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Abstract: We propose an A4 modular invariant flavor model of leptons, in which both
CP and modular symmetries are broken spontaneously by the vacuum expectation value
of the modulus τ . The value of the modulus τ is restricted by the observed lepton mixing
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leptogenesis. Due to the strong wash-out effect, the predictive baryon asymmetry YB can
be at most the same order of the observed value. Then, the lightest right-handed neutrino
mass is restricted in the range ofM1 = [1.5, 6.5]×1013 GeV. We find the correlation between
the predictive YB and the Dirac CP phase δCP . Only two predictive δCP ranges, [5◦, 40◦]
(Re [τ ] > 0) and [320◦, 355◦] (Re [τ ] < 0) are consistent with the BAU.
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1 Introduction

One interesting approach to the origin of flavor structure is to impose a flavor symmetry
on a theory. The non-Abelian discrete groups are attractive ones to understand flavor
structure of quarks and leptons. The S3 flavor symmetry was studied to understand the
large mixing angle [1] in the oscillation of atmospheric neutrinos [2] as well as discussing
the Cabibbo angle [3, 4]. For the last twenty years, the non-Abelian discrete symmetries
of flavors have been developed [5–14], that is motivated by the precise observation of
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flavor mixing angles of leptons. Among them, the A4 flavor symmetry provides a simple
explanation of the existence of three families of quarks and leptons [15–21]. However, it is
difficult to obtain clear clues of the A4 flavor symmetry because of a lot of free parameters
associated with scalar flavon fields.

An interesting approach to the lepton flavor problem has been put forward based on the
invariance under the modular transformation [22], where the model of the finite modular
group Γ3 ' A4 has been presented. In this approach, fermion matrices are written in terms
of modular forms which are holomorphic functions of the modulus τ . This work inspired
further studies of the modular invariance approach to the lepton flavor problem.

The finite groups S3, A4, S4, and A5 are realized in modular groups [23]. Modu-
lar invariant flavor models have been also proposed on Γ2 ' S3 [24], Γ4 ' S4 [25] and
Γ5 ' A5 [26]. Phenomenological studies of the lepton flavors have been done based on
A4 [27–29], S4 [30–32] and A5 [33]. A clear prediction of the neutrino mixing angles and
the Dirac CP phase was given in the simple lepton mass matrices with the A4 modular
symmetry [28]. The Double Covering groups T′ [34, 35] and S′4 [36, 37] were also realized
in the modular symmetry. Furthermore, phenomenological studies have been developed in
many works [38–88] while theoretical investigations have been also proceeded [89–106].

In order to test the flavor symmetry, the prediction of the Dirac CP phase is important.
The CP transformation is non-trivial if the non-Abelian discrete flavor symmetry is set in
the Yukawa sector of a Lagrangian. Then, we should discuss so-called the generalized CP
symmetry in the flavor space [107–112]. The modular invariance has been also studied in
the framework of the generalized CP symmetry [113, 114]. It provided a significant scheme
to predict Dirac and Majorana CP phases of leptons. A viable lepton model was proposed
in the modular A4 symmetry [80], in which the CP violation is realized by fixing τ , that
is, the breaking of the modular symmetry. Afterward, the systematic search of the viable
A4 model was done [81].

The CP violation by the modulus τ raises a question. Is the leptonic CP violation linked
to the baryon asymmetry of the universe (BAU)? The BAU is now measured very precisely
by the cosmic microwave background radiation [115]. One of the most studied scenarios for
baryogenesis is the canonical leptogenesis scenario [116], in which the decays of right-handed
neutrinos can generate the lepton asymmetry that is partially converted into the baryon
asymmetry via the sphaleron process [117]. The sign of the BAU is controlled by the CP
violation pattern in the leptonic sector. In general, the sign of the BAU cannot be predicted
uniquely even if the Dirac and Majorana CP phases are determined. This is because there
exist additional phases associated with right-handed neutrinos which decouple from the
low energy phenomena if right-handed neutrinos are sufficiently heavy. However, there are
non-trivial relations between the properties of right-handed neutrinos and the low energy
observables of neutrinos in the A4 modular symmetry. Indeed, the modulus τ controls the
CP phases of both the left-handed sector of neutrinos and the right-handed one in our
scheme. Under these situations, it is interesting to investigate the sign and magnitude
of the BAU.

In the framework of the modular symmetry, the BAU has been studied in A4 model
of leptons, where the source of CP violation is a complex parameter in the Dirac neutrino
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mass matrix in addition to the modulus τ [40]. In our work, the origin of the CP violation
is only in modulus τ , therefore, it is also only the source of the leptogenesis. We present a
modular A4 invariant model with the CP symmetry, where both CP and modular symme-
tries are broken spontaneously by the vacuum expectation value (VEV) of the modulus τ .
We discuss the phenomenological implication of this model, that is the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) mixing angles [118, 119] and the Dirac CP phase of leptons,
which is expected to be observed at T2K and NOνA experiments [120, 121]. Then, we
examine a link between the predictive Dirac CP phase and the BAU.

The paper is organized as follows. In section 2, we give a brief review on the CP
transformation in the modular symmetry. In section 3, we present the CP invariant lepton
mass matrix in the A4 modular symmetry. In section 4, we show the phenomenological
implication of lepton mixing and CP phases. In section 5, we give the framework of the
leptogenesis in our model. In section 6, we discuss the link between the predictive Dirac
CP phase and BAU numerically. Section 7 is devoted to the summary. In appendices A
and B, we give the tensor product of the A4 group and the modular forms, respectively. In
appendix C, we show the definition of PMNS matrix elements and how to obtain the Dirac
CP phase, the Majorana phases and the effective mass of the 0νββ decay. In appendix D,
alternative A4 models and their results are presented. In appendix E, we give the relevant
formulae of the leptogenesis explicitly.

2 CP transformation in modular symmetry

2.1 Generalized CP symmetry

The CP transformation is non-trivial if the non-Abelian discrete flavor symmetry G is set
in the Yukawa sector of a Lagrangian [112, 122]. Let us consider the chiral superfields. The
CP is a discrete symmetry which involves both Hermitian conjugation of a chiral superfield
ψ(x) and inversion of spatial coordinates,

ψ(x)→ Xrψ(xP ) , (2.1)

where xP = (t,−x) and Xr is a unitary transformation of ψ(x) in the irreducible represen-
tation r of the discrete flavor symmetry G. This transformation is so-called the generalized
CP transformation. If Xr is the unit matrix, the CP transformation is the trivial one.
This is the case for the continuous flavor symmetry [122]. However, in the framework of
the non-Abelian discrete family symmetry, non-trivial choices of Xr are possible. The un-
broken CP transformations of Xr form the group HCP . Then, Xr must be consistent with
the flavor symmetry transformation,

ψ(x)→ ρr(g)ψ(x) , g ∈ G , (2.2)

where ρr(g) is the representation matrix for g in the irreducible representation r.
The consistent condition is obtained as follows. At first, perform a CP transformation

ψ(x) → Xrψ(xP ), then apply a flavor symmetry transformation, ψ(xP ) → ρ∗r(g)ψ(xP ),
and finally perform an inverse CP transformation. The whole transformation is written
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as ψ(x) → Xrρ
∗(g)X−1

r ψ(x), which must be equivalent to some flavor symmetry ψ(x) →
ρr(g′)ψ(x). Thus, one obtains [123]

Xrρ
∗
r(g)X−1

r = ρr(g′) , g, g′ ∈ G . (2.3)

This equation defines the consistency condition, which has to be respected for consistent
implementation of a generalized CP symmetry along with a flavor symmetry [124, 125].

It has been also shown that the full symmetry group is isomorphic to a semi-direct
product of G and HCP , that is GoHCP , where HCP ' ZCP2 is the group generated by the
generalised CP transformation under the assumption of Xr being a symmetric matrix [125].

2.2 Modular symmetry

The modular group Γ̄ is the group of linear fractional transformations γ acting on the
modulus τ , belonging to the upper-half complex plane as:

τ −→ γτ = aτ + b

cτ + d
, where a, b, c, d ∈ Z and ad− bc = 1, Im[τ ] > 0 , (2.4)

which is isomorphic to PSL(2,Z) = SL(2,Z)/{I,−I} transformation. This modular trans-
formation is generated by S and T ,

S : τ −→ −1
τ
, T : τ −→ τ + 1 , (2.5)

which satisfy the following algebraic relations,

S2 = 1 , (ST )3 = 1 . (2.6)

We introduce the series of groups Γ(N), called principal congruence subgroups, where
N is the level 1, 2, 3, . . . . These groups are defined by

Γ(N) =
{(

a b

c d

)
∈ SL(2,Z) ,

(
a b

c d

)
=
(

1 0
0 1

)
(modN)

}
. (2.7)

For N = 2, we define Γ̄(2) ≡ Γ(2)/{I,−I}. Since the element −I does not belong to Γ(N)
for N > 2, we have Γ̄(N) = Γ(N). The quotient groups defined as ΓN ≡ Γ̄/Γ̄(N) are
finite modular groups. In these finite groups ΓN , TN = 1 is imposed. The groups ΓN with
N = 2, 3, 4, 5 are isomorphic to S3, A4, S4 and A5, respectively [23].

Modular forms fi(τ) of weight k are the holomorphic functions of τ and transform as

fi(τ) −→ (cτ + d)kρ(γ)ijfj(τ) , γ ∈ G , (2.8)

under the modular symmetry, where ρ(γ)ij is a unitary matrix under ΓN .
Under the modular transformation of eq. (2.4), chiral superfields ψi (i denotes flavors)

with weight −k transform as [126],

ψi −→ (cτ + d)−kρ(γ)ijψj . (2.9)
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We study global supersymmetric models, e.g., minimal supersymmetric extensions of
the Standard Model (MSSM). The superpotential which is built from matter fields and
modular forms is assumed to be modular invariant, i.e., to have a vanishing modular
weight. For given modular forms this can be achieved by assigning appropriate weights to
the matter superfields.

The kinetic terms are derived from a Kähler potential. The Kähler potential of chiral
matter fields ψi with the modular weight −k is given simply by

Kmatter = 1
[i(τ̄ − τ)]k

∑
i

|ψi|2, (2.10)

where the superfield and its scalar component are denoted by the same letter, and τ̄ = τ∗

after taking VEV of τ . The canonical form of the kinetic terms is obtained by changing
the normalization of parameters [28]. The general Kähler potential consistent with the
modular symmetry possibly contains additional terms [127]. However, we consider only
the simplest form of the Kähler potential.

For Γ3 ' A4, the dimension of the linear spaceMk(Γ(3)) of modular forms of weight k
is k+1 [128–130], i.e., there are three linearly independent modular forms of the lowest non-
trivial weight 2, which form a triplet of the A4 group, Y (2)

3 (τ) = (Y1(τ), Y2(τ), Y3(τ))T .
These modular forms have been explicitly given [22] in the symmetric base of the A4
generators S and T for the triplet representation (see appendix A) in appendix B.

2.3 CP transformation of the modulus τ

The CP transformation in the modular symmetry was given by using the generalized CP
symmetry [113]. We summarize the discussion in ref. [113] briefly. Consider the CP and
modular transformation γ of the chiral superfield ψ(x) with weight −k assigned to an
irreducible unitary representation r of ΓN . The chain CP → γ → CP−1 = γ′ ∈ Γ̄ is
expressed as:

ψ(x) CP−−→ Xrψ(xP ) γ−−→ (cτ∗ + d)−kXr ρ
∗
r(γ)ψ(xP )

CP−1
−−−−→ (cτ∗CP−1 + d)−kXr ρ

∗
r(γ)X−1

r ψ(x) , (2.11)

where τCP−1 is the operation of CP−1 on τ . The result of this chain transformation should
be equivalent to a modular transformation γ′ which maps ψ(x) to (c′τ + d′)−kρr(γ′)ψ(x).
Therefore, one obtains

Xrρ
∗
r(γ)X−1

r =
(

c′τ + d′

cτ∗CP−1 + d

)−k
ρr(γ′) . (2.12)

Since Xr, ρr and ρr′ are independent of τ , the overall coefficient on the right-hand side of
eq. (2.12) has to be a constant (complex) for non-zero weight k:

c′τ + d′

cτ∗CP−1 + d
= 1
λ∗
, (2.13)

where |λ| = 1 due to the unitarity of ρr and ρr′ . The values of λ, c′ and d′ depend on γ.
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Taking γ = S (c = 1, d = 0) , and denoting c′(S) = C, d′(S) = D while keeping
λ(S) = λ, we find τ = (λτ∗CP−1 −D)/C from eq. (2.13), and consequently,

τ
CP−1
−−−−→ τCP−1 = λ(Cτ∗ +D) , τ

CP−−→ τCP = 1
C

(λτ∗ −D) . (2.14)

Let us act with chain CP → T → CP−1 on the mudular τ itself:

τ
CP−−→ τCP = 1

C
(λτ∗ −D) T−−→ 1

C
(λ(τ∗ + 1)−D) CP−1

−−−−→ τ + λ

C
. (2.15)

The resulting transformation has to be a modular transformation, therefore λ/C is an
integer. Since |λ| = 1, we find |C| = 1 and λ = ±1. After choosing the sign of C as
C = ∓1 so that Im[τCP ] > 0, the CP transformation of eq. (2.14) turns to

τ
CP−−→ n− τ∗ , (2.16)

where n is an integer. The chain CP → S → CP−1 = γ′(S) imposes no further restrictions
on τCP . It is always possible to redefine the CP transformation in such a way that n = 0
by using the freedom of T transformation. Therefore, we can define the CP transformation
of the modulus τ as

τ
CP−−→ −τ∗ . (2.17)

2.4 CP transformation of modular multiplets

Chiral superfields and modular forms transform in eqs. (2.8) and (2.9), respectively, under
a modular transformation. Chiral superfields also transform in eq. (2.1) under the CP
transformation. The CP transformation of modular forms was given in ref. [113] as follows.
Define a modular multiplet of the irreducible representation r of ΓN with weight k as
Y(k)

r (τ), which is transformed as:

Y(k)
r (τ) CP−−→ Y(k)

r (−τ∗) , (2.18)

under the CP transformation. The complex conjugated CP transformed modular forms
Y(k)∗

r (−τ∗) transform almost like the original multiplets Y(k)
r (τ) under a modular trans-

formation, namely:

Y(k)∗
r (−τ∗) γ−−→ Y(k)∗

r (−(γτ)∗) = (cτ + d)kρ∗r(u(γ))Y(k)∗
r (−τ∗) , (2.19)

where u(γ) ≡ CPγCP−1. Using the consistency condition of eq. (2.3), we obtain

XT
r Y(k)∗

r (−τ∗) γ−−→ (cτ + d)kρr(γ)XT
r Y(k)∗

r (−τ∗) . (2.20)

Therefore, if there exist a unique modular multiplet at a level N , weight k and represen-
tation r, which is satisfied for N = 2–5 with weight 2, we can express the modular form
Y(k)

r (τ) as:

Y(k)
r (τ) = κXT

r Y(k)∗
r (−τ∗) , (2.21)
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L (ec, µc, τ c) N c Hu Hd Y
(k)

3

SU(2) 2 1 1 2 2 1
A4 3 (1, 1′′, 1′) 3 1 1 3

weight −1 (ke, kµ, kτ ) −1 0 0 k

Table 1. Representations and weights for MSSM fields and relevant modular forms of weight k.

where κ is a proportional coefficient. Since Y(k)
r (−(−τ∗)∗) = Y(k)

r (τ), eq. (2.21) gives
X∗rXr = |κ|21r. Therefore, the matrix Xr is a symmetric one, and κ = eiφ is a phase,
which can be absorbed in the normalization of modular forms. In conclusion, the CP
transformation of modular forms is given as:

Y(k)
r (τ) CP−−→ Y(k)

r (−τ∗) = XrY(k)∗
r (τ) . (2.22)

It is also emphasized that Xr = 1r satisfies the consistency condition eq. (2.3) in a basis
that generators of S and T of ΓN are represented by symmetric matrices because of ρ∗r(S) =
ρ†r(S) = ρr(S−1) = ρr(S) and ρ∗r(T ) = ρ†r(T ) = ρr(T−1).

The CP transformations of chiral superfields and modular multiplets are summalized
as follows:

τ
CP−−→ −τ∗ , ψ(x) CP−−→ Xrψ(xP ) , Y(k)

r (τ) CP−−→ Y(k)
r (−τ∗) = XrY(k)∗

r (τ) , (2.23)

where Xr = 1r can be taken in the basis of symmetric generators of S and T . We use this
CP transformation of modular forms to construct the CP invariant mass matrices in the
next section.

3 CP invariant lepton mass matrix in A4 modular symmetry

In this section, we propose the CP invariant lepton mass matrix for introducing the A4
modular symmetry. The three generations of the left-handed lepton doublets are assigned
to be an A4 triplet L, and the right-handed charged leptons ec, µc, and τ c are A4 singlets
1, 1′′, and 1′, respectively. The three generations of the right-handed neutrinos are also
assigned to be an A4 triplet N c. The weight of the superfields of left-handed leptons is fixed
to be −1 as a standard. The weight of right-handed neutrinos is also taken to be −1 in
order to give a Dirac neutrino mass matrix in terms of modular forms of weight 2. On the
other hand, weights of the right-handed charged leptons ec, µc, and τ c are put (ke, kµ, kτ )
in general. Weights of Higgs fields Hu, Hd are fixed to be 0. The representations and
weights for MSSM fields and modular forms of weight k are summarized in table 1.

Since we construct the CP invariant lepton mass matrices with minimum number of
parameters, we fix weights ke = −1, kµ = −3, kτ = −5 for right-handed charged leptons.
Then, we need modular forms of weight 2, 4 and 6, Y (2)

3 Y
(4)

3 and Y (6)
3 . For weight 4, there

are five modular forms two singlets and one triplet of A4. Those are given in terms of
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weight 2 modular forms Y1(τ), Y2(τ) and Y3(τ) as:

Y
(4)

1 (τ) = Y1(τ)2 + 2Y2(τ)Y3(τ) , Y
(4)

1′ (τ) = Y3(τ)2 + 2Y1(τ)Y2(τ) ,

Y
(4)

1′′ (τ) = Y2(τ)2 + 2Y1(τ)Y3(τ) = 0 , Y
(4)

3 (τ) =


Y

(4)
1 (τ)
Y

(4)
2 (τ)
Y

(4)
3 (τ)

 =

Y1(τ)2 − Y2(τ)Y3(τ)
Y3(τ)2 − Y1(τ)Y2(τ)
Y2(τ)2 − Y1(τ)Y3(τ)

 .
(3.1)

For the wight 6, we have seven modular forms, one singlet and two triplets of A4 as:

Y
(6)

1 = Y 3
1 + Y 3

2 + Y 3
3 − 3Y1Y2Y3 ,

Y
(6)

3 ≡


Y

(6)
1
Y

(6)
2
Y

(6)
3

 = (Y 2
1 + 2Y2Y3)

Y1
Y2
Y3

 , Y
(6)

3′ ≡


Y
′(6)

1
Y
′(6)

2
Y
′(6)

3

 = (Y 2
3 + 2Y1Y2)

Y3
Y1
Y2

 . (3.2)

Then, the A4 invariant superpotential of the charged leptons, wE , by taking into
account the modular weights is obtained as

wE = αee
cHdY

(2)
3 L+ βeµ

cHdY
(4)

3 L+ γeτ
cHdY

(6)
3 L+ γ′eτ

cHdY
(6)

3′ L , (3.3)

where αe, βe, γe, and γ′e are constant parameters. Under CP, the superfields transform as:

ec
CP−−→ X∗1 e

c , µc
CP−−→ X∗1′′ µ

c , τ c
CP−−→ X∗1′ τ

c , L
CP−−→ X3L , Hd

CP−−→ ηdHd ,

(3.4)

and we can take ηd = 1 without loss of generality. Since the representations of S and T are
symmetric (see appendix A), we can choose X3 = 1 and X1 = X1′ = X1′′ = 1 as discused
in eq. (2.23).

Taking (eL, µL, τL) in the flavor base, the charged lepton mass matrix ME is simply
written as:

ME(τ) =

vd

αe 0 0
0 βe 0
0 0 γe




Y1(τ) Y3(τ) Y2(τ)
Y

(4)
2 (τ) Y

(4)
1 (τ) Y

(4)
3 (τ)

Y
(6)

3 (τ) + geY
′(6)

3 (τ) Y (6)
2 (τ) + geY

′(6)
2 (τ) Y (6)

1 (τ) + geY
′(6)

1 (τ)


RL

,

(3.5)

where ge = γ′e/γe, and vd is VEV of the neutral component of Hd. The coefficients αe, βe
and γe are taken to be real without loss of generality. Under CP transformation, the mass
matrix ME is transformed following from eq. (3.5) as:

ME(τ) CP−−→ME(−τ∗) = M∗E(τ) =

vd

αe 0 0
0 βe 0
0 0 γe




Y1(τ)∗ Y3(τ)∗ Y2(τ)∗

Y
(4)

2 (τ)∗ Y
(4)

1 (τ)∗ Y
(4)

3 (τ)∗

Y
(6)

3 (τ)∗ + g∗eY
′(6)

3 (τ)∗ Y (6)
2 (τ)∗ + g∗eY

′(6)
2 (τ)∗ Y (6)

1 (τ)∗ + g∗eY
′(6)

1 (τ)∗


RL

.

(3.6)
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Let us discuss the neutrino sector. In table 1, the A4 invariant superpotential for the
neutrino sector, wν , is given as:

wν = wD + wN ,

wD = γνN
cHuY

(2)
3 L+ γ′νN

cHuY
(2)

3 L,

wN = ΛN cN cY
(2)

3 . (3.7)

where γν and γ′ν are Yukawa couplings, and Λ denotes a right-handed Majorana neutrino
mass scale. By putting vu for VEV of the neutral component of Hu and taking (νe, νµ, ντ )
for neutrinos, the Dirac neutrino mass matrix, MD, is obtained as

MD = γνvu

 2Y1 (−1 + gD)Y3 (−1− gD)Y2
(−1− gD)Y3 2Y2 (−1 + gD)Y1
(−1 + gD)Y2 (−1− gD)Y1 2Y3


RL

, (3.8)

where gD = γ′ν/γν . On the other hand the right-handed Majorana neutrino mass matrix,
MN is written as follows:

MN = Λ

2Y1 −Y3 −Y2
−Y3 2Y2 −Y1
−Y2 −Y1 2Y3


RR

. (3.9)

By using the type-I seesaw mechanism, the effective neutrino mass matrix, Mν is ob-
tained as

Mν = MT
DM

−1
N MD . (3.10)

In a CP conserving modular invariant theory, both CP and modular symmetries are
broken spontaneously by VEV of the modulus τ . However, there exist certain values of τ
which conserve CP while breaking the modular symmetry. Obviously, this is the case if τ
is left invariant by CP, i.e.

τ
CP−−→ −τ∗ = τ , (3.11)

which indicates τ lies on the imaginary axis, Re[τ ] = 0. In addition to Re[τ ] = 0, CP is
conserved at the boundary of the fundamental domain.

Due to eq. (2.23), one then has

ME(τ) = M∗E(τ) , Mν(τ) = M∗ν (τ) , (3.12)

if ge and gD are taken to be real. Therefore, the source of the CP violation is only non-trivial
Re[τ ] after breaking the modular symmetry. In the next section, we present a numerical
analysis of the CP violation by fixing the modulus τ with real ge and gD.
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4 Numerical results of leptonic CP violation

We have presented the CP invariant lepton mass matrices in the A4 modular symmetry.
The tiny neutrino masses are given via type-I seesaw. The CP symmetry is broken spon-
taneously by VEV of the modulus τ . Thus, VEV of τ breaks the CP invariance as well as
the modular invariance. The source of the CP violation is the real part of τ . Indeed, the
spontaneous CP violation is realized by fixing τ . Then, the Dirac CP phase and Majorana
phases are predicted clearly with reproducing observed lepton mixing angles and two neu-
trino mass squared differences. The predictive CP phases are possibly linked to the phase
of the leptogenesis [116].

Our parameters are real ones αe, βe, γe, γ′e, γν , γ′ν and Λ in addition to the complex τ .
Observed input data are three charged lepton masses, three flavor mixing angles and two
neutrino mass squared differences. Since γν and Λ appear only with the combination γ2

ν/Λ
in the neutrino mass matrix, the input data determine completely our parameters apart
from error-bars of the experimental data. Therefore, the lepton mixing angles, the Dirac
phase and Majorana phases are predicted in the restricted ranges.

As the input charged lepton masses, we take Yukawa couplings of charged leptons at
the GUT scale 2× 1016 GeV, where tan β = 5 is taken as a bench mark [131, 132]:

ye = (1.97± 0.024)× 10−6, yµ = (4.16± 0.050)× 10−4, yτ = (7.07± 0.073)× 10−3,

(4.1)

where lepton masses are given by m` = y`vH with vH = 174GeV.
We also input the lepton mixing angles and neutrino mass parameters which are given

by NuFit 5.0 in table 2 [133]. In our analysis, the Dirac CP phase δCP (see appendix C) is
output because its observed range is too wide at 3σ confidence level. We investigate two
possible cases of neutrino massesmi, which are the normal hierarchy (NH), m3 > m2 > m1,
and the inverted hierarchy (IH), m2 > m1 > m3. Neutrino masses and the PMNS matrix
UPMNS [118, 119] are obtained by diagonalizingM †EME andM †νMν . We also investigate the
effective mass for the 0νββ decay, 〈mee〉 (see appendix C) and the sum of three neutrino
masses

∑
mi since it is constrained by the recent cosmological data, which is the upper-

bound
∑
mi ≤ 120meV obtained at the 95% confidence level [115, 134].

Let us discuss numerical results for NH of neutrino masses. We scan τ in the funda-
mental domain of SL(2, Z). The real parameters ge and gD are scanned in [−10, 10]. As a
measure of good-fit, we adopt the sum of one-dimensional χ2 functions for five accurately
known observables ∆m2

atm, ∆m2
sol, sin2 θ12, sin2 θ23 and sin2 θ13 in NuFit 5.0 [133]. In

addition, we employ Gaussian approximations for fitting me, mµ and mτ .
In figure 1, we show the allowed region on the Re [τ ] – Im [τ ] plane, where three mixing

angles, ∆m2
atm, ∆m2

sol and charged lepton masses are consistent with observed ones. The
green and magenta regions correspond to

√
χ2 ≤ 2 and 3, respectively. The predicted

range of τ is in Re [τ ] = ±[0.1, 0.5] and Im [τ ] = [0.96, 1.30] at
√
χ2 ≤ 3 (magenta).

Due to the rather broad range of Re [τ ], the predictive Dirac CP phase δCP , which
is defined in appendix C, is not so restricted. In figure 2, we show a prediction of δCP
versus Re [τ ]. It is remarked that δCP is predicted in six regions depending on the sign of
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observable best fit±1σ for NH best fit±1σ for IH

sin2 θ12 0.304+0.012
−0.012 0.304+0.013

−0.012

sin2 θ23 0.573+0.016
−0.020 0.575+0.016

−0.019

sin2 θ13 0.02219+0.00062
−0.00063 0.02238+0.00063

−0.00062

∆m2
sol 7.42+0.21

−0.20 × 10−5 eV2 7.42+0.21
−0.20 × 10−5 eV2

∆m2
atm 2.517+0.026

−0.028 × 10−3 eV2 −2.498+0.028
−0.028 × 10−3 eV2

Table 2. The best fit±1σ of neutrino parameters from NuFIT 5.0 for NH and IH [133].

Figure 1. Allowed regions of τ for NH,
where green and magenta points correspond to√
χ2 ≤ 2 and 3, respectively. The solid curve

is the boundary of the fundamental domain,
|τ | = 1.

Figure 2. Prediction of Dirac phase δCP ver-
sus Re [τ ] for NH. There are six regions, which
are almost symmetric with respect to the point
(Re [τ ] = 0, δCP = 180◦). Colors denote same
ones in figure 1.

Re [τ ]. Those are [0◦, 50◦], [170◦, 175◦], [280◦, 360◦] for Re [τ ] < 0, and [0◦, 80◦], [185◦, 190◦],
[310◦, 360◦] for Re [τ ] > 0 at

√
χ2 ≤ 3 (magenta). These are almost symmetric with respect

to the point (Re [τ ] = 0, δCP = 180◦). This prediction is consistent with the result of global
fit of NuFit 5.0 [133]:

δCP = 197◦+27◦
−24◦ . (4.2)

In figure 3, we show a prediction of δCP versus
∑
mi. It is also found different six

predicted regions. The sum of neutrino masses
∑
mi is restricted in the narrow range

[60, 84]meV at
√
χ2 ≤ 3 (magenta). It is consistent with the cosmological bound 120 meV

in the minimal cosmological model, ΛCDM +
∑
mi [115, 134].

In figure 4, we show the prediction of Majorana phases α21 and α31, which are defined
by appendix C. The predicted α21 is around 180◦, but α31 is distributed in the full range
of [0◦, 360◦] at

√
χ2 ≤ 3 (magenta).
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Figure 3. Predicted six regions of Dirac phase
δCP versus the sum of neutrino masses

∑
mi

for NH. Colors denote same ones in figure 1.

Figure 4. Predicted Majorana phases α21
and α31 for NH. Colors denote same ones in
figure 1.

We can calculate the effective mass 〈mee〉 for the 0νββ decay by using the Dirac CP
phase and Majorana phases as seen in appendix C. The predicted 〈mee〉 is

〈mee〉 = [0.003, 3] meV , (4.3)

at
√
χ2 ≤ 3. It is difficult to reach this value in the future experiments of the neutrinoless

double beta decay.
We have checked the correlation between three mixing angles and δCP plane. The

predicted δCP is correlated weakly with sin2 θ23 in our model. It has the broadest ranges of
[0◦, 80◦] and [280◦, 360◦] at the best fit value of sin2 θ23 = 0.573, but ranges of [0◦, 30◦] and
[330◦, 360◦] are excluded near the observed upper bound of sin2 θ23. On the other hand,
there are no correlations among sin2 θ12, sin2 θ13 and δCP .

We show the best fit sample for NH in table 3, where numerical values of parameters
and output are listed. As a measure of goodness of fit, we show square root of the sum of
one-dimensional χ2 functions.

We have also scanned the parameter space for the case of IH of neutrino masses. We
have found parameter sets which reproduce the observed masses and three mixing angles
sin2 θ23, sin2 θ12, and sin2 θ13 at

√
χ2 ≤ 5. However, there is no parameter sets below√

χ2 = 4.
The allowed region of τ is restricted in the narrow regions. As shown in figure 5, the

predicted range of Im [τ ] is [1.15, 1.16] at
√
χ2 = 4–5 and Re [τ ] is close to ±0.5.

In figure 6, we show the allowed region on the Re [τ ] – δCP plane. The predicted δCP
is severely restricted as in [50◦, 70◦] and [290◦, 310◦]. This prediction is consistent with the
result of global fit of IH in NuFit 5.0, δCP = 282◦+26◦

−30◦ . In addition, sin2 θ23 is restricted in
[0.505, 0.515] [133].

On the other hand, the sum of neutrino masses
∑
mi is restricted in the narrow

range [143, 147]meV at
√
χ2 = 4–5. Therefore, the case of IH will be excluded by the

improved cosmological bound in the near future. The predicted 〈mee〉 is given as 〈mee〉 =
[35, 36] meV.
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NH IH
τ −0.2637 + 1.1549 i 0.4984 + 1.1553 i
gD −1.29 1.74
ge −1.01 1.68× 10−7

βe/αe 4.66× 10−2 3.64× 10−2

γe/αe 11.9 7.35× 10−4

sin2 θ12 0.305 0.309
sin2 θ23 0.571 0.494
sin2 θ13 0.0220 0.0222
δCP 317◦ 300◦

[α21, α31] [189◦, 64◦] [116◦, 270◦]∑
mi 67.3meV 145meV

〈mee〉 0.18meV 35.5meV√
χ2 1.39 4.27

Table 3. Numerical values of parameters and observables at the best fit points of NH and IH.

Figure 5. Allowed regions of τ for IH at√
χ2 = 4–5.

Figure 6. Prediction of Dirac phase δCP ver-
sus Re [τ ] for IH at

√
χ2 = 4–5.

We also present the best fit set of IH in table 3, where values of relevant parameters
are listed compared with the values of the NH case.

In our numerical calculations, we have not included the RGE effects in the lepton
mixing angles. We suppose that those corrections are very small between the electroweak
and GUT scales. This assumption is justified well in the case of tan β ≤ 10 unless neutrino
masses are almost degenerate [27].

We have presented CP invariant lepton mass matrices with minimum number of pa-
rameters by fixing weights (ke = −1, kµ = −3, kτ = −5) for right-handed charged leptons.
Therefore, the charged lepton mass matrix is given by modular forms of weight 2, 4 and
6, Y (2)

3 , Y (4)
3 and Y

(6)
3 . However, this choice for weights is not a unique one even if we

consider the seesaw model with minimum number of parameters. We have examined al-
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ternative three choices: (ke = −1, kµ = −1, kτ = −5), (ke = −1, kµ = −1, kτ = −7)
and (ke = −1, kµ = −3, kτ = −7). The correponding charged lepton mass matrices are
presented in appendix D. In those three models, we have also obtained successful numerical
results, which are not so different from above ones. We present samples of parameter sets
for each model in appendix D for NH of neutrino masses. The cases of IH are omitted
since their

√
χ2 are larger than 4. Our study of the leptogenesis is focused on the case of

weights (ke = −1, kµ = −3, kτ = −5) in the next section.

5 Leptogenesis

The BAU at the present universe is measured very precisely by the cosmic microwave
background radiation as [115]:

YB = nB
s

= (0.852− 0.888)× 10−10 , (5.1)

at 3σ confidence level, where YB is defined by the ratio between the number density of
baryon asymmetry nB and the entropy density s. One of the most attractive scenarios
for baryogenesis is the canonical leptogenesis scenario [116] in which the decays of right-
handed neutrinos can generate the lepton asymmetry that is partially converted into the
baryon asymmetry via the sphaleron process [117]. The sign and magnitude of the BAU
are predicted by the masses and Yukawa coupling constants of right-handed neutrinos.
If their masses are hierarchical, the lightest one must be O(109)GeV [135] to explain
the BAU. The sign of the BAU depends on the CP phase strucuture in the lepton mass
matrices. In general, the sign of the BAU cannot be predicted uniquely even if the Dirac
and Majorana CP phases are determined. This is because there exist generally one or
more additional phases associated with right-handed neutrinos which decouple from the
low energy phenomena even if right-handed neutrinos are sufficiently heavy. However, our
predictive Dirac and Majorana CP phases are linked to the BAU because the CP violation
is originated from only τ in our model with the A4 modular symmetry.

Let us discuss the leptogenesis by decays of right-handed neutrinos in our model. Since
the mass ratios of right-handed neutrinos are not so large, and then we have to include
the effects of all three right-handed neutrinos to the leptogenesis. For simplicity, we as-
sume that the reheating temperature of inflation is sufficiently higher than the mass of the
heaviest right-handed neutrino and that the initial abundances of all right-handed neu-
trinos are zero. On the other hand, the mass degeneracy of the right-handed neutrinos
is not so large, and so the resonant enhancement of the leptogenesis [136, 137] does not
occur. Thus, we shall use the formalism based on the Boltzmann equations to estimate
the asymmetries. Moreover, as we show below, the required masses of right-handed neu-
trinos are O(1013)GeV, and so we can apply the simple one-flavor approximation of the
leptogenesis. Therefore, we neglect the so-called flavor effect [138–145]. Furthermore, to
achieve successful leptogenesis via the decay of such heavy right-handed neutrinos, the
reheating temperature must be higher than O(1013)GeV. In the framework of supersym-
metry (SUSY), such high reheating temperature can cause the overproduction of gravitinos,
which is called the gravitino problem [146, 147]. However, in our scenario, we assume that
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SUSY is broken at close to the Planck scale. In this situation, SUSY particles, including
the gravitino, have masses around the Planck scale. Therefore, gravitino cannot be ther-
mally produced after inflation. So the constraint on the reheating temperature due to the
gravitino problem can be eliminated.

The flavor structure of our model appears in the CP asymmetry parameter εI , which is:

εI =
Γ
(
NI → L+Hu

)
− Γ

(
NI → L+Hu

)
Γ
(
NI → L+Hu

)
+ Γ

(
NI → L+Hu

) . (5.2)

It is proportional to the imaginary part of Yukawa couplings as:

εI ∝
∑
J 6=I

Im{(yνy†ν)IJ}2 . (5.3)

Here, yνy†ν is given by the Dirac neutrino mass matrix MD in the real diagonal base of the
right-handed Majorana neutrino mass matrix MN as follows:

yνy
†
ν = 1

v2
u

V †R (MDM
†
D)VR , with V †R (MNM

†
N ) VR = diag (M2

1 ,M
2
2 ,M

2
3 ) , (5.4)

where MD and MN are given in eqs. (3.8) and (3.9), respectively, and M1, M2 and M3
are real.

The Boltzmann equations are then solved numerically and the total lepton asymmetry
YL from the decays of right-handed neutrinos is estimated. The present baryon asymmetry
can be estimated as YB = −8/23YL for the two Higgs doublets (see appendix E).

In our model, the phases in the PMNS matrix and the high energy phases associated
with right-handed neutrinos are originated in the modulus τ . In this situation, there may
exist the correlations between the phases in the PMNS matrix and the yield of the BAU.

Since the best-fit point of the modulus τ is rather close to the fixed point τ = i for NH
as seen in table 3, we can calculate approximately the asymmetry parameter εI of eq. (5.3)
in terms of a small complex parameter ε, which is defined as τ = i+ε in perturbation. This
analytic calculation is possible due to the simple Dirac neutrino mass matrix at τ = i. It
is found that the leading term of Im{(yνy†ν)Ij}2 is given by Im [ε2]. On the other hand, it
is almost impossible to give an approximate form of the CP phase δCP or the CP violating
measure JCP at low energy. Since the right-handed Majorana neutrino mass matrix MN

gives one massless and two degenerated masses at τ = i in our model, its inverse is a
singular one at τ = i. After seesaw, the left-handed Majorana mass matrix is unstable at
nearby τ = i for perturbation. Indeed, we could not obtain a reliable analytic expression
for JCP . Therefore, we study the correlations between the CP phase δCP and the yield of
the BAU in numerical calculations.

6 Baryon asymmetry

Let us then show the results of the BAU by right-handed neutrinos in our model by using
parameter sets of section 4 at

√
χ2 ≤ 3 for NH of neutrino masses. At first, we discuss the

sign of the BAU produced by right-handed neutrinos in the model. The sign of the BAU is
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Figure 7. The sign of YB and regions of Re[τ ]–
gD. Orange and blue points denote positive
and negative YB , respectively. Points corre-
spond to the output of section 4 at

√
χ2 ≤ 3
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Figure 8. Predictive δCP versus Re[τ ]. Blue
color points (negative YB) almost overlap with
orange ones (positive YB). Points correspond
to the output of section 4 at

√
χ2 ≤ 3

determined by the τ and the sign of the real parameter gD as shown in figure 7. In order
to obtain the observed positive YB (orange points), the region of (Re[τ ] < 0, gD < 0) or
(Re[τ ] > 0, gD > 0) is required.

In order to see the link between the sign of YB and the predictive Dirac CP phase, we
show the predictive δCP versus Re[τ ] for the positive (orange) and negative (blue) YB in
figure 8, which is essentially same one in figure 2 apart from the sign of YB. All six predicted
regions of the Re[τ ]–δCP plane can give both positive (orange) and negative (blue) YB by
the choice of the relevant sign of gD.

Indeed, we can see this situation in figure 9, where the positive (orange) and negative
(blue) signs of YB are shown in the gD–δCP plane. The positive and negative regions of
YB are clearly separated.

Next, we discuss the magnitude of the BAU yield. The yield of the BAU depends on the
masses Mi and Yukawa coupling constants of right-handed neutrinos. These parameters
are highly restricted due to the symmetry in our model. First, the allowed range of the mass
ratios of right-handed neutrinos is shown in figure 10. It is found that M3/M2 decreases
on the curve in the range of [1.1, 1.6] depending on M2/M1 = [1.6, 7.6]. Those mass ratios
suggest that all three right-handed neutrinos should be taken into account in the calculation
of the leptogenesis.

We find that the yield can be at most the same order of the observed value of the
BAU in eq. (5.1). This is because the model predicts a relatively large value of the effective
neutrino mass of the leptogenesis m̃1 which is defined as m̃1 = (yνyν†)11vu

2/M1. We
show the predictive YB in the m̃1–M1 plane in figure 11, where four predictive ranges of
YB are discriminated by colors. We find numerically m̃1 ' 40 meV or m̃1 ' 60 meV,
and then the strong wash-out effect is inevitable. In order to obtain the observed BAU,
m̃1 = [60, 61] meV and M1 = [1.5, 6.5] × 1013 GeV are required as seen in figure 11. It
is an important consequence that the lightest right-handed neutrino mass should be in
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Figure 9. The sign of YB in the gD–δCP plane.
Orange and blue points denote positive YB and
negative YB , respectively.
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Figure 10. The allowed curve of ratios of
right-handed Majorana masses in the M2/M1–
M3/M2 plane.
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Figure 11. Plot of m̃1 and M1 for each |YB |.
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Figure 12. Predictive YB versus M1. Points
correspond to the output of section 4 at

√
χ2 ≤

3. Horizontal lines denote the upper and lower
bounds of observed YB in eq. (5.1). The blue
solid curves denote the boundary of YB .

the restricted range. Thus, the absolute values of right-handed neutrino masses can be
determined from the BAU.

We show predictive YB versus M1 in figure 12, where M1 is taken to be O(1013)GeV.
The predictive YB is rather broad in this range of M1. Especially, it expands maximally
at M1 = 3.36 × 1013 GeV. That is because the larger M1 is, the more the wash-out effect
of the ∆L = 2 processes is important. Thereby, the lightest right-handed neutrino mass is
restricted to the specific range M1 = [1.5, 6.5]× 1013 GeV.

In order to see which parameter causes the predictive broad YB of figure 12, we show
theM2/M1 dependence of YB atM1 = 3.36×1013 GeV in figure 13. It is clearly found that
the predictive magnitude of YB depends on M2/M1 crucially in addition to the magnitude
of M1. If M2/M1 is fixed in [1.6, 2], the predictive YB is in the narrow range, which is
consistent with the observed one. However, the present neutrino oscillation data still allow
the range M2/M1 = [1.6, 7.6] because of the broad τ region in figure 1.
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Figure 13. Predictive YB versus the mass ra-
tio M2/M1 at M1 = 3.36 × 1013 GeV. Points
correspond to the low energy output of sec-
tion 4 at

√
χ2 ≤ 3, where cyan and magenta

correspond to positive and negative Re [τ ], re-
spectively. Horizontal dashed line denotes the
central value of observed YB .
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Figure 14. Predictive YB versus δCP at
M1 = 3.36 × 1013 GeV. Points correspond to
the low energy output of section 4 at

√
χ2 ≤ 3,

where cyan and magenta correspond to pos-
itive and negative Re [τ ], respectively. Hori-
zontal dashed line denotes the central value of
observed YB .

Finally, we present YB versus δCP at M1 = 3.36 × 1013 GeV to see the correlation
between the predictive YB and the low energy CP violating measure δCP in figure 14. As
seen in figure 2, there are six regions for the predictive δCP versus Re [τ ]. Among them,
only two regions are available to reproduce the observed BAU. As seen in figure 14, the
predictive δCP ranges of [0◦, 50◦] and [170◦, 175◦] (Re [τ ] < 0, magenta) cannot reach the
observed YB, and also [185◦, 190◦] and [310◦, 360◦] (Re [τ ] > 0, cyan) cannot reach it, but
[5◦, 40◦] (Re [τ ] > 0, cyan) and [320◦, 355◦] (Re [τ ] < 0, magenta) attain to the observed
YB. In these regions, the sum of neutrino masses

∑
mi are expected to be [66, 84]meV,

which is read from the output in figure 3. In conclusion, the precise determination of the
Dirac CP phase δCP and the sum of neutrino masses

∑
mi will test our model in the future.

We have discussed the leptogenesis in the model of weights (ke = −1, kµ = −3, kτ =
−5) for right-handed charged leptons. Actually, we have also examined the case of other
alternative weights in appendix D. For the case of (ke = −1, kµ = −1, kτ = −5), the
predictive YB is marginal to reproduce the observed one. On the other hand, the CP
asymmetry parameter εI of eq. (5.2) is much smaller than the above result in the cases of
(ke = −1, kµ = −1, kτ = −7) and (ke = −1, kµ = −3, kτ = −7). Thus, the leptogenesis
provides a crucial test to select the favorable models of leptons.

7 Summary

We have presented A4 modular invariant flavor models of leptons with the CP invariance.
The origin of the CP violation is only in the modulus τ . Both CP and modular sym-
metries are broken spontaneously by the VEV of the modulus τ . We have discussed the
phenomenological implication of this model, that is flavor mixing angles and CP violating
phases.
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We have found allowed region of τ which is consistent with the observed lepton mixing
angles and lepton masses for NH at

√
χ2 ≤ 3. The CP violating Dirac phase δCP is

predicted in [0◦, 50◦], [170◦, 175◦] and [280◦, 360◦] for Re [τ ] < 0, and [0◦, 80◦], [185◦, 190◦]
and [310◦, 360◦] for Re [τ ] > 0.

The predicted
∑
mi is in [60, 84]meV. By using the predicted Dirac phase and the

Majorana phases, we have obtained the effective mass 〈mee〉 for the 0νββ decay, which is
in [0.003, 3]meV.

We have also studied the case of IH of neutrino masses. There are no parameter sets
which reproduce the observed masses and three mixing angles below

√
χ2 = 4. but we

have found parameter sets at
√
χ2 = 4–5.

Our CP invariant lepton mass matrices have minimum number of parameters, eight,
apart from the overall scale by putting weights (ke = −1, kµ = −3, kτ = −5) for right-
handed charged leptons. However, this choice for weights is not a unique one. We have
examined alternative three choices: (ke = −1, kµ = −1, kτ = −5), (ke = −1, kµ =
−1, kτ = −7) and (ke = −1, kµ = −3, kτ = −7). In those three models, we have also
obtained successful numerical results.

The modulus τ links the Dirac CP phase to the baryon asymmetry. We have studied the
leptogenesis in our model with NH of neutrino masses. The sign of the BAU is determined
by the signs of both Re[τ ] and gD. In order to obtain the observed positive YB, (Re[τ ] <
0, gD < 0) or (Re[τ ] > 0, gD > 0) is required. Due to the strong wash-out effect, the
yield can be at most the same order of the observed value of the BAU. Then, the lightest
right-handed neutrino is in the restricted range M1 = [1.5, 6.5] × 1013 GeV. In addition,
the predictive YB also depends on M2/M1 crucially.

We have found the correlation between the predictive YB and the low energy CP
violating measure δCP . Among six regions of the predictive δCP versus Re [τ ], only two
ranges of [5◦, 40◦] (Re [τ ] > 0) and [320◦, 355◦] (Re [τ ] < 0) are consistent with the BAU,
where the sum of neutrino masses

∑
mi is [66, 84]meV.

Thus, our scheme of the modulus τ linking the Dirac CP phase to the baryon asym-
metry gives rise to the idea for an important test of the phase relevant to leptogenesis.
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A Tensor product of A4 group

We take the generators of A4 group for the triplet in the symmetric base as follows:

S = 1
3

−1 2 2
2 −1 2
2 2 −1

 , T =

1 0 0
0 ω 0
0 0 ω2

 , (A.1)
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where ω = ei
2
3π for a triplet. In this base, the multiplication rule isa1
a2
a3


3

⊗

b1
b2
b3


3

= (a1b1 + a2b3 + a3b2)1 ⊕ (a3b3 + a1b2 + a2b1)1′

⊕ (a2b2 + a1b3 + a3b1)1′′

⊕ 1
3

2a1b1 − a2b3 − a3b2
2a3b3 − a1b2 − a2b1
2a2b2 − a1b3 − a3b1


3

⊕ 1
2

a2b3 − a3b2
a1b2 − a2b1
a3b1 − a1b3


3

,

1⊗ 1 = 1 , 1′ ⊗ 1′ = 1′′ , 1′′ ⊗ 1′′ = 1′ , 1′ ⊗ 1′′ = 1 , (A.2)

where

T (1′) = ω , T (1′′) = ω2. (A.3)

More details are shown in the review [6, 7].

B Modular forms in A4 symmetry

For Γ3 ' A4, the dimension of the linear spaceMk(Γ(3)) of modular forms of weight k is
k+ 1 [128–130], i.e., there are three linearly independent modular forms of the lowest non-
trivial weight 2. These forms have been explicitly obtained [22] in terms of the Dedekind
eta-function η(τ):

η(τ) = q1/24
∞∏
n=1

(1− qn) , q = exp (i2πτ) , (B.1)

where η(τ) is a so-called modular form of weight 1/2. We use the base of the generators
S and T in eq. (A.1) for the triplet representation. Then, the modular forms of weight 2
(k = 2) transforming as a triplet of A4, Y (2)

3 (τ) = (Y1(τ), Y2(τ), Y3(τ))T , can be written
in terms of η(τ) and its derivative [22]:

Y1(τ) = i

2π

(
η′(τ/3)
η(τ/3) + η′((τ + 1)/3)

η((τ + 1)/3) + η′((τ + 2)/3)
η((τ + 2)/3) −

27η′(3τ)
η(3τ)

)
,

Y2(τ) = −i
π

(
η′(τ/3)
η(τ/3) + ω2 η

′((τ + 1)/3)
η((τ + 1)/3) + ω

η′((τ + 2)/3)
η((τ + 2)/3)

)
, (B.2)

Y3(τ) = −i
π

(
η′(τ/3)
η(τ/3) + ω

η′((τ + 1)/3)
η((τ + 1)/3) + ω2 η

′((τ + 2)/3)
η((τ + 2)/3)

)
.

The overall coefficient in eq. (B.2) is one possible choice. It cannot be uniquely determined.
The triplet modular forms of weight 2 have the following q-expansions:

Y
(2)

3 (τ) =

Y1(τ)
Y2(τ)
Y3(τ)

 =

1 + 12q + 36q2 + 12q3 + . . .

−6q1/3(1 + 7q + 8q2 + . . . )
−18q2/3(1 + 2q + 5q2 + . . . )

 . (B.3)
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They satisfy also the constraint [22]:

Y2(τ)2 + 2Y1(τ)Y3(τ) = 0 . (B.4)

The modular forms of the higher weight, k, can be obtained by using the A4 tensor
products of appendix A in terms of the modular forms with weight 2, Y (2)

3 (τ).

C Majorana and Dirac phases and 〈mee〉 in 0νββ decay

Supposing neutrinos to be Majorana particles, the PMNS matrix UPMNS [118, 119] is
parametrized in terms of the three mixing angles θij (i, j = 1, 2, 3; i < j), one CP violating
Dirac phase δCP and two Majorana phases α21, α31 as follows:

UPMNS =

 c12c13 s12c13 s13e
−iδCP

−s12c23 − c12s23s13e
iδCP c12c23 − s12s23s13e

iδCP s23c13
s12s23 − c12c23s13e

iδCP −c12s23 − s12c23s13e
iδCP c23c13


1 0 0

0 ei
α21

2 0
0 0 ei

α31
2

 ,
(C.1)

where cij and sij denote cos θij and sin θij , respectively.
The rephasing invariant CP violating measure of leptons [148, 149] is defined by the

PMNS matrix elements Uαi. It is written in terms of the mixing angles and the CP violating
phase as:

JCP = Im
[
Ue1Uµ2U

∗
e2U

∗
µ1

]
= s23c23s12c12s13c

2
13 sin δCP , (C.2)

where Uαi denotes the each component of the PMNS matrix.
There are also other invariants I1 and I2 associated with Majorana phases

I1 = Im [U∗e1Ue2] = c12s12c
2
13 sin

(
α21
2

)
, I2 = Im [U∗e1Ue3] = c12s13c13 sin

(
α31
2 − δCP

)
.

(C.3)
We can calculate δCP, α21 and α31 with these relations by taking account of

cos δCP = |Uτ1|2 − s2
12s

2
23 − c2

12c
2
23s

2
13

2c12s12c23s23s13
,

Re [U∗e1Ue2] = c12s12c
2
13 cos

(
α21
2

)
, Re [U∗e1Ue3] = c12s13c13 cos

(
α31
2 − δCP

)
. (C.4)

In terms of this parametrization, the effective mass for the 0νββ decay is given as follows:

〈mee〉 =
∣∣∣m1c

2
12c

2
13 +m2s

2
12c

2
13e

iα21 +m3s
2
13e

i(α31−2δCP )
∣∣∣ . (C.5)

D Alternative A4 modular models

We present three alternative charged lepton mass matrices by putting different weights for
(ke, kµ, kτ ), which are consistent with observed mixing angles and masses. Neutrino mass
matrix is the same one in section 3.
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L (ec, µc, τ c) N c Hu Hd Y
(2)

3 , Y
(6)

r

SU(2) 2 1 1 2 2 1
A4 3 (1, 1′′, 1′) 3 1 1 3, {3,3′}
k −1 (−1, −3, −5) −1 0 0 2, 6

Table 4. Representations and weights k for MSSM fields and modular forms of weights 2 and 6.

L (ec, µc, τ c) N c Hu Hd Y
(2)

3 , Y
(8)

r

SU(2) 2 1 1 2 2 1
A4 3 (1, 1′′, 1′) 3 1 1 3, {3,3′}
k −1 (−1, −1, −7) −1 0 0 2, 8

Table 5. Representations and weights k for MSSM fields and modular forms of weights 2 and 8.

D.1 Case of (ke = −1, kµ = −1, kτ = −5) for charged leptons

The assignment of MSSM fields and modular forms are given in table 4. The A4 invariant
superpotential of the charged leptons, wE , by taking into account the modular weights is
obtained as

wE = αee
cHdY

(2)
3 L+ βeµ

cHdY
(4)

3 L+ γeτ
cHdY

(6)
3 L+ γ′eτ

cHdY
(6)

3′ L . (D.1)

By using ge = γ′e/γe, the charged lepton mass matrix ME is simply written as:

ME(τ) =

vd

αe 0 0
0 βe 0
0 0 γe


 Y1(τ) Y3(τ) Y2(τ)

Y2(τ) Y1(τ) Y3(τ)
Y

(6)
3 (τ) + geY

′(6)
3 (τ) Y (6)

2 (τ) + geY
′(6)

2 (τ) Y (6)
1 (τ) + geY

′(6)
1 (τ)


RL

.

(D.2)

D.2 Case of (ke = −1, kµ = −1, kτ = −7) for charged leptons

The assignment of MSSM fields and modular forms are given in table 5. For k = 8, there
are 9 modular forms by the tensor products of A4 as:

Y
(8)

1 = (Y 2
1 + 2Y2Y3)2 , Y

(8)
1′ = (Y 2

1 + 2Y2Y3)(Y 2
3 + 2Y1Y2) , Y

(8)
1′′ = (Y 2

3 + 2Y1Y2)2 ,

Y
(8)

3 ≡


Y

(8)
1
Y

(8)
2
Y

(8)
3

 = (Y 3
1 + Y 3

2 + Y 3
3 − 3Y1Y2Y3)

Y1
Y2
Y3

 ,

Y
(8)

3′ ≡


Y
′(8)

1
Y
′(8)

2
Y
′(8)

3

 = (Y 2
3 + 2Y1Y2)

Y
2

2 − Y1Y3
Y 2

1 − Y2Y3
Y 2

3 − Y1Y2

 .
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L (ec, µc, τ c) N c Hu Hd Y
(2)

3 , Y
(4)

3 , Y
(8)

r

SU(2) 2 1 1 2 2 1
A4 3 (1, 1′′, 1′) 3 1 1 3, 3, {3,3′}
k −1 (−1, −3, −7) −1 0 0 2, 4, 8

Table 6. Representations and weights k for MSSM fields and modular forms of weights 2, 4 and 8.

The A4 invariant superpotential of the charged leptons, wE , by taking into account the
modular weights is obtained as

wE = αee
cHdY

(2)
3 L+ βeµ

cHdY
(2)

3 L+ γeτ
cHdY

(8)
3 L+ γ′eτ

cHdY
(8)

3′ L . (D.3)

By using ge = γ′e/γe, the charged lepton mass matrix ME is simply written as:

ME(τ) =

vd

αe 0 0
0 βe 0
0 0 γe


 Y1(τ) Y3(τ) Y2(τ)

Y2(τ) Y1(τ) Y3(τ)
Y

(8)
3 (τ) + geY

′(8)
3 (τ) Y (8)

2 (τ) + geY
′(8)

2 (τ) Y (8)
1 (τ) + geY

′(8)
1 (τ)


RL

.

(D.4)

D.3 Case of (ke = −1, kµ = −3, kτ = −7) for charged leptons

The assignment of MSSM fields and modular forms are given in table 6. The A4 invariant
superpotential of the charged leptons, wE , by taking into account the modular weights is
obtained as

wE = αee
cHdY

(2)
3 L+ βeµ

cHdY
(4)

3 L+ γeτ
cHdY

(8)
3 L+ γ′eτ

cHdY
(8)

3′ L . (D.5)

By using ge = γ′e/γe, the charged lepton mass matrix ME is simply written as:

ME(τ)

= vd

αe 0 0
0 βe 0
0 0 γe




Y1(τ) Y3(τ) Y2(τ)
Y

(4)
2 (τ) Y

(4)
1 (τ) Y

(4)
3 (τ)

Y
(8)

3 (τ) + geY
′(8)

3 (τ) Y (8)
2 (τ) + geY

′(8)
2 (τ) Y (8)

1 (τ) + geY
′(8)

1 (τ)


RL

.

(D.6)

D.4 Sample parameters of alternative models

In table 7, we show parameters and output of our calculations in above three cases of
(ke, kµ, kτ ) for NH.
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(ke, kµ, kτ ) (−1, −1, −5) (−1, −1, −7) (−1, −3, −7)

τ −0.1912 + 1.1194 i 0.0901 + 1.0047 i -0.1027 + 1.0050 i
gD −0.800 −0.660 0.685
ge −0.905 −0.530 −0.573

βe/αe 3.70× 10−3 5.94× 10−3 6.30× 10−3

γe/αe 9.71 17.6 16.0
sin2 θ12 0.305 0.324 0.326
sin2 θ23 0.569 0.441 0.479
sin2 θ13 0.0222 0.0222 0.0223
δ`CP 172◦ 183◦ 176◦

[α21, α31] [192◦, 263◦] [181◦, −0.1◦] [179◦, 0.2◦]∑
mi 62.5meV 60.5meV 60.7meV

〈mee〉 1.69meV 0.58meV 0.52meV√
χ2 1.08 2.16 2.38

Table 7. Numerical values of parameters and observables at sample points of NH.

E Formulae of the leptogenesis

We solve the Boltzmann equations for right-handed neutrinos number densities nNI and
the lepton asymmetry density nL as:

dYNI
dz

= −z
sH(M1)

{(
YNI
Y eq
NI

− 1
)(

γNI + 2γ(3)
tI + 4γ(4)

tI

)

+
3∑

J=1

(
YNI
Y eq
NI

YNJ
Y eq
NJ

− 1
)(

γ
(2)
NINJ

+ γ
(3)
NINJ

)}
, (E.1)

dYL
dz

= −z
sH(M1)

{ 3∑
I=1

[(
1− YNI

Y eq
NI

)
εI γNI + YL

Y eq
`

γNI
2

]
+ YL
Y eq
`

(
2γ(2)

N + 2γ(13)
N

)

+ YL
Y eq
`

3∑
I=1

[
YNI
Y eq
NI

γ
(3)
tI + 2γ(4)

tI + YNI
Y eq
NI

(
γ

(1)
WI + γ

(1)
BI

)
+ γ

(2)
WI + γ

(3)
WI + γ

(2)
BI + γ

(3)
BI

]}
,

(E.2)

where z = M1/T . Here we define the yields as YNI = nNI/s and YL = nL/s, with the
entropy density of the universe s. The superscript “eq” denotes its equilibrium value. We
apply the Boltzmann approximation and the yield for a massless particle with one degree
of freedom in equilibrium is given by Y eq

` = 45/(2π4g∗s), with g∗s = 110.75.
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The flavor summed CP asymmetry at the decay of the right-handed neutrino NI is
given as

εI = − 1
8π

∑
J 6=I

Im[{(yνy†ν)IJ}2]
(yνy†ν)II

[
fV
(
M2
J

M2
I

)
+ fS

(
M2
J

M2
I

)]
, (E.3)

where fV (x) and fS(x) are the contributions from vertex and self-energy corrections, re-
spectively. In the case of the standard model (SM) with right-handed neutrinos, they are
given as

fV (x) =
√
x

[
(x+ 1) ln

(
1 + 1

x

)
− 1

]
, fS(x) =

√
x

x− 1 . (E.4)

The reaction density for the NI decay is given by

γNI =

(
yνyν

†
)
II

8π3 M4
1a

3/2
I

K1
(√
aIz

)
z

, (E.5)

where z = M1/T , aI = (MI/M1)2, and K1(x) is the modified Bessel function of the second
kind. Note that yν is the Yukawa coupling matrix of neutrinos in the base where both
the mass matrices of charged leptons and right-handed neutrinos are diagonalized. The
reaction density for the scattering process A+B → C +D is expressed as

γ(A+B → C +D) = T

64π4

∫ ∞
(mA+mB)2

ds σ̂(s)
√
sK1

(√
s

T

)
, (E.6)

where mA and mB are masses of the initial particles and σ̂(s) denotes the reduced cross
section for the process. The expressions of the reduced cross sections for the ∆L = 1
processes induced through top Yukawa intraction, the ∆L = 2 scattering processes and
the annihilation processes of right-handed neutrinos are found in ref. [150]. The reduced
cross section for LHu → LHu process which is correctly subtracted NI on-shell contribution
is [151]

σ̂
(2)
N (x) = 1

2π

[∑
I

(yνyν†)2
II

aI
x

{
x

aI
+ x

DI
−
(

1 + x+ aI
DI

)
log

(
x+ aI
aI

)}

+
∑
I>J

Re[(yνyν†)2
IJ ]
√
aIaJ
x

{
x2 + x(DI +DJ)

DIDJ

+ (x+ aI)
( 2
aJ − aI

− 1
DJ

)
ln
(
x+ aI
aI

)

+ (x+ aJ)
( 2
aI − aJ

− 1
DI

)
ln
(
x+ aJ
aJ

)}]
, (E.7)

where DI = [(x − aI)2 + aIcI ]/(x − aI) with cI = (ΓNI/M1)2, in which ΓNI is the total
decay rate of right-handed neutrino NI . The explicit form of reduced cross sections for
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∆L = 1 processes through the SU(2)L SM gauge interaction are found in refs. [136, 151],

σ̂
(1)
WI(x) = 3g2

2(yνyν†)II
16πx2

[
− 2x2 + 6aIx− 4a2

I + (x2 − 2aIx+ 2a2
I) ln

∣∣∣x− aI + aL
aL

∣∣∣
+ x(aLx+ aLaI − aWaI)(aI − x)

aL(x− aI + aL)

]
, (E.8)

σ̂
(2)
WI(x) = 3g2

2(yνyν†)II
8πx(x− aI)

[
2aIx ln

∣∣∣x− aI + aH
aH

∣∣∣+ (x2 + a2
I) ln

∣∣∣x− aI − aW − aH−aW − aH

∣∣∣] , (E.9)

σ̂
(3)
WI(x) = 3g2

2(yνyν†)IIaI
16πx2

[
x2 − 4aIx+ 3a2

I

aI

+ 4(x− aI) ln
∣∣∣x− aI + aH

aH

∣∣∣− x(4aH − aW )(x− aI)
aH(x− aI +mH)

]
. (E.10)

Here σ̂(1)
WI , σ̂

(2)
WI and σ̂(3)

WI correspond to the reduced cross sections of the processes NIL→
HuW , NIW → LHu and NIHu → LW , respectively. We have used aX = m2

X/M
2
1 where

mX with X = L,Hu,W,B are thermal masses of lepton doublets, up-type Higgs, SU(2)L
gauge bosons and U(1)Y gauge boson, respectively. The reaction densities for the ∆L = 1
processes through U(1)Y gauge interaction σ̂(i)

BI are obtained by replacing aW with aB and
3
2g

2
2 with 1

4g
2
Y in σ̂(i)

WI .
For the more accurate estimation of the baryon asymmetry, we have taken into ac-

count the one-loop RGE evolutions of couplings and the renormalization scale is taken as
µ = 2πT .

Open Access. This article is distributed under the terms of the Creative Commons
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