 +m2

λ

)
where Ad−1 is the brane spa-

tial volume. Taking the z0 variation leads to the definition of the vacuum pressure on the
d− 1-brane:

− F

Ad−1
= δEvac(z0)

δz0
= 1

2
∑
λ

∫
ddpE
(2π)d

1
p2
E +m2

λ

δm2
λ

δz0
. (4.3)

We have performed a Wick rotation to integrate in the Euclidian momentum pE . A posi-
tive (negative) value of the pressure means that the boundary is pushed towards positive
(negative) z.

We could have started from a theory in Euclidian space — the metric signature is
irrelevant for the quantity of interest. We work in Lorentzian signature for which the
brane has d− 1 spatial dimensions.

For d = 1 the 0-brane is a point particle. For d > 1 the brane is an extended object
and can have a localized energy density (i.e. brane tension)

S ⊃
∫
dxd

√
ḡσ . (4.4)

Depending on the value of σ the brane may be static or have velocity in the bulk — the
solutions of Einstein’s equation for this system have been classified in [132]. Here we assume
that σ is tuned such that the brane is static, as in the RS2 model.
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4.2 Vacuum pressure from bulk modes

What is the mass variation δm2
λ/δz0 appearing in eq. (4.3)? To determine it, we consider

a piece of the action for one given Dirichlet mode,15

Sλ = −1
2

∫ ∞
z0

dz

[
∂M

(
fλ (z)φλD

)
∂M

(
fλ (z)φλD

)
+m2

(
fλ(z)φλD

)2
]

(4.5)

We can evaluate the variation δSλ/δz0 in two ways.
First, one can integrate by part and use the orthogonality relation of the modes,

which gives
Sλ = −1

2
(
p2 +m2

λ

) (
φλD

)2
(4.6)

The variation in z0 is then found to be

δSλ
δz0

= −1
2
δm2

λ

δz0

(
φλD

)2
(4.7)

Second, we can instead apply the variation directly to eq. (4.5). The only contribution
is from the change of integration domain. This gives

δSλ
δz0

= 1
2(φλD)2∂zf

λ(z)∂z′fλ(z′)
∣∣∣∣
z,z′=z0

(4.8)

We thus obtain the mass variation16

δm2
λ

δz0
= −∂zfλ(z)∂z′fλ(z′)

∣∣∣∣
z,z′=z0

. (4.9)

Plugging eq. (4.9) into eq. (4.3), we recognize the spectral representation of the Dirich-
let propagator with Euclidian momentum. We obtain the contribution to the pressure from
the right region (z > z0)

FR
Ad−1

= i

2

∫
ddpE
(2π)d∂z∂z

′GD(pE ; z, z′)
∣∣∣∣
z,z′=z0

(4.10)

We proceed similarly with the contribution from the left region (z < z0). We obtain
the total pressure

F

Ad−1
= i

2

∫
ddpE
(2π)d

[
∂z∂z′G

R
D(pE ; z, z′)− ∂z∂z′GLD(pE ; z, z′)

]
z,z′=z0

(4.11)

where GLD, GRD are the Dirichlet propagators in the left and right regions respectively.
Moreover we can use the explicit expression for the Dirichlet propagator given in eq. (3.12)
—applied to the rescaled field Φ̂D. The regular solution in the left and right regions are

15In this section we use the rescaled field Φ̂ everywhere (see eq. (4.1)), thus the profiles and propagators
are understood as f̂λ, Ĝ. The hats will be omitted throughout the section.

16I am grateful to E. Ponton for providing insights on this trick in an early unpublished work [136].
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denoted by fL, fR. Using spherical coordinates and defining p = |pE |, the final result for
the quantum vacuum pressure is found to be17

F

Ad−1
= − 1

2dπd/2Γ(d/2)

∫
dppd−1

(
f ′L(z0)
fL(z0) + f ′R(z0)

fR(z0)

)
= − 1

2dπd/2Γ(d/2)

∫
dppd−1∂z log (KL(p, z)KR(p, z))

∣∣∣
z=z0

(4.12)

where KL,R are the brane-to-bulk propagators in the left and right regions. Moreover,
comparing to eq. (3.17), we see that the quantum pressure is proportional to the sum of
the holographic self-energies from each side of the brane.

Some sanity checks can be done. In the limit of large Euclidian momentum, when
spacetime curvature and mass are negligible, the regular solutions are asymptotically ex-
ponentials as dictated by eq. (3.7). In this limit we have fR(z) ∼ epz, fL(z) ∼ e−pz. As a
result the integrand of eq. (4.12) vanishes asymptotically in this limit. This is the expected
flat space behaviour. Note that this does not imply that the integral is automatically finite.
Depending on how fast the metric becomes flat at small distance, i.e. depending on the
large p behaviour, there can be divergences from the p integral, that we will treat using
standard dimensional regularization.

Second, we recover the Casimir pressure in a Minkowski interval [138]. We assume the
presence of a second brane in the left region, at z = z0− ` < z0. We have fR = e−pz, while
fL = sin(p(z − z0 + `)). We obtain ∂z logKL(z) = p coth(p`), log ∂zKR(p, z) = −p, giving
exactly the scalar Casimir pressure between two plates of spatial dimension d− 1,

Fflat(`)
Ad−1

= − 1
2d−1πd/2Γ(d/2)

∫
dp

pd

e2p` − 1 = −
dΓ

(
d+1

2

)
ζ(d+ 1)

2d+1π(d+1)/2`d+1 . (4.13)

In particular for d = 3 we recover the well-known result F/A2 = −π2/480`4.
The fact that the pressure on the z0 brane is negative means that it is attracted towards

negative z, consistent with the fact that the second brane is placed at the left of z0.

4.3 Vacuum pressure in AdS

We turn to a single brane in AdS metric. We consider the fluctuations from a bulk scalar
field with mass m2 = ∆(∆−d)k2 = (α2− d2

4 )k2 (with α ≥ 0), existing in both left (z < z0)
and right (z > z0) regions. The solutions to the bulk EOM for the rescaled field are√
zIα(

√
p2z),

√
zKα(

√
p2z) in any dimension.

Using the general formula eq. (4.12), the pressure induced by the scalar fluctuations is
FAdSd+1

Ad−1
= − 1

2dπd/2Γ(d/2)

∫
dppd−1∂z log (zIα(pz)Kα(pz))

∣∣∣
z=z0

(4.14)

This expression can be evaluated analytically only in particular cases and limits. However,
general features can already be deduced. By dimensional analysis the pressure must scale as

FAdSd+1

Ad−1
∝ 1
zd+1 . (4.15)

17We notice a resemblance with the result from the D-sphere presented in [137]. Our result, however,
does not have any unwanted divergences apart from those renormalizing the brane tension.
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Regarding the sign of the pressure, a qualitative statement can be done when the
integral is finite such that no regularization is needed. We notice that the integrand of
eq. (4.14) is positive for α ≥ 1

2 . Under these restrictions we know that the pressure is
negative, i.e. the quantum pressure pushes the brane towards the AdS boundary.

4.3.1 Conformally massless scalar

For α = 1
2 in any d, the scalar is conformally massless upon a Weyl transformation to flat

space. For this value of α, the field in AdS effectively behaves just as in flat half-space with
boundary at z = 0. Accordingly, when setting α = 1

2 in eq. (4.14), the vacuum pressure
reduces to the flat space result with separation z0 corresponding to the distance between
the z = 0 boundary and the brane (z = z0),

FAdSd+1(z0)
Ad−1

∣∣∣∣
α= 1

2

=
Fflatd+1(z0)
Ad−1

. (4.16)

4.3.2 Uniform expansion and flat space limit

In the large pz limit and for α 6= 1
2 the asymptotic behaviour of the Bessel functions leads

to an asymptotically vanishing integrand in eq. (4.14). However, if one uses this expansion
to approximate the pz > 1 region of the integral, highly inexact results occur. This can be
traced back to the fact that the bulk mass is neglected in the usual large pz asymptotics.
Instead we need a limit of the Bessel functions where the mass term is kept in the large
pz limit so that massive (as opposed to massless) flat space QFT appears. This limit is
realized by the “uniform expansion” of Bessel functions, [139] giving

Iα(αy)Kα(αy) = u

2α

(
1 + u2 − 6u4 − 5u6

8α2 +O

( 1
α4

))
for α→∞ (4.17)

with u = (1 + y2)− 1
2 . This limit amounts to taking the flat space limit in the sense of

taking zero AdS curvature k → 0 at fixed bulk mass and using coordinates z = 1
ke
kη with

fixed η, such that both α and z simultaneously tend to infinity as ∝ 1
k .

4.3.3 AdS2

For d = 1, the “brane” is a point particle, thus we talk about force instead of pressure. The
force computed by eq. (4.14) is finite. We evaluate the force at large α using the expansion
eq. (4.17).

FAdS2

∣∣∣∣
α�1

= −
(
α

4 −
1

256πα +O
(
α−3

)) 1
z2

0
(4.18)

We compute numerically the pressure and find excellent agreement down to α ∼ 1
2 . The

force is shown in figure 4. At α = 1
2 the flat space Casimir pressure F2 = − π

24z2
0

is
recovered. The force is found to be negative for any value of the bulk mass: the point
particle is attracted towards the AdS boundary.
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Figure 4. Force from the quantum vacuum felt by a point particle in AdS2 in the presence of a
scalar field with mass m2 = (α2 − 1

4 )k2. For a conformally massless scalar α = 1
2 , the flat space

Casimir force between the particle and the boundary is recovered. For any α the point particle is
attracted towards the AdS boundary. The dotted line shows the result from large mass expansion,
eq. (4.18).

4.3.4 AdS>2

For α 6= 1
2 and d ≥ 2, divergences appear in the integral eq. (4.14). These divergences can

be seen using the uniform expansion eq. (4.17), which gives

∂z log (zIα(pz)Kα(pz))
∣∣∣
z=z0

= 1
z

α2

α2 + z2p2 −
4α4zp2 − 10α2z3p4 + z5p6

4(α2 + z2p2)4 + . . . (4.19)

The degree of divergence for each term under the
∫
dppd−1 integral is then obvious. Through

eq. (4.19) we also see that the integrand takes the same form as in massive flat space,
with terms of the form 1/(p2 + ∆)n. The integrals can thus be treated using textbook
dimensional regularization. That is, power-law divergences are automatically removed and
only logarithmic divergences remain. There are log divergences for even d ≥ 2 only.

The result for general d is

FAdSd+1

Ad−1

∣∣∣∣
α�1

= −
(

αd

2d+1πd/2
Γ
(

1− d

2

)
+O

(
αd−2

)) 1
zd+1

0
(4.20)

The divergences at even d ≥ 2 appear via the Gamma function, as customary from dimen-
sional continuation.

Since the Gamma function with negative argument can take both signs, the expression
can take either sign depending on the dimension. For odd d, keeping the leading term, the
expression gives

FAdS4

A2

∣∣∣∣
α�1
∼ α3

8π
1
z4

0
,

FAdS6

A4

∣∣∣∣
α�1
∼ − α5

48π2
1
z6

0
. . . (4.21)

What quantity is being renormalized for even d? As can be seen by comparing with
AdS2, the divergences are tied to the brane being an extended object, hence we can expect
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that the quantity being renormalized is brane-localized, and the only candidate is the brane
tension. The brane tension takes the form

S ⊃
∫
dxdz−d0 (σ + δσ) (4.22)

where δσ is the z0-independent counterterm. We introduce d = n − ε with n a positive
even integer. Varying in z0, the δσ counterterm cancels the divergence for

dδσ = (−1)d/2αd
2dπd/2Γ(d/2)ε

+ finite (4.23)

The finite quantum contribution to the pressure is then proportional to log(z0µ)z−d−1
0 ,

where µ is the renormalization scale. The finite part in the counterterm eq. (4.23) is
absorbed in the definition of the renormalization scale. The final result for the quantum
pressure felt by the brane is

FAdSd+1

Ad−1

∣∣∣∣
α�1
∼ (−1)d/2αd

2d+1πd/2Γ(d/2)
log(z0µ)
zd+1

0
, for even d ≥ 2 (4.24)

at leading order in the 1/α expansion.
The quantum contributions arising in AdS>2 may dominate the motion of the brane

if the bare tension is tuned such that the brane is static at classical level (see [132] for
brane motion as a function of brane tension.) It could be interesting to investigate the
consequences of this detuning in e.g. braneworld models.

5 Interactions and boundary correlators: overall picture

In this section and the following ones we turn on the interactions. This section is a prelude
where we discuss the overall structure of the boundary effective action and make some
general observations.

We consider, as in sections 2, 3, a field that can fluctuate on the boundary i.e. satisfies
Neumann BC. We will discuss the boundary effective action for such field and how the
generated correlators relates to those with Dirichlet BC. We will then notice an interesting
implication in the AdS case. Finally we discuss some general features of the long-distance
holographic EFT obtained by integrating out heavy degrees of freedom.

Interactions are easily written in terms of holographic variables in the general action
eq. (2.22). For example the coupling Φn(x) takes the form

(Φ0 ◦K + ΦD)n(x) . (5.1)

This leads to monomials of the form (Φ0 ◦K)kΦn−k
D . Each of these vertices contribute to

the correlators. In this work we are interested in boundary observables, which are defined
by insertions of boundary-localized sources J0 = J |∂M in the partition function Z[J0].

A J0 source probes only the boundary degrees of freedom and not the Dirichlet modes.
Let us first integrate over the Dirichlet modes in Z[J0]. This gives

Z[J0] =
∫
DΦ0e

−SD[Φ0]−Φ0◦J0 (5.2)
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Figure 5. Sample of boundary connected correlators. Orange and blue points are respectively
integrated overM and ∂M.

where we introduced a nonlocal boundary action SD that we refer to as the “Dirichlet
action”. It is a functional of the boundary degree of freedom Φ0. At perturbative level,
the Dirichlet action encodes the diagrams with only GD internal lines, that we refer to as
Dirichlet diagrams. These are for example diagrams i) to iii) in figure 5. Since Φ0 is a
dynamical field, SD can be seen as a fundamental action in Φ0 — encoding very nonlocal
operators. In AdS the Dirichlet action encodes the Witten diagrams with ∆+ propagators
in internal lines.

Among all the operators in SD it is useful to single out the class of operators∫
M
dd+1x

√
|g|

n∏
i=1

Ki ◦ Φi,0(x) (5.3)

These are the operators generated by a single bulk vertex, they are in this sense the most
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local operators. We define the associated “holographic vertices”

Λn(x0,i) =
∫
M
dd+1x

√
|g|

n∏
i=1

K(x0,i, x) (5.4)

A 3pt holographic vertex is shown as diagram i) in figure 5. The Λn are in one-to-one
correspondence with bulk vertices and in AdS are proportional to contact Witten diagrams.

Let us turn to the definition of boundary correlators generated by Z[J0]. They are
given by18

〈Φ0(x0,a),Φ0(x0,b) . . .〉 . (5.5)

In particular, the connected boundary correlators are generated by taking the derivatives
of W [J0] = logZ[J0] (this is the convention for Euclidian signature, there is an extra i for
Lorentzian signature). Given the definition of the Dirichlet action eq. (5.2), the boundary
connected diagrams are built from boundary subdiagrams with only Dirichlet lines (i.e.
Dirichlet subdiagrams) connected to each other by boundary lines. Examples of such
connected correlators are shown as diagrams iv) to vi) in figure 5.

We can finally define the boundary effective action, i.e. the generating functional of
1PI boundary connected correlators via the Legendre transform

Γ[Φ0,cl] = −W [J0] + J0 ◦ Φ0,cl . (5.6)

Since the Legendre transform is done with respect to the boundary source, it amputates
boundary-to-boundary propagators on each leg of the correlators. Likewise, the notion of
one-particle irreducibility (1PI) is here meant with respect to boundary-to-boundary lines
only. Thus in figure 5 only diagram iv) is 1PR, all the other ones are 1PI since they cannot
be split by cutting a single line on the boundary. Since boundary-to-boundary correlators
are amputated on each external leg, the 1PI correlators obtained by taking derivatives
of Γ[Φ0,cl] have amputated boundary-to-bulk propagators as external legs (see definition
eq. (2.15)).

Relation to unitarity cuts and transition amplitudes. Unitarity cuts on Dirichlet
subdiagrams act on internal GD propagators. We have shown in section 3.2 that in AdS we
haveGD = G∆=∆+ , which admits a momentum spectral representation (see e.g. [56, 57]). A
unitarity cut acting on such a propagator gives a Wightman propagator, which takes a split
form [56]. It follows that cutting on a AdS Dirichlet subdiagram gives rise to a squared AdS
“transition amplitude”. We checked that this picture of unitarity cuts similarly holds for
an arbitrary warped background (see also [140] for developments on transition amplitudes
in general background). This is due to the fact that the momentum-space Wightman
propagator on an arbitrary warped background must take a split form, as can be deduced
by generalizing the calculations in [57].

18We remind that in our notation, the boundary coordinates yµ appear through the xM0 (yµ) embedding.
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5.1 On holographic CFT correlators

We have seen that a generic contribution to a given npt boundary correlator is made of
Dirichlet subdiagrams (i.e. with only GD in internal lines) connected to each other by
boundary lines. Formally, this substructure of the diagrams appears when singling out the
Dirichlet action in the partition function, eq. (5.2). We also know that when the background
is AdS, the boundary correlators are identified as correlators of a strongly coupled large N
CFT. We can thus wonder: how does the substructure of a diagram in terms of Dirichlet
subdiagrams translate into the holographic CFT?

The answer will certainly involve the notion of large N corrections. First we stress
that a Dirichlet subdiagrams can be of arbitrary loop order, hence the Dirichlet subdia-
grams encode plenty of 1

N corrections. Our focus here is rather on the structure of the
entire diagram. In order to figure out the CFT meaning of an entire diagram, let us take
an example.

We consider v) in figure 5 which is induced by quartic couplings and amounts to
Λ4 ◦G2

0 ◦ Λ4.19 In the CFT language this bubble diagram corresponds to20

〈O(ya)O(yb)O(u)O(v)〉
[
〈O(u)O(u′)〉

]−1 [〈O(v)O(v′)〉
]−1 〈O(u′)O(v′)O(yc)O(yd)〉 (5.7)

Here the inverse and the ◦ convolution in spacetime coordinates are written in matrix
notation. We can see that eq. (5.7) is built solely from other CFT correlators, evaluated at
leading order in the large N expansion. The large N scaling is ∼ 1

N2 for the 4pt correlators
and ∼ 1 for the 2pt correlator.

We can recognize the structure of a perturbative expansion scheme at the level of the
large N CFT, where the expansion is in the small parameter 1

N . To better recognize the
diagrammatic structure, we define the amputated 4pt correlator,

〈O(ya)O(yb)O(yc)O(yd)〉amp = (5.8)[
〈O(ya)O(y′a)〉

]−1
. . .
[
〈O(yd)O(y′d)〉

]−1 〈O(y′a)O(y′b)O(y′c)O(y′d)〉

This amounts to a 4pt “vertex” in the diagrammatic language. This vertex scales as ∼ 1
N2 .

The expression eq. (5.7) then becomes

〈O(ya)O(y′a)〉〈O(ya)O(y′a)〉〈O(y′a)O(y′b)O(u)O(v)〉amp (5.9)
× 〈O(u)O(u′)〉〈O(v)O(v′)〉
× 〈O(u′)O(v′)O(y′c)O(y′d)〉amp〈O(y′c)O(yc)〉〈O(y′d)O(yd)〉

We recognize the structure of a (non-amputated) bubble diagram — the second line con-
tains the two internal lines of the bubble.

We can reproduce the same steps for more complicated topologies built from Dirichlet
subdiagrams, with same outcome. One can also prove the perturbative structure at all

19The simplest example would be Λ3 ◦G0 ◦ Λ3 but it is 1PR, we rather focus on a 1PI diagram.
20Strictly speaking the 4pt CFT correlator also contains contribution from Λ3 ◦G0 ◦Λ3 at leading order

in large N , corresponding to including box and triangle diagrams in the example. For our discussion we
can safely focus on the bubble diagram only.
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order by working at the level of the path integral, using the Dirichlet action as a generator
of the Dirichlet subdiagrams.

The conclusion is that AdS diagrams involving internal boundary lines (e.g. iv-vi)
in figure 5) correspond in the holograhic CFT to diagrams made of amputated n > 2pt
CFT correlators connected by mean field 2pt correlators. Such expressions can, at least
in principle, be directly computed in the CFT. Interestingly, an analogous diagrammatic
approach to large N CFT has been introduced in [111] in the context of evaluating a 4pt
CFT correlator. Here we have found how it appears from the AdS side.

An implication of the above observations is that, when calculating an AdS Witten
diagrams with ∆+ propagators in internal lines, one actually computes operators of the
Dirichlet action SD. If one wants to obtain the complete boundary correlator generated
by the boundary action Γ[Φ0] at a given order in 1

N , it is necessary to include the extra
contributions taking the form of large N CFT diagrams described above. Examples from
figure 5 are ii) + iv), iii) + iv) + v). Equivalently, we can say that ∆− propagators have to
be used in internal lines instead of ∆+ propagators.

5.2 Long-distance holographic EFT

A field propagating in internal lines may have massmmuch higher than the inverse distance
scale ζ−1 involved in the correlators,m� ζ−1. In that case one can integrate the heavy field
out using a large-mass expansion. This produces a series of effective operators depending
only on the light degrees of freedom that encodes the effect of the heavy field in the long-
distance regime.

In the large m expansion, bulk diagrams are expanded as a series of local bulk interac-
tions suppressed by powers ofm. From the viewpoint of the boundary effective action, these
bulk vertices map one-to-one onto contributions to the holographic vertices Λn. In analogy
with flat space low-energy EFT, the contributions from the heavy field to the boundary
effective action can be cast into a long-distance effective Lagrangian. Of course, unlike the
familiar EFT Lagrangians from flat space, the holographic long-distance EFT is nonlocal
in ∂M — even though the bulk vertices are local, nonlocality arises from convolution with
the boundary-to-bulk propagators.

Denoting the heavy field by Φ(h) and the light field by Φ(`), the long-distance Dirichlet
action SD,eff + S∂D,eff generated by integrating Φ(h)

D takes the schematic structure

SD,eff
[
Φ(`)

0 ,Φ(h)
0

]
= SD

[
Φ(`)

0 ,Φ(h)
0

]
+
∑
n,α

an,α
mcn,α

(Λn)y1,y2,...yn

n∏
i=1

Φ`,h
0 (yi) + . . . (5.10)

S∂D,eff

[
Φ(`)

0 ,Φ(h)
0

]
= S∂D

[
Φ(`)

0 ,Φ(h)
0

]
+
∑
n,α

bn,α
mdn,α

(Bn)y1,y2,...yn

n∏
i=1

Φ`,h
0 (yi) (5.11)

where an,α, bn,α encode products of bulk couplings and cn,α, dn,α > 0. The boundary degree
of freedom of the heavy field is not integrated out and thus remains in the Dirichlet action.
The S(∂)

D are the fundamental bulk and boundary actions with renormalized constants.
The ellipses in SD,eff denote Dirichlet subdiagrams other than the holographic vertices Λn.
The Bn are —possibly nonlocal— boundary terms generated when integrating out Φ(h)

D .
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Integrating out the Φ(h)
0 degree of freedom is more subtle because the holographic

self-energy can in principle contain a light degree of freedom (see also discussion in sec-
tion 3.1.3). If present, the light degree of freedom has to be appropriately singled out,
therefore this operation requires some care. When integrating out Φ(h)

0 except for a pos-
sible light mode, additional contributions to the boundary operators Bn in S∂D,eff are gen-
erated, while the bulk terms for Φ(`)

0 in SD,eff remain unchanged. This is because the
boundary-to-bulk propagators of Φ(h) get shrunk to the boundary and expands into a se-
ries of boundary-localized local terms. As a result, the heavy Φ(h)

0 only contributes to the
boundary effective operators. This feature here explained conceptually will show up in the
explicit calculation of the one-loop boundary effective action.

Computing the long-distance EFT arising from integrating out a heavy bulk field is
fairly simple at tree-level. The key ingredient is the large-mass expansion of the propagator.
This expansion is obtained by inverting the bulk EOM, for example by multiplying by∑∞
k=0

�k

m2k and solving order by order. The propagator in the large mass limit is expressed
as a sum of derivatives of the delta function

GD(x, x′) = 1√
|g|

∞∑
k=0

�k

m2(k+1) δ
d+1(x, x′) (5.12)

giving rise to local bulk vertices and thus to the holographic vertices.21 Integrating out
a bulk field at loop level is much more technical, this is where the holographic effective
action becomes powerful.

6 The boundary one-loop effective action

In this section we integrate out the bulk modes at one-loop in the presence of interactions.
From the technical viewpoint this section is mostly a review in the sense that it consistently
gathers existing heat kernel results from the literature.

6.1 Preliminary observations

In order to compute the effective action we are going to use a background field method.
That is, one separates the fields into background and fluctuation, Φ = Φ|bg + Φ|fl. If we
identify Φ|bg ≡ Φ0 ◦K, Φ|fl ≡ ΦD, the fluctuation has Dirichlet BC, while if we also let the
boundary degree of freedom fluctuate, i.e. Φ0 = Φ0,bg + Φ0,fl, the fluctuation has Neumann
BC, i.e. Φ|fl ≡ Φ0,fl ◦K + ΦD. Integrating out quantum fluctuations at one-loop gives rise
to the one-loop effective action,

Γ = Γcl + Γ1−loop + . . . (6.1)

Γ1−loop in the presence of background fields is best evaluated via the heat kernel method,
which gives rise to the Gilkey-de Witt “heat kernel coefficients” [12–15]. The heat kernel

21In AdSd+1, eq. (5.12) proves that the harmonic kernel satisfies
∫
R dν(ν2 + d2

4 )rΩν(x, x′) =
1√
|g|
k1−d (−�

k2

)r
δd+1(x, x′).
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coefficients are local covariant quantities built from geometric invariants of the background.
Here these invariants will be expressed in terms of holographic variables.

The heat kernel coefficients induced from a light field provide one-loop divergences
while the heat kernel coefficients from a heavy field provide both one-loop divergences and
a long distance EFT. The Dirichlet component of the fluctuation contributes to the bulk
and boundary heat kernel coefficients while the boundary component contributes solely to
the boundary heat kernel coefficients, in accordance with the observations in section 5.2.
In all cases, the geometric invariants are built from the light field background and thus
depend on Φ(`)

0 ,Φ(`)
D . Upon integration in Φ(`)

D the resulting boundary effective action takes
the general form shown in eqs. (5.10), (5.11). In this work, for the bulk piece eq. (5.10) we
will only focus on the holographic vertices Λn.

There has been a plethora of studies of perturbative amplitudes in AdS background.
AdS loop diagrams and their properties have been investigated in refs. [18–62]. The one-
loop effective action and its applications, however, seem fairly underrepresented in the
literature. To the best of our knowledge, it has mostly been used to compute the one-loop
effective potential, see [42, 63–68]. The one-loop potential is only a particular case that we
briefly discuss below. The full one-loop effective action contains much more information
on the long-distance limit of amplitudes and on their divergences.

6.2 The one-loop effective potential

There is a special case for which the one-loop effective action can be computed exactly. For
general spacetime, this special case is defined as follows. It is the case when the one-loop
effective action encodes a scalar background with constant value on the boundary (i.e.
constant in the yµ coordinates) and with appropriate scaling in the bulk such that the
background-dependent mass amounts exactly to a constant bulk mass for the fluctuation,

m2
fluctuation [Φbackground] (z) = cste (6.2)

or equivalently X[Φ(`)
0 ](z) = cste in the notation of section 6.3. Under this condition, if

the free propagator is known, then the one-loop effective potential is automatically known
since its derivative is given by the propagator evaluated at coincident endpoints.

For example, in the case of a scalar fluctuation Φ(h)
D in AdS, and assuming that the

action contains ∫
dd+1x

√
|g|12

(
Φ(h)
D

)2
U
[
Φ(`)

0

]
, (6.3)

the effective potential can be computed if the U [Φ(`)
0 ] background is constant in z.

Here U [Φ(`)
0 ] is in general a composite operator, for concreteness we choose a monomial

U [Φ(`)
0 ] = ∏r

i=1 Φ(`)
0,iKi(z). Requiring constant U [Φ(`)

0 ] does not impose that the individual
Ki(z) are each constant in z, only their product has to be. In AdS, the condition for having
constant U [Φ(`)

0 ] then becomes a condition on the z scaling of its elements. Since we have
Ki(z) ∝ zai , U [Φ(`)

0 ] is constant if the powers satisfy
r∑
i=1

ai = 0 (6.4)

This condition seems to be usually left implicit in the literature.
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Along these lines we can ask: what is the CFT dual of the U [Φ(`)
0 ] background in AdS?

A possible answer is a follows. Provided we can apply the ∆+ branch of AdS/CFT [131]
to U [Φ(`)

0 ] itself, the resulting source term scales as z0 and the associated fluctuation scales
as zd near the boundary. This corresponds to a marginal operator OU (i.e. ∆U = d) in
the CFT, appearing as SCFT +

∫
ddxJUOU with JU ≡ U0 = ∏r

i=1 Φ(`)
0,i . When U0 takes

its x-independent background value, JU is a mere constant sourcing the VEV of OU . The
nonzero VEV of OU does not break conformal symmetry since it is marginal. Instead, the
values of JU define a continuous family of CFT in which 〈OU 〉 can be nonzero. According
to this picture it follows that the AdS one-loop potential encodes the leading non-planar
effects of 〈OU 〉 on the CFT data. This may deserve further investigation.

When departing from the specific case of constant background field discussed here, a
derivative expansion in the slowly-varying background can be used. This line of thinking
ultimately leads to the background field method and to the heat kernel expansion, which
is our next topic.

6.3 Review of the heat kernel coefficients

We use Lorentzian signature. The one-loop effective action takes the form

Γ1−loop = (−)F i

2Tr log
[(
−� +m2 +X

(
Φ(`)

))
ij

]
(6.5)

with � = gMND
MDN the Laplacian built from background-covariant derivatives. The

covariant derivatives give rise to a background-dependent field strength ΩMN = [DM , DN ],
encoding both gauge and curvature connections. It takes the general form

ΩMN = −iF aMN ta −
i

2R
PQ

MN JPQ (6.6)

where ta and JPQ are the generators of the gauge and spin representation of the quantum
fluctuation. X is the “field-dependent mass matrix” of the quantum fluctuations, it is a
local background-dependent quantity. The effective field strength ΩMN and the effective
mass X are, together with the curvature tensor, the building blocks of the heat kernel
coefficients. Using the heat kernel method reviewed in appendix D, Γ1−loop takes the form

Γ1−loop = (−)F 1
2

1
(4π)

d+1
2

∫
M
dd+1x

√
g
∞∑
r=0

Γ
(
r− d+1

2

)
m2r−d−1 trb2r (x)

+(−)F 1
2

∫
∂M

ddx
√
ḡ
∞∑
r=0

 Γ
(
r− d+1

2

)
(4π)

d+1
2 m2r−d−1

trb∂2r (x)+
Γ
(
r− d

2

)
(4π)

d
2 m2r−d

trb∂2r+1(x)


(6.7)

with tr the trace over internal (non-spacetime) indexes. Analytical continuation in d has
been used, the expression is valid for any dimension. The local quantities b2r and b∂2r are
referred to as the bulk and boundary heat kernel coefficients.

For odd bulk dimension all the bulk terms in eq. (6.7) are finite. There are log diver-
gences from the b∂2r+1 terms for r ≤ d

2 , which renormalize the boundary-localized funda-
mental action. For even bulk dimension there are log-divergences from both bulk terms
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and from the b∂2r terms for r ≤ d+1
2 . These log divergences renormalize both the bulk and

boundary fundamental actions.
The terms with negative powers of masses in eq. (6.7) are finite. They amount

to an expansion for large m and give rise to a long-distance effective action, Seff =∫
dd+1x

√
|g|Leff +

∫
ddx

√
|ḡ|L∂eff with

Leff = (−)F 1
2

1
(4π) d+1

2

∞∑
r=[(d+3)/2]

Γ(r − d+1
2 )

m2r−d−1 tr b2r(x) (6.8)

L∂eff = (−)F 1
2

 ∞∑
r=[(d+3)/2]

Γ(r − d+1
2 )

(4π) d+1
2 m2r−d−1

tr b∂2r(x) +
∞∑

r=[d/2]+1

Γ(r − d
2)

(4π) d2m2r−d
tr b∂2r+1(x)


(6.9)

Only the first heat kernel coefficients are explicitly known, we use up to b6 and b∂5
respectively for bulk and boundary coefficients.

6.3.1 Bulk contributions

The general expressions for the bulk coefficients are [16]

b0 = I

b2 = 1
6RI −X

b4 = 1
360

(
12�R+ 5R2 − 2RMNR

MN + 2RMNPQR
MNPQ

)
I

− 1
6�X −

1
6RX + 1

2X
2 + 1

12ΩMNΩMN (6.10)

b6 = 1
360

(
8DPΩMND

PΩMN + 2DMΩMNDPΩPN + 12ΩMN�ΩMN − 12ΩMNΩNPΩ M
P

− 6RMNPQΩMNΩPQ − 4R N
M ΩMPΩNP + 5RΩMNΩMN

− 6�2X + 60X�X + 30DMXD
MX − 60X3

− 30XΩMNΩMN − 10R�X − 4RMND
NDMX − 12DMRD

MX + 30XXR

− 12X�R− 5XR2 + 2XRMNR
MN − 2XRMNPQR

MNPQ
)

+O
(
R3
)

(6.11)

with I the identity matrix for internal indexes. Here we give only the part of b6 relevant
for our applications, the full b6 coefficient is given in appendix, eq. (D.6).

The invariants are built from background fields expressed in holographic variables,
including the boundary components such as Φ0 ◦ K. The boundary-to-bulk propagator
satisfies the bulk EOM, hence the terms involving Laplacians such as those arising from
�X can be evaluated using the bulk EOMs.
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6.3.2 Boundary contributions

More invariants are involved in the boundary contributions to the heat kernel coefficients.
Using the conventions from section 1.3, we introduce the extrinsic curvature L = Lµν ḡ

µν ,
with Lµν = Γnµν where the normal nM vector is outward-pointing from the boundary.22 One
also needs to characterize the boundary conditions of the fluctuation, which can either be
Dirichlet or Neumann. This is done in general via the projectors Π±, satisfying (Π±)2 = Π±
and Π+ + Π− = I. The Π− (Π+) selects the components of the fluctuation satisfying
Dirichlet (Neumann) boundary conditions. One also introduces

χ = Π+ −Π− (6.12)

Finally S is the boundary term appearing in the Neumann BC of the fluctuation as
(D⊥ − S), e.g. (∂⊥ − S)Φ|fl∂M = 0. The boundary heat kernel coefficients are known
for arbitrary boundary condition of the fluctuation up to b∂5 [112]. The definitions of the
Π± are set accordingly.

Focusing on the terms involving X and Ω, the boundary heat kernel coefficients are
given by [112]

b∂3 = −1
4χX

b∂4 =
(2

3Π+ −
1
3Π−

)
∂⊥X + 1

3LX − 2SX

b∂5 = 1
5760

(
− 360χD⊥∂⊥X + 1440S∂⊥X + 720χX2

− 240χ∂µ∂µX − 240RχX − 2880S2X − (90Π+ + 450Π−)L∂⊥X

+ 1440LSX − (195Π+ − 105Π−)LLX − (30Π+ + 25Π−)LµνLµνX

− 180X2 + 180χXχX − 105
4 ΩµνΩµν + 120χΩµνΩµν + 105

4 χΩµνχΩµν

− 45Ωµ⊥Ωµ⊥ + 180χΩµ⊥Ωµ⊥ − 45χΩµ⊥χΩµ⊥
)

+ . . . (6.13)

The ellipses represent pure curvature terms which are irrelevant for our applications.
The invariants contain the boundary components of the background such as Φ0 ◦K.

When a normal derivative acts on such a term, it can be evaluated using the discontinuity
equation on the boundary, eq. (2.8), just like in the evaluation of the free part of the
holographic action (see section 2).

22In ref. [112] the nM vector is inward pointing. The sign of ∂⊥,Lab, and consequently D⊥, is flipped in
the boundary heat kernel coefficients under this change of convention.
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6.4 Scalar fluctuation

The action for a set of massive scalar fields Φ with mass m2 is

S[Φ] = −
∫
M
dd+1x

√
g

(1
2DMΦaDMΦa + 1

2m
2ΦaΦa + V (Φ,Φ(`)) + 1

2ξRΦaΦa
)

+ 1
2

∫
∂M

ddy
√
ḡyΦa

0BΦa
0 (6.14)

We have included the ξ coupling to the scalar curvature. The potential can depend on
other fields denoted collectively as Φ(`). We split the quantum field as Φ = Φ|bg + Φ|fl.
The wave operator for the bulk fluctuation Φ|fl is

Dab = −(DMD
M )ab + (V ′′)ab + ξRδab +m2δab (6.15)

with V ′′ = δ2

δΦδΦV .
The canonical invariants needed to evaluate the heat kernel coefficients are thus

X = (V ′′(Φ(`)|bg)ab + ξRδab (6.16)

ΩMN = −iFMN |bg (6.17)

Here FMN = FMNat
a
Φ where taΦ are the generators of the gauge representation of Φ.

Regarding boundary conditions of the fluctuation, the Π± projectors associated to the
BC are Π+ = 1, Π− = (Neumann) or Π+ = 0, Π− = 1 (Dirichlet).

6.5 Vector fluctuation

The YM action is23

S[A] = − 1
4g2
YM

∫
M
dd+1x

√
gF aMNF

MNa (6.18)

Splitting the field as AM = AM |bg +AM |fl, the bilinear action for the fluctuation is

− 1
2g2
YM

∫
M
dd+1x

√
g

(
AaM |fl

[
−�abgMN+RMNδ

ab+2facbF cMN

]
AbN |fl−

(
DMAaM |fl

)2
)

+bdry term

(6.19)
where we have used DMAaND

NAaM = (DMAaM )2 − fabcF bNM − RNMδ
ab. The terms in

bracket in eq. (6.19) is the wave operator. The subsequent canonical invariants are

(X)abMN = RMNδ
ab + 2facbF cMN |bg (6.20)

(ΩMN )PabQ = −RP QMNδ
ab + δPQf

acbF cMN |bg . (6.21)

23Definitions: F aMN = ∂MA
a
N − ∂NAaM + fabcAbMA

c
N = DMA

a
N −DNAaM + fabcAbMA

c
N , DM = D

(R)
M −

iAaM t
a
G, (tbG)ac = ifabc with D(R)

M the Riemann covariant derivative.
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6.5.1 Boundary conditions

Near the boundary, the gauge field decomposes as AN = (A⊥, Aµ). The BC of the fluctu-
ation are constrained by gauge invariance to either be Neumann for Aµ and Dirichlet for
A⊥ or the converse (see e.g. [16]). These two BCs are sometimes respectively referred to
as “absolute” and “relative”. Explicitly, the two possible BCs are

A⊥|∂M = 0 , ∂⊥Aµ|∂M = 0 (absolute) (6.22)

(D⊥ − L)A⊥|∂M = 0 , Aµ|∂M = 0 (relative) (6.23)

The Π± projectors associated to the fluctuation AM |fl are [16]

Π+ = δMN − δM⊥δN⊥ Π− = δM⊥δN⊥ . (6.24)

6.5.2 Gauge fixing

We fix the gauge redundancy of the fluctuation using the Faddeev-Popov procedure. As
usual in background field calculations (see e.g. [16, 141–143]), we pick the background
version of the Feynman-‘tHooft gauge

S [A]FP = − 1
4g2
YM

∫
M
dd+1x

√
g
(
DMAaM |fl

)2
(6.25)

which cancels the corresponding term in eq. (6.19). The quadratic Lagrangian of the ghost
is simply c̄a�abcb. The corresponding canonical invariants are those of a scalar fluctuation,
eqs. (6.16), (6.17) with V = 0, ξ = 0. If the gauge fluctuation satisfies the BC eq. (6.22)
[resp. eq. (6.23)], the ghost has Neumann BC ∂⊥c

a|∂M = 0 [resp. Dirichlet BC ca|∂M = 0].
Since ghosts anticommute (F = odd) the total, gauge-invariant heat kernel coefficients from
the YM fluctuation are

b
(∂)
tot = b

(∂)
A − 2b(∂)

gh . (6.26)

7 Application 1: scalar loops in AdS

In this section we apply the formalism laid down in section 6 to scalar QFTs in AdSd+1
spacetime with boundary truncated at z = z0. That is, we will extract one-loop data from
the boundary effective action — and translate it into CFT language — without the need
of calculating AdS loops.

We will focus on the pieces of the heat kernel invariants that depend on the boundary
components K ◦ ϕ0(x).24 Importantly, the boundary component of the holographic basis
in on-shell in the bulk. This fact will help simplifying the heat kernel coefficients, because
the derivatives acting on K are evaluated using the bulk equation of motion.

Having background fields which are on-shell in the bulk while off-shell on the boundary
is a condition needed for the AdS/CFT correspondence to hold. In an example we will show

24This amounts to restricting our interest to the holographic vertices, i.e. the simplest operators encoded
in the boundary effective action (see section 5).
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Figure 6. AdSd+1 Witten diagrams contributing to the first heat kernel coefficients. Internal lines
can either have Dirichlet (∆+) or Neumann (∆−) boundary condition. In the latter case each
internal line can be further decomposed into a Dirichlet line and a boundary line.

that a piece of CFT data from an exact AdS loop is correctly reproduced at all available
orders by the heat kernel coefficients upon use of the bulk equations of motion.

We work in the long distance regime (y − y′)2 � zz0 for which ζ(x, x′) � 1
k2 . The

K|ζ�1 approximation satisfies the EOM to O(1
ζ ) accuracy. The normal derivative on the

boundary is ∂⊥ = −kz0∂z. The extrinsic curvature is L⊥µν = −kgµν , L = −kd.

7.1 Evaluating the boundary one-loop effective action

We consider a massive scalar Φ whose fluctuations we will integrate out. The scalar Φ
interacts with light scalars ϕi via the coupling

V = 1
2Φ2

n∏
i=1

ϕi . (7.1)

Each scalar has a distinct mass given by m2
i = ∆i(∆i−d)k2. We choose ∆i = ∆i,+. We set

the coupling to curvature ξ = 0 to zero (the generalization to nonzero ξ is straigthforward).
We are interested in the ϕi background, the term from V we focus on is 1

2Φ∏n
i−1 ϕi,0 ◦

Ki(x) with Ki(x) = K∆i
(x). It follows that the canonical background-dependent mass is

X =
n∏
i−1

ϕi,0 ◦Ki(x) (7.2)

The field strength ΩMN vanishes.
The Φ field may have a bilinear boundary-localized action B influencing its propagator.

This boundary action may be tuned so that the field contains a light mode. Here we assume
B = 0, implying that there is no light mode in Φ. As a result both ΦD and Φ0 can be
integrated out in a large-mass expansion without further subtleties, which then gives a
long-distance EFT for ϕ (see also discussion in section 5.2).

The diagrammatic contributions to the heat kernel coefficients computed here are
shown in figure 6.

Bulk coefficients. For the bulk heat kernel coefficients it is convenient to introduce the
integrated coefficient

b̄r =
∫

AdS
dd+1x

√
|g|br(x) . (7.3)
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The nonlocal holographic vertices discussed in section 5 appear in the bulk coefficients. We
introduce the vertices

Λn,r(x0,i) =
∫ ∞
z0

dz

(kz)d+1

(
n∏
i=1

Ki(x0,i, x)
)r

(7.4)

We define the shortcut notations X0(x) = ∏n
i=1 ϕi,0(x) and∫ ∞

z0

dz

(kz)d+1

(
n∏
i=1

Ki ◦ ϕi,0(x)
)r

= Λn,r ◦
[
n∏
i=1

ϕi,0

]r
(x) = Λn ◦ [X0]r(x) (7.5)

where each of the endpoints of Λn is convoluted using the ◦ product with the relevant
boundary variable ϕi,0. Our bulk results will be expressed in terms of these quantities. We
remind that Λn generates a npt contact Witten diagram upon differentiation of the action
in the boundary fields ϕi,0.

To evaluate the bulk heat kernel coefficients we need to evaluate �X. When both
derivatives hit the same field inside X, the EOM can be used and gives a∑n

i=1 ∆i(∆i−d)k2

contribution. When each derivative hits a different field inside X, one needs to evaluate
the cross terms ∂MKi∂

MKj . The exact answer is complicated. However, in the ζ � 1
k2

limit, these cross terms simplifies to ∂MKi∂MKj ∼ ∆i∆jk
2. The cross terms combine with

the square term to give

�X|ζ�1 =
(

n∑
i=1

∆i

)(
n∑
i=1

∆i − d
)
k2X|ζ�1 (7.6)

We see that the ∆i add up. This is the expected result from AdS/CFT: the dimension of
the X composite is ∆X = ∑n

i=1 ∆i + O( 1
N2 ) at leading order in the large N expansion.

The coefficient showing up in eq. (7.6) is the quadratic Casimir of X. Beyond the ζ � 1
k2

regime, i.e. for distances shorter that |y − y′| ∼ z0, the relation eq. (7.6) does not hold.
This is a way to see that AdS/CFT breaks down at distances shorter than z0.

The contributions to the bulk coefficients from the scalar interactions encoded in X

are found to be

tr b̄2 = −Λn ◦X0 (7.7)

tr b̄4 = 1
2Λn,2 ◦ [X0]2 + 1

6 (−∆X(∆X − d) + d(d+ 1)) k2Λn ◦X0 (7.8)

tr b̄6 = −1
6Λn,3 ◦ [X0]3(x) + 1

12 (∆X(∆X − d)− d(d+ 1)) k2Λn,2 ◦ [X0]2(x)

− 1
360

(
8d3 + 5d4 + 6∆2

X(∆X − d)2 + d2(7− 22∆X(∆X − d)) (7.9)

+ d(4− 26∆X(∆X − d))
)
k4Λn ◦X0(x)

In the b̄6 coefficients, we performed integration by parts on certain terms i.e. we used
Green’s first identity. The generated boundary term contributes to the boundary coefficient
b∂6 . In this work we stopped at b∂5 — the general b∂6 has apparently not been computed in
the heat kernel literature — hence the boundary term arising from integration by parts in
b6 is neglected.
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Boundary coefficients. We need other identities to evaluate the boundary coefficients.
Normal derivatives evaluated on the boundary (such as ∂⊥K) appear. It is convenient to
display ∂⊥K in terms of a CFT 2pt function. We have (see section 3.2.2)

∂⊥Ki =− 1√
ḡ

( C∆i
η∆i

(y − y′)2∆i
+ ∆−i kδd(y − y′)

)
=− 1√

ḡ

(
〈Oi(y)Oi(y′)〉+ ∆−i kδd(y − y′)

)
(7.10)

where in the second line we have introduced the scalar primary Oi with dimension ∆i,
normalized such that the C∆i

η∆i
coefficients are absorbed.

We then evaluate ∂⊥X. The contact terms combine and make the dimension ∆−X =∑n
i=1 ∆−i = ∑n

i=1(d−∆i) appear. The ∂⊥X derivative takes the form

∂⊥X = −∆−XkX0 −
1√
ḡ

n∑
i=1
〈OiOi〉 ◦X0 (7.11)

where one has introduced a shortcut notation for the ◦ convolutions: the correlator for Oi
is convoluted with the corresponding ϕi,0 inside X.

We turn to the evaluation of D⊥∂⊥X. We evaluate D⊥∂⊥K in momentum space
and get only a contact term D⊥∂⊥K = (∆(d − ∆)k2 − k2z2

0∂µ∂
µ)δd(y − y′). The cross

terms ∂⊥Ki∂
⊥Kj are evaluated using eq. (7.11). The contact terms from the cross terms

combine with those from the diagonal terms, leading to a coefficient ∆−X(d −∆−X) for the
total contact term. We see that the ∆−X add up, which is consistent with the underlying
conformal symmetry. Again, this combination happens from the |y − y′| � z0 regime
of the boundary-to-bulk propagators. Beyond this regime no such simplification occurs,
illustrating the breakdown of AdS/CFT.

The full term reads

D⊥∂⊥X = ∆−X(d−∆−X)k2X0 − k2z2
0

n∑
i=1

(∂µ∂µ)iX0 (7.12)

+ 2√
ḡ

∆−Xk
n∑
i=1
〈OiOi〉 ◦X0 + 1√

ḡ

1√
ḡ

n∑
i 6=j

[〈OiOi〉◦][〈OjOj〉◦]X0 .

Again we use a shortcut notation for the convolutions (correlators with label i contract
with the ϕi,0 fields inside X0).

We choose Neumann BC for the fluctuation (i.e. we integrate out both ΦD and Φ0).
Using that Π+ = 1, Π− = 0, χ = 1, S = 0, the boundary heat kernel coefficients are found
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to be

tr b∂3 = −1
4X0 (7.13)

tr b∂4 = −2
3

1√
ḡ

n∑
i=1
〈OiOi〉 ◦X0 −

1
3(2∆−X + d)kX0 (7.14)

tr b∂5 = 1
5760

(
720X2

0 +
(
−360∆−X(d−∆−X)k2 + 90d∆−Xk

2 + 15d(14 + 3d)k2
)
X0

+ 360k2z2
0

n∑
i=1

(∂µ∂µ)iX0 − 240k2z2
0∂µ∂

µX0

+ (90d− 720∆−X)k 1√
ḡ

n∑
i=1
〈OiOi〉 ◦X0

− 360 1√
ḡ

1√
ḡ

n∑
i 6=j

[〈OiOi〉◦][〈OjOj〉◦]X0

)
(7.15)

The result from Dirichlet BC (i.e. from integrating out ΦD and not Φ0) is shown in ap-
pendix D.1 for completeness.

Finally we emphasize that all the bulk and boundary coefficients obtained in this
section are consistent with the conformal symmetry of the boundary in the sense that the
conformal dimensions of the components of X appear only via the total dimensions ∆X ,
∆−X , and never in other combinations nor individually. This feature emerges via nontrivial
combinations of coefficients which occur only in the AdS/CFT validity regime |y−y′| � z0.

7.2 Anomalous dimensions of CFT operators

Here we extract information from the one-loop effective action providing the leading non-
planar corrections to the conformal dimensions of the CFT operators Oi associated with
the light fields ϕi. Depending on the spacetime dimension, these corrections are either
finite and evaluated at large mΦ or contain a log divergence. Below we only focus on odd
dimensions hence the corrections are finite.

The heavy field Φ is in correspondence with a CFT operator with large conformal
dimension ∆h � ∆i, with

m2
Φ = ∆h(∆h − d)k2 . (7.16)

Depending on cases our results are expressed using either mΦ or ∆h.

7.2.1 Single-trace operator

When the heat kernel coefficients contribute to the bulk mass of a field, this translates as
contribution to the anomalous dimension of the corresponding CFT operator. We define
the anomalous dimension

∆± = ∆0
± ± γ (7.17)

where ∆0
± corresponds to the conformal dimension in the free theory in AdS i.e. the CFT

with N →∞.
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Anomalous dimensions from bubbles. We consider the interaction Lagrangian Lint =
−y 1

2Φ2ϕ, giving X = yϕ. The anomalous dimensions arising from bubble diagrams are
read from the b̄4 and b̄6 coefficients, eqs. (7.8), (7.9). We obtain

γd=2
O,bubble =− y2

16π(∆−1)

(
1

2(∆h(∆h−2)) 1
2

+ ∆(∆−2)−6
24(∆h(∆h−2)) 3

2

)
+O

(
1

∆5
h

)
(7.18)

γd=4
O,bubble = y2

32π2(∆−2)

(
(∆h(∆h−4)) 1

2

2 − ∆(∆−4)−20
24(∆h(∆h−4)) 1

2

)
+O

(
1

∆3
h

)
(7.19)

γd=6
O,bubble =− y2

192π3(∆−3)

(
(∆h(∆h−6)) 3

2

2 −∆(∆−6)−42
8 (∆h(∆h−6))

1
2

)
+O

( 1
∆h

)
(7.20)

In the CFT one has y ∼ 1
N thus these are ∼ 1

N2 corrections to the conformal dimension
of O.

Comparison with exact AdS3 bubble. The AdS3 bubble was found in [42] to be

B(iν,∆h) = iy2ψ(∆h − 1+iν
2 )− ψ(∆h − 1−iν

2 )
8πν (7.21)

in the spectral representation. When evaluated at ±iν = ∆−1 it gives the exact anomalous
dimension of the single trace operator via

γd=2
O,bubble = B(∆−1,∆h)

2∆−2 (7.22)

large ∆h= − y2

16π(∆−1)

(
1

2∆h
+ 1

2∆2
h

+ 12+∆(∆−2)
24∆3

h

+ 4+∆(∆−2)
8∆4

h

)
+O

(
1

∆5
h

)

We can then verify that our result eq. (7.18) reproduces exactly eq. (7.22) upon expanding
in ∆h up to O( 1

∆5
h
). This matching at fourth order provides a nontrivial sanity check of

our results.
In our result eq. (7.18), the next-to-leading order term originates from the derivative

term X�X in the heat kernel coefficient (eq. (6.11)). This � was then simplified using the
bulk EOM (see eq. (7.9)). This illustrates that having background fields on-shell in the
bulk is necessary in order to obtain CFT data from the one-loop boundary effective action.

Anomalous dimensions from tadpoles. We consider the interaction Lagrangian
Lint = −1

4λΦ2ϕ2, giving X = 1
2λϕ

2. From the b̄2,4 coefficients eqs. (7.7), (7.8) we ob-
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tain the anomalous dimensions

γd=2
O,tad = λ

16π(∆− 1)

(
(∆h(∆h − 2))

1
2 + ∆(∆− 2)− 6

12(∆h(∆h − 2)) 1
2

)
+O

(
1

∆3
h

)
(7.23)

γd=4
O,tad = − λ

96π2(∆− 2)

(
(∆h(∆h − 4))

3
2 − ∆(∆− 4)− 20

4 (∆h(∆h − 4))
1
2

)
+O

( 1
∆h

)
(7.24)

γd=6
O,tad = λ

960π3(∆− 3)

(
(∆h(∆h − 6))

5
2 + ∆(∆− 6)− 42

16 (∆h(∆h − 6))
3
2

)
+O (∆h)

(7.25)

The next-to-leading term can similarly be obtained from the b̄6 coefficient eq. (7.9) and is
not shown here for convenience.

7.2.2 Double-trace operators

The −1
4λΦ2ϕ2 coupling also generates at one-loop a quartic coupling 1

4!ηϕ
4 with η ∝ λ2.

This is encoded in the b̄4, b̄6 coefficients. This quartic coupling induces in turn an anomalous
correction to the double trace operators [OO]n ≡ O�nO. Using the perturbation theory
approach established in [144] we obtain

γn = cnη1−loop (7.26)

with

cd=2
n = 1

8π(2∆ + 2n− 1) (7.27)

cd=4
n = (n+ 1)(∆ + n− 1)(2∆ + n− 3)

8π2(4∆ + 4n− 6) (7.28)

cd=6
n = (n+ 1)(n+ 2)(∆ + n− 2)(∆ + n− 1)2(2∆ + n− 5)(2∆ + n− 4)

64π3(2∆ + 2n− 5)(2∆ + 2n− 3) (7.29)

computed from [144] and the loop-generated couplings

ηd=2
1−loop = − 3λ2

16π(∆h(∆h − 2)) 1
2

(7.30)

ηd=4
1−loop = 3λ2(∆h(∆h − 2)) 1

2

32π2 (7.31)

ηd=6
1−loop = −λ

2(∆h(∆h − 2)) 3
2

64π3 (7.32)

obtained from our effective action. In the CFT one has λ ∼ 1
N2 thus these are ∼ 1

N4

corrections to the conformal dimension of the double trace operators.
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7.3 Corrections to boundary-localized operators

The boundary heat kernel coefficients lead to boundary operators which take in general
the form of local operators with possibly CFT 2pt correlators appended to them. The 2pt
correlators are the consequence of normal derivatives acting on X on the boundary.

In this subsection we focus on the interaction Lagrangian Lint = −1
4λΦ2ϕ2 giving

X = 1
2λϕ

2. For example for AdS5 the boundary coefficients are

tr b∂3 = −1
8λϕ

2
0 (7.33)

tr b∂4 = −2λ
3

1√
ḡ

(〈OO〉 ◦ ϕ0)ϕ0 + λ

3 (2∆− 10)kϕ2
0 (7.34)

tr b∂5 = 1
5760

(
360λ k2z2

0 ϕ0∂µ∂
µϕ0 + 60

(
12∆2 − 78∆ + 133

)
λ k2ϕ2

0 + 180λ2ϕ4
0

+ 360(4∆− 15)λ k 1√
ḡ

(〈OO〉 ◦ ϕ0)ϕ0 − 360λ 1√
ḡ

1√
ḡ

(〈OO〉 ◦ ϕ0)2
)
(7.35)

and enter in the holographic effective action as

Γ∂,fin
1−loop = 1

2

∫
∂AdS

d4x
√
ḡ

(
− mΦ

16π2 tr b∂4(x)
)

(7.36)

Γ∂,div
1−loop = 1

2

∫
∂AdS

d4x
√
ḡ

(
m2

Φ
8π2 tr b∂3(x)− 1

8π2 tr b∂5(x)
)

log mΦ
µr

(7.37)

where µr is the renormalization scale.

7.3.1 Correction to OPE coefficients

The effective action encoding the b∂4,5 coefficients contains terms of the form∫
ddy〈OiOi〉 ◦X0 =

∫
ddy1d

dy2ϕ(y1)〈Oi(y1)Oi(y2)〉ϕ(y2) . (7.38)

We can see that this term induces a one-loop correction to the normalization of the CFT
2pt function. For d = 2 and d = 4 we find the corrections(

1 + λ

12π2mΦ
− 8∆− 31

128πm2
Φ
λk

)
〈O(y1)O(y2)〉 (7.39)

(
1− λmΦ

24π2 + 4∆− 15
128π2 λk log mΦ

µr

)
〈O(y1)O(y2)〉 (7.40)

where the second term is from b∂4 and the third from b∂5 .
In the CFT these corrections amount, upon unit-normalization of the operators, to

a correction to the OPE coefficients involving O. That is, the (1 + δO) factor turns into
a correction to the OPE coefficients by cO... = c0

O...(1 − 1
2δO) where c0

O... is the OPE
coefficient value in the planar limit. This type of correction amounts to an AdS/CFT
version of “wavefunction renormalization”.
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7.3.2 Operator mixing

The effective action containing b∂5 encodes a term∫
ddy (〈OO〉 ◦ ϕ0)2 =

∫
ddy1

∫
ddy2

∫
ddy3ϕ(y1)〈O(y1)O(y2)〉〈O(y2)O(y3)〉ϕ(y3) .

(7.41)
Because of conformal symmetry, this term reduces to the 2pt function of another CFT
operator, O2, which has dimension 2∆ at this order in perturbation theory. Evaluating
the

∫
ddy2 integral we have∫
ddy2〈O(y1)O(y2)〉〈O(y2)O(y3)〉 = −iπ

d
2

Γ2(d2 −∆)Γ(2∆)
Γ2(∆)Γ(d− 2∆)

C2
∆
C2∆

η2
∆

η2∆
〈O2(y1)O2(y3)〉

= −i(2∆− d)2

(4∆− d) kz
−d
0 〈O

2(y1)O2(y3)〉 . (7.42)

The i factor comes from the Lorentzian metric. This explicitly shows how a double trace
operator emerges on the AdS boundary as a result of loop corrections.

The combination arising when taking twice the derivative of the boundary action in
ϕ0 ends up being

〈O(y1)O(y2)− i(2∆− d)2

(4∆− d)
λ

64πm2
Φ
kz−d0 〈O

2(y1)O2(y2)〉 . (7.43)

In the CFT language, this correction corresponds to a mixing between O and O2 induced
by non-planar corrections.

7.3.3 Corrections to local operators/multitrace deformations

Local boundary-localized operators are also generated at one-loop. Defining the tree-level
boundary couplings

L∂0 = −1
2ϕ0

(
Zb,0z

2
0∂µ∂

µ +m2
b,0

)
ϕ0 −

1
4!λb,0ϕ

4
0 (7.44)

we obtain the following one-loop corrections from the b∂3,4,5, heat kernel coefficients,

Zb,d=2 = Z0
b −

λk2

64πm2
Φ

+O
(
m−3

Φ

)
(7.45)

m2
b,d=2 = m2

b,0 + λ

16π log µr
mΦ
− λ (2∆− 5)

24πmΦ
+O

(
m−2

Φ

)
(7.46)

(λ)b,d=2 = λb,0 −
3λ2

32πm2
Φ

+O
(
m−3

Φ

)
(7.47)

Zb,d=4 = Z0
b −

λk2

128π2 log µr
mΦ

+O
(
m−1

Φ

)
(7.48)

m2
b,d=4 = m2

b,0 −
λm2

Φ
64π2 log µr

mΦ
+ λ (∆− 5)mΦ

24π2 +O
(
m0

Φ

)
(7.49)

(λ)b,d=4 = λb,0 −
3λ2

64π2 log µr
mΦ

+O
(
m−1

Φ

)
(7.50)
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The radiative generation of such boundary-localized local operators is sometimes dis-
cussed in the extradimension literature at a qualitative level. Here we have obtained their
exact coefficients.

From the viewpoint of AdS/CFT, these local boundary-localized operators may, under
certain conditions on the value of ∆, correspond to multitrace deformations in the dual
CFT. For example, when ∆ < d

2 + 1 one identifies ϕ0 as the CFT operator itself, and m2
b

then corresponds to a double trace deformation
∫
ddyO2(y) whose effects have been well

studied (see e.g. [66, 67, 125]). Here we have found that such operators are generically
generated via loops in AdS.

8 Application 2: vector loops in AdS

In this section we evaluate pieces of the one-loop effective action generated by integrating
out the spin-1 fluctuation from a nonabelian gauge field. We extract the beta functions of
the boundary nonabelian field and anomalous dimensions of scalar CFT operators.

8.1 Yang-Mills beta functions in AdS

Our focus is on the gauge background field Fµν |bg. We use the set of BCs eq. (6.22) for
the fluctuation. The BC of the AM fluctuation enforces the Π± projectors to be Π+ =
δMN − δM⊥δN⊥, Π− = δM⊥δN⊥.

We assume the gauge background is on-shell thus DMF
MN = 0. Fixing the gauge

of the background to DMA
M = 0, the EOM reduces to �AM = 0. The homogeneous

solutions are z d2−1I d
2−1(pz), z d2−1K d

2−1(pz).
The gauge background contributes to the bulk coefficients b4, b6 and to the bound-

ary coefficient b∂5 . To evaluate the FMN�FMN terms we use Jacobi’s identity and the
commutator [DM , DN ]F aPQ = [FMN , FPQ]a. The result is

tr
[
FMN�F

MN
]

= tr
[
4FMNF

NPF M
P − 2

(
DMF

MN
)2
]
. (8.1)

In the b∂5 coefficient we also notice that the Fµ⊥Fµ⊥ terms vanish by EOM and gauge fixing.
Taking into account the ghost contributions we find that the total heat kernel coeffi-

cients btot = bA − 2bgh are

tr b4,tot = −25− d
12 C2(G)F aMNF

a,MN |bg (8.2)

tr b∂5,tot = 27− d
48 C2(G)F aµνF a,µν |bg (8.3)

tr b6,tot = 5d3 − 154d2 + 557d+ 12
360 C2(G)k2F aMNF

a,MN |bg

+ d− 1
90 trFMNF

NPF M
P |bg (8.4)

where C2(G) is the quadratic Casimir of the gauge representation, facbfadb = C2(G)δcd.
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8.1.1 β functions

Both bulk and boundary gauge couplings can be renormalized by the logarithmic diver-
gences appearing in the one-loop effective action. Which term of Γ1−loop diverges depends
on the dimension of spacetime. Unlike flat space where a running gauge coupling can only
happen in d = 4, we will see that in AdS space this can also occur in higher dimensions as
a consequence of the curvature. The β function of the gauge couplings can be evaluated by
putting together the one-loop effective action eq. (6.7) and the classical part. The classical
part is

S = − 1
4g2

∫
dd+1x

√
|g|(F aMN )2 − 1

4g2
b

∫
ddy

√
|ḡ|(F aµν)2

∣∣∣
z=z0

(8.5)

where a boundary-localized kinetic term has been introduced. Bulk and boundary diver-
gences respectively renormalize the g and gb parameters.

For AdS4 (d = 3), the log divergence comes from the tr b4,tot coefficient. The overall
factor is −11

6 . This reproduces the well-known 4d YM β function for the bulk coupling,
β 1
g2

= 11
24π2C2(G).

For AdS5 (d = 4), the log divergence comes from the tr b∂5,tot coefficient. The β function
for the boundary gauge coupling is found to be

β 1
g2
b

∣∣∣
AdS5

= − 23
192π2C2(G) . (8.6)

For AdS6 (d = 5), the log divergence comes from the tr b6,tot coefficient. The gauge
coupling has canonical dimension [g] = −1. The coefficient in eq. (8.4) reduces to −107

90 k
2.

The β function for the bulk coupling is found to be

β 1
g2

∣∣∣
AdS6

= 107
1440π3k

2C2(G) . (8.7)

Here we can see that the logarithmic running of this dimensionful gauge coupling is a conse-
quence of the AdS curvature. This can be alternatively understood as the renormalization
of the RFF operators displayed in section 8.1.3.

8.1.2 Boundary Yang-Mills effective action

Using the above results, let us write the bilinear boundary action at one-loop. We work
in momentum space. Irrespective of the gauge, the Az background can be eliminated (i.e.
integrated out at classical level) using the DµF

µz = 0 component of the EOM, giving
the identity

FMNF
MN = FµνF

µν + 4
(
ηµν −

pµpν
p2

)
(∂zAµ)(∂zAν) (8.8)

The second term contributes to the boundary action, generating the 2pt function of a
conserved CFT current (see e.g. [5]). Integrating by part and using the bulk EOM with
DMA

M = 0 gauge, the boundary action then reads

S = −
∫

ddp

(2π)d
√
ḡ

(
p2

2g2
b

+ 1
g2∂⊥K

)
Aµ0 ΠµνA

ν
0

∣∣∣∣
z=z0

(8.9)

with Πµν =
(
ηµν − pµpν

p2

)
.
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Using the same calculations as in section 3.2.2, the exact boundary-to bulk propagatar
for Aµ is

K = 1√
ḡ

∫
ddp

(2π)d
z
d
2−1K d

2−1(pz)

z
d
2−1
0 K d

2−1(pz0)
. (8.10)

We then take the pz0 � 1 limit. The ∂⊥K derivative goes as ∝ log(p)−1, p, p2 log p and
∝ p2 for d = 2, 3, 4 and d ≥ 5 respectively. We also integrate the β functions and identify
the renormalization scale with p. The reference scale is denoted p0.

The resulting boundary one-loop effective actions for d = 3, 4, 5 are

Γ[A0]
∣∣∣
AdS4

= −
∫

d3p

(2π)3
√
ḡ

(
p2

2g2
b

+
( 1
g2

0
+ 11C2(G)

24π2 log p

p0

)
kpz0

)
Aµ0 ΠµνA

ν
0 (8.11)

Γ[A0]
∣∣∣
AdS5

= −
∫

d4p

(2π)4
√
ḡ

(
1

2g2
b,0
−
(
kz2

0
g2 + 23C2(G)

384π2

)
log p

p0

)
p2Aµ0 ΠµνA

ν
0 (8.12)

Γ[A0]
∣∣∣
AdS6

= −
∫

d5p

(2π)5
√
ḡ

(
1

2g2
b

+
(

1
g2

0
+ 107C2(G)k2

1440π3 log p

p0

)
kz2

0

)
p2Aµ0 ΠµνA

ν
0 (8.13)

In Γ[A0]
∣∣
AdS5

we have absorbed a constant 2k2z2
0

g2 (γ + log(p0z0
2 )) into the reference value of

1
g2
b,0
. We see that for AdS4,6 the holographic coupling grows in the IR as a consequence

of bulk one-loop divergences. For AdS5, both the contribution from the classical action
and the boundary one-loop divergence contribute with negative sign. Thus the holographic
coupling grows in the UV in AdS5.

8.1.3 Aside: arbitrary background in 6d

We can also compute the renormalization of gauge operators for general background, in
which case the renormalized operators take the form “RFF” in 6d. There are three irre-
ducible invariants. Here we give the results in terms of the divergent piece of the one-loop
effective action in general 6d background:

ΓYM
1−loop,div = C2(G)

128π3 Γ
(

3− d+ 1
2

)
× (8.14)∫

M
d6x

[ 1
15R

MNPQF aMNF
a
PQ −

88
45R

NMFNPF
a,P
M + 13

36RF
a
MNF

a,MN
]

where the divergence is encoded into the Gamma function with d → 5. Substituing the
AdS6 Riemann tensor reproduces the coefficient in eq. (8.4).

8.2 Anomalous dimensions from massive vector loops

Finally we present results involving massive nonabelian vector fluctuations. The mass
matrix of the gauge field is chosen to be a universal mass m2

Aδ
ab. Results with a more

complicated mass matrix can similarly be obtained. In the holographic CFT the massive
vector corresponds to a non-conserved current of the global group G with dimension ∆J �
d− 1, with m2

A = (∆J − 1)(∆J − d+ 1)k2.
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We assume the presence of a scalar field ϕi transforming as a representation r of the
gauge group. In analogy with computations in section 7, we evaluate the effect of the heavy
vector on the light scalar sector. We focus on odd spacetime dimensions.

The action contains the scalar kinetic term
1
2

∫
dd+1x(DMϕ)i(DMϕ)i (8.15)

in addition to the YM action. The light scalar is treated as background, it therefore
contributes to vector mass via the invariant Xab = −g2(tarϕ)i(tbrϕ)i.

From the bulk contributions to the one-loop effective action we obtain the anomalous
dimension of the operator Oi associated to ϕi,

γd=2
O,tad = g2C2(r)

8π(∆−1)

(
∆J−1+ ∆(∆−2)−6

12(∆J−1)

)
+O

(
1

∆3
J

)
(8.16)

γd=4
O,tad =− g2C2(r)

48π2(∆−2)

(
((∆J−1)(∆J−3))

3
2−∆(∆−4)−20

4 ((∆J−1)(∆J−3))
1
2

)
+O

( 1
∆J

)
(8.17)

γd=6
O,tad = g2C2(r)

480π3(∆−3)

(
((∆J−1)(∆J−5))

5
2 + ∆(∆−6)−42

16 ((∆J−1)(∆J−5))
3
2

)
+O (∆J)

(8.18)

Here C2(r) is the quadratic Casimir for the representation r. The next to leading order is
also known from our results and is not shown here merely for convenience.

We can also compute the one-loop anomalous dimension of double trace operators. We
find that the effective quartic coupling η

4 (ϕi)2(ϕj)2 is generated at one-loop with

ηd=2
1−loop = − C2

2 (r)g4

8π(∆J − 1) (8.19)

ηd=4
1−loop = C2

2 (r)g4((∆J − 1)(∆J − 3)) 1
2

16π2 (8.20)

ηd=6
1−loop = −C

2
2 (r)g4((∆J − 1)(∆J − 5)) 3

2

96π3 (8.21)

The anomalous dimensions of the double trace operators [OO]i,n associated to the diag-
onal term (ϕi)4 is then given by γn = cnη1−loop where the coefficients cn are given in sec-
tion 7.2.2. Since the effective quartic coupling also contains nondiagonal terms (ϕi)2(ϕj 6=i)2,
the anomalous dimension matrix of the [OO]i,n operators is nondiagonal. There is therefore
a mixing between the double trace operators induced by the loop corrections.

9 A boundary effective action in dS

We turn to an application in de Sitter space dSd+1. Our overall goal here is to extract one-
loop contributions to late time cosmological correlators from the heat kernel coefficients. In
this context the heat kernel coefficients should arise from a suitably defined “cosmological”
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boundary effective action. To compute it we will use the analytical continuation between
dS and Euclidian AdS, which relates dS calculations to the AdS calculations made in the
previous sections.

We consider the flat slicing

ds2
dS = gdS

MNx
MxN = `2

η2

(
−dη2 + ( ~dy)2

)
(9.1)

with η ∈ [−∞, η0], η0 < 0. η is the conformal time, related to the proper time by dη =
e−

t
`dt. The η0 = 0 slice corresponds to future boundary. This coordinate patch describes

the expanding de Sitter universe with Hubble radius `. It covers half of the global dS space,
the other half amounts to positive η. We are interested in correlators with endpoints on
the η = η0 time slice.

In this section we deal with various kinds of two-point function (time-ordered, anti-
time-ordered, Wightman), hence we explicitly write the time (anti-)ordering operators T (T̄ ).

9.1 Cosmological correlators and In-in formalism

The cosmological correlators are conveniently computed in the in-in (or Keldish) formal-
ism [106, 145–149]. A in-in correlator is evaluated by performing a time-ordered integral
from the initial time to the time of interest η0, and then performing an anti-time-ordered
integral back to the initial time. This can be implemented by sligthly shifting the time
integral domain away from the real axis, such that the −η variable takes values in either
R+(1 + iε) or R+(1 − iε). In the interaction picture, for a given interaction Hamiltonian
HI , one has

〈Φ(η0, ~y1) . . .Φ(η0, ~yn)〉 =
〈0|T̄

(
e
i
∫ η0
−∞+

dηHI
)

Φ(η0, ~y1) . . .Φ(η0, ~yn)T
(
e
−i
∫ η0
−∞−

dηHI
)
|0〉

〈0|T̄
(
e
i
∫ η0
−∞+

dηHI
)
T

(
e
−i
∫ η0
−∞−

dηHI
)
|0〉

(9.2)
with ∞± = ∞(1 ± iε). Here 〈0| is the free Bunch-Davis vacuum, for which Minkowski
spacetime is recovered at early times (t, t′ � `) or short distances |t−t′|2 + |x−x′|2 � `2η2.

The in-in correlators are obtained perturbatively by expanding the left and right ex-
ponentials in eq. (9.2) and performing Wick contractions (see e.g. [145]). Contractions
between two right vertices or a right vertex and an external field are done via a time-
ordered propagator 〈TΦ(x)Φ(x′)〉 = G−−(x, x′). Contractions between two left vertices
are done via an anti-time-ordered propagator 〈T̄Φ(x)Φ(x′)〉 = G++(x, x′). Contractions
between a left vertex and a right vertex or an external field are done via Wightman func-
tions 〈Φ(x)Φ(x′)〉 = G+−(x, x′), 〈Φ(x′)Φ(x)〉 = G−+(x, x′) = G∗+−(x, x′).25

9.2 dS propagators

We derive the dS propagators in Fourier space. We will next see that Fourier space renders
the analytical continuation from dS to EAdS straightforward. Fourier space is also usually
the preferred space to study cosmological correlators.

25We use the convention 〈Φ(x)Φ(x′)〉 = 〈0|Φ(t+ iε, y)Φ(t′ − iε, y)|0〉ε→0. See e.g. [150].
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Particles in dS space are classified following the unitary irreps of SO(1, d+1) [151, 152].
Their masses are conveniently parametrized as

`2m2 = ∆(d−∆) = d2

4 + ν2 (9.3)

In the nontachyonic representation one distinguishes the series of “heavy” states with mass
m > d

2`
−1 labelled by ∆iν = d

2 + iν with ν ∈ R, and the series of “light” states with mass
0 < m < d

2`
−1 labelled by ∆−µ = d

2 − µ with µ ∈ [0, d2 ]. More generally the ∆iν function
is analytically continued into the whole complex plane.

The (anti-)time-ordered propagators for a scalar particle satisfy the EOM

DdSG−−(++)(x, x′) = ∓i 1√
|g|dS

δd+1(x− x′) (9.4)

with DdS = −�dS +m2 the scalar Laplacian.
Since the EOM applies independently on each endpoint, the propagators must have a

factorized structure. Explicitly it is

G−−(p; η, η′) = i

C
F<(η<)F>(η>) , G++(p; η, η′) = − i

C̃
F̃<(η<)F̃>(η>)

G+−(p; η, η′) = i

C
F<(η)F>(η′) = − i

C̃
F̃<(η′)F̃>(η) (9.5)

where we have defined −η< = min(−η,−η′), −η> = max(−η,−η′). The C constant is
determined by the Wronskian W = F ′>F< − F ′<F> with C = W `d−1

|η|d−1 as in eq. (3.4),
and similarly for C̃. A basis of solutions to the homogeneous EOM in Fourier space
is z d2H(1,2)

iν (−pη).
The condition implementing Bunch-Davies vacuum in the (anti-)time-ordered propa-

gators G−−, G++ is the following [153–157]. As a result of the symmetries of dS, apart
from the singularity at coincident endpoints, there can be another singularity when the
endpoints are at antipodal positions, x = x′, η = −η′. To implement the Bunch-Davies
vacuum we require the propagator to be regular in this antipodal configuration (the remain-
ing singularity ensures flat space behaviour at short distance). The antipodal configuration
lies outside the expanding Poincaré patch — in fact the two endpoints are separated by a
cosmological horizon. The regularity condition is implemented by extending the Poincaré
patch into the η > 0 half of dS. In Fourier space the antipodal configuration amounts to
taking the (p→∞, η′ → −η) limit. Therefore the Bunch-Davies vacuum is implemented by

lim
p→∞, η′→−η

G−−,++(η, η′; p) = 0 . (9.6)

Taking into account the iε shifts, we find that the de Sitter propagators in Fourier
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space are

GdS
−−(p; η, η′) = −π4 `

(
ηη′

`2

) d
2
H

(1)
iν

(
−pη<

)
H

(2)
iν

(
−pη>

)
GdS

++(p; η, η′) = −π4 `
(
ηη′

`2

) d
2
H

(2)
iν

(
−pη<

)
H

(1)
iν

(
−pη>

)
GdS

+−(p; η, η′) = −π4 `
(
ηη′

`2

) d
2
H

(1)
iν (−pη)H(2)

iν

(
−pη′

)
(9.7)

One can explicitly verify that G++ = (G−−)∗ and that the Wightman function G+− is
Hermitian whenever ν is either purely real or imaginary, which corresponds to the two
possible representations of states in de Sitter space.

The amputated boundary-to-bulk propagators from the (anti-)time-ordered propaga-
tors are given by √

ḡdSK
dS
− (p; η, η′) =

(
η

η0

) d
2 H

(2)
iν (−pη0)

H
(2)
iν (−pη0)

(9.8)

√
ḡdSK

dS
+ (p; η, η′) =

(
η

η0

) d
2 H

(1)
iν (−pη)

H
(1)
iν (−pη0)

. (9.9)

The amputated boundary-to-bulk Wightman function equals either of those depending on
which endpoint is put on the boundary.

9.3 From dS to EAdS

We use analytical continuation to express the dS correlators in Euclidian AdS (EAdS).
Similar analytical continuation has been discussed in e.g. [105–108] in the (A)dS/CFT
context, and has more recently been used in [97, 103, 104] to study the dS correlators
in the Mellin-Barnes representation (see also [100, 109, 158, 159]). An advantage of this
approach is that much is known about perturbative and spectral techniques in EAdS; all
this knowledge is readily transferred to dS via analytical continuation. In the context of
the present work, there are additional reasons to work in EAdS. The usual heat kernel
formalism needs the fluctuation to have a diagonal Feynman propagator in order to be
applicable. In the in-in formalism from the original dS spacetime, the various 2pt functions
are simultaneously involved hence we do not know how to straightforwardly proceed. Upon
rotating to EAdS one obtains a Euclidian propagator matrix, which is trivially diagonalized.
We can thus evaluate the one-loop effective action directly in the Euclidian space. These
steps are realized further below.

The Euclidian AdS metric gEAdS is given by

ds2
EAdS = L2

z2

(
dz2 + ( ~dy)2

)
(9.10)

with z ∈ [z0,∞]. The scalar propagator for a particle with mass m2
EAdS = (α2 − d2

4 ) 1
L2 is

GEAdS
α (p; z, z′) = L

(
zz′

L2

) d
2
Iα(pz<)Kα(pz>) . (9.11)
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The boundary-to-bulk propagator is√
|ḡ|

EAdS
KEAdS
α (p; z) =

(
z

z0

) d
2 Kα(pz)
Kα(pz0) (9.12)

The transformation from dS to EAdS is implemented by closing the following contours
in the η plane

  

 

 

 

 

(9.13)

which corresponds to the Wick rotations

(−η)± = ze±i(
π
2−ε) . (9.14)

Equivalent Wick rotations have been used in [97, 103, 104, 109]. One can readily see that
this converts the dS metric to the EAdS one upon identification of the dS and EAdS radii
L2 = −`2. For our purposes, however, we will use only the ` radius. This implies that the
EAdS metric resulting from the Wick rotation has only-minus signature, which will imply
the presence of id, (−i)d factors in the expressions.

We denote by an arrow the replacement eq. (9.14) in a function, f(−η−,−η+) →
f(ze−i(π2−ε), zei(π2−ε)). We plug the Wick rotation into eq. (9.7). The time coordinates of
G−−, G++, G+− are rotated as (η−, η−), (η+, η+), (η+, η−) respectively.26 For the G+−
function, both the F< and F> pieces are rotated to a Bessel K function with positive
argument. For G−−, G++, the F>(η>) piece turns into a Bessel K function ∝ K(pz>) with
positive argument. In contrast, the Wick rotation in the F<(η<) piece gives a Bessel K
function with negative argument, which requires careful treatment since K has a branch
cut along the negative axis. To evaluate this piece, the following identity and its complex
conjugate are useful:

H
(1)
iν (pz<e−i(

π
2−ε)) = i

sin πiν
(
e−i

3π
2 νIiν(pz<)− ei

π
2 νI−iν(pz<)

)
. (9.15)

We find that the dS propagators take the form

GdS
−−(p; η, η′)→ 1

2 sin(πiν)
(
e−iπ∆iνGEAdS

iν (p; z, z′)− e−iπ∆−iνGEAdS
−iν (p; z, z′)

)
(9.16)

GdS
++(p; η, η′)→ 1

2 sin(πiν)
(
eiπ∆iνGEAdS

iν (p; z, z′)− eiπ∆−iνGEAdS
−iν (p; z, z′)

)
(9.17)

GdS
+−(p; η, η′)→ 1

2 sin(πiν)
(
GEAdS
iν (p; z, z′)−GEAdS

−iν (p; z, z′)
)

(9.18)

26These are in fact the only possibilities for closing the contours with vanishing contribution from the
arcs at |η| → ∞, as required to perform Wick rotation.

– 53 –



J
H
E
P
0
7
(
2
0
2
2
)
1
1
3

where the EAdS propagators are given by eq. (9.11) with the identification L ≡ `. We
have introduced

∆±iν = d

2 ± iν . (9.19)

Our result matches exactly the form of the propagators obtained in [109] up to an
overall sign.

For the Wick rotation of the boundary-to bulk propagators the general formula is√
ḡdSK

dS
± (p; η)→ N±(p)

√
ḡEAdSK

EAdS(p; z) (9.20)

with
N±(p) = ∓2i

π
e±i

π
2 ∆−iν Kiν(−pη0)

H
(2)
iν (−pη0)

(9.21)

The same is true for the boundary-to-bulk Wightman function. Let us consider the case
of a light mode, which is typically the relevant case for cosmological correlators. We
take the small pz0 limit and assume real iν with |iν| = µ. For any sign of iν we find
N±(p) ≈ e±iπ2 ∆−µ . Thus√

ḡdSK
dS
± (p; η)

∣∣∣
light,pz0�1

→ e±i
π
2 ∆−µ

√
ḡEAdSK

EAdS
µ (p; z) (9.22)

We have used KEAdS
µ = KEAdS

−µ . We can see that the dimension of the physical operator
∆−µ = d

2−µ always appear. The phases in eq. (9.22) are consistent with the ones obtained
in [109].

Finally, the integral measures are Wick rotated as

i

∫ η0

−∞+

dη+
(−η+`−1)d+1 → (−i)d−1

∫ ∞
z0

dz

(z`−1)d+1 (9.23)

−i
∫ η0

−∞−

dη−
(−η−`−1)d+1 → (i)d−1

∫ ∞
z0

dz

(z`−1)d+1 (9.24)

9.4 The generator of cosmological correlators

We follow, revisit and expand a proposal from ref. [109]. The analytical continuation from
dS to EAdS is used to define a functional Zpert

dS [J ], expressed in EAdS, that generates the
cosmological correlators at any order in perturbation theory.

We first realize that, upon the two types of Wick rotation in eq. (9.13), the dS field with
values on R(1± iε) is analytically continued as either a holomorphic or an antiholomorphic
function of η, ΦdS(−η±). This implies that there are two distinct fields in Zpert

dS , related to
each other by complex conjugation. We define the two fields Φ± as a function of z, with
Φ±(z) = Φ±(−η±e∓i

π
2 ). They satisfy Φ∗+ = Φ−. In this subsection it is enough to focus

on a single pair of EAdS fields Φ±, i.e. a single dS field only. The Φ− field comes from the
time-ordered contour, the Φ+ field comes from the anti-time-ordered contour. The Φ− is
used for external legs.

We introduce a boundary source J coupled to the Φ− fields. The source is localized on
the boundary of EAdS. The source can either be understood as a function of the original
dS coordinates or of the EAdS coordinates.
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Given these definitions and conventions, we introduce the generating functional

Zpert
dS [J ] =

∫
DΦ± exp

[
− 1

2(Φ−,Φ+) ? Ĝ−1
EAdS ? (Φ−,Φ+)t − J ◦ Φ−,0

−
∫

EAdS

√
|g|dzddx

(
id+1LI [Φ−] + (−i)d+1LI [Φ+]

) ]
(9.25)

where J is boundary localized. We remind the definition of the convolution products, here
in EAdS

A ? B =
∫

EAdS

√
|g|dd+1xA(x)B(x) , A ◦B =

∫
∂EAdS

√
|ḡ|ddyA(y)A(y) (9.26)

with the EAdS radius set to `. We have introduced the propagator matrix

ĜEAdS = 1
2 sin(πiν)

(
e−iπ∆iνGEAdS

iν − e−iπ∆−iνGEAdS
−iν GEAdS

iν −GEAdS
−iν

GEAdS
iν −GEAdS

−iν eiπ∆iνGEAdS
iν − eiπ∆−iνGEAdS

−iν

)
(9.27)

Using Φ∗+ = Φ− one can verify that the fundamental action (i.e. the kinetic term and the
interaction term) is real.

The connected perturbative cosmological correlators originally defined by eq. (9.2) are
then given by derivatives of the generating functional

W pert
dS [J ] = log(Zpert

dS [J ]) . (9.28)

Moreover, as discussed in section 5, taking the Legendre transform Γ[Φ±,0] = −W [J ] + J ◦
Φ−,0 gives the effective action in the boundary variables Φ±,0. This effective action Γ[Φ±,0]
generates the 1P-irreducible boundary diagrams, where irreducible means with respect
to boundary-to-boundary lines. These diagrams have boundary-to-bulk propagators as
external legs — they are the dS version of Witten diagrams.

The reason why the Γpert
dS [Φ±,0] effective action depends on both Φ−,0 and Φ+,0 is that

the propagators amputated by the Legendre transform are non-diagonal — both Φ+ and
Φ− show up when using the chain rule on W pert

dS [J ]. Thus the operation of amputation
requires some care. In order to evaluate the boundary action that generates the amputated
cosmological correlators, we take an alternative route by first performing a field redefinition.

Canonical normalization. We can see that the propagator matrix ĜEAdS contains lin-
ear combinations of Giν and G−iν . Thus we introduce a pair of EAdS fields Φ, Φ̃ satisfying
〈ΦΦ〉 ∝ G−iν , 〈Φ̃Φ̃〉 ∝ Giν , 〈ΦΦ̃〉 = 0. We introduce the complex coefficients

c±±iν = e±i
π
2 ∆±iν

√
2 sin πiν

. (9.29)

We find that the transformation(
Φ−
Φ+

)
= U

(
Φ̃
Φ

)
, U =

(
c−iν ic

−
−iν

c+
iν ic

+
−iν

)
(9.30)

diagonalizes and canonically normalizes the matrix of propagators.
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Plugging it into eq. (9.25) gives canonically normalized kinetic terms. The generating
functional reads

Zpert
dS [J ] =∫
DΦDΦ̃ exp

[
−1

2
(
Φ ? G−1

−iν ? Φ + Φ̃ ? G−1
iν ? Φ̃

)
−O

[
Φ0, Φ̃0

]
◦ J

−
∫

EAdS

√
|g|dd+1x

(
id−1LI

[
ic−−iνΦ + c−iνΦ̃

]
+ (−i)d−1 LI

[
ic+
−iνΦ + c+

iνΦ̃
])]

(9.31)

For a heavy dS mass (ν ∈ R), the fields satisfy Φ∗ = −Φ̃. The propagators satisfy G−iν =
G∗iν , and therefore the action is real. For a light dS mass (iν ∈ [−d

2 ,
d
2 ]), the fields either

satisfy Φ∗ = −Φ, Φ̃∗ = Φ̃ or Φ∗ = Φ, Φ̃∗ = −Φ̃ depending on the value of iν. The G±iν
propagators are real, and it follows that again the action is real.

Let us specify the source for a light field. We assume27 iν = µ ∈ [0, d2 ]. The kinetic
term in eq. (9.31) indicates that the Φ field has Neumann and Φ̃ has Dirichlet BC. By
direct comparison with a known cosmological correlator we obtain that the source acts on
the Neumann field, with Φ = KEAdS ◦ Φ0 + ΦD. This also fixes the normalization, giving

O
[
Φ0, Φ̃0

]
light = 1√

2 sin πµ Φ0 . (9.32)

Putting the pieces together, the amputated cosmological correlators with light fields
in external legs are generated by derivatives of the effective action Γpert

dS [Φ0] = −W pert
dS +

J ◦O[Φ0] as follows,

− (2 sin πiν)
n
2

δnΓpert
dS [Φ0]

δΦ0(~y1) . . . δΦ0(~yn) = 〈Φ0(~y1) . . .Φ0(~y1)〉1PI (9.33)

for iν > 0. Equivalently, for iν < 0 the derivatives are taken in Φ̃. We emphasize that,
despite the complex factors present in the action, the resulting cosmological correlators
are real.

We remind that, since Γpert
dS [Φ0] is defined by Legendre transform in the boundary

source, 1P-irreducibility is here meant with respect to boundary-to-boundary lines (see
also section 5). The 4pt exchange diagram with Dirichlet bulk field exchange, for example,
is generated by eq. (9.33) as a 1PI diagram. As a sanity check one can verify that the
dS exchange diagram with cubic vertices and with light states in external legs is correctly
reproduced by eq. (9.33).

9.5 Towards the cosmological one-loop effective action

Integrating out a dS bulk fluctuation at tree-level in dS is a fairly simple task. One can
use, in particular, the covariant large mass expansion of the propagator given in eq. (5.12).
Integrating out a dS bulk fluctuation at loop-level in dS is more challenging. However,
thanks to the analytical continuation to EAdS, we can readily use the AdS heat kernel

27We can instead assume −iν = µ ∈ [0, d2 ]. In that case Φ̃ has Neumann and Φ has Dirichlet BC. The
source term is then O

[
Φ0, Φ̃0

]
= 1√

2 sinπµ Φ̃0 ..
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coefficients evaluated in the previous section to get the heat kernel expansion of the cosmo-
logical one-loop effective action, i.e. the one-loop piece of Γpert

dS = ΓdS,pert
cl + ΓdS,pert

1−loop + . . ..
We focus on integrating out bulk fluctuations of a scalar field Φ. The field can either

be heavy or light in the dS sense. Depending on cases, either Dirichlet or Neumann BC
can be chosen. The interaction Lagrangian in terms of dS fields is written as

LdS
I = −1

2Φ2V ′′(ϕdS
i ) (9.34)

where the ϕdS
i are light background fields with masses parametrized by µi ∈ [0, d2 ]. Upon

analytical continuation to EAdS, the interactions are V ′′± = V ′′(e±iπ2 ∆−µiKµi ◦ ϕi,0) where
the background boundary fields ϕi,0 are real.

We consider the quadratic piece of the fundamental action in Φ,

Squad
EAdS = 1

2
(
Φ ? G−1

−iν ? Φ + Φ̃ ? G−1
iν ? Φ̃

)
(9.35)

+
∫

EAdS

√
|g|dd+1x

(
id−1

2
(
ic−−iνΦ + c−iνΦ̃

)2
V ′′− + (−i)d−1

2
(
ic+
−iνΦ + c+

iνΦ̃
)2
V ′′+

)

with the shortcut notation

V ′′± = V ′′
(
e±i

π
2 ∆−µiKµi ◦ ϕi,0

)
. (9.36)

The background-field-dependent mass matrix of the fluctuations can be read from
eq. (9.35),

X = id
(
i(c−−iν)2 c−iνc

−
−iν

c−iνc
−
−iν −i(c−iν)2

)
V ′′− − (−i)d

(
i(c+
−iν)2 c+

iνc
+
−iν

c+
iνc

+
−iν −ic

+
iν)2

)
V ′′+ (9.37)

= i

2 sin(πiν)

(
eiπiνV ′′− − e−iπiνV ′′+ i(V ′′+ − V ′′−)

i(V ′′+ − V ′′−) eiπiνV ′′+ − e−iπiνV ′′−

)
(9.38)

For a light fluctuation, X is self-conjugate. For heavy fields, X is not self-conjugate because
conjugation swaps the Φ and Φ̃ components and thus the entries of X, however the physical
quantities are the traces tr(Xr), which are self-conjugate.

Finally, we evaluate the trace of arbitrary powers of X and find they take the
simple form

tr (Xr) = (−1)r
((
V ′′−
)r +

(
V ′′+
)r)

. (9.39)

This canonical invariant is the only ingredient needed to evaluate the heat kernel coefficients
in the case of scalar interactions considered here.

Evaluating the finite, mass-suppressed parts of the one-loop action, i.e. the long-
distance EFT, could be interesting. However it may require some more developments
due to the fact that one deals with masses which are tachyonic from the EAdS viewpoint.
A careful analytic continuation from nontachyonic to tachyonic EAdS masses might be
needed. This is left to future work. Here below we work out the divergent part of the
one-loop cosmological action in a simple case.
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Figure 7. Analytically-continued dS4 diagrams contributing to bulk and boundary divergences in
the one-loop effective action. Internal lines are elements of the ĜEAdS4 propagator matrix.

9.6 Renormalization from scalar loops in dS4

In this section we extract some concrete results in dS4. In dS4 one-loop divergences appear
from the b4 and b∂4 heat kernel coefficients. The assumed scalar interactions give V (ϕi) =
Φ2

2
∏n
i=1 ϕi. The diagrammatic contributions to the b4, b∂4 coefficients are shown in figure 7.

The EAdS scalar curvature is R = −12
`2 . The �

∏n
i=1 ϕi and ∂⊥

∏n
i=1 ϕi are evaluated like

in the AdS case, see eqs. (7.6), (7.11). In the late time limit, the ∆i combine to appear
only in the ∆X = ∑n

i=1 ∆i, ∆−X = ∑n
i=1(3 − ∆i) combinations, in accordance with the

underlying conformal symmetry.
We take a Neumann BC for the heavy field, accordingly to discussion in section 6.

Using eq. (9.39) with r = 1, 2, we find the heat kernel coefficients

tr b̄4 = cos (π∆X) Λn,2 ◦
[
n∏
i=1

ϕi,0

]2

−
cos

(
π
2 ∆X

)
3`2 (−∆X(∆X − 3) + 12) Λn ◦

n∏
i=1

ϕi,0

(9.40)

tr b∂4 = 4
3 cos

(
π

2 ∆X

)( 1√
ḡ

n∑
i=1
〈OiOi〉 ◦

n∏
i=1

ϕi,0 + 1
`

(
∆−X + d

2

) n∏
i=1

ϕi,0

)
(9.41)

These enter in the cosmological one-loop effective action as28

Γpert
dS,div[ϕi,0] = − 1

16π2

(
tr b̄4 +

∫
∂M

d3x
√
ḡtr b∂4(x)

)
log

(
µr
mΦ

)
(9.42)

The bulk term contains holographic vertices with n and 2n legs. The boundary term
contains a npt contact operator. It also contains a nonlocal contribution which amounts

28The calculation is here in Euclidian signature. There is a relative − sign compared to the equivalent
expression in Lorentzian signature, due to the usual convention for the actions. See appendix D for details.

– 58 –



J
H
E
P
0
7
(
2
0
2
2
)
1
1
3

to attaching a 2pt CFT correlator to that local operator. The logarithms obtained here
via dimensional regularization are similar to those discussed in [148].

9.6.1 Inflationary Φ2ϕ2 example

For inflationary correlators the light fields typically have vanishing mass, which corresponds
to µ = d

2 and ∆−µ = 0. We assume a quartic interaction LdS
I = −λ

4 Φ2ϕ2.
The total dimensions are ∆X = 0, ∆−X = 6. We use Neumann BC. We get

tr b̄4 = λ2

4 Λ4 ◦ [ϕ0]4 − 2λ
`2
ϕ ? ϕ (9.43)

tr b∂4 = 4λ
3

1√
ḡ

(〈OO〉 ◦ ϕ0)ϕ0 + 5λ
`
ϕ2

0 . (9.44)

First we make some simple comments. The last contribution to b̄4 is a bulk mass
term. The first contribution to b̄4 amounts to the generation of a bulk ϕ4 operator. One
can check that its beta function is the same as in M4. The Λ4 function (that we called
“holographic vertex” in the previous sections) is here a 4pt cosmological correlator whose
explicit expression is given in appendix E.

Below we extract further information from each term and discuss some implications.

Expansion-induced running bulk mass. We focus on the bulk mass term. In cosmo-
logical correlators, bulk masses appear via the scaling dimensions ∆ (withm2 = ∆(d−∆)`2)
arising in the squeezed limit of 4pt functions. Here we assumed zero bulk mass for the
ϕ field.

However we can see that in dS4 the bulk mass has a logarithmic running depending
on the Hubble radius. A contribution ∝ m2

Φ should also most likely appear from the b̄2
term, however our focus here is only on mass-independent divergences. We find that the
corresponding beta functions for mϕ (or ν) is

βm2 = βν2 = 1
4π

λ

`2
(9.45)

Let us compare with 4d Minkowski. In bothM4 and dS4, the bulk mass receives logarithmic
corrections of the form δm2 ∝ m2

Φ logµr due to nonderivative interactions if the particle
mΦ in the loop is massive. However these corrections vanish if mΦ = 0. In contrast,
eq. (9.45) dictates that the bulk mass runs as a result of the dS curvature. This effect is
independent of mΦ, which could be zero. Such an effect does not exist inM4, i.e. the beta
function vanishes for `→ 0.

The upshot is that, in the presence of nonderivative interactions, even if all fields
are exactly massless at a given scale, bulk masses of O(`−2) times loop factor are radia-
tively generated.

Correction to OPE coefficients. A CFT 2pt function on the late time boundary
arises from the first term in b∂4 . At vanishing scaling dimension, the CFT 2pt function in
momentum space is simply given by

〈OO〉 = p2η2
0

1 + pη0
`−1 . (9.46)
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The same 2pt function arises already at classical level from the kinetic term of φ, thus
this one-loop term is a correction to the normalization of O. We find the correction(

1 + λ

12π2 log µr
mΦ

)
〈O(y1)O(y2)〉 . (9.47)

As already discussed in section 7.3.1, upon unit normalization of O, this correction amounts
to a CFT version of “wavefunction renormalization”, which corrects the OPE coefficients
involving O.

Boundary-localized operator. One of the divergences on the late time boundary is
a mass term. We define the renormalized boundary mass term of the dS Lagrangian as
b = bdS = −bEAdS such that bEAdS enters as

SEAdS ⊃
1
2

∫
∂EAdS

d3x
√
ḡbEAdS

(
ϕ2 + ϕ̃2

)
(9.48)

in the EAdS action. We then obtain the beta function

βb = 5λ
8π2`

. (9.49)

This is our first example of the radiative generation of an operator localized on the
boundary of dS. This term is nontrivial as it results from the finite Hubble radius and would
not happen in flat spacetime. The fact that this term is generated radiatively signals that
it should be generically included in the fundamental dS action to start with. We will see
in section 9.6.3 below that such a term can have significant impact on the propagators.

9.6.2 Inflationary Φ2(∂Mϕ)2 example

We consider a derivative interaction LdS
I = −κ

4 Φ2∂Mϕ∂
Mϕ and take ∆−µ = 0 such that

ϕ has shift symmetry. Here we will refer to ϕ as the inflaton. The metric factor from the
covariant contraction in LdS

I gives an extra i2 factor when rotating from dS to EAdS.
We get the heat kernel coefficients

tr b̄4 = κ2

4 Λ∂4 ◦ [ϕ0]4 + 2κ
`2
∂Mϕ ? ∂

Mϕ (9.50)

tr b∂4 = −4κ
3

1√
ḡ

(〈~∂O~∂O〉 ◦ ϕ0)ϕ0 −
2κz2

0
3`3 (~∂ϕ0)2 (9.51)

where we introduced the 4pt correlator with four derivatives

Λ∂4(x0,1...4) =
∫

EAdS
d4x
√
g ∂MK(x, x0,1)∂MK(x, x0,2)∂NK(x, x0,3)∂NK(x, x0,4) . (9.52)

This 4pt correlator is explicitly given in appendix E.
The second term in b̄4 contributes to the bulk kinetic term, for this term we have

written the full bulk field. We can see that the 2pt correlator of descendant operators
~O appears in the boundary coefficient b̄∂4 . In momentum space the combination simply
amounts to −p2〈OO〉.
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Expansion-induced running wavefunction normalization. Introducing the renor-
malized parameters Z(µr), ξ(µr) in the dS Lagrangian

LdS = −Z2 (∂Mϕ)2 − ξZ2

4! (∂Mϕ∂Mϕ)2 (9.53)

with Z = 1 + δZ, we find the perturbative anomalous dimension for ϕ

γϕ = −1
2
d logZ
d logµr

= κ2

8π2`2
(9.54)

and the beta function
βξ = 3κ2

8π2 + 2γϕξ (9.55)

We can compare these results to renormalization of the NLSM in 4d flat space. In the
flat space NLSM, the ξ coupling would run similarly, but not the bulk kinetic term. That
is, the anomalous dimension γϕ is a consequence of the nonzero curvature of spacetime; if
` → ∞ (keeping constant z0/`), then γϕ → 0. Comparing γϕ and βξ we can see that the
effect of this expansion-induced wavefunction renormalization becomes sizeable when ξ is
of order `2.

Boundary-localized kinetic term. One of the divergences on the late time boundary
corresponds to a kinetic term. We define the renormalized boundary kinetic term in the
dS Lagrangian c = cdS = cEAdS such that bEAdS enters as

SEAdS ⊃
1
2

∫
∂EAdS

d3x
√
ḡcEAdS

z2
0
`2

((
~∂ϕ
)2

+
(
~∂ϕ̃
)2
)

(9.56)

in the EAdS action. We then obtain the beta function

βc = λ

12π2`
. (9.57)

Again, this RG running is nontrivial as it results from the Hubble radius and would
not happen in flat spacetime. The fact that this term is generated radiatively signals that
it should be generically included in the fundamental dS action to start with.

9.6.3 Effect of boundary operators on propagation

Throughout the above examples we have shown that radiative corrections generate opera-
tors localized on the late time boundary, in the presence of either derivative and nonderiva-
tive couplings of ϕ. The general lesson is that such boundary operators should be included
in the fundamental Lagrangian in a first place.

The bilinear boundary-localized operators influence the dS propagators with Neumann
BC. The structure of the propagator in the presence of such operators is the one established
in eqs. (2.25), (3.24). As explained there, the effect of the boundary-localized operators
can be understood as a dressing of the propagators by boundary-localized insertions.29

29Renormalization of boundary operators dS4 and dressing of the wavefunction have also been discussed
in [96] in a different formalism.
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Figure 8. A propagator dressed by insertions of a bilinear operator localized on the late time
boundary of de Sitter space.

A contribution to this dressing is shown in figure 8. Denoting by B[−∂2] the bilin-
ear insertion localized on the late time boundary, and focussing on the massless case for
concreteness, we obtain the boundary-to-boundary propagator

GdS
−−,∆=0(~p; η0, η0) = i

η3
0(1− ipη0)

`2
(
p2η2

0 +B`(1− ipη0)
) (9.58)

and the bulk-to-bulk propagator

GdS
−−,∆=0(~p;η,η′) = (9.59)

`

2p3

(
ηη′

`2

) 3
2 1−ipη>

1−ipη0

(
−e−ip|η−η′|(1+ipη<)(1−ipη0)+e−ip(2η0−η−η′)(1−ipη<)(1+ipη0)

)
+GdS

−−,∆=0(p;η0,η0)e
−ip(η0−η)(1−ipη)

(1−ipη0)
e−ip(η0−η′)(1−ipη′)

(1−ipη0)

The first line in eq. (9.59) corresponds to the Dirichlet propagator, the second line is the
boundary term which encodes all the effects of the boundary operators. This is a Neu-
mann/Dirichlet relation analogous to the one found in eqs. (2.25), (3.24). This is expected
since dS↔EAdS Wick rotations do not affect the structure of boundary conditions. That
is, the dressed dS propagator eq. (9.59) can for instance be obtained by starting in EAdS,
using the results from section 3.1 and rotating to dS using eq. (9.16).

We can see that whenever the boundary term B is sizeable in units of `, it can have
a significant impact on the propagator. This effect is well-known from the AdS5 literature
— what typically happens is that the propagator tends to be deformed and repelled from
the AdS boundary. We conclude that the same kind of effect can happen in dS.

In the case of a nonderivative interaction, a boundary-localized mass term B = cst is
present — at least generated at one-loop as dictated by eq. (9.49). This boundary mass
term is expected to be of order one in units of `, or at best suppressed by a 4d loop factor.
This term can thus have a strong impact on eq. (9.59) when pη0 � 1. Note however that
the nonderivative case considered here is tuned in the sense that a nonzero bulk mass i.e.
a nonzero scaling dimension is also expected, see eq. (9.45).

In the case of a derivative interaction, mass terms cannot be generated since they are
protected by shift symmetry. There we have found that B contains a boundary-localized
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kinetic term of order B ∝ `p2 — at least generated at one-loop as dictated by eq. (9.57).
This boundary-localized kinetic term can have significant impact on the propagator if the
κ coupling is large enough.

It would be certainly interesting to further investigate the impact of boundary-localized
operators on the cosmological correlators. This is left for future work.
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A The discontinuity equation

Here we give a proof of eq. (2.7).
We denote by ∂M− the surface at an infinitesimal normal distance of the actual

boundary M in the inward direction. We define an infinitesimal shell σx0 containing the
boundary point x0. The outward part of the boundary of σx0 is in ∂M, and the inward
part of the boundary of σx0 is in ∂M−. A point belonging to ∂M− is denoted x−0 .

We integrate the bulk equation of motion eq. (2.3) over the σx0 volume and apply the
divergence theorem. The delta function of the EOM is picked by the integral if the other
endpoint of the propagator is inside the σx0 shell. Taking the infinitesimal limit for σx0

and using that M is locally Euclidian, we get the discontinuity of the normal derivative
evaluated at the boundary. This is eq. (2.7).

B Details and checks of propagators in warped background

B.1 Generic background

Here we show that the propagators given in section 3 satisfy the general properties derived
in section 2.

We first define the boundary inner product. In Fourier coordinates it is given by a
simple multiplication,

Φ0 ◦Ψ0 = ρd0e
ϕ0Φ0Ψ0 . (B.1)

Since the inverses are defined using this product, inverses involve a ρd0eϕ0 factor: [a]−1 =
ρd0e

ϕ0 1
a . One has [[a]−1]−1 = a.

We will check the general relation GN = K ◦ [G−1
0 + B]−1 ◦ K + GD. We evaluate

GN (p; z, z′)−GD(p; z, z′) by direct computation:

GN −GD = if(z<)f(z>)
Cf0

Cρd0e
ϕ0

ρ0f ′0 +Bf0
= i

f(z<)f(z>)
f0f0

GB0 (B.2)

= K(z<) ◦GB0 ◦K(z>)
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where in the intermediate step one has used the Wronskian in the numerator and we
identified the boundary-to-boundary propagator, eq. (3.10). Since GNB = [(GNB )−1]−1, this
verifies the main formula eq. (2.25).

We can also verify that

[GB0 ]−1 = −iρ−d0 e−ϕ0

(
ρ0
f ′0
f0

+B

)
= [G0]−1 − iρ−d0 e−ϕ0B (B.3)

This reproduces the dressing of the boundary-to-boundary propagator by the boundary-
localized bilinear insertion B.

It is also instructive to explicitly verify the discontinuity formula. We get

(ρ0∂z +Bf0)GBN (p; z, z−0 )|z→z0 = iρd0e
ϕ
0 = i√

|ḡ|
(B.4)

where again one has used the Wronskian at z0. This result verifies eq. (2.8) upon translation
from Lorentzian to Euclidian conventions.

B.2 AdS propagator in position space

In Euclidian AdS the propagator satisfying the equation of motion(
−�AdS + ∆(∆− d)k2

)
G∆(x, x′) = 1

√
g
δd+1(x− x′) (B.5)

is [160]

G∆(x, x′) = Γ(∆)
2πd/2Γ(∆− d

2 + 1)
kd−1−2∆

ζ(x, x′)∆ 2F1

(
∆,∆− d

2 + 1
2 , 2∆− d+ 1,− 4

k2ζ(x, x′)

)
(B.6)

with
ζ(x, x′) = 1

k2
(z − z′)2 + (x− x′)2

zz′
(B.7)

the chordal distance in Poincaré coordinates. Taking one endpoint towards the boundary,
the propagator is asymptotically

G∆(x, x′)|z→0 = Γ(∆)
2πd/2Γ(∆− d

2 + 1)
kd−1−2∆

ζ(x, x′)∆ +O

( 1
ζ∆+1

)
(B.8)

for any ∆.

C Holography with two boundaries

In this appendix we work out the holographic formalism for a z0 < z < z1 slice of the
warped background introduced in eq. (3.1), with both boundaries treated holographically.

Similarly to section 2, our starting point is to write the holographic basis in the presence
of two boundaries,

Φ = Φ0 ◦ L0 + Φ1 ◦ L1 + ΦD (C.1)
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where Φ0,1 are the field values on each boundary, which will be the variables of the holo-
graphic action. The L0, L1 boundary-to-bulk propagators are determined below. We work
in Fourier space along the transverse Poincaré slice, hence the coordinates are (pµ, z). We
consider the classical value 〈Φ〉 which satisfies the bulk EOM D〈Φ〉 = 0. It takes in general
the form

〈Φ〉(z) = af(z) + bh(z) . (C.2)

The associated Wronskian is

W (z) = f(z)h′(z)− f ′(z)h(z) = Cρd−1eϕ . (C.3)

The f , h solutions and the a, b constants depend on the d-momentum. We also define

f(z0) = f0 , f(z1) = f1 , h(z0) = h0 , h(z1) = h1 . (C.4)

Using the definitions eqs. (C.2), (C.4), the a, b constants can be translated into the holo-
graphic variables,

a = Φ0h1 − Φ1h0
f0h1 − f1h0

, b = −Φ0f1 − Φ1f0
f0h1 − f1h0

. (C.5)

The holographic basis in Fourier space is therefore

Φ(p, z) = Φ0
h1f(z)− f1h(z)
f0h1 − f1h0

+ Φ1
f0h(z)− h0f(z)
f0h1 − f1h0

+ ΦD . (C.6)

We plug the solution eq. (C.6) into the quadratic action, giving

S [Φ0,Φ1] =
∫

ddp

(2π)4

√
|ḡ|e−ϕ 1

2 (Φ0 (ρ0∂z − b0) Φ|z0 − Φ1 (ρ1∂z − b1) Φ|z1) + SD (C.7)

where b0, b1 encode the boundary actions. We introduce

f̂i = ρif
′(zi)− bif(zi) (C.8)

and similarly for ĝi. Evaluating ∂zΦz0 and ∂zΦz1 using eq. (C.6) we obtain the holographic
self-energies

S[Φ0,Φ1] = 1
2

∫
d4p

(2π)4 (Φ0Π0Φ0 + 2Φ0Π01Φ1 + Φ1Π1Φ1) , (C.9)

Π0 = ρ−d0 e−ϕ0 f̂0h1 − ĥ0f1
f0h1 − h0f1

, Π1 = ρ−d1 e−ϕ1 f̂1h0 − ĥ1f0
f0h1 − h0f1

, Π01 = C

f0h1 − h0f1
(C.10)

where we have used the Wronskian at z0 and z1 to get the mixed self-energy Π01.
We can re-express these self-energies using propagators. The propagator in the presence

of two boundaries is

G±±
(
y, y′

)
= i

C

(
f̃0h (z<)− h̃0f (z<)

) (
f̃1h (z>)− h̃1f (z>)

)
f̃0h̃1 − h̃0f̃1

(C.11)
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where f̃i = fi for a Dirichlet boundary condition (−) and f̃i = f̂i for a Neumann boundary
condition (+). For the Π0, Π1 self-energies we find

Π0 = i

G+−
p (z0, z0)

, Π1 = i

G−+
p (z1, z1)

. (C.12)

The Π01 self-energy can be expressed as

Π01 = C

f0h1 − h0f1
= C

1
f̃0h̃1 − h̃0f̃1

f̃0h̃1 − h̃0f̃1

f̃0h1 − h̃0f1

f̃0h1 − h̃0f1
f0h1 − h0f1

= i
G++
p (z0, z1)

G++
p (z1, z1)G+−

p (z0, z0)
= i

G++
p (z0, z1)

G++
p (z0, z0)G−+

p (z1, z1)
. (C.13)

We can recognize (amputated) boundary-to-bulk propagators in the last expressions.
We have

Π01 = K0(z1)Π1 = K1(z1)Π0 (C.14)

where K0(z), K1(z) denote the amputated boundary-to-bulk propagators from the z0 and
z1 boundaries respectively.

If we let the Φ1 variable be dynamical i.e. integrate it out in the path integral, we
should recover our standard one-boundary holographic action. For a Dirichlet boundary
condition on z1, we have Φ1 = 0. It follows trivially that

S[Φ0] = 1
2

∫
d4p

(2π)4
i

G+−
p (z0, z0)

Φ2
0 + SD (C.15)

which is the expected result for the holographic action on boundary 0 with Dirichlet
boundary condition on boundary 1. For a Neumann boundary condition on z1, we have
(ρ1∂z − b1)Φ|z1 = 0, which implies

Φ1 = Φ0
W

h0f̃1 − f0h̃1
. (C.16)

Substituting Φ1 with this relation in the two-boundary holographic action gives

S[Φ0] = 1
2

∫
d4p

(2π)4
i

G++
p (z0, z0)

Φ2
0 + SD (C.17)

which is again the expected result for the holographic action on boundary 0 with Neumann
boundary condition on boundary 1.

D Elements of the heat kernel formalism

We work in Euclidian metric and convert to Lorentzian conventions at the end of the
calculation. The Euclidian effective action generates the 1PI Euclidian correlators following

− δnΓE
δΦ(x1) . . . δΦ(xn) = 〈Φ(x1) . . .Φ(xn)〉 . (D.1)
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The one-loop effective action is put in the form of the heat kernel integral

ΓE1−loop = −1
2

∫
dt

t
Tr e−tDE . (D.2)

with DE = −�E+m2 +X. Tr is the trace over all indexes including spacetime coordinates.
The heat kernel trace is expanded as

Tre−t(−�E+m2+X) = (4πt)D/2e−tm2
∫
dDxE

√
g
∞∑
r=0

tr bE2r(x)tr (D.3)

where the bE2r are the Euclidian heat kernel coefficients. Using this expansion in eq. (D.2),
integrating in t and analytically continuing in D gives

ΓE1−loop = −1
2

Γ(r −D/2)
(4π)D/2

∫
dDxE

√
g
∞∑
r=0

tr bE2r(x)
m2r−D (D.4)

for any spacetime dimension. Converting to Lorentzian metric gives30

Γ1−loop = 1
2

Γ(r −D/2)
(4π)D/2

∫
dDx
√
g
∞∑
r=0

tr b2r(x)
m2r−D (D.5)

with tr the trace over internal (non-spacetime) indexes.
The exact b0, b2, b4 coefficients are given in eq. (6.10). The exact b6 coefficient is

b6 = 1
360

(
8DPΩMND

PΩMN + 2DMΩMNDPΩPN + 12ΩMN�ΩMN − 12ΩMNΩNPΩ M
P

− 6RMNPQΩMNΩPQ − 4R N
M ΩMPΩNP + 5RΩMNΩMN

− 6�2X + 60X�X + 30DMXD
MX − 60X3

− 30XΩMNΩMN − 10R�X − 4RMND
NDMX − 12DMRD

MX + 30XXR

− 12X�R− 5XR2 + 2XRMNR
MN − 2XRMNPQR

MNPQ
)

+ 1
7!
(
18�2R+ 17DMRD

MR− 2DPRMND
PRMN − 4DPRMND

MRPN

+ 9DPRMNQLD
PRMNQL + 28R�R− 8RMN�R

MN

+ 24RMNDPD
NRMP + 12RMNQL�R

MNQL + 35/9R3

− 14/3RRMNR
MN + 14/3RRMNPQR

MNPQ − 208/9RMNR
MPRNP

− 64/3RMNRPQR
MPNQ − 16/3RMNRMPQLR

NPQL

− 44/9RMN
ABRMNPQR

PQAB − 80/9R N Q
M P RMAPBRNAQB

)
I (D.6)

30Use x0
E = ix0, Γ1−loop

E = −iΓ1−loop.
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D.1 Dirichlet b∂i for scalar interaction

In section 7.1 we have used Neumann BC for the fluctuation. If instead one takes Dirichlet
BC, using that Π+ = 0, Π− = 1, χ = −1, S = 0, the boundary heat kernel coefficients are
found to be

tr b∂3 = 1
4X0 (D.7)

tr b∂4 = 1
3

1√
ḡ

n∑
i=1
〈OiOi〉 ◦X0 + 1

3
(
∆−X − d

)
kX0 (D.8)

tr b∂5 = 1
5760

(
−720X2

0 +
(
360∆−X

(
d−∆−X

)
k2 − 450d∆−Xk

2 − 5d (53 + 27d) k2
)
X0

− 360k2z2
0

n∑
i=1

(∂µ∂µ)iX0 + 240k2z2
0∂µ∂

µX0

+
(
720∆−X − 450d

)
k

1√
ḡ

n∑
i=1
〈OiOi〉 ◦X0

+ 360 1√
ḡ

1√
ḡ

n∑
i,j=1

[〈OiOi〉◦] [〈OjOj〉◦]X0

)
(D.9)

D.2 Elementary checks from M3 and EAdS3 bubble

M3 bubble. We check a contribution to the Lorentzian heat kernel coefficient b4 from
the scalar bubble diagram in M3. In M3, working in momentum space as in particle
physics-style calculations, the amputated bubble at large m is given by

BM3

∣∣∣
m→∞

= 1
2

∫
d3k

(2π)3
1

−p2 −m2
1

−(p+ k)2 −m2

∣∣∣
m→∞

= i

16πm (D.10)

Consider the fundamental interaction 1
2Φ2O. The bubble diagram would be generated by

two O derivatives of the Lorentzian effective action 1
32πmO

2. This matches exactly the X2

term coming from the b4 coefficient (obtained from eq. (6.10)) in eq. (D.5).

EAdS3 bubble. We check a contribution to the Euclidian heat kernel coefficient bE4 from
the scalar bubble diagram in EAdS.

Consider the bubble diagram of a real scalar in EAdS3,

B(x, x′) = 1
2G(X,Y )2 = k2

∫
R
dνB(ν,∆)Ων(x, x′) (D.11)

In AdS3, ref. [42] finds

B(ν,∆) = i
ψ
(
∆− 1+iν

2

)
− ψ

(
∆− 1−iν

2

)
16πν (D.12)

where Ψ is the Digamma function. We expand the functions for large |∆| at fixed ν. The
leading order result is

B(ν,∆)||∆|→∞ = 1
16π∆ +O

( 1
|∆|2

)
. (D.13)
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In position space, using that
∫

Ων(x, x′) = 1
kd+1
√
|g|
δd+1(x, x′), we obtain the local operator

B(x, x′)||∆|→∞ = 1√
|g|

1
16π∆kδ

3(x, x′) . (D.14)

Consider the fundamental interaction 1
2Φ2O. Using eq. (D.1), the bubble diagram

would be generated by two O derivatives of the Euclidian effective action

− 1
2

∫
dxd+1

∫
dx′d+1

√
|g|x

√
|g|x′O(x)B(x, x′)O(x′) . (D.15)

Plugging the limit of eq. (D.14) into eq. (D.15) gives the local operator

− 1
32π∆k

∫
dxd+1

√
|g|O2(x) (D.16)

in the Euclidian effective action. This matches exactly the X2 term coming from the bE4
coefficient (obtained from eq. (6.10)) in eq. (D.4).

E Some elementary 4pt cosmological correlators

Here we give the momentum space expressions for the Λ4 and Λ∂4 holographic vertices with
massless fields i.e. ∆ = 0. These quantities in the boundary effective action computed in
section 9.6, and are thus contribution to the 4pt cosmological correlators of ϕ.

Defining pt = ∑4
i=1 pi and taking piz0 � 1, we get

Λ4 (~p1, ~p2, ~p3, ~p4) = `4

3z3
0
− `4

3z0

(
p2

1 + p2
2 + p2

3 + p2
4

)
+ `4

p1p2p3p4
pt

(E.1)

− `4

3 log(ptz0)
(
p1

3 + p2
3 + p3

3 + p4
3
)

+ `4

3

pt∑
i,j

pipj −
∑
i

pi
∑
j 6=i

pj − 4
∑
i<j<k

pipjpk


For the Λ∂4 correlator, using piz0 � 1 we find

Λ∂4 (~p1, ~p2, ~p3, ~p4) =

~p1 ·~p2 ~p3 ·~p4 Λ(~p1, ~p2, ~p3, ~p4)+ 40320
`4

p2
1p

2
2p

2
3p

2
4

p9
t

(E.2)

− 24
`2
~p3 ·~p4p

2
1p

2
2

(
p2

1+p2
2+6p2

3+6p2
4+2p1p2+7(p1+p2)(p3+p4)+42p3p4

)
+(1,2)↔ (3,4)

p7
t
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