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1 Introduction

There has been considerable interest recently in constructing holographic theories between
flat 4d Minkowski spacetime and a 2d boundary celestial sphere conformal field theory [1–
4]. Central to this mission is the construction of conformally covariant wavefunctions that
form unitary representations of the SO(d, 1) group. These wavefunctions are defined on
a d-dimensional de Sitter spacetime dSd, on which SO(d, 1) acts naturally through an
embedding of dSd as a submanifold of a (d+ 1)-dimensional Minkowski spacetime.

As part of the program to realize the dS/CFT correspondence [5], numerous papers
have previously constructed unitary principal series representations of the SO(2, 1) group on
two-dimensional de Sitter spacetimes [6, 7], as well as q-deformed versions of the principal
series on the three-dimensional de Sitter spacetime [8]. In this paper we construct the
unitary principal series representation of the SO(3, 1) group on the three-dimensional de
Sitter spacetime. We also compute the uplifted version of these wavefunctions on the
ambient four-dimensional Minkowski spacetime. Finally, we comment on relevant previous
work [9–11] and discuss how our results fit within the program to develop holographic
approaches to gravity in de Sitter and asymptotically Minkowski spacetime.

The sections are organized as follows: we first establish our coordinate systems and fix
our notations in section 2. We then construct massive scalar mode functions on both the
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three-dimensional de Sitter spacetime dS3 and the four-dimensional Minkowski spacetime
M4, in section 3 and 4, respectively. We then show in section 6 that these mode functions
form a unitary principal series representation of the SO(3, 1) group. We note that previous
work [9–11] uses modes that form non-unitary highest weight representations of SO(3, 1).
Finally we comment in section 8 on how our mode functions can serve as a conformal basis
to develop holographic formulations of gravity in asymptotically de Sitter and Minkowski
spacetimes.

2 Conformal coordinates

Before we begin our discussion of the representation theory of SO(3, 1) in de Sitter and
Minkowski spacetimes, we would like to present the coordinate systems we employ and fix
notation. A schematic plot of the relevant hypersurfaces can be found in figure 1.

We start with the 4d flat Minkowski spacetime labeled by coordinates (x0, x1, x2, x3)
with the following metric

ds2 = −(dx0)2 + (dx1)2 + (dx2)2 + (dx3)2 .

We embed our 3d de Sitter spacetime as a hypersurface within the 4d Minkowski spacetime.
To do so we first switch to hyperbolic coordinates (t, ρ, θ, ϕ) with −∞ < t < ∞, ρ > 0,
0 ≤ θ < π and 0 ≤ ϕ < 2π, defined by

x0 = ρ sinh(t/ρ)
x1 = ρ cos θ cosh(t/ρ)
x2 = ρ sin θ cosϕ cosh(t/ρ)
x3 = ρ sin θ sinϕ cosh(t/ρ) . (2.1)

Note that these coordinates only cover the region of the Minkowski spacetime defined by
points xµ where x · x > 0. The metric then becomes

ds2 = −dt2 + 2t dρ dt
ρ

+
(

1− t2

ρ2

)
dρ2 + ρ2 cosh2

(
t

ρ

)(
dθ2 + sin2 θ dϕ2

)
.

The d’Alembertian in this coordinate system looks rather complicated. We therefore per-
form the following change of variables

η = t

ρ

and the metric takes the following simpler form

ds2 = −ρ2dη2 + dρ2 + ρ2 cosh2 η
(
dθ2 + sin2 θ dϕ2

)
.

Note a constant η surface forms a Cauchy slice. This will be important in the following, so
that free fields states on such spacelike slices provide a complete set. One might instead
choose Euclidean hyperbolic spacelike slices in the upper or lower triangles of figure 1. This
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x1
x2, x3

x0

← ρ = 1 hypersurface

↗
ρ = 0

hypersurface

i+

i−

i0

I+

I−

← ρ = 1

Figure 1. Minkowski spacetime may be divided up into radial (ρ) slices isometric to 3d de Sitter
spacetime as shown in the top panel. The bottom panel shows the Penrose diagram of Minkowski
spacetime. The shaded region is the region bounded by ρ = 0 and ρ = ∞. In particular, i± are
excluded from this region.
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is the case primarily studied in [1]. Such slices transform in a simple way under SO(3, 1),
but do not form Cauchy slices and will not lead to a complete set of free field states.

A 3d de Sitter spacetime can then be embedded into this 4d Minkowski spacetime as
a hypersurface of constant ρ = `, where ` is the de Sitter length scale which we will set to
unity in what follows. On the 3d de Sitter spacetime the induced metric is simply

ds2 = −dt2 + cosh2 t
(
dθ2 + sin2 θ dϕ2

)
.

Through a stereographic projection we can parameterize the 2-sphere covered by coordi-
nates (θ, ϕ) with a complex variable z, and obtain the Fubini-Study metric on the 2-sphere:

dθ2 + sin2 θ dϕ2 = 4 dz dz̄
(1 + |z|2)2 .

This allows us to rewrite the 3d de Sitter metric as

ds2 = −dt2 + cosh2 t
4 dz dz̄

(1 + |z|2)2 (2.2)

and the 4d Minkowski metric in hyperbolic coordinates as

ds2 = −ρ2dη2 + dρ2 + ρ2 cosh2 η
4 dz dz̄

(1 + |z|2)2 .

3 3d de Sitter mode functions

We start from the metric on the 3d de Sitter spacetime (2.2). The isometry group of the
3d de Sitter spacetime is SO(3, 1) which has 6 generators with real coefficients. The first
step in building a unitary representation of SO(3, 1) on 3d de Sitter is to solve the scalar
field equation with mass µ

(∆− µ2)φ(t, z, z̄) = 0

where the d’Alembertian is defined in general as

∆φ = 1√
|g|
∂i

(
gij
√
|g|∂jφ

)
.

Here and in what follows we use Latin indices when we are referring to the 3d de Sitter
submanifold and use Greek indices when we are dealing with the ambient 4d Minkowski
spacetime. The d’Alembertian is computed to be

∆φ =
[
−∂2

t − 2(tanh t)∂t + (sech2 t)(1 + |z|2)2∂z∂z̄
]
φ .

The massive scalar field equation therefore is(
− ∂2

∂t2
− 2 tanh t ∂

∂t
+ sech2t (1 + |z|2)2 ∂2

∂z∂z̄
− µ2

)
φ(t, z, z̄) = 0 .

We can perform separation of variables as usual and write a mode function as

φlm(t, z, z̄) = φl(t)Y l
m(z, z̄)
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where m is a j3 eigenvalue. The Y l
m are the standard spherical harmonics [12] in (z, z̄)

coordinates. They satisfy the eigenvalue equation

(1 + |z|2)2 ∂2

∂z∂z̄
Y l
m = −l(l + 1)Y l

m .

Explicitly, we have

Y l
m(θ, ϕ) =

√
(2l + 1)(l −m)!

4π(l +m)! Pml (cos θ)eimϕ

where

Pml (x) = (1 + x)m/2

(1− x)m/2
l∑

k=0

(
1−x

2

)k
(−l)k(l + 1)k

k! Γ(k −m+ 1) .

The coordinate transformation linking (θ, ϕ) and (z, z̄) is

(sin θ eiϕ, cos θ) =
(

2z
1 + |z|2 ,

1− |z|2

1 + |z|2

)
.

It is easy to see that the spherical harmonics Y m
l (z, z̄) can be built out of homogeneous

polynomials of the following three variables

Fz = 2z
1 + |z|2 Fz̄ = 2z̄

1 + |z|2 Ft = 1− |z|2

1 + |z|2 .

We will later see that these three variables will appear in (6.1). One is then left to solve(
∂2

∂t2
+ 2 tanh t ∂

∂t
+ l(l + 1)sech2t+ µ2

)
φl(t) = 0 .

This has the following two linearly independent solutions

φl,1(t) = secht P
√

1−µ2

l (tanh t) , φl,2(t) = sechtQ
√

1−µ2

l (tanh t) (3.1)

where P and Q are the associated Legendre functions of first and second kind, respectively.
We expect to get a unitary representation corresponding to a general complex linear com-
bination, one of which will be the Euclidean vacuum (see section 5 and appendix A). Other
combinations will generate modes around an α-vacuum [13–15].

4 Uplifting onto 4d Minkowski

To uplift the 3d de Sitter mode functions onto the 4d Minkowski spacetime we consider
the scalar field equation in 4d with mass M

(�−M2)Φ(η, ρ, z, z̄) = 0 .

The d’Alembertian is computed to be

� = − 1
ρ2 (∂2

η + 2 tanh η ∂η) + 3∂ρ
ρ

+ ∂2
ρ + sech2 η (1 + |z|2)2 ∂z∂z̄

ρ2 .
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Separating variables, the mode functions can be written as

Φplm(η, ρ, z, z̄) = φpl(η)ψp(ρ)Y l
m(z, z̄)

where l = 0, 1, · · · , m = −l, · · · , l and the range of the real parameter p will be discussed
later. We find the differential equation for φpl to be identical to the 3d de Sitter modes,
except that we replace µ with a real parameter p,(

∂2
η + 2(tanh η)∂η + l(l + 1) sech2 η + p2

)
φpl(η) = 0

which has solutions (3.1) with the replacement t→ η and µ→ p.
The differential equation for ψp therefore becomes(

∂2
ρ + 3

ρ
∂ρ + p2

ρ2 −M
2
)
ψp(ρ) = 0 .

This has two independent solutions

ψp,1 =
I√1−p2(Mρ)

ρ
, ψp,2 =

K√1−p2(Mρ)

ρ
(4.1)

where Iα and Kα are modified Bessel functions of first and second kind, respectively.

5 Klein-Gordon norm and orthonormality conditions

Before presenting the explicit form of our unitary principal series representation we would
like to first establish the orthonormalizability of the 4d Minkowski mode functions. The
mode functions are normalized with respect to the Klein-Gordon norm, the most general
form of which is [16]

〈f, g〉 = −i
∫

Σ
dΣnλ(f∂λg? − g?∂λf) . (5.1)

Here Σ is a spacelike surface, nλ is a timelike unit vector field normal to Σ and dΣ is the
volume element in Σ. This norm is time-independent, and in principle can be evaluated
on any Cauchy slice. Here, for convenience we choose the η = η0 slice, where η0 is an
arbitrary constant. On the 4d Minkowski spacetime with coordinate system (η, ρ, θ, ϕ) this
then becomes

〈f, g〉 = −i
∫
ρ

∫
S2

(f∂ηg? − g?∂ηf)|η=η0 (cosh2 η0) ρ dρ dΩ

where dΩ is the area element of the unit 2-sphere S2. Given that our mode functions
are separable Φplm(η, ρ, z, z̄) = φpl(η)ψp(ρ)Y l

m(z, z̄) we can further evaluate this norm to
obtain

〈Φplm,Φp′l′m′〉 = −i
(
φpl(η0)φ̇?p′l′(η0)− φ?p′l′(η0)φ̇pl(η0)

) (
cosh2 η0

)
×
∫ ∞

0
ψp(ρ)ψ?p′(ρ) ρ dρ

∫
S2
Y l
m(z, z̄)Y ?l′

m′ (z, z̄) dΩ
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where φ̇(η) = ∂ηφ. The orthonormality of the spherical harmonics allows us to conclude
that ∫

S2
Y l
m(z, z̄)Y ?l′

m′ (z, z̄) dΩ = δll′δmm′ .

For the ρ integral, note that multiplying the differential equation satisfied by ψp with ψ?p′

gives

ψ′′pψ
?
p′ + 3

ρ
ψ′pψ

?
p′ +

(
p2

ρ2 −M
2
)
ψpψ

?
p′ = 0

where ψ′ = ∂ρψ. Likewise swapping ψp ↔ ψ∗p′ and subtracting we have

−p
2 − p′2

ρ2 ψpψ
?
p′ = ψ′′pψ

?
p′ − ψ?

′′
p′ ψp + 3

ρ
ψ′pψ

?
p′ −

3
ρ
ψ?

′
p′ψp .

Integrating, we have

−(p2 − p′2)
∫ ∞

0
ψpψ

?
p′ ρ dρ =

∫ ∞
0

dρ [ρ3(ψ′′pψ?p′ − ψ?
′′
p′ ψp) + 3ρ2(ψ′pψ?p′ − ψ?

′
p′ψp)] .

The integral on the right hand side can be integrated by parts to yield

− (p2 − p′2)
∫ ∞

0
ψpψ

?
p′ ρ dρ = [ρ3(ψ′pψ?p′ − ψ?

′
p′ψp)]

∣∣∣∞
0
. (5.2)

The modified Bessel functions have the following mirror symmetry

I?α(z) = Iα?(z?) K?
α(z) = Kα?(z?) .

At z = +∞, Iα(z) ∼ ez which increases exponentially while Kα(z) ∼ e−z which decreases
exponentially. We therefore discard the ψp,1 set of solutions as these modes are not nor-
malizable and study the (4.1) solutions ψp,2. We begin by considering the case p2 > 1 and
take the branch

√
1− p2 = i

√
p2 − 1. Let us define α =

√
p2 − 1 and henceforth we will

drop the 2 subscript on ψp,2. Near z = 0, the expansion

Kν(z) = 2ν−1Γ(ν)z−ν + 2−ν−1Γ(−ν)zν + · · ·

allows us to evaluate the surface term to give

lim
ρ→0

ρ3
(
ψ′pψ

∗
p′ − ψ∗

′
p′ψp

)
(5.3)

= lim
ρ→0

i(α+ α′)2−2
(
Γ(iα′)Γ(−iα)(Mρ/2)i(α−α′) − Γ(iα)Γ(−iα′)(Mρ/2)−i(α−α′)

)
treating the rapidly oscillating terms in α as vanishing in the sense of a distribution. For
ρ→ 0, this is proportional to a sinc representation of the Dirac delta function

lim
ρ→0

ρ3
(
ψ′pψ

∗
p′ − ψ∗

′
p′ψp

)
= −αΓ(iα)Γ(−iα)

2 sin
[
(α− α′) log(Mρ/2)

]
which gives ∫ ∞

0
ψpψ

?
p′ ρ dρ = Γ(iα)Γ(−iα)

4 lim
C→∞

sin[C(α− α′)]
α− α′

– 7 –
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where we have set C = log(Mρ/2). Using the following identity

lim
C→∞

sin(Cx)
x

= πδ(x)

we then have∫ ∞
0

ψpψ
?
p′ ρ dρ = πΓ(iα)Γ(−iα)

4 δ(α− α′) = π2

4p sinh
(
π
√
p2 − 1

)δ (p− p′) . (5.4)

For 0 ≤ p2 < 1, instead of oscillating terms in eq. (5.3) we have power-law divergencies,
and the mode functions ψp in this case again are not normalizable.

To conclude, the normalizable radial mode functions arise from ψp,2 in (4.1) with
p2 > 1. The p-dependent prefactor in (5.4) may then be absorbed into the normalization
of these functions. We assume this has been done, and in the interest of notational clarity
we will from now use ψp to denote the normalized radial mode functions. The normalized
radial mode functions in this case will satisfy the following∫ ∞

0
ψpψ

?
p′ ρ dρ = δ(p− p′) . (5.5)

For the η dependence, we form the following linear combination of φpl,1 and φpl,2 to
obtain

φpl = iπ

2 φpl,1 + φpl,2

which, as we will show in appendix A, are the (unnormalized) modes corresponding to the
4d Minkowski vacuum. Using

∂Pµν
∂z

=
νzPµν (z)− (µ+ ν)Pµν−1(z)

z2 − 1
∂Qµν
∂z

=
νzQµν (z)− (µ+ ν)Qµν−1(z)

z2 − 1

and

Pµν (0) = π1/22µ

Γ
(

1−µ−ν
2

)
Γ
(
ν−µ

2 + 1
) Qµν (0) = −

π3/22µ−1 tan π(µ+ν)
2

Γ
(

1−µ−ν
2

)
Γ
(
ν−µ

2 + 1
)

we can evaluate the η-dependent part of the Klein-Gordon norm to obtain

−i[φpl(η0)φ?′
pl(η0)− φ?pl(η0)φ′pl(η0)](cosh2 η0) = πe−π

√
p2−1

which does not depend on η0 due to conservation of the Klein-Gordon norm. We can
therefore normalize the modes φpl by replacing

φpl →
e
π
2

√
p2−1

π1/2 φpl .

In what follows we will assume that this has been done and in the interest of notational
simplicity we will use φpl to denote the normalized modes.

To summarize, for p2 > 1 we have constructed mode functions of the 4d Klein-Gordon
equation corresponding to the Minkowski vacuum, which when restricted to the de Sitter
slice ρ = 1 correspond to the Euclidean vacuum of the 3d de Sitter spacetime. These
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modes Φplm(η, ρ, z, z̄) = φpl(η)ψp(ρ)Y l
m(z, z̄) are normalized with respect to the Klein-

Gordon norm (5.1) with the following orthonormality condition

〈Φplm,Φp′l′m′〉 = δ(p− p′)δll′δmm′ .

For 0 ≤ p2 < 1, the radial mode functions are not normalizable.

6 Unitary principal series representation

We are now in a position to build the unitary principal series representation of SO(3, 1)
which acts on the dS3/M4 mode functions. Since the action of SO(3, 1) on M4 leaves the
radial coordinate ρ invariant, the actions is identical on both dS3 mode functions and on
M4 mode functions. For simplicity of presentation we will focus on dS3 modes, but all
equations in this section carry over to the M4 modes trivially.

On the past and future null infinities I± of the 3d de Sitter spacetime, the Killing
vectors can be written as conformal Killing vectors of the spatial 2-sphere

Ln = −zn+1 ∂

∂z
, L̄n = −z̄n+1 ∂

∂z̄

where n = 0,±1. However one should use caution in applying this formula. It is correct
when acting on the metric, or massless scalars, but as we will see there will be additional
terms that must be added depending on the class of functions or fields considered. General
complex combinations of these vectors will not preserve the desired reality conditions, so we
will need to be careful to construct the correct 6 independent generators that will appear
with real coefficients.

To extend these into the bulk of de Sitter it is helpful to arrange them into an SO(3)
corresponding to the isometries of the spatial slices. With the convention g = exp(iθJ) we
find the generators:

J1 = i

2
(
L−1 + L1 + L̄−1 + L̄1

)
J2 = 1

2
(
L−1 − L1 − L̄−1 + L̄1

)
J3 = L0 − L̄0 .

These immediately extend into the bulk without time dependent contributions. This also
allows us to read off the conjugation condition to be imposed on the generators. Since the
Jk are Hermitian we require

L†n = −L̄n, L̄†n = −Ln .

The time-dependent Killing vectors take the form

K = F
∂

∂t
+ 1

2 (1 + zz̄)2 tanh t (∂z̄F ) ∂

∂z
+ 1

2 (1 + zz̄)2 tanh t (∂zF ) ∂

∂z̄

where F is one of the three solutions

Fz = 2z
1 + |z|2 Fz̄ = 2z̄

1 + |z|2 Ft = 1− |z|2

1 + |z|2 . (6.1)

– 9 –
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At I+ these reduce to

K̃1 = L1 − L̄−1

K̃2 = L̄1 − L−1

K̃3 = L0 + L̄0

when acting on the metric. It is convenient to assemble these into Hermitian linear com-
binations:

K1 = 1
2
(
L1 − L̄−1 − L̄1 + L−1

)
K2 = i

2
(
L̄1 − L−1 + L1 − L̄−1

)
K3 = −i

(
L0 + L̄0

)
which at a general spacetime point become

K1 = 1
2

(2(z − z̄)
1 + |z|2

∂

∂t
− tanh t

((
z2 + 1

) ∂

∂z
−
(
z̄2 + 1

) ∂

∂z̄

))
K2 = i

2

(2(z + z̄)
1 + |z|2

∂

∂t
− tanh t

((
z2 − 1

) ∂

∂z
+
(
z̄2 − 1

) ∂

∂z̄

))
K3 = −i

(
1− |z|2

1 + |z|2
∂

∂t
− tanh t

(
z
∂

∂z
+ z̄

∂

∂z̄

))
. (6.2)

Note the generators satisfy the canonical Lorentz algebra

[Ji, Jj ] = iεijkJk

[Ji,Kj ] = iεijkKk

[Ki,Kj ] = −iεijkJk .

On the three-dimensional de Sitter mode functions (3.1) the generators (6.2) take the
simplified form

K1 = 1
2

(2(z − z̄)
1 + |z|2 (2h+ − 2)−

((
z2 + 1

) ∂

∂z
−
(
z̄2 + 1

) ∂

∂z̄

))
K2 = i

2

(2(z + z̄)
1 + |z|2 (2h+ − 2)−

((
z2 − 1

) ∂

∂z
+
(
z̄2 − 1

) ∂

∂z̄

))
K3 = −i

(
1− |z|2

1 + |z|2 (2h+ − 2)−
(
z
∂

∂z
+ z̄

∂

∂z̄

))
(6.3)

where we define

2h± = d− 1
2 ±

√(
d− 1

2

)2
− µ2 = 1±

√
1− µ2 .

To check this we note that the group of rotations SO(3) acts straightforwardly in the
basis (3.1). The rotation generators also rotate the Ki amongst themselves, so we can

– 10 –
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focus on the action of say K3 on the mode functions (3.1). It is then straightforward to
check that

∂

∂t
φl=0 = 2(h+ − 1)φl=1

which holds for the solutions φl,1 and φl,2 of (3.1) independently and determines the prefac-
tors that appear in (6.3). Likewise, when acting on the four-dimensional Minkowski modes
the generators take the exact same expression with µ replaced by p.

To confirm the generators match the principal series we will use the representation of
SO(3, 1) on functions L2(S2). Note this differs from the more common representation on
functions L2(C), which would be applicable to the flat slicing of de Sitter. Likewise there is
a representation on L2(H2), though we won’t need that here. The upshot of these different
realizations of the principal series is that the extra terms in (6.3) take completely different
forms.

To realize the representation we consider the cone C3
+ embedded in 4d Minkowski

spacetime, where

x2
1 + x2

2 + x2
3 − x2

0 = 0 .

We then consider the slice through the cone where x0 = 1. This slice is an S2 which may
be parameterized by coordinates z above using the Fubini-Study metric. The cone maps
into itself under SO(3, 1). The principal series may be defined as functions on the slice that
behave as [17]

(T σ(g)f)(z) = α(z, g)σf
(
g−1 · z
α(z, g)

)
(6.4)

where g is a SO(3, 1) group element, and α(z, g) is defined to be the rescaling factor needed
to return g−1 ·xµ to the slice x0 = 1. The action of SO(3, 1) on z is the usual fraction linear
transformation, but the factor α depends on which realization of the principal series we
are considering. To write the action of SL(2,C) on the Minkowski coordinates it is helpful
to use the familiar representation

xµ = 1
2Tr (Mσµ) , M =

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
, σµ =

(
1, σi

)

where σi are the Pauli matrices. Then an SL(2,C) transformation acts as

M ′ = SMS† .

To rescale back to the slice x0 = 1 we rescale to

M̃ ′ = M ′

1
2Tr (M ′)

.

– 11 –
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Finally, the coordinates on the 2-sphere x0 = 1 are matched with the Fubini-Study coor-
dinates via

x1 + ix2 = 2z
1 + |z|2

x1 − ix2 = 2z̄
1 + |z|2

x3 = 1− |z|2

1 + |z|2 .

From these equations we can read off the factor α and determine the action of the z

coordinate. For

S =
(
a b

c d

)
,

the fractional linear transformation is

z′ = dz + c

bz + a
.

Since we know the group of rotations acts in a straightforward way on the spherical
harmonics, it suffice to consider one of the boost generators to check the matching of the
generators. To do this we Taylor expand (6.4) for a group element of the form g = exp(ik3ε).
Plugging in the above relations gives

K3 = −i
(

1− |z|2

1 + |z|2σ −
(
z
∂

∂z
+ z̄

∂

∂z̄

))
.

We therefore identify the scalar field representation with a principal series representation
where σ = −2h−. We have σ = −1 + i

√
µ2 − 1 in the notation of [17]. We note the

equivalence of the representations under the replacement h+ → h− and 2h+ − 2 = −2h−.
For the principal series, the inner product is simply the usual integral over the 2-sphere in
Fubini-Study coordinates which matches the Klein-Gordon norm up to a constant factor.
For 0 < µ2 < 1 we have the complementary series representations and the above results
extend straightforwardly to that case.

7 Relation to previous work

Here we show the mode functions computed in ref. [10] form a non-unitary highest-weight
representation, and therefore do not produce a unitary principal series representation of
SO(3, 1). To do so we first show that the generators of the special conformal transformations
annihilate a mode function corresponding to the highest weight of the representation. The
mode functions (eq. 2.19 of [10]) are parameterized by the tuple (∆, ~w) where ∆ is in
general a complex number and ~w = (wx, wy) ∈ R2. These mode functions are

φ±∆(Xµ; ~w) = 4π
(im)

(
√
−X2)∆−1

(−q(~w) ·X ∓ iε)∆K∆−1(m
√
X2) . (7.1)
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Here Xµ are the usual flat coordinates of the 4d Minkowski spacetime M4. The qµ(~w) is
the following 4-vector

qµ(~w) = (1 + |~w|2, 2~w, 1− |~w|2) .

The conformal group SO(3, 1) acts on the space of scalar functions defined on M4 × R2

by acting on M4 with the usual Lorentz transformation and on R2 with the 2D conformal
transformations (2D translations, 2D rotations, dilatations and special conformal transfor-
mations):

φ∆(Xµ; ~w)→ φ∆(ΛµνXν ; ~w′(~w)) .

Here Λµν is the Lorentz transformation corresponding to the SO(3, 1) group element, and
the ~w′(~w) is the conformal transformation corresponding to the SO(3, 1) element. For
special conformal transformation, it is

~w′ = ~w + |~w|2~b
1 + 2~b · ~w + |~b|2|~w|2

.

These are labeled by a vector ~b ∈ R2.
Consider an infinitesimal group element near the identity

Λµν = δµν + (δΛ)µν

this has the corresponding infinitesimal transformation on R2

~w′ = ~w + δ ~w .

In particular, for the special conformal transformation parameterized by an infinitesimal ~b
we have the infinitesimal transformation

~w′ = ~w − 2(~w ·~b)~w + |~w|2~b .

Following the conventions of [10] this corresponds to the infinitesimal Lorentz transforma-
tion where

(δω)0
i = (δω)i0 = (δω)3

i = −(δω)i3 = bi

with all other components being zero. Here i = x, y labels the indices of R2. In other words
we have X

′0

X ′i

X ′3

 =

X
0

Xi

X3

+

 biX
i

bi(X0 −X3)
biX

i

 .
Taylor-expanding φ∆(ΛµνXν ; ~w′(~w)) and substituting the expressions for δω and δ ~w above,
we have

φ∆(ΛµνXν ; ~w′(~w)) = φ∆(Xµ + (δω)µν X
ν ; ~w + δ ~w)

= φ∆(Xν ; ~w) + (δω)µν X
ν
(

∂

∂Xµ
φ∆

)
+ δ ~w ·

(
∂

∂ ~w
φ∆

)
= φ∆(Xν ; ~w) + biX

i
(

∂

∂X0 + ∂

∂X3

)
φ∆ + bi(X0 −X3)

(
∂

∂X i
φ∆

)
+
(
−2(~w ·~b)~w + |~w|2~b

)
·
(
∂

∂ ~w
φ∆

)
.

– 13 –
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For infinitesimal ~b this evaluates to

δφ∆ = 8π∆
im

~b · ~w

(√
−X2

)
∆−1

(−q(~w) ·X ∓ iε)∆K∆−1
(
m
√
X2
)
. (7.2)

In particular, the special conformal transformations annihilate the mode functions when
the weight ~w = (0, 0). This implies [18] that the mode functions (7.1) form a highest-
weight representation of SO(3, 1), and since SO(3, 1) has only non-unitary highest-weight
representations, these mode functions cannot form a unitary principal series.

8 Discussion

The results of the previous sections lead to a proposal for a holographic mapping between
the 3D de Sitter modes and conformal operators on a two-sphere. Likewise, the construction
may be lifted to 4D Minkowski spacetime.

8.1 Holographic mapping between 3D de Sitter spacetime and a Euclidean
2-sphere

For the case of a flat slicing, it was possible to define a bulk-to-boundary map and its inverse
map [19] via a construction reminiscent of the LSZ reduction formula in asymptotically flat
spacetime [20]. That construction does not extend immediately to the case of the sphere
slicing, but we will see the Klein-Gordon inner product defined above can still be used to
extract a natural set of operators living on the 2-sphere.

We work with a scalar bulk field of mass µ

φ(t, z, z̄) =
∞∑
l=0

l∑
m=−l

almφlm(t, z, z̄) + a†lmφ
†
lm(t, z, z̄) (8.1)

where φlm is defined using the Euclidean vacuum modes (A.1) and alm and a†lm are standard
creation/annihilation operators. Let us consider a late-time sphere at t = T and build the
following inner product using the Klein-Gordon inner product in 3d de Sitter spacetime

Olm = 〈φlm(t), φ(t, z, z̄)〉t=T

which identifies Olm = alm. Likewise one can define O†lm = a†lm. One may view this
mapping as a holographic map, with l,m being dual variables to the coordinates on the
2-sphere z, z̄. The formula (8.1) can then be viewed as the inverse mapping reconstructing
the bulk field in terms of boundary operators. The boundary operators will obey their
usual commutation relations, and at the same time will transform as a representation of
the unitary principal series as described above. All the above is established at the level
of free field theory. Once interactions are included it seems difficult to view the resulting
boundary theory as any kind of conventional field theory [21].

– 14 –
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8.2 Holographic mapping between celestial sphere and 4D Minkowski space-
time

This procedure can be extended to the 4D Minkowski case. However we will now have
a continuous spectrum of allowed conformal weights ∆ corresponding to the continuous
spectrum of radial quantum numbers p. For a scalar field we can use the orthogonality of
the radial mode functions (5.5) to project onto a particular p eigenvalue and then follow the
procedure of the previous subsection to build a boundary operator. The mode expansion
of the bulk field is now

Φ(η, ρ, z, z̄) =
∞∑
l=0

l∑
m=−l

∫ ∞
1

dp
(
aplmΦplm(η, ρ, z, z̄) + a†plmΦ†plm(η, ρ, z, z̄)

)

where aplm and a†plm are annihilation and creation operators. Again we can define an
operator on the celestial 2-sphere by constructing

O∆p,lm = 〈Φplm(η, ρ, z, z̄),Φ(η, ρ, z, z̄)〉 = aplm

where the operator transforms as a unitary principal series representation parameterized
by ∆p. Likewise one may define a conjugate operator O†∆p,lm

= a†plm. We can therefore
interpret this as a holographic map between the bulk 4D Minkowski spacetime and the
boundary 2D celestial sphere. One ends up with a continuous family of boundary operators
labelled by the radial quantum number p. As above, it is not clear how the construction
extends to interacting theories.

A Euclidean vacuum

The closed form expression of the positive-frequency Euclidean modes has been computed
in ref. [22], eq. 3.37, which we reproduce below in the interest of being self-contained.
Translating the notations of ref. [22] to our notations, the time-dependent component of
the (unnormalized) Euclidean modes of the 3d de Sitter spacetime is

φEl (t) = (coshl t) e(l+1+i
√
µ2−1)t

2F1

(
l + 1, l + 1 + i

√
µ2 − 1; 2l + 2; 1 + e2t

)
. (A.1)

The identities [23] and [24] may be used provided we continue t to the complex plane. It
is then straightforward to verify that the linear combination of modes in (3.1)

φEl (t) ∝ iπ

2 φl,1(t) + φl,2(t)

are the (unnormalized) positive-frequency modes corresponding to the Euclidean vacuum
of the 3d de Sitter spacetime upon continuing t to real values. These when uplifted to
the 4d Minkowski spacetime will correspond to the Minkowski vacuum, since both are
distinguished by the fact that their Wightman function has a Hadamard singularity [25].
The normalization factor is determined in section 5.
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