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1 Introduction

The Standard Model (SM) of Particle Physics still represents the best description of high-

energy phenomena at our disposal. Nevertheless, several experimental and theoretical

shortcomings require the presence of some New Physics (NP). The lack of a NP discovery

at the LHC and the SM’s impressive phenomenological success could suggest the existence

of a large separation between the Electroweak (EW) and NP scales. If this is the case, the

SM should really be understood as the leading (renormalizable) approximation of a low

energy Effective Field Theory (EFT), known as SMEFT [1–3].

Considering the SM as an EFT is not only conceptually, but also practically advan-

tageous, for it allows to study a whole class of SM extensions in a model independent

way. In fact, in the SMEFT framework, the effects of heavy NP are fully encoded in the

Wilson Coefficients (WCs) of non-renormalizable operators, in terms of which low-energy

observables can be computed without any reference to the specific ultraviolet (UV) model.

The WCs for a given concrete UV SM extension can then be obtained by matching.
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In this work we present the complete one-loop matching conditions, up to dimension-

six SMEFT operators, resulting by integrating out the two scalar leptoquarks (LQ) S1

and S3 [4] with all admissible baryon and lepton number conserving couplings. From the

phenomenological point of view, such an effort is motivated by the recent interest received

by the model in the context of the deviations from the SM observed in B-meson decays,

for which it could provide a combined explanation [5–12]. The complete one-loop matching

allows a thourough study of the model’s phenomenology, which was indeed one of our initial

goals, and will be reported in a separate contribution [13].

Aside from the phenomenological interest, this work represents one of the very few

available examples of complete one-loop matching to the SMEFT. In [14, 15] the one-loop

matching for bosonic SMEFT operators from integrating out sfermions in the MSSM is

derived, refs. [16, 17] perform the complete one-loop matching for a singlet scalar (see

also [18]), and [19] considers the SM with an additional light sterile neutrino and heavy

fermions and a scalar singlet. The model considered here, with two coloured and weakly-

charged states coupled to all SM particles with non-trivial flavour structures, represents

a very rich example of such a matching. While functional [20–28] and automated [29, 30]

methods for the task are currently under development, diagrammatic calculation is still

the state of the art in this subject, and will represent an important cross-check when these

more sophisticated methods will be available.

The matching conditions are obtained by equating EFT and UV theory one-light-

particle irreducible (1LPI) off-shell Green’s functions at the matching scale. This opera-

tion produces a set of operators which are independent under integration by parts (IBP),

but possibly redundant under the SM renormalizable equations of motion (EOMs). A

complete set of such operators has been called Green’s basis in [16], and must then be

suitably reduced to an operator basis for S-matrix elements by applying the SM EOMs (or

field redefinitions). As a byproduct of our work, we identify a complete Green’s basis of

dimension-six SMEFT operators by extending the Warsaw basis [3], and obtain the fully

general reduction equations expressing Warsaw basis WCs in terms of Green’s basis ones.

The paper is organized as follows: in section 2 we introduce the S1 + S3 model; in

section 3 we give the complete one-loop matching conditions in the Warsaw basis, which is

the main result of this paper. We conclude in section 4. Several results are contained in the

appendices: in appendix A we discuss in full generality the Green’s basis for the SMEFT;

in appendix B we provide the reduction equations from the Green’s to the Warsaw basis,

and in appendix C we give the complete one-loop matching condition for the leptoquark

theory in the Green’s basis.

In the supplementary material we provide the complete one-loop matching in the

Green’s basis, the general reduction equations from the Green’s to the Warsaw basis, as

well as usage examples.

2 The S1 + S3 model

The UV model under consideration is defined by the SM gauge group and field content,

with the addition of two colored scalar leptoquarks

S1 ∼ (3̄,1) 1
3

and S3 ∼ (3̄,3) 1
3
, (2.1)
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where in parenthesis we indicate the representation under (SU(3)c, SU(2)L)U(1)Y . The

combination of these two scalars has been considered in the literature as a possible si-

multaneous explanation of charged and neutral current B-anomalies [6–12]. For such a

purpose, both leptoquarks need to have TeV scale masses and, consequently, negligibly

small baryon number violating couplings. Enforcing baryon number conservation, the part

of the Lagrangian involving S1,3 is:

LLQ = |DµS1|2 + |DµS3|2 −M2
1 |S1|2 −M2

3 |S3|2+

+
(
(λ1L)iαq̄

c
i ε`α + (λ1R)iαū

c
ieα
)
S1 + (λ3L)iαq̄

c
i εσ

I`αS
I
3 + h.c.+

− λH1|H|2|S1|2 − λH3|H|2|SI3 |2 −
(
λH13(H†σIH)SI†3 S1 + h.c.

)
+

− λεH3iε
IJK(H†σIH)SJ†3 SK3 − VS(S1, S3),

(2.2)

where ε = iσ2, λH1, λH3, λεH3 ∈ R, (λ1L)iα, (λ
1R)iα, (λ

3L)iα, λH13 ∈ C, and the LQ self-

interactions are described by

VS(S1, S3) =
c1

2
(S†1S1)2+

+ c
(1)
13 (S†1S1)(S†3S3) + c

(8)
13 (S†1T

AS1)(S†3T
AS3)+

+
c

(1)
3

2
(S†3S3)(S†3S3) +

c
(3)
3

2
(SI†3 ε

IJKSJ3 )(SL†3 εLMKSM3 )+

+
c

(5)
3

2

[
(SI†3 S

J
3 )(SI†3 S

J
3 ) + (SI†3 S

J
3 )(SJ†3 SI3)

2
− 1

3
(S†3S3)(S†3S3)

]
.

(2.3)

We denote SM quark and lepton fields by qi, ui, di, `α, and eα. We adopt latin letters

(i, j, k, . . . ) for quark flavor indices and greek letters (α, β, γ, . . . ) for lepton flavor indices.

We work in the down-quark and charged-lepton mass eigenstate basis, where

qi =

(
V ∗jiu

j
L

diL

)
, `α =

(
ναL
eαL

)
, (2.4)

and V is the CKM matrix. The Higgs field is denoted by H and its hypercharge is normal-

ized to YH = 1
2 . The covariant derivative of a generic field Φ ∼ (ρΦ

3 , ρ
Φ
2 )YΦ

is defined by

DµΦ =
(
∂µ − ig′YΦBµ − ig(tΦ2 )IW I

µ − igs(tΦ3 )AGAµ
)

Φ, (2.5)

and the corresponding field strengths read

Bµν = ∂µBν − ∂νBµ,
W I
µν = ∂µW

I
ν − ∂νW I

µ + gεIJKW J
µW

K
ν ,

GAµν = ∂µG
A
ν − ∂νGAµ + gsf

ABCGBµG
C
ν .

(2.6)

The SM Yukawa lagrangian is defined by

LYuk = −(yE)αβ ¯̀
αeβH − (yU )ij q̄iujH̃ − (yD)ij q̄idjH + h.c., (2.7)
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where H̃ = iσ2H
∗, and the Higgs potential reads

VH = −m2H†H +
λ

2
(H†H)2. (2.8)

Finally, for future convenience, we define the bi-lateral derivatives:

H†
←→
D µH = H†(DµH)− (DµH)†H,

H†
←→
D I

µH = H†σI(DµH)− (DµH)†σIH.
(2.9)

2.1 Tree-level SMEFT matching conditions

Since the two extra scalar fields are, by assumption, heavier than the electroweak scale,

for the purpose of low energy phenomenology, we can integrate them out and work instead

with a non-renormalizable SMEFT lagrangian. This takes the form:

LSMEFT = LSM +
∑
i

CiO(6)
i + . . . , (2.10)

where O(6)
i are dimension-six SMEFT operators, while the dots denote higher-dimension

operators, which we neglect in the following. We adopt the Warsaw basis [3] for dimension-

six operators. Separating the contributions arising at tree level from the one-loop generated

ones, we can write

Ci = C
(0)
i +

1

(4π)2
C

(1)
i . (2.11)

At tree level, only a set of semi-leptonic operators is generated, with WCs:

[C
(1)
lq ]

(0)
αβij =

λ1L∗
iα λ1L

jβ

4M2
1

+
3λ3L∗

iα λ3L
jβ

4M2
3

,

[C
(3)
lq ]

(0)
αβij = −

λ1L∗
iα λ1L

jβ

4M2
1

+
λ3L∗
iα λ3L

jβ

4M2
3

,

[C
(1)
lequ]

(0)
αβij =

λ1R
jβ λ

1L∗
iα

2M2
1

,

[C
(3)
lequ]

(0)
αβij = −

λ1R
jβ λ

1L∗
iα

8M2
1

,

[Ceu]
(0)
αβij =

λ1R ∗
iα λ1R

jβ

2M2
1

.

(2.12)

For the operator definitions, see tables 1, 2, 3 and 4.

3 Complete one-loop SMEFT matching conditions

We report in this section the complete one-loop SMEFT matching conditions for the S1+S3

model introduced in the previous section.
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The matching is performed diagrammatically, by equating 1LPI Green’s functions in

the UV and effective theory. As explained in the Introduction, this gives rise to a set

of higher-dimensional effective operators in the Green’s basis, which are then reduced to

a minimal set of Warsaw basis operators by applying the SM equations of motion. This

reduction is performed in full generality in appendix B, following the complete classification

of Green’s basis operators in appendix A. The one-loop matching to the Green’s basis WCs

for the S1 + S3 model is given in appendix C. Here we report the matching conditions in

the Warsaw basis, which is the central result of the paper.

We performed our computations in a general Rξ gauge, adopting the MS subtraction

scheme within Naive Dimensional Regularization (NDR). Whenever relevant, we explicitly

checked the independence of matching conditions on the gauge fixing parameter ξ. The

matching scale is µM , which in practical applications should be taken of order of the lepto-

quark masses µM ∼ M1,M3, but is otherwise arbitrary. For physics to be independent of

µM , the resulting dependence of WCs from the matching scale should exactly correspond

to their SMEFT renormalization group (RG) running [31–33], which we explicitly verified

as a cross-check of our procedure. In practice, for all the operators that are not already

generated at the tree-level, the explicit (logarithmic) scale dependence we obtain from the

matching computation corresponds to the one from the SMEFT RG equations. For the op-

erators listed in eq. (2.12), instead, one should also consider the running of the leptoquark

couplings and masses with µM , schematically [Ci]
(0)(µM ) ∼ λ(µM )λ(µM )/M2

LQ(µM ). For

instance, in the one-loop matching of these operators, there is a contribution from the

quartic leptoquark couplings of eq. (2.3): the logarithmic scale dependence of such contri-

bution cancels the one arising from the RG evolution of the LQ masses in the tree-level

matching.

In contrast to the aforementioned gauge fixing and matching scale independence,

matching conditions may (and do) explicitly depend on the definition of evanescent op-

erators [34], i.e. operators which vanish in d = 4, but may be non-vanishing in d 6= 4. Two

examples of evanescent Dirac structures relevant to us are:

E1 = PLγ
µγνPL ⊗ PLγµγνPL − 4PL ⊗ PL + PLσ

µνPL ⊗ PLσµνPL, (3.1)

E2 = PLγ
µγνPL ⊗ PRγµγνPR − 4PL ⊗ PR. (3.2)

The NDR defining equations in d = 4− 2ε dimensions, viz.

{γµ, γν} = 2ηµν ,
{
γµ, γ5

}
= 0, Tr(η) = 4− 2ε (3.3)

imply E1 = −2εPL ⊗ PL, but do not univocally fix E2. Following the notation of ref. [35],

we write:

E2 = 4aevεPL ⊗ PR + E
(2)
LR(aev), (3.4)

where the coefficient aev can be regarded as the definition of the evanescent operator

E
(2)
LR (e.g. for aev = −1/2 one gets E

(2)
LR = PLσ

µνPL ⊗ PRσµνPR, which vanishes in four

dimensions, cf. ref. [35]).

In order to facilitate result comparisons, we report the matching conditions for general

aev (the other scheme defining coefficients, bev, cev, etc., of ref. [35] do not enter in our one-

– 5 –
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loop computations). For practical calculations, ref. [36] recommends aev = bev = · · · = 1,

as in such scheme evanescent operators only affect two-loop anomalous dimensions.

We treat the Higgs mass term m2H†H as an interaction (both in the SMEFT and

UV theory) and work with a massless Higgs field propagator. By dimensional analy-

sis, a diagram with internal Higgs lines and n insertions of m2 is suppressed by a factor

(m2/M2)n (where M2 = M2
1,3) relative to the same diagram with no insertions. There-

fore, at dimension-six level, mass insertions can be relevant to the matching conditions for

renormalizable operators (see below). However, in the present theory, one-loop diagrams

with internal Higgs lines only give rise to dimension-six operators, so that m2 does not

contribute to the Green’s basis matching conditions. It does, instead, contribute to the

Warsaw basis matching conditions, where it makes its appearence through the Higgs EOM,

see eq. (B.1).

As a further check, we have also recomputed the one-loop Green’s basis WCs of pure-

Higgs operators belonging to classes H4D2 and H6 (see table 1) within the universal

one-loop effective action (UOLEA) approach [21, 22, 26], and we find agreement with our

diagrammatic results.

Integrating out the leptoquarks at one loop also generates contributions to SM renor-

malizable operators and, in particular, fermion kinetic terms. Such modifications can be

undone by suitable field and SM coupling redefinitions, which however also introduce ad-

ditional contributions to tree-level generated WCs.1 In our case only fermion kinetic terms

(i.e. wave-functions renormalizations) are relevant, as the tree-level WCs in eq. (2.12) do

not depend on any SM coupling. The one-loop formulas below include the contributions

due to fermion field renormalization.

3.1 Example

In this section we discuss in some details the matching of a specific Green’s function, in

order to illustrate some of the most relevant aspects of our computation.

Let us consider the off-shell Green’s function G ≡ 〈eβ(p1)ēα(p2)Hb(q1)H†a(q2)〉, where

all momenta are incoming and a, b are SU(2)L indices. The matching conditions for this

correlator are depicted diagrammatically in figure 1, where the left and right hand-side

show the EFT and UV contributions, respectively. We briefly comment on the various

steps of this computation.

We begin by listing the various contributions to G, both in the SMEFT and the lep-

toquark model. The SMEFT operators which contribute at tree level to G are (cf. table 2

for the notation):

[OHe]αβ = (ēαγ
µeβ)(H†i

←→
D µH) ,

[O′He]αβ = (ēαi
←→
/D eβ)(H†H) ,

[O′′He]αβ = (ēαγ
µeβ)∂µ(H†H) .

(3.5)

1Since field redefinitions arise at one loop in our model, only tree-level WCs are affected. In general,

any tree-level shift in SM couplings and wave-function renormalizations that could influence loop-generated

coefficients should be taken into account, see e.g. [16].

– 6 –
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Moreover, we must take into account a one-loop contribution from Oeu, which is gener-

ated at the tree-level in our model according to eq. (2.12). Since this tree-level WC is fixed,

the matching of G allows us to fix the coefficients of the operators in (3.5), see the left-hand

side of figure 1. In the leptoquark model there are two diagrams contributing to G, both

mediated by S1, shown in the right-hand side of figure 1: a box diagram proportional to

(schematically) yUy
†
Uλ

1Rλ1R†, and a triangle diagram proportional to λH1λ
1R†λ1R.

By total momentum conservation, only three out of the four momenta p1, p2, q1, q2

are independent. Writing (p1, p2, q1, q2) = (p − r, −p − r, q + r, −q + r), the tree-level

contributions from the operators in eq. (3.5) read:

[Gtree
EFT(µM )]αβ = 2/q[GHe(µM )]αβ + 2/p[G

′
He(µM )]αβ − 2i/r[G′′He(µM )]αβ , (3.6)

where we drop here and below a global δab factor, and we denote Green’s basis WCs by

Gi. The UV and EFT one-loop contributions are more easily computed when only one of

the independent momenta p, q, r is non-vanishing, and yield respectively:[
G1-loop

UV (µM )
]q=r=0

αβ
= −/p

Nc(λ
1R†yTUy

∗
Uλ

1R)αβ
(4π)22M2

1

+ /p
NcλH1(λ1R†λ1R)αβ

(4π)22M2
1

, (3.7)

[
G1-loop

UV (µM )
]p=r=0

αβ
= −/q

Nc(λ
1R†yTUy

∗
Uλ

1R)αβ
(4π)2M2

1

log
−q2

M2
1

, (3.8)[
G1-loop

UV (µM )
]p=q=0

αβ
= 0 , (3.9)

and [
G1-loop

EFT (µM )
]q=r=0

αβ
= 0 , (3.10)

[
G1-loop

EFT (µM )
]p=r=0

αβ
= /q

Nc(λ
1R†yTUy

∗
Uλ

1R)αβ
(4π)2M2

1

(
1 + log

µ2
M

−q2

)
, (3.11)[

G1-loop
EFT (µM )

]p=q=0

αβ
= 0 , (3.12)

where we employed the tree-level value of [Ceu]
(0)
αβ given in eq. (2.12). Notice that the

EFT computation presents an ultraviolet divergence, which we regulate in the MS scheme

at renormalization scale µM . On the other hand, on the basis of renormalizability, the

UV contribution must be (and is) finite. Finally, both EFT and UV diagrams present

an infrared divergence, corresponding to the log(−q2) terms in eqs. (3.8) and (3.11). The

agreement of these two terms, which is guaranteed by the EFT construction, provides a

further check of validity of the computation.

Requiring GEFT(µM ) = GUV(µM ), we finally obtain the matching conditions:

[GHe(µM )]αβ = −
Nc(λ

1R†yTUy
∗
Uλ

1R)αβ
32π2M2

1

(
1 + log

µ2
M

M2
1

)
,

[G′He(µM )]αβ = −
Nc(λ

1R†yTUy
∗
Uλ

1R)αβ
64π2M2

1

+
NcλH1(λ1R†λ1R)αβ

64π2M2
1

,

[G′′He(µM )]αβ = 0 .

(3.13)
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eβ eα

H H

uj ui

qk qk

uj ui

uj
eαeβ

eβ eα eαeβ

H H H H HH

S1

S1 S1+ +=

Figure 1. Diagrams for the matching of the 〈ēeH†H〉 Green function.

As a cross-check, we observe that the µM dependence of [GHe(µM )]αβ corresponds to the

SMEFT RG running of CHe due to Ceu [32],

(4π)2µ
d[CHe]αβ

dµ
= −2Nc[Ceu]αβij(y

T
Uy
∗
U )ij , (3.14)

once eq. (2.12) is taken into account.

3.2 One-loop matching conditions in the Warsaw basis

In the following we report the complete one-loop matching conditions of the S1 +S3 model

to dimension-six SMEFT operators in the Warsaw basis. Definitions of the operators can

be found in tables 1, 2, 3 and 4, while the C
(1)
i coefficients are defined as in eq. (2.11). For

convenience, we make the following definitions:

L1,3 ≡ ln

(
µ2
M

M2
1,3

)
, (3.15)

h(M1,M3) ≡
M4

1 −M4
3 − 2M2

1M
2
3 log

M2
1

M2
3

(M2
1 −M2

3 )3
,

≈ 1

3M2
1

(
1− δm+

7

10
δm2 +O(δm3)

)
(δm ≡M3/M1 − 1) , (3.16)

n(M1,M3) ≡
M2

1 −M2
3 +M2

3 log
M2

3

M2
1

(M2
3 −M2

1 )2
≈ − 1

2M2
1

(
1− 2

3
δm+O(δm2)

)
, (3.17)

Λ(n)
q ≡ λnL∗λnLT , Λ(31)

q ≡ λ3L∗λ1LT , Λu ≡ λ1R∗λ1RT ,

Λ
(n)
` ≡ λnL†λnL, Λ

(31)
` ≡ λ3L†λ1L, Λe ≡ λ1R†λ1R,

(3.18)

– 8 –
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X1L
1U ≡ λ1L†y∗Uλ

1R, X1L
1E ≡ (λ1Ry†Eλ

1L†)T ,

X3L
1U ≡ λ3L†y∗Uλ

1R, X3L
1E ≡ (λ1Ry†Eλ

3L†)T ,

XnL
2F ≡ λnL†y∗F yTFλnL, X1R

2U ≡ λ1R†yTUy
∗
Uλ

1R,

XnL
2E ≡ (λnLyEy

†
Eλ

nL†)T , X1R
2E ≡ (λ1Ry†EyEλ

1R†)T ,

X1L
3U ≡ λ1L†y∗Uy

T
Uy
∗
Uλ

1R, X1L
3E ≡ (λ1Ry†EyEy

†
Eλ

1L†)T ,

(3.19)

where n = 1, 3 and F = U,D, and the superscript T stands for transpose. The fermion

wave function renormalizations, are given by (Zψ)ij = δij + 1
(4π)2 (δZψ)ij , where

(δZ`)αβ =
Nc

2

[(
1

2
+ L1

)
(Λ

(1)
` )αβ + 3

(
1

2
+ L3

)
(Λ

(3)
` )αβ

]
, (3.20)

(δZe)αβ =
Nc

2

(
1

2
+ L1

)
(Λe)αβ , (3.21)

(δZq)ij =
1

2

[(
1

2
+ L1

)
(Λ(1)

q )ij + 3

(
1

2
+ L3

)
(Λ(3)

q )ij

]
, (3.22)

(δZu)ij =
1

2

(
1

2
+ L1

)
(Λu)ij , (3.23)

(δZd)ij = 0. (3.24)

3.2.1 Renormalizable terms

(4π)2(δyE)αβ = −1

2
[(δZ`)αγδδβ+δαγ(δZe)δβ ] (yE)γδ+

−Nc

[
1+L1+

1

2

(
1

2
+L1

)
m2

M2
1

]
(X1L

1U )αβ , (3.25)

(4π)2(δyU )ij = −1

2
[(δZq)ikδjl+δik(δZu)lj ] (yU )kl+

−
[
1+L1+

1

2

(
1

2
+L1

)
m2

M2
1

]
(X1L

1E)ij , (3.26)

(4π)2(δyD)ij = 0 , (3.27)

(4π)2δλ = −Nc

[
λ2
H1L1+(3λ2

H3+2λ2
εH3)L3+2|λH13|2

(
1+

M2
3L3−M2

1L1

M2
3−M2

1

)]
+

−Nc

15
g4m2 1

M2
3

, (3.28)

(4π)2δm2 = Nc

[
λH1(1+L1)M2

1 +3λH3(1+L3)M2
3−2m4

(
λ2
εH3

3M2
3

+|λH13| 2h(M1,M3)

)]
.

(3.29)
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3.2.2 Purely bosonic

X3.

C
(1)
3G =

1

360
g3
s

(
3

M2
3

+
1

M2
1

)
, (3.30)

C
(1)
3W =

Nc

90
g3 1

M2
3

, (3.31)

C
(1)

3G̃
= C

(1)

3W̃
= 0. (3.32)

X2H2.

C
(1)
HG =

g2
s

12

(
3λH3

M2
3

+
λH1

M2
1

)
, (3.33)

C
(1)
HW =

Nc

3
g2λH3

M2
3

, (3.34)

C
(1)
HB =

Nc

6
g′2

(
3
λH3Y

2
S3

M2
3

+
λH1Y

2
S1

M2
1

)
, (3.35)

C
(1)
HWB = −Nc

gg′YS3λεH3

3M2
3

, (3.36)

C
(1)

HG̃
= C

(1)

HW̃
= C

(1)

HB̃
= C

(1)

HW̃B
= 0 . (3.37)

H4D2.

C
(1)
H� = −Nc

(
1

40
g4+

1

20
g′4Y 2

HY
2
S3

+
3λ2

H3−2λ2
εH3

12

)
1

M2
3

−Nc

(
1

60
g′4Y 2

HY
2
S1

+
λ2
H1

12

)
1

M2
1

+

+
Nc

2
|λH13| 2h(M1,M3) , (3.38)

C
(1)
HD = −Nc

15
g′4Y 2

H

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
−2Nc

(
λ2
εH3

3M2
3

+|λH13| 2h(M1,M3)

)
. (3.39)

H6.

C
(1)
H = −Nc

(
1

30
g4λ+

1

2
λ3
H3+λH3λ

2
εH3

)
1

M2
3

−Nc
λ3
H1

6M2
1

+2Ncλ

(
λ2
εH3

3M2
3

+|λH13| 2h(M1,M3)

)

+
Nc |λH13| 2

M2
1−M2

3

λH3−λH1+
ln
(
M2

1

M2
3

)
M2

1−M2
3

(λH1M
2
3−λH3M

2
1 )

 . (3.40)
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3.2.3 Two-fermion operators

ψ2XH.

[CuG]
(1)
ij = − 1

24
gs

(
3

(Λ
(3)
q yU )ij
M2

3

+
(Λ

(1)
q yU )ij
M2

1

)
− 1

24
gs

(yUΛu)ij
M2

1

− 1

4
gs

(X1L
1E)ij
M2

1

, (3.41)

[CuW ]
(1)
ij = − 1

24
g

(
3

(Λ
(3)
q yU )ij
M2

3

− (Λ
(1)
q yU )ij
M2

1

)
− 1

8
g

(
1

2
+ L1

)
(X1L

1E)ij
M2

1

, (3.42)

[CuB]
(1)
ij = − 1

24
g′(Yq + 3Y`)

(
3

(Λ
(3)
q yU )ij
M2

3

+
(Λ

(1)
q yU )ij
M2

1

)
− 1

24
g′(Yu − 3Ye)

(yUΛu)ij
M2

1

+

+
1

4
g′
[
(Yl + Ye)L1 +

1

2
Yl +

3

2
Ye − Yu

]
(X1L

1E)ij
M2

1

, (3.43)

[CdG]
(1)
ij = − 1

24
gs

(
3

(Λ
(3)
q yD)ij
M2

3

+
(Λ

(1)
q yD)ij
M2

1

)
, (3.44)

[CdW ]
(1)
ij = − 1

24
g

(
3

(Λ
(3)
q yD)ij
M2

3

− (Λ
(1)
q yD)ij
M2

1

)
, (3.45)

[CdB]
(1)
ij = − 1

24
g′(Yq + 3Y`)

(
3

(Λ
(3)
q yD)ij
M2

3

+
(Λ

(1)
q yD)ij
M2

1

)
, (3.46)

[CeW ]
(1)
αβ = −Nc

24
g

(
3

(Λ
(3)
` yE)αβ

M2
3

−
(Λ

(1)
` yE)αβ

M2
1

)
− Nc

8
g

(
1

2
+ L1

)
(X1L

1U )αβ
M2

1

, (3.47)

[CeB]
(1)
αβ = −Nc

24
g′(Y` + 3Yq)

(
3

(Λ
(3)
` yE)αβ

M2
3

+
(Λ

(1)
` yE)αβ

M2
1

)
− Nc

24
g′(Ye − 3Yu)

(yEΛe)αβ
M2

1

+

+
Nc

4
g′
[
(Yq + Yu)L1 +

1

2
Yq +

3

2
Yu − Ye

]
(X1L

1U )αβ
M2

1

. (3.48)

ψ2H2D.

[C
(1)
Hq]

(1)
ij = −Nc

30
g′4YHYqδij

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
− 1

24

(yUΛuy
†
U )ij

M2
1

+

+
1

3
g′2YH

{
3

(
1

6
Yq + Y`L3

)
(Λ

(3)
q )ij
M2

3

+

(
1

6
Yq + Y`L1

)
(Λ

(1)
q )ij
M2

1

}
+

− 1

4

(
3(1 + L3)

(X3L
2E)ij
M2

3

+ (1 + L1)
(X1L

2E)ij
M2

1

)
, (3.49)
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[C
(3)
Hq]

(1)
ij = −Nc

60
g4δij

1

M2
3

+
1

24

(yUΛuy
†
U )ij

M2
1

+

+
1

12
g2

((
1

2
+ L3

)
(Λ

(3)
q )ij
M2

3

−
(
−1

6
+ L1

)
(Λ

(1)
q )ij
M2

1

)
+

− 1

4

(
(1 + L3)

(X3L
2E)ij
M2

3

− (1 + L1)
(X1L

2E)ij
M2

1

)
, (3.50)

[CHu]
(1)
ij = −Nc

30
g′4YHYuδij

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

1

12

(
3

(y†UΛ
(3)
q yU )ij

M2
3

+
(y†UΛ

(1)
q yU )ij

M2
1

)
+

+
1

3
g′2YH

(
8Ye − YS1

6
+ YeL1

)
(Λu)ij
M2

1

+
1

2
(1 + L1)

(X1R
2E )ij
M2

1

, (3.51)

[CHd]
(1)
ij = −Nc

30
g′4YHYdδij

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

1

12

(
3

(y†DΛ
(3)
q yD)ij

M2
3

+
(y†DΛ

(1)
q yD)ij

M2
1

)
,

(3.52)

[CHud]
(1)
ij =

1

12

(
3

(y†UΛ
(3)
q yD)ij

M2
3

+
(y†UΛ

(1)
q yD)ij

M2
1

)
, (3.53)

[C
(1)
H` ]

(1)
αβ = −Nc

30
g′4YHY`δαβ

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+
Nc

24

(yEΛey
†
E)αβ

M2
1

+

+
Nc

3
g′2YH

(
3

(
1

6
Y` + YqL3

)
(Λ

(3)
` )αβ

M2
3

+

(
1

6
Y` + YqL1

)
(Λ

(1)
` )αβ

M2
1

)
+

− Nc

4

{
3(1 + L3)

−(X3L
2U )αβ + (X3L

2D)αβ
M2

3

+ (1 + L1)
−(X1L

2U )αβ + (X1L
2D)αβ

M2
1

}
,

(3.54)

[C
(3)
H` ]

(1)
αβ = −Nc

60
g4δαβ

1

M2
3

+
Nc

24

(yEΛey
†
E)αβ

M2
1

+

+
Nc

12
g2

((
1

2
+ L3

)
(Λ

(3)
` )αβ

M2
3

−
(
−1

6
+ L1

)
(Λ

(1)
` )αβ

M2
1

)
+

− Nc

4

{
(1 + L3)

(X3L
2U )αβ + (X3L

2D)αβ
M2

3

− (1 + L1)
(X1L

2U )αβ + (X1L
2D)αβ

M2
1

}
, (3.55)

[CHe]
(1)
αβ = −Nc

30
g′4YHYeδαβ

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+
Nc

12

(
3

(y†EΛ
(3)
` yE)αβ

M2
3

+
(y†EΛ

(1)
` yE)αβ

M2
1

)
+

+
Nc

3
g′2YH

(
8Yu − YS1

6
+ YuL1

)
(Λe)αβ
M2

1

− Nc

2
(1 + L1)

(X1R
2U )αβ
M2

1

. (3.56)
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ψ2H3.

[CuH ]
(1)
ij = −Nc

60
g4(yU )ij

1

M2
3

+Nc(yU )ij

(
λ2εH3

3M2
1

+|λH13| 2h(M1,M3)

)
+

+
1

12

(
3

(yUy
†
UΛ

(3)
q yU )ij

M2
3

+
(yUy

†
UΛ

(1)
q yU )ij

M2
1

)
+

1

12

(yUΛuy
†
UyU )ij

M2
1

+

−λ
2

(
L1+

1

2

)
(X1L

1E)ij
M2

1

+
1

2

(yUX
1L
1E
†yU )ij

M2
1

+

−1

4

(
(X3L

2EyU )ij+(3λH3−2λεH3)(Λ
(3)
q yU )ij

M2
3

+
(X1L

2EyU )ij+λH1(Λ
(1)
q yU )ij

M2
1

)
+

−1

2

[(
λ∗H13Λ(31)

q yU

)
ij
n(M1,M3)+

(
λH13Λ(31)†

q yU

)
ij
n(M3,M1)

]
+

+
1

4

(yUX
1R
2E )ij+λH1(yUΛu)ij

M2
1

+
(1+L1)(X1L

3E)ij−λH1(X1L
1E)ij

M2
1

−
λ∗H13(X3L

1E)ij log
M2

1

M2
3

M2
1−M2

3

,

(3.57)

[CdH ]
(1)
ij = −Nc

60
g4(yD)ij

1

M2
3

+Nc(yD)ij

(
λ2εH3

3M2
1

+|λH13| 2h(M1,M3)

)
+

+
1

12

(
3

(yDy
†
DΛ

(3)
q yD)ij

M2
3

+
(yDy

†
DΛ

(1)
q yD)ij

M2
1

)
+

−1

4

(
2(X3L

2EyD)ij+(3λH3+2λεH3)(Λ
(3)
q yD)ij

M2
3

+
λH1(Λ

(1)
q yD)ij
M2

1

)
+

+
1

2

[(
λ∗H13Λ(31)

q yD

)
ij
n(M1,M3)+

(
λH13Λ(31)†

q yD

)
ij
n(M3,M1)

]
, (3.58)

[CeH ]
(1)
αβ = −Nc

60
g4(yE)αβ

1

M2
3

+Nc(yE)αβ

(
λ2εH3

3M2
1

+|λH13| 2h(M1,M3)

)
+

+
Nc
12

(
3

(yEy
†
EΛ

(3)
` yE)αβ
M2

3

+
(yEy

†
EΛ

(1)
` yE)αβ
M2

1

)
+
Nc
12

(yEΛey
†
EyE)αβ

M2
1

+

−Nc
2

(
1

2
+L1

)
λ

(X1L
1U )αβ
M2

1

+
Nc
2

(yEX
1L†
1U yE)αβ
M2

1

+

−Nc
4

(X3L
2UyE)αβ+2(X3L

2DyE)αβ+(3λH3+2λεH3)(Λ
(3)
` yE)αβ

M2
3

+

−Nc
4

(X1L
2UyE)αβ+λH1(Λ

(1)
` yE)αβ

M2
1

−Nc
4

(yEX
1R
2U )αβ+λH1(yEΛe)αβ

M2
1

+

−Nc
2

[(
λ∗H13Λ

(31)
` yE

)
αβ
n(M1,M3)+

(
λH13Λ

(31)†
` yE

)
αβ
n(M3,M1)

]
+

+Nc
(1+L1)(X1L

3U )αβ−λH1(X1L
1U )αβ

M2
1

−Nc
λ∗H13(X3L

1U )αβ log
M2

1

M2
3

M2
1−M2

3

. (3.59)
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3.2.4 Four-fermion operators

Four-quark.2

[C(1)
qq ]

(1)
ijkl = − 1

240
g4
s

(
1

2
δilδkj−

1

3
δijδkl

)(
3

M2
3

+
1

M2
1

)
−Nc

60
g′4Y 2

q δijδkl

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
1

72
g2
s

(
1

2
δkjδimδln+

1

2
δilδkmδjn−

1

3
δklδimδjn−

1

3
δijδkmδln

)(
3

(Λ
(3)
q )mn
M2

3

+
(Λ

(1)
q )mn
M2

1

)
+

+
1

6
g′2Yq (δklδimδjn+δijδkmδln)

{
3

(
1

6
Yq+Y`L3

)
(Λ

(3)
q )mn
M2

3

+

(
1

6
Yq+Y`L1

)
(Λ

(1)
q )mn
M2

1

}
+

− 1

16

9
(Λ

(3)
q )il(Λ

(3)
q )kj

M2
3

+
(Λ

(1)
q )il(Λ

(1)
q )kj

M2
1

+3
log

M2
3

M2
1

[
(Λ31

q )il(Λ
31†
q )kj+(Λ31†

q )il(Λ
31
q )kj

]
M2

3−M2
1

 ,

(3.60)

[C(3)
qq ]

(1)
ijkl = − 1

480
g4
sδilδkj

(
3

M2
3

+
1

M2
1

)
− Nc

120
g4δijδkl

1

M2
3

+

+
1

144
g2
s (δkjδimδln+δilδkmδjn)

(
3

(Λ
(3)
q )mn
M2

3

+
(Λ

(1)
q )mn
M2

1

)
+

+
1

24
g2 (δklδimδjn+δijδkmδln)

((
1

2
+L3

)
(Λ

(3)
q )mn
M2

3

−
(
−1

6
+L1

)
(Λ

(1)
q )mn
M2

1

)
+

− 1

16

 (Λ
(3)
q )il(Λ

(3)
q )kj

M2
3

+
(Λ

(1)
q )il(Λ

(1)
q )kj

M2
1

−
log

M2
3

M2
1

[
(Λ31

q )il(Λ
31†
q )kj+(Λ31†

q )il(Λ
31
q )kj

]
M2

3−M2
1

 ,

(3.61)

[Cuu]
(1)
ijkl = − g4

s

240

(
δilδkj−

1

3
δijδkl

)(
3

M2
3

+
1

M2
1

)
−Nc

60
g′4Y 2

u δijδkl

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
1

6
g′2Yu (δklδimδjn+δijδkmδln)

(
8Ye−YS1

6
+YeL1

)
(Λu)mn
M2

1

+

+
1

72
g2
s

(
−1

3
δklδimδjn−

1

3
δijδkmδln+δkjδimδln+δilδkmδjn

)
(Λu)mn
M2

1

+

−1

8

(Λu)il(Λu)kj
M2

1

, (3.62)

[Cdd]
(1)
ijkl = − g4

s

240

(
δilδkj−

1

3
δijδkl

)(
3

M2
3

+
1

M2
1

)
−Nc

60
g′4Y 2

d δijδkl

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
, (3.63)

[C
(1)
ud ]

(1)
ijkl = −Nc

30
g′4YdYdδijδkl

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
1

3
g′2Yd

(
8Ye−YS1

6
+YeL1

)
δkl(Λu)ij
M2

1

, (3.64)

2Box diagram contributions to four-quark operators from S1 and S3, taken separately, have also been

computed in [37]. We find agreement except for C
(1)
qq and C

(3)
qq , where we found an inconsistency in [37].

We thank the authors for clarifications about this point.
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[C
(8)
ud ]

(1)
ijkl = − g

4
s

60
δijδkl

(
3

M2
3

+
1

M2
1

)
+

1

18
g2
s
δkl(Λu)ij
M2

1

, (3.65)

[C(1)
qu ]

(1)
ijkl = −Nc

30
g′4YqYuδijδkl

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
1

3
g′2Yu

{
3

(
1

6
Yq+Y`L3

)
δkl(Λ

(3)
q )ij

M2
3

+

(
1

6
Yq+Y`L1

)
δkl(Λ

(1)
q )ij

M2
1

}
+

+
1

3
g′2Yq

(
8Ye−YS1

6
+YeL1

)
δij(Λu)kl
M2

1

+

+
1

12

(
1

2
+L1

)
(y†U )kj(X

1L
1E)il+(yU )il(X

1L†
1E )kj

M2
1

− 1

12

(Λ
(1)
q )ij(Λu)kl
M2

1

, (3.66)

[C(8)
qu ]

(1)
ijkl = − 1

60
g4
sδijδkl

(
3

M2
3

+
1

M2
1

)
+

+
1

18
g2
s

(
3

(Λ
(3)
q )ijδkl
M2

3

+
(Λ

(1)
q )ijδkl
M2

1

)
+

1

18
g2
s
δij(Λu)kl
M2

1

+

+
1

2

(
1

2
+L1

)
(X1L

1E)il(y
†
U )kj+(yU )il(X

1L†
1E )kj

M2
1

−1

2

(Λ
(1)
q )ij(Λu)kl
M2

1

, (3.67)

[C
(1)
qd ]

(1)
ijkl = −Nc

30
g′4YqYdδijδkl

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
1

3
g′2Yd

{
3

(
1

6
Yq+Y`L3

)
δkl(Λ

(3)
q )ij

M2
3

+

(
1

6
Yq+Y`L1

)
δkl(Λ

(1)
q )ij

M2
1

}
, (3.68)

[C
(8)
qd ]

(1)
ijkl = − 1

60
g4
sδijδkl

(
3

M2
3

+
1

M2
1

)
+

1

18
g2
s

(
3

(Λ
(3)
q )ijδkl
M2

3

+
(Λ

(1)
q )ijδkl
M2

1

)
, (3.69)

[C
(1)
quqd]

(1)
ijkl = −1

2

(
L1+

1

2

)
(X1L

1E)ij(yD)kl
M2

1

, (3.70)

[C
(8)
quqd]

(1)
ijkl = 0. (3.71)

Four-lepton.

[C``]
(1)
αβγδ = − Nc

120
g4(2δαδδγβ − δαβδγδ)

1

M2
3

− Nc

60
g′4Y 2

` δαβδγδ

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
Nc

24
g2 (−δγδδαρδβσ + 2δγβδαρδδσ − δαβδγρδδσ + 2δαδδγρδβσ)×

×

((
L3 +

1

2

)
(Λ

(3)
` )ρσ

M2
3

−
(
L1 −

1

6

)
(Λ

(1)
` )ρσ

M2
1

)
+

+
Nc

6
g′2Y` (δγδδαρδβσ + δαβδγρδδσ)×

×

[
3

(
1

6
Y` + YqL3

)
(Λ

(3)
` )ρσ

M2
3

+

(
1

6
Y` + YqL1

)
(Λ

(1)
` )ρσ

M2
1

]
+
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2
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− Nc

8

{
(Λ

(3)
` )αβ(Λ

(3)
` )γδ

M2
3

+ 4
(Λ

(3)
` )αδ(Λ

(3)
` )γβ

M2
3

+
(Λ

(1)
` )αβ(Λ

(1)
` )γδ

M2
1

+

−
log

M2
3

M2
1

M2
3 −M2

1

[
(Λ

(31)
` )αβ(Λ

(31)†
` )γδ + (Λ

(31)†
` )αβ(Λ

(31)
` )γδ +

−2(Λ
(31)
` )αδ(Λ

(31)†
` )γβ − 2(Λ

(31)†
` )αδ(Λ

(31)
` )γβ

]}
, (3.72)

[Cee]
(1)
αβγδ = −Nc

60
g′4Y 2

e δαβδγδ

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
Nc

6
g′2Y`

(
8Yu − YS1

6
+ YuL1

)
(δγδδαρδβσ + δαβδγρδδσ)

(Λe)ρσ
M2

1

+

− Nc

8

(Λe)αβ(Λe)γδ
M2

1

, (3.73)

[C`e]
(1)
αβγδ = −Nc

30
g′4Y`Yeδαβδγδ

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
Nc

3
g′2Ye

(
3

(
1

6
Y` + YqL3

)
(Λ

(3)
` )αβδγδ

M2
3

+

(
1

6
Y` + YqL1

)
(Λ

(1)
` )αβδγδ

M2
1

)
+

+
Nc

3
g′2Y`

(
8Yu − YS1

6
+ YuL1

)
δαβ(Λe)γδ

M2
1

+

+
Nc

4

(
1

2
+ L1

)
(X1L

1U )αδ(y
†
E)γβ + (X1L†

1U )γβ(yE)αδ
M2

1

− Nc

4

(Λ
(1)
` )αβ(Λe)γδ

M2
1

.

(3.74)

Semileptonic.

[C
(1)
`q ]

(1)
αβij =

1

4

(
1

2
+aev

)[
g2
s
N2
c−1

2Nc
+g′2(Yq−Y`)2

](
3λ3L∗

iα λ3L
jβ

M2
3

+
λ1L∗
iα λ1L

jβ

M2
1

)
+ (3.75)

−1

4

(
1

2
+aev

)
g2 3

(
λ3L∗
iα λ3L

jβ

M2
3

+
λ1L∗
iα λ1L

jβ

M2
1

)
+ (3.76)

−
[

1

2
(δZ`)αγδβδδikδlj+

1

2
δαγ(δZ`)δβδikδlj+

+
1

2
δαγδβδ(δZq)ikδjl+

1

2
δαγδβδδik(δZq)lj

]
[C

(1)
`q ]

(0)
γδkl−

Nc
30
g′4Y`Yqδαβδij

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
1

3
g′2Y`δαβ

{
3

(
1

6
Yq+Y`L3

)
(Λ

(3)
q )ij
M2

3

+

(
1

6
Yq+Y`L1

)
(Λ

(1)
q )ij
M2

1

}
+

+
Nc
3
g′2Yqδij

(
3

(
1

6
Y`+YqL3

)
(Λ

(3)
` )αβ
M2

3

+

(
1

6
Y`+YqL1

)
(Λ

(1)
` )αβ
M2

1

)
+
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−1

4

(
3

(Λ
(3)
` )αβ(Λ

(3)
q )ij

M2
3

+
(Λ

(1)
` )αβ(Λ

(1)
q )ij

M2
1

)
+

+

(
c1(1+L1)+

9

4
(1+L3)c

(1)
13

M2
3

M2
1

)
λ1L†
αi λ

1L
jβ

M2
1

+

+

(
9

4
(1+L1)c

(1)
13

M2
1

M2
3

+
3

2
(1+L3)

[
5c

(1)
3 −c(3)

3 +

(
2+

N2
c−1

2Nc

)
c
(5)
3

])
λ3L†
αi λ

3L
jβ

M2
3

, (3.77)

[C
(3)
`q ]

(1)
αβij =

1

4

(
1

2
+aev

)[
g2
s
N2
c−1

2Nc
+g′2(Yq−Y`)2

](
λ3L∗
iα λ3L

jβ

M2
3

−
λ1L∗
iα λ1L

jβ

M2
1

)
+ (3.78)

−1

4

(
1

2
+aev

)
g2

(
−

3λ3L∗
iα λ3L

jβ

M2
3

+
λ1L∗
iα λ1L

jβ

M2
1

)
+ (3.79)

−
[

1

2
(δZ`)αγδβδδikδlj+

1

2
δαγ(δZ`)δβδikδlj+

+
1

2
δαγδβδ(δZq)ikδjl+

1

2
δαγδβδδik(δZq)lj

]
[C

(3)
`q ]

(0)
γδkl−

Nc
60
g4δαβδij

1

M2
3

+

+
1

12
g2δαβ

((
1

2
+L3

)
(Λ

(3)
q )ij
M2

3

−
(
−1

6
+L1

)
(Λ

(1)
q )ij
M2

1

)
+

+
Nc
12
g2δij

((
1

2
+L3

)
(Λ

(3)
` )αβ
M2

3

−
(
−1

6
+L1

)
(Λ

(1)
` )αβ
M2

1

)
+

−1

4

2
(Λ

(3)
` )αβ(Λ

(3)
q )ij

M2
3

+
log

M2
3

M2
1

[
(Λ

(31)
` )αβ(Λ

(31)
q )ij+(Λ

(31)†
` )αβ(Λ

(31)†
q )ij

]
M2

3−M2
1

+

−
(
c1(1+L1)+

9

4
(1+L3)c

(1)
13

M2
3

M2
1

)
λ1L†
αi λ

1L
jβ

M2
1

+

+

(
3

4
(1+L1)c

(1)
13

M2
1

M2
3

+
1

2
(1+L3)

[
5c

(1)
3 −c(3)

3 +

(
2+

N2
c−1

2Nc

)
c
(5)
3

])
λ3L†
αi λ

3L
jβ

M2
3

, (3.80)

[Ceu]
(1)
αβij =

1

2

(
1

2
+aev

)[
g2
s
N2
c−1

2Nc
+g′2(Yu−Ye)2

]
λ1R∗
iα λ1R

jβ

M2
1

+ (3.81)

−
[

1

2
(δZe)αγδβδδikδlj+

1

2
δαγ(δZe)δβδikδlj+

+
1

2
δαγδβδ(δZu)ikδjl+

1

2
δαγδβδδik(δZu)lj

]
[Ceu]

(0)
γδkl+

−Nc
30
g′4YeYuδαβδij

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
1

3
g′2Ye

(
8Ye−YS1

6
+YeL1

)
δαβ(Λu)ij

M2
1

+

+
Nc
3
g′2Yu

(
8Yu−YS1

6
+YuL1

)
δij(Λe)αβ
M2

1

+

−1

4

(Λe)αβ(Λu)ij
M2

1

+

(
2c1(1+L1)+

9

2
(1+L3)c

(1)
13

M2
3

M2
1

)
λ1R†
αi λ

1R
jβ

M2
1

, (3.82)
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[Ced]
(1)
αβij = −Nc

30
g′4YeYdδαβδij

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
Nc
3
g′2Yd

(
8Yu−YS1

6
+YuL1

)
δij(Λe)αβ
M2

1

, (3.83)

[Cqe]
(1)
ijαβ = −Nc

30
g′4YqYeδijδαβ

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
1

3
g′2Ye

{
3

(
1

6
Yq+Y`L3

)
δkl(Λ

(3)
q )ij

M2
3

+

(
1

6
Yq+Y`L1

)
(Λ

(1)
q )ijδαβ
M2

1

}
+

+
Nc
3
g′2Yq

(
8Yu−YS1

6
+YuL1

)
δij(Λe)αβ
M2

1

+

−1

4

(Λ
(1)
q )ij(Λe)αβ
M2

1

−3

4
(1+L3)

(λ3L∗y∗E)iα(λ3LyE)jβ
M2

3

+

−1

4
(1+L1)

(λ1L∗y∗E−yUλ1R∗)iα(λ1LyE−y∗Uλ1R)jβ
M2

1

, (3.84)

[C`u]
(1)
αβij = −Nc

30
g′4Y`Yuδijδαβ

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
1

3
g′2Y`

(
8Ye−YS1

6
+YeL1

)
δαβ(Λu)ij

M2
1

+

+
Nc
3
g′2Yu

(
3

(
1

6
Y`+YqL3

)
(Λ

(3)
` )αβδij

M2
3

+

(
1

6
Y`+YqL1

)
(Λ

(1)
` )αβδij

M2
1

)
+

−1

4

(Λ
(1)
` )αβ(Λu)ij

M2
1

−3

4
(1+L3)

(λ3L†y∗U )αi(λ
3LT yU )βj

M2
3

+

−1

4
(1+L1)

(λ1L †y∗U−yEλ1R†)αi(λ
1LT yU−y∗Eλ1RT )βj

M2
1

, (3.85)

[C`d]
(1)
αβij = −Nc

30
g′4Y`Ydδijδαβ

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
+

+
Nc
3
g′2Yd

(
3

(
1

6
Y`+YqL3

)
(Λ

(3)
` )αβδij

M2
3

+

(
1

6
Y`+YqL1

)
(Λ

(1)
` )αβδij

M2
1

)
+

−1

4

(
3(1+L3)

(λ3L†y∗D)αi(λ
3LT yD)βj

M2
3

+(1+L1)
(λ1L †y∗D)αi(λ

1LT yD)βj
M2

1

)
, (3.86)

[C`edq]
(1)
αβij = −Nc

2

(
1

2
+L1

)
(y†D)ij(X

1L
1U )αβ

M2
1

+

−1

2

(
−3(1+L3)

(λ3L †y∗D)αi(λ
3LyE)jβ

M2
3

+(1+L1)
(λ1L †y∗D)αi(λ

1LyE)jβ
M2

1

)
+

+
1

2
(1+L1)

(λ1L †y∗D)αi(y
∗
Uλ

1R)jβ
M2

1

, (3.87)

[C
(1)
`equ]

(1)
αβij = −

[
1

2
(δZ`)αγδβδδikδlj+

1

2
δαγ(δZe)δβδikδlj+

+
1

2
δαγδβδ(δZq)ikδjl+

1

2
δαγδβδδik(δZu)lj

]
[C

(1)
`equ]

(0)
γδkl+
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+
1

2

(
L1+

1

2

)
(yE)αβ(X1L

1E)ij
M2

1

+
Nc
2

(
1

2
+L1

)
(yU )ij(X

1L
1U )αβ

M2
1

+

+
λ1L†
αi λ

1R
jβ

M2
1

{
2(1+L1)c1+

9

2
(1+L3)c

(1)
13

M2
3

M2
1

+

−3

2

(
3

2
+L1

)[
(Yq−Y`)(Yu−Ye)g′2+

N2
c−1

2Nc
g2
s

]}
, (3.88)

[C
(3)
`equ]

(1)
αβij = −

[
1

2
(δZ`)αγδβδδikδlj+

1

2
δαγ(δZe)δβδikδlj

+
1

2
δαγδβδ(δZq)ikδjl+

1

2
δαγδβδδik(δZu)lj

]
[C

(3)
`equ]

(0)
γδkl+

+
λ1L†
αi λ

1R
jβ

M2
1

{
−1

4
(1+L1)c1−

9

8
(1+L3)c

(1)
13

M2
3

M2
1

+

−1

8

(
3

2
+L1

)[
(Yq−Y`)(Yu−Ye)g′2+

N2
c−1

2Nc
g2
s

]}
. (3.89)

4 Conclusions

In this work we have presented the complete one-loop matching conditions, up to dimension-

six SMEFT operators, for the S1 + S3 leptoquark model. This is one of the few available

examples of a complete one-loop matching onto the SMEFT, and is substantially richer than

previous ones due to the presence of two heavy fields charged under the SM gauge groups,

coupled to SM fermions with a non-trivial flavour structure, and with potential couplings

with the Higgs boson as well as themselves. The matching was performed diagrammatically,

by direct comparison of full theory and EFT 1LPI off-shell Green’s functions, and can serve

as a cross-check for functional or computer methods devoted to the same task.

As a by-product of this work, we have extended the Warsaw basis of dimension-six

SMEFT operators, to a full Green’s basis, where only integration by parts (without SM

EOMs) are used to reduce the number of independent operators. This set provides an

operator basis for off-shell 1PI Green’s functions. We have provided the complete reduction

equations from Green’s to Warsaw basis, which we believe to be of general interest for

any kind of SMEFT matching or computation beyond the leading order. All relevant

information related to the Green’s basis is contained in the appendices.

The model studied in the present paper has been known for a while to provide a good

candidate combined explanation of neutral- and charged-current B-physics anomalies. The

tools developed in the present paper allows a thorough and complete study of the model’s

phenomenology, which we will explore in a separate contribution.
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A A Green’s basis for the SMEFT

In this appendix we present a basis of dimension-six IBP independent SMEFT operators,

i.e. the Green’s basis, extending the Warsaw basis of IBP and EOM independent operators.

The operator basis is given in tables 1 (bosonic operators), 2 (single fermionic current oper-

ators), and 3, 4 (four fermion operators), in which Warsaw basis operators are highlighted

in blue; we count 132 independent operators for a single generation of SM fermions, in-

cluding baryon number violating ones. The following discussion is mainly a re-adaptation

of the line of reasoning of ref. [3] (to which we refer the reader for further clarification),

with the important exception that we are not allowed to use of EOMs. The strategy is

to simply examine all possible Lorentz-invariant combinations of gauge field strengths, co-

variant derivatives, standard model fermions and the Higgs field, denoted X, D, ψ and H

respectively.

In tables 1, 2, 3 and 4, we list all Green’s basis operators (Warsaw basis [3] operators

in blue color).

Bosonic operators.

X3. All independent operators are contained in Warsaw basis.

X2D2. If we allow X to be possibly dual, there is no need to consider contractions

involving the ε tensor. Thus, the indices of the two derivatives must either be contracted

(a) between themselves, (b) with the indices of a single tensor or (c) with the indices of the

two different tensors. In the case (b), antisymmetry of X and [Dµ, Dν ] ∼ Xµν brings us to

X3 class. In the case (a), we first note that taking both tensors to be dual is equivalent to

considering no dual tensor. For the other two possibilities, we can take all derivatives to

act on a single tensor and use Bianchi identities for the Yang-Mills tensors to obtain (here

Y is possibly dual, but X is not):

Y µνDρDρXµν = −Y µνDρ(DµXνρ +DνXρµ),

which is equivalent to case (c). We are thus left with case (c) where, due to Bianchi

identities DµF̃µν = 0, there exist only the following three possibilities:

O2B = −1

2
(∂µBµν)2 , O2W = −1

2
(DµWµν)2 , O2G = −1

2
(DµGµν)2 . (A.1)

X2H2. All independent operators are contained in Warsaw basis.

XD4. Because of its antisymmetry, the indices of X must be contracted with two deriva-

tives. This brings us to class X2D2 (see above).
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XH2D2. By hypercharge conservation, these operators must involve one field H and

one conjugate H†. Using the IBP freedom, we can assume the two derivatives to act either

on H or X. Moreover, since the indices of X must be contracted with the two derivatives,

the latters get antisymmetrized. Thus, if the two derivatives both act on X or H, we are

moved to X2H2 class (see above). The remaining possibilities are two operators which,

modulo a total divergence and X2H2 class operators, can be taken as:

OBDH = ∂νBµν(H†i
↔
DµH) ,

OWDH = (DνWµν)I(H†i
↔
DµIH) .

(A.2)

Another possibility sometimes used in the literature is to use instead the operators OHHB =

i(DµH)†(DνH)Bµν and OHHW = i(DµH)†σI(DνH)W I µν , related via

OBDH = 2OHHB + g′YHOHB +
g

2
OHWB ,

OWDH = 2OHHW + g′YHOHWB +
g

2
OHW .

(A.3)

H2D4. The covariant derivatives must be contracted between themselves, either through

the metric ηµν or the volume form ε. Contracting them through the ε tensor moves us to

H2X2 class. Hence, modulo total divergencies, the only operator in this class is:

ODH = (DµD
µH)†(DνD

νH) . (A.4)

H4D2. Because of hypercharge conservation, these operators involve exactly two fields H

and two conjugate fields H∗. Moreover, the two derivatives must be contracted together.

We must thus form Lorentz and SU(2)L singlets by choosing four fields out of the four

independent scalars:

H, H∗, DµD
µH, DµD

µH∗,

and the two independent vectors

DµH,D
µH∗,

and, of course, by taking exactly two derivatives. We explore all possible field contents:

a) DµH,D
µH,H∗, H∗. The two H∗’s must necessarily form a triplet, so that we have

a single SU(2)L contraction. Given the field content, such operator is clearly non-

hermitian.

b) DµH
∗, DµH∗, H,H . The two H’s must necessarily form a triplet, so that we have a

single SU(2)L contraction. This is the hermitian conjugate of the previous case (a).

c) DµH,H,D
µH∗, H∗. If H and H∗ are contracted in a singlet (triplet), so must be

DµH and DµH∗, so that we have two independent SU(2)L contractions, which are

readily verified to be hermitian.

d) DµD
µH,H,H∗, H∗. By integration by parts, we can reduce this to cases (a, b, c)

above.

e) H,H,H∗, DµD
µH∗. By integration by parts, we can reduce this to cases (a, b, c)

above.
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Thus we have, modulo divergencies, four independent hermitian singlets. We can

complement the two Warsaw basis ones as follows:

OH� = (H†H)�(H†H) ,

OHD = (H†DµH)†(H†DµH) ,

O′HD = (H†H)(DµH)†(DµH) ,

O′′HD = (H†H)Dµ

(
H†i
←→
D µH

)
.

(A.5)

Other operators sometimes encountered in the literature are:

O(1)
T =

1

2
(H†
←→
DµH)(H†

←→
D µH) = −2OHD −

1

2
OH� ,

O(3)
T =

1

2
(H†
←→
Dµ

IH)(H†
←→
D µIH) = −2O′HD −

1

2
OH� .

(A.6)

H6. This operator is contained in Warsaw basis.

Two-fermion operators. Before considering the various cases, let us make a prelim-

inary observation: these operators are obtained by contracting a scalar, vector or ten-

sor current built out of two fermionic fields, with a corresponding current obtained from

bosonic fields; it is easy to see that the only scalar (tensor) two-fermion currents allowed

are q(σµν)u, q(σµν)d, `(σµν)e and their conjugates, while the only vector currents allowed

are ψγµψ, with ψ = q, u, d, `, e, and uγµd with its conjugate. This is so because these

operators conserve both lepton and baryon numbers. In fact, since B changes by integer

units only, clearly ∆B = 0. Moreover, since ∆(B −L) = 0 at dimension-six level [38], this

also implies ∆L = 0.

Ψ2D3. By hypercharge invariance, from the list of allowed two-fermion currents above,

we can only pick Jµ = ψγµψ, with ψ = q, u, d, `, e. If we contract Jµ with the three

covariant derivatives through an ε tensor, we move to ψ2DX class (see below). Thus, at

least two derivatives must be contracted with each other. Taking all derivatives to act on

ψ, the only remaining possibility is:

ψi /DD2ψ =
1

2
ψ
{
i /D,D2

}
ψ + (ψ2DX).

We are thus left with the five hermitian operators:

OψD =
i

2
ψ
{
DµD

µ, /D
}
ψ , ψ = q, u, d, `, e . (A.7)

Ψ2XD. By hypercharge invariance, the two fermions must pair in a vector current Jµ =

ψγµψ, with ψ = q, u, d, `, e. If we allow X to be dual, we do not need to consider

contractions through the ε tensor, and the Lorentz structure is completely specified by

JµXµνD
ν . Using the IBP freedom, we can arrange that Dµ never acts on ψ. We are left

with the possibilities summarized by:

OXψ = (ψ taXψγ
µψ)DνXa

µν , ψ ∈ {q, u, d, `, e} , X ∈ {G, W, B} ,

O′Xψ = (ψ taXψγ
µiDνψ)Xa

µν , ψ ∈ {q, u, d, `, e} , X ∈
{
G, G̃, W, W̃ , B, B̃

}
.

(A.8)
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Here tBψ ≡ 1, while tWψ and tGψ are the SU(2) and SU(3) generators in the representation

of ψ (possibly zero). These three combinations are independent, since:

• The Feynman rules of the pure derivative parts of O(′)
Xψ vanish at some special kine-

matical configuration. These configurations are distinct for OXψ and O′Xψ.

• O′Xψ is CP-odd for dual X, and CP-even otherwise.

Notice that OXψ vanishes for dual X, by Bianchi identities.

Ψ2D2H. By gauge invariance, the allowed field contents are those appearing in the

Yukawa lagrangian (i.e. quH̃, qdH and `eH, plus hermitian conjugates). Let us take, for

the sake of clarity, `eH. Integrating by parts, we can make the two derivatives act either

on e or H. If they both act on e or H, combining ` and e into a tensor current moves us

to class ψ2XH (see below). We must then combine ` and e into a scalar current, and we

are left with:

OeHD1 = (`e)DµD
µH,

OeHD3 = (`DµD
µe)H.

(A.9)

If, instead, one derivative acts on e and the other on H, we get other two possibilities:

OeHD2 = (`iσµνD
µe)DνH,

OeHD4 = (`Dµe)D
µH.

(A.10)

Ψ2XH. All independent operators are contained in Warsaw basis.

Ψ2DH2. By Lorentz invariance, the two fermions must combine into a vector current,

that is Jµ = ψγµψ, with ψ = q, u, d, `, e, or Jµ = uγµd together with its conjugate.

Moreover, currents involving the two SU(2) doublets q or `, can either form an SU(2)

singlet or triplet, to be coupled to the corresponding Higgs singlet or triplet current (cf.

eqs. (2.9)). Finally, since the external fields have three independent momenta, for a given

current Jµ = ψ1γ
µψ2, we can form at most three independent Lorentz singlets, which we

conveniently choose as:

O = [ψ1γ
µψ2] · [H†i

←→
D µH]

O′ = [ψ1i
←→
D µγ

µψ2] · [H†H]

O′′ = [ψ1γ
µψ2] · [Dµ(H†H)]

(A.11)

(the objects in square brackets are either SU(2) singlets or triplets, when possible). This

results in the operators listed in the ψ2DH2 box of table 2 (notice that for the non-hermitian

ud current, the operators O′Hud and O′′Hud vanish identically, as (H̃†H) = 0).

Ψ2H3. All independent operators are contained in Warsaw basis.

Four-fermion operators. All independent operators are contained in Warsaw basis.
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B Reduction of Green’s basis to Warsaw basis

We give in this appendix the reduction equations from the Green’s basis to the Warsaw

basis, which can be obtained by applying the SM EOMs to the operator basis derived in

the previous appendix. The SM EOM are:

(DµD
µH)a = m2Ha − λ(H†H)Ha − ēy†E`

a + i(σ2)abq̄byUu− d̄y†Dq
a ,

(DνGµν)A = gs(q̄iγµT
Aqi + ūiγµT

Aui + d̄iγµT
Adi) ,

(DνWµν)I =
g

2
(H†i

↔
D
I

µ H + ¯̀
αγµσ

I`α + q̄iγµσ
Iqi) ,

(∂νBµν) = g′

YHH†i ↔Dµ H +
∑
f

Yf f̄γµf

 ,

i /D` = yEeH ,

i /De = y†EH
†` ,

i /Dq = yUuH̃ + yDdH ,

i /Du = y†UH̃
†q ,

i /Dd = y†DH
†q .

(B.1)

Schematically, the change of basis formulae are given in the form Ci =
∑

j aij Gj , where

Ci and Gj are the Warsaw and Green’s basis WCs, respectively, and aij is a function of

SM couplings. All quantities are understood to be evaluated at the same scale.

B.1 Renormalizable operators

ZΦ = ZG
Φ Φ = H, q, u, d, `, e, G, W, B

δλ = δλG − g2m2G2W + 4λm2GDH + 4gm2GWDH , (B.2)

δm2 = (δm2)G +m4GDH −m4G′HD, (B.3)

(δyE)αβ = (δyG
E )αβ +m2GDH(yE)αβ −m2[GeHD1]αβ −

1

2
m2[GeHD2]αβ +

1

2
m2[GeHD4]αβ ,

(B.4)

(δyU )ij = (δyG
U )ij +m2GDH(yU )ij −m2[GuHD1]ij −

1

2
m2[GuHD2]ij +

1

2
m2[GuHD4]ij ,

(B.5)

(δyD)ij = (δyG
D)ij +m2GDH(yD)ij −m2[GdHD1]ij −

1

2
m2[GdHD2]ij +

1

2
m2[GdHD4]ij .

(B.6)
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B.2 Purely bosonic operators

X3.

C3G = G3G,

C
3̃G

= G
3̃G
,

C3W = G3W ,

C
3W̃

= G
3W̃
.

(B.7)

X2H2.

CHG = GHG,

C
HG̃

= G
HG̃

,

CHW = GHW ,

C
HW̃

= G
HW̃

,

CHB = GHB,

C
HB̃

= G
HB̃

,

CHWB = GHWB,

C
HW̃B

= G
HW̃B

.

(B.8)

H4D2.

CH� = −3

8
g2G2W −

1

2
g′2Y 2

HG2B +
3

2
gGWDH + g′YHGBDH +GH� +

1

2
G′HD, (B.9)

CHD = −2g′2Y 2
HG2B + 4g′YHGBDH +GHD. (B.10)

H6.

CH = −1

2
g2λG2W + 2gλGWDH + λ2GDH + λG′HD +GH . (B.11)

B.3 Two-fermion operators

ψ2XH.

[CuG]ij =
1

4
gs(yU )lj [GqD]il +

1

4
gs(yU )il[GuD]lj+

− i

4
(yU )lj [G

′
Gq]il −

1

4
(yU )lj [G

′
G̃q

]il +
i

4
(yU )il[G

′
Gu]lj −

1

4
(yU )il[G

′
G̃u

]lj+

+
1

2
gs [GuHD3]ij +

+ [GuG]ij , (B.12)

[CuW ]ij =
1

8
g(yU )lj [GqD]il+

− i

4
(yU )lj [G

′
Wq]il −

1

4
(yU )lj [G

′
W̃ q

]il+
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− 1

8
g [GuHD2]ij +

1

8
g [GuHD4]ij +

+ [GuW ]ij , (B.13)

[CuB]ij =
1

4
g′Yq(yU )lj [GqD]il +

1

4
g′Yu(yU )il[GuD]lj+

− i

4
(yU )lj [G

′
Bq]il −

1

4
(yU )lj [G

′
B̃q

]il +
i

4
(yU )il[G

′
Bu]lj −

1

4
(yU )il[G

′
B̃u

]lj+

+
1

4
g′YH [GuHD2]ij +

1

2
g′Yu [GuHD3]ij −

1

4
g′YH [GuHD4]ij +

+ [GuB]ij , (B.14)

[CdG]ij = +
1

4
gs(yD)lj [GqD]il +

1

4
gs(yD)il[GdD]lj+

− i

4
(yD)lj [G

′
Gq]il −

1

4
(yD)lj [G

′
G̃q

]il +
i

4
(yD)il[G

′
Gd]lj −

1

4
(yD)il[G

′
G̃d

]lj+

+
1

2
gs [GdHD3]ij +

+ [GdG]ij , (B.15)

[CdW ]ij = +
1

8
g(yD)lj [GqD]il+

− i

4
(yD)lj [G

′
Wq]il −

1

4
(yD)lj [G

′
W̃ q

]il+

− 1

8
g [GdHD2]ij +

1

8
g [GdHD4]ij +

+ [GdW ]ij , (B.16)

[CdB]ij = +
1

4
g′Yq(yD)lj [GqD]il +

1

4
g′Yd(yD)il[GdD]lj+

− i

4
(yD)lj [G

′
Bq]il −

1

4
(yD)lj [G

′
B̃q

]il +
i

4
(yD)il[G

′
Bd]lj −

1

4
(yD)il[G

′
B̃d

]lj+

− 1

4
g′YH [GdHD2]ij +

1

2
g′Yd [GdHD3]ij +

1

4
g′YH [GdHD4]ij +

+ [GdB]ij , (B.17)

[CeW ]αβ = +
1

8
g(yE)δβ [G`D]αδ+

− i

4
(yE)δβ[G′W`]αδ −

1

4
(yE)δβ [G′

W̃ `
]αδ+
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− 1

8
g[GeHD2]αβ +

1

8
g[GeHD4]αβ+

+ [GeW ]αβ , (B.18)

[CeB]αβ =
1

4
g′Y`(yE)δβ [G`D]αδ +

1

4
g′Ye(yE)αδ[GeD]δβ+

− i

4
(yE)δβ[G′B`]αδ −

1

4
(yE)δβ[G′

B̃`
]αδ +

i

4
(yE)αδ[G

′
Be]δβ −

1

4
(yE)αδ[G

′
B̃e

]δβ+

− 1

4
g′YH [GeHD2]αβ +

1

2
g′Ye[GeHD3]αβ +

1

4
g′YH [GeHD4]αβ+

+ [GeB]αβ . (B.19)

ψ2H2D.

[C
(1)
Hq]ij = −g′2YHYqδijG2B + g′YqδijGBDH+

+
1

4
(yU )ik(y

†
U )lj [GuD]kl −

1

4
(yD)ik(y

†
D)lj [GdD]kl+

+ g′YH [GBq]ij −
1

2
g′YH [G′

B̃q
]ij+

+
1

8
(y†U )lj [GuHD2]il +

1

8
(yU )il[GuHD2]∗jl+

− 1

4
(y†U )lj [GuHD3]il −

1

4
(yU )il[GuHD3]∗jl+

+
1

8
(y†U )lj [GuHD4]il +

1

8
(yU )il[GuHD4]∗jl+

− 1

8
(y†D)lj [GdHD2]il −

1

8
(y†D)il [GdHD2]∗jl +

+
1

4
(y†D)lj [GdHD3]il +

1

4
(yD)il [GdHD3]∗jl +

− 1

8
(y†D)lj [GdHD4]il −

1

8
(yD)il [GdHD4]∗jl +

+ [G
(1)
Hq]ij , (B.20)

[C
(3)
Hq]ij = −1

4
g2δijG2W +

1

2
gδijGWDH+

− 1

4
(yU )ik(y

†
U )lj [GuD]kl −

1

4
(yD)ik(y

†
D)lj [GdD]kl+

+
1

2
g[GWq]ij −

1

4
g[G′

W̃ q
]ij+

− 1

8
(y†U )lj [GuHD2]il −

1

8
(yU )il[GuHD2]∗jl+

+
1

4
(y†U )lj [GuHD3]il +

1

4
(yU )il[GuHD3]∗jl+

− 1

8
(y†U )lj [GuHD4]il −

1

8
(yU )il[GuHD4]∗jl+
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− 1

8
(y†D)lj [GdHD2]il −

1

8
(y†D)il [GdHD2]∗jl +

+
1

4
(y†D)lj [GdHD3]il +

1

4
(yD)il [GdHD3]∗jl +

− 1

8
(y†D)lj [GdHD4]il −

1

8
(yD)il [GdHD4]∗jl +

+ [G
(3)
Hq]ij , (B.21)

[CHu]ij = −g′2YHYuδijG2B + g′YuδijGBDH+

− 1

2
(y†U )ik(yU )lj [GqD]kl+

+ g′YH [GBu]ij −
1

2
g′YH [G′

B̃u
]ij+

− 1

4
(y†U )il [GuHD2]lj −

1

4
(yU )lj [GuHD2]∗li +

+
1

4
(y†U )il [GuHD4]lj +

1

4
(yU )lj [GuHD4]∗li +

+ [GHu]ij , (B.22)

[CHd]ij = −g′2YHYdδijG2B + g′YdδijGBDH+

− 1

2
(y†D)ik(yD)lj [GqD]kl+

+ g′YH [GBd]ij −
1

2
g′YH [G′

B̃d
]ij+

+
1

4
(y†D)il [GdHD2]lj +

1

4
(yD)lj [GdHD2]∗li +

− 1

4
(y†D)il [GdHD4]lj −

1

4
(yD)lj [GdHD4]∗li +

+ [GHd]ij , (B.23)

[CHud]ij = −1

2
(y†U )ik(yD)lj [GqD]kl+

− 1

2
(yD)lj [GuHD2]∗li +

1

2
(yD)lj [GuHD4]∗li +

+
1

2
(y†U )il [GdHD2]lj −

1

2
(y†U )il [GdHD4]lj +

+ [GHud]ij , (B.24)

[C
(1)
H` ]αβ = −g′2YHY`δαβG2B + g′Y`δαβGBDH+

− 1

4
(yE)αγ(y†E)δβ [GeD]γδ+

+ g′YH [GB`]αβ −
1

2
g′YH [G′

B̃`
]αβ+

− 1

8
(y†E)δβ[GeHD2]αδ −

1

8
(yE)αδ[GeHD2]∗βδ+
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+
1

4
(y†E)δβ[GeHD3]αδ +

1

4
(yE)αδ[GeHD3]∗βδ+

− 1

8
(y†E)δβ[GeHD4]αδ −

1

8
(yE)αδ[GeHD4]∗βδ+

+ [G
(1)
H`]αβ , (B.25)

[C
(3)
H` ]αβ = −1

4
g2δαβG2W +

1

2
gδαβGWDH+

− 1

4
(yE)αγ(y†E)δβ [GeD]γδ+

+
g

2
[GW`]αβ −

g

4
[G′

W̃ `
]αβ+

− 1

8
(y†E)δβ[GeHD2]αδ −

1

8
(yE)αδ[GeHD2]∗βδ+

+
1

4
(y†E)δβ[GeHD3]αδ +

1

4
(yE)αδ[GeHD3]∗βδ+

− 1

8
(y†E)δβ[GeHD4]αδ −

1

8
(yE)αδ[GeHD4]∗βδ+

+ [G
(3)
H`]αβ , (B.26)

[CHe]αβ = −g′2YHYeδαβG2B + g′YeδαβGBDH+

− 1

2
(y†E)αγ(yE)δβ [G`D]γδ+

+ g′YH [GBe]αβ −
1

2
g′YH [G′

B̃e
]αβ+

+
1

4
(y†E)αδ[GeHD2]δβ +

1

4
(yE)δβ[GeHD2]∗δα+

− 1

4
(y†E)αδ[GeHD4]δβ −

1

4
(yE)δβ[GeHD4]∗δα+

+ [GHe]αβ . (B.27)

ψ2H3.

[CuH ]ij = −1

4
g2(yU )ijG2W+g(yU )ijGWDH+λ(yU )ijGDH+

1

2
(yU )ijG

′
HD−i(yU )ijG

′′
HD+

−1

2
(yU )lj(yUy

†
U )ik[GqD]kl−

1

2
(yU )ik(y†UyU )lj [GuD]kl+

−λ[GuHD1]ij+

+
1

2

(
1

2
(y†UyU )ljδik+

1

2
(yUy

†
U )ikδlj−λδikδlj

)
[GuHD2]kl−

1

2
(yU )il(yU )kj [GuHD2]

∗
kl

−1

2
(y†UyU )ljδik [GuHD3]kl−

1

2
(yU )il(yU )kj [GuHD3]

∗
kl +

+
1

2

(
1

2
(y†UyU )ljδik−

1

2
(yUy

†
U )ikδlj+λδikδlj

)
[GuHD4]kl+

+(yU )lj [G
′(1)
Hq ]il+i(yU )lj [G

′′(1)
Hq ]il−(yU )lj [G

′(3)
Hq ]il−i(yU )lj [G

′′(3)
Hq ]il+
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+(yU )ik[G′Hu]kj−i(yU )ik[G′′Hu]kj+

+[GuH ]ij , (B.28)

[CdH ]ij = −1

4
g2(yD)ijG2W+g(yD)ijGWDH+λ(yD)ijGDH+

1

2
(yD)ijG

′
HD+i(yD)ijG

′′
HD+

−1

2
(yD)lj(yDy

†
D)ik[GqD]kl−

1

2
(yD)ik(y†DyD)lj [GdD]kl+

−λ [GdHD1]ij +

+
1

2

(
1

2
δik(y†DyD)lj+

1

2
(yDy

†
D)ikδlj−λδikδlj

)
[GdHD2]kl−

1

2
(yD)il(yD)kj [GdHD2]

∗
kl +

−1

2
(y†DyD)lj [GdHD3]il−

1

2
(yD)il(yD)kj [GdHD3]

∗
kl +

+
1

2

(
1

2
δik(y†DyD)lj−

1

2
(yDy

†
D)ikδlj+λδikδlj

)
[GdHD4]kl +

+(yD)lj [G
′(1)
Hq ]il+i(yD)lj [G

′′(1)
Hq ]il+(yD)lj [G

′(3)
Hq ]il+i(yD)lj [G

′′(3)
Hq ]il+

+(yD)ik[G′Hd]kj−i(yD)ik[G′′Hd]kj+

+[GdH ]ij , (B.29)

[CeH ]αβ = −1

4
g2(yE)αβG2W+g(yE)αβGWDH+λ(yE)αβGDH+

1

2
(yE)αβG

′
HD+i(yE)αβG

′′
HD+

−1

2
(yE)δβ(yEy

†
E)αγ [G`D]γδ−

1

2
(yE)αγ(y†EyE)δβ [GeD]γδ+

−λ[GeHD1]αβ+

+
1

2

(
1

2
δαγ(y†EyE)δβ+

1

2
(yEy

†
E)αγδδβ−λδαγδδβ

)
[GeHD2]γδ−

1

2
(yE)αδ(yE)γβ [GeHD2]∗γδ+

−1

2
(y†EyE)δβ [GeHD3]αδ−

1

2
(yE)αδ(yE)γβ [GeHD3]∗γδ+

+
1

2

(
1

2
δαγ(y†EyE)δβ−

1

2
(yEy

†
E)αγδδβ+λδαγδδβ

)
[GeHD4]γδ+

+(yE)δβ [G
′(1)
H` ]αδ+i(yE)δβ [G

′′(1)
H` ]αδ+(yE)δβ [G

′(3)
H` ]αδ+i(yE)δβ [G

′′(3)
H` ]αδ+

+(yE)αγ [G′He]γβ−i(yE)αγ [G′′He]γβ+

+[GeH ]αβ . (B.30)

B.4 Four-fermion operators

Four-quark.

[C(1)
qq ]ijkl = −1

4
g2
s

(
1

2
δilδkj −

1

3
δijδkl

)
G2G −

1

2
g′2Y 2

q δijδklG2B+

+
1

4
gs

(
1

2
δkjδimδln +

1

2
δilδkmδjn −

1

3
δklδimδjn −

1

3
δijδkmδln

)
[GGq]mn+

− 1

8
gs

(
1

2
δkjδimδln +

1

2
δilδkmδjn −

1

3
δklδimδjn −

1

3
δijδkmδln

)
[G′

G̃q
]mn+
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+
1

2
g′Yq (δklδimδjn + δijδkmδln) [GBq]mn+

− 1

4
g′Yq (δklδimδjn + δijδkmδln) [G′

B̃q
]mn+

+ [G(1)
qq ]ijkl, (B.31)

[C(3)
qq ]ijkl = −1

8
g2
sδilδkjG2G −

1

8
g2δijδklG2W+

+
1

8
gs (δkjδimδln + δilδkmδjn) [GGq]mn+

− 1

16
gs (δkjδimδln + δilδkmδjn) [G′

G̃q
]mn+

+
1

4
g (δklδimδjn + δijδkmδln) [GWq]mn+

− 1

8
g (δklδimδjn + δijδkmδln) [G′

W̃ q
]mn+

+ [G(3)
qq ]ijkl, (B.32)

[Cuu]ijkl = −1

4
g2
s

(
δilδkj −

1

3
δijδkl

)
G2G −

1

2
g′2Y 2

u δijδklG2B+

+
1

4
gs

(
−1

3
δklδimδjn −

1

3
δijδkmδln + δkjδimδln + δilδkmδjn

)
[GGu]mn+

− 1

8
gs

(
−1

3
δklδimδjn −

1

3
δijδkmδln + δkjδimδln + δilδkmδjn

)
[G′

G̃u
]mn+

+
1

2
g′Yu (δklδimδjn + δijδkmδln) [GBu]mn+

− 1

4
g′Yu (δklδimδjn + δijδkmδln) [G′

B̃u
]mn+

+ [Guu]ijkl, (B.33)

[Cdd]ijkl = −1

4
g2
s

(
δilδkj −

1

3
δijδkl

)
G2G −

1

2
g′2Y 2

d δijδklG2B+

+
1

4
gs

(
−1

3
δklδimδjn −

1

3
δijδkmδln + δkjδimδln + δilδkmδjn

)
[GGd]mn+

− 1

8
gs

(
−1

3
δklδimδjn −

1

3
δijδkmδln + δkjδimδln + δilδkmδjn

)
[G′

G̃d
]mn+

+
1

2
g′Yd (δklδimδjn + δijδkmδln) [GBd]mn+

− 1

4
g′Yd (δklδimδjn + δijδkmδln) [G′

B̃d
]mn+

+ [Gdd]ijkl, (B.34)
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[C
(1)
ud ]ijkl = −g′2YuYdδijδklG2B+

+ g′Ydδkl[GBu]ij −
1

2
g′Ydδkl[G

′
B̃u

]ij+

+ g′Yuδij [GBd]kl −
1

2
g′Yuδij [G

′
B̃d

]kl+

+ [G
(1)
ud ]ijkl, (B.35)

[C
(8)
ud ]ijkl = −g2

sδijδklG2G+

+ gsδkl[GGu]ij −
1

2
gsδkl[G

′
G̃u

]ij + gsδij [GGd]kl −
1

2
gsδij [G

′
G̃d

]kl+

+ [G
(8)
ud ]ijkl, (B.36)

[C(1)
qu ]ijkl = −g′2YqYuδijδklG2B −

1

6
(yU )il(y

†
U )kjGDH+

+ g′Yuδkl[GBq]ij −
1

2
g′Yuδkl[G

′
B̃q

]ij+

+ g′Yqδij [GBu]kl −
1

2
g′Yqδij [G

′
B̃u

]kl+

+
1

6
(y†U )kj [GuHD1]il +

1

6
(yU )il[GuHD1]∗jk+

+
1

12
(y†U )kj [GuHD2]il +

1

12
(yU )il[GuHD2]∗jk+

− 1

12
(y†U )kj [GuHD4]il −

1

12
(yU )il[GuHD4]∗jk

+ [G(1)
qu ]ijkl, (B.37)

[C(8)
qu ]ijkl = −g2

sδijδklG2G − (yU )il(y
†
U )kjGDH+

+ gsδkl[GGq]ij −
1

2
gsδkl[G

′
G̃q

]ij + gsδij [GGu]kl −
1

2
gsδij [G

′
G̃u

]kl+

+ (y†U )kj [GuHD1]il + (yU )il[GuHD1]∗jk+

+
1

2
(y†U )kj [GuHD2]il +

1

2
(yU )il[GuHD2]∗jk+

− 1

2
(y†U )kj [GuHD4]il −

1

2
(yU )il[GuHD4]∗jk+

+ [G(8)
qu ]ijkl, (B.38)

[C
(1)
qd ]ijkl = −g′2YqYdδijδklG2B −

1

6
(yD)il(y

†
D)kjGDH+

+ g′Ydδkl[GBq]ij −
1

2
g′Ydδkl[G

′
B̃q

]ij+
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+ g′Yqδij [GBd]kl −
1

2
g′Yqδij [G

′
B̃d

]kl+

+
1

6
(y†D)kj [GdHD1]il +

1

6
(yD)il [GdHD1]∗jk +

+
1

12
(y†D)kj [GdHD2]il +

1

12
(yD)il [GdHD2]∗jk +

− 1

12
(y†D)kj [GdHD4]il −

1

12
(yD)il [GdHD4]∗jk +

+ [G
(1)
qd ]ijkl, (B.39)

[C
(8)
qd ]ijkl = −g2

sδijδklG2G − (yD)il(y
†
D)kjGDH+

+ gsδkl[GGq]ij −
1

2
gsδkl[G

′
G̃q

]ij + gsδij [GGd]kl −
1

2
gsδij [G

′
G̃d

]kl+

+ (y†D)kj [GdHD1]il + (yD)il [GdHD1]∗jk +

+
1

2
(y†D)kj [GdHD2]il +

1

2
(yD)il [GdHD2]∗jk +

− 1

2
(y†D)kj [GdHD4]il −

1

2
(yD)il [GdHD4]∗jk +

+ [G
(8)
qd ]ijkl, (B.40)

[C
(1)
quqd]ijkl = (yU )ij(yD)klGDH+

− (yD)kl[GuHD1]ij −
1

2
(yD)kl[GuHD2]ij +

1

2
(yD)kl[GuHD4]ij+

− (yU )ij [GdHD1]kl −
1

2
(yU )ij [GdHD2]kl +

1

2
(yU )ij [GdHD4]kl+

+ [G
(1)
quqd]ijkl, (B.41)

[C
(8)
quqd]ijkl = [G

(8)
quqd]ijkl. (B.42)

Four-lepton.

[C``]αβγδ = −1

8
g2(2δαδδγβ − δαβδγδ)G2W −

1

2
g′2Y 2

` δαβδγδG2B+

+
1

4
g (−δγδδαρδβσ + 2δγβδαρδδσ − δαβδγρδδσ + 2δαδδγρδβσ) [GW`]ρσ+

− 1

8
g (−δγδδαρδβσ + 2δγβδαρδδσ − δαβδγρδδσ + 2δαδδγρδβσ) [G′

W̃ `
]ρσ+

+
1

2
g′Y` (δγδδαρδβσ + δαβδγρδδσ) [GB`]ρσ+

− 1

4
g′Y` (δγδδαρδβσ + δαβδγρδδσ) [G′

B̃`
]ρσ+

+ [G``]αβγδ, (B.43)
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[Cee]αβγδ = −g
′2

2
Y 2
e δαβδγδG2B+

+
1

2
g′Ye (δγδδαρδβσ + δαβδγρδδσ) [GBe]ρσ+

− 1

4
g′Ye (δγδδαρδβσ + δαβδγρδδσ) [G′

B̃e
]ρσ+

+ [Gee]αβγδ, (B.44)

[C`e]αβγδ = −g′2Y`YeδαβδγδG2B −
1

2
(yE)αδ(y

†
E)γβGDH+

+ g′Yeδγδ

(
[GB`]αβ −

1

2
[G′

B̃`
]αβ

)
+

+ g′Y`δαβ

(
[GBe]γδ −

1

2
[G′

B̃e
]γδ

)
+

+
1

2
(y†E)γβ [GeHD1]αδ +

1

2
(yE)αδ[GeHD1]∗βγ+

+
1

4
(y†E)γβ [GeHD2]αδ +

1

4
(yE)αδ[GeHD2]∗βγ+

− 1

4
(y†E)γβ [GeHD4]αδ −

1

4
(yE)αδ[GeHD4]∗βγ+

+ [G`e]αβγδ. (B.45)

Semileptonic.

[C
(1)
`q ]αβij = −g′2Y`YqδαβδijG2B+

+ g′Y`δαβ [GBq]ij −
1

2
g′Y`δαβ [G′

B̃q
]ij+

+ g′Yqδij [GB`]αβ −
1

2
g′Yqδij [G

′
B̃`

]αβ+

+ [G
(1)
`q ]αβij , (B.46)

[C
(3)
`q ]αβij = −1

4
g2δαβδijG2W+

+
1

2
gδαβ [GWq]ij −

1

4
gδαβ [G′

W̃ q
]ij+

+
1

2
gδij [GW`]αβ −

1

4
gδij [G

′
W̃ `

]αβ+

+ [G
(3)
`q ]αβij , (B.47)

[Ceu]αβij = −g′2YeYuδαβδijG2B+

+ g′Yeδαβ [GBu]ij −
1

2
g′Yeδαβ [G′

B̃u
]ij+

+ g′Yuδij [GBe]αβ −
1

2
g′Yuδij [G

′
B̃e

]αβ+

+ [Geu]αβij , (B.48)
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[Ced]αβij = −g′2YeYdδαβδijG2B+

+ g′Yeδαβ [GBd]ij −
1

2
g′Yeδαβ [G′

B̃d
]ij+

+ g′Ydδij [GBe]αβ −
1

2
g′Ydδij [G

′
B̃e

]αβ+

+ [Ged]αβij , (B.49)

[Cqe]ijαβ = −g′2YqYeδijδαβG2B+

+ g′Yeδαβ [GBq]ij −
1

2
g′Yeδαβ [G′

B̃q
]ij+

+ g′Yqδij [GBe]αβ −
1

2
g′Yqδij [G

′
B̃e

]αβ+

+ [Gqe]ijαβ , (B.50)

[C`u]αβij = −g′2Y`YuδαβδijG2B+

+ g′Y`δαβ [GBu]ij −
1

2
g′Y`δαβ [G′

B̃u
]ij+

+ g′Yuδij [GB`]αβ −
1

2
g′Yuδij [G

′
B̃`

]αβ+

+ [G`u]αβij , (B.51)

[C`d]αβij = −g′2Y`YdδαβδijG2B+

+ g′Y`δαβ [GBd]ij −
1

2
g′Y`δαβ [G′

B̃d
]ij+

+ g′Ydδij [GB`]αβ −
1

2
g′Ydδij [G

′
B̃`

]αβ+

+ [G`d]αβij , (B.52)

[C
(1)
`edq]αβij = (yE)αβ(y†D)ijGDH+

− (yE)αβ [GdHD1]∗ji −
1

2
(yE)αβ [GdHD2]∗ji +

1

2
(yE)αβ [GdHD4]∗ji+

− (y†D)ij [GeHD1]αβ −
1

2
(y†D)ij [GeHD2]αβ +

1

2
(y†D)ij [GeHD4]αβ+

+ [G
(1)
`edq]αβij , (B.53)

[C
(1)
`equ]αβij = −(yE)αβ(yU )ijGDH+

+ (yE)αβ [GuHD1]ij +
1

2
(yE)αβ [GuHD2]ij −

1

2
(yE)αβ [GuHD4]ij+

+ (yU )ij [GeHD1]αβ +
1

2
(yU )ij [GeHD2]αβ −

1

2
(yU )ij [GeHD4]αβ+

+ [G
(1)
`equ]αβij , (B.54)

[C
(3)
`equ]αβij = [G

(3)
`equ]αβij . (B.55)
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B-violating.

[Cduq]ijkα = [Gduq]ijkα, (B.56)

[Cqqu]ijkα = [Gqqu]ijkα, (B.57)

[Cqqq]ijkα = [Gqqq]ijkα, (B.58)

[Cduu]ijkα = [Gduu]ijkα. (B.59)

C One-loop matching conditions in the Green’s basis

We report in this section the complete one-loop SMEFT matching contributions for the

S1 + S3 model in the Green’s basis. Green’s basis WCs are denoted by G. We absorb the

loop factor defining Gi = 1
(4π)2G

(1)
i .

C.1 Renormalizable operators

(δZG
` )αβ =

Nc

2

[(
1

2
+ L1

)
(Λ

(1)
` )αβ + 3

(
1

2
+ L3

)
(Λ

(3)
` )αβ

]
, (C.1)

(δZG
e )αβ =

Nc

2

(
1

2
+ L1

)
(Λe)αβ , (C.2)

(δZG
q )ij =

1

2

[(
1

2
+ L1

)
(Λ(1)

q )ij + 3

(
1

2
+ L3

)
(Λ(3)

q )ij

]
, (C.3)

(δZG
u )ij =

1

2

(
1

2
+ L1

)
(Λu)ij , (C.4)

(δZG
d )ij = 0, (C.5)

(δyG
E )αβ = −Nc(1 + L1)(X1L

1U )αβ , (C.6)

(δyG
U )ij = −(1 + L1)(X1L

1E)ij , (C.7)

(δyG
D)ij = 0, (C.8)

δλG = −Nc

[
λ2
H1L1 + (3λ2

H3 + 2λ2
εH3)L3 + 2|λH13|2

(
1 +

M2
3L3 −M2

1L1

M2
3 −M2

1

)]
, (C.9)

(δm2)G = Nc

[
λH1(1 + L1)M2

1 + 3λH3(1 + L3)M2
3

]
. (C.10)

C.2 Purely bosonic operators

X3.

G
(1)
3G =

g3
s

360

(
3

M2
3

+
1

M2
1

)
, (C.11)

G
(1)
3W =

g3Nc

90M2
3

, (C.12)

G
(1)

3W̃
= G

(1)

3G̃
= 0. (C.13)
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X2D2.

G
(1)
2G =

g2
s

60

(
3

M2
3

+
1

M2
1

)
, (C.14)

G
(1)
2W =

g2Nc

15M2
3

, (C.15)

G
(1)
2B =

g′2Nc

30

(
3Y 2

S3

M2
3

+
Y 2
S1

M2
1

)
. (C.16)

X2H2.

G
(1)
HG =

g2
s

12

(
3λH3

M2
3

+
λH1

M2
1

)
, (C.17)

G
(1)
HW =

g2NcλH3

3M2
3

, (C.18)

G
(1)
HB =

g′2Nc

6

(
3
λH3Y

2
S3

M2
3

+
λH1Y

2
S1

M2
1

)
, (C.19)

G
(1)
HWB = −Nc

gg′YS3λεH3

3M2
3

, (C.20)

G
(1)

HG̃
= G

(1)

HW̃
= G

(1)

HB̃
= G

(1)

HW̃B
= 0. (C.21)

H2XD2.

G
(1)
WDH = G

(1)
BDH = 0. (C.22)

H2D4.

G
(1)
DH = 0. (C.23)

H4D2.

G
(1)
H� = −Nc

12

(
(3λ2

H3 + 2λ2
εH3)

M2
3

+
λ2
H1

M2
1

)
− Nc

2
|λH13| 2h(M1,M3), (C.24)

G
(1)
HD = −Nc

2λ2
εH3

3M2
3

− 2Nc |λH13| 2h(M1,M3), (C.25)

G
′(1)
HD = +Nc

2λ2
εH3

3M2
3

+ 2Nc |λH13| 2h(M1,M3), (C.26)

G
′′(1)
HD = 0. (C.27)

H6.

G
(1)
H =

Nc

6

− 3λ3
H3 + 6λ2

εH3λH3

M2
3

−
λ3
H1

M2
1

+

+
6 |λH13| 2

M2
1 −M2

3

λH3 − λH1 +
log
(
M2

1

M2
3

)
M2

1 −M2
3

(λH1M
2
3 − λH3M

2
1 )

 . (C.28)
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C.3 Two-fermion operators

ψ2D3.

[GqD]
(1)
ij = −1

6

(
3

(Λ
(3)
q )ij
M2

3

+
(Λ

(1)
q )ij
M2

1

)
, (C.29)

[GuD]
(1)
ij = −1

6

(Λu)ij
M2

1

, (C.30)

[GdD]
(1)
ij = 0, (C.31)

[G`D]
(1)
αβ = −Nc

6

(
3

(Λ
(3)
` )αβ

M2
3

+
(Λ

(1)
` )αβ

M2
1

)
, (C.32)

[GeD]
(1)
αβ = −Nc

6

(Λe)αβ
M2

1

. (C.33)

ψ2XD.

[GGq]
(1)
ij =

1

18
gs

(
3

(Λ
(3)
q )ij
M2

3

+
(Λ

(1)
q )ij
M2

1

)
, (C.34)

[GWq]
(1)
ij =

1

6
g

((
L3+

5

4

)
(Λ

(3)
q )ij
M2

3

−
(
L1+

7

12

)
(Λ

(1)
q )ij
M2

1

)
, (C.35)

[G′
W̃ q

]
(1)
ij =

1

4
g

(
(Λ

(3)
q )ij
M2

3

−(Λ
(1)
q )ij
M2

1

)
, (C.36)

[GBq]
(1)
ij =

1

3
g′

{
3

(
7Y`−2YS3

12
+Y`L3

)
(Λ

(3)
q )ij
M2

3

+

(
7Y`−2YS1

12
+Y`L1

)
(Λ

(1)
q )ij
M2

1

}
,

(C.37)

[G′
B̃q

]
(1)
ij =

1

2
g′Y`

(
3

(Λ
(3)
q )ij
M2

3

+
(Λ

(1)
q )ij
M2

1

)
, (C.38)

[GGu]
(1)
ij =

1

18
gs

(Λu)ij
M2

1

, (C.39)

[GBu]
(1)
ij =

1

3
g′
(

7Ye−2YS1

12
+YeL1

)
(Λu)ij
M2

1

, (C.40)

[G′
B̃u

]
(1)
ij = −1

2
g′Ye

(Λu)ij
M2

1

, (C.41)

[GW`]
(1)
αβ =

Nc

6
g

((
L3+

5

4

)
(Λ

(3)
` )αβ

M2
3

−
(
L1+

7

12

)
(Λ

(1)
` )αβ

M2
1

)
, (C.42)

[G′
W̃ `

]
(1)
αβ =

Nc

4
g

(
(Λ

(3)
` )αβ

M2
3

−
(Λ

(1)
` )αβ

M2
1

)
, (C.43)
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[GB`]
(1)
αβ =

Nc

3
g′

(
3

(
7Yq−2YS3

12
+YqL3

)
(Λ

(3)
` )αβ

M2
3

+

(
7Yq−2YS1

12
+YqL1

)
(Λ

(1)
` )αβ

M2
1

)
,

(C.44)

[G′
B̃`

]
(1)
αβ =

Nc

2
g′Yq

(
3

(Λ
(3)
` )αβ

M2
3

+
(Λ

(1)
` )αβ

M2
1

)
, (C.45)

[GBe]
(1)
αβ =

Nc

3
g′
(

7Yu−2YS1

12
+YuL1

)
(Λe)αβ
M2

1

, (C.46)

[G′
B̃e

]
(1)
ij = −Nc

2
g′Yu

(Λe)αβ
M2

1

, (C.47)

[G′Gq]
(1)
ij = [G′

G̃q
]
(1)
ij = [G′Wq]

(1)
ij = [G′Bq]

(1)
ij = 0,

[G′Gu]
(1)
ij = [G′

G̃u
]
(1)
ij = [G′Bu]

(1)
ij = 0,

[GG(B)d]
(1)
ij = [G′G(B)d]

(1)
ij = [G′

G̃(B̃)d
]
(1)
ij = 0,

[G′W`]
(1)
αβ = [G′B`]

(1)
αβ = [G′Be]

(1)
αβ = 0.

(C.48)

ψ2HD2.

[GuHD1]
(1)
ij = +

1

2

(
L1 +

1

2

)
(X1L

1E)ij
M2

1

, (C.49)

[GuHD2]
(1)
ij = −1

2

(X1L
1E)ij
M2

1

, (C.50)

[GuHD3]
(1)
ij = −1

2

(X1L
1E)ij
M2

1

, (C.51)

[GuHD4]
(1)
ij = −1

2

(X1L
1E)ij
M2

1

, (C.52)

[GdHDn]
(1)
ij = 0 (n = 1, 2, 3, 4), (C.53)

[GeHD1]
(1)
αβ = +

Nc

2

(
L1 +

1

2

)
(X1L

1U )αβ
M2

1

, (C.54)

[GeHD2]
(1)
αβ = −Nc

2

(X1L
1U )αβ
M2

1

, (C.55)

[GeHD3]
(1)
αβ = −Nc

2

(X1L
1U )αβ
M2

1

, (C.56)

[GeHD4]
(1)
αβ = −Nc

2

(X1L
1U )αβ
M2

1

. (C.57)
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ψ2XH.

[GuG]
(1)
ij = 0, (C.58)

[GuW ]
(1)
ij = −1

8
g

(
L1 +

1

2

)
(X1L

1E)ij
M2

1

, (C.59)

[GuB]
(1)
ij =

1

4
g′
[
(Yl + Ye)L1 +

1

2
Yl +

3

2
Ye

]
(X1L

1E)ij
M2

1

, (C.60)

[GdG]
(1)
ij = [GdW ]

(1)
ij = [GdB]

(1)
ij = 0, (C.61)

[GeW ]
(1)
αβ = −Nc

8
g

(
L1 +

1

2

)
(X1L

1U )αβ
M2

1

, (C.62)

[GeB]
(1)
αβ =

Nc

4
g′
[
(Yq + Yu)L1 +

1

2
Yq +

3

2
Yu

]
(X1L

1U )αβ
M2

1

. (C.63)

ψ2DH2.

[G
(1)
Hq]

(1)
ij = −1

4

(
3(1+L3)

(X3L
2E)ij
M2

3

+(1+L1)
(X1L

2E)ij
M2

1

)
, (C.64)

[G
′(1)
Hq ]

(1)
ij = −1

8

(
3

(X3L
2E)ij+2λH3(Λ

(3)
q )ij

M2
3

+
(X1L

2E)ij+2λH1(Λ
(1)
q )ij

M2
1

)
, (C.65)

[G
′′(1)
Hq ]

(1)
ij = 0, (C.66)

[G
(3)
Hq]

(1)
ij = −1

4

(
(1+L3)

(X3L
2E)ij
M2

3

−(1+L1)
(X1L

2E)ij
M2

1

)
, (C.67)

[G
′(3)
Hq ]

(1)
ij = −1

8

(
(X3L

2E)ij+4λεH3(Λ
(3)
q )ij

M2
3

−
(X1L

2E)ij
M2

1

)
+

+
1

4

[
λ∗H13Λ

(31)
q +λH13Λ

(31)†
q

]
ij

log
M2

3

M2
1

M2
3−M2

1

, (C.68)

[G
′′(3)
Hq ]

(1)
ij = −1

2

[
iλ∗H13Λ(31)

q −iλH13Λ(31)†
q

]
ij

M2
1−M2

3 +1
2(M2

1 +M2
3 ) log

M2
3

M2
1

(M2
1−M2

3 )2
, (C.69)

[GHu]
(1)
ij =

1

2
(1+L1)

(X1R
2E )ij
M2

1

, (C.70)

[G′Hu]
(1)
ij = −1

4

(X1R
2E )ij+λH1(Λu)ij

M2
1

, (C.71)

[G′′Hu]
(1)
ij = 0 , (C.72)
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[GHd]
(1)
ij = [G′Hd]

(1)
ij = [G′′Hd]

(1)
ij = 0, (C.73)

[G
(1)
H`]

(1)
αβ = −Nc

4

{
3(1+L3)

−(X3L
2U )αβ+(X3L

2D)αβ
M2

3

+(1+L1)
−(X1L

2U )αβ+(X1L
2D)αβ

M2
1

}
, (C.74)

[G
′(1)
H` ]

(1)
αβ = −Nc

8

{
3

(X3L
2U )αβ+(X3L

2D)αβ+2λH3(Λ
(3)
` )αβ

M2
3

+

+
(X1L

2U )αβ+(X1L
2D)αβ+2λH1(Λ

(1)
` )αβ

M2
1

}
, (C.75)

[G
′′(1)
H` ]

(1)
αβ = 0, (C.76)

[G
(3)
H`]

(1)
αβ = −Nc

4

{
(1+L3)

(X3L
2U )αβ+(X3L

2D)αβ
M2

3

−(1+L1)
(X1L

2U )αβ+(X1L
2D)αβ

M2
1

}
, (C.77)

[G
′(3)
H` ]

(1)
αβ = +Nc

−1

8

(
−(X3L

2U )αβ+(X3L
2D)αβ+4λεH3(Λ

(3)
` )αβ

M2
3

−
−(X1L

2U )αβ+(X1L
2D)αβ

M2
1

)
+

−1

4

[
λ∗H13Λ

(31)
` +λH13Λ

(31)†
`

]
αβ

log
M2

3

M2
1

M2
3−M2

1

 , (C.78)

[G
′′(3)
H` ]

(1)
αβ =

Nc

2

[
iλ∗H13Λ

(31)
` −iλH13Λ

(31)†
`

]
αβ

M2
1−M2

3 +1
2(M2

1 +M2
3 ) log

M2
3

M2
1

(M2
1−M2

3 )2
, (C.79)

[GHe]
(1)
αβ = −Nc

2
(1+L1)

(X1R
2U )αβ
M2

1

, (C.80)

[G′He]
(1)
αβ = −Nc

4

(X1R
2U )αβ+λH1(Λe)αβ

M2
1

, (C.81)

[G
′′(3)
He ]

(1)
αβ = 0 . (C.82)

ψ2H3.

[GuH ]
(1)
ij =

(1 + L1)(X1L
3E)ij − λH1(X1L

1E)ij
M2

1

−
λ∗H13(X3L

1E)ij log
M2

1

M2
3

M2
1 −M2

3

, (C.83)

[GdH ]
(1)
ij = 0, (C.84)

[GeH ]
(1)
αβ = Nc

(1 + L1)(X1L
3U )αβ − λH1(X1L

1U )αβ
M2

1

−Nc

λ∗H13(X3L
1U )αβ log

M2
1

M2
3

M2
1 −M2

3

. (C.85)
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C.4 Four-fermion operators

Four-quark.

[G(1)
qq ]

(1)
ijkl = − 1

16

9
(Λ

(3)
q )il(Λ

(3)
q )kj

M2
3

+
(Λ

(1)
q )il(Λ

(1)
q )kj

M2
1

+3
log

M2
3

M2
1

[
(Λ31

q )il(Λ
31†
q )kj+(Λ31†

q )il(Λ
31
q )kj

]
M2

3−M2
1

 ,

(C.86)

[G(3)
qq ]

(1)
ijkl = − 1

16

 (Λ
(3)
q )il(Λ

(3)
q )kj

M2
3

+
(Λ

(1)
q )il(Λ

(1)
q )kj

M2
1

−
log

M2
3

M2
1

[
(Λ31

q )il(Λ
31†
q )kj+(Λ31†

q )il(Λ
31
q )kj

]
M2

3−M2
1

 ,

(C.87)

[Guu]
(1)
ijkl = −1

8

(Λu)il(Λu)kj
M2

1

, (C.88)

[Gdd]
(1)
ijkl = [G

(1)
ud ]

(1)
ijkl = [G

(8)
ud ]

(1)
ijkl = 0, (C.89)

[G(1)
qu ]

(1)
ijkl = − 1

12M2
1

(Λ(1)
q )ij(Λu)kl, (C.90)

[G(8)
qu ]

(1)
ijkl = − 1

2M2
1

(Λ(1)
q )ij(Λu)kl, (C.91)

[G
(1)
qd ]

(1)
ijkl = [G

(8)
qd ]

(1)
ijkl = [G

(1)
quqd]

(1)
ijkl = [G

(8)
quqd]

(1)
ijkl = 0. (C.92)

Four-lepton.

[G``]
(1)
αβγδ = −Nc

8

(Λ
(3)
` )αβ(Λ

(3)
` )γδ

M2
3

+ 4
(Λ

(3)
` )αδ(Λ

(3)
` )γβ

M2
3

+
(Λ

(1)
` )αβ(Λ

(1)
` )γδ

M2
1

+

−
log

M2
3

M2
1

M2
3 −M2

1

[
(Λ

(31)
` )αβ(Λ

(31)†
` )γδ + (Λ

(31)†
` )αβ(Λ

(31)
` )γδ+

−2(Λ
(31)
` )αδ(Λ

(31)†
` )γβ − 2(Λ

(31)†
` )αδ(Λ

(31)
` )γβ

] , (C.93)

[Gee]
(1)
αβγδ = −Nc

8

(Λe)αβ(Λe)γδ
M2

1

, (C.94)

[G`e]
(1)
αβγδ = −Nc

4

(Λ
(1)
` )αβ(Λe)γδ

M2
1

. (C.95)

Semileptonic.

[G
(1)
`q ]

(1)
αβij =

1

4

(
1

2
+aev

)[
g2
s

N2
c−1

2Nc
+g′2(Yq−Y`)2

](
3λ3L∗

iα λ3L
jβ

M2
3

+
λ1L∗
iα λ1L

jβ

M2
1

)
+

−1

4

(
1

2
+aev

)
g2 3

(
λ3L∗
iα λ3L

jβ

M2
3

+
λ1L∗
iα λ1L

jβ

M2
1

)
+

−1

4

(
3

(Λ
(3)
` )αβ(Λ

(3)
q )ij

M2
3

+
(Λ

(1)
` )αβ(Λ

(1)
q )ij

M2
1

)
+
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+

(
c1(1+L1)+

9

4
(1+L3)c

(1)
13

M2
3

M2
1

)
λ1L†
αi λ

1L
jβ

M2
1

+

+

(
9

4
(1+L1)c

(1)
13

M2
1

M2
3

+
3

2
(1+L3)

[
5c

(1)
3 −c

(3)
3 +

(
2+

N2
c−1

2Nc

)
c

(5)
3

])
λ3L†
αi λ

3L
jβ

M2
3

,

(C.96)

[G
(3)
`q ]

(1)
αβij =

1

4

(
1

2
+aev

)[
g2
s

N2
c−1

2Nc
+g′2(Yq−Y`)2

](
λ3L∗
iα λ3L

jβ

M2
3

−
λ1L∗
iα λ1L

jβ

M2
1

)
+

−1

4

(
1

2
+aev

)
g2

(
−

3λ3L∗
iα λ3L

jβ

M2
3

+
λ1L∗
iα λ1L

jβ

M2
1

)
+

−1

4

2
(Λ

(3)
` )αβ(Λ

(3)
q )ij

M2
3

+
log

M2
3

M2
1

[
(Λ

(31)
` )αβ(Λ

(31)
q )ij+(Λ

(31)†
` )αβ(Λ

(31)†
q )ij

]
M2

3−M2
1

+

−
(
c1(1+L1)+

9

4
(1+L3)c

(1)
13

M2
3

M2
1

)
λ1L†
αi λ

1L
jβ

M2
1

+

+

(
3

4
(1+L1)c

(1)
13

M2
1

M2
3

+
1

2
(1+L3)

[
5c

(1)
3 −c

(3)
3 +

(
2+

N2
c−1

2Nc

)
c

(5)
3

])
λ3L†
αi λ

3L
jβ

M2
3

,

(C.97)

[Geu]
(1)
αβij =

1

2

(
1

2
+aev

)[
g2
s

N2
c−1

2Nc
+g′2(Yu−Ye)2

]
λ1R∗
iα λ1R

jβ

M2
1

+

−1

4

(Λe)αβ(Λu)ij

M2
1

+

(
2c1(1+L1)+

9

2
(1+L3)c

(1)
13

M2
3

M2
1

)
λ1R†
αi λ

1R
jβ

M2
1

, (C.98)

[Gqe]
(1)
ijαβ = −1

4

(Λ
(1)
q )ij(Λe)αβ
M2

1

−3

4
(1+L3)

(λ3L∗y∗E)iα(λ3LyE)jβ
M2

3

+

−1

4
(1+L1)

(λ1L∗y∗E−yUλ1R∗)iα(λ1LyE−y∗Uλ1R)jβ
M2

1

, (C.99)

[G`u]
(1)
αβij = −1

4

(Λ
(1)
` )αβ(Λu)ij

M2
1

−3

4
(1+L3)

(λ3L†y∗U )αi(λ
3LT yU )βj

M2
3

+

−1

4
(1+L1)

(λ1L †y∗U−yEλ1R†)αi(λ
1LT yU−y∗Eλ1RT )βj

M2
1

, (C.100)

[G`d]
(1)
αβij = −1

4

(
3(1+L3)

(λ3L†y∗D)αi(λ
3LT yD)βj

M2
3

+(1+L1)
(λ1L †y∗D)αi(λ

1LT yD)βj
M2

1

)
,

[G`edq]
(1)
αβij = −1

2

(
−3(1+L3)

(λ3L †y∗D)αi(λ
3LyE)jβ

M2
3

+(1+L1)
(λ1L †y∗D)αi(λ

1LyE)jβ
M2

1

)
+

+
1

2
(1+L1)

(λ1L †y∗D)αi(y
∗
Uλ

1R)jβ
M2

1

, (C.101)
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[G
(1)
`equ]

(1)
αβij =

λ1L†
αi λ

1R
jβ

M2
1

{
2c1(1+L1)+

9

2
(1+L3)c

(1)
13

M2
3

M2
1

+

−3

2

(
3

2
+L1

)[
(Yq−Y`)(Yu−Ye)g′2+

N2
c−1

2Nc
g2
s

]}
, (C.102)

[G
(3)
`equ]

(1)
αβij =

λ1L†
αi λ

1R
jβ

M2
1

{
−1

2
c1(1+L1)−9

8
(1+L3)c

(1)
13

M2
3

M2
1

+

−1

8

(
3

2
+L1

)[
(Yq−Y`)(Yu−Ye)g′2+

N2
c−1

2Nc
g2
s

]}
. (C.103)
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X3 X2H2 H2D4

O3G fABCGAνµ GBρν GCµρ OHG GAµνG
Aµν(H†H) ODH (DµD

µH)†(DνD
νH)

O
3̃G

fABCG̃Aνµ GBρν GCµρ O
HG̃

G̃AµνG
Aµν(H†H) H4D2

O3W εIJKW Iν
µ W Jρ

ν WKµ
ρ OHW W I

µνW
Iµν(H†H) OH� (H†H)�(H†H)

O
3̃W

εIJKW̃ Iν
µ W Jρ

ν WKµ
ρ O

HW̃
W̃ I
µνW

Iµν(H†H) OHD (H†DµH)†(H†DµH)

X2D2 OHB BµνB
µν(H†H) O′HD (H†H)(DµH)†(DµH)

O2G −1
2(DµG

Aµν)(DρGAρν) O
HB̃

B̃µνB
µν(H†H) O′′HD (H†H)Dµ(H†i

←→
D µH)

O2W −1
2(DµW

Iµν)(DρW I
ρν) OHWB W I

µνB
µν(H†σIH) H6

O2B −1
2(∂µB

µν)(∂ρBρν) O
HW̃B

W̃ I
µνB

µν(H†σIH) OH (H†H)3

H2XD2

OWDH DνW
Iµν(H†i

←→
D I

µH)

OBDH ∂νB
µν(H†i

←→
D µH)

Table 1. Bosonic operators in the Green’s basis. Shaded ones are also included in Warsaw basis.
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ψ2D3 ψ2XD ψ2DH2

OqD i
2q
{
DµD

µ, /D
}
q OGq (qTAγµq)DνGAµν O(1)

Hq (qγµq)(H†i
←→
D µH)

OuD i
2u
{
DµD

µ, /D
}
u O′Gq

1
2(qTAγµi

←→
D νq)GAµν O′(1)

Hq (qi
←→
/D q)(H†H)

OdD i
2d
{
DµD

µ, /D
}
d O′

G̃q
1
2(qTAγµi

←→
D νq)G̃Aµν O′′(1)

Hq (qγµq)∂µ(H†H)

O`D i
2`
{
DµD

µ, /D
}
` OWq (qσIγµq)DνW I

µν O(3)
Hq (qσIγµq)(H†i

←→
D I

µH)

OeD i
2e
{
DµD

µ, /D
}
e O′Wq

1
2(qσIγµi

←→
D νq)W I

µν O′(3)
Hq (qi

←→
/D Iq)(H†σIH)

ψ2HD2 + h.c. O′
W̃ q

1
2(qσIγµi

←→
D νq)W̃ I

µν O′′(3)
Hq (qσIγµq)Dµ(H†σIH)

OuHD1 (qu)DµD
µH̃ OBq (qγµq)∂νBµν OHu (uγµu)(H†i

←→
D µH)

OuHD2 (qiσµνD
µu)DνH̃ O′Bq

1
2(qγµi

←→
D νq)Bµν O′Hu (ui

←→
/D u)(H†H)

OuHD3 (qDµD
µu)H̃ O′

B̃q
1
2(qγµi

←→
D νq)B̃µν O′′Hu (uγµu)∂µ(H†H)

OuHD4 (qDµu)DµH̃ OGu (uTAγµu)DνGAµν OHd (dγµd)(H†i
←→
D µH)

OdHD1 (qd)DµD
µH O′Gu

1
2(uTAγµi

←→
D νu)GAµν O′Hd (di

←→
/D d)(H†H)

OdHD2 (qiσµνD
µd)DνH O′

G̃u
1
2(uTAγµi

←→
D νu)G̃Aµν O′′Hd (dγµd)∂µ(H†H)

OdHD3 (qDµD
µd)H OBu (uγµu)∂νBµν OHud (uγµd)(H̃†iDµH)

OdHD4 (qDµd)DµH O′Bu
1
2(uγµi

←→
D νu)Bµν O(1)

H` (`γµ`)(H†i
←→
D µH)

OeHD1 (`e)DµD
µH O′

B̃u
1
2(uγµi

←→
D νu)B̃µν O′(1)

H` (`i
←→
/D `)(H†H)

OeHD2 (`iσµνD
µe)DνH OGd (dTAγµd)DνGAµν O′′(1)

H` (`γµ`)∂µ(H†H)

OeHD3 (`DµD
µe)H O′Gd

1
2(dTAγµi

←→
D νd)GAµν O(3)

H` (`σIγµ`)(H†i
←→
D I

µH)

OeHD4 (`Dµe)D
µH O′

G̃d
1
2(dTAγµi

←→
D νd)G̃Aµν O′(3)

H` (`i
←→
/D I`)(H†σIH)

ψ2XH + h.c. OBd (dγµd)∂νBµν O′′(3)
H` (`σIγµ`)Dµ(H†σIH)

OuG (qTAσµνu)H̃GAµν O′Bd
1
2(dγµi

←→
D νd)Bµν OHe (eγµe)(H†i

←→
D µH)

OuW (qσµνu)σIH̃W I
µν O′

B̃d
1
2(dγµi

←→
D νd)B̃µν O′He (ei

←→
/D e)(H†H)

OuB (qσµνu)H̃Bµν OW` (`σIγµ`)DνW I
µν O′′He (eγµe)∂µ(H†H)

OdG (qTAσµνd)HGAµν O′W`
1
2(`σIγµi

←→
D ν`)W I

µν ψ2H3 + h.c.

OdW (qσµνd)σIHW I
µν O′

W̃ `

1
2(`σIγµi

←→
D ν`)W̃ I

µν OuH (H†H)qH̃u

OdB (qσµνd)HBµν OB` (`γµ`)∂νBµν OdH (H†H)qHd

OeW (`σµνe)σIHW I
µν O′B`

1
2(`γµi

←→
D ν`)Bµν OeH (H†H)`He

OeB (`σµνe)HBµν O′
B̃`

1
2(`γµi

←→
D ν`)B̃µν

OBe (eγµe)∂νBµν

O′Be
1
2(eγµi

←→
D νe)Bµν

O′
B̃e

1
2(eγµi

←→
D νe)B̃µν

Table 2. Two-fermion operators in the Green’s basis. Shaded ones are also included in Warsaw

basis. Fermion family indices are omitted.
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Four-quark Four-lepton Semileptonic

O(1)
qq (qγµq)(qγµq) O`` (`γµ`)(`γµ`) O(1)

`q (`γµ`)(qγµq)

O(3)
qq (qγµσIq)(qγµσ

Iq) Oee (eγµe)(eγµe) O(3)
`q (`γµσI`)(qγµσ

Iq)

Ouu (uγµu)(uγµu) O`e (`γµ`)(eγµe) Oeu (eγµe)(uγµu)

Odd (dγµd)(dγµd) Oed (eγµe)(dγµd)

O(1)
ud (uγµu)(dγµd) Oqe (qγµq)(eγµe)

O(8)
ud (uγµTAu)(dγµT

Ad) O`u (`γµ`)(uγµu)

O(1)
qu (qγµq)(uγµu) O`d (`γµ`)(dγµd)

O(8)
qu (qγµTAq)(uγµT

Au) O`edq (`e)(dq)

O(1)
qd (qγµq)(dγµd) O(1)

`equ (`
r
e)εrs(q

su)

O(8)
qd (qγµTAq)(dγµT

Ad) O(3)
`equ (`

r
σµνe)εrs(q

sσµνu)

O(1)
quqd (qru)εrs(q

sd)

O(8)
quqd (qrTAu)εrs(q

sTAd)

Table 3. Baryon and lepton number conserving four-fermion operators. All operators are included

in Warsaw basis. Fermion family indices are omitted. Indices r, s, p, t, . . . denote the SU(2)L
fundamental representations.

B and L violating

Oduq εabcεrs
[
(da)TCub

] [
(qcr)TC`s

]
Oqqu εabcεrs

[
(qar)TCqbs

] [
(uc)TCe

]
Oqqq εabcεrsεpt

[
(qar)TCqbs

] [
(qcp)TC`t

]
Oduu εabc

[
(da)TCub

] [
(uc)TCe

]
Table 4. Baryon and lepton number violating four-fermion operators. All operators are included in

Warsaw basis. Fermion family indices are omitted. Indices r, s, p, t, . . . and a, b, c, . . . denote the

SU(2)L and SU(3)c fundamental representations, respectively. C is the Dirac charge conjugation

matrix.
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