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ABSTRACT: Pure spinor formalism implies that supergravity equations in space-time are
equivalent to the requirement that the worldsheet sigma-model satisfies certain properties.
Here we point out that one of these properties has a particularly transparent geometri-
cal interpretation. Namely, there exists an odd nilpotent vector field on some singular
supermanifold, naturally associated to space-time. Is it true that all supergravity fields
are encoded in this vector field, as coefficients in its normal form, and the nilpotence is
equivalent to the target space equations of motion? We show that this is approximately
correct. The normal form is parametrized by some tensor fields, which satisfy hyperbolic
equations. These equations are slightly weaker than the full supergravity equations.
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1 Introduction

In the low energy limit of superstring theory, spacetime fields satisfy supergravity (SUGRA)
equations of motion, which are super-analogues of the Einstein equations. It is one of the
main principles of string theory, that these target space equations of motion are equivalent
to the BRST invariance of the string worldsheet theory. In the case of pure spinor string,
the action of the BRST operator on matter fields and pure spinor ghosts does not contain

worldsheet derivatives.!

This means that, if we think of the pure spinor ghosts as part
of target space, the BRST operator defines on the target space an odd nilpotent vector
field, which we denote (). In other words, the target space of the sigma-model becomes a
Q-manifold. Moreover, in generic space-time (for example in AdSs x S°, but not in flat
space-time) the energy-momentum tensor and the b-ghost can be interpreted as symmetric
tensors on the target space (see [1]).

Generally speaking, the space of fields in BV formalism is a Q-manifold. It is, however,
infinite-dimensional. Here we point out that to a pure spinor sigma-model corresponds a
finite-dimensional @-manifold (its target space). It is easier to study finite-dimensional
objects than infinite-dimensional objects.

In particular, we can try to bring this @ to a normal form. Usually, an odd nilpotent
vector field can be “simplified” by a clever choice of coordinates. This is called “normal
form”. If a vector field is non-vanishing, one can choose coordinates so that the it is %
where 6 is one of fermionic coordinates. If it vanishes at some point, then the normal form

would be (in the notations of [2]) n® aga' But in out case, the target space is not a smooth

supermanifold, because pure spinor ghosts live on a cone. The vector () vanishes precisely
at the singular locus, and the problem of classification of normal forms is a nontrivial
cohomological computation.

1.1 Definition of M

The particular singularity which we are interested in can be described as follows. Consider
the space M with bosonic coordinates 2™ (m running from 1 to 10) and A\¢, A% (o and &
both running from 1 to 16), and fermionic ¢ and %, with the constraint:

ST = AR NG = 0 (1.1)

where I'"" are ten-dimensional gamma-matrices. These constraints are called “pure spinor
constraints”. We understand egs. (1.1) as specifying the singular locus in M, from the
point of view of differential geometry. All we need from these equations is to know how M
deviates from being smooth. The singular locus is the tip of the cone (1.1):

AL =0o0r A\g=0 (1.2)
Pure spinor constraints (1.1) are invariant under the action of the group

G = Spin(10)z, x C} x Spin(10)r x C{ (1.3)

The worldsheet derivatives will appear when we consider the action on the conjugate momenta to
matter fields and pure spinor ghosts, but they can be considered separately. Their BRST transformations
can be derived from the BRST transformations of matter fields and ghosts.



The diagonal
C* CcC; xCj} (1.4)

is called “ghost number symmetry”. Infinitesimal ghost number symmetry is generated by

R
Consider an odd vector field @ satisfying the following properties:

@ has ghost number 1, i.e. )\%% + )‘%8%&’ Ql=Q

e =0

o @ is “smooth” in the sense that it can be obtained as a restriction to the cone (1.1)
of a smooth (but not nilpotent) vector field in the space parametrized by uncon-
strained x, 6, \

e Qiszeroat A\ =Ap =0

We want to classify such vector fields modulo coordinate transformations. Coordinate
transformations are supermaps (x,\,0) — (&, X, 0) such that A satisfy the same con-
straints (1.1).

Such a vector field is one of the geometrical structures associated to the pure spinor
superstring worldsheet theory [3, 4]. In particular, flat background (empty ten-dimensional
spacetime) corresponds to @ = Qfat:

Qﬂa‘E = Q%at + Q%at where: (1.5)
0 0
flat _ ya arm pBb
L = Li{?@% + ( LraﬁeL)axm
. . 5. 0
flat _ y& a1m pb
R = AR@G% + ( RP&BHR)iaxm

String worldsheet theory also has, besides (), some other structures which are less geo-
metrically transparent (various couplings in the string worldsheet sigma-model). All these
structures should satisfy certain consistency conditions.

Question: is it true, that just a nilpotent vector field @) already includes, as
various coefficients in its normal form, all the supergravity fields, and the super-
gravity equations of motion are automatically satisfied (i.e. follow from Q? = 0)?

This may be false in two ways. First, it could be that some supergravity fields do not enter
as coefficients in the normal form of @ (i.e. they would only appear as some couplings in
the sigma-model, but would not enter in Q). Second, it could be that just Q? = 0 would
not be enough to impose SUGRA equations of motion (i.e. one would have to also require
the @Q-invariance of the worldsheet sigma-model action).



1.2 Our results

In this paper we will derive the normal form of Q as a deformation of Q%!

Q=Qm% 4 Qi +€2Qy+ ... (1.6)

Our analysis will be restricted to the terms linear in € (i.e. @1). It turns out that @
is parameterized by some tensor fields satisfying hyperbolic partial differential equations.
(This means that the solutions are determined by Cauchy data on spacelike hypersurface.)
These equations are similar to the linearized supergravity equations, but contain some
additional components, section 5.4.

It is useful to compare to the pure spinor description of the super-Yang-Mills equations.
The super-Yang-Mills equations are equivalent to having an odd nilpotent operator:

0 0
Qsym = A? <%a + Fgﬁeﬁw + Ag(fﬂﬂ)ta) (1.7)
where t, are generators of the gauge group, and A% (x, ) is vector potential. Zero solution
corresponds to A, = 0. In this sense, the SYM solutions can be considered as deformations

of the differential operator:

©  af O m 0
Qgyn = A (aea + Faﬁeﬁaxm> (1.8)

where the leading symbol (i.e. the derivatives) remains undeformed. Here we consider,
instead, the deformations of the leading symbol.
1.3 Relation to partial G-structures

The variables A, and A parametrize the normal direction to the singularity locus Z C M:
it Z—>M (1.9)

The first infinitesimal neighborhood is a bundle over Z with the fiber C', x Cr — the
product of two cones. Filling the cones, we obtain a vector bundle over Z with the fiber
V = C32. The vector field Q is power series in Ap, Ag, with zero at the tip of Cf, x C.
The derivative of @) at the zero locus defines a linear map:

Q. : V=i TM (1.10)

This map is not an isomorphism, since the image of Q. only covers a (0]|32)-dimensional
subbundle of TZ. We can interpret M as (Cp x CRr) ><02 where Z is a partial frame bundle
of Z and G is given by eq. (1.3). It was shown in [5] that @) defines a connection in a partial
G-structure on Z with some constraints on torsion, modulo some equivalence relation.

1.4 Open questions

At least at the linearized level, our conclusion is that Q2 = 0 is actually a bit weaker than
SUGRA equations of motion. In order to reproduce the SUGRA equations of motion, we



have to require the existence of some additional objects. Do they correspond to some addi-
tional (besides the nilpotent vector field ()) geometrical structures on M? One additional
requirement could be that the cohomology of ) in the ghost number 2 should be sufficiently
rich. In the pure spinor formalism the cohomology of () in the ghost number 2 corresponds
to the deformations of the pure spinor sigma model. These deformations correspond to
solutions of linearized (around the given background) SUGRA equations. Therefore, the
cohomology of @) in the space of functions on M of ghost number 2 should also correspond
to solutions of hyperbolic equations. Another structure, suggested by the considerations
of [1, 6], might be a Q-invariant 2-form B satisfying (gdB = 0. This two-form is a rational
function of Ay, Ag; it is not clear to us, at this point, which poles should be allowed in B.

It is necessary to extend this analysis to full nonlinear SUGRA equations, i.e.
higher order terms in eq. (1.6). The potential obstacle to extending linearized solu-
tions to the solution of the nonlinear equation Q% = 0 lies in H? ([Q%at + Qﬂat,ib.

We will not compute H? ([Q%at + Qﬂat,_D in this paper, but the results of [7] suggest
that H? ([QﬁLat + Qﬁat,_D is actually nonzero. (We would expect it to be similar to

H! ([QﬁLat + Q%at,_D which we compute here, perhaps isomorphic to it.) But we also
know that the actual obstacle is zero, because of the consistency of the nonlinear super-
gravity equations of [3]. For some reason, {Q1, @1} is a coboundary.

2 Notations

To avoid the discussion of reality conditions, we consider complex vector fields. The nota-
tion:

C<U1,U2,...> (2.1)

means the space of all linear combinations of vectors vy, ve, ... with complex coefficients.

We introduce the abbreviated notations:

(AO)™ = A°Ts0°
(A00)y = A\“T750°0°T,
[0 ® ¢1y/? = Tgvmy”
[0 ® ¢]3)s = T Pumiy

3 Setup for cohomological perturbation theory

3.1 Definition of 67 and 0%

We define odd coordinates 6 so that:

Qrog = 2¢ +0(0%), Qro% =0(0%), Qro%=2%+0(6?), Qros =007 (3.1)



3.2 Flat @Q and expansion around it

Flat spacetime corresonds to Q = Q8¢ = Qflat 4 %at where:

0 0
Pt = A+ (A\0r) =

001, ox
0 0
flat __ - -~
R = )\R%R +(ArfR) 5
Let us consider @ as a small deformation of Qfiat:
Q = Q™ + e, (3.2)

to the first order in e. Such deformations form a linear space. They correspond to odd
vector fields ()1 satisfying:

Q"™ Q1] =0 (3.3)
modulo the equivalence relation, corresponding to the action of diffeomorphisms:
Q1 ~ Q1+ [Q"™, R] (3.4)

where R is a ghost number zero vector field on M. Therefore, the classification of nilpotent
vector fields of the form (3.2) is equivalent to the computation of the cohomology of the
operator [Q1*, ] on the space of vector fields.

In the rest of this paper we will compute the cohomology of [@Q%2*, ] on the space of
vector fields.

3.3 Spectral sequence

The grading operator:

N =0y,

0 0 0 0

0 A A 3.5
a0, " Rogn T ax, T ong (3:5)
defines a filtration on the algebra of functions on Fun (M), and on the space of vector fields
as a Fun(M)-module. Let FN'Vect be the space of vector fields with grade at least N. This

filtration defines a spectral sequence converging to the cohomology of [@Qfat, .

3.4 First page

The first page of this spectral sequence is the cohomology of:
O, 00 1_[, 9 .\ 9 }
[QL +QR74 {L%L-F Rggn " —

on the space of vector fields on M. For a set of coordinates x,y, ... we denote Fun(z, y,...)

(3.6)

the space of functions of z,y, ... and Vect(x,y,...) the space of vector fields (i.e. differen-
tiations of Fun(z,y,...)). Let us introduce the following complexes:

CP*t = Vect(61, Ar) with differential [Q”, |
CE = Vect(Or, Ag) with differential [Qg)),i}
Cf"™ — Fun(fp, A\) with differential Q(LO)
Ol — Fun(fg, Ag) with differential Qg)



Then, Vect(M) with differential Q(LO) + Qg) decomposes as follows:

Vect(M) =  Fun(z) @ Ch" @ Oyt (3.7)
@ Fun(z) @ Chm g Cyect (3.8)
@ Fun(z) @ Cn @ O @ % (3.9)

(We do not need to take care about the completions of the tensor products, since all our
functions are polynomials in  and \.) The cohomology of Cf" and C’%n is well known,
see e.g. the review part of [8]:

HO(C™) = C(1)

HY(C™™) = C((00), [(20) @ 0]'/?)
H(CT™) = C((A0)™ (A0) Tty (AO)™(AD)" (BT 1mn6))
HY(C™™) = C ((A0)!(A0)™ (A0)" (0T 1mnf) )

Parts of the cohomology of C}** and C}¥°* which are relevant to this work will be computed
in section 4.

4 Cohomology of Q©® in the space of vector fields

4.1 Notations

Let X denote the singular supermanifold parametrized by bosonic A* and fermionic 8¢
satisfying the pure spinor constraint:

ATIN =0 (4.1)

(The space M introduced in section 1.1 is the direct product of two copies of X, and
the space parametrized by z™.) Let O(X) denote the algebra of polynomial functions on
X, and Vect(X) = Der(O(X)) the space of polynomial vector fields. Consider the odd

nilpotent vector field Q(©)
0
0) — o= 4.2
The commutation [Q(®), —] is a nilpotent operator on Vect(X). We will now compute the
cohomology of this operator.

Any vector field V' € Vec(X) can be written as
o 0 0
V=&Y, H)W—Fu (A, 0)606“
(AMm)a€® =0

The condition (Ay,;,)a€® = 0 is needed because \* is constrained to satisfy eq. (4.1).
Consider the subsheaf U C T'X consisting of vectors of the form u® aaa (in other words,
£ =0). Its space of sections is:

I'(U) = {v € Vect(X) | LAY =0} (4.3)

We observe that I'(U) C Vect(X) is invariant under the action of [Q(®), ]. Therefore, we
can think of both I'(U) and I'(TX/U) as complexes with the differential [Q(®), ].



4.2 Summary of results for H!(Vect(X))

Using the notations of section 2:

H (Veet(X))osa = C{[(O0) 2 0] 2 © 2 (4.4)
0 0 0 0
(\0) ()\ oy O 80&) >
H(Vect(X))eyen = C <[((>\0)) 202 ()\an;}\ + 9an;9) > (4.5)

In the rest of this section we will explain the computation.

4.3 Exact sequences
Consider the short exact sequence of complexes:
0 —T'(U) — Vect(X) — I'(TX/U) — 0 (4.6)

The corresponding long exact sequence in cohomology of [Q(O), s

— H" Y(D(U)) — H" " (Vect(X)) — H" HI(TX/U)) —

— H"(I'(U)) — H"(Vect(X)) — H"(I'(TX/U)) —

— H"YI(U)) — ...
4.4 Computation of H'(Vect(X))oda
4.4.1 Summary of result

We use the following segment of the long exact sequence:

HYT(TX/U))oven —=

5 H (D(U))oda — H' (Veet(X))Joaa — H' (N(TX/U))oaa ~
3 H(D(U) even
The cohomology groups participating in this segment have the following description:
HYT(TX/U))even = C (D, M) of eq. (4.12)

' (C(0))aia = © ((AT"0)(0T0) a> (4.7)

065
(6 : HYD(TX/U))even —> H'(D(U))oaa] =0 Section 4.4.2 (4.8)
HYT(TX/U))oaa = C < (AL"™0) (Aaaia» (4.9)
Section 4.4.2
(6« HYD(TX/U))oaa — HAT(U))even| =0 (4.10)

This implies:
H* (Vect(X))oaa = H (D(U))oaa © H (D(TX/U))oda =

9 (rme) (AO‘8+9°‘8)> (4.11)

- C < (AL™6) (6T )55 5a 0" o5

We will now explain the computation.



4.4.2 Computation

I'(TX/U). ThespaceI'(I'X/U) is generated as an O(X )-module, by the following vector
fields:

0 0
D=X"—, Mu,= mn ) =—— 4.12
However I'(T'X/U) is not a free O(X) module, because there is a relation:
1
SO0 My + XD = 0 (4.13)

§ : HY(T(TX/U))even — HY(T'(U))oaq- It is zero because both D and M,,, can
be extended to elements of Vect(X) commuting with Q(®):

o 0 o 0

9 0
M, > ()\ana)\> + <9Fm”ae) (4.15)

HY(T(TX/U))oaqa and § : HYT(TX/U))oda — H?(T'(U))even- For any tensor
Almn - consider vector fields of the form:

)
AL (AT0) (AT, T — 4.1
(r16) (ATnLa ) (4.16)

Such vector fields generate Z'(I'(TX/U))oaq. But some of them are Q(¥-exact:

(AT 6) <Arm]rnai> = i {Q(O), (0T}, Tp0) (Arprnaiﬂ mod I'(U) (4.17)

Therefore the vector fields of the form eq. (4.16) with A" of the form:
Abmn _ X[lm]n + Yl(mn) 7 ylmm _ 0 (418)

are zero in HY(T'(TX/U))oaa- This implies that H'(I'(TX/U))oqq is generated by the
vector fields of the form:

o) (Aaaia) (4.19)
A vector field of eq. (4.16) is zero in cohomology iff:
Al,lm _ Al,ml _ Am,ll — 0 (420)

Vector fields of the form (4.19) correspond to:

1
Al,mn = E(szl(smn
Al,lm . Al,ml _ Am,ll _ _5im

Notice that the section of I'(T'X/U) defined by eq. (4.19) can be extended to a [Q(®), ]-

closed section of T X: 9 9
(AT™0) <()\ W) 4 (0 aea)> (4.21)

This means that 6 : HY(T(TX/U))oaa — H*(T(U))eyen is zero.



4.5 Computation of HY(T'(TX))even

4.5.1 Summary of result

o o
H(Vect(X))even :C<(Arm9)rma59ﬂ ()\Fkla)\ + 9F“ae> > (4.22)

4.5.2 Computation

We use the following segment of the long exact sequence:

HYT(TX/U))oda ——
2 HY (T(U))even —> H (Vect(X))even —> HYT(TX/U))even —
2 HY(T(U))oad

HO(T(TX/U))odq- Is generated by:

28 = (T)0)a ()\FPF‘I;)\) (4.23)

HY(T'(U))even- Is generated by:

Yy = (QPmA)a(za (4.24)
6 : HY(D(TX/U))odaa — H (T'(U))even-
d
579 = (T6). <)\PPF‘169> _
d
= (ATP)) (Fprqae)a mod [Q'”), ] = (Iy,I')5Y4" mod [QY, ] (4.25)

The linear map Y4 — (FmFQ)QYé” is a bijection. Therefore H*(I'(T'X/U))oqq cancels with
HYT(U))even-

HYT(TX/U))even and § : HY(T(TX/U))even — H?(T'(U))oda- The space of
cocycles ZY(D(TX/U))even is generated by:

[(v0) @ 6]'/D
[(A0) @ 6]/ M

where D and M,,, are from eq. (4.12). Since both D and M,,, extend to [Q(), ]-closed

sections of TX by eqgs. (4.14) and (4.15), the coboundary operator § : HY(T'(TX/U))eyen —
H2(T'(U))oqq is zero.

~10 -



But some cocycles are exact. Indeed, as sections of TX/U:

Q) (rpqrme(erkpqe) (Arkrm ai))

— 9T, TP A(OT 0 )( )+4rnqr 0(0T)) (Arnrm ai) -
niym 8
— 2Ty MO kpg) ()\a >+4r T, 0(0TN) </\P r m):
— 9T, A(OT, <A8> AT, T, T, 0(OTN) <Arnrm 0 >+8F 6(OT™ ) (Arnrma) -
ra MO hpal) (A5 ) )
9 9 9
=2 r = | 40,1, 0,001 rerm 16T°,,0(60T™
i MO 0 ()\a ) 6(6T)) ()\ m)* 6T, 0(07™ A) <>\a)\>
9 9
_ m q nym
— 32T,,0(AT"™\) <>\8)\> AT, LT, 0(6T9N) ()\F r m)

5 Coefficients of normal form satisfy wave equations

Modulo F*Vect we can choose the coordinates so that:

2 mpin 9
QL—AL89L+(()\L9L)) E,] 5o (5.1)
H(ALOL)™ (ALQLE Or, +000LE,, 00, +ARQL 00 + 08 00, )+ (5:2)
) ) .
+((/\L0L0L)) <PLL89 +PLR89 ) mod F (53)
T+ Oy B2
@r=Argg—+(Arbr)"™ Bu" 50 +

+(AROR)™ (AEQRE 0+ IR D0+ AL O, +0L2RE,, D0, ) +

) P .
+(ArOr0R)) (PRL oo+ P aHR) mod F (5.4)

where F, ), P are some functions of x. Indeed, using section 3.4:
o HY(CM™)pqq ® 5% enters on Line (5.1),

e Second part of H(C}*")oqq (see eq. (4.11)) and HY(CTM)oqq @ HO(CF)even on
Line (5.2),

o First part of HY(C}*")oqa (see eq. (4.11)) and HY(CM)een @ HO(C})oaa on
Line (5.3)

5.1 Equations for tetrad and spin connection
5.1.1 Fixing (s0(10) @ C)r and (so(10) & C)gr

Let us study the linearized order in deviations from flat space-time. In flat space-time
Elr = ERr = 51 The deviation from flatness can be written as:

Bl =6k + otel  and Ef* =k + kell (5.5)

- 11 -



where el and e” are infinitesimal. We assume summation over repeated indices. We can
choose a freedom of so(10) @ C redefinitions of both (Ar,8r) and (AR, fr) to fix:

R
€lmn] = €mn] = 0
ehm=erm (5.6)

At this point, the only remaining freedom in redefinition of A and 6 is overall rescaling of
(AL, AR, 0L,0r). We fized both (so(10) & C)r & (so(10) & C)r down to the diagonal C.
5.1.2 Fixing QrF and Qg

According to section 4.4.2, we can choose:

1 s
QL Ly = EQLﬁfn)‘Slk (5.7)

From {Qr,Qr} = 0, the coefficient of (Az0L) (ArOr)" ()\L% + OL%>, projected to
HY(T(TX)) (see eq. (4.20)):

2amQR£n,[ml] 6lQRLn mm T 0 QLLZ(S) =0 (58)

Similarly with L < R:

)

28mQLgn,[ml] alQLRn mm T On QRR(S =0 (59)

Eqs. (5.7) and (5.8) and similar equations with L <> R determine Q% and Qr% in
terms of Qr¥ and QLE Let us denote:

1
L nke = QR%mv[nk’] * 59R%m,pp5nk (5.10)

and similar definition for Qﬁ’nk in terms of 2 Lg-
This notation is useful, because for any vector V;:

Qf Vi (Talky + TU(DaT)T) = 4V,0F (5.11)

mpq

From {Qr,Qr} = 0, the coefficient of ((/\LQL))m(()\ReR))"a@;

xr

aimER—i_E kan_aiEL+E anm

8meRnk+ank 0 eLmk+Q
This implies:
Omer + er)ayi + (2F +0F) —— (5.12)

Omler — er)ny s + (QL - QR) (mn)k = 0 (5.13)

Eq. (5.12) is zero torsion of the “average” (i.e. left plus right) connection.

- 12 —



Let us denote:

9mn = €L(m,n) + €R(m,n)

T % (" + o)

m,nk

Then eq. (5.12) implies the existence of a,, such that:
+—
Qinink = —Imfn Ok FamOnk — 20m[n 0] (5.14)
Infinitesimal coordinate redefinition ## = x* 4 sv* corresponds to:

5U€Lm,k = 5U6Rm,k = a(mvk)
00 ke = am(a[nvk])
50,5 = 20,000,

m

The overall rescaling

5’)/(AL7)\R76L79R) = (’Y)\La’Y/\R779La’Y(9R) (515)
corresponds to:
5’ygm,n = 2’75mn (516)
5’\/am = _87717 (517)
5o Qs = — O YO (5.18)

From {Qr,Qr} =0 and {Qr,Qr} = 0 follows that QLgm and ngm both satisfy Maxwell
equations:

o 0 ., 0 0 _

9 gplm - LRulpa = gan gofm - BLnlpg — 0 (5.19)

Considering the scalar part, we conclude that a,, satisfies the Maxwell equations:
OmOmay =0 (5.20)
and g, satisfies:
Ol D) +20p0yOrinr) = 0
= Ok (204 0uifm Dy +0man + SmnPay) — (k 5 n) =0 (5.21)
= Tb ¢ 200G0m Il +Omn + Smnday = b
It follows from the symmetry m <> n that exists ¢ such that b,, = a,, — On¢. Therefore:
200 Gniim Dp] +Omn0ap + 20ty = OO (5.22)
The rescaling egs. (5.16), (5.17) and (5.18) are accompanied by:
5,6 = (10 — 4)y (5.23)

Eq. (5.21) is actually the consistency of the sum of eq. (5.8) and eq. (5.9).
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We can fix the d,, gauge transformations by requiring dpa, = 0. In this gauge eq. (5.22)
implies that the Riemann-Christoffel tensor is harmonic:

(_
0p Oign)m 051= 0

and therefore, up to a finite-dimesional space, that ¢ is harmonic.
Eq. (5.13) implies, after total symmetrization:

8(m(€L — eR)mk) + Q(Lw(j)dnk) — Qgr(f)(snk) =0 (5.24)

Modulo finite dimensional spaces, egs. (5.24), (5.13) and (5.6) imply that (cf. eq. (A.9)):
er, —ep =20
QL) _fls) — g (5.25)
(QL - QR) (mmn)k = 0

Therefore QY — QF is antisymmetric:

(QL - QR) = Hiim = Hiim) (5.26)

k,Im

Egs. (5.19) imply:
0P H g = 0 (5.27)

The consistency of the difference of eq. (5.8) and eq. (5.9) implies that Hj,y,, is har-
monic:

0p0” Hyppp, = 0 (5.28)
and, modulo a constant, divergenceless:
OPHpmn =0 (5.29)

The antisymmetric tensor field Hj,,, should be identified with the field strength of the
NSNS B-field: H = dB. However, our considerations do not imlpy that dH = 0. All we
can say is, the space of solutions to egs. (5.27), (5.29) has a subspace consisting of Hyy,p,
satisfying the equations:

OpHypny =0 and  0'Hypy =0 (5.30)
5.2 Equations for Ramond-Ramond bispinor
To get {Qr,Qr} = 0 we need to require (see section 4.5):
VP =
vEPY =0
Fg&vﬁpgg =0

vEPY =0

— 14 —



To get {Qr,Qr} =0 and {Qr,Qr} = 0 we need, in addition:

Fm vL Pozd _

Ba ¥ mt LR —

ngvﬁpgg =
For generic E and (), there are no covariantly constant tensors. Therefore:

Pr, =Prr =0 (531)
and the bispinors Prr and Pgry, both satisfy Dirac equatins in both spinorial indices.
5.3 Conclusion: @Q is defined by solutions of hyperbolic partial differential

equations

How many solutions does the equation Q2 = 0 have? In principle, it could be that the
solutions are parametrized by arbitrary functions of z. However, it so happens, that Q)
is comletely determined by a set of solutions of hyperbolic equations (such as Maxwell or
Einstein equations). Indeed, the structure of the cohomology of [)\ L%,i} + [)\ R%,i}
on vector fields (section 4.4.2) imlplies that the @ is completely determined by the first
few terms in the -expansion listed in egs. (5.3) and (5.4). The coefficients Q% =~ and
Q R%m satisfy Maxwell equations, and then 2 L%m is determined by eq. (5.8), and 2 Rgm
by a similar equation with L <+ R. The coefficients Pr; and Prp are zero modes. The
coefficients Prr and Pgy, satisfy the Dirac equations.

5.4 Difference with SUGRA equations

Nevertheless, Q? = 0 is weaker (less constraining) than supergravity equations of motion.
We have ingnored several finite-dimensional spaces of solutios, somewhat similar to the
“nonphysical vertices” of [9]. But besides that, even the “main” spaces of solutions those
which satisfy hyperbolic equations, are larger than the spaces of supergravity solutions:
5.4.1 Vector field a,,

The field a,, defined in eq. (5.14) is absent in Type II supergravity. If a,, = 0, the field ¢
corresponds to the dilaton and g;; — %&jgb to the graviton in the Einstein frame.

5.4.2 Extra components of Hj,,,

Egs. (5.27), (5.29) are weaker than the SUGRA egs. (5.30).
5.4.3 Doubling of the RR bispinor

Instead of one RR field P we have two: Prr and Pgy,.

6 Fermionic fields

In section 4.4.2 we restricted ourselves with (7, and (Qr parameterized by even functions
EL EE ... We will now add the terms parameterized by odd functions. According to
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section 4.5 these terms are:

/ « 8 3 8
Q= (AMBrbL)aty" (@) 5 + &L pn (@) (ALbL)™ i
o|mn 8 8
+ =k ; ]( Y(ALOLOL)) o (/\Lfmna)\L-i-%an%L) +
+ =2 RN @) (A LOLOL)a (Aerr ai + 0xm Dy 8§R> +
/ a m a
QR = (AROROR) sV () 5 oy + &€ () (AROR)) PYE +

L

= RG&[mn] R 0 0 >
+ ZERR (2)(ArOROR))a (/\ern n + OrT i —— 90, +

0 0
— L[amn R
+ Zrk™" @) (B (MTwTag 4 0Tz ) +
Considering the coefficient of (Ar0.01))(Arfr)) <, we deduce that ¢* satisfies:
8”1/)%“ + 4ELga[Vﬂ] o E[/gammgm[ -0 (61)

and a similar equation for 11)%“ . This implies (see section A) that modulo finite dimensional

subspaces (which we ignore):

ap _

Y =0
= ROVE _

wau_
= Lavp
‘—‘RL —0

The coefficients £ rm and %, come with gauge transformations:
6¢L§%Rm = mgb%
Opr&Rrm = Omok

Considering the coefficient of (AL0LOL))(ArOR)) ()\ L% +6r %), we conclude that

= L%a[mn] (and similarly = Rga[mn]) are constants, and we ignore them.

Requiring Q% = 0, the “Maxwell bishop move”:

@O0 O 0] (2 Ouor) Ouor) e

> €y g () (ML) (ALOL) T (0101 )™
we conclude that 7 r (and similarly £r7) should satisfy the Maxwell equations:
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To summarize, the part of () which involves fermionic fields is very simple:

4 0

QL = &L () (ALbL) " —
o6,

, )
Qi = Epm (@) (AROR)) 507

The only fermionic superfields of [3] are Cgfy and C’gv. The top component of Cg& corre-

sponds to 8[m§an] (an)g, and the top component of 6’57 to a[mf;/un] (Fm")g

7 Supersymmetries and dilatation

The vector field Q¢ of eq. (1.5) is manifestly supersymmetry-invariant. In other words,
it commutes with the super-Poincare algebra, which is generated by % - anﬁﬁg&% and

% — F&mﬁﬁgmim. It is also invariant under dilatations, if we define the weight of x to
be twice the weight of 0, Or. It is perhaps less straightforward to see that there are no
other symmetries. For example, there are no conformal symmetries. (But the dilatation
symmetry is present.) We will now prove that there are no other symmetries.

We have to compute the cohomology of Q%2 in the space of vector fields of ghost

number 0. The cohomology of )\%% + A2 at the ghost number 0 is (see section 4):

R ooy
55:87%
sg_a‘;%
Db — a0 9

S \= S/ S
LaAg+ Lo

0 d
L _
ME, = (Aern ML) + (aern 5 9L>
. 0 0
DR =\ —— —
Raxa 9%,

0 0
R _
an - (ARan 8>\R) + (eern 39R>

This means that any infinitesimal symmetry can be brought to the form:

0

9 d 9 9
+ Dy (z) ( vl ‘)gaea> + M7 (x) ((ALan%) + (OLanaeL» +
L L
9 .0 d )
—|—DR(x) ( %W +9%696‘> + M}n{ln(x) ((Aerna)\R> + <9ern893>) +
R R

I R
+ SL(:L‘)@ + SR(:U)@G%

+ 6%

+ ...
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where ... stand for terms of the higher order in the grading defined by eq. (3.5). Com-
muting v with ((AL0L)™ + (ArOr)™) (%im, we have to cancel the coefficients of all gen-
erators of [Q(LO) + Qgg) , ] (see section 3.4). The vanishing of the coefficient of (Arfr))™
(A%% + 0%%) implies that Dy (x) = Dro (constant in x). Similarly, M (x) = M7y,
Dpr(x) = Dpo, ME™(x) = Mpy'. The vanishing of the coefficient of ((ALQL))W% and

(ArOR)™ 52 imply:
Dro = Dro =: Do
M7y = Mgyt =: M™
T™(z) = T§" + 2Doz™ + M x"
The vanishing of the coefficients of ((AROR))% and (()\LHL))% imply S¢(x) = S¢, and
S&(x) = 5%, (do not depend on z).
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A Higher spin conformal Killing tensors

Consider tensor fields on the flat N-dimensional space RY with coordinates:
2™, me{l,...,N} (A.1)

They are functions with indices: fy,,, m,(z), where r is the rank of the tensor. There
are some differential equations which only have finite-dimensional spaces of solutions. For
example:

0
Wf")(m) =0 (A.2)

The solutions of this equation are parameterized by constant antisymmetric tensors by,,:
fm = bmnx" (A3)

More generally, consider the equation:

0
mfml...mn)(l“) =0 (A4)

We want to classify the solutions of this equation. Consider the Taylor expansion of
fmy...m, near x = 0. Since eq. (A.4) is homogeneous in z, we can consider each order of
the Taylor expansion separately. In other words, it is enough to consider fy,, m,(z) a
homogeneous polynomial of z. Let us introduce auxiliary variable y™ and consider the
generating function:

A

fley) =y™ g™ finym, (2) (A.5)
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Homogeneous polynomials f (x,y) of z,y of the order N form a finite-dimensional repre-
sentation of sl(2,R), with the generators defined as follows:

0 0 0
E=y"— F=a2"— H=y"— —2"— A6
Y gm “ oym™’ Y oy™ T gm (4.6)
Eq. (A.4) implies that f(a:, y) is a highest weigh vector:
Ef=0 (A7)

On the other hand, f being a polynomial of the order n in y implies:
FHlf =0 (A.8)

Therefore, the space of polynomial solutions of eq. (A.4) decomposes into the direct sum
of representations of dimension 0,1,2,...,n. They correspond to polynomials of degree
0,1,2,...,n in z. We conclude that all solutions of eq. (A.4) are polynomials of order n in
z (not necessarily homogeneous).

Let us now consider a weaker equation. Instead of requiring 9, fim,...m,) be zero, we
require the existence of g, m., (z) such that:

0
mfmlmn)(x) = 5(m0mlgm2...mn)(x) (Ag)
T (A.10)
(We can think of eq. (A.9) as having a gauge symmetry 6fm, m, = O(mimolms..mn)>

0Gmy..mpn = OmyPims..m,), and eq. (A.10) as fixing the gauge.) The solutions of eq. (A.9)
are higher spin conformal Killing tensors. They correspond to traceless Killing tensors in
AdS [10]. Given a traceless Killing tensor in AdS, we can consider the leading Taylor coef-
ficient of its expansion around a point in AdS. It will satisfy eq. (A.4) (with an additional
condition 62 f,, .o, = 0) implying that the space of solutions is finite-dimensional.
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