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derivative heterotic background solutions where the metric tensor and Kalb-Ramond field
are perturbed by a pair of null vectors. Next we study higher-derivative contributions to
the classical double copy structure. After a suitable identification of the null vectors with a
pair of U(1) gauge fields, the dynamics is given by a pair of Maxwell equations plus higher
derivative corrections in agreement with the KLT relation.
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1 Introduction

Double Field Theory (DFT) [1-7] is a duality symmetric formalism that can be understood
as a generalization of D-dimensional Riemannian geometry, manifestly invariant under the
action of O(D, D). This group is closely related with an exact symmetry of String The-
ory [8]. One of the most exciting features of this formalism is that the space-time must be
doubled to accomplish O(D, D) as a global symmetry of the theory [9-11]. The general-
ized coordinates of the double space XM = (x#, z,) are in the fundamental representation
of O(D, D), where &, is the extra set of coordinates and M = 0,...,2D — 1. However,
the theory is constrained by the section condition (or strong constraint), which effectively
removes the dependence on 7.

The fundamental bosonic fields consist of a symmetric generalized tensor Hpsn(X) and
a generalized scalar d,(X). While the former is a multiplet of the duality group, the latter



is an invariant, and they are usually referred as the generalized metric and the generalized
dilaton. On the other hand, DFT can easily describe the low energy limit of heterotic
string theory [12]. This formalism requires a generalized frame [13] instead of a generalized
metric to embed the gravitational degrees of freedom of the theory. A similar approach is
the flux formulation of DFT [14].

One important issue that can be studied with DFT is the incorporation of higher deriva-
tive terms in supergravity frameworks. In [15] a biparametric family of higher-derivative
duality invariant theories was presented. For particular values of the parameters, the
higher-derivative contributions reproduce the a’-corrections of the heterotic supergravity,
also studied in [16-19].

In this work we are interested in considering Hjs;ny and d, as arbitrary background
fields that can be perturbed. We focus in the generalized Kerr-Schild ansatz (GKSA)
introduced in [20], which is an exact and linear perturbation of the generalized background
metric given by

HMN:HMN+I€KMKN+I€KMKN, (1.1)

where £ is an arbitrary parameter that allows to quantify the order of the perturbations
and Ky = PyV Ky and Ky = PyV Ky are a pair of generalized null vectors

T]MNKMRN = nMNKMKN = nMNKMKN =0 s (1.2)

where nay is an O(D, D) invariant metric and Pyy = %(UMN + Hyn) and Pyy =
$(nun — Hun) are used to project the O(D, D) indices. This ansatz (plus a general-
ized dilaton perturbation) is the duality invariant analogous of the ordinary Kerr-Schild
ansatz [21-27], and the inclusion of a pair of generalized null vectors is closely related with
the chiral structure of DFT. This duality invariant ansatz was recently used in different
context as exceptional field theory [28], supersymmetry [29], among others [30-34].

In [35] a consistent way to impose the GKSA in a two-derivative heterotic DFT frame-
work was described. In that work the authors considered a generalized metric approach
to recover the leading order contributions. Here we extend the formalism by considering
higher-derivative terms in the flux formulation of DFT. We use a systematic method for
obtaining these corrections, closely related with [36]. Higher-derivative contributions re-
quiere agreement between the ansatz and the generalized version of the Green-Schwarz
mechanism as we show.

As an application we study higher-derivative contributions to the classical double
copy [37-43]! in a heterotic supergravity background. We consider,

g =g + k1Y) 7
Guv = Gopv — %Z(ulu) )

where kK = 2+’2{’El.l—) and [ and [ are a pair of null vectors with respect to the background

metric. We compute the Riem? contributions and we obtain the leading four-derivative

corrections to the single copy, given by k corrections to the Maxwell-like equations that

1See also [44-56] for recent approaches to this topic.



described the gravity sector after identifying the null vectors with a pair of U(1) gauge
fields, in agreement with the KLT relation for heterotic string theory.

This work is organized as follows: in section 2 we introduce the field content, the
symmetries and the action principle of the low energy effective heterotic supergravity,
considering up to four-derivative terms in the action principle. Section 3 is dedicated to
explore the extension of the GKSA to the flux formalism of DFT. First we review the
generalized metric formalism and then we discuss the generalized frame formalism that is
necessary to construct the generalized fluxes. In section 4 we start by considering multiplets
of O(D, D + K), and we perform a suitable breaking to O(D, D) by identifying the extra
gauge field with a particular flux component. With this method we obtain the higher-
derivative extension to DFT. Here we choose the free parameters of the construction to
match with the heterotic DFT formulation. In section 5 we parametrize the theory in
terms of the field content of heterotic supergravity. We discuss about the tension between
the perturbation of the gravitational sector in terms of a pair of null vector with respect
to the absence of a perturbation for the gauge sector. Then we apply our formalism in
section 6 to explore higher-derivative corrections to the heterotic Classical Double Copy.
Finally, in section 7, we present the conclusions of the work.

2 Higher-derivative heterotic supergravity

In the first part of this section we review the D = 10 heterotic supergravity considering «
and 3 contributions, according to [57].? Then we impose the supergravity version of the
GKSA to perturbe the background fields.

2.1 Action and field content for background fields

The low energy effective action that describes D = 10 heterotic string theory to first order
in o is

— 2407 1 vi —a —uv
S= Mio € 2¢o < _48/L¢oa ¢0 ouupHu p_Z(FouuiF# +R‘(3W)’ bRé e ab)) y
(2.1)

where 4 = 0,...,9, a = 0,...,9, 7 = 1,...,n with n the dimension of the Yang-Mills
group, typically n = 496. The 10-dimensional field content consists of a background metric
Gopv = eouanabeoyb, the background Kalb-Ramond field b,,,, the background gauge field
Aoui and the background dilaton ¢,. The action (2.1) is written in terms of the curvatures
of the previous fields, i.e.,

Hopp =3 [a[#ba,,p} — (A 100 Ao f”kAz AWA’;,J>
(a[MQ(()V)Cngp])Cd + §Q<(J )abQEwlZcQ(op) a>:| )

opv wtov

R(()ul)/ab ( 26[ Wouv)ab + 2w0[u|acwo|y]cb) ) (22)

Fpp = 204,40, — [k Al AL,

We take a = 1 and 3 = 1 to simplify notation. Conventions for the field content follows [29].



where the spin and Hull connections are defined as

wouab = —egaﬁueoyb + Fgweogbega , (2.3)
_ 1 ~ y
Qfmlb = Wopab — iHoul/peoaegb ) (2.4)

and the Christoffel connection is

1
Lo = §ggp (OuGovp + OvGoup — OpGopv) - (2.5)

The action principle (2.1) is invariant under Lorentz transformations. These transfor-
mations acting on a generic vector V, reads

5AVa = ‘/bAbaa (2'6)

where Ay, = — Ay, is the Lorentz parameter. Contraction of indices in (2.6) make use of the
Lorentz metric 74,. The invariance of (2.1) requires that the Kalb-Ramond field transforms
with a non-covariant transformation, namely,
Onbos = =20, A (2.7)
The previous transformation is known as the Green-Schwarz mechanism and it is a higher-
derivative transformation that cannot be removed with field redefinitions.
The equations of motion for this setup are given by

1 N .
A¢O = Ro + 4ggV(vaV¢o - 8M¢08V¢0) — EggUgZnggHOquHOUTS (28)
1 - . 1 o .
- ngjpg;’ Fouw' Fopai — zgﬁf’”gg Rgm)/abRgpgab =0,

1 N N
Agouu = Ro;w + QVMvugbo - EgngégHoaAuHorgu

1 -1 _ _
- iggTFoa,uiFon/Z - iggTRgazabRngab =0, (29)
Abou = 957V, (e’”"’ﬁow) =0, (2.10)
AA, = gﬁ“VEf’A) (e‘Q‘Z’OFoWi) =0, (2.11)
where we have defined
V§;+7A)Fo,u,1/i — apFO,LLI/i - F(()—;,ZUFoaui - F((;—;IZUFopcri - fjkiAoijo“yk 5 (212)
1~ o
Fg:l)/p = ngl/ + §HOMVO’gop7 (213)

which covariantizes the derivative with respect to ten dimensional diffeomorphisms and
gauge transformations using the Christoffel and gauge connection respectively. Here we
mention that the equations (2.8)-(2.11) are not strictly the ones obtained from variations
of the action with respect to the fundamental fields, but combinations of them.



2.2 Perturbing the background

Now we are interested in imposing the supergravity version of the GKSA on the previous
formulation. We do not consider perturbations of the gauge field, i.e., A,; = Aou. The
inverse of the 10-dimensional background metric is perturbed as

g =gt + rIWY) (2.14)
where [, and iu are null vectors with respect to ¢g"” and ¢g#”, i.e.,

Llug" = 1,9k, =0, (2.15)
Lulug"™ = 1,901, = 0. (2.16)

The previous objects also satisfy the following relations
Vol =0, 1"V, =0, (2.17)

which reduce to the standard geodesic conditions when [ and [ are identified [20]. The
perturbation of the Kalb-Ramond field is given by

b = bogw — Rl (2.18)

where £ = 7 +;2<IZZ-[) and the dilaton is perturbed as showed in [29]. Moreover, the first order

Lorentz transformation for the exact b-field now takes the following form

Onbuy = =00y Ay (2.19)

while the other exact fields are Lorentz invariant.

3 Double Field Theory and the generalized Kerr-Schild ansatz

3.1 Generalized metric formulation

In this section we review DFT and the GKSA following the conventions of [29]. The GKSA
was formulated in [20] as an exact and linear perturbation of the generalized background
metric Hyy (M,N =0,...,2D — 1) and an exact perturbation of the generalized back-
ground dilaton d,. We work with arbitrary D until parametrization.
Since the generalized metric is an O(D, D) element, its perturbation has the follow-
ing form
Hun = Hyn + i(Kpy Ky + Ky Ky, (3.1)

where Ky = Py/V Ky and Ky = Py/N Ky are a pair of generalized null vectors
MVNKy Ky =M VKyKy =MV Ky Ky =0. (3.2)
According to (3.1), the DFT projectors are
1 - _
Pun = Pyn — §/€(KMKN + Ky Ky)

_ _ 1 - _
Pun = PMN+§H(KMKN+KMKN). (33)



Each O(D, D) multiplet can be written as a sum over its projections,
Ve = PNV + PyNVy = Vi + Vars (3.4)

where V) is a generic double vector. When we use the underline and overline notation, we
consider the background projectors Py, and Pun.
The generalized background dilaton can be perturbed with a generic x expansion,

d=do+Kf, f:i"ﬁnfna (35)
n=0

with n > 0.

Mimicking the ordinary Kerr-Schild ansatz, the generalized vectors Kz, K and f
obey some conditions in order to produce finite deformations in the DFT action and EOM’s.
If we consider a generic double vector Vi, the covariant derivative can be defined as

VuVn =0V —Tun"Vp, (3.6)
where 'jsnp is the generalized affine connection. Demanding
VuHnp =0, Vunyp=0, (3.7)

and a vanishing generalized torsion
Liyne =0, (3.8)
the following projections of I'yyyp = —I'yrpn are well-defined and can be perturbed,
Pyung = ~PQ"Pu0sPry . Timg = Py "Pu®0sPrq
Lywvg = 2P P *0sPrar . Tizng = 2Pu""Piv0sPar - (3.9)

Similarly to Riemannian geometry, the generalized Ricci scalar and the generalized
Ricci tensor can be constructed from different (determined) projections of the generalized
affine connection. Following the original construction of the GKSA we impose,

KPop KM + KpoMKP — KPop KM =0,
KPopKM + KpdMK? — KPopKM =0, (3.10)
and
KMoy f=EKMoyf=0. (3.11)
Using (3.8), we can change 0 — V in (3.10) obtaining,
KPVpKM 4+ KpVMKP - KPVpKM =0,
KPVpKM + KpVMKY - KPVpKM =0, (3.12)
In the next part we explore how the previous conditions appear in the flux formalism of

DFT [14]. Then we explicitly compute the EOM’s of the field content of DFT when we
impose the GKSA in this formalism.



3.2 Generalized flux formulation

The generalized flux formulation of DFT is closely related with the generalized frame
formulation introduced in [13]. The latter is compatible with the GKSA if we consider
perturbations of the form,

— — 1 e
EMA = EMA + §/€EM§K§KA,
1 = _
Evt = Ey2 - §/<;EMBK§K4, (3.13)

where K4 = EMAKM = EMAKM and K4 = EMZI_(M = EMZ[_(M and &4 is an
O(D,D)/O(D — 1,1), x O(1,D — 1)g frame. In this formulation A = 0,...,D — 1 and

A=0,...,D—1are O(D—1,1);, and O(1, D — 1) indices, respectively.
We can define flat invariant projectors as follows,

Pap = EnalMp = Pag,
Pap = Eya& 5 = Pan, (3.14)

where Pap = EMAEME and Pap = EMZEME are the standard DFT flat projectors.

Using these projectors we can construct two invariant metrics,

nap = Exan™NEng = Eyran™N Eng, (3.15)

Hap = EyaMMVEnp = EyaH"V Enp . (3.16)
The flat covariant derivative acting on a generic vector Vp is
DaVp = EAVE + Wap“ Ve, (3.17)
where €4 = 2EM 403 and WxgC is the generalized spin connection that satisfies
Wasc = —WacB and WAEQ = WAQ? =0. (3.18)

With the help of the generalized frames we can construct the generalized fluxes, which are
defined as

Fapc =3E4(EM B)Ency
Fa=V2e*0y (SMAB_Qd) : (3.19)

In the flux formulation of DFT, conditions (3.10) and (3.11) become

KABAKC + KAKPF, % =0,
KABGKC + KAKEBR S =0, (3.20)

and
KAB,f = KAB;f =0. (3.21)



It is straightforward to check that the previous conditions are double Lorentz invariant
using
or€na =EMPTBa, OrEya = Ex"Tpa (3.22)

where I'yg = —I'g is the double Lorentz parameter.
Only the totally antisymmetric and trace parts of Wapc can be determined in terms

of Ey4 and d,
1
Wiasc) = —ngBc, (3.23)
Wgal = —Fa, (3.24)

the latter arising from partial integration with the dilaton density. Using these identifica-
tions, conditions (3.20) and (3.21) can be written as

KoDAKP = K;DAKE =0,

KaDAf = KxDAf =0, (3.25)

where D 4 is the background covariant derivative. As we mentioned before, the generalized
Ricci scalar and the generalized Ricci tensor are completely determined in terms of the
degrees of freedom of DF'T and, particularly, can be written in terms of different projections
of the fluxes,

1 1 <
R = 2EpF4 + FaFA —  FapcFAPC — S Fap FAEC, (3.26)
Rap = E2FB — EoF a5 + Fepal "8 — FoFap© (3.27)

The previous projections of the fluxes can be computed using (3.13) and impos-
ing (3.20) and (3.21),

3 —D
Fapc = Fapc — EHK KiaFpop (3.28)
__ _ 1—D
. 1
Fape = Fape — (K[CDB}KA + KzEpKc) — QKDKAFDBC> : (3.30)
1 B =B .C
fA:FA_QH KaDgK +F§ACK K=+4Duf ) . (3.31)

Replacing the previous expressions in (3.26) the generalized Ricci scalar can be written as
R=R+rk [—KAKBEBFA — Dy (KADBKB + FB‘wKBKc> + FABCK DKo

+ FABSK EpKo — ADoDAf

+ K2 [4BAfEAS] (3.32)

and therefore in the case f = const., the generalized Ricci scalar can be linearized.



With a similar procedure the generalized Ricci tensor can be written as,

Rap = Rap + 5Ryap + KR 2yap (3.33)
where
1 - 1 -
Roin =307 (KBD K )+ EC (KeDpKx) -5 BC (KpDoK)+5ES (K3Eskc)
L pC (R4EcKp) — 2K KCE P, — LB R KE P, — YR B kO
D) *( AtC B) 2 DBC ™ 2 DBC ™ 2 DBC
1 1 - 1
—;ECKPK FDBC—ﬁKDECK Fppc— KQKZEQFDBC+§K KCEpFapc
1 1 E 1
—;KeDpKgFe* +§K§DQKEFQEX—iKEEQKQFQE—+§K—ECKBFQEZ
+%?—D—KCFB— J?—D—KCFB@JF 1KCE—F—FB KCE K5FpP
—l—%KQDQFZFC ;KCK ECFB—fKBDCK FC+ K4EpKoFC
- 1—=FE
—5KZEQK§FQ—§K Ko FeprFseP+3 L KPR Fppc FEP
1 JR—
— 5 KPR 3FppcFe—; LKP KL P p Fapc—2D1DBf, (3.34)
and
1D .o — 1—D .o+
L o =D\ 1 0w g, (%D
~ KKK (ECDDK ) ~ KOKK EC (K FDBE)
- KSK (EcDgf) + (KDcK) (DSf) - (KxEpKc) (DEf)
+ (K4EcKp) (DCf) + (K2K4Fpsc) (DCf) - (3.35)

As can be appreciated, the EOM of the generalized metric contains quadratic terms
even if f = 0, and unlike general relativity there no exist a; and ag such that the quadratic
terms can be written as

Riyap = KK R o5 + s Kp KR

AB K)AC

The previous equation shows that the equation of motion of the generalized metric
cannot be linearized when the GKSA is considered. Nevertheless, upon breaking the global

O(D, D) invariance and using the equation of motion of g, and b, it is straightforward
to probe that the quadratic contributions vanish when f = 0, as showed in [20].

4 Higher-derivative Double Field Theory

Higher-derivative extensions in DFT were analyzed in several works [15-19]. An iterative
procedure to find an infinite tower of this kind of terms was recently given in [36]. In that
work the authors consider an O(D, D + K) multiplet H v, which is a generalized metric
constrained to be an element of O(D, D + K) with invariant metric Jans

Hap 772 Hyo = imn s (4.1)



M,N =0,...,2d — 1+ K. In this formulation, K is the dimension of a gauge group K
and therefore H is parametrized by a generalized metric which is an O(D, D) element and
by a generalized constrained O(D, D) vector field.

The generalized frame £ A relates the generalized metric H mn with the flat gener-
alized metric H .z, and the O(D, D + K) invariant metric iy with its flat version 745
(which we assume to be constant) as follows

Haaw = En* Hap En® (4.2)
i = Em” flas En® . (4.3)
Since the idea of this formalism is to cast the O(D, D + K) formulation in terms of
O(D, D) frame multiplets, the extended Lorentz subgroup O(1,D — 1+ K) — O(1,D —
1) x O(K) is broken such that the flat indices now split as A = (A, A) = (A, A, @), and
transform respectively under O(D —1,1) x O(1,D — 1) x O(K).
Under this splitting we have
ﬁMN:fé\MAgNAJré\MZgNZJFEMagNa, (44)
ﬁM/\/:éMégNA+(§MA§Nz+§Ma§Na, (4.5)
where we use the convention that Pap, Pap and KaB raise and lower indices once we
parametrize the O(D —1,1) x O(1,D — 1 + K) projectors as

Pag 00 R 0O 0 o
Pas = 0 00|, Paug=]|0Pag O . (4.6)
0 00 0 0 ]

We introduce the following O(D, D) multiplets
Hyun, Cu®, d, (4.7)
and the O(D,D)/O(D —1,1) x O(1, D — 1) frames which satisfy

nun = Hupe n7° Hng

Hun = —En2Ena+ En* Eyg,
N = EnAEna + EMZENZ (4.8)
and we demand
PuNCn*=0, PuYNCN® =Cu*. (4.9)

It is straightforward to find the relation between the O(D, D) multiplets and the
components of the O(D, D + K) multiplets. Given the following parameterization [59]

~ ﬁMN 5]\/[’8 ~ nun 0
H = = e = 4.10
MN ((CT)QN Naﬁ) ) TIMN < 0 K,aﬁ ) ( )

~10 -



one obtains a non-polynomial relation given by

_ _ —1laB
Hun =Hun + 2Cha (fi +C"y 1C) (CT)ﬁN ’

)—16V

Chia = 2Cvp (/1 +cty e Ko s (4.11)

-~ —1v9
Nop = —Kag + 2Kay (/-@ + CTn 1C> K§B -

The tilded fields are also O(D, D) multiplets, which are constrained by the require-
ment (4.1), that reads

ﬁMPﬁNP-l-CNMaCNNa:nMN, (4.12)
ﬁMP(?POC—i-CNMﬁ]\Tﬁa =0, (4.13)
C~paC~P5 -f-N»yaN’yg = Kag - (4.14)

On the other hand introducing the following definitions

AP = ko + CrraCMP (4.15)
En™ = nu? + CuaCN® 4.16)
we can parametrize

Sl = &y

~ 1

v2 = (E72)n " Ept
éMa =Cy" (A_%)W’B ega

A =0

EA = —€PA(Z72)pCpq

£ = (A7) e, (4.17)

which verify (4.4) and (4.5). Here we have introduced a constant eo” that identifies the
gauge indices o with @ and satisfies eaa/ﬁaﬁegﬁ = Kag-

4.1 Biparametric corrections

In this work, we explicitly implement the following identification for the gauge group IC,
K=01,D-1)cO(1,D-1+K), (4.18)

which is enough to include 4-derivative terms in the ordinary DFT action, as was discussed
in appendix A of [36]. The idea is to identify the gauge degrees of freedom Cp/* with
(derivatives of) the generalized frame Ep4.

Let us first begin by introducing the generators (ta)zg that relate objects with gauge
and P-projected adjoint Lorentz indices

Aa=—(ta)g* Az",  Az" = -Aa(t)5". (4.19)

- 11 -



This implies that

(VP (to)ep = 008 . (ta)s® (La)g" = Kap. (4.20)
and
[ta, tg] = fap " ty. (4.21)
We define
Cape = —V2EM ACu" (ta)5e (4.22)

which we identify with F ABc» as its index structure suggests. It is important to remark
that this method is valid Bnly to include four-derivative terms in the action principle, as
discussed in [36].

Mimicking the previous procedure, but starting with an O(D + K, D) invariant theory
results in an equivalent O(D, D) formalism up to a Z, transformation. Therefore, the most
general higher-order action principle in terms of O(D, D) fields is a biparametric action
with the following form,

S= / 2P X 2R — / PP Xe (R + aRO) + HR)) (4.23)
where R(1) is
1
R =~ [(a€pFPep) FAP +(Ea€pFop) FPOP + 264 Fp P ) FAop P2

+(EAFACP) (e FB o5) + (EaFBP) (EAFE o5) +2(EaF B) FE 75 FACP
_i_(gZ}—B@)JTQ@}—ABC (gAFBCD)fCCDFABC+2(5 ]_-ACD>]_— CD rB
_4(54]:50[))]:’4@]:5’?5—1—f}'EAg}'Bﬁ}_CCD.FM—I—}"W}" CDrpF4

+ ]_—ACT]_- ]_—Aﬁ ]_—BGD Fs CE ]_- ]_-AW ]_—BGD ]_-ABD }—DCD Fc CD ]_—ABC

in agreement with [15], and was determined through the corrections to the extended gen-
eralized fluxes using (4.17),

A

CD C
Fapo=Fapo+3 (5 FP 1+ FEP Fap ) Feon
3
1

A EF D
F ABC — F ABC — i DEF]: P %:Te; BC)>

R 3 D _2,C ED
Fapc = Fapc + (5[AFCDB - 5}'2@72@ 37 CE[A]:BED> Feien

Fa=Fa- i [ FEepFaP Fi + & (FE5Fa°P)] - (4.24)

R coincides with R(H) modulo a Zy transformation. Here a¢ and b are undetermined
constants and there exists an infinite amount of first-order duality invariant theories, some
of them not related to String Theory [60, 61]. In this work we focus in the case a =
0 and b = 1 in order to match with the higher-derivative heterotic supergravity after
parametrization. The explicit form of the k terms of the 4-derivative Lagrangian is given
in appendix A.

- 12 —



4.2 Equations of motion

Using the procedure discussed in the previous section, the equations of motion of higher-
derivative heterotic DF'T can be recast in the following compact form,

R=R+RH =0, (4.25)
Rps=Rpa+ 7?% =0, (4.26)

Ll

where

Risa = _ZEF (0 (FugpFCFT) + F g FEPT Fo|
b

2
b EF | rDEF cc_ ., br @r b CEF
+ 5 (aFu"" + FPPT Fop) FoprF Cp + 1 Fac Fog F pgpF e

* %Qf 5 FmrF P+ bEuF ppép O — b Fopp T FgP

- gggfgﬁféffgﬁ + gsgfgﬁfgﬁaicg - gféffB@fgﬁfQ@
+ ngC—DfE@fQﬁfQﬁ - g (EgF™" + FEET Fpp ) FomnFe

* Z (ép (FegpFPT) + FeppF PP Fp| Fpa©, (4.27)

£C |(E571a™" + FPFF Fypa) Foymr)

and R given in the previous section. The former equation corresponds to the first-order
correction to the equation of motion of the generalized frame in the flux formalism of
heterotic DFT. As far as we know, this result was not previously reported in the literature
considering the flux formulation of DFT.

4.3 Generalized Green-Schwarz transformations

The biparametric higher-derivative DFT action (4.23) is invariant under generalized
Lorentz transformations only if the generalized frame receives a higher-derivative correction
to its Lorentz transformation,

sVE, 74 = —EnEFCPET &5,
§WeENa = EMPFAPERT o5 (4.28)

where I'yp was defined in (3.22). Equations (4.28) mimic a Green-Schwarz mechanism,
but in a DFT scenario. Using the previous expressions it is straightforward to obtain the

following transformations
0 Fape = V250EN7 (0NEM B) Enrc + 265N 10 VE 3
+2v200 En s EM 18,z — 2 (Ec0VEng ) €V,
SV F ymm = V20WEN 4 (N EV5) €y + 26 5EN 50 WEN a
+2v250 € 5OV EN 7 Eara — 2 (E0VE g ) EN A (4.29)
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When one imposes the GKSA, the generalized background FEj;4 and the generalized null
vectors Kys, Ky receive a first-order Lorentz transformation coming from (4.28). This
transformation can be interpreted as a generalized Green-Schwarz transformation and it
must respect the constraints of the GKSA. Inspecting the null condition we need,

oW (Kar) KM =0, 60 (Kp) KM =0. (4.30)
Similar relations can be found inspecting the generalized geodesic equations,
0V (KADAKT) =0, 6O (KAD7KS) =0. (4.31)

The previous conditions cannot be satisfied with the zeroth-order constraints for a generic
solution, and therefore equations (4.30) and (4.31) can be interpreted as extra constraints
of the theory. In the next part of the work we break the duality group in order to obtain
the low energy effective heterotic supergravity with higher-derivative terms.

5 Heterotic parametrization

5.1 Parametrization

We start by taking D = 10 and promoting the duality group to H = O(9,1), x O(1,9+n)r
with n = 496 in order to describe the 10-dimensional heterotic supergravity. We admit
the inclusion of heterotic vectors in a duality covariant formulation as in [62]. We split the
indices as M = (,,",i) and A = (a,a,i). The generalized frame is parametrized in the
following way,

E/Lg E#g El:g 1 iéoua - Cop,tiéga %ga _Aopiégav
EMy=|E3 E'g E'z| = 75 | Foma — Copptha o —Aopeha |, (5.1)
Elﬁ E‘u; EIZ \/§A0#i612 0 \/é@lz

where Copp = bopw + %AouiAoyi- The invariant projectors of DFT are parametrized in the
following way
Pab = —nab030h, Py = 1ap0edy. (5.2)

a

According to the previous parametrization, the generalized metric takes the following form,

g _ghrC _GHPA.
o go opv ) ) go opt A
Hun = —§chopu Gouv + COPMCoayggJ + AOMZ"{UAOV] CoﬂﬂggOAOUi + Aoﬂjﬁji - (5.3)
_ggpAopi CopuggUAoai + Ao’ Kij Kij + AopiggaAoaj

On the other hand Kj; and Kjs can be parametrized as
% JH
L lc wl| . Ey=-—2li lc T (5.4)
75 | 7w~ Yopu ) M= =75 tu = Yopp : :
V2 —Apipl? V2 —Apipl?

Ky =

We impose the standard gauge fixing for the double Lorentz group,

~ b~ = b= ~
eouana €ovb = eouana €ovb = Guv » (55)
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with 7, the ten dimensional flat metric, a,b = 0,...,9. Finally, the parametrization of
the generalized dilaton is,

e 2 = \/5672& . (5.6)

The previous parametrization reproduce the low energy heterotic supergravity with
higher-derivative terms. While g, and b,, are consistently perturbed by a pair of null
vectors [ and [ as in (2.14) and (2.18), the perturbations of the gauge field A, are sup-
pressed by the O(10,10 + n) invariance.

5.2 Field redefinitions

One of the most interesting aspects of higher-derivative DFT is the need of field redefinitions
to match with standard heterotic supergravity using (5.1). It is straightforward to show
that g*” transforms under Lorentz transformations as,

A" = A" + KIWT)) = =9, Aap - (5:7)

We stress that this field redefinition is independent of the GKSA and therefore it is manda-
tory to consider an exact metric and dilaton redefinition of the form [15],

pab® v

V=ge 2 = \/=ge (5.9)

) 1 ()
G = G — 59( JQ(—)ab (5.8)

and hence 6pg,, = 0 as in (2.19). The previous field redefinitions can be imposed at
the level of perturbative double field theory and, in particular, when one considers the
GKSA. Parametrizing the generalized frame perturbations we find (before imposing the
gauge fixing),

~ = ~ = 1 .- -
6" = eo™ = ST, (5.10)
1. -
€ut = €op® — iglul,,égg, (5.11)
1
& = & + SRIMT G, (5.12)
1 -
et = e + 5&[“11/50”@, (5.13)
where )
L — (5.14)
2+ k(l-1)

In the limit k* ~ 0 we can identify €,° — €, (and e*® — &%). Moreover, since the
field redefinition (5.8) contains two explicit derivatives we can construct the torsionful
connection using e, instead of €,,. The former is perturbed as

1 -
e =eon” — inl#ll,eza (5.15)
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and the torsionful connection can be easily constructed considering the perturbations of
the spin connection

Wyab = Wopab — %/1 {VW (l,,l:,) + Vou (lgl#) — Voo (l#l_,,)} €olaCob] T O(%Z) , (5.16)

and the 3-form

Hyup = Hoprp = 36V ,p (Il ) + O(s?) (5.17)
In this case the gauge fixing implies €,,%20,* = €4," — Rf[#ly] e,”?, where the left background
vielbein is related to right one through [ and ! terms.
In what follows we use the present formulation to find higher-derivative corrections in
the context of heterotic supergravity considering the GKSA. We restrict our study to the
leading order in k terms in order to be compatible with the gauge fixing here presented.

6 Classical double copy

The double-copy structure of perturbative gravity originates from string theory in the so
called KLT formalism, where one identifies universal relations between open- and closed-
string tree-level amplitudes [37]. The KLT relations have been later on reformulated in a
field-theory framework by Bern, Carrasco and Johansson (BCJ) noticing a hidden symme-
try of gauge-theory amplitudes which is a duality between color and kinematics [38, 39].
In heterotic supergravity, the identification of the null vectors with a pair of U(1) gauge
fields reproduce a pair of Maxwell-like equations to describe the dynamics of the system,
as showed in [35]. In this part of the work we inspect higher-derivative corrections to these
equations.

6.1 Double null vector ansatz

Higher-derivative terms can be easily incorporated in the classical double copy prescription
of the low energy limit of heterotic string theory. We assume that the geometry admits
one Killing vector £ such that the Lie derivative L¢ acting on an exact field vanishes,

LfTMmzu&.. =0 (6.1)

where T}, ,,,,5... is an arbitrary tensor. Moreover we choose a coordinate system where £#
is covariantly constant, i.e.,

Vougu = VO[M&,] = 0, (6'2)

and then condition (6.1) is
€MVOMTN1H2M3-~ =0. (6-3)

We normalize the null vectors to satisfy,

Eunly =&m"l, = 1. (6.4)

In order to obtain the leading order terms with up to four derivatives in the single
and zeroth copy, we perturbe the gravity contributions to (2.9) by considering A,,; = 0,
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¢ = ¢, = const. and H vp = I:IOWP = 0. Then we contract the equation of motion for the
metric tensor with £# and &Y,

1 a
&LLA(I)Q;W = _igﬂgm—RauabR‘ru b, (65)
v 1 v, oT a
£ A(l)g,uu = _igug g RauabRTV b’ (6-6)

to find the single copy and the zeroth copy, respectively. We perturb around a generic
background,

9" = g + rl 1)

G = G — Kl 1), (6.7)
keeping only x terms to be compatible with the previous section, and we include the scalar

function ¢ in the ansatz.
After imposing the previous ansatz the connection takes the following form

Ffw = Fg,uz/ - %ﬁggp [vou (Sol_(ulp)> + Vo (QOZ_( lp)) - vop (gol_( lw)} . (68)

The Riemann tensor for this configuration can be written in the following covariant way,

RU/\;W = Rg)\;w - %Kvggpvo,u [Vou ((Pl_()\lp)) + Vo (SOZ_(le)) - vop <90l_(1/l/\))}

+ %chgpvoy {VOM (gol_()\lp)> + Vox (gol_(ulp)) - Vop ((pl_(ul)\))} + O(Ii2) .

The leading order contributions to the equation of motion of the metric tensor were studied
in [35] and match with Maxwell-like equations after identifing ¢l, = A, and ¢l, = Am
where A, and A, are a pair of U(1) gauge vectors,

K
ZVﬁfF,M- =0, (6.9)
gvgﬁm =0. (6.10)
The curvatures for the abelian gauge fields are F,,; = 20|,4,); and F, i = 28[uﬁy]i. The

first correction to these equations are x terms that come from the linear perturbation of
the Riemann tensor in (6.6). Explicitly,

g [VgF,uV + (vOpFua>RouupU] == O, (611)
g V4 Fs + (VopFro) R | =0, (6.12)

where we have used
[vom Voo‘]gu = Rg/\pag)\ =0. (613)

The zeroth copy dynamics does no receive a higher-derivative correction in this approxi-
mation,

K

ngv(map =0. (6.14)
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Finally we mention that the contributions found in this paper are consistent with the
KLT relation but they do not satisfy the color-kinematics duality. The gauge contributions
that satisfy this duality are [63]

1 )
Lopen = i Fi PP 4 gFﬂyF”Fw + O(FY, (6.15)

where Lopen is the effective open string Lagrangian. The second contribution in (6.15) is a
O(c') contribution that requires non-abelian contributions from the structure constants of
the heterotic gauge group. We left the study of these color-kinematics terms for future work.

7 Conclusions

We study the heterotic formulation of DFT when higher-derivative terms are included,
and the field content is perturbed with the GKSA. We start by adapting the GKSA to
the flux formulation of DFT. Then we compute a higher-derivative extension for DFT
considering multiplets of O(D, D + K) and we choose the free parameters of the formalism
to match with the heterotic case. At this stage we review the four-derivative corrections to
the action principle of DFT and we compute the full first order equations of motion. Then
we impose the GKSA to compute the leading-order contributions to the action principle
and we study the first order symmetry corrections in this framework. The double Lorentz
symmetry is deformed by a generalized Green-Schwarz transformation that must respect
the constraints of the GKSA and these are new conditions for generic double backgrounds.

Upon parametrization, we reproduce the low energy heterotic supergravity with higher-
derivative terms. Higher-derivative field redefinitions are required to match with the stan-
dard transformation rules. The gravitational field content, g,, and b,,, is consistently
perturbed by a pair of null vectors ! and I. Interestingly enough, the perturbations of the
gauge field A,; are suppressed by the O(10,10 + n) invariance, using the flux formulation
of DFT. This last point indicates a tension between the generalized metric formalism and
the generalized frame formalism upon parametrization. Moreover the generalized frame
formulation requires to impose gauge fixing to relate the vielbeins needed to construct the
torsionful spin connection. Here we solve this issue considering x? ~ 0.

As an application we study higher-derivative contributions to the classical double copy.
We focus in the single and zeroth copy coming from the Riem? starting from a generic
background. In this scenario we obtain four-derivative corrections to the x Maxwell-like
equations previously discussed in [35] in agreement with the KLT relation.
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A Corrections to the DFT action

The four-derivative contributions to the DFT Lagrangian when the GKSA is imposed are

given by
R =R+ bk(Ty + T + T + T3) + bO(k?), (A.1)
where
Ty = KAKA(—;FAFBFBBCF—2FBBAFBCDFC CFR A FBRARPOAp

BCA B D BBA DC -C BCA D A B E
—-F Fi— F\F‘ —2F F = FE Fﬁ—i-F FQE FﬁF‘B

1 — __ I —_ _ —
- 5FEFBCDFBB el dan A_ FBMFCC—DFBC ApEP +FJ-”‘B—AF§§C FQ—AFQ—D
1 _ _
_ §FBBAF007DFBCDFQ7A+ 7F§BAFC’DAFBBCF007D FALCFgg FiBDFADC
— S FBRACAR PO FERCRP pAp A pPECE AR P RA
FBCAFBCAFC FB D FABC’FBBCFCDFDBC+F BCFCDAFBBDFCCA> 7 (A.Q)
Ty = —2B2fFEF - Fa P + KK < SEAFA__FE FBBC+ EAF e FEFAPC
1 BCA ACB » BC B BC
—5E FgF F\—E FBﬁF ~—=Fc ——E Fss F*FB
. %EBFAiFBCDFQ A+ EAFBTCFDABFB cJr EAFBﬁFBFABC
. %EQFAFBBCFéi EAFBFB FABC+ EAFB%FB BFADC

+EEF; —FCFCAB+ EEFA__F FBBC+ B F—FBBC

. %EBFAFBCAFB?c EBF AF CBF AC 7EBFA7FA70FQW
1.8 A 2 ABC B A -ABC Bp A DBrA C
2E FBWF F="" — 7E FBWF F — —E FE F=5
1 B A ACD 1 AB ~ACD A BAp CD

+- 5 E FB@Ff += 3 E FB@F ==F + E Fep FBfFB
1 1

EBFA FDABF C_EEBFA AF BCFCBC‘FEAFB?CF ABFCBC

+ELF 5 FEFP g2~ EPR; AFCFp*P — PR FP PO

+EEFoFPACE oA BBy AFBDQFQABfEBFBEZFQFEQA

B A 2CAC B ACACBilB AAC - BC
+§EfF F"==Fy, BC + E F F~ p=F= E FCB—CF ~—=Fp

+EPF " Fy EFCC—A—F—E P F* FABC——E F = FABC il

CBC CcBC
. %EBF AFBCAFCBC . %EBFB?CFACAF Bc+ EBFCﬁFBﬁFEAC

+ %EBFCﬁFB AFCAC _ %EBF AFECBFQEA_i_ §E§F§QAF§aF95§

- EBFCBAFBDAFBDC> — s Ka B R FEFp PO FA o SR FAKAFEFPONF

AT 1 CDB B A B DB CrA B
+KaFE KB( F Ap FBﬁ—&—FfFfFEZ _FQE F=—"F=—F%

+FBE§FAEFECD +2FBCBFA7FB D _F- AFCBCF B

~ FBCFC pAF, P+ 2Fpc AFES P B) +KAEBKA< R
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1 A BC 1 BCA D B a
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1

+FPAPpep PP — S F PO Ppc A P55 - FEFP g2 F 5"

1 . Bca Cpn A 1.Bca CA 1.4 ¢ BCpA

+K5EPKa <FAFBFBBA —F5PCF " F o +2Fpc FEZOFE"
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N | =
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|

C B B A, 1,.BBCA 1 BCA B -C

1.-BcB c A _1,.BcB cA_1.,.BCcA D 1B
+5FPCEF 5 Fug — S PPEEF 5 PA =SP4 F 5 FW>
Ty =2E4F 5 B fFa"? —2V2EAEY p Fa P FE 00 f—AEMAENEF yom Fp P onn f
V2
4

EAE]VIQFABCGAJF§ﬁ+EJVIAEN§FABCaMNFB%
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V2
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EAEM g FBAB g, Fyxp—
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+KA8NIKA(\4[FBCAEAEMBFBBC_ EFBCAEEFAETCEME
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