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1 Introduction

The physics of boundaries, in particular the interaction between degrees of freedom on the
boundary and those in the bulk play an important role in diverse areas of physics, from
solid state physics to gravity. In the latter area, this is particularly the case for the hori-
zons of black holes. Bekenstein-Hawking entropy [1, 2] assigns the black hole an entropy
as if there was one bit of information encoded in each Planck unit of its horizon area, and
Hawking radiation looks as if it was perfectly thermal at its surface [3]. The holographic
principle as advocated by ’t Hooft, Susskind and others states that the entire state of the
black hole is represented on its surface [4]. In loop quantum gravity, a picture that is
consistent with these holographic ideas emerges partially from an observation about the
classical theory and its boundary at the horizon: if a spacetime with an inner boundary is
considered, and boundary conditions are imposed at the inner boundary consistent with it
being an apparent horizon, the symplectic structure attains a contribution corresponding
to a Chern-Simons theory on the horizon [5–9]. In the quantum theory, the excitations of
the gravitational field create defects in the horizon Chern-Simons theory, thereby changing
the size of the state space and accounting for the black hole entropy [10–14]. Bound-
ary theories also play a crucial role in string theory such as in context of the celebrated
AdSd+1/CFTd conjecture [17–19], a far reaching duality which attracted a lot of interest
since its discovery by Maldacena. It describes a duality between string theory on a d + 1
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dimensional asymptotically anti-de Sitter spacetime and a d-dimensional conformal field
theory on the boundary such as, most prominently, between type IIB superstring theory
on an AdS5 × S5 background and N = 4 super Yang-Mills theory living on the boundary.
In the low-energy limit of string theory — aka supergravity — this holographic correspon-
dence has been studied very intensively. There, one observes a one-to-one correspondence
between fields of the bulk supergravity theory satisfying certain boundary conditions and
quantum operators associated to the boundary conformal field theory.

On the other hand, boundaries in string theory have also recently been explored in [43]
where a specific brane configuration in the framework of type IIB superstring theory has
been considered consisting of a stack of D3 branes on two sides of a NS5 brane where the
worldvolume theory on the D3 branes corresponds to a maximally supersymmetrc Yang-
Mills theory with U(n) gauge group. There, it has been observed that the boundary theory
is described by a super Chern-Simons theory with gauge group given by the super unitary
group U(m|n) and complex Chern-Simons level. But also other configurations have been
considered leading to super Chern-Simons theories with gauge supergroups OSp(m|n).

In the context of supergravity, there exist various different approaches on the proper
description of boundaries (see e.g. [20–23]). More recently, boundaries in supergravity
have been considered in [82–86] in the framework of the so-called geometric approach also
commonly known as the D’Auria-Fré approach [44, 45]. There, a systematic approach
for D = 4 pure supergravity theories both with and without a cosmological constant has
been developed, by studying the most general class of possible boundary terms that are
compatible with the symmetry of the bulk Lagrangian. By demanding supersymmetry
invariance at the boundary, these boundary terms then turned out to be determined even
uniquely. Moreover, within this formalism, one finds in both cases, i.e., with and without
a cosmological constant, that the associated boundary conditions are not of Dirichlet-type
but require the vanishing of the supercurvatures on the boundary. Finally, it follows that
the resulting action of the theory including bulk and boundary degrees of freedom takes
a very intriguing form which, for N = 1 and nontrivial cosmological constant, exactly
reproduces the well-known MacDowell-Mansouri action [25]. In particular, in this way, a
similar structure has been found for N = 1, D = 4 flat supergravity [84] as well as N = 2,
D = 4 pure AdS supergravity [82].

LQG is a program of quantum gravity originially based on canonical quantization of
variables introduced by Sen, Ashtekar, Immirzi and Barbero [26–29] for Einstein gravity.
These variables have the remarkable property that they embed the phase space of gravity
in that of Yang-Mills theory. It was pointed out in [30] that all these variables can be
obtained from an action that differs from the Palatini action by a certain topological term
defined by an operator on the Lie algebra of the structure group. This modification of the
gravitational action is thus one of the foundations of the theory.

While LQG is much less ambitious then string theory in terms of unification, it has
very interesting results to its credit, such as a kinematical representation that carries a
unitary representation of spatial diffeomorphisms, quantized spatial geometry, an account
of black hole entropy as described above in more detail, and a path integral formulation in
terms of so-called spin foams. Also in the latter, the Holst action plays an important role.
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In fact, it was found that the additional term is essential to obtain viable gravitational
amplitudes [31–33].

The present work is part of a long running effort to allow the quantization techniques
of LQG to be applied to supergravity. We will describe the status quo below. In this article
we want to study the classical theory of boundaries in supergravity in D = 4 for actions that
contain a modification analogous to the one that leads to Sen/Ashtekar/Immirzi/Barbero
variables [26–29]. There are several reasons why this is an interesting topic to study. To
begin with, it is indispensable to understand action and canonical theory in the presence
of generic boundaries before studying the situation for (apparent) horizons of black holes.
This will in turn shed further light on the quantum description of black holes in loop
quantum gravity (LQG), allow for the treatment of supersymmetric black holes with the
same methods, and a comparison with string theory results. It is relevant in other contexts
in which boundaries play a role, such as the ones listed in the beginning of this introduction,
in particular also in the discussion of subsystems in gravity [35]. Finally, in this work we
develop and use a concise and geometrical form of the supergravity actions with Holst-type
modifications, which may be useful in itself for future work.

In context of LQG, N = 1 supergravity in terms of self-dual variables has been studied
e.g. in [50, 51]. In particular, in [51], on the kinematical level, a hidden osp(1|2) gauge
symmetry in the constraint algebra has been observed which subsequently has been used
to formulate a quantum theory à la LQG by Gambini, Pullin et al. [52] and Ling and
Smolin [53] and in context of spin foam models in D = 3 e.g. in [56, 57]. Extended N = 2,
D = 4 chiral supergravity has been studied e.g. in [59, 62], and in terms of a constrained su-
per BF-theory in [60]. Finally, these considerations have also been extended to include real
variables in [42, 58, 61] as well as Bodendorfer et al. [67–69] in context of higher dimensional
SUGRA theories. Finally boundaries in supergravity in the framework of LQG have been
discussed using self-dual variables already a long time ago in [54, 55]. Interestingly, there the
authors already seem to suggest that topological terms contained in the (chiral) MacDowell-
Mansouri action may play a role in (quantum) description of boundaries in supergravity.

In what follows, we want to study this question from a more general perspective follow-
ing newer developments in the geometric approach [82, 83] and pointing out the importance
of supersymmetry invariance at the boundary and also explicitly including real Ashtekar-
Barbero variables. Moreover, we will start from the original supergravity Lagrangians in-
stead from constrained field theories. We will not use the formalism of isolated or dynamical
horizons ([36–38] and [39] for an overview and further literature) as it has not yet been thor-
oughly studied in the context of supergravity, and because its boundary conditions seem
not to be well-adapted to the requirement of local supersymmetry at the boundary. Rather,
following [82, 83] we make the condition of local supersymmetry extending to the boundary
the guiding principle for finding appropriate boundary terms and boundary conditions.

Therefore, using the interpretation of supergravity in terms of a super Cartan geome-
try, we will derive the Holst modification of the MacDowell-Mansouri action for arbitrary
Barbero-Immirzi parameter β for N = 1 and N = 2 pure AdS supergravity as derived
in [82] which as mentioned above, by construction, already contains the most general class
of boundary terms maintaining supersymmetry invariance at the boundary. To this end, in-
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spired by [75–77] in context of ordinary gravity, we will introduce some kind of a β-deformed
inner product induced by a β-dependent quasi-projection operator Pβ defined on super Lie
algebra-valued differential forms. As we will see, this approach then also allows for a very
elegant and unified discussion of the chiral limit of the theory. There, it follows that P±i
becomes a projection operator onto a proper subalgebra of the super anti-de Sitter algebra
corresponding to the (complex) orthosymplectic group OSp(N|2)C. As a consequence, the
resulting action becomes manifestly invariant under OSp(N|2)C thus revealing the under-
lying enlarged gauge symmetry of the chiral theory for both cases in a very clear way.

In particular, it follows that the resulting boundary terms correspond to a super Chern-
Simons action with gauge group given by the supergroups OSp(N|2)C and complex Chern-
Simons level. For N = 1, we will also prove explicitly that the full action is indeed invariant
under left- and right-handed supersymmetry transformations on the boundary and even
turns out to be fixed uniquely by this requirement. Finally, we will derive the boundary
conditions of the full theory describing the coupling between the bulk and boundary degrees
of freedom. As we will see, these turn out to be in strong analogy to the standard boundary
conditions as usually applied in LQG and, in partcular, transform covariantly under the
enlarged gauge symmetry of the chiral theory.

The structure of the paper is as follows. At the beginning, we recall very briefly some
basic elements of the Cartan geometric approach to N = 1 pure AdS supergravity and
discuss the most general class of possible boundary terms following [82, 83]. We then
define in section 2.1 the Holst-MacDowell-Mansouri action by introducing a β-dependent
quasi projecion operator. In section 2.2, we will disucss the chiral limit of the theory,
derive a manifestly OSp(1|2)-gauge invariant form of the action and discuss the resulting
boundary theory. We then repeat this procedure for the N = 2 extended case in the
subsequent sections 3 and 3.1. In particular, we will extend the N = 2 pure supergravity
action as found in [82] to arbitrary β including the most general class of boundary terms
compatible with local supersymmetry. We will then discuss the chiral limit as well as the
boundary theory in section 3.2 and compare our results with those found in [82, 83].

We work in signature (− + ++). The gravitational coupling constant is denoted by
κ = 8πG, the cosmological constant by Λ = −3/L2. Indices I, J . . . = 0, . . . , 3 are local
Lorentz indices. 4D Majorana spinor indices are denoted by α, β, . . . whereas A,B, . . .
and A′, B′, . . . are left- and right-handed Weyl spinor indices, respectively. Finally, R-
symmetry indices are denoted by p, q, r, s, . . .. The conventions for the gamma matrices as
well as spinor calculus can be found in appendix B.

2 Geometric N = 1 supergravity with boundaries

In this section, we want to briefly recall the geometric interpretation of N = 1 AdS-
supergravity1 in terms of a super Cartan geometry as discussed in more detail in [40, 41].

1The four-dimensional anti-de Sitter spacetime is an embedded submanifold of the semi-Riemannian
manifold R2,3 equipped with the metric ηAB = diag(−+ + +−), that is

AdS4 := {x ∈ R2,3| ηABxAxB = −L2}
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For a review of the relevant supergroups and our choice of conventions see appendix C.
Moreover, following [82], we discuss the extension of the theory in the presence of bound-
aries and the implementation of supersymmetric boundary conditions.

Pure D = 4, N = 1 AdS supergravity can be described in terms of a super Cartan
geometry modeled on the flat super Klein geometry (OSp(1|4),Spin+(1, 3)) corresponding
to super anti-de Sitter space.2 Using the decomposition osp(1|4) = R1,3⊕spin+(1, 3)⊕∆R of
the super Lie algebra, with odd part ∆R corresponding to a real Majorana representation,
the super Cartan connection A of the theory takes the form

A = eIPI + 1
2ω

IJMIJ + ψαQα (2.1)

with eI the co-frame, ωIJ the spin connection and ψα the Rarita-Schwinger field. Moreover,
the horizontal forms contained in the Cartan connection build up the supervielbein or
super soldering form E = eIPI + ψαQα which provides a local identification of the curved
supermanifold with the flat model given by super AdS4. This is a direct consequence of
so-called (super) Cartan condition. The action of the theory takes the form

S(A) =: L
2

κ

∫
M

L := 1
2κ

∫
M

(1
2F (ω)IJ ∧ eK ∧ eLεIJKL + iψ̄ ∧ γ∗γID(ω)ψ ∧ eI (2.2)

− 1
4Lψ̄ ∧ γ

IJψ ∧ eK ∧ eLεIJKL + 1
4L2 e

I ∧ eJ ∧ eK ∧ eLεIJKL
)

with F (ω)IJ = dωIJ + ωIK ∧ ωKJ the curvature of the spin-connection ω and D(ω)ψ =
dψ+ 1

4ω
IJγIJ∧ψ the induced exterior covariant derivative. As explained in detail in [40, 41],

the underlying supersymmetry of the theory can be described using the bijective correspon-
dence between Cartan connections and Ehresmann connections, i.e. ordinary gauge fields
playing a role for instance in Yang-Mills gauge theories, on the associated OSp(1|4)-bundle.
One can then interpret local supersymmetry in terms of local gauge transformations in
the odd direction of the supergroup. That this is possible is a particularity of the pure
N = 1 case since, generically, SUSY transformations have to be regarded as superdiffeo-
morphisms. For the pure N = 1 case, the appropriate superdiffeomorphisms turn out to
take the same form as super gauge transformations. Thus, using the (graded) commuta-
tion relations (C.8)–(C.11), it follows that, under such kind of gauge transformations, the
individual fields transform as

δεe
I = 1

2 ε̄γ
Iψ, δεψ

α = D(ω)εα − 1
2Le

I(γI)αβ ∧ εβ , δεω
IJ = 1

2Lε̄γ
IJψ (2.3)

for some Grassmann odd Majorana spinor εα. It then turns out that (2.2) is indeed invariant
under (2.3) provided the spin-connection satisfies its field equations.

So far, we have excluded the possibility of boundaries in our discussion. In the presence
of boundaries, it follows that one needs to add additional (topological) boundary terms in
order to maintain functional differentiability of the action functional (2.2). Moreover, in

with L the so-called anti-de Sitter radius.
2In order to properly include anticommutative fermionic degrees of freedom, super Cartan geometries

have to be defined on enriched categories, see [40, 41] for more details.
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case of supergravity, one is particular is interested in boundary terms which also ensure
invariance of the full action under supersymmetry transformations at the boundary. It
turns out that this requirement strongly restricts the structure of possible boundary terms
to be added to the theory. Therefore, following [82], one notes that the only possible
topological terms which are consistent with the symmetries of the bulk Lagrangian L ≡
Lbulk in (2.2) are of the form

Lbdy = C1F (ω)IJ ∧F (ω)KLεIJKL +C2

(
D(ω)ψ̄ ∧ γ∗D(ω)ψ + i

8εIJKLF (ω)IJ ∧ ψ̄ ∧ γKLψ
)

(2.4)
for any constant coefficients C1, C2. The first term in (2.4) is the well-known Gauss-Bonnet
term which is indeed topological. The second term can equivalently be written as

D(ω)ψ̄ ∧ γ∗D(ω)ψ + i

8εIJKLF (ω)IJ ∧ ψ̄ ∧ γKLψ = d(ψ̄ ∧ γ∗D(ω)ψ) (2.5)

and therefore is also a total derivative. As shown in [82], if one requires invariance of
the full Lagrangian Lfull = Lbulk + Lbdy under supersymmetry transformations, then
the coefficients C1, C2 are uniquely fixed to particular values given by C1 = 1/8 and
C2 = i/(2L), respectively. We will in fact show this explicitly in the chiral theory in
section 2.2 below. Moreover, using (2.5) it follows that the full Lagrangian Lfull is that of
the MacDowell-Mansouri action [25, 46, 82], i.e. quadratic in the super Cartan curvature
F (A) to be defined in the next section such that

Lfull = 1
4F (A)IJ ∧ F (A)KLεIJKL + i

L
F (A)α ∧ F (A)δ(Cγ∗)αδ (2.6)

To summarize, the boundary terms for D = 4, N = 1 AdS-supergravity in the presence of
boundaries are uniquely fixed by requirement of supersymmetry invariance at the boundary,
and they are neatly contained in MacDowell-Mansouri action.

2.1 Holst-MacDowell-Mansouri action of N = 1 SUGRA

In this section, we want to discuss D = 4, N = 1 AdS-supergravity in the context of LQG.
As in the previous section, we want to explicitly the include the possibility of boundaries
in the theory. We therefore need to derive a Holst variant of the MacDowell-Mansouri
action for arbitrary Barbero-Immirzi parameter β which is either assumed to be real, i.e.,
β ∈ R× = R\{0}, in case of real variables, or purely imaginary, i.e., β = ±i in case of the
chiral theory to be discussed in detail in the next section.

A derivation of the Holst action of D = 4, N = 1 supergravity via a MacDowell-
Mansouri action, by adding a suitable topological term and treating β as kind of a θ-
ambiguity similar to Yang-Mills theory, has been given in [66] and for the special case
of the chiral theory in [65]. Here, we want to follow the ideas of [75, 76] in the context
of classical first order Einstein gravity and its reformulation in terms of constrained BF-
theory [77]. As we will show, these ideas can naturally be extended to supergravity by
introducing a β-deformed inner product on the superalgebra.
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To this end, note that, using the explicit representation of osp(1|4) as summarized in
appendix C, the generators of spin+(1, 3) take the form MIJ = 1

2γIJ . One can then define
an operator Pβ on spin+(1, 3) via

Pβ := 1 + iβγ∗
2β : spin+(1, 3)→ spin+(1, 3). (2.7)

That this operator indeed leaves spin+(1, 3) invariant follows from iγ∗γIJ = 1
2ε

KL
IJ γKL

which, moreover, yields the important identity

PβγIJ = iγ∗Pβ
IJ
KLγ

KL, with Pβ
IJ
KL := 1

2

(
δI[Kδ

J
L] −

1
2β ε

IJ
KL

)
(2.8)

Since the odd part of osp(1|4), in particular, defines a Clifford module, we can naturally
extend Pβ to an operator on ∆R via PβQα = Qδ(Pβ)δα. Hence, using the identification
osp(1|4) ∼= R1,3 ⊕ spin+(1, 3) ⊕ ∆R, one can introduce an operator Pβ on the super Lie
algebra (or rather its complexification), by setting

Pβ := 0⊕ Pβ ⊕ Pβ : osp(1|4)→ osp(1|4). (2.9)

Using this operator, we can define an inner product on the super Lie algebra. Note first
that a standard Adjoint-invariant inner product on osp(1|4) is given by the supertrace
〈·, ·〉 := str. When combined with (2.9), this yields a the corresponding β-deformed inner
product setting

〈X,Y 〉β := str(X ·PβY ), ∀X,Y ∈ osp(1|4) (2.10)

which is invariant under Spin+(1, 3) but not under the full supergoup OSp(1|4). Making
use of this inner product, we can now formulate the Holst-MacDowell-Mansouri action of
N = 1, D = 4 supergravity. It is given by

SH−MM (A) = L2

κ

∫
M
〈F (A) ∧ F (A)〉β , (2.11)

where F (A) is the Cartan curvature of A defined as

F (A) = dA+ 1
2[A ∧A] = dA+ 1

2(−1)|TA||TB |AA ∧ AB ⊗ [TA, TB] (2.12)

with respect to the homogeneous basis (TA)A of osp(1|4), A ∈ (I, IJ, α), where the minus
sign in (2.11) appears due to the (anti)commutation of TA and AB. Using the graded
commutation relations (C.8)–(C.11) in case N = 1 as well as [MIJ , PK ] = ηIKPJ − ηJKPI ,
it follows that the translational and Lorentzian sub components of F (A) take the form

F (A)I = Θ(ω)I − 1
4 ψ̄ ∧ γ

Iψ, F (A)IJ = F (ω)IJ + 1
L2 ΣIJ − 1

4Lψ̄ ∧ γ
IJψ (2.13)

respectively, with ΣIJ := eI ∧ eJ and Θ(ω)I = deI +ωIJ ∧ eJ the torsion 2-form associated
to ω. For the odd part of the curvature, we find

F (A)α = D(ω)ψα − 1
2Le

I ∧ (γI)αβψβ . (2.14)
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To see that this in fact leads to the Holst action of N = 1 AdS supergravity, let us expand
the action (2.11). If we use (2.13) and (2.14), we find3

〈F (A) ∧ F (A)〉β = 1
4F (A)IJ ∧ F (A)KL 〈MIJ ,MKL〉β − F (A)α ∧ F (A)δ 〈Qα, Qδ〉β

= 〈F (ω) ∧ F (ω)〉β + 2
L2 〈Σ ∧ F (ω)〉β −

1
2L 〈F (ω) ∧ ψ̄ ∧ γ••ψ〉β (2.15)

− 1
2L3 〈Σ ∧ ψ̄ ∧ γ

••ψ〉β + 1
L4 〈Σ ∧ Σ〉β + 1

L
F (A)α ∧ F (A)δ(CPβ)αδ,

where we used that 〈Qα, Qδ〉β = − 1
L(CPβ)αδ which can be checked by direct computation

using the explicit representation given in appendix C. Using 〈MIJ ,MKL〉β = − i
4Pβ

MN
KL×

tr(γIJγMNγ∗) = Pβ
MN

KLεIJMN , this yields

〈F (ω) ∧ F (ω)〉β + 2
L2 〈Σ ∧ F (ω)〉β −

1
2L 〈F (ω) ∧ ψ̄ ∧ γ••ψ〉β −

1
2L3 〈Σ ∧ ψ̄ ∧ γ

••ψ〉β

+ 1
L4 〈Σ ∧ Σ〉β

= 〈F (ω) ∧ F (ω)〉β + 2
L2 〈Σ ∧ F (ω)〉β −

1
8LF (ω)IJ ∧ PβKLMN ψ̄ ∧ γ

MNψεIJKL

− 1
8L3 ΣIJ ∧ PβKLMN ψ̄ ∧ γ

MNψεIJKL + 1
4L4 ΣIJ ∧ PβKLMNΣMN εIJKL

= 〈F (ω) ∧ F (ω)〉β + 2
L2 〈Σ ∧ F (ω)〉β + i

8LF (ω)IJ ∧ ψ̄ ∧ γ∗γKLPβψεIJKL

+ i

8L3 ΣIJ ∧ ψ̄ ∧ γ∗γKLPβψεIJKL + 1
8L4 ΣIJ ∧ ΣKLεIJKL. (2.16)

On the other hand, we have
1
L
F (A)α ∧ F (A)δ(CPβ)αδ = 〈D(ω)ψ ∧D(ω)ψ〉β −

1
L2 ψ̄ ∧ γ ∧ PβD(ω)ψ

− 1
4L3 ψ̄ ∧ γIJP−βψ ∧ ΣIJ . (2.17)

where we set γ := eIγI . Adding (2.16) and (2.17) and again using the identity ε KL
IJ γKL =

2iγIJγ∗ which yields
i

8L3 ΣIJ ∧ ψ̄ ∧ γ∗γKLPβψεIJKL −
1

4L3 ψ̄ ∧ γIJPβψ ∧ ΣIJ

= i

8L3 ψ̄ ∧ γ∗γ
KL[Pβ + P−β

]
ψ ∧ ΣIJεIJKL = − 1

8L3 ψ̄ ∧ γ
KLψ ∧ ΣIJεIJKL (2.18)

it follows that the Holst-MacDowell-Mansouri action takes the form

SH−MM (A) = 1
2κ

∫
M

ΣIJ ∧ (Pβ ◦ F (ω))KLεIJKL − ψ̄ ∧ γ ∧ 1 + iβγ∗
β

D(ω)ψ

− 1
4Lψ̄ ∧ γ

KLψ ∧ ΣIJεIJKL + 1
4L2 ΣIJ ∧ ΣKLεIJKL + Sbdy (2.19)

where we wrote (Pβ ◦F (ω))IJ = Pβ
IJ
KLF (ω)KL. Moreover, Sbdy denotes a boundary term

given by

Sbdy(A) = L2

κ

∫
M
〈F (ω) ∧ F (ω)〉β + 〈D(ω)ψ ∧D(ω)ψ〉β −

1
4LF (ω)IJ ∧ ψ̄ ∧ γIJPβψ (2.20)

3Here and in the following, ψ̄ ∧ γ••ψ denotes a spin+(1, 3)-valued 2-form with components ψ̄ ∧ γIJψ.
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Thus, we see, up to a topological term, (2.11) indeed reduces to the Holst action of N = 1,
D = 4 AdS supergravity [66] and which in the limit of a vanishing cosmological constant
yields the respective action of Poincaré supergravtiy [42, 61, 63]. To see that (2.20) is in
fact purely topological, note that, by the Bianchi-identity, we have

D(ω)D(ω)ψ = κR∗(F (ω)) ∧ ψ = 1
4F (ω)IJγIJ ∧ ψ (2.21)

such that by the Spin+(1, 3)-invariance of the inner product, this yields

〈D(ω)ψ ∧D(ω)ψ〉β = d〈ψ ∧D(ω)ψ〉β + 〈ψ ∧D(ω)D(ω)ψ〉β

= d〈ψ ∧D(ω)ψ〉β + 1
4LF (ω)IJ ∧ ψ̄ ∧ γIJψ (2.22)

Moreover, according to the general discussion in the appendix A in case of arbitrary (super)
connections, we have

〈F (ω) ∧ F (ω)〉β = d〈ω ∧ dω + 1
3ω ∧ [ω ∧ ω]〉

β
(2.23)

Thus, to summarize, it follows that (2.20) can be equivalently be written in the form

Sbdy(A) = L2

κ

∫
∂M
〈ω ∧ dω + 1

3ω ∧ [ω ∧ ω]〉
β

+ 〈ψ ∧D(ω)ψ〉β (2.24)

and hence, in particular, is non-vanishing in the presence of boundaries. According to the
general discussion in the previous section, this is the most general boundary term one can
have in the context of N = 1, D = 4 anti-de Sitter supergravity in the framework of LQG
if one requires invariance of the full theory under local supersymmetry transformations.

Therefore, note that the deformed action (2.11) is invariant under the same SUSY
transformations (2.3) as in the standard theory. In fact, since in the N = 1 case the
SUSY transformations can be regarded as super gauge transformations, it follows that the
transformation of the super Cartan curvature takes the form

δεF (A) = −[ε, F (A)] (2.25)

Thus, if we set ρα = F (A)α this implies that the variation of the Lagrangian in (2.11)
yields

δεL = −〈[ε, F (A)] ∧ F (A)〉β − 〈F (A) ∧ [ε, F (A)]〉β

= 1
4LF (A)IJ ∧ ε̄γKLρPβMN

KLεIJMN −
1
L2F (A)I ∧ ρ̄PβγIε

− 1
2LF (A)IJ ∧ ε̄PβγIJρ = − 1

L2F (A)I ∧ ρ̄PβγIε (2.26)

Hence, it follows that the Lagrangian of the full β-deformed action is invariant under the
SUSY transformations, both in the bulk and at the boundary, provided that the super-
torsion constraint F (A)I = 0 is satisfied which is equivalent to requiring that the spin
connection ω satisfies its equations of motion. As far as the bulk theory is concerned,
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this was actually to be expected since, as will be proven explicitly for the case N = 2 in
section 3.1 below, at second order, the deformed action coincides with the standard action
up to topological terms, so that the SUSY variations are indeed unaltered.

Due to the deformed inner product appearing in (2.24) the boundary action contains
additional topological terms compared to the standard theory. For instance, writing out
the bosonic contribution in (2.24), this yields

〈F (ω) ∧ F (ω)〉β = 1
8F (ω)IJ ∧ F (ω)KLεIJKL + 1

4βF (ω)IJ ∧ F (ω)IJ (2.27)

so that the bosonic part of the boundary action splits into the ordinary Gauss-Bonnet
term as in the standard theory as well as an additional topological Pontryagin term. As
discussed in [16], these are in fact the most general boundary terms one can expect in the
pure bosonic theory in case of a finite Barbero-Immirzi parameter which are compatible
with the symmetries of the Lagrangian. The fermionic contribution in (2.24) takes the form
〈ψ ∧D(ω)ψ〉β = 1

L ψ̄ ∧ PβD
(ω)ψ. Similar to the bulk theory as discussed e.g. in [42, 61], in

the canonical description of the boundary theory, the operator Pβ implies that the covariant
derivative can be re-rexpressed in terms of the covariant derivative associated to the real
Ashtekar-Barbero connection

Aβ := Γ + βK (2.28)

which is a SU(2) connection. These are the standard variables used for the canonical
quantization of the theory in the framework of LQG.

Finally, comparing with (A.12), one may suspect that the boundary action (2.24)
almost looks like a super Chern-Simons action. Note, however, that the deformed inner
product is not invariant under the full group OSp(1|4) but only under the action of its
bosonic subgroup so that (2.24), at least in general, will not correspond to a Chern-Simons
action with a supergroup as a gauge group. This is of course in contrast e.g. to the
IH formalism [39], where the IH boundary conditions imply that the boundary theory is
generically described in terms of a Chern-Simons theory. However, as we will see in the
next section, this changes drastically in case of the chiral theory.

2.2 The chiral theory: chiral Palatini action and super Chern-Simons theory
on the boundary

Having derived the most general form of the Holst action of AdS supergravity in the
presence of boundaries which also incorporates local supersymmetry invariance, we now
want to focus on the special case of a imaginary Barbero-Immirzi parmareter β = ±i. As
we will, the resulting theory has many interesting properties and in fact leads to numerous
intriguing structures which seem to be well-compatible with the underlying supersymmetry.

Therefore, in what follows, let us set β = −i (the other case can be treated in complete
analogy). In this case, the operator (2.9) takes the form Pβ=−i = i1+γ∗

2 so that Pβ=−i =:
iP+ where, according to the general discussion in appendix C (see also [41] for more details),
P+ defines a projection

P+ : osp(1|4)C → osp(1|2)C (2.29)
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onto a proper sub superalgebra of osp(1|4) given by the (complex) orthosymplectic algebra
osp(1|2)C corresponding to the superalgebra of N = 1, D = 2 super anti-de Sitter space (in
fact, it turns out that (2.29) even defines a morphism of superalgebras). It then follows that
inner product (2.10) reduces to the standard inner product 〈·, ·〉 on osp(1|2)C given by the
supertrace which, in particular, is invariant under the Adjoint representation of OSp(1|2)C.
Applying the projection (2.29) on the super Cartan connection (2.1), this yields the super
Ashtekar connection

A+ := P+A = A+iT+
i + ψAQA (2.30)

As it turns out, the super Ashtekar connection defines a so-called generalized super Cartan
connection, so that, via the correspondence Cartan ↔ Ehresmann, it gives rise to a proper
super connection 1-form on the associated OSp(1|2)C-bundle [40, 41]. By applying the
projection (2.29) on the Cartan curvature (2.12), we then find for the Lorentzian sub
components

(P+F (A))i = F (A+)i + i

L
ψA ∧ ψBτ iAB + 1

2L2 Σi = F (A+)i + 1
2L2 Σi (2.31)

with F (A+) the associated curvature of A+. Here, ΣAB = ΣiτABi denotes the self-dual part
of ΣAA′BB′ := eAA

′ ∧ eBB′ which, due to antisymmetry, can be decomposed according to

ΣAA′BB′ = εABΣA′B′ + εA
′B′ΣAB (2.32)

such that ΣAB := 1
2εA′B′Σ

AA′BB′ . Moreover, for the chiral odd components, we find

(P+F (A))A = D(A+)ψA + 1
2Lχ

A = F (A+)A + 1
2Lχ

A (2.33)

where we set χ := −γ ∧ψ such that χA = eAA′ ∧ ψ̄A
′ . Thus, defining E := ΣiT+

i +LχAQA
which will also be called the super electric field, this yields

P+F (A) = F (A+) + 1
2L2E (2.34)

Inserting this expression into the Holst-MacDowell-Mansouri action (2.11) for β = −i, this
gives

〈F (A) ∧ F (A)〉β = i 〈
(
F (A+) + 1

2L2E
)
∧
(
F (A+) + 1

2L2E
)
〉

= i

L2 〈E ∧ F (A+)〉+ i

4L4 〈E ∧ E〉+ i 〈F (A+) ∧ F (A+)〉 (2.35)

such that
S(A) = i

κ

∫
M
〈E ∧ F (A+)〉+ 1

4L2 〈E ∧ E〉+ Sbdy (2.36)

with a boundary term Sbdy taking the form

Sbdy(A+) = iL2

κ

∫
M
〈F (A+) ∧ F (A+)〉 = iL2

κ

∫
∂M
〈A+ ∧ dA+ + 1

3A
+ ∧ [A+ ∧ A+]〉

(2.37)
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where we used (A.7) which now holds due to OSp(1|2)C-invariance. Thus, as we see, in the
chiral theory, the Holst-MacDowell-Mansouri action becomes manifest OSp(1|2)C gauge in-
variant and the boundary term takes the form of a OSp(1|2)C super Chern-Simons action
with (complex) Chern-Simons level k = i4πL2/κ = −i12π/κΛ with Λ the cosmological
constant.

Finally, for the last part of this section, we want to explicitly show that the full
action (2.36) is indeed invariant under local supersymmetry transformations. Therefore,
let us further evaluate the bulk term in (2.36). Using (2.31) and (2.33), we find

〈E ∧ F (A+)〉 = ΣAB ∧ F (A+)AB + i

2LΣAB ∧ ψA ∧ ψB + iχA ∧D(A+)ψA, (2.38)

as well as
〈E ∧ E〉 = ΣAB ∧ ΣAB + iLχA ∧ χA, (2.39)

so that the bulk action can be written in the form

S(A) = i

κ

∫
M

ΣAB ∧ F (A+)AB + iχA ∧D(A+)ψA

+ i

2LΣAB ∧ ψA ∧ ψB + i

4LχA ∧ χ
A + 1

4L2 ΣAB ∧ ΣAB. (2.40)

This is precisely the form of the action of chiral N = 1, D = 4 AdS supergravity as stated
e.g. in [51, 59].

In the Weyl-representation of the gamma matrices, the Majorana spinor ε gener-
ating supersymmetry transformations splits into a left- and right-handed Weyl spinor
ε = (εA, εA′)T . We will say that transformations associated with the former are left-handed
supersymmetry transformations, whereas the latter will be called right-handed supersym-
metry transformations. According to the general discussion in section 2, it follows that
under left-supersymmetry transformations corresponding to ε = (εA, 0)T , super Ashtekar
connection and electric field transform via

δεA+ = D(A+)ε and δεE = −[ε, E ] (2.41)

respectively, and therefore correspond to ordinary OSp(1|2)C-gauge transformations under
which the action (2.36) is manifestly invariant. Note that this is true even off-shell, i.e.
without ω satisfying its field equation. Thus, in the chiral theory, it follows that a sub part
of the full SUSY transformations becomes a true gauge symmetry of the theory!

It remains to show that the action is invariant under right-SUSY transformations
corresponding to some (anticommutative) right-handed Weyl spinor ε = (0, εA′)T . In that
case, from (2.3) we deduce

δεe
AA′ = iψAεA

′
, δεψ

A = − 1
2Le

AA′εA′ , δεψA′ = D(A−)εA′ , δεA
+ = 0. (2.42)

Using (2.42), it follows that the variation of the super electric field takes the form

δεχA = iψAεA′ ∧ ψ̄A
′ + eAA′ ∧D(A−)εA′ = D(A+)ηA + (D(ω)eAA′ + iψA ∧ ψ̄A′) (2.43)
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where ηA := eAA
′
εA′ , as well as

δεΣAB = iψ(A ∧ ηB) (2.44)

In what follows, we want to assume that the self-dual Ashtekar connection A+ satisfies its
field equation. Therefore, it is important to note that the field equations of both A+ and
ψA are altered due to the appearence of additional boundary terms in the full action. More
precisely, if one varies (2.36) with respect to super Ashtekar connection A+, one finds that

δS(A) = i

κ

∫
M
〈D(A+)δA+ ∧ E〉+ 2iL2

κ

∫
M
〈D(A+)δA+ ∧ F (A+)〉

= i

κ

∫
M
〈δA+ ∧D(A+)E〉+ i

κ

∫
∂M
〈δA+ ∧ [E + 2L2F (A+)]〉 = 0 (2.45)

where we have integrated by parts and used the Bianchi identity D(A+)F (A+) = 0. Hence,
the EOM of A+ are unaltered provided that the boundary contribution in (2.45) vanishes,
i.e.

F (A+)
⇐=

= − 1
2L2 E⇐ (2.46)

where the arrow denotes the pullback to the boundary. In the following, let us assume that
the boundary condition (2.46) is satisfied. Then, modulo the field equations of A+ given
by D(A+)ΣAB + iψ(A ∧χB) = 0 and which, as discussed in detail in [41, 50], turn out to be
equivalent to the EOM of ω, i.e.

D(ω)eAA′ + iψA ∧ ψ̄A′ = 0 (2.47)

it follows that
δε(ΣAB ∧ F (A+)AB) = iψ(A ∧ ηB) ∧ F (A+)AB (2.48)

On the other hand, we have

δε(χA ∧D(A+)ψA) = D(A+)ηA ∧D(A+)ψA − 1
2LχA ∧D

(A+)ηA (2.49)

= d(ηA ∧D(A+)ψA) + ηA ∧D(A+)D(A+)ψA − 1
2LχA ∧D

(A+)ηA

= d(ηA ∧D(A+)ψA)− ψ(A ∧ ηB) ∧ F (A+)AB − 1
2LχA ∧D

(A+)ηA

as well as
δε(ΣAB ∧ ψA ∧ ψB) = − 1

L
ΣAB ∧ η(A ∧ ψB) (2.50)

Finally, using δε(χA ∧ χA) = 2χA ∧D(A+)ηA and δε(ΣAB ∧ΣAB) = 2iΣAB ∧ η(A ∧ ψB), we
finally obtain for the variation of the full Lagrangian under right-handed SUSY transfor-
mations

δεL = id(ηA ∧D(A+)ψA) + δεLbdy (2.51)
where, by the Bianchi identity, the variation of the boundary term can be written in the
form

δεLbdy = L2δε 〈F (A+) ∧ F (A+)〉 = 2L2 〈D(A+)δεA+ ∧ F (A+)〉

= 2L2d〈δεA+ ∧ F (A+)〉+ 2L2 〈δεA+ ∧D(A+)F (A+)〉

= 2L2d〈δεψ ∧D(A+)ψ〉 = −Ld〈η ∧D(A+)ψ〉 = −id(ηA ∧D(A+)ψA). (2.52)
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Thus, combining (2.52) and (2.51), we see that the variation of the boundary term cancels
exactly with the respective contribution of the bulk Lagrangian, finally yielding

δεL = 0. (2.53)

This proves that, provided boundary condition (2.46) is satisfied, the full action is in-
deed invariant under local SUSY transformations at the boundary. Moreover, from the
previous computations, we infer that, in the presence of boundaries, the boundary con-
tributions (2.37) taking the form of a OSp(1|2)C super Chern-Simons action to the full
action (2.36) are in fact unique if one requires both manifestly OSp(1|2)C-gauge invariance
and invariance under local right-handed SUSY transformations at the boundary. As we
will see in the next sections, these observations even carry over to supergravity theories
with extended supersymmetry.

Remark 2.1. As an aside, note that one can introduce a new independent 2-form field B,
also simply called the B-field, satisfying the simplicity constraint B := E . In this way, it
then follows that one can rewrite the bulk term in (2.36) in terms of a constrained super
BF-action with a non-vanishing cosmological constant [54, 55, 60].

As a last step, let us briefly comment on the canonical analysis of the theory as
well as the boundary conditions which couple the bulk and boundary degrees of freedom.
Therefore, we split the full action (2.36) into a bulk and boundary term such that Sbulk +
Sbdy with Sbdy given by (2.37). Similar as above, the variation of the bulk contribution
with respect to A+ then yields

δSbulk = i

κ

∫
M
〈D(A+)δA+ ∧ E〉 =: dΘ + i

κ

∫
M
〈δA+ ∧D(A+)E〉 (2.54)

Here, Θ(δ) denotes the pre-symplectic potential inducing the bulk pre-symplectic structure
Ωbulk = dΘ

Ωbulk(δ1, δ2) = 2i
κ

∫
Σ
〈δ[1A+ ∧ δ2]E〉 (2.55)

and, as a consequence, (A+, E) (or rather their pullback to Σ) define canonically conjugate
variables of the canonical phase space. Moreover, from (2.54), we can immediately read off
the Gauss constraint which takes the form

G(Λ) =
∫

Σ
〈D(A+)E ,Λ〉 (2.56)

where we have chosen an arbitrary osp(1|2)C-valued smearing function Λ. As can be checked
by direct computation, the Gauss constraint satisfies the constraint algebra {G(Λ),G(Λ′)} =
G([Λ,Λ′]) and therefore generates local OSp(1|2)C-gauge transformations.

On the other hand, as already explained above, the boundary contribution to (2.36) is
given by the action corresponding to a OSp(1|2)C super Chern-Simons theory. As a result,
the pre-symplectic structure of the full theory takes the form

Ω(δ1, δ2) = 2i
κ

∫
Σ
〈δ[1A+ ∧ δ2]E〉 −

k

2π

∫
∂Σ
〈δ[1A+ ∧ δ2]A+〉 (2.57)
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Furthermore, the decomposition of the full action into bulk and boundary terms leads to a
matching condition on the boundary between bulk and boundary degrees of freedom. This
is equivalent to requiring consistency with the equation of motion of the full theory, i.e.
δS = δSbulk + δSbdy = 0 which leads back to boundary condition (2.46). As we see, this
condition arises quite naturally from the requirement of supersymmetry invariance at the
boundary and in fact, based on the previous observations, even turns out to be unique.

Remark 2.2. Note that one can also rewrite the boundary condition (2.46) in the equiv-
alent form

F (A+)
⇐=

+ 1
2L2 E⇐ = 0 ⇔ P+F (A)

⇐=
= 0 (2.58)

according to the identity (2.34). Furthermore, taking the complex conjugate of (2.58)
yields P−F (A) = 0. Hence, when combined together, this in turn gives

P+F (A)
⇐=

+ P−F (A)
⇐=

= 0 ⇔ F (A)
⇐=

IJ = 0 and F (A)
⇐=

α = 0 (2.59)

that is, the Cartan curvature associated to the (full) super Cartan connection A is con-
strained to vanish at the boundary. This is precisely the boundary condition as derived
in [82] in context of the non-chiral theory.

Remark 2.3. The derivation of the Holst-MacDowell-Mansouri action via the β-deformed
inner product as described in this article also gives an elegant approach to the ‘double
chiral’ action as considered e.g. in [54]. One notices that the standard action of N = 1
SUGRA (modulo boundary terms) arises from (2.11) in the limit β → ∞. On the other
hand, one has Pi + P−i = 2P∞ where P±i = ∓iP∓ with P∓ defining projections from
osp(1|4) onto two chiral copies of osp(1|2)C. The N = 1 SUGRA action then decomposes as

2SMM (A) = Sβ=i
H−MM (A) + Sβ=−i

H−MM (A) (2.60)

and thus splits into two chiral acions of the form (2.36). These actions can be expressed
in terms of the graded Ashtekar connections A− and A+, respectively.

3 N = 2 pure SUGRA with boundaries

Similar to the non-extended case, pure N = 2, D = 4 anti-de Sitter supergravity
can be described as a super Cartan geometry modeled over the super Klein geometry4

(OSp(2|4), SO(2) × Spin+(1, 3)) corresponding to extended super anti-de Sitter space. In
this case, since osp(2|4) ∼= R1,3 ⊕ spin+(1, 3)⊕∆2

R ⊕ u(1), the super Cartan connection A
takes the form

A = eIPI + 1
2ω

IJMIJ + ÂT + Ψα
rQ

r
α (3.1)

4Note that, in the ungauged theory, the full R-symmetry group is given by the unitary group U(2).
However, in case of AdS supergravity, due to the appearence of the so-called Fayet-Iliopoulos (FI) term,
it follows that this group is broken yielding an effective SO(2) ∼= U(1) gauge symmetry of the theory (see
e.g. [81–83] for more details).
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In particular, besides the spin connection ω, the super Cartan connection contains an ad-
ditional U(1) gauge field Â ≡ ÂT also referred to as the graviphoton field with T := T 12 =
−T 21. Moreover, the supermultiplet consists of two Majorana gravitinos which we denote
by capital letters Ψr, r = 1, 2 to simplify notation. In this form, the R-symmetry index is
raised and lowered with the Kronecker symbol δrs. On the other hand, we denote the indi-
vidual chiral components of the Majorana fermions by lower case letters ψr and ψr, respec-
tively, where the position of the R-symmetry index now explicitly indicates the chirality:

ψr := 1 + γ∗
2 Ψr, and ψr := 1− γ∗

2 Ψr (3.2)

for r = 1, 2 denote the left-handed and right-handed components of the Majorana fermions,
respectively. Similar to the N = 1 case, the horizontal 1-forms combine to the super
soldering form E := eIPI + Ψα

rQ
r
α which provides a local identification of the underlying

(curved) supermanifoldM with the flat model given by the extended super anti-de Sitter
space. In particular, it induces an isomorphism

E : Γ(TM) ∼→ Γ(Ad(P)), X 7→ 〈X|E〉 (3.3)

between smooth vector fields on M and sections of the Adjoint-bundle P ×Ad osp(2|4),
where P is the underlying U(1) × Spin+(1, 3) principal super fiber bundle over which the
super Cartan geometry is defined. By the rheonomy principle, the fields are uniquely fixed
by their pullback to the underlying bosonic spacetime manifold M . Hence, choosing a local
section s : M → P ⊂ P of the bosonic subbundle P , the action of the theory takes the form

S(A) = L2

κ

∫
M
s∗L (3.4)

where the Lagrangian L is a horizontal form living on the bundle which, when adapted
to our choice of conventions and pulled back to M , takes the form5 [81–83]

s∗L = 1
4L2 ΣIJ ∧F (ω)KLεIJKL−

i

2L2 Ψ̄r∧γγ∗∧∇Ψr−
1

8L3 Ψ̄r∧γKLΨr∧ΣIJεIJKL (3.5)

+ 1
8L4 ΣIJ ∧ΣKLεIJKL+ i

4L2

(
dÂ+ 1

4Ψ̄r∧Ψsεrs

)
∧Ψ̄p∧γ∗Ψqεpq−

1
4L2 F̂ ∧?F̂

where, again, ΣIJ = eI ∧eJ whereas ∇Ψr and F̂ (resp. ?F̂ ) are defined via equation (3.15)
and (3.16) in section 3.1 below. In contrast to the N = 1 case, supersymmetry transfor-
mations no longer have the simple interpretation in terms of gauge transformations on the
associated OSp(2|4)-bundle. Instead, according to the D’Auria-Fré approach, one regards
them as certain superdiffeomorphisms along the odd directions of the supermanifold.

5Due to the appearance of the Hodge-star operator in the Maxwell-kinetic term in the Lagrangian (3.5),
in this form, the Lagrangian can only be defined on the underlying spacetime manifold. This is related to
the lack of top-degree forms on supermanifolds (for an alternative approach towards top-degree forms on
supermanifolds using the concept of integral forms see e.g. [47, 49]). In order to extend (3.5) to the whole
supermanifold, one works in the so-called first-order formalism in the U(1)-sector by introducing additional
fields (auxiliary fields). By solving the equations of motion of these additional fields, one regains the original
action (3.4) (see e.g. [82, 83]).
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More precisely, SUSY transformations correspond to smooth vector fields ε ∈ Γ(TM) such
that iεeI = 0 and

s∗(δεL ) := s∗(LεL ) = s∗(iεdL + diεL ) = 0 (3.6)

for any section s : M → P ⊂ P . The super Cartan connection transforms as

δεA = iεF (A) +D(A)(iεE) (3.7)

Since ε is horizontal, the curvature contributions in (3.7), in general, no longer vanishes in
contrast to pure gauge transformations. Moreover, in order for ε to describe a symmetry of
the theory, this imposes constraints on the curvature, the so-called rheonomy conditions.
Instead of deriving the explicit form of the SUSY transformations of the theory in what
follows (see for instance [45, 81–83] for more details), let us finally comment on the
possible boundary terms to be added to (3.5) such that local supersymmetry is preserved.

In fact, as shown in [82], the most general form of the boundary terms which are
compatible with the symmetries of the bulk action (3.5) and which, in particular, are
compatible with local supersymmetry at the boundary take the form6

Lbdy = 1
8F (ω)IJ ∧ F (ω)KLεIJKL + i

2L∇Ψ̄r ∧ γ∗∇Ψr −
i

8LF (ω)IJ ∧ Ψ̄r ∧ γ∗γIJΨr

− i

4L2 dÂ ∧ Ψ̄p ∧ γ∗Ψqεpq (3.8)

When added to (3.5), one then recognizes that the resulting action has a very intrigu-
ing structure similar to the MacDowell-Mansouri action of N = 1 AdS supergravity as
discussed in the previous sections [82, 83].

3.1 Holst action for N = 2 pure SUGRA

We want to derive a Holst variant of the action (3.5) corresponding to N = 2, D =
4 AdS supergravity for arbitrary Barbero-Immirzi parameters β including the boundary
terms (3.8). We therefore follow the ideas in section 2.1 and introduce a β-deformed inner
product. To this end, according to the decomposition (3.1) of the super Cartan connection,
let us define an operator Pβ : Ω2(M, g) → Ω2(M, g) on the space of differential 2-forms
with values in the super Lie algebra g := osp(2|4) as follows

Pβ := 0⊕ Pβ ⊕ Pβ ⊕ Pβ ⊕ Pβ , where Pβ := 1
2β (1 + β?) (3.9)

with ? : Ωp(M)→ Ω4−p(M), for 0 ≤ p ≤ 4 denoting the Hodge star operator on the bosonic
spacetime manfifold M (trivially extended to g-valued, in fact even Grassmann-valued,

6To be more precise, it follows that the most general ansatz has to be of the form

Lbdy = C1F (ω)IJ ∧ F (ω)KLεIJKL + C2d(Ψ̄r ∧ γ∗∇Ψr) + C3d(Â ∧ dÂ)

for any constant coefficients C1, C2 and C3. Requiring invariance of the full action under local supersymme-
try transformations then fixes the constants to the particular values C1 = 1

8 , C2 = i
2L and C3 = 0 leading

to (3.8).
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differential forms) which, in case of Lorentzian signature and even spacetime dimensions,
satisfies

?2 |Ωp(M) = (−1)p+1, ∀0 ≤ p ≤ 4 (3.10)

Similar to the general discussion in the appendix A, the operator (3.9) can be used to
introduce an inner product on Ω2(M, g) setting

〈· ∧ ·〉β : Ω2(M, g)× Ω2(M, g)→ Ω4(M)

(ω, η) 7→ str(ω ∧Pβη) (3.11)

Using this inner product, we define the Holst-MacDowell-Mansouri action of N = 2, D = 4
AdS supergravity action as follows

S(A) = L2

κ

∫
M
〈F (A) ∧ F (A)〉β (3.12)

with F (A) the associated Cartan curvature. Using the commutation relations (C.8)–(C.11)
for N = 2, it follows that the translational components of the curvature take the form

F (A)I = deI + ωIJ ∧ eJ + 1
4((−1)|Qα||Qβ |Ψα

r ∧Ψβ
s ⊗ [Qrα, Qsβ ])I

= Θ(ω)I − 1
4Ψ̄r ∧ γIΨr (3.13)

since (−1)|Qα||Qβ | = −1, with Θ(ω) the torsion 2-form associated to the spin connection ω.
For the Lorentzian components, we find

F (A)IJ = dωIJ + ωIK ∧ ωKJ + 1
2L2 e

I ∧ eJ − 1
2(Ψα

r ∧Ψβ
s ⊗ [Qrα, Qsβ ])IJ

= F (ω)IJ + 1
L2 ΣIJ − 1

4LΨ̄r ∧ γIJΨr (3.14)

Moreover, for the odd part, we obtain, using Â := 1
2Â

rsTrs for the U(1) gauge field,

F (A)αr = D(ω)Ψα
r + 1

2LÂεrs ∧Ψαs − 1
2Le

I ∧ (γI)αβΨβ
r =: ∇Ψα

r −
1

2Le
I ∧ (γI)αβΨβ

r (3.15)

Finally, for the U(1) components, we get

F̂ := 1
2F (A)rsεrs = dÂ+ 1

2Ψ̄r ∧Ψsεrs (3.16)

We need to show that the field equations arsing from the deformed action (3.12) are in-
deed independent of the choice of the Barabero-Immirzi parameter and thus, in particular,
coincide with the field equations of the standard SUGRA theory. We therefore prove that
the action at second order, i.e. provided ω satisfies its field equations, reduces to the ac-
tion (3.5) together with the boundary term (3.8). This is equivalent to requiring that the
supertorsion of A vanishes, i.e. F (A)I = 0, and, when reinserting back into (3.12), all
β-dependent terms become purely topological.
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Therefore, let us expand the action (3.12). Using the curvature expressions (3.14)–
(3.16) as well as 〈T, T 〉β = − 1

2L2 , which can be checked by direct computation using the
explicit representation (C.6), we find

〈F (A)∧F (A)〉β = 1
4F (A)IJ ∧F (A)KL 〈MIJ ,MKL〉β−F (A)αr ∧F (A)δs 〈Qrα,Qsδ〉β

− 1
2L2 F̂ ∧PβF̂

= 〈F (ω)∧F (ω)〉β+ 2
L2 〈Σ∧F (ω)〉β−

1
2L 〈F (ω)∧Ψ̄r∧γ••Ψr〉β

− 1
2L3 〈Σ∧Ψ̄r∧γ••Ψr〉β+ 1

L4 〈Σ∧Σ〉β+ 1
L
F (A)αr ∧F (A)δsδrs(CPβ)αδ

− 1
4L2 F̂ ∧?F̂ −

1
4βL2 F̂ ∧ F̂ (3.17)

where

F̂ ∧ F̂ = dÂ ∧ dÂ+ dÂ ∧ Ψ̄r ∧Ψsεrs + 1
4Ψ̄r ∧Ψsεrs ∧ Ψ̄p ∧Ψqεpq (3.18)

Let us further expand the terms in (3.17) arising form the Lorentzian components of the
curvature which gives

〈F (ω) ∧ F (ω)〉β + 2
L2 〈Σ ∧ F (ω)〉β + i

8LF (ω)IJ ∧ Ψ̄r ∧ γ∗γKLPβΨrεIJKL

+ i

8L3 ΣIJ ∧ Ψ̄r ∧ γ∗γKLPβΨrεIJKL + 1
8L4 ΣIJ ∧ ΣKLεIJKL

+ 1
32L2 Ψ̄r ∧ γIJΨr ∧ Ψ̄s ∧ γIJPβΨs (3.19)

In contrast to the N = 1 case, an additional Ψ4-order term appears which, in general, no
longer vanishes since the supermultiplet contains two independent Majorana fermions. In
order to further evaluate this term, let us split the fermionic fields in their chiral components
and use the Fierz-identities (B.6)–(B.8). In this way, it follows (summation over repeated
indices)

Ψ̄r ∧ γIJΨr ∧ Ψ̄s ∧ γIJΨs = ψ̄r ∧ γIJψr ∧ ψ̄s ∧ γIJψs

+ ψ̄r ∧ γIJψr ∧ ψ̄s ∧ γIJψs
= 4ψ̄r ∧ ψsεrs ∧ ψ̄p ∧ ψqεpq

+ 4ψ̄r ∧ ψsεrs ∧ ψ̄p ∧ ψqεpq (3.20)

On the other hand, we have

Ψ̄r ∧ γIJΨr ∧ Ψ̄s ∧ γIJγ∗Ψs = ψ̄r ∧ γIJψr ∧ ψ̄s ∧ γIJψs

− ψ̄r ∧ γIJψr ∧ ψ̄s ∧ γIJψs
= 4Ψ̄r ∧Ψsεrs ∧ Ψ̄p ∧ γ∗Ψqεpq (3.21)
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Thus, using (3.20) and (3.21), we can rewrite it as follows
1

32L2 Ψ̄r ∧ γIJΨr ∧ Ψ̄s ∧ γIJPβΨs = i

16L2 Ψ̄r ∧Ψsεrs ∧ Ψ̄p ∧ γ∗Ψqεpq

+ 1
16βL2 (ψ̄r ∧ ψsεrs ∧ ψ̄p ∧ ψqεpq

+ ψ̄r ∧ ψsεrs ∧ ψ̄p ∧ ψqεpq) (3.22)

Hence, if we combine this with the β-dependent F̂ ∧ F̂ -term in the expansion (3.17) given
by the expression (3.18), this yields

− 1
4βL2 F̂ ∧ F̂ + 1

32L2 Ψ̄r ∧ γIJΨr ∧ Ψ̄s ∧ γIJPβΨs

= − 1
4βL2 d(Â ∧ dÂ)− 1

4βL2 dÂ ∧ Ψ̄r ∧Ψsεrs + i

16L2 Ψ̄r ∧Ψsεrs ∧ Ψ̄p ∧ γ∗Ψqεpq

− 1
8βL2 ψ̄

r ∧ ψsεrs ∧ ψ̄p ∧ ψqεpq (3.23)

The remaining terms in (3.17) can be treated as in the N = 1 case. For sake of complete-
ness, let us repeat them here. Therefore, again, notice that

1
L
F (A)αr ∧ F (A)δsδrs(CPβ)αδ = 〈∇Ψ ∧∇Ψ〉β −

1
L2 Ψ̄r ∧ γ ∧ Pβ∇Ψr

− 1
4L3 Ψ̄r ∧ γIJP−βΨr ∧ ΣIJ (3.24)

Hence, using ε KL
IJ γKL = 2iγIJγ∗, the last term in (3.24) can be combined with the first

term in the second line of (3.19) to give
i

8L3 ΣIJ ∧ Ψ̄r ∧ γ∗γKLPβΨrεIJKL −
1

4L3 Ψ̄r ∧ γIJPβΨr ∧ ΣIJ

= i

8L3 Ψ̄r ∧ γ∗γKL
[
Pβ + P−β

]
Ψr ∧ ΣIJεIJKL = − 1

8L3 Ψ̄r ∧ γKLΨr ∧ ΣIJεIJKL (3.25)

Thus, to summarize, it follows that the action (3.12) can be written in the equivalent form

SH−MM (A) = 1
2κ

∫
M

1
2ΣIJ ∧ F (ω)KLεIJKL − iΨ̄r ∧ γγ∗ ∧∇Ψr

− 1
4LΨ̄r ∧ γKLΨr ∧ ΣIJεIJKL + 1

4L2 ΣIJ ∧ ΣKLεIJKL

+ i

8Ψ̄r ∧Ψsεrs ∧ Ψ̄p ∧ γ∗Ψqεpq −
1
2 F̂ ∧ ?F̂

+ 1
4F (ω)IJ ∧ F (ω)KLεIJKL + iL∇Ψ̄r ∧ γ∗∇Ψr

− iL

4 F (ω)IJ ∧ Ψ̄r ∧ γ∗γIJΨr + 1
β

Lβ (3.26)

where we have collected all terms depending on the Barbero-Immirzi parameter in the
Lagrangian Lβ given by

Lβ = 1
2F (ω)IJ ∧F (ω)IJ +ΣIJ ∧F (ω)IJ−

1
4 ψ̄

r∧ψsεrs∧ ψ̄p∧ψqεpq−Ψ̄r∧γ∧∇Ψr

+L∇Ψ̄r∧∇Ψr−
L

4 F (ω)IJ ∧Ψ̄r∧γIJΨr−
1
2dÂ∧Ψ̄r∧Ψsεrs−

1
2d(Â∧dÂ) (3.27)
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We have to show that this Lagrangian is indeed topological at second order, i.e. it takes
the form of a boundary term provided the spin connection satisfies its field equations. For
the second line in (3.27), this is an immediate consequence of the identity

L∇Ψ̄r ∧∇Ψr = d(LΨ̄r ∧∇Ψr) + Ψ̄r ∧∇∇Ψr

= d(LΨ̄r ∧∇Ψr) + L

4 F (ω)IJ ∧ Ψ̄r ∧ γIJΨr + 1
2dÂ ∧ Ψ̄r ∧Ψsεrs (3.28)

For the first line, note that the EOM of ω are equivalent to the supertorsion constraint
F (A)I = 0, that is

D(ω)eI ≡ Θ(ω)I = 1
4Ψ̄r ∧ γIΨr (3.29)

Thus, using (3.29), we can rewrite the last term in the first line of (3.27) as follows

Ψ̄r ∧ γ ∧∇Ψr = 1
2d(Ψ̄r ∧ γ ∧Ψr) + 1

2Ψ̄r ∧D(ω)eIγI ∧Ψr

= 1
2d(Ψ̄r ∧ γ ∧Ψr) + 1

8Ψ̄r ∧ γIΨr ∧ Ψ̄s ∧ γIΨs

= 1
2d(Ψ̄r ∧ γ ∧Ψr) + 1

2 ψ̄r ∧ γI ∧ ψ
r ∧ ψ̄s ∧ γI ∧ ψs

= 1
2d(Ψ̄r ∧ γ ∧Ψr)−

1
2 ψ̄

r ∧ ψsεrs ∧ ψ̄p ∧ ψqεpq (3.30)

On the other hand, according to (B.6)–(B.8), we have the important identity

Θ(ω)I ∧Θ(ω)
I = 1

16Ψ̄r ∧ γIΨr ∧ Ψ̄s ∧ γIΨs = −1
4 ψ̄

r ∧ ψsεrs ∧ ψ̄p ∧ ψqεpq (3.31)

Hence, the last three terms in the first line of (3.27) can be re-expressed in the following
way

ΣIJ ∧ F (ω)IJ −
1
4 ψ̄

r ∧ ψsεrs ∧ ψ̄p ∧ ψqεpq − Ψ̄r ∧ γ ∧∇Ψr

= ΣIJ ∧ F (ω)IJ −Θ(ω)I ∧Θ(ω)
I + 2d(eI ∧Θ(ω)

I ) (3.32)

In fact, this can be simplified even further. Therefore, we notice that the first two terms
in equation (3.32) yield the so-called topological Nieh-Yan term d(eI ∧Θ(ω)

I ) [64]. This is
easy to see using the properties of the covariant derivative which immediately gives7

d(eI ∧Θ(ω)
I ) = D(ω)eI ∧Θ(ω)

I − eI ∧D(ω)D(ω)eI

= Θ(ω)I ∧Θ(ω)
I − ΣIJ ∧ F (ω)IJ (3.33)

7This can also be checked by direct computation:

d(eI ∧Θ(ω)
I ) = deI ∧Θ(ω)

I − eI ∧ dΘ(ω)
I = deI ∧Θ(ω)

I + ωJI ∧ eI ∧ deJ − eI ∧ eJ ∧ dωIJ

= deI ∧Θ(ω)
I + ωJI ∧ eI ∧ deJ + ωKJ ∧ eJ ∧ ω I

K ∧ eI − eI ∧ eJ ∧ F (ω)IJ

= Θ(ω)I ∧Θ(ω)
I − ΣIJ ∧ F (ω)IJ .
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Thus, to summarize, we see, provided the spin connection satisfies its field equations, the
Lagrangian (3.27) takes the final form

Lβ = 1
2F (ω)IJ ∧ F (ω)IJ + d

(
eI ∧Θ(ω)

I + LΨ̄r ∧∇Ψr −
1
2Â ∧ dÂ

)
(3.34)

and therefore is indeed topological. Moreover, if we subtract this term from the full ac-
tion (3.12), it follows that this action finally reduces to

S(A) = 1
2κ

∫
M

1
2ΣIJ ∧ F (ω)KLεIJKL − iΨ̄r ∧ γγ∗ ∧∇Ψr

− 1
4LΨ̄r ∧ γKLΨr ∧ ΣIJεIJKL + 1

L2 ΣIJ ∧ ΣKLεIJKL

+ i

2

(
dÂ+ 1

4Ψ̄r ∧Ψsεrs

)
∧ Ψ̄p ∧ γ∗Ψqεpq −

1
2 F̂ ∧ ?F̂ + Lbdy (3.35)

with Lbdy given by (3.8) (times 2L−2). Hence, at second order, the Holst action leads back
to the original action of N = 2, D = 4 AdS supergravity as stated in [82, 83] as required.
To summarize, the Holst-MacDowell-Mansouri action can be written in the form

SH−MM (A) = 1
2κ

∫
M

ΣIJ ∧ (Pβ ◦ F (ω))KLεIJKL − Ψ̄r ∧ γ
1 + iβγ∗

β
∧∇Ψr

− 1
4LΨ̄r ∧ γKLΨr ∧ ΣIJεIJKL + 1

L2 ΣIJ ∧ ΣKLεIJKL

+ i

2

(
dÂ+ 1

4Ψ̄r ∧Ψsεrs

)
∧ Ψ̄p ∧ γ∗Ψqεpq −

1
4β ψ̄

r ∧ ψsεrs ∧ ψ̄p ∧ ψqεpq

− 1
2 F̂ ∧ ?F̂ + Sbdy (3.36)

with Sbdy a boundary action given by

Sbdy(A) = L2

κ

∫
∂M
〈ω ∧ dω + 1

3ω ∧ [ω ∧ ω]〉
β
− 1

4βL2 Â ∧ dÂ+ 〈Ψ ∧∇Ψ〉β (3.37)

In particular, according to the general discussion in section 3, similar to the N = 1 case,
this boundary action is determined uniquely if one requires supersymmetry invariance of
the full action at the boundary.

Again, as in the non-extended case, since the inner product in (3.37) is not invariant
under the full supergroup OSp(2|4) but only under the action of its bosonic subgroup, the
boundary action (3.37), in general, will not correspond to a super Chern-Simons action.
As we will see in the following section, this changes however in case of the chiral theory
where the boundary theory will generically be described in terms of a super Chern-Simons
theory with gauge supergroup OSp(2|2)C.

Nevertheless, one should emphasize that, at least in context of the standard under-
formed theory, one can construct models where this turns out to be true even in case of
classical (real) variables. For instance, in [87] particular falloff conditions for the physical
fields in the N = 2 case where considered leading to a super Chern-Simons theory on the
boundary corresponding to a OSp(2|2)× SO(1, 2) gauge group. This model has also been
studied in [78–80] which turned out to have interesting applications in condensed matter
physics in the description of graphene near the Dirac points.
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Remark 3.1. It is interesting to note that, via definition (3.9) and (3.11), the Barbero-
Immirzi parameter leads to an additional topological term in the U(1) sector of the theory
which is also known as the θ-term in Yang-Mills theory. Hence, in this sense, the Barbero-
Immirzi parameter literally has the interpretation in terms of a θ-ambiguity. This supports
the hypothesis of [66]. It could also have consequences for the quantum theory of the U(1)
sector, but this is beyond the scope of the present work.

3.2 The chiral theory

Let us finally consider the chiral limit setting β = −i for the Barbero-Immirzi parameter.
Then, the operator (3.9) takes the form P−i = iP+ with

P+ : Ω2(M, osp(2|4)C)→ Ω2(M, osp(2|2)C) (3.38)

the projection onto differential forms on the bosonic spacetime manifold with values in
the orthosymplectic subalgebra osp(2|2)C. In order to see the underlying OSp(2|2)C-gauge
symmetry of the theory, let us introduce the super Ashtekar connection A+ by projection
the super Cartan connection (3.1) onto the chiral subalgebra yielding

A+ := Posp(2|2)A = A+iT+
i +AT + ψAr Q

r
A (3.39)

which, as can be checked directly, again defines a generalized super Cartan connection and
therefore yields a proper connection on the associated OSp(2|2)C-bundle. Applying the
projection on the super curvature, we obtain for the Lorentzian sub components8

(Posp(2|2)F (A))i = F (A+)i + i

L
ψAr ∧ ψBr τ iAB + 1

2L2 Σi = F (A+)i + 1
2L2 Σi (3.40)

with F (A+) the curvature of A+ and Σi defined as in the N = 1 case. Moreover, for the
chiral odd components, we find

(Posp(2|2)F (A))Ar = D(A+)ψAr + 1
2LAεrs ∧ ψ

A
s + 1

2Lχ
A
r = F (A+)Ar + 1

2Lχ
A
r (3.41)

where χAr = −eAA′ ∧ ψ̄sA′δrs. Finally, for the U(1)-component, we get

Posp(2|2)F̂ = F̂ = F̂+ + i

2 ψ̄
r
A′ ∧ ψ̄A

′sεrs (3.42)

with F̂+ := dA + i
2ψ

r
A ∧ ψAsεrs. To summarize, we can decompose the super Cartan

curvature in the following way

Posp(2|2)F (A) =: F (A+) + 1
2L2 Ẽ (3.43)

where Ẽ is a graded field which (in constrast to E to be defined below), as we would like
to emphasize, does not have a simple transformation behavior as in the N = 1 case under

8We stick to our notation and write ψAr and ψ̄rA′ for the chiral and anti chiral components of the Majorana
fermion fields, respectively. The position of the R-symmetry index for the chiral components stays fixed.
Moreover, we will sum over repeated indices.
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left-handed supersymmetry transformations. This is due to the fact that, for N = 2 and in
contrast to the pure N = 1 case, supersymmetry transformations which generically have to
regarded as superdiffeomorphisms no longer have an equivalent characterization in terms
of super gauge transformations leading to nontrivial curvature contributions in the SUSY
variations of the super Cartan connection according to the general formula (3.7).

Let us insert (3.43) into (3.12) for β = −i which gives the chiral Holst-MacDowell-
Mansouri action

S(A) = iL2

κ

∫
M
〈
[
F (A+) + 1

2L2 Ẽ
]
∧P+

[
F (A+) + 1

2L2 Ẽ
]
〉 (3.44)

For reasons that will become clear in a moment, let us next subtract the topological term
iL2 〈F (A+) ∧ F (A+)〉 /κ of the full action (3.44). If we then define the projection P− :=
0 ⊕ 1

2(1 + i?) ⊕ 0 projecting onto the anti self-dual part of the U(1)-sub component of
F (A+), it follows that the bulk contribution in (3.44) takes the form

Sbulk(A) = i

κ

∫
M
−L2 〈F (A+) ∧ P−F (A+)〉+ 〈F (A+) ∧P+Ẽ〉+ 1

4L2 〈Ẽ ∧P+Ẽ〉

= i

κ

∫
M
〈F (A+) ∧ [P+Ẽ − L2P−F (A+)]〉+ 1

4L2 〈Ẽ ∧P+Ẽ〉 (3.45)

As it turns out, (3.45) can be rewritten in a very intriguing form. In fact, let us define E :=
P+Ẽ − 2L2P−F (A+) for the super electric field. It then follows that the bulk action (3.45)
is equivalent to

Sbulk(A) = i

κ

∫
M
〈F (A+) ∧ E〉+ 1

4L2 〈E ∧ E〉 (3.46)

This follows immediately from the fact that both P+ and P− define projections projecting
onto mutually orthogonal subspaces such that P+ ◦ P− = 0 = P− ◦ P+ which yields
〈E ∧ E〉 = 〈Ẽ ∧P+Ẽ〉 + 4L4 〈F (A+) ∧ P−F (A+)〉. Hence, the bulk action takes the form
of a Palatini-type action with nontrivial cosmological constant written in chiral variables
and OSp(2|2)C structure group. It is interesting to note that the subtraction of the CS-
topological term from the full action was crucial for this result leading to the projection
P− which is orthogonal to the chiral projection P+.

In order to see that the super electric field E indeed defines the canonical conjugate of
the super Ashtekar connection, let us go back to (3.45) and vary the action with respect
to A+. In this way, it follows

δSbulk(A) = i

κ

∫
M
〈D(A+)δA+ ∧ E〉 =: dΘ + i

κ

∫
M
〈δA+ ∧D(A+)E〉 (3.47)

with pre-symplectic potential Θ(δ) inducing the bulk pre-symplectic structure

Ωbulk(δ1, δ2) = 2i
κ

∫
Σ
〈δ[1A+ ∧ δ2]E〉 (3.48)

Thus, indeed, (A+, E) define the fundamental variables of the canonical phase space. More-
over, from (3.47), we deduce that the Gauss constraint G(Λ), for any smooth osp(2|2)C-
valued smearing function Λ, takes the form

G(Λ) =
∫

Σ
〈D(A+)E ,Λ〉 (3.49)
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and, as a consequence, satisfies the constraint algebra {G(Λ),G(Λ′)} = G([Λ,Λ′]). That is,
the Gauss constraint generates local OSp(2|2)C-gauge transformations.

The boundary action of the theory takes the form

Sbdy(A+) = iL2

κ

∫
M
〈F (A+) ∧ F (A+)〉 = iL2

κ

∫
∂M
〈A+ ∧ dA+ + 1

3A
+ ∧ [A+ ∧ A+]〉

(3.50)
and thus, in particular, corresponds to the action of a OSp(2|2)C super Chern-Simons the-
ory with (complex) Chern-Simons level k = i4πL2/κ = −i12π/κΛ with Λ the cosmological
constant. The pre-symplectic structure of the full theory is given by

Ω(δ1, δ2) = 2i
κ

∫
Σ
〈δ[1A+ ∧ δ2]E〉 −

k

2π

∫
∂Σ
〈δ[1A+ ∧ δ2]A+〉 (3.51)

As in the N = 1 case, due to the splitting of the full action into a bulk and boundary term,
one needs to derive a matching condition relating bulk and boundary degrees of freedom
at the boundary. This is equivalent to requiring consistency with the equation of motion
of the full theory , i.e. δS = δSbulk + δSbdy = 0. From this we can immediately read off
the boundary condition

E⇐ = iκk

2π F (A+)
⇐=

(3.52)

where, again, the arrow denotes the pullback to the boundary. This condition relates the
super electric field E to the curvature of the super connection A+ corresponding to the
OSp(2|2)C super Chern-Simons theory living on the boundary.

Remark 3.2. Note that boundary condition (3.52) can equivalently be rewritten in the
following form

F (A+)
⇐=

+ 1
2L2 E⇐ = 0 ⇔ P+F (A)

⇐=
= 0 (3.53)

where we used that the U(1)-component Ê of the super electric field can be written as
Ê = ˆ̃E − L2(1 + i?)F̂ such that

F̂+ + 1
2L2 Ê = F̂ − 1

2(1 + i?)F̂ = 1
2(1− i?)F̂ (3.54)

Thus, if we take the complex conjugate of (3.53) yielding P−F (A) = 0, we find that
condition (3.52) is equivalent to

P+F (A)
⇐=

+ P−F (A)
⇐=

= 0 (3.55)

that is, the pullback of the curvature components F (A)IJ , F (A)αr and F̂ corresponding to
the OSp(2|4) super Cartan connection A to the boundary are constrained to vanish at the
boundary in accordance with the boundary condition as derived in [82] in context of the
non-chiral theory.

– 25 –



J
H
E
P
0
7
(
2
0
2
1
)
0
7
1

4 Discussion and outlook

In this present article, we have addressed several questions concerning the classical descrip-
tion of (extended) supergravity theories in D = 4 in terms of a new type of action we called
Holst-MacDowell-Mansouri action, in the presence of boundaries. For a special choice of
the Barbero-Immirzi parameter, one obtains a description in terms of chiral Ashtekar type
variables in which case the theory has many interesting properties and which seem to be
of particular relevance for applications in LQG. In particular, we considered the question
of how to properly include boundary terms in the theory. This is crucial as the stan-
dard treatment of inner boundaries in (super)gravity theories expressed in terms of (real)
Ashtekar-Barbero variables is based on the isolated horizon (IH) formalism which, so far,
does not take into account local supersymmetry invariance at the boundary.9

Hence, in this article, we have followed a different route using new developments in the
geometric approach to supergravity. More precisely, following [82, 83], we have discussed
the most general ansatz of possible boundary terms to be added to the bulk action of N = 1
andN = 2 pure AdS supergravity in D = 4. [82, 83] show that the boundary terms are fixed
uniquely if one requires invariance of the full action under supersymmetry transformations
at the boundary. Moreover, it follows that the resulting action in both cases acquires a
very intriguing form extending the well-known MacDowell-Mansouri action [25] even to
supergravity theories with extended supersymmetry [82, 83].

Based on these results, we have derived a Holst variant of the MacDowell-Masouri
action including topological terms for arbitrary Barbero-Immirzi paramters β for the cases
N = 1, 2. To this end, inspired by ideas of [75–77] in context of ordinary first order Einstein
gravity, we introduced a β-deformed inner product defined via a quasi-projection operator
Pβ acting on super Lie algebra-valued forms. We have then shown that the resulting action
is indeed independent of the Barbero-Immirzi parameter at second order, i.e. provided the
spin connection satisfies its field equations, in the sense that all β-dependent terms become
purely topological.

Moreover, for this result to be true, in case N = 2, we have seen that this required
the inclusion of an additional β-dependent topological term to the Maxwell-kinetic term
in the Lagrangian corresponding to the graviphoton field which is commonly known as a
θ-term in Yang-Mills theory. Hence, this supports the hypothesis as discussed e.g. in [66],
that the Barbero-Immirzi parameter has to be regarded as kind of a θ-ambiguity.

We have then studied the boundary terms arising from the Holst action. However,
these boundary terms in general turn out to not correspond to a (super) Chern-Simons
theory. This is, of course, in contrast to the results in context of ordinary gravity study-
ing non-supersymmetric isolated horizon (IH) boundary conditions with Ashtekar-Barbero
variables. There, one finds that, generically, the boundary theory is described via Chern-
Simons theories. Nevertheless, one should emphasize that one can construct models where
this turns out to be true even in the supersymmetric case. For instance, in [87], for clas-
sical variables, particular falloff conditions for the physical fields in the N = 2 case where

9In fact, the standard boundary conditions arising in this formalism even seem to break local supersym-
metry.
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considered leading to a super Chern-Simons theory on the boundary corresponding to
a OSp(2|2) × SO(1, 2) gauge group. This model has also been studied in [78–80] which
turned out to have interesting applications in condensed matter physics in the description
of graphene near the Dirac points. It is highly suggestive that similar models can also be
constructed using real Ashtekar variables. This remains as a task for future investigation.

We have then turned towards the chiral limit of the theory corresponding to an imag-
inary β = ±i and have seen that the resulting theory has many interesting properties. On
the one hand, it follows that the chiral action in both cases, i.e. N = 1 and N = 2, can
be written in a way such that it is manifestly invariant under an enlarged gauge symmetry
corresponding to the (complex) orthosymplectic group OSp(N|2)C. This generalizes and
extends previous results obtained e.g. in [51, 52, 54, 60, 62]. In particular, it follows that
the boundary action takes the form a super Chern-Simons action with OSp(N|2)C as a
gauge group. This confirms the prescient works [5, 54] that saw a close connection between
(super) gravity in the bulk and Chern-Simons theory on the boundary.

For N = 1, we have also shown that, at the boundary, the full action is indeed invariant
under both left- and right-handed supersymmetry transformations. In fact, we could even
show explicitly that this requirement fixes the CS-term as the unique boundary term. In
this context, we derived boundary conditions that couple bulk and boundary degrees of
freedom. These turned out to be in strong similarity to the standard boundary conditions
as typically considered in LQG as they imply coupling between the super electric field and
the curvature of the super Ashtekar connection. Moreover, we saw that these are equivalent
to the requirement that the chiral projections of the super Cartan curvature vanishes at
the boundary which is consistent with the results obtained in [82] in the non-chiral theory.
In the future, it would be interesting to investigate how the definition of IH have to be
extended to the supersymmetric context to rederive the boundary conditions as studied
in this paper. Isolated horizons in the context of supergravity have been studied in [88].
There, however, one focuses on the purely bosonic sector and thus does not take fermionic
degrees of freedom into account.

There are of course numerous open questions one should address in the future. For in-
stance, this geometric approach to supergravity appears quite powerful in the appropriate
description of boundaries as well as the correct implementation of locally supersymmetric
boundary conditions. Moreover, as shown in [82], in this way one arrives at a very intrigu-
ing structure of the AdS supergravity Lagrangian even in case of extended supersymmetry.
It would be very interesting to see how these results could be extended to higher N > 2, or
even matter coupled supergravity theories. As we have demonstrated in this paper, this ap-
proach seems to be well adapted to similar questions in LQG and may shed further light on
the particularity of the (graded) self-dual variables as well as their possible generalizations
to extended SUGRA theories. It would also be interesting to see how the exciting recent
developments [89, 90] regarding the formulation of the dynamics for connection variables
of gravity carries over to the supersymmetric theory.

On the other hand, these results provide a first step toward the quantum description of
boundaries in supergravity in the framework of LQG and possible applications in context
of supersymmetric black holes. This requires a deeper understanding of Chern-Simons
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theories with supergroup as a gauge group. Super Chern-Simons theories are also of quite
recent interest in context of string theory [43]. As explained in the introduction, there,
one observes for certain brane configurations that the boundary theory is described in
terms of a super Chern-Simons theory with gauge group including e.g. the supergroups
OSp(m|n) and U(m|n). We suspect that a deeper analysis of super Chern-Simons theories
in the framework of LQG may also shed further light on the relation between the quantum
description of boundary theories in string theory and LQG.
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A Super Chern-Simons theory

In this section, we want to briefly recall the basic definition and structure of the super
Chern-Simons action. For more details on Chern-Simons theory with supergroup as a
gauge group, we refer to [43] as well as [48] studying the super Chern-Simons action in the
geometric approach using integral forms. For more details on integral forms and related
concepts see e.g. [47, 49].

Before we state the super Chern-Simons action, we need to introduce invariant inner
products. Let G be a Lie supergroup. By the super Harish-Chandra theorem, the super Lie
group has the equivalent characterization in terms of a super Harish-Chandra-pair (G, g)
with G the underlying ordinary bosonic Lie group and g the super Lie algebra of G with
g0 = Lie(G).10

A super metric on g is a bilinear map 〈·, ·〉 : g × g → C that is non-degenerate
and graded-symmetric, i.e. 〈X,Y 〉 = (−1)|X||Y | 〈Y,X〉 for any homogeneous X,Y ∈ g.
Moreover, it is called Ad-invariant, if

〈AdgX,AdgY 〉 = 〈X,Y 〉 ∀g ∈ G (A.1)

and
〈[Z,X], Y 〉+ (−1)|X||Z| 〈X, [Z, Y ]〉 = 0 (A.2)

10For the interested reader, we note that, for sake of concreteness, we will identify the (algebro-geometric)
super Lie group with the corresponding Rogers-DeWitt supergroup using the functor of points prescription
(see [41] for more details).
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for all homogeneous X,Y, Z ∈ g. This can be extended to a bilinear form 〈· ∧ ·〉 :
Ωp(M, g)×Ωq(M, g)→ Ωp+q(M) on differential forms on a supermanifoldM with values
in the super Lie algebra g. Therefore, first note that the sheaf Ω•(M, g) carries the struc-
ture of a Z×Z2-bigraded module, where, for any ω ∈ (Ωk(M))i, its parity ε(ω) is defined as

ε(ω) := (k, i) ∈ Z× Z2 (A.3)

where we will also write |ω| := i for the underlying Z2-grading. For homogeneous g-valued
differential forms ω ∈ Ωp(M, g) and η ∈ Ωq(M, g), we then set

〈ω ∧ η〉 := (−1)|i|(|η|+|j|)ωi ∧ ηj 〈Xi, Xj〉 (A.4)

where we have chosen a real homogeneous basis (Xi)i of g and simply wrote |i| := |Xi| for
the parity. A direct calculation yields

〈ω ∧ η〉 := (−1)|i|(|η|+|j|)ωi ∧ ηj 〈Xi, Xj〉

= (−1)pq(−1)|i||η|(−1)(|ω|+|i|)(|η|+|j|)ηj ∧ ωi 〈Xj , Xi〉
= (−1)pq 〈η ∧ ω〉 (A.5)

Finally, let us derive an important identity which plays a central role in may calculations.
in fact, using the Ad-invariance (A.2), one obtains

〈ω ∧ [η ∧ ξ]〉 = (−1)|i|(|η|+|ξ|+|j|+|k|)(−1)|j|(|ξ|+|k|)ωi ∧ ηj ∧ ξk 〈Xi, [Xj , Xk]〉

= (−1)|i|(|η|+|ξ|+|j|+|k|)(−1)|j|(|ξ|+|k|)ωi ∧ ηj ∧ ξk 〈[Xi, Xj ], Xk〉

= (−1)|i|(|η|+|j|) 〈ωi ∧ ηj ⊗ [Xi, Xj ] ∧ ξ〉
= 〈[ω ∧ η] ∧ ξ〉 (A.6)

As discussed in the main text, the Chern-Simons action naturally appears as a boundary
term in chiral limit of the Holst-MacDowell-Mansouri action of supergravity. In fact, let
A be a super connection and F (A) its corresponding curvature, then

〈F (A) ∧ F (A)〉 = d〈A ∧ F (A)− 1
6A ∧ [A ∧A]〉 (A.7)

To see this, note that

d〈A∧F (A)− 1
6A∧ [A∧A]〉= 〈dA∧dA+ 1

2dA∧ [A∧A]−A∧ [dA∧A]〉− 1
6d〈A∧ [A∧A]〉

= 〈dA∧dA+ 1
3dA∧ [A∧A]− 2

3A∧ [dA∧A]〉 (A.8)

which directly leads to (A.7) using 〈A ∧ [dA ∧A]〉 = −〈A ∧ [A ∧ dA]〉 = −〈[A ∧A] ∧ dA〉
which is an immediate consequence of identity (A.6). When pulled back to the underlying
bosonic submanifold M , the Chern-Simons action is thus defined as

SCS(A) := k

4π

∫
M
〈A ∧ dA+ 1

3A ∧ [A ∧A]〉 (A.9)
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where k is referred to as the level of the Chern-Simons theory. Let us decompose
A = prg0 ◦ A + prg1 ◦ A =: A + ψ w.r.t. the even and odd part of the super Lie algebra
g = g0 ⊕ g1. Inserting this into (A.9), this gives

〈A ∧ F (A)〉 = 〈A ∧ F (A) + 1
2A ∧ [ψ ∧ ψ]〉+ 〈ψ ∧ (dψ + [A ∧ ψ])〉 (A.10)

On the other hand, using 〈ψ ∧ [A ∧ ψ]〉 = 〈ψ ∧ [ψ ∧A]〉 = 〈[ψ ∧ ψ] ∧A〉 according to (A.6),
we find

〈A ∧ [A ∧A]〉 = 〈A ∧ [A ∧A] +A ∧ [ψ ∧ ψ]〉+ 2 〈ψ ∧ [A ∧ ψ]〉
= 〈A ∧ [A ∧A] +A ∧ [ψ ∧ ψ]〉+ 2 〈A ∧ [ψ ∧ ψ]〉
= 〈A ∧ [A ∧A] + 3A ∧ [ψ ∧ ψ]〉 (A.11)

Thus, we can rewrite (A.9) as follows

SCS(A) = SCS(A) + k

4π

∫
M
〈ψ ∧D(A)ψ〉 (A.12)

with SCS(A) the Chern-Simons action of the bosonic connection A and D(A) the associated
exterior covariant derivative.

B Gamma-matrices and algebra

We summarize some important formulas concerning gamma matrices in Minkowksi space-
time and their chiral representation as used in the main text. The Clifford algebra
Cl(R1,3, η) of four-dimensional Minkowski spacetime is generated by gamma matrices γI ,
I ∈ {0, . . . , 3}, satisfying the Clifford algebra relations

{γI , γJ} = 2ηIJ (B.1)

where the Minkowski η is chosen with signature η = diag(− + ++). In the chiral theory,
we are working in the chiral or Weyl representation in which the gamma matrices take the
form

γI =
(

0 σI
σ̄I 0

)
and γ∗ =

(
1 0
0 −1

)
(B.2)

with γ∗ := iγ0γ1γ2γ3 the highest rank Clifford algebra element also commonly denoted by
γ5 in four spacetime dimensions. Here,

σI = (−1, σi) and σ̄I = (1, σi) (B.3)

with σi, i = 1, 2, 3 the ordinary Pauli matrices. It follows that Cl(Rs,t, η) is real vector
space of dimension dim Cl(Rs,t, η) = 16 spanned by the unit 1 together with elements of
the form

γI1I2···Ik := γ[I1γI2 · . . . · γIk] (B.4)

for k = 1, . . . , 4, where the bracket denotes anti-symmetrization.
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A useful formula which interrelates elements of the form (B.4) with different degree is
given by the following

γI1I2...Irγ∗ = i

(4− r)!ε
IrIr−1...I1J1...J4−rγJ1...J4−r (B.5)

for 0 ≤ r ≤ 4, which will be often needed in the main text. Here, εIJKL = −εIJKL denotes
the completely antisymmetric symbol in D = 4 with the convention ε0123 = 1.

In the context of N = 2 supergravity, we further note an important identity stemming
from the Fierz-rearrangement formula. Let Ψr, for r = 1, 2, be spinor-valued one-forms.
The chiral projections will be denoted ψr := 1

2(1+γ∗)Ψr and ψr := 1
2(1−γ∗)Ψr for r = 1, 2,

respectively. One then has

ψr ∧ ψ̄s = 1
2 ψ̄s ∧ ψr −

1
8γIJ ψ̄s ∧ γ

IJψr (B.6)

ψr ∧ ψ̄s = 1
2γI ψ̄

s ∧ γIψr (B.7)

Furthermore, one has

ψ̄r ∧ ψs ∧ ψ̄s ∧ ψr = −1
2 ψ̄

r ∧ ψsεrs ∧ ψ̄p ∧ ψqεpq (B.8)

Finally, in context of the chiral theory, we will often work with the spinorial index conven-
tion σAA′I and σ̄IA′A for the Pauli-matrices. These can be used to map the internal indices
I of the co-frame eI to spinorial indices setting

eAA
′

µ = eIµσ
AA′
I (B.9)

Primed and unprimed Spinor indices are raised and lowered with respect to the complete
antsymmetric symbols εA′B′ and εAB, respectively, with the convention

ψA = ψBεBA and ψA = εABψB (B.10)

and analogously for primed indices. Due to εσiε = σTi , one has the useful formula

σIAA′ = σBB
′

I εBAεB′A′ = −σ̄IA′A (B.11)

C The super Poncaré and anti-de Sitter group

In this section, let us briefly review the basic supergroups and algebras that play a central
role in contexr of supergravity in D = 4 spacetime dimensions (see e.g. [71–74] for a more
detailed exposition as well as [41] for our choice of conventions).

Let γI , I = 0, . . . , 3, be the gamma matrices as in section B. We then define totally
antisymmetric matrices ΞAB, A,B = 0, . . . , 4, via

ΞIJ := 1
2γ

IJ := 1
4[γI , γJ ] as well as Ξ4I := −γI4 := 1

2γ
I (C.1)
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where indices are raised and lowered w.r.t. the metric ηAB = diag(− + + + −). These
satisfy the following commutation relations

[ΞAB,ΞCD] = ηBCΞAD − ηACΞBD − ηBDΞAC + ηADΞBC (C.2)

and thus provide a representation of so(2, 3), Lie algebra of the isometry group SO(2, 3) of
anti-de Sitter spacetime AdS4. Moreover, due to

(CΞAB)T = CΞAB (C.3)

with C the charge conjugation matrix, it follows that ΞAB generate sp(4) the Lie algebra
universal covering group Sp(4,R) of SO(2, 3).

The graded extension of the anti-de Sitter group with N -fermionic generators is given
by the orthosymplectic Lie group OSp(N|4) containing O(N )×Sp(4) as a bosonic subgroup
and which, on the super vector space V = (ΛC)N ,4 with Λ a real Grassmann-algebra, is
defined w.r.t. the bilinear form induced by

Ω =
(
1 0
0 C

)
(C.4)

The algebra osp(N|4) is then generated by all X ∈ gl(V) satisfying

XsTΩ + ΩX = 0 (C.5)

where XsT denotes the super transpose of X. The bosonic generators of super Lie algebra
are given by

MAB :=
(

0 0
0 ΞAB

)
and T rs :=

(
Ars 0
0 0

)
(C.6)

respectively, where (Ars)pq := 2δ[r
p δ

s]
q , p, q, r, s = 1, . . . ,N . The fermionic generators are

given by

Qrα :=
(

0 −ēα ⊗ er
eα ⊗ eTr 0

)
(C.7)

with (ēα)β = Cαβ . Setting PI := 1
LΞ4I , and rescaling Qrα → Qrα/

√
2L as well as T rs →

T rs/2L, one obtains the following (graded) commutation relations

[MIJ , Q
r
α] = 1

2Q
r
β(γIJ)βα (C.8)

[PI , Qrα] = − 1
2LQ

r
β(γI)βα (C.9)

[T pq, Qrα] = 1
2L(δqrQpα − δprQqα) (C.10)

[Qrα, Qsβ ] = δrs
1
2(CγI)αβPI + δrs

1
4L(CγIJ)αβMIJ − CαβT rs (C.11)

which in the limit L→∞ leads to the respective super Poincaré Lie algebra.
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The orthosymplectic and Poincaré superalgebra contain a proper subalgebra which
appears in context of chiral supergravity. Let T±i be defined as

T±i = 1
2

(
−1

2ε
jk
i Mjk ± iM0i

)
(C.12)

satisfying the commutation relations

[T±i , T
±
j ] = ε k

ij T
±
k (C.13)

Since, the R-symmetry generators do not mix the chiral components of the Majorana
generators Qrα, it follows that (T+

i , Trs, Q
r
A) form a proper chiral sub super Lie algebra of

osp(N|4)C with the graded commutation relations

[T+
i , T

+
j ] = ε k

ij T
+
k (C.14)

[T+
i , Q

r
A] = QrB(τi)BA (C.15)

[QrA, QsB] = δrs
1
L

(εσi)ABT+
i −

i

2LεABT
rs (C.16)

[T pq, QrA] = 1
2L(δqrQpA − δ

prQqA) (C.17)

yielding the complex orthosymplectic Lie superalgebra osp(N|2)C, the extended supersym-
metric generalization of the isometry algebra of D = 2 anti-de Sitter space . In the limit
L→∞, this yields the extended D = 2 super Poincaré algebra.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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