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lar graph forms relevant for massless one-loop closed-string amplitudes. By analysing the
differential equation of the generating series we construct a solution for their low-energy
expansion to all orders in the inverse string tension /. Our solution is expressed through
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holomorphic iterated Eisenstein integrals and should be closely related to Brown’s recent
construction of real-analytic modular forms. We study the properties of our real-analytic
objects in detail and give explicit examples to a fixed order in the o/-expansion. In partic-
ular, our solution allows for a counting of linearly independent modular graph forms at a
given weight, confirming previous partial results and giving predictions for higher, hitherto
unexplored weights. It also sheds new light on the topic of uniform transcendentality of
the o/-expansion.
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1 Introduction

Closed-string scattering amplitudes at perturbative one-loop order are formulated as inte-
grals over the complex-structure parameter 7 of the torus worldsheet. The function of 7 in
the integrand has to be modular invariant under the group SLy(Z) of large diffeomorphisms
of the torus and arises from integrating a conformal field theory (CFT) correlator over the
punctures z; of the torus. This work is dedicated to performing the integrals over torus
punctures in a low-energy expansion in powers of Mandelstam variables s;; (in units of the
inverse string tension o).

The families of modular invariants and more generally modular forms that can arise in
this low-energy expansion have been studied from various perspectives [1-31],! and they are
now known as modular graph forms (MGFs). The name MGF refers to the fact that they
can be characterised by (decorated) Feynman-like graphs on the torus where the vertices
of the graphs correspond to the integrated punctures in the CFT correlator. Moreover,
MGFs have a definite modular behaviour under SLy(Z) acting on 7.

On the one hand, it is straightforward to obtain MGF's as nested lattice sums over
discrete loop momenta on the torus by Fourier transformation of the underlying CFT
correlators. On the other hand, many crucial properties of MGF's, including their behaviour
at the cusp 7 — io0, are laborious to extract from their lattice-sum representations. In
particular, the lattice-sum representation does not manifest that MGF's obey an intricate
web of relations over rational numbers and multiple zeta values (MZVs). The last years
have witnessed tremendous progress in performing basis reductions of individual MGF's [4,
5,9, 13, 20], mostly through the differential equations they satisfy. Still, the workload in
simplifying the low-energy expansion of torus integrals grows drastically with the order in
the o/-expansion.

In this work, we study generating series of torus integrals and derive an all-order
formula for their o/-expansion as our main result, that also exposes all relations among
MGFs. These generating series are conjectured to contain all MGFs that are relevant
to closed-string one-loop amplitudes of type-II, heterotic and bosonic string theories. The

!See [32-37] for higher-genus incarnations of modular graph forms.



advantage of working with generating series is that their differential equations in 7, derived
in our previous work [30], are valid to all orders in o’ and take a simple form for any number
n of punctures.

Similar types of generating series have been constructed for one-loop open-string am-
plitudes, i.e. for a conjectural basis of integrals over punctures on the boundary of a cylin-
der or Md&bius-strip worldsheet [38, 39]. Their differential equations have been solved to
yield explicitly known combinations of iterated integrals over holomorphic Eisenstein se-
ries Gy at all orders of the open-string o’-expansions.? We shall here exploit that the
first-order differential equations of closed-string generating series have the same structure
as their open-string counterparts [30]: our main result is a solution of the closed-string
differential equations that pinpoints a systematic parametrization of arbitrary MGFs in
terms of iterated Eisenstein integrals and their complex conjugates.® The existence of such
parametrizations is implied by the constructive proof announced in talks by Panzer, cf.
e.g. [47]. Our generating series also provide a new angle on the problem of constructing
bases of MGF's at given modular weights and reducing the topology of graphs one needs
to consider.

The results of this work provide a link to recent developments in the mathematics
literature: Brown constructed a class of non-holomorphic modular forms from iterated
Eisenstein integrals and their complex conjugates which share the algebraic and differential
properties of MGF's [46, 48, 49]. We expect the combinations of iterated Eisenstein integrals
in our parametrization of MGFs to occur in Brown’s generating series of single-valued
iterated Eisenstein integrals that drive his construction of modular forms: at the level
of the respective generating series, single-valued iterated Eisenstein integrals and closed-
string integrals both obey differential equations of Knizhnik-Zamolodchikov-Bernard-type
in 7. Moreover, both constructions give rise to modular forms with an identical counting of
independent representatives, which is governed by holomorphic integration kernels 77 Gy, (7)
with 0 < j < k—2 and Tsunogai’s derivation algebra [50].

In order to generate MGFs from first-order differential equations of closed-string in-
tegrals, we need to supplement initial values at the cusp 7 — ico. Our generating series
at n points is believed to degenerate to genus-zero integrals over moduli spaces of (n+2)-
punctured spheres similar to those in closed-string tree amplitudes. The appearance of
sphere integrals will be made explicit at n = 2 and is under investigation at n > 3 [51],
i.e. conjectural at the time of writing. Once the degeneration to sphere integrals is fully
established at n points, the initial values in our o/-expansions at genus one are series in
single-valued MZVs* which arise in the o/-expansion of sphere integrals [54-60]. Hence, the
formalism in this work should reduce all MGFs to single-valued MZVs and real-analytic

2The o/-expansion of the cylinder- and Mébius-strip integrals in the simplest one-loop open-string am-
plitudes is known to be expressible in terms of iterated Eisenstein integrals from earlier work [40—43]. An
alternative method to determine all-order o’-expansions of open-string integrals from differential equations
in auxiliary punctures has been introduced in [44].

3The relation between MGFs and iterated Eisenstein integrals has already been established for certain
classes of examples [8, 17, 45, 46].

4Single-valued MZVs are obtained from evaluating single-valued polylogarithms at unit argu-
ment [52, 53].



combinations of iterated Eisenstein integrals. Our results can thus be viewed as a con-
crete step towards genus-one relations between closed strings and single-valued open-string
amplitudes as pioneered in [7, 8, 17, 21, 28].

The present work concerns MGFs that are the building blocks of closed-string scatter-
ing amplitudes. In order to obtain the actual scattering amplitude one still has to perform
the integral over the modular parameter 7. While our methods do not directly give new
insights into this final step, we note that a parametrisation in terms of iterated Eisenstein
integrals can help in view of recent progress in representing these in terms of Poincaré
series [18, 23, 61]. Poincaré-series representations of modular-invariant functions feature
crucially in the Rankin-Selberg-Zagier method for integrals over 7 [1, 62-65] and related
work in the context of MGF's can be found in [4, 22, 25].

1.1 Summary of results

The generating series of MGFs that is central to the present paper can be written in the
schematic form

n

22“ n
vi(ole) (-t | (Hfm;> exp< > s@-jG<zi—Zj,r>> (11)

j=2 1<i<yj

x o (07 (25,m5.05) | P (25, (T—=T)n;.75)]

where the n punctures z; are integrated over a torus of modular parameter = (after fixing
z1 = 0 by translation invariance) and the 7; and 7); are the formal variables of the generating
series. Expanding with respect to these and the dimensionless Mandelstam variables

/

sy=—ghki-k, 1<i<j<n (1.2)

generates MGFs. The integrand of (1.1) involves doubly-periodic functions ¢7(z;,...) =
0" (z;+1,...) = ¢"(2;+7,...) that will be spelled out below in (2.8). The asymmet-
ric rescaling of the holomorphic bookkeeping variables 7; and 7; in the last factor
0" (25, (T—7)n;, 7;) is chosen in view of the modular properties of the generating series. The
integrals YﬁT in (1.1) are indexed by permutations o,p € S,—; that act on the subscripts
2,3,...,n of the {z;,n;} variables and leave z; inert. Finally, the permutation-invariant
exponent in (1.1) features the closed-string Green function G(z,7) on the torus that will
be reviewed in section 2 below, where we also comment on the role of o, p in the open
string [30, 38, 39].

We have conjectured in [30] that one can use integration by parts and Fay identities
such that all basis integrals appearing in torus amplitudes in various string theories are
contained in the generating series YﬁT . This is true for all examples studied thus far (see
e.g. appendix D of [21]), and it would be interesting to find a general proof, for instance
by computing the dimension of the underlying twisted cohomology as done at tree level by
Aomoto [66].°

®See for instance [67, 68] for a discussion in a physics context.



It was shown in [30] that the integrals Y7 in (1.1) obey a first-order differential equation
in 7 of schematic form

0¥ (olp) = ZmamYﬁ + Y Dipla)yi(ola). (1.3)
a€Sn—1
The (n—1)! x (n—1)! matrix DE(p|a) comprises second derivatives in 7;, Weierstraf func-
tions of 7;, 7 and has a pole in (7’ 7)~2. It is closely related to analogous operators D~ in
differential equations of open-string integrals [38, 39].
One of the key steps for presenting the solution of (1.3) in terms of iterated integrals is
a redefinition of the generating series by the exponentiated action of a differential operator
Rj(€o) that is related to Tsunogai’s derivation algebra [50]. The redefinition

Tl = 3 e (—5rl L) oviole (1.4

wis 2mi(T—7)
streamlines the differential equation (1.3) and in particular removes the poles ~ (7—7)2
in both terms on the right-hand side. This results in a differential equation of the form
oo k-2
OrYi(olp) = 33 (r=TYGu(r) D Ogjalpla)¥i(ola). (15)
k=4 5=0 aESn—1

The Oy jk(pla) are matrix-valued operators that importantly do not depend on 7 and
involve at least one power in s;; and therefore o/. Hence, one can solve (1.5) perturbatively
by iterated integrals over holomorphic Eisenstein series G (7) and thereby build up the
o’-expansion of (1.4). The range of the accompanying powers (7—7)7, j € {0,1,...,k—2}
ties in with Brown’s iterated Eisenstein integrals [46, 48, 49]. More specifically, (1.5) will
be shown to admit an all-order solution for the original integrals (1.1)

o) k1—2ko—2 ke—2

Vilol) = 31" 3 Y 3 Y ) Rt [ ] (o)
=0 k1,k2,....ke 51=0 j2=0  j,=0

99Oy

R*(Eo) Sioo
X > Ok Osioks - Oy k] (pla) exp (-n>aﬁyﬁ (a1B),

ades 27i(T—7)

see (3.11) for the exact expression. The %V Hll ii - iﬂ are the central objects in this paper

and expressible in terms of holomorphic iterated Eisenstein integrals and their complex
conjugates. In case of a single column with entries £ > 4 and 0 < j < k—2, they are related
to non-holomorphic Eisenstein series, their derivatives and single-valued MZVs, and we
expect general 55 to occur in Brown’s generating series of single-valued iterated Eisenstein
integrals. The right-hand side of (1.6) also features matrix products ... Ogj, ky - Oy by
of the operators in (1.5), and these operators will be seen to be related to Tsunogai’s
derivation algebra. Moreover, the degeneration }/}ﬁ"oo(a| B) of the integrals (1.4) at the cusp
T — 100 is a series in s;;,7;,7; and is conjectured® to contain only single-valued MZVs

5This is a stronger form of Zerbini’s conjecture [7, 19] that the expansion of modular graph functions
around the cusp contains only single-valued MZVs.



Ghy.. g, in its coefficients. For ordinary MZVs of depth 7 (see e.g. [69] for their relations
over Q)

o0
Cohorder = O 1y n P Bk k€N, k=20 (L)

0<ny<-<nyr

the single-valued map’ [52, 53] at » = 1 only retains cases of odd weight k1,

Corr1 = 2Cok41 5 5= 0. (1.8)

The degeneration limit }/}ﬁio"(d ) at n = 2 points will be explicitly reduced to ¢}¥ via (4.2)
which proves our claim in this case, and the degenerations at higher multiplicities n > 3
are under investigation [51].

We shall investigate the modular and reality properties of the 5% appearing in (1.6)
and express them in terms of iterated Eisenstein integrals and their complex conjugates.
These representations %V will follow solely based on their derivative w.r.t. 7 together
with the reality properties of the generating series YﬁT . In particular, the antiholomorphic

constituents of 55 [ill ii} up to ki+ke < 10 turn out to involve only (3" as follows from
detailed studies of the two- and three-point generating series.

The relation of the 5%V to the derivation algebra imply that not all combinations of 5%V
can actually appear independently in the generating series. Together with the conjecture
that YﬁT contains all possible MGF's, this allows us to give a precise count and determination
of the relations between MGFs beyond the weights that have been studied to date.

By exploiting also the reality properties of the 8%, the counting allows us to distinguish
between real and imaginary MGF's in the basis. Since imaginary MGFs are cuspidal [22],
we can hence also identify the number of imaginary non-holomorphic cusp forms in the
spectrum of MGFs with our method. In particular, we show that at modular weight
(5,5) three imaginary cusp forms are necessary for a basis of MGFs of arbitrary topology,
extending the analysis of two-loop graphs in [22] by one new cusp form. The total number
of independent MGFs of modular weight (w,w) with w < 8 and the number of imaginary
cusp forms contained in these is given by

mod. weight (w,w) (0,0) (1,1) (2,2) (3,3) (4,4) (5,5) (6,6) (7,7) (8,8)
# MGFs 1 0 1 1 4 7 19 43 108
# imag. cusp forms 0 0 0 0 0 3 5 19 42

This counting includes products of MGFs but excludes products involving MZVs. In this
table, we have focused on cases with w = w that can be turned into modular invariant
functions by multiplying by (Im7)" and these cases include not only the modular graph
functions originally studied in [4, 8], but also more general modular invariant objects. A
more detailed counting including cases with w # w will be presented in section 6.2.

"Strictly speaking, the single-valued map as in (1.8) is only defined to exist in passing to motivic MZVs.



1.2 Outline

We introduce the ingredients of the generating series YﬁT and its properties in section 2. In
section 3, we study in detail the transition from (1.3) to (1.5) and how this leads to the
5% together with their relation to iterated Eisenstein integrals. This includes a discussion
of integration ambiguities given by antiholomorphic functions and how they can be fixed
from reality properties. In section 4, we implement the general scheme in the simplest
two-point case and show how this fixes already a large number of 5%V. Further 5V are then
fixed by adding in data from n = 3 points in section 5, where we also encounter imaginary
cuspidal MGFs and study their properties. Section 6 is devoted to modular transformation
properties of general 55V as well as their implications on the classification of independent
MGFs and the transcendentality properties of closed-string integrals. A summary with
some open questions is contained in section 7. Several appendices collect complementary
details and some of the more lengthy expressions for the 8%V and similar objects £%V.

Note: some of the explicit expressions relating MGFs, 8% and £V can be quite lengthy,
and this paper includes as supplementary material a Mathematica and data file where these
relations and expansions of the generating series YﬁT at n = 2 and n = 3 points up to total
order 10 are available.

2 Generating series of closed-string integrals

In this section, we will spell out the detailed form of the generating series Y7 in (1.1) and
recall its differential equations derived in [30]. For this we first need to introduce the basic
building blocks entering YﬁT and also review the connection to modular graph forms.

2.1 Kronecker-Eisenstein integrands and Green function

The generating series YﬁT is constructed out of the so-called doubly-periodic Kronecker-
Eisenstein series and a Koba-Nielsen factor that involves the scalar Green function on the
worldsheet torus.

The torus Kronecker-Eisenstein series in its doubly-periodic form reads [70, 71]

Imz) 0'(0,7)0(z + n,7) (2.1)

en,7) = exp (oring” ) G0

with 6(z,7) the odd Jacobi theta function and 6'(z, ) its derivative in the first argument.
The function Q(z,n,7) is doubly-periodic in the torus variable z = z + 1 = z 4+ 7 and can
be Laurent-expanded in the formal variable n. This expansion yields an infinite tower of
doubly-periodic functions f(®) (z,7) via

Aemr) = 3 0 f0) (2, 7). (2.2)
w=0

The significance of the functions f(*) is that all correlation functions of one-loop massless
(and possibly massive) closed-string amplitudes in bosonic, heterotic and type-1I theories



are expressible through them [21].8 Their simplest instances are

I
f(o)(z,T) =1, f(l)(z, T)=0,logf(z,7) + 27ri1mz , (2.3)

mrT

and all the f(*22) are non-singular on the entire torus. Only f() has a simple pole at
z =0 and in fact at all lattice points z € Z + 7Z.
The real scalar Green function on the torus is

0(z,7) 2
n(7)

27 (Im z)?
ImT

G(z,7)=— log‘ (2.4)

where 7(7) = ¢"/?*[[°°,(1 — ¢") denotes the Dedekind eta-function and ¢ = €77,

Under modular transformations with <ff/‘ ? ) € SLy(Z) the doubly-periodic functions
and the Green function obey the following simple transformation laws:

z i at+ B\
Q<77+6’77+6’WT+5>_<7T+5)Q(277777)7 (2.5a)
(w) “ OéT-i—ﬁ — w p(w) 9
!/ (W+5’ pomrny ) B S A A RO (2.5b)
z  ar+pf
= . 2.
G<77+5’77+5> Gz ) (2.5¢)

Objects that transform with a factor of (y7 + §)¥(y7 + §)” under SLo(Z) will be said to
carry (holomorphic and antiholomorphic) modular weight (w,w). Thus, one can read off
weight (1,0) for Q, weight (w,0) for f(*) and weight (0,0) for the Green function which is
also referred to as modular invariant.

One-loop amplitudes of closed-string states are built from n-point correlation function
of vertex operators on a worldsheet torus. The plane-wave parts of vertex operators with
lightlike external momenta k; (i = 1,2,...,n) always contribute the so-called Koba-Nielsen
factor [74]

KN7 = H exp (s:;G (25, 7)) , (2.6)

1<i<j

comprising Green functions connecting the various vertex insertions and the Mandelstam
variables s;; defined in (1.2).

2.2 Generating series and component integrals

An n-point correlation function of massless vertex operators on a worldsheet torus with
fixed modular parameter 7 depends on the punctures z; via Green functions, f(*) and
W [21]. Since the f(*) and W are generated by the Kronecker-Fisenstein series {2
via (2.2) and the Green functions from the Koba-Nielsen factor KN7 via (2.6), it is natural

to consider generating functions involving these objects. Moreover, one-loop closed-string

8More specifically, see [40, 72] and [73] for the appearance of f(*)(z,7) in the spin sums of the RNS
formalism and the current algebra of heterotic strings, respectively.



amplitudes require integrating the punctures z; = z;+m7+n, m,n € Z over the torus, and
d?z;

L =1.
Im T

In order to exhibit our generating series of torus integrals, we begin with the simplest

the modular invariant integration measure is normalised as [

two-point case, where the above reasoning leads to considering [30]

d?zg ———
Yy = (=) [ 52 0 m. e, (7, 1) KN (27)

with z;; = 2; — z;, and we have used translation invariance on the torus to fix z; = 0.
The n-point generalisation is an (n—1)! x (n—1)! matrix Y (o(p) labelled by permu-
tations o, p € S,,—1 and involving n—1 parameters 7 = (92,73, . ..,1,) [30],

Y7 (olp) :YﬁT(l,o(2, ,n)[1,p(2,...,n))

n 22'
:(T—f)"—l/ (H ?mi> KN7,

=2

X o |:Q(2127 723..n T) 9(2237 N34...n» T) T Q(Zn—Q,n—lv TIn—1,n, T) Q(Zn—l,na Mn, T):|

X p|Qz1z, (7=7)2s.m 7) Rz, (T=T )08y T) -+ Azt s (7T 7)|
(2.8)

where we have used the shorthand n; ; = n; + ...+ n;. The permutations o, p act on
the subscripts of the generating parameters 7; and insertion points z; and are necessary to
obtain homogeneous first-order differential equations in 7 for the matrix Y7 (c]p). We will
refer to the entries of Y7 (c[p) by writing the images of the elements (2,3, ...,n) under the
permutations p and o. Thus, Y,” . (2,3]2,3) at n = 3 corresponds to the trivial elements of

712,73

Sy while Y7 | (3,2|2,3) represents the non-trivial element o € Sy that maps the factor of

Q(z12, 123, 7) (223,13, 7) in the integrand to Q(z13, 123, 7) (232,72, 7).

In the open-string versions of the integrals (2.8), the permutation o refers to an inte-
gration domain (a cyclic ordering of open-string punctures on a cylinder boundary) in the
place of the complex conjugate Q [30, 38, 39]. The asymmetric choice of second arguments
(t—7)n; and 7; for the Q and Q2 in the generating series (2.8) is motivated by aiming for
specific modular weights as we shall discuss below.

We will use extensively the following component integrals

, 1 - (T—f‘)a d?29 + p(a) A(b)
Yap = <2m-)bynz BT 2 /Il’n’]’ KN3 f12" fi2 (2.9)
with the shorthand
£ = F Oz — 25,7), (2.10)

b

where the normalising factor (277)™" was chosen to simplify some relations under complex

conjugation below. The components of the n-point generating function (2.8) are similarly



defined as

1
Y(Zz,a:s,---,an\b27b3,---7bn)(U’p) - (2mi)b2+bst-Fbn YT(J‘p)‘ g2 lpas— 1 pan-ipha—lpbsml pbn-t

n773 n Tin 7723 nnS n ln
B (7-_7—-)a2+a3+..-+an n d22j i
© (2mi)b2tbsttbn H2 ImT KN, (2.11)
J:

<ol 1357 B oL fi o f]

By the modular transformations (2.5) together with

ar + B8\ Im~
m<w+5> T+ )77 +9) (2.12)

the modular weights of the component integrals (2.9) and (2.11) are

n

a2)"~7an|b27"'7bn)

Yo ¢ weight (0,b—a), Ye (olp) <> weight (O, (bj—aj)> . (2.13)
2

j=

This property holds at each order in the o/-expansion, so the integrals are generating func-
tions of modular forms. The fact that the holomorphic modular weight of the component
integral vanishes was the reason for making the asymmetric definitions (2.7) and (2.8).
These definitions also lead to a more tractable differential equation that we shall analyse
in detail in this paper.

We will later make essential use of the following reality properties: complex conjugation

of component integrals over fl(g) fl(g) exchanges a <+ b, so we have

a—by,7 a—b
Yap = @9 Yy Y = 49" Y, (2.14)
where y = wIm 7, and similarly,
Y(Z% anlba. U|p (H Ay) %~ bj>Y(Z2,,,.,bnaz,...,an)(pya)' (2.15)
7j=2

2.3 Modular graph forms

In a series-expansion w.r.t. ¢/, the component integrals (2.9) and (2.11) can be conveniently
performed in Fourier space, see appendix A.1. This leads to nested lattice sums over non-
vanishing discrete momenta p = m7 + n on the torus with m,n € Z. In the case of the
two-point component integrals (2.9), the zy integration yields for instance expressions of
the type

cliizilin= X oot on) (2.16)

- br a1 =b1 aRr bR

pr#0P1 P1 """ PR PR

-----

with integer labels a;, b;. Here, Zp 2o instructs us to sum over all p = m7 + n with
(m,n) € Z? and (m,n) # (0,0), resulting in modular weight Zf;l(a,-, b;).



(a1,b1)
(az2,b2)

Clo s ph] «—

(G‘R’ bR)
Figure 1. Dihedral graph with decorated edges and notation for modular graph form.

Formula (2.16) is an example of a modular graph form (MGF) [8, 9], here associated
with a dihedral graph topology of lines connecting the two insertion points, see figure 1.
The momentum-conserving delta function obstructs nonzero one-column MGFs, so the
simplest examples of dihedral topology are

clgol(r) = 1,(,: > R (2.17)

a a b
T (m74n)*(m7+n)
(m,n)#(0,0)

Special cases are given by non-holomorphic Eisenstein series (convergent for k > 2)

Ei(7) = (T)kc[’gg}( <ImT> P W’“ (2.18)

p#0

They are real and modular invariant due to the prefactor (Im 7)*, see (2.12).

Similar to the MGF (2.16) associated with the dihedral topology in figure 1, one can
introduce MGF's for any graph I" with labelled edges [8, 9]. As exemplified for the trihedral
case in appendix A.2, the notation Cp[ﬁ] for the corresponding MGF has to track the
holomorphic labels A, the antiholomorphic labels B and the adjacency properties of the
edges of the graph I'. We follow the conventions of [30] for their normalisation where the
modular weight (w,w) is obtained by summing the labels of all edges,

Cr[#] <+ modular weight (w,w) (Z Zb) (2.19)

acA  beEB

cf. appendix A.2 for the trihedral case. Even though more complicated graph topologies
are ubiquitous in the MGF literature, one of the results of the present paper is that, up to
total modular weight w+w = 12, dihedral MGFs are sufficient for providing a basis of all
MGFs. This is discussed in more detail in section 6.2.6.

2.3.1 Differential operators and equations

The more general case of (2.17) with a # b can be accounted for by using the following

derivative operators’

V:=2i(Im7)%0,, V:=-2i(Im7)%0-. (2.20)

9These were called Vpg in [30] and correspond to (Im ) times MaaB raising and lowering operators.
The normalisation conventions for V are identical to those in [9, 13, 17, 21, 22].

~10 -



The operator V has the property that it maps an object of modular weight (0, @) to (0, w —
2) and, by (2.13), is therefore an appropriate operator for the component integrals (2.11).
The operator V similarly maps weight (w,0) to (w—2,0).

Acting with the differential operator V on the non-holomorphic Eisenstein series Ey,
in (2.18) leads to

(Im 7)™ (k +m — 1)!
mk (k—1)!

Cases with m = k yield holomorphic Eisenstein series

Gi(r) = C[§8](r) =)

p#0

V™Eg(7) = Clytmdl(r). (2.21)

1
ok

. (2.22)

that converge absolutely for £ > 4 and vanish for odd k. Formula (2.21) specialises in this
case to

(V) By () = C(Im 7) 26 Gy (1) . (2.23)

(k—1)!

We will encounter the following generalisations that are also real and modular-invariant [17]:

Im7\* 9

Baa = ("2 ) Clb3]- B (2.210)
Im7)° 43

Eg3 = <W> C[H%]—gEs, (2.24D)
Im7\° 15

B33 = <W> (3C[123]1+ C[3232]) —ﬂEg, (2.24c)
Im7\° 17 59

By = (2 (11331 + 2 Cl333]) - e, 2240)

6
Eou = (hm> (9c[1141+3C[133]+C[223]) — 13E (2.24e)
) T 114 123 222 6> .

Im7\° /232 292 2

Baaa = (1o ) (Gecl3331+ o Clizil+ Selitdl - crii33))

+ 2E2 + BBy — @EG . (2.24f)

The above MGFs all belong to the dihedral class and arise in (n>2)-point component
integrals. More complicated graph topologies arise for the higher-point component in-
tegrals (2.11), and a brief review of trihedral modular graph forms can be found in ap-
pendix A.2.

The particular choice of combinations in the above expressions simplifies the differen-
tial equation and delays the occurrence of holomorphic Eisenstein series Gi as much as
possible when taking Cauchy-Riemann derivatives. This leads for instance to the following
differential equations [9, 17]

(7V)3Eg g = —6(Im 7)*GynVE;, (2.25)

)

(7V)*Ea3 = —2(7VEg)(7V)?E3 — 4(Im 7)*GynVE; .

- 11 -



2.3.2 Examples in o/-expansions

As an example of how MGFs occur in the component integrals of the generating series YﬁT ,

we consider the two-point integrals (2.9). It can be checked by using identities for modular

graph forms [9] that the first few component integrals have the following o/-expansions!?

1 1 3
Yoo =1+ *3%2E2 + 68?2(E3 +(3) + 81y (Ez 2 + 8E2 + 0E4) (2.26a)
5 2Cs5 6
E Lpm S %
2 3
Y0y = 2512mVEs + gS%QWVEg) + 53, (57TVE4 +47VEg s + EQWVE2> (2.26b)

6 1 1 1
+ 5o (77TVE5 +2mVEs 3 + SEamVEs + SEgmVE, + 3437TVE2> + O(s3,),

4 6
Yo = —5812(7TV)2E3 + 52, (—5(wv)2E4 + 2(7rVE2)2> (2.26¢)
3 12 2 2 4 2 2
+ 579 —7(7TV) Es — 4(7TV) E273 — g(Tl’VEQ)(ﬂ'VEg) — gEQ(TFV) E;
+ O(s15)
2.3.3 Laurent polynomials

The expansion of MGFs around the the cusp 7 — i00 are expected to take the form

cr(d] = ) cma(lm7)g™q", (2.27)

m,n>0

where ¢y, ,(Im7) are Laurent polynomials in Im 7, see e.g. Theorem 1.4.1 of [19]. An
important property of MGFs is the Laurent polynomial ¢ o(Im 7) corresponding to the g¢-
and g-independent terms in (2.27). As exemplified by (with Bernoulli numbers Byy) [2, 4]

B 4(2k—=3)! (o
By = (—1)k! (22’;!(4y)k + (k_(Q)!(k—)l)! (432/];'“il

4 2
Y y(3 5(5 Cg _
E 5 2.2

4yP 2y2C3 C5 7C7 (3Gs
Eos = — ST 385 40 2.28
23 = “o07675 | 045 180 1 S (9,9). (2.28¢)

+0(¢,q), (2.28a)

the coefficients in the Laurent polynomials c¢oo(Im7) are conjectured!! to be Q-linear
combinations of single-valued MZVs [7, 8, 19] when written in terms of y = 7 Im 7.

"When comparing with the o/-expansions in (2.69) of [30], note that the component integrals (2.9) are

related to the W/, in the reference via Y}, ,, = W#W
(alb) (alb) (zm) (alb):
11p the case of modular graph functions with a; = bj, the coefficients in the Laurent polynomials

co,0(Im 7) are proven to be Q-linear combinations of cyclotomic MZVs [7, 19].

- 12 —



2.3.4 Cusp forms

Modular graph forms have a simple transformation under complex conjugation that just
exchanges the a; and b; labels. For dihedral graphs this means
Clov by on ] = Cla a3 mak] - (2.29)
We will encounter imaginary combinations of MGFs in the context of three-point Y-
integrals,
Alby b o) = Clbd b Zp] = Clbi o o] (2:30)
Imaginary MGF's of this type have been first studied in [22] and were shown to be cusp
forms with vanishing Laurent-polynomials ~ ¢°q": The A[---](7) in (2.30) are odd under
T — —7 that sends Re 7 — — Re 7 while keeping Im 7 unchanged. This reflection moreover
acts on any modular graph form by!? C[---](—=7) = C[- - - ](7) since this operation exchanges
holomorphic and antiholomorphic momenta up to a change of summation variable, thus
making A[---](7) an odd function under this reflection. But since Im 7 and thus the zero
mode coo(Im7) — ¢oo(Im7) of A[---](7) are even this means that the zero mode must

vanish. Also real cusp forms occur among MGFs, for instance products of two imaginary
cusp forms (2.30).

2.4 Differential equation

The differential equation of the generating series YﬁT defined in section 2.2 was derived
in [30]. At two points, the integral (2.7) was shown to obey the homogeneous first-
order equation

- T 1 G —\k— T

2mi0; Y, = {—(T_%)QRn(EO) + Z(l—k’)(T_T)k 2Gr1g(7')Rn(6k)}Y77 (2.31)
k=4

with the following n- and 7-dependent operators

1 1 o _
R, (e0) = s12 <772 - 28%) — 2mino, , Ry(ex) = s127 72, k>4. (2.32)

The generalisation to (n>3) points requires (n—1)! x (n—1)! matrix-valued operators
Ri(ex),” acting on the indices p of the integrals (2.8). The first-order differential equation is

. T 1 o
2mi0; Y7 (o|p) = Z {—zRﬁ(EO)p

OJESnfl (T_’i__)

+ Z(l_k)(7__7_')k_2Gk(7')Rﬁ(€k)pa}YﬁT(U’a) , (233)
k=4

12Here, we make use of the assumption that the entries a; and b; of the MGFs are integers [22].
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see also [30] for homogeneous second-order Laplace equations among the Y7 (o|p). At three
points, for instance, the Rj(e;) in (2.33) are 2 x 2 matrices

1 S12 —S813 1 0 0 1 813+S23 S13
R €0) = —5— + = + =
7727773( ) n%g <_312 S13 Tlg 512 512+823 7]?2) 0 O

10 1 1 1 o )
- <0 1) (2812‘952 + 5813872,3 + 5323((9772—8773)2 + 27”(7728772‘*‘7733773)) ,

_ §12 —S13 k—2 0 0
n2.ms (€k) = 13 _s13 513 2 12 S12+523

- +
+77§ 9 <s130823 s(1)3> . k>4, (2.34)

and their higher-multiplicity analogues following from [30, 38, 39] are reviewed in ap-
pendix B.
The differential equations among the YﬁT are generating series for differential equations

among the component integrals. The simplest two-point examples are'?
. 812 . B 512 2
2mi0Y010) = Jim 2 o 270Gl = g ta Y F 12012(Im )T Ga(T)Y gy
(2.35)
and generalise to (we are setting Y1 = 0)
. T a T (1—(1)(a+2)812 T
20X al) =~ g2 arlo-) T T g m 2 L2
a+2
+s12 Y (1=k)Gr(r) (2 Imm)F 2V o - (2.36)
k=4

The expansion of the component integrals in terms of MGF's given in (2.26) together with
the differential equations (2.23) and (2.25) of the MGF's can be used to verify (2.35) order
by order in o’. Conversely, one can use (2.36) and its generalisations to n points to deduce
properties of MGFs.

We also note that YﬁT satisfies the following equation when differentiated with respect
to 7 [30, eq. (6.12)]:

" 0y, — 1705
—2mid:Y] (olp) = ) {m >y [2%-&7]. + 77““”““} 8% — Ri(eo) " (2.37)

T—T
a€ESH_1 Jj=2

+ Z(l—k)Gk(T) Rﬁ(ek)aa}YﬁT(MP) :

k>4

We shall not use this equation extensively but rather the holomorphic 7-derivative (2.33)
together with the reality properties (2.15) of the component integrals. Similar to Brown’s

3When comparing with the differential equations in (3.25) and (3.26) of [30], note that the component
integrals are related by Y, = %W@W. Moreover, the powers of Im 7 are tailored such that the
operators V(*) in the reference can be effectively replaced by (7—7)0-.
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construction [46, 49, 75] of non-holomorphic modular forms, the series Y;7I is engineered
to simplify the holomorphic derivative (2.33) at the expense of the more lengthy expres-
sion (2.37) for the antiholomorphic one.

2.5 Derivation algebra

The notation Rj(ex) for the operators in the differential equations (2.31) and (2.33) was
chosen to highlight a connection with Tsunogai’s derivations € [50]. They arise in the
differential equation of the elliptic KZB associator and act on its non-commutative vari-
ables [76-78]. The derivation algebra {e;, k > 0} is characterised by a variety of relations,
and the operators R;(ey) in this work are believed to form matrix representations of these
the relations. For instance, from the absence of £k = 2 in (2.31) and (2.33), we have
Ri(e2) = 0 which is consistent with the general relation

[e2, €] = 0. (2.38)

With the notation
ad(ex) = [¢j, [€), [ - [ e, exl] - ]]] (2.39)

m

for the repeated adjoint action ade; (ex) = [e;, €x], a crucial set of relations among Tsunogai’s
derivations is the (adjoint) nilpotency of €

adile) =0, k>2, (2.40)

for instance [eg, [€o, [€0, €4]]] = 0. The operators Rj(ex) in the differential equations (2.31)
and (2.33) are expected to preserve (2.40),

Ry(ad Y (ep)) = ad]j%;(lﬁo) (Ri(er)) =0,  k>2, (2.41)

as furthermore supported by a variety of explicit checks, also see section 4.5 of [39] for

t.14 There is a variety of further relations

supporting arguments in an open-string contex
in the derivation algebra [41, 79, 80] that are related to the counting of holomorphic cusp

forms at various modular weights [80]

0 = [€10, €4] — 3[es; €q] (2.42a)
0 = 2[e14, €4] — T[e12, €6] + 11]€10, €3], (2.42b)
0 = 80[e12, [€4, €0]] + 16]e4, [€12, €0]] — 250]€10, [€6, €0]]

— 125]eg, €10, €0]] + 280]es, [€s, €0]] — 462[eq, [€4, €8]] — 1725[eq, [€6, €4]] - (2.42¢)

We have tested that these relations are preserved by the Rj(ey), e.g.
Rﬁ*([élo, 64] — 3[68, 66]) = [Rﬁ(elo), Rﬁ(€4)] -3 [Rﬁ(Eg), Rﬁ(EG)] =0. (2.43)

Similarly, the Rj(ex) at n < 5 points have been checked to preserve various generalisations
of (2.42) that can be downloaded from [81]:

"Reference [39] deals with open-string amplitudes and features operators 7;(ex) that agree with Rg(ex)
for k # 0. The difference for e is that r;(eo) contains an additional term proportional to {2 but does not
contain the term ~ 7;0,, of Ry(eo).
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e relations among [ex,, €x,] at k1+ke < 30 and n=2,3,4 as well as k;+ko < 18 and
n=>ys,

e relations among [eg,, [€r,, €25]] at £1+l2+03 < 30 and n = 2,3,4,

e relations among [€p,, [€py, [€ps, €pa]] at D1+D2+D3+ps < 26, n = 2,3 as well as (par-
tially relying on numerical methods) p;+po+p3+ps < 18, n =4

We will see in section 6.2 that relations like (2.42) will play a key role in the counting of
independent MGFs at given modular weights in their lattice-sum representation (2.16), in
the same way as they did for the counting of elliptic MZVs [41].

Even though the operators Rj(e) satisfy the derivation-algebra relations (at least to
the orders checked), their instances at given multiplicity n are not a faithful representation
of the derivation algebra. In other words, they can also satisfy more relations at fixed
n. For instance, the two-point example (2.32) implies that all R, (e;) for k > 4 at n = 2
commute which is stronger than (2.42). As we shall use compositions of the operators
Rj(ey) in the rest of the paper to solve (2.33), this means that their coefficients only occur
in specific linear combinations in low-point results. This will lead to multiplicity-specific
dropouts of MGF's in the o/-expansion of YﬁT at fixed n, in the same way as four-point
closed-string tree-level amplitudes do not involve any MZVs of depth > 2.

3 Solving differential equations for generating series

The goal of this section is to derive the form of the all-order o’-expansion of the YﬁT
integrals (2.8) from their differential equation (2.33). As a first step we will rewrite the
differential equation in a slightly different form using relations in the derivation algebra.
This improved differential equation will allow for a formal solution whose properties we
discuss in this section. In the next sections we make the formal solution fully explicit at
certain orders by exploiting the reality properties of two- and three-point integrals.

3.1 Improving the differential equation

Given that the differential equation (2.33) is linear and of first order in 7, it is tempting to
solve it (up to antiholomorphic integration ambiguities) formally by line integrals over 7. In
particular, the appearance of (7—7)*"2Gy(7) on the right-hand side will introduce iterated
integrals over holomorphic Eisenstein series in a formal solution. However, the differential
equation features singular terms ~ (7—7)~2 that do not immediately line up with Brown’s
iterated Eisenstein integrals over 7/Gg(7), j = 0,1,...,k—2 with well-studied modular
transformations [48].

Therefore we first strive to remove the singular term ~ (7—7)72 in (2.33) that does
not have any accompanying Eisenstein series Gj>4. This can be done by performing the
invertible redefinition!®

or Ri(eo) '\, - Rij(€0) \ - - Ri(eo) \ o7
Yff = exp <—) Yﬁ = exp i = Yﬁ =exp | — i

2ri(T—T7 4y

15We are grateful to Nils Matthes and Erik Panzer for discussions that led to this redefinition.
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where the matrix multiplication w.r.t. the second index of Yz (olp) is suppressed for ease
of notation.'® The redefined integrals obey a modified version of (2.33)

PN > beo — Ri(e0) Rgleo)
2mi0, Y7 =Y (1=k)Gp(7)(7—7) %e” 77 Ry(ep,) e D Y], (3.2)
k=4

where now the term without holomorphic Eisenstein series is absent and the Rgj(e) are
conjugated by exponentials of Rj(eo). By the relations (2.41) in the derivation algebra, the
exponentials along with a fixed Rj(e;) truncate to a finite number of terms,

_ _Rgleo) o) X1~ ! .
e 2mwi(T—7) Rﬁ(ek)e27”(7—77—) — Z 17|<27-(-/L)> Rﬁ(ad‘go (ek)) 5 (33)

= (T—7
where we use the following shorthands here and below

Ry(adl,(e)) = ad_ Riler),  Rilensens) = Ri(ery) Ri(ens) (3.4)

Hence, the differential equation (3.2) simplifies to

= k=2 j -
2mi0, V7 =3 (1-k)G(r) S ]1' <_1) (r—7V" 2 Rp(add, (6)) V7. (3.5)

271
k=4 j=0

Now, the operator on the right-hand side is manifestly free of singular terms in (7—7), and
the sum over k starts at k = 4. All the integration kernels in this differential equation are
of the form (7—7)/Gy(7) with k > 4 and 0 < j < k—2. Hence, our kernels line up with
those of Brown’s holomorphic and single-valued iterated Eisenstein integrals [46, 48, 49].

3.2 Formal expansion of the solution

The form (3.5) bodes well for a representation in terms of 3?777 as an (iterated) line integral
from 7 to some reference point that we take to be the cusp at 7 — ioo. In particular, the
differential equation contains no negative powers of (7—7) or y = w Im 7, and this property
will propagate to the solution f/ﬁT , see section 3.4 for further details. The original integrals
YﬁT , in turn, involve combinations of MGF's with negative powers of y from their Laurent
polynomials ¢, ,(Im7) in (2.27). The absence of negative powers of y in }AfﬁT is a crucial
difference as compared to Y and is due to the redefinition (3.1). We shall later make this
more manifest when we discuss explicit examples obtained from low-point amplitudes.

A formal solution of (3.5), that also exposes the a/-expansion of the integrals, is given
by the series

k1—2ko—2 ke—2

(ki — 1 sl w
oYy SIS (e k]
{= Ok‘l,kz, ,k‘e]l 0 j2=0 Je=0

19O

x Ry(adfe=9¢72(ey,) ... ad®2 7272y, Jadk =91 =2 (¢, ) ) Vi | (3.6)

5More explicitly, ?§(0|p) = ucs, _, &XP (R <EO)) Y7 (o]a).
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if the 7-dependent constituents solve the initial-value problem
zm'an:SV[ﬁ 2o ;T} = —(2mi) >Rt (1 — F) Gy, (1) | 11 32 ;T} . (37a)

0. (3.7b)

Jim &[]
The vanishing at the cusp here is understood in terms of a regularised limit that will be
discussed in more detail in section 3.4 and is akin to the method of ‘tangential-base-point
regularisation’ introduced in [48]. Its net effect can be summarised by assigning f;o dr’' =71
which regularises the 7 — ioo limit of all (strictly) positive powers of 7 and 7 to zero (in
the absence of negative powers) and hence lim; ;oo (Im 7)™ = 0 for all n > 0.

The parameter ¢ in (3.6) will be referred to as ‘depth’, and we define at depth zero that
E%¥[ ;7] = 1. Since the sums over the k; start at k; = 4, and all the Ry (ex>4) in (2.32), (2.34)
and appendix B are linear in s;;, the depth-£ contributions to (3.6) involve at least ¢ powers
of @/. As we will see, any order in the o/-expansion of the component integrals (2.11) can
be obtained from a finite number of terms in (3.6) on the basis of elementary operations.
Like this, the relation (3.6) reduces the o/-expansion of the generating series )A/ﬁT to the way

more tractable problem of determining the initial values }A/}}OO and the objects £5V:

e The initial values }A/ﬁ”o at the cusp are series in 7;, 7;, s;; whose coefficients should be
Q-linear combinations of single-valued MZVs from genus-zero sphere integrals [51].
We shall give a closed formula at two points in section 4.1. Given that }777100 at
higher points are still under investigation [51], we shall here use MGF techniques to
determine the initial data at three points to certain orders, see section 5. As will be
detailed in section 3.4, we exploit the absence of negative powers of y in the expansion
of )7777 around the cusp to extract a well-defined initial value l?ﬁzoo

e The objects £V are partly determined by the differential equations (3.7) but, since
the &%V are non-holomorphic, the 9, derivative is not sufficient to determine them:
as will be detailed in section 3.5, one can add antiholomorphic functions of 7 that
vanish at the cusp at every step in their iterative construction. The analysis in [30]
also provides a differential equation for the dz-derivative of Y, see (2.37). However, we
shall be able to determine the £ from the reality properties (2.15) of the component
integrals, i.e. without making recourse to the differential equation with respect to 0z.

As we shall see in the next section, it turns out to be useful for expressing the YﬁT rather
than the ?ﬁT to redefine the £ into specific linear combinations that satisfy differential
equations that are advantageous for the analysis. The notation £%V is chosen due to the
similarity to holomorphic and single-valued iterated Eisenstein integrals defined by Brown
and obeying similar first-order differential equations [46, 48, 49]. Explicit expressions for the
E%Y in terms of holomorphic iterated Eisenstein integrals and their complex conjugates will
be given in section 3.5 below, where we also address the issue of the integration constants.
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3.3 Solution for the original integrals

Our original goal was to expand the YﬁT -integrals (2.8) in «’. In order to translate the
formal solution (3.6) for the redefined integrals }777? to the original ones Y7 we have to
invert the exponentials in (3.1). In the first place, this introduces the exponential in the
second line of the o/-expansion (3.6)

k1—2ka—2 ke—2

Jz k; -1 L .
ey Y Y Y.y (HW)ESV[E B 6
l= 0k17k2, ,kejl 0 j2=0 Jje=0

10905

R~ 4 4 . .
X exp <— 1(;0)>Rﬁ(adf§“2(ek£) . adfgﬂgd(eb)ad’:&*ﬁ*z(ekl)) ﬁwo

that we then commute through adjoint derivation operators to act on the value }77;00 at the

cusp. This amounts to conjugating the adfoi_ji_Q(eki) via

exp (=) Ryt 2 e) exp () ) - z (2 ) Ratadt 2.

The modified powers of ad, regroup the £V into the combination

k1—j1—2ka—j2—2 ke—joe—2 _ e o
ol R O ()

p1=0  p2=0 pe=0
1 p1t+p2+...+pe py et -
sv | ji+p1 je+p2 - Jetpe.
x <4y> g [ fp e dfee o] (3.10)

with 0<j;<k;—2 and %[ ; 7] = 1, i.e. the o/-expansion (3.8) can be compactly rewritten as

k1—2ko—2 ke—2 Y/ (_1)]1(1{;_1) o ‘
TR VD VD SH U o § 1 e e e
£=0 k1,k2,....k¢ 51=0 ja=0  j,=0 \i=1 " v :

=4,0,0,...

L L L Rz(€0) \ o,
k 2 k 2 k 2 100
X Rz(add ™7 2 (ep,) . .. adf2 7727 (eg, )adgl ™ 2 (ep, ) ) exp (— Zly >Yn :

This is the formal solution of the o/-expansion of the generating series YﬁT of worldsheet
integrals. As we reviewed in section 2.3, the component integrals appearing in the Laurent
expansion of YﬁT with respect to the n; variables can be represented in terms of MGFs.
Hence, (3.11) results in a representation of arbitrary MGFs in terms of %V and the in-
gredients of exp(— R 4(;0)) 2°° — conjecturally Q[y~!]-linear combinations of single-valued
MZVs. We stress that by this, all the relations among MGF's [4, 5, 9, 13] will be automati-
cally exposed in view of the linear-independence result on holomorphic iterated Eisenstein

integrals of [82].
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3.3.1 Properties of 3%
The simplest examples of the relation (3.10) at depths one and two read

k1—j1—2 .
ki—j—2\ [ 1\
"8 () i
B |:k1 plz:o pl 4y kl ( )
k1—j1—2ka—j2—2

IBSV[ill ﬁ } Z Z (kil —Jj1— >(k2—j2—2> <41y>p1+p25 |:J1;rlpl J2k+2p27 } '

p1=0  p2=0 P2
One can straightforwardly invert the map between £%V and g%V at any depth ¢

k1—j1—2ka—j2—2 ke—je—2

el RS (A () ()

p1=0 p2=0 pe=0 P2 bt

1 p1t+p2+...+p¢ o - it
% (_4y> ﬂsv |:j1klp1 J2k2p2 ]ékzpz : 7_] . (313)

From (3.10) and (3.7) one can check that the differential equations obeyed by the 5% is

¢
sv | J1 g2 ... Je _ 2 : . sv | J1 g2 - Ji—1 Jit1l Jig1 - Je
_47Tv,8 [kl ko ... ky 77—i| - (kZ_Jl_z)/B |:k1 ko ... k”:'—l Zk‘i kZiJrl . k‘g’T]
=1

_5j£7k£_2(r_;)ke(;ke(7)5sv[ﬁ fa oo 1177] , (3.14)

where we have used the differential operator V defined in (2.20) as it has a nice action
on the MGFs appearing in the component integrals. Compared to (3.7), the differential
equation produces holomorphic Eisenstein series only when the last pair (jg, k¢) of 55 obeys
je = ke — 2. As the B% are linear combinations of the £V, the boundary condition for the
£V is still that

dim B[R] =0, (3.15)
again in the sense of a regularised limit. As was the case for the £, the 0, derivative (3.14)
and the boundary condition are not sufficient to determine the 5% but the reality properties
of the component Y-integrals will resolve the integration ambiguities.

At depths one and two the differential equation (3.14) specialises as follows

—AnV ¥ Hll ;T} = (k1—j1—2 )ﬁw[ i+l } 8y k2 (T—T) "Gy (1), (3.16a)
x5 [ f57] = G208 [T 5] + (i) 8 [ 5]
= Sppaa(T=F) Gy (1B | 157 (3.16b)

3.3.2 Constraints from the derivation algebra

The relations of the derivation algebra such as (2.43) imply that, starting from ), k; > 14,
not all £ and %Y appear individually in the expansion of the generating series YﬁT and Ynf
but only certain linear combinations can arise. We currently do not have an independent
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definition of all £%V, 8%V and such a definition is not needed for the component integrals in
this paper that conjecturally cover all closed-string one-loop amplitudes.

The simplest instance where the derivation-algebra relation (2.43) yields all-
multiplicity dropouts of certain 5%V is in the weight-14 part of the expansion (3.11)

Vi = [+ 278 [ 3] Raleaero) + 276% 3 ] Raleroes)

Ri(e =i
+35BSV[S%1]R77(6668)+35ﬂSV[gg]Rﬁ(ege6)+...]eXp (_ ny@) éoo

= [ ot {2755V[ f ]+ 27877 §] }Rﬁ(64610) + {355“[2 61— 81577 ] }Rﬁ(%ﬁs)

R~ —~.
+{35571881+ 819715 ] bstesen) + ..o (TR ) T 3an

where we have solved (2.43) for Rj(e10€4) in the second step. This shows that only a three-
dimensional subspace of the four-dimensional span <BSV[ 821,828,888, 85 E 8] >
is realised by the generating series (3.11). The manipulations in (3.17) can be repeated for
contributions to Y7 with ad! acting on the Rj(es), Ri(e10), Ri(es), Ri(es). This implies
similar dropouts among the ,BSVH%) jj] ,BSV[JE {%] ,,BSV[% jg] ,BSV[%} 782] at all values of
Jj1+j2 < 10 and modifies the counting of MGF's at various modular weights, see section 6.2.4

for details.

3.4 Improved initial data and consistent truncations

In this section, we illustrate the usefulness of the redefinition (3.1) from Y7 to }AfﬁT further
by discussing how it acts on and improves the initial data at the cusp 7 — ¢oo that is
contained in the Laurent polynomial defined in (2.27). In this context, we also discuss
practical aspects of extracting information on the component integrals by truncating the
series Ynf and )A/ﬁT to specific orders in s;;, n; and ;.

3.4.1 Behaviour of generating series near the cusp

Another virtue of the redefinition (3.1) is that lA/ﬁT is better behaved at the cusp than YﬁT .
While the Laurent polynomial of YﬁT is known to feature both positive and negative powers
of y = 7Im7 (see e.g. (2.28) for Laurent polynomials of MGFs in the o/-expansion), we
shall see that the Laurent polynomial of }77?7 only has non-negative powers. In order to
define an initial value supplementing the differential equations, we will take a regularised
limit of the Laurent polynomial with the convention to discard strictly positive powers of
y as T — i00.17

However, such a regularised limit leads to inconsistencies with products such as 1 =
yr ey th
relevant to YﬁT but not to YﬁT , where negative powers of y are absent. While their absence

" , n > 0 when both positive and negative powers are present. This problem is

is not immediately obvious from the redefinition, we have already remarked above that it
can be understood from the differential equations as we shall now explain in more detail.

7One can think of this regularised limit as realising the 7 — 0o limit of integrals f;o that remove
strictly positive powers of Im 7 through their tangential-base-point regularisation [48].
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The differential equation (3.5) relates 87277 to products Gy (7)(r—7)k27J
Rﬁ(adgo(ek))?g with £ > 4 and j < k—2. The lowest explicit power of y = wImT is
therefore y° and in general only non-negative powers arise since G, is holomorphic in 7
and the derivations Rﬁ(a(/i\zo (ek)) do not depend on 7 at all. The differential equation is
therefore consistent with YﬁT having only non-negative powers of y.

We note that the differential operator on the left-hand side of (3.5) lowers the y-power

via O,y™™ = —my ™!

and therefore the presence of any negative power y~™ in YﬁT
requires the presence of even more negative powers by the differential equation.'® This is
even true at any fixed order in the Mandelstam variables s;; and the parameters 7; since
any operator on the right-hand side of (3.5) is either linear in s;; or in 7; by looking at the
expressions in section 2.4.

From the argument above we could still allow for an infinite series of negative powers
in y appearing in lA/ﬁT . To rule this out we consider the component integrals arising in the
original generating series YﬁT defined in (2.8). The integrands of the n-point component

integrals (2.11) have negative powers of y bounded by y=~(@*%) at the order of s;»‘jf]f L

This bound follows from the fact that Green functions and f*) or W contribute at most

k respectively, as can for instance be seen from their lattice-sum representa-

y~!and y~
tions (A.2).!? Moreover, this bound is uniformly valid at all orders in n; since the latter are
introduced in the combinations (7—7)n; by the Kronecker-Eisenstein integrands in (2.8).
Finally, the bound of y=~(@ at the order of sfjﬁf_”ﬂ can be transferred from YﬁT to ?ﬁT

(€0)

since they are related by the exponential of RﬁT and the derivation in the numerator is

linear in (s;5,7;). Therefore, we conclude that }/}777 does not contain any negative powers of
y at any order in its o/-expansion.
On these grounds, we define the initial value by the regularised limit,

=%y |

£ (3.18)

4970 ‘yo )
which does not suffer from inconsistencies caused by products involving negative pow-
ers of y.

3.4.2 Expansion and truncation of initial data

The absence of negative powers of y in the Laurent polynomials of }7,77 can also be verified
explicitly in examples at fixed order in the expansion variables. In practice, this is done by
imposing cutoffs on the powers of s;;,7;,7; in the expansion of YﬁT or 17777 . We will make
our scheme of cutoffs more transparent by defining the order of a series in 7; 7; and s;;
through the assignment

order(nm;) =1, order(7;) =1, order(s;;) = 2. (3.19)

18Gince the derivative of a constant vanishes, this argument does not connect positive to negative powers.
19Tn terms of the lattice sums, factors of p = mr +n or p = m7 + n both count as a factor of y when
approaching the cusp as Re7 does not matter there. Inspecting the powers of p and p in the lattice-sum
representations (A.2) of the Green function and f ) or W leads to the claim. An alternative way of seeing

this for £ is to note from (2.1) that the cuspidal behaviour receives contributions from the exponential

Im 2z k—1

prefactor exp(2minn=), and the order of n is thus accompanied by up to k inverse powers of y. For the

Green function one may also inspect its explicit Laurent polynomial given for example in [2, eq. (2.15)].
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More precisely, the order of Yﬁ and Yﬂ is counted relative to the most singular term of
homogeneity degree n njl " to make sure that the o/ — 0 limit of the plain Koba-

Nielsen integrals Y§ o (a| p | i a2 JKN? =1+ O(a’?) has order zero. The

ImT
assignment (3.19) is con31stent with a countlng of (inverse) lattice momenta: every factor

of m; or 7; corresponds to an inverse momentum according to (A.2) while s;; always appears
together with a Green function that contains two inverse momenta.
The notion of order in (3.19) ensures that order(R;(eg)) = 0 by inspection of its explicit

form in section 2.4, i.e. that the operator %;0) in the exponential preserves the order of

an expression. As we have shown above, }/}ﬁT does not have any negative powers of y at
any order in the sense of (3.19) and, at the same time, it has bounded positive powers
of y at each order by inspection of the component integrals. Since YT has a bounded

negative power of y at any order, this implies that the exponential exp(y) entering the
redefinition (3.1) terminates to a polynomial at any fixed order.
For instance, in the case of two points, (3.18) results in the following initial data

~ 1(1 1 43
Y™ = { [1 + =850 + —n
nn

360 12(5] + 77[ 2512C3 —

5 1
55?245 - 351112C32}

7
+ 7]3 [—2812C5 + QS%QC:% — 28?2C7:| + 7]5 [—2812<7 + 48%2C3C5} + 777 [—2812<9] }

. 1 3%2 4334112 2 5 o S?Q 2
2 — 2 12 25+ = 212
+ ( m){ [812 g G gy 65| T 26+ g1t + oG
7
n? [2C5 — 2s19(3 + 25%247] +1°[2¢7 — 4s12C3¢5] + 1% [20] } (3.20)

o)) o] o)
(2711)4773{ {512@’] } + (2711')5774{ [5%2@] } + (terms of order > 12)
1512 1512 - ’

where we have given all terms of the form 7n®~1p0~! s{9 up to the order a + b + 2¢ < 10.

The above expression has been obtained from a general formula for the two-point Laurent
polynomial that we shall present in (4.2) below and the expansion (3.20) is also available in
machine-readable form in the supplementary material of this paper. When disregarding the
(2mi)*7F~1, the all-order expansion of }A/i‘x’ features no MZVs other than ¢}, in agreement
with the results of [24, 28] on the terms ~n iyl

At low orders, (3.20) can be crosschecked by analysing the MGF's in Y,7, inserting their
Laurent polynomials in (2.28) and extracting the initial value according }‘%50( (?.18). In both
Zni)

4y

a polynomial and one can verify order by order that all negative y-powers are eliminated

approaches, the redefinition (3.1) has been performed, the exponential truncates to
from the Laurent polynomials.

With the assignments in (3.19), the operators R;(ad? (ey)) in (3.4) have order k for any
value of j = 0,1,...,k—2. This is evident from the explicit examples given in section 2.4
as well as appendix B and this is important for truncations of the formal solution of the
differential equation to a fixed order. The expansions of YﬁT and 17777 to the m-th order can
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Ra
be related by the truncation of the exponential exp (47— ’7(60 )= >, T,(i%)’" when

acting on the expansions.

Once the contributions of the operators Rg(adep, ...ad/}e;,) in (3.11) are com-
puted to the order of k; + ... + ky = m, one can access the component integrals
(U\p) up to and including homogeneity degree £m — 3 > j—a(aj+bj) in s;;.

-
(a2,...,an|b2,...;b

Conversely, the 8% []1 ' % } appearing at homogeneity degree sl in the o/-expansion of

J
(0'|p) are bounded to feature k1 + ... + ky < 2w + ang(aj‘}'b')

(a27 7a’n|b27 b

The above bounds rely on the fact that, at n points, the order of the series Yﬂ

is bounded by the most singular term 771 "17]1 " exposed by the Kronecker—Elsenstem

1ntegrand in (2.8). At two points, for instance, the bound is saturated by the terms

on — % — % without (ox+1 in (3.20). Their three-point analogues are given by
1 2mi 2mi 1 1 (27i)?
T iy = - A (L G,
12371372373 7373512 7]237]23523 12 s23/) S123
1 2mi (2mi)?
Yoo (2:313,2) = + - (3.21)

M23N2M2373 723723523  S235123

and permutations in 2 <+ 3, where s103 = S12+813+5923, and all the terms in the ellipsis
comprise MZVs and are higher order in the sense of (3.19). At four points, conjectural

expressions for the MZV-free part of the Y7;2OO773 n1(2,3,4]p), p € S3 can be found in ap-

pendix D.

3.5 Real-analytic combinations of iterated Eisenstein integrals

In this section, we relate the objects we called £%V in (3.6) to iterated integrals over holo-
morphic Eisenstein series. We will use Brown’s holomorphic iterated Eisenstein integrals
subject to tangential-base-point regularisation [48],

el b dir] = - emyit [ ar (g, e [f ]
l
= (—1)5<H(2m)1+ﬁ ’f)
=1

T . ™ .
></ dTe(Te)”Gkg(Te)/ drp_y (1¢-1)"* Gy, (70-1)

T3 . T2 A
/ dmo (Tg)]QGkQ(Tg)/ dry (11)* Gy, (11) (3.22)

which can be expressed straightforwardly in terms of the iterated Eisenstein integrals
Yo(...) or &(...) seen in the o/-expansion of open-string integrals [17, 38, 39, 41, 43],
cf. appendix G. The holomorphic iterated integrals (3.22) obey the following differential
equations and initial conditions

2mi0n | {1 2 feir| = —(@mi) R Gy (g [ B ] (3.23a)
lim g[ﬂ Joode g ] ~0. (3.23b)
T—i00 ¢
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These equations are similar to those of £ in (3.7) but feature 77¢Gy,(7) in the place of
(1—7)%Gy, (7). The holomorphic iterated Eisenstein integrals (3.22) obey the standard
shuffle identities

g[A]_,AQ, .. ,Ag;T]g[Bl,BQ, . .,Bm;T] = g[(Al,AQ, . ,Ag)LI_I(Bl,BQ,. . .,Bm);T]
(3.24)

with respect to the combined letters A; = i’z , e.g. E[ill ;T} £ Hi : T} = E[ill ﬁ 'T} +
E [ﬁ ill ;T} and where W denotes the standard shuffle product of ordered sequences. There
are no linear relations among the & with different entries [82].

It is tempting to define a solution to our differential equations (3.7) by starting
from (3.22) and simply replacing the holomorphic integration kernels 7/¢Gg,(7) by the
non-holomorphic expressions (7—7)%Gy, (7):

L T
Exa| B2 7] = (1) ( H(%i)“ji’“) / dry (rg—7)7C, () (3.25)
i=1 oo

T2

T )

x / dre_y (reo1—7 V1 Gy (111) - / dry (71~7) Gy (7).
100 100

Since 7 is not the complex conjugate of the integration variables 7;, these integrals are

homotopy invariant. We call (3.25) the minimal solution of (3.7), and it also obeys the

standard shuffle relations (3.24) with £ in the place of £. Binomial expansion of the inte-

gration kernels straightforwardly relates this minimal solution to the holomorphic iterated
Eisenstein integrals (3.22)

sl ] = 50 (M) () () (320

r1=07r2=0 =0

X (_27“7_)7"1-1-7“2%— -H“eg[ 1 17’1 J2k27‘2 ]el;[z ; 7_} )

However, (3.6) is supposed to generate real-analytic modular forms such as Ex(7) in (2.18)
and its Cauchy-Riemann derivatives, as e.g. (2.26). Hence, the minimal solutions (3.25)

need to be augmented by antiholomorphic functions f Hll ii - i‘i ;7':| that vanish at the

cusp, and we shall solve (3.7) via

l
e[ B i) = b B e i ] (3.27)
=0
with f[;7] = &% [ ;7] = 1. The functions f [Jl ) i‘*’ 7':| will be determined systematically

by extracting the o’-expansion of the component integrals (2.11) and imposing their reality
properties (2.15). In particular, these reality properties imply that the f must be express-
ible in terms of antiholomorphic iterated Eisenstein integrals (with Q-linear combinations
of MZVs and powers of 7 in its coefficients): referring back to (2.37), we see that the anti-
holomorphic derivative (%YﬁT contains only (7—7)~! and the kernels Gy, of antiholomorphic
iterated Eisenstein integrals, thus excluding any other objects in f.
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3.5.1 Depth one

As will be derived in detail in section 4.5, the appropriate choice of integration constants
at depth £ =1 is given by the purely antiholomorphic expression

r
r1=0 1

Hence, for £V at depth one, we obtain,

5SV[Q ;T} = i(—mr)“ (‘2) (5[ﬁklﬁ ;T} + (—1)1'1’"16W> ; (3.29)

r1=0

where the contributions ~ (—2mi7)"E [jlk,_l " ;7‘} match the minimal solution (3.26) while
the additional terms are due to (3.28). Such expressions should be contained in Brown’s
generating series of single-valued iterated Eisenstein integrals [46, 48, 49|, and similar
objects have been discussed in [83] as building blocks for a single-valued map at depth
one. The reality properties of our component integrals yield an independent construction
of (3.29) that will be detailed in section 4.5.

The simplest instances of (3.29) are given by

£ [4i7] = €lyir) — €57+ (~2mir) (€143 7]+ E[F:7]) (3.30)

+ (—2mif)? (5[2;7] +m) ,

and it is easy to check from (3.23) that &% [i} at j =0, 1,2 satisfy (3.7). As the holomor-
phic iterated Eisenstein integrals (and their complex conjugates) are homotopy-invariant,
these expressions represent well-defined real-analytic functions, and one can straightfor-
wardly obtain their (g, §)-expansion from the methods of appendix G.1.

3.5.2 Depth two

We next elaborate on the general form of the depth-two £%V. Starting from the minimal
solution (3.26), the reality properties of the component integrals dictate the following
integration constant at depth ¢ = 2

- J1 J2 . .
k] E S Q) (el relta]
r1=07r2=0 1 2
(3.31)
where & {j 2];2 r2 1 ky " T} and « [ ill ﬁ ;T} are purely antiholomorphic and individually vanish
at the cusp in the regularised limit 7 — ico. Together with the depth-one expression (3.28),
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the decomposition (3.27) into &Y. then implies

min

Jj1 J2 . .
w1 je. | _ e (I (T2
e[ dir] = 3 5 tcaminyrin (1) ()

r1=07r2=0

> {g [Jdk—l?“l jzk—;z ; 7.] + (_1)3'1—7"15 [jlk—lm : 7.} £ [hk—;z ;T}

4 (—1)rtirir2g [”,;TQ jl,;rl ;T] } + a{ill ﬁ ; T} , o (3.32)
where the first term is the minimal solution (3.26). We expect similar expressions to follow
from Brown’s generating series of single-valued iterated Eisenstein integrals [46, 48, 49].
Moreover, the first two lines of (3.32) with lower-depth corrected versions of £, £ and the
need for further antiholomorphic corrections have featured in discussions about finding
an explicit form of a single-valued map at depth two [83]. As we shall see in sections 4.5
and 5.4, the reality properties of our component integrals yield an independent construction
of (3.32).
We have separated the two terms in (3.31) for the following reasons:

e The & [ij_Q "2 j1k—1 " ;T} exhaust the antiholomorphic iterated Eisenstein integrals at

depth two within Esv[ill ii ;T} which are necessary to satisfy the required reality

properties. The a { ill iz ; 7'] in turn conjecturally comprise (o541 and antiholomorphic
iterated Eisenstein integrals of depth one. They are determined on a case-by-case
basis for (ki,ks) = (4,4),(6,4),(4,6) in this paper, see (4.31) and (5.16), and we
leave a general discussion for the future.

We also note that, since the derivation-algebra relations such as (2.42) imply that at

higher weight only certain linear combinations of the £V arise in the solution of YﬁT ,
not all integration constants can be determined individually from the component inte-
grals. For instance, (2.43) implies that certain linear combinations of « { ﬁ ﬁ ; T:| with
(k1, ko) € {(10,4),(4,10),(8,6),(6,8)} and j; < k;—2 do not occur in the expansion
of YﬁT and are inaccessible with the methods of this work.

e Even in absence of « Hll ii ;’7’}, the right-hand side of (3.32) is invariant under the

modular T-transformation 7 — 7+1. As will be argued in section 6.1 the £5Y must be
T-invariant as well, so the unknown a{ﬁ i"; ; T] need to be individually T-invariant

(on top of being antiholomorphic and vanishing at the cusp).

An exemplary expression resulting from (3.32) is
EV[RhiTl = ElR LT+ ElRsTIENS; ] + €105 7]

+2(-2mi7) {1} Q7] - ETL e 7] - E0 L 7]} (3.33)

=

+ (—2mir)? { €19 95 7] + ETG Tl G 7] + E1T 371} + 2§3<5[27] ”T> 7

where the last line corresponds to «[%9; 7] that will be determined in (4.31).
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3.5.3 Higher depth and shuffle

The &% at depth ¢ > 3 will introduce additional antiholomorphic f [ﬁ ﬁ " if];7{| that
vanish at the cusp. These antiholomorphic integration constants will preserve the shuffle

relations

5SV[A1,A2, . ,Ag; T] SSV[Bl, BQ, . ,Bm;T] = 5SV[(A1,A2, RN Ag)LLI(Bl, BQ, e ,Bm); 7’]
(3.34)
analogous to those of the holomorphic counterparts (3.24). At depth two, the last terms

of (3.32) are then constrained to obey a{ﬁ ﬁ;T} + a[g ill ;7':| = 0. We expect that
the decomposition (3.27) of £V is related to Brown’s construction of single-valued iterated
Eisenstein integrals [46, 48, 49] by composing holomorphic and antiholomorphic generating
series. A discussion of depth-(¢ > 3) instances and more detailed connections with the work
of Brown are left to the future.

Given the expressions (3.29) and (3.32) for the simplest £5V, also the 5%V at depth ¢ < 2
can be reduced to iterated Eisenstein integrals via (3.10). More specifically, this completely

determines the 55V at depth one and fixes their depth-two examples up to the antiholomor-
phic and T-invariant « [ﬁ ﬁ ; 7'} in (3.32). The latter will later be exemplified to comprise
antiholomorphic iterated Eisenstein integrals at depth one and powers of 7. Note that the

relation (3.10) between £%V and % preserves the shuffle property and therefore

5SV[A1,A2, ceey Ag; T] BSV[Bl, BQ, e ,Bm;’/'] = 6SV[(A1,A2, RN Ag)LLI(Bl, BQ, ce ,Bm); 7’] .

3.5.4 Expansion around the cusp

The expansion of the above £% around the cusp takes the same form as that of MGFs
in (2.27). Tangential-base-point regularisation of the holomorphic iterated Eisenstein inte-
grals leads to the behaviour [48]

E[jl ’Tj| = Bklw
. k! g+l
g[jl J2 . } _ BlekQ (2711'7-)j1+j2+2

ki k2 kilka! (1 4+ 1)(J1 + j2 + 2)

+O(q), (3.36)

+ O(q)

with Bernoulli numbers By,. As a consequence of (3.29) and (3.32), the Laurent monomial
at the order of ¢°g° in £V at depth < 2 can be given in closed form,

£sv [jl . } — Bkl M + (’)(q7 q) , (337)

L R T |
ESV[jl J2 .7'} Blekz (_43/)J1+J2+2
ki ke ? Eilko! (i +1)(j1 +J2+2)

+0(q,9) -

The a{ﬁ g;v'} which are currently unknown at ki + ko > 12 cannot contribute to the
Laurent monomial since they need to be antiholomorphic, T-invariant and vanishing at the
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cusp. Note that the regime (3.37) of £V can be formally obtained from (3.36) for £ by
replacing 7 — 7 — 7, in line with the proposal for an elliptic single-valued map in [17].
The Laurent monomials of the 5% at depth < 2 resulting from (3.12) and (3.37) read

; _ By ! (k1—2 Jl) ( 4y)it ~
SV ! o 3.38
_ By By, (j1+j2+1 (ky—2— —4y)irtiz+2
LR’ (31+1)k1!k2-(7€2+J1)-

1+71, 2+j1+j2, 2+j1—Fk1 . =
X 3F |: 2451, 1+j1+ke 11 +0(q,9)-

4 Explicit forms at two points

In this section, we evaluate explicitly the generating function Y," at two points up to order
10 and use this to determine several 55V and £%V that were introduced in the previous
section. The starting point is an explicit determination of the Laurent polynomial to
obtain the initial data 1777”0 for equation (3.11) where we present an all-order result for two
points. By exploiting the reality properties of the resulting two-point component integrals,
we can find the integration constants in various S%V and £%V.

4.1 Laurent polynomials and initial data

The general idea is to obtain the initial data at n points by reducing the one-loop calculation
in the degeneration limit 7 — oo of the torus to an (n+2)-point tree-level calculation on
the sphere.?? At n = 2, mild generalisations of the techniques of [24, 28] lead to a closed
formula involving the usual Virasoro-Shapiro four-point amplitude on the sphere,

I'(1—a)I'(1-b)(1—c) C2k+1 a2kl 2kl 2kt
_ 9 b + btc=0. (4.1
(it a) (L (re ~ &P Z 2k+1 o LA ) atbtc (4.1)

Its specific combinations that generate the two-point Laurent polynomial of (2.7) can be
TN

written in the following form [51], using the shorthand § = TR

Y, ‘qoq() =17 exp <51§y> { [cot 2iny) — z] [cot ) + z]
(

% ox < 12 2) 1 |:F 1+ 812+7]+f)r( 12)F(1+%—7]
P 8y ") s122n+28 | T (1= 4n+E)T (1+512)T (1— 52 —n—E)

— e—y(s12+2n+2§):| + [ cot(2iny) + i| [ cot(rn) — i
X exp< 1282) ; [ (1422 4n+)L (1—=s12) (1452 —n
8y s12—2n—2& [ T(1—2 40+ (14s12) (132 —n
1- (

—69(51227725):| N ie <51282> L4552+ +OT(
512 8y ") T(1=24n+ET (14512

20For open-string integrals over the A-cycle of the torus, the 7 — 300 limit at n points has been reduced
to explicitly known combinations of (n+2)-point disk integrals in [38, 39].
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By tracking the coefficients of n¢~17°~!, this results in the Laurent polynomials of the
component integrals Y(Z|b) defined in (2.9). Some exemplary instances are

2 3
- a2 (V.S o8, 6
Yo | = 1+812<90 * 2y> + st <2835 et 8y2>

4
4 y yés 5 G 3¢r
Y ¥ 0% &3 67 4.3
+812<22680 T3 T2y ®2 328 (4.32)

_|_S?2< y° Y2 (s 19¢ . (F ¢z 3¢3¢s . 15Cy

561330 324 144 12y 322 16y 128y4> +O(s12),

, 4y s (' G s (20° Y G GG 9G
Yéi0) | 2512(45 ‘2<3> ”12(945 B y> +812<2835 Ty Tty 8y2>

+84112( 2  2°G G TG L 966 15(9) +O(s?

56133 81 3 dy | 42 8P

s79), (4.3b)

8yt 2G5 8y° 20%C3  2¢3  45(7
YT - 255 _ 263 296
2 looge o5 Ty T 12( 14175 45 R

4y ySs 7C7 _ 45G3Gs | 135Gy
+ %2 (—22275 - % + — 4y2 + 8y3 + 0(8?2), (4.3(3)

see appendix C.1 for similar expressions for the Laurent polynomials of Y(Gp)’ Y(Z|0) and

Y(g| 5)° These expressions have been consistently expanded up to total order 10: according to

the discussion around (3.19), two-point component integrals Y(le) are said to be expanded

—(a+b)/2

to the order 2k if the coefficients up to and including 512 are worked out.

As one can see clearly, the Laurent polynomlals (4.3) of the Y, -integrals contain neg-
ative powers of y = mIm 7. Passing to YT via the redefinition (3.1), the negative powers
of y disappear, and we extract the 1n1t1al value already given in (3.20) from the zeroth
power in y.

4.2 Component integrals in terms of 3%V

Having obtained the initial value (3.20), we now need to apply the series of operators
in (3.11) and extract the coefficients of n?~!7*~! to identify the component integrals Y( alb)
defined in (2.9). The two-point representation (2.32) of the derivation algebra is not faithful
and realises fewer linear combinations of 3°V[:; 7] as compared to the Rj(ex) at (n > 3)
points: since the operators R, (€x>4) at two points are multiplicative (9, only occurs in
R, (o)), all the commutators [Ry(ex, ), Ry (€x,)] with k1, ko > 4 vanish.

Given that [R,(es), Ry(€s)] = 0, for instance, only a restricted set of 55V[71 2 7] and

o 46
BSV[Jl 342'7'] can be found in (3.11). In particular, 85V[% ¢;7] and BSV[G 2:7] do not show
up individually but always appear in the symmetric combination BSV[ 6T 7]+ BSV[ T 7] =
B[ &;7] B%V[2;7]. In order to determine all the ﬁs"[{f J627 ] individually, we shall study

three-point integrals and their reality properties in section 5.

Applying the operators in (3.11), we extract for example the following expressions
for the simplest component integrals in terms of the initial data following from (4.2) and
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the 55V:
}/(6|O) =1 + 8%2 <_3Bbv[}l’ ] gz) + 312( Bbv[ ] + C63 + 8<52>

; s%z(—zlﬁ“[%;r] 1981 — 188720 7]

3C3

SV SV CQ 5C 3<
+12¢38%[§; 7] — 5 [4; }_852_'_125_‘_32?;3)
+ 3?2 <—13553"[1 i T] — GO,BSV[ Q7]+ 156%V]} ,T] + 15BSV[ 1Tl —608%V[2 (15;7}
_ 1<3BSV[}1; ] 6C5BSV[ ] 3C5 ﬁsvu’ ] + 40(_:3,8“[%; ] 5C3BSV[ }
43¢, ¢ C? 3¢3¢s . 15¢g 6
+ % + @ + 32y2 - 16y3 + 128y4> + 0(812) 5 (4.43)
Y50 = $1238%[3: 7] — 2G3) + 5T <1OBSV[%§T} - Cy5>
+ st (090 (8371 - 997 [} vl + 283 4i7
svil. 3<3 sV 57C5 g _ 974-7
—18GAT T+ O T - 8y2>
+ 51 <54055V[15O€T] — 308%™ [1&; 7] + 16583 &5 7] — 156§ ;7]
+ 908§ 15 7] +608%[§9; 7] + Csﬁsv[ ) — 24¢ 8%V (95 7]
= 20 (L] 26 (Fi7] - 110608 357 + 226 (7]
C3 7C7 9C3C5 15¢9 5
- = — @ + 4y 8y3> + 0(512) ) (44b)
V) = s12 (3BSV - )+ st (108 hir] - 1555
+ 81 <6365v 9/85\/[2 77_] + 27BSV[ 77_] 9C3 st[ ]
3C3 v ¢35 & 9¢7
3 B [337]+ 60 48y2 ' 163 128y4>
+ 57y <54OBSV ;7] — 158%[92; 7] +908% L b5 7] — 3087V [ L5 7]
6087 [39:7] + 165573 ;7] + L (437] — 405837
15(-.3 SV 5C3 sv 33C5 sv 34.5 sV
—= B[ §: T+ 5 (871 — =5 6%[%; 7] + 1643 — =B 7]
C5 (3 7C7 9C3¢s  15¢9 5
120y~ 48y 64y | 64yt 128y5> +0(s1). (4-4c)

Further expansions of component integrals to order 10 can be found in appendix C.1.
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4.3 (3% versus modular graph forms

As exemplified by (2.26), the o/-expansion of component integrals Y(Z‘b) is expressible in
terms of MGFs. By comparing the expansion of various component integrals in terms of
MGFs with those in terms of the 8%V as derived above, we arrive at a dictionary between
the two types of objects. More specifically, the two-point component integrals Y(Z|b) are
sufficient to express all 5% at depth one and all depth-two £V with (k1,k2) = (4,4) in
terms of MGFs. Depth-two instances with (ki, k2) = (6,4) or (ki,k2) = (4,6) are not
individually accessible at two points as explained at the beginning of section 4.2 and will

be fixed from three-point considerations in section 5.

The resulting expressions one obtains in this way at depth one are?!
el = _(22324]33 64% i
o B Y Y
T H Fa =y
ﬂsv[};]:—éEz-i-éz, /BSV[%]:_?i)Eg—’_ZLgZQ’ (4.5a)
B3] = 2xvE; + 22 B[4 = 157VEs + 1o
B[4 = — 1 (nV)By + 2
as well as
B = 1Bt e Pl =Bt e (4b)

and similar expressions for the remaining st[g] , st[ljo] in terms of Cauchy-Riemann
derivatives of E4, E5 can be found in appendix C.2.
At depth two, we find the modular graph function Eg 5 in (2.24a) and its derivatives:

X 2 AV 2
SVi0 0] — (WVEQ) C37TVE2 CS :1 SV 0 2
ALl 1152y" © mToyT 11521 2 (67131)°
wior _ _TVEas EorVEy GE, G 5G4
B34l =— 2 2 2 o 5 T 37
144y 144y 144y 2160 1728y 288y
F02] = E2s  (7VE2)7VE, N (3mVEs  5Cs 2
44 18 36y2 36y2 216y = T2y2’
witor_ TVE22  (3mVEy (3 5Cs (3
Aaal = 2 3 + 5 T 30
144y 144y 2160 1728y 288y
E3  GEy | G 1 2
sVi11] — 2 _ 3 _ Z(pV[1 4.5
21'We will no longer spell out the argument 7 of 35[...] in (4.5) and later equations unless the argument
is transformed. The same notation applies to £%[...] (which is real-analytic like the 8°V]...]) and the

holomorphic quantities £[...],a[.. ], f[...].

~32 -



wilo mVE2s EenrVEs  (3nVEy  5(; (2

Bl =~ - + ~ 105 T sy
9 9 9y 108 18y
Eyo  GnVEy | 5 | G

SVi20] — _ B
#1aal T 3652 + 216y + 7242’

SVi2 17 TVEz» _ GE2 | 5G Ci?%
F1a Al 9 9 108+18y’

. 2(nVEg)?  4¢3nVEs  2¢2 1, 9
g(ii]l = 9 RE— +?3:§(5 [3])°-

Similar expressions arise when the associated £5V are expressed in terms of MGF's via (3.13),
see appendix E.2. From the expressions above one can verify the shuffle property (3.35) of
the 5% in a straightforward manner, e.g.

B9+ AR 9] = B8] 8] - (4.6)
4.3.1 Modular graph forms in terms of 3%V

These relations can also be inverted to obtain expressions for the modular graph forms in
terms of the 8%V. At depth one they are

(WV)ZE;; _ svI0 3C5
" = —96083 [6]+2y4,
7VEs (3 7VE; 3¢5
=24B5[0] — 2= =2408%[1] — =2,
yg [4] yg yg [6] 23/3
3
Ey = —66%[4] + C; E3 = —308%[2] + 422, (4.7a)
3 3
TVEy = S5V - G 7VE3 = 156°[3] — 225 :
15 3
<7TV>2E3 _ _758V[é] + CB
4 2
as well as
sv 5¢7 sv 35G9
Eq = —1408%[3] + 37 Es; = —6308°V[ 5] + 610 (4.7b)

and similar expressions for the Cauchy-Riemann derivatives of E4 and Es given in ap-
pendix C.2. Inverting the depth-two relations (4.5¢) leads to the shuffle-irreducible MGF's

ﬂﬁEQ 2 y 24(3 . <3 5C5 <2
2 144 svil10] _ SV 0 55 3
yQ B [44] y /B [4]+ 15 12y2+2y3’
5 2
B — —188%[29] + 12G;8%[9] + 15; -5 (4.7¢)
svi2 1 svil 5Cs ?%
TVE 2 = 98%[1 1] — 6¢38 [4]_§+@~

At two points, one can still derive expressions for the modular graph function Es 3 in (2.24b)
and its Cauchy-Riemann derivatives:

(7V)?Eq 3 1280¢3
4

= —38408%[{ 4] — 76808°[1 3] — 115208} 9] +

ﬁSV[g]
+ By Doy S 2, 70 S

189  15y2 = 8yt yo
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WﬁEQvg v v v
— 22 = 9605 [} 4] +4808°[3 2] + 14408 (2 9]

7

- 320GA™(§) - 2] - SR8+ 1 - o+

a5 = —1206%[15] - 1205“[ g+ CE’ﬂSV[ ] +80¢s8%[§] — ?f%
G (3G
IR TR (4.7d)
TVE23 =905% (3 &] + 6083 1]+ 305°[§ 9]
A4 SV GC sv 7C SC C
— 60687 (3] = 12687 [§] = =28 ] = g + 557
(FV) E2 3= — 4558‘/[ ] 15/85"[ ] _ 3058\/[% 41;]
+ 30{3ﬁ5v[g] +12¢8%[1] + 3C5 BSV[ I+ 7§7 B 3(;(5 ‘

However, we will need three-point input to solve for the individual 5%V in terms of MGF's.

In particular, we will fix the antiholomorphic integration constants a[]g {f] or a[ﬁl Jg] in

section 5.

4.3.2 Closed formulae at depth one

As detailed in appendix C.3, one can compute the (s12 — 0)-limit of the component inte-
grals Y(’C'le) with a+b > 4 in closed form. By comparing the leading order of Y&c‘ %) resulting
from (3.11) with the lattice-sum representations (2.18) of non-holomorphic Eisenstein se-

ries, one obtains

2k—1)! 2Cok—
b= e R .

Similarly, the lattice-sum representations (2.21) of their Cauchy-Riemann derivatives arise
at the sy order of Y, (alpyy With a # b, and comparison with (3.11) implies (0 < m < k—1)

(wV)mEk:<_1>m( (26—1)! {5SV[’f Lm] 22k } (4.92)

1) =D (—1—m)! (2h—1)(dy)— 1
(aV)"Ey  (—4)™(2k-1)! . - o
y2m B (k—l)!(k:—l—m)!{ B [k o ] + (2k—1)(24y)2’—1+m} : (4.9b)

By solving these relations for the 8%V, one arrives at

k—1)!1]? 2(ap—
W) == [E%—i)]! Bt (2/<;—1C§l(c4;)k—1 (4.10)
as well as (0 <m < k—1)
—4)"™(k— k m)! (mV)"E -
st[k 1+m] _ _( ) ( 1) ((Qk_ll) ) ( ) k + (2k-12)<(1ky)1k_1_m , (411&)
k=) (k—1-m)!(nV)"E 2(ok—
st[kz 1— m] — _( ()_ () (2k _)1)(' ) k (Qk—l)c(iky)lk_l"'m . (4-11b)
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4.4 Simplifying modular graph forms

By the linear-independence result on iterated Eisenstein integrals [82], the S are suit-
able for obtaining relations between MGFs which are hard to see from their lattice-sum
representation. In the following, we will illustrate this with the relation

Ds=E3+ (3 (412)

due to Zagier, where D3 is the two-loop instance of the ‘banana’ graph functions, the

coefficients in the o/-expansion of the component integral Y7, ., defined by [2, 4]

(0j0)’
=1 d?z Im7\"
YT, = — "D, D, — ’ n_ 11...1 .
= 2 agleDa(r) . Dutr) = [ @G ) = (M) e Lo
(4.13)
The lattice sums C[...] are defined in (2.16) and immediately pinpoint the simplest non-

trivial banana graph function Dy = Eo. (One has Dg = 1 and D; = 0.)

The identity (4.12) was first proven by explicitly performing one of the sums in D3. To
prove (4.12) independently using the 5%V, we have to identify both MGFs in the relation as
coefficients in the o/-expansion of component integrals Y(Z‘b) which we can write in terms
of 4%V using (3.11). Hence, (4.12) follows from comparing

Da = 0¥y, = 305131+ G+ 15 (414)
E3 =Y o = —308%[3] + i’gg. (4.15)
Higher-loop generalisations of (4.12) are known from MGF techniques [4, 5, 9, 13],
Dy = 24E5 5 + 3E3 + 15—8E4 (4.16a)
D5 = 60Eq 3 + 10E3E, + goE5 +10¢3Es + 165, (4.16b)

see also [24, 28] for all-order results on the Laurent polynomials of banana graph functions.
Relations among MGFs like (4.16) can be proven in the same way as (4.12): they become
manifest once all MGFs in the relation are identified as o’ coefficients of component in-
tegrals and expressed in terms of £V via (3.11). This will in fact expose all the relations
among MGFs since the g% [ﬁ ﬁ - % with different entries j;, k; are linearly independent.
Of course, the reach of this procedure depends on the multiplicity of the YﬁT -integrals
under consideration. For instance, Ep9 and Eg3 in (4.16) contain the two-loop graphs
C[i13] and C[] 3] which do not appear in any two-point component integral Y} |b)
Instead, the C[

’,2] first appear as the coefficient of s3; in the three-point component
integral Y 3

11
11
(k,0/k,0) (2,3|3,2) discussed in section 5.

111 130].

22The o'-expansion of two-point component integral Y, only involves the lattice sums C[§ ) | |
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As a reference, we express the lowest-loop banana graphs D, in terms of 3%V, by
comparing (4.13) with (4.4a), yielding

Dy = —66%[1] + @; (4.17a)
3
D3 = —308™[§] + (3 + 45‘2 , (4.17b)
Dy = 2168%[} 1] —4328%[2 9] — 5048%( 3] (4.17c)
- 363 1065 3¢2 9¢
+B8GEVG] = =B+ = - T
D5 = 18OOBSV[}1 %] — 72006“[4 6] + 18006“[% }1] — 72006“[% 2]
— 1620087 ] - 60GsB™[}] + 480055 [4] — 2o 53] (4.17)

72045 45c5

43 10¢2 105 45 225
G, 1065 | 105¢7  45CsGs | 225

SV
—, - 3 Yy 4qy2 293 1694 7

BSV[ ]

see appendix C.4 for similar ﬁs"—representations of Dg and D7. As expected, these expres-
sions satisfy the relations (4.16) if we plug in the %V representations (4.7) of the modular
graph functions on the right-hand sides.

4.5 Explicit 8% from reality properties at two points

In this section, we derive the antiholomorphic integration constants in certain instances of
€% in (3.29) and (3.32) from reality properties (2.14) of two-point component integrals.
This will make the iterated-Eisenstein-integral representation of the associated (°¥ and
MGFs fully explicit.

4.5.1 Depth one

From reality of y = mIm7 and Yop0): the orders s?, and s3, of its a’-expansion (4.4a)

immediately imply that $5V[}] and $%V[2] are real. Similarly, from the instance Y7

(2/0)
1642 Y(0|2) of (2.14), the s15 and s%, orders of (4.4b) and (4.4c) imply that

BV =y B9, BYIE] = (4y)* 87 ] - (4.18)

By combining (2.14) with the s —order of general Y( 1) with a + b > 4 derived in ap-
pendix C.3, one arrives at the closed depth-one formula

st[‘]i] _ (4y)2+2j—kﬁsv[k—2—j] ) (4.19)

By (3.13), this also determines the complex conjugation properties of £V

? . j . -
e[l = (_WZ( >(4y)p5“[3k”] : (4.20)
— \P
p=0
This is crucial extra information beyond the initial-value problem (3.7): the latter

only determines &%V Hll g - ifz } up to antiholomorphic integration constants, denoted by
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f [ﬁ ﬁ - iﬂ in (3.27), that vanish at the cusp. The complex-conjugation property (4.20)
in turn relates these integration constants to the holomorphic ingredients &£V that are
fixed by their differential equation and can be read off from its minimal solution (3.26). At
k = 4, for instance, (4.20) reads

TR = £,

Ev[i] = —4yE™ 1] - E4] (4.21)
£ = 106%™ (] + 89€™ 1] + 73]
and selects the antiholomorphic completion in &%V H] =& [i] +f M] by inserting the

sV

expansion (3.26) of the minimal &Y. in terms of holomorphic iterated integrals (3.22)

0 0
4 4
Eminl4] = E[4] — 2miTE[]] , (4.22)
2 2 1
1 1 1

[4] = —€[4] — 2miT€[§], (4.23)
FI3] = E13] + 4mire[}] + (2miT)*E[]].
This reasoning results in the expressions (3.30) for SSVM] and can be straightforwardly

repeated at k > 6: the reality properties (4.20) completely fix the E[j;r] in (3.29) and
uniquely determine ESVM] in terms of iterated Fisenstein integrals and their complex

conjugates.

By combining the expression (3.29) for &%V [i] with the dictionaries (3.12) and (4.7)
to B [i] and MGFs, both E; and their Cauchy-Riemann derivatives can then be reduced
to holomorphic iterated Eisenstein integrals and their complex conjugates, e.g.

3
TVEr = SEV 3] - G (4.24)

= 127272 Re &£[9] + 1277 Im E[}] + 3Re £[3] — G,
3¢[3] | G

— _QResvily T 141 —
Ey = —6&%[]] % +y (4:29)
_ 12077 Re[Y] — br(r+7) ImE[}] — 3Re€[3] + G5
y )
o 3
ﬂ_VEZ:24y26‘sv[2]+12y€sv[}1]+§5’SV[Z21]_C3 (4.26)

= 127272 Re&£[9] + 1277 Im E[}] + 3Re E[2] — G5 .

At depth one, these iterated-Eisenstein-integral representations of Ej are well-known [8, 45]
and serve as a cross-check for the expansion methods of this work. At higher depth, how-
ever, only a small number of MGFs has been expressed in terms of iterated Eisenstein
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integrals [17, 46], and we will later provide new representations for non-holomorphic imagi-
nary cusp forms. Most importantly, the reality properties of component integrals determine
the integration constants in higher-depth £%V and p®% without referring to the MGF's in
the o/-expansion.

4.5.2 Depth two

Based on the o/-expansions (4.4) of two- p01nt component integrals, the si,-order of Y(0|0) =

(0|0) and the s3,-order Y(2\0) = 16y2Y, (0|2) imply

FO=11,  Beg =il (4.272)
44 441> 44 256y4 ) .
2
FTIH = 5134 - 2814+ 5,587 3] (a.2m)
2
FITE = B193] + 2814 - 5258”31 (w210
sv[2 1
Vi = 516[;24} -~ QE‘ZQBSVH] + %BSV[E] - %, (4.27d)
sv[ 1
ﬁSV[Si]zﬁlésg} 22‘; b 95{; B3]+ o (4.27¢)

These simplest depth-two examples illustrate that BSV[Jl Jz] introduce admixtures of

single-valued MZVs and % of lower depth. There is no depth-one analogue of this fea-

ture in the expression (4.19) for BSVM]. In section 5.4, three-point o’-expansions will be

used to extract similar complex-conjugation properties for all the individual g%V [jl Jg} and

5% [31 32] Our examples will line up with the conjectural closed depth-two formula
st{i‘ll ﬁ} _ (4y)4+2j1+2j2—k1—kgﬁsv|:k2 k22 J2 k1 k2 ]1] mod depth < 2 (4.28)
which translates as follows to the &%V
- ]1 ]2
gsv[ill ﬁ] — ]1+]2 Z Z <]1> < ) y)p1+p25sv [Jék;m jll’:lplj| mod depth < 2.

p1=0p2=0
(4.29)
These complex-conjugation properties of £%V are consistent with the general depth-two

expression (3.32), assuming the conjecture that the iterated Eisenstein integrals in af- - -]
have depth one and zero.
The (3-admixtures in (4.27) propagate to the following shuffle-inequivalent £sY [];11 ]f B

E I = ~4ye™199] - €194
T = 16,7619 4] + 8 (31 +67(83) - L2+ ey o)
EV[1] = —64y°E (9] - 3297 }] — 4y€(§ 3] — 16571 §]

_8yE LY gsv[ﬁ]erlQés 8%(35“[91] 2§355v[}1]_
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These equations uniquely fix all the integration constants « [];11 {f ]: one has to first express

the £V in terms of holomorphic iterated Eisenstein integrals £ and their complex conjugates
via (3.29) and (3.32). Then by comparing the purely holomorphic terms ~ 7, &, a[{f jf]
on the two sides of (4.30), one can read off

o9
Mﬂhﬁ@Gm+”ﬁ=—wﬂm (4.31)

al341= 25 (2mirel] - €141 - o) = ~ali).

The expressions for a[{ll {f] that enter the actual ES"[{I {f] follow from complex conju-

gation, and we have used the shuffle relations (3.34) to infer the a[{f J;f] with 71 < 7.

Moreover, as exhibited in appendix G, the a[]i Jf] in (4.31) are invariant under the mod-
ular T': 7 — 7 4 1 transformation, in line with the discussion in section 3.5.

5 Explicit forms at three points

An analysis similar to the one of section 4 can be done at three points. Unlike formula (4.2)
we do not have a closed expression for the all-order Laurent polynomial at three points to
obtain the initial data directly. For this reason, we first discuss a basis of modular graph
forms that we use for expanding the component integrals YﬁT . From this expansion and
the knowledge of the Laurent polynomials of the modular graph forms as given in [4] we
can construct the initial data ?ﬁ“’o and solve for the remaining 5%V at depth two having
(k1,k2) = (4,6) or (ki,k2) = (6,4). The expansion of the initial data to order 10 is
available in machine-readable form in the supplementary material of this paper. As a
consistency check of our procedure the instances of 5%V that were determined from the
two-point analysis in section 4 are consequences of the three-point considerations.

The detailed discussion of g%V [{11 Jg] , B [Jg {f] and the associated MGF's in this sec-
tion is motivated as follows: the depth-two integrals 53‘/[{11 Jf] have been described in
terms of real MGFs Ep and Es 2, see (4.5¢) and (4.7c), and their reality is a particularity of

having the same Eisenstein series G4 in both integration kernels. Generic %Y Hll ii} with
k1 # ko, by contrast, introduce complex MGFs. The irreducible MGF's besides products
of depth-one quantities can be organised in terms of real MGF's such as Eo 3 and imagi-
nary MGFs such as the non-holomorphic cusp forms (2.30) which have been discussed first
in [22]. Hence, the g% []41 Jg] , B [jg ]f] in this section are the simplest non-trivial window

into the generic properties of depth-two MGFs.

5.1 Bases of modular graph forms up to order 10

At two points, the expansion of any component integral Y(Z‘b) to order 10 is entirely ex-
pressible in terms of the modular graph functions Ej<5,E22,E2 3 as well as their Cauchy-
Riemann derivatives, cf. (4.4) and appendix C.2. At three points, this is no longer the
case: the o/-expansion of various component integrals (2.11) introduces additional MGFs
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that are not expressible in terms of the real quantities Ej<5, E22 and Eg 3. This resonates
with the comments in early section 4.2 that the operators R, () in the two-point differen-
tial equations obey relations that no longer hold for their three-point analogues R, ., (€x)
in (2.34).

The additional MGFs that start appearing at three points can be understood from
the perspective of lattice sums. Expanding three-point component integrals Y(Zz,aslbz,bs)
to order 10 introduces a large variety of dihedral and trihedral MGFs?? whose modular
weight adds up to < 10. In the notation C[} ;. 7 3% ] for the dihedral case in (2.16),

br
this amounts to holomorphic and antiholomorphic modular weights w = Zle a; and
w = Ele b; subject to w + w < 10.
Already the two-loop graphs C[ . 42 4: | with w-+w = 10 were found in [22] to introduce

irreducible cusp forms A[}! 37 3°] as defined in (2.30) with vanishing Laurent polynomials.

The known types of relations among dihedral and trihedral MGF's [9, 13, 20] — see [84] for
a Mathematica implementation and data mine — leave three independent cusp forms built
from C [ZI Z; - ‘Zﬁ] with w = @w = 5. One of them is expressible as the antisymmetrised

product

s

(VE)VE3 — (VE)VE3 Im7\°
T ~6 cegleiRgl- eyl . G
and we additionally have two irreducible cusp forms that can be taken to be A[§33] and
A[9122]. While (5.1) and A[$ 23] have been discussed in [22], the cusp form A[{{32]
exceeds the loop orders studied in the reference.

ai as ... aR

For lattice sums C[bl by .. bp
ular weights w # w, one can construct basis elements from Cauchy-Riemann derivatives of

] with different holomorphic and antiholomorphic mod-

modular invariants. As detailed in table 1, the bases?* for w+w < 8 can be assembled from
Cauchy-Riemann derivatives of Ex<4 and Eg 5 (including products of Eo, VE2 and VEy).
For w + @ = 10 in turn, one needs to adjoin combinations of E5, Eo 3, A[833], A[{1}23]
and their Cauchy-Riemann derivatives to obtain complete lattice-sum bases.

In order to obtain simple expressions for the full range of 55 Hll jﬁz] and g% [Jg {f} in
terms of lattice sums, it is convenient to delay the appearance of holomorphic Eisenstein
series in the Cauchy-Riemann equations. This can be achieved by taking the combinations

Im7° (VE2)VE3 — (VE;)VE3
_ 0122
Bo3z = <7r > A[f16835]+ 6(lm )2 , (5.2a)
1 /Im7\° 21 1
B,2,3 =Bo3 + B <7r> A[S (2) 3] - ZE2,3 - §C3E2 (5.2b)

as basis elements for the lattice sums with w = w = 5, where the rescaling by Im 7/7 is
analogous to (2.18) or (2.24) and renders Ba 3, By 3 modular invariant. The lowest-order

238ee appendix A.2 for trihedral MGFs.
24We are not counting combinations of MGFs that evaluate to MZVs or products involving MZVs or
holomorphic Eisenstein series in the table. This is why we did not include ¢s = (222)*(C[111] - C[38])

at (w,w) = (3,3) or any of (5, (3Es, G4v2E3 at (w,w) = (5,5).

40 —



weight (w, w) basis elements
(2,2) Eo
(3,1) VE;
(3,3) E;
(4,2) VE;3
(5,1) V2E;3
(4,4) E4, Egp, E2, (Im7)72VE2§E2
(5,3) VE4, VE32, E2VE,
(6,2) V2E4, (VE)?
(7,1) V3E,
(5,5) Es, Eg3, EsEs, (Im7) 2VE;VEs, (Im7) 2VE;VEs, Bas, Bhs
(6,4) VEs, VEy3, EsVEy, E;VEs, (Im7) ?VEyV2Es, VBy 3, VBj 5
(7,3) V?Es, V?Eg3, VE;VEs, EoV2Es, V2B)
(8,2) V3Es, VE2V2E;, V3B,
(9,1) V4E;

Table 1. Basis of MGFs of modular weight w+w < 10 in terms of VFE  and imaginary cusp forms
and their derivatives. There is a similar basis with @ > w where V is replaced by V and B, by
B.... The modular weights (w,w) refer to the lattice sums C[...] after stripping off overall suitable
factors of (Im 7)¥. For instance, Ey, is counted as (w,w) = (k, k) from the lattice-sum contribution
Clko] = 2 p 0 Ip| =2 to (2.18). Additional factors of (Im7)~2 have been added explicitly in the
table whenever there is an V to ensure that all entries in one row have the same modular properties.

Cauchy-Riemann derivatives that contain holomorphic Eisenstein series are

3 2 3
(7V)?Bys = +§(WV)2E2,3 + §(7rv)2 b3 — 5EQ(W)QE3
3
+ 5 (TVEy) (7 VE3) + (Im 7)1 G4(9E3 + 3(3), (5.3a)

(7V)"Bh 3 = 1260(Im 7)° G VE; . (5.3b)

While the modular graph form B 3 is also an imaginary cusp form, the second form B’Q’3
is neither real nor a cusp form, and its Laurent polynomial is determined by the known
Laurent polynomials (2.28) of E5 3 and Eo,

b 2 G G 1476 21¢3¢
Bow— Ole.d). Blae Y VG TG G
23 =0@0), Bas= 10 = "5 T o0 "oy T 642 T sy

+0(q,0).  (54)
Accordingly, the complex-conjugation properties are

_ — , 21

Bog=—Bas, By3=-Bys— ?EQ,S — (3Es. (5.5)

The imaginary cusp forms with w = w = 5 studied in [22] were denoted by A; 2.5 and
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Aj 4;5 there and can be rewritten in our basis as follows®®

1 /Im7\° 2 21
A5 = 3 ( > Al333] = 3 <B/273 — Bos + ZE2,3 + <23E2> ) (5.6a)

(5.6b)

The extra cusp form A[? {3 3] entering the definition of B 5 did not arise in [22] as its

lattice-sum representation requires three-loop graphs on the worldsheet.

The reason for defining the particular combinations (5.2) is that their derivatives VBa 3,
VB 3, VQB’273 and V3B'273 do not contain any explicit holomorphic Eisenstein series. The
collection of MGF's in table 1 forms a basis for MGF's of total modular weight w + w = 10,
excluding factors of G or MZVs. First, the techniques in the literature have been used to
decompose all dihedral and trihedral MGF's with w + @ = 10 in the basis of the table [84].
Second, the counting of basis elements matches the number of 5%V that can enter the o’'-
expansion of YﬁT at the relevant order. As will be detailed in the following sections, see
in particular (5.10) and (5.12) to (5.14) or (E.1), the correspondence between lattice-sum
and iterated-integral bases is

Eg3, EoEs, (Im7) ?VE;VEg } {5“[2
. >
(Im7)">VEyVE3, By, Bj, 2

VE23, E3VE2, EaVE3 Cab
} o { 4 (5.7)
6

(Im7) 2VEyV?E3, VB3, VB),
V2E2737 VE,VEs, E2V2E3, szIQ,S A /st[zll é] ) 55‘/[421 %] ) /BSV[% 111] ) BSV[% 121]
VERV'Es, VPBy < B3], 871

where the powers of Im 7 were inserted to harmonise the modular weights. Similarly, we
have V"E; <+ 5[4 ], (Im7) 2™V "E5 < 5 [47g"] with m < 4 according to (C.3).
All the % in (5.7) are understood to carry admixtures of lower depth analogous to the
terms involving (i in (4.7). Generalisations of (5.7) to higher weight will be discussed in
section 6.2.

5.2 Three-point component integrals and cusp forms

Based on the generating series (3.11), we have expanded all three-point component integrals

-
Y(a27a3|b2,b3)
.

simplest cases }/(670‘070)(0|p) or Y oj1.0) (olp), Y(1,0|0,1)(J‘p) are still expressible in terms of

(c|lp) to order 10. Similar to the two-point case, the leading orders of the

Ej and E, ;. The o/-expansion of Y(670|0’0) (o|p) involves trihedral modular graph functions
Dgpc(7) that are discussed in appendix A.2. They serve as consistency checks of the
expansion method (3.11) and as another showcase of how the ¥ expose the relations
among MGFs.

*’Note that the normalisation conventions of [22] for C[j, ;7 Zg] and A[,! 52 ZRR} differ from ours

in (2.16) and (2.30) by an additional factor of (I“‘TT)% Eita(agtby)

— 492 —



The simplest instances of cusp forms or the alternative basis elements in (5.2) occur
in the o/-expansion of the following component integrals:

Y(72-,0\0,2) (27 3’27 3) - Y(B,Q|2,O) (27 3’27 3)
ImT

5
= s13(s23 — s12)(S12 + S13 + S23) <7r> Al133]

(VE32)VE3 — (VE2)VE3

+ (s23 — 512)(2873 + S12523) 12(Tm )2 + O(s?j)
VE;)VE;3 — (VE2)VE
= (812—823)(2812813—812823+2813823)( 2) 12?Im 5_)2 2)VEs
+ s13(s23—512) (12 513+523)Baz + O(s7;) , (5.8a)

Y(E,I\B,O) (27 3|27 3) - Y(7?->,0|2,1)(27 3’27 3)
(VE2)VE; — (VEp)VE;
4(Im7)2

2 Im7\° .
+ 3512513 (77) A[353]+ O(sfj)

= 512513

Im7\°
— 513(s13+523) <7T> Al 1

3

(VEs)VEs—(VEs)VE;
12(Im 7)?

4B} 4 2 1
=s128513| — 313 — —s13(4s12+3513+3523)Ba.3

+ 513(3s12+2513+2523)

+ O(s3). (5.8b)

The expressions in (5.8) have been obtained by integrating over z9, z3 in Fourier space as
reviewed in appendix A.1 and simplifying the lattice sums via known MGF techniques. By
matching these results with the o/-expansions due to (3.11),

Y5113,0)(2:312,3) = Y5 012,1)(2,3[2,3)

= — 605 (93] + 2705} 3] + 6087 [§ 3] — 3905 (3 §] — 27053 1]
+3905 [ 3] + 3CsB7 1] + 260657 [§] - 4243 p e
5{ v 39C5 o 27( v 3C5 ey 13¢,
PR = A - g gy (59%9)
Y5113,0)(2,312,3) = Y5 012.1) (2 ,3|2,3)

$12813

= —908%[§ 4] + 3605 [§ §] + 9087 [§ 1] + 33057[F §] — 3608 [ 1]

_ SSOIBSV[% 2] _ 220C3/BSV[(13] 60C3 st[ ] 15(3 5SV[ ]
33 9 9
CSIBSV[ ] CSIBSV[ ] . wijﬁsv[ ] g% (59b)
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one can extract the following 3*'-representation of Ba 3 and Bj 3

Ba s = 4508%[2 1] — 450853 9] 4 2708%[2 1] — 2708%V[ 1 2] (5.10a)
45¢B° (3] | 45GB(Q]  27¢B[4] 13
- 36s8™13] - s00gep(f) + el BOATL HGITL] e
sv sv TG G TG 216G
ha = 126083 §] — 840G38°[§] + 220 25 6w T 8P (5.10b)
Similarly, (5.2) implies %Y-representations of the cusp forms
Im 7 i 0122 svi0 3 SV SV SV SVi2 1
(P27) AL9 1831 = 005931 - 008431+ 2705 [3 1] - 2105 [} 3] + 3908”3
—3908™[3 9] - 3GB™[§] — 26068 (4] + 45;36”[%] 5436“[ ]
39( v 27( v 3C5 ey 13¢
y% (91— 570 1+ 558731 - 57 (5.11a)
5
(™27) 41533 = 540571131 - 5103 (3 1] + 30052 ] - 360513 4] - 240,57
~ 90 36 27
y%“[%] Tep g+ 520 - o (5.11)

where the vanishing of their Laurent polynomials can be crosschecked through the asymp-
totics (3.38) of the 5%V. Once we have fixed the antiholomorphic integration constants of
the g%V [3;11 Jg] and 5% [jﬁl {f] in section 5.4, one can extract the g-expansions of the MGF's

from their new representations (5.10) and (5.11), see appendix G.

5.3 Cauchy-Riemann derivatives of cusp forms and 3%

The above procedure to relate the new basis elements By 3 and Bj 3 to cusp forms can be
repeated based on component integrals Y(Z%as‘b%bg)(o\ p) of non-vanishing modular weight
(0, ba+bs—az—as). Their expansion in terms of %V to order 10 is available in the supple-
mentary material of this paper. On top of (5.10), we find

TVBas = 1358%[1 3] — 27083 2] - %ﬁsv[%?;H%ﬁ“[%i]
O+ 220 )+ 108 3] - S8
- 45658°13] = 28 4]+ 12387 (3] (5.122)
”2§2’3—1440B“[ §] — 10805 [§ 3] + 21605 [§ 1] + 180053 §]
— 43208%[3 4] - 12:6% (4] — 1200633 - 2225 [1)
+ D goa)+ 52y - Ty - 2 (5.12b)
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as well as

(7V)*B 5 756C5 8C3  7¢ 63¢3(s
2 — _48384035V[00 SVi0) - =22 22 .1
y6 838 Oﬁ [6 ] B [4] 15y 5y3 4y6 9 (5 3&)
(wV)*Bys wito 75645 wioy 20 TG 14T 63CsG
St~ 1090573 §] - Detgeg) - 204 T I 860 )
7V By, 378C5 6 (2 14T¢ 63(sCs
— 1512 SV — 924 SV SV ho 53 .
2 = 15120873 - 2aGo™19) + Tt ) - g6 4 50 4 0 e
(5.13c)
and
P sv sv Ci, 147¢7  63¢3Gs
TVBy 3 = —9456% [ 8] + 630G07[§] + 5 + 2 " 82 (5.14a)
945 SVi2 371 SVi31 147(7 63<3C5
(1V)?Bhs = — BEE] - 315687 (3] - =5 + Ty (5.14b)
945 SV 3]‘5<—3 SV 63
(Wv)ngs,——?ﬁ (8] +—8%[§] - ZC3C5‘ (5.14c)

Higher derivatives in turn involve holomorphic Eisenstein series, see (5.3). These relations

can be inverted to express all 55V [ﬁ g] with k1 4+ k2 = 10 in terms of MGFs. The full

expressions are given in appendix E.1.

5.4 Explicit 8%V from reality properties at three points

We shall now outline the computation of the antiholomorphic integration constants « [jé Zf ]

that enter the key quantities 3 [Jl 32] of this section via (3.12) and (3.32). Similar to the
steps in section 4.5, we first determine the complex conjugate 3 [Jl 92] from the reality

properties Y . (o]p) = (4y)eztas—be— b3Y(b27b3‘a27a3)(p]a) of the component integrals,

gl = izggy] 61i4y65 Val 102C40 57”4 - 9072300y B 345?5?)0?/3’ (5.15a)
el = ﬁ;g}x] 38<4y4/6 el 25c<sgy eI+ 90%00 - 864%0@/2 ! (5.15b)
Pleal= ﬁ;;%ﬂ 15§6y5 sl + 64%)y4ﬁ Tl 22235)%00 - 1725?)0342 ’ (5.15¢)
el = ﬁslvégj] 100%0y Gt 222 e+ 64%3/458‘][‘2*] - 21égoy’ (5.154)
#lsil = ﬁ?@%? - 67501/ it 9335“[%] 16<05 307+ 43530;,’ (5.15¢)
il = ﬁslvggQ - 16§0y il = 38%3/46“[%] " %5“[2] - 2lggoy’ (5.151)
PN = 838 - 5811 - 52631+ e8] - 5o (5.15%)
T = 8 33)+ 511 - 28 (31 + 108 1+ Tommg (5.15h)
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R HE A HE
BT = 1623 9] - 0
T = 100267 1] + 29
FET] = 162733] - S0
BT = 256067 18] -

FVI§7] = 25t 933 - 0
5§31 = 40966 (4 §] —

We emphasise that this reasoning does not rely on any MGF representation and can be
applied at higher orders k1 + ko > 12, where a basis of lattice sums may not be explicitly
available. These results line up with the closed depth-two formula (4.28) modulo admix-
tures of lower depth and determine 5V [341 jg] via shuffle relations and (4.19).

In close analogy with (4.30), one can now solve (5.15) for the £V [Jg 721 and introduce
the desired integration constants via (3.32). By comparing the purely holomorphic terms,

we arrive at

€
24y

Aa] -

pIE] -

F 141 -
128C5y°

g9l =algll=algi] =0,
2071 _ iﬂ—TC3 C3 0
l51] = ~ 536800 ~ 6305 14)
117 1T (3 (3 0
o641 = 151300 4205[4]
0271 _ Z’7TTC3 C3 78 0
2,2
307 T CS _ Z7T7—€3 & 1
04[6 4} 75600 105 [ ] [4],
2.2 .
917 T (3 2im7(3 _ & 1
ls1l = ~13100 T 315 3514l
2,2 .
127 TC3_Z7TTC3 0 83 or1y
ols 1] 32400 105 Cl4) T appflal
(40] = im3T3(3 47727'2C35[ 4im7 (3
64177 28350 105 105
a2 1] am 7'3(3 272C3g 763
B 113400 105 105
a[22] am 3r3¢s 2212 2im7(3
6 18900 315 315
8272 8i 2
Ty ey - e
27'2{5 dim7 (s 2(5

Sz R+

8(33/

2C3

B6] +

B 6]+ ——

512
C3y P26y govio) 4

€[}l
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47'4C3 162w 7'3(3 . 2(3
a[g 2= 1310 3 [ | — 87r27'2C35[ | — 42777{38[%] + ?S[g] , (5.161)
%umPTOC 32miriGs 64im 7‘3C3 16077(3
ol§il= T — 3 Bl - 5 H 16T GE R + — ]
2(3 T 7'3(5 8T 7'2§5 8imT(s5 2Cs5
— =g 9 g+ 2=22¢€[2]. 5.16
3 (61— 675 5 €lal - 5 [1]+ 5 4] (5.16m)
Note that shuffle relations determine a[{ll Jg] = —oz[jé 341], and manifestly T-invariant

representations can be found in (G.7).

5.5 Laplace equations of cusp forms

In this section, we discuss the Laplace equations of the extra basis MGF's corresponding

to ,BSV[% J;H and B [31 JQ] Their representatives (5.2) satisfy

3 ((VE2)VE; — (VE2)VE;3)
2(Im 7)?

(A + 2)B273 = 4B/273 + 21E2’3 + + 2C3E2 , (517&)

105 21
(A — 16)Bl273 = —14B273 + TEQ’S + 21E9E3 + 7(3Es — — (5, (517b)

40
as can be shown by combining their S representations in (5.10) with the differential
equations (3.14) obeyed by the 55V.26 This system can be diagonalised to

63 21
(A — 12)(—B2,3 + Blgjg) = ?E273 + 21EsE;3 + 5(3Es — ECS (518&)
_ 3((VE2)VEs — (VE2)VEs)
2(Im )2 ’
21
(A —2)(=TBa3 + 2B) 3) = —42E5 3 4 42E»E3 — %Q—, (5.18Db)

21 ((VE2)VE3 — (VE2)VE;3)
2(Im 7)2 '

It is rewarding to rewrite these Laplace equations in terms of cusp forms, i.e. eliminate B’Q’3

in favour of the three-column cusp form A; 2.5 in the normalisation conventions of (5.6):

(VE3)VEy — (VE3)VEq

(Im 7)2 ’

3((VEs3)VE; — (VE3)VEy)
2(Im )2 '

Note that (5.19a) is a special case of the Laplace equation among two-loop MGF's studied

(A —12)A; 95 = (5.19a)

(A —2)By3 =06A125—

(5.19D)

in [22]. The system (5.19) can be diagonalised through the following linear combination of
cusp forms

21((VE3)VE; — (VE;3)VEy)

10(Im 7)? (5-20)

3
(a-2) (BQ,?, - 5,41,2;5) __

26To obtain these Laplace equations, one first expresses VBz 3 and ?B’Q’S through a combination of 5%
as in (5.12) and then acts with V. The resulting expression is then converted back into MGFs by using
the inverse relations shown in e.g. (4.5) and appendix E.1. The same result can also be obtained by acting
with the derivatives on the lattice sum representations of By s and Bj 3 and decomposing the result into
the basis summarised in table 1.
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Even though they diagonalise the Laplacian, Aj 2.5 and Ba 3 — %A1,2;5 have not been chosen
as basis elements in table 1 since their Cauchy-Riemann derivatives yield holomorphic
Eisenstein series in earlier steps than By 3 and B} 3, see (5.3).

6 Properties of the 3% and their generating series Y

In this section, we study the central objects 8%V and YﬁT in more detail. Based on the
modular properties of their generating series YﬁT , we will determine the SLo(Z) transfor-
mations of the 8%V and assign a modular weight modulo corrections by 5%V of lower depth.
This will be used to infer the counting of independent MGF's at various modular weights
from the entries j;, k; of the 55V Hll iz - if; : TA that occur in the expansion of YﬁT . Finally,
based on the transcendental weights of the %V and the accompanying combinations of y

and MZVs, we prove that the o/-expansion of YﬁT is uniformly transcendental if the initial

values YﬁlOo are.

6.1 Modular properties

We first explore the modular properties of the 8%V that can be written in more compact
form than those of the £%Y. The modular T- and S-transformation of the 8%V will be
inferred from their appearance (3.11) in the generating function YﬁT . The torus-integral
representation (2.8) of Y7 and the modular properties (2.5) of its ingredients imply the
SL2(Z) transformation

artd ni—(yT+8)n;
Y, ol =Y (ale). (6.1)
Eaactas))

The asymmetric transformation law for the 7; and 7; stems from the different choices of
arguments for Q and Q in the definition (2.8) of the generating series YﬁT By the series ex-

pansion (3.11) of both sides of (6.1) in terms of 5%V [ﬁ ﬁ - i‘; ;T:| and 3% [ill iz - % ; ::ig ,

respectively, we can aim to infer the SLo(Z)-properties of 55V.

6.1.1 T- and S-transformations

The T-modular transformation 7 — 7+1 is an invariance of both YﬁT and the operator

exp(—RZ(yeo)) acting on the initial values Aﬁioo in (3.11). Hence, the T-invariance of the

closed-string integrals can be transferred to the 3%,
sl i) = e L] (62)
as is also evident from the explicit low-depth examples worked out in the previous sections.
Under an S-modular transformation 7 — —1/7, by contrast, we also have to take
into account the (asymmetric) transformation of the 7;,7; and that the imaginary part
Im7 = y/m appears explicitly in the operator exp(—m)f/ﬁioo in (3.11). Hence, the

4y
S-modular transformations of the 8% can be obtained by inserting

y ) o0 ki—2ka—2 k=2 [ £ (1) (ks — 1)
T T — i sv|J1 g2 - je. 1
TS = oD SIS 90 3B o 1 =) PR AR

=0 ki,...kp j1=0 jo=0  j;=0 \i=1 ‘> ° ¢

=4,0,0,...
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x Ry(adf 702 (ey,) ... ad®2 7272 (¢, )adk 7172 (¢, ) (6.3)

X exp <_|7_2R77(60)>?_z:oo n; TN

4y nmony—a /T

into the left-hand side of (6.1), where the substitution on the 7 variables applies to all
occurrences on the right-hand side of (6.3).

Once a given instance of 5%V has been expressed in terms of MGFs, its S-modular
properties can alternatively be inferred from the well-known transformation laws of the
MGFs. Both approaches lead to the following exemplary transformations of the 3°V:

B354 = {80+ (- ). (640
g 4] =gl ST, (640
mi3-1 = H{ram s Beon), (640
L8 = g+ 2 g+ 20T
. <§(1—722f;+|ﬂ4) | (6.4d)
(434 = o gorl + ST gy G
e

Based on the general relations (4.10) and (4.11) to non-holomorphic Eisenstein series,
modular S-transformations at depth one can be given in closed form

2(p_ TR . 2y |7 2270
(k=1)(dy)*F=2=7 ~ (k—1)(dy)r—2-7"~

BV [ =3l =7 [r] - (6:5)
and their analogues at depth two and k;+k2 < 10 can be found in appendix F.

One important immediate consequence of (6.3) is that the maximal-depth term of any
S-modular transformation is

sv|Jji g2 e Je. 1
5 |:k1 k2 k( ) _7':| (66)
_ =—20-2(j1+jo+...+je)+k1+ko+...+ky s J1 J2 - Je .
=7 (j1+72 Jo)+k1+ka ¢35V [kl 2o ki’T] mod depth < ¢—1,

where the terms of subleading depth are illustrated by the examples in (6.4). This follows

from taking the terms without MZVs in the initial values which determine the maximal-

depth contributions and whose two- and three-point instances 17,7”0 — % — iT”; and (3.21)
nj

+. These terms in the initial values are anni-
hilated by Rj(eo) and therefore unaffected by its exponential. Hence, for the analysis of

are invariant under n; — 7n; and 7; —

maximal-depth terms, it is sufficient to consider the rescaling of the n;,7; in the operators
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Rﬁ(adfg_ji_Q(eki)) in (6.3) that have finite adjoint powers of €. Referring back to sec-
tion 2.4, we see that Ry(ex) ~ sijnf_Q picks up a factor of 772 under the transformation
(nj, k) — (Tnj,1;/7) of (6.3). In particular, since Rz(eo) picks up a factor of 772, the
operators Ry(adk~972(¢y,)) in (6.3) transform by 7272k,

Demanding the maximal-depth terms in the S-transformation of the 5%V to cancel all of
these factors or 72+2i=%i Jeads to (6.6). The argument is based on the modular invariance of
the terms in ?ﬁ“’o without MZVs which amounts to invariance under n; — 77; and 7; — ﬁ?]
This is manifest in the two- and three-point examples and we present a conjecture for the
MZV-free part of }Aféoo for n=4 in appendix D. The modular transformation (6.6) is thus
firmly established for the combinations of 5% that occur in the Y7 -series at (n<3) points.
Since the counting of independent MGF's in the next subsection will rely on (6.6), we have
checked that all the 8% entering the weights under consideration there and admitted by
the derivation algebra do occur in the three-point YﬁT . Our counting of MGFs in this work
is therefore not tied to conjectural properties of (n> 4)-point initial values.

As a consequence of (6.6), even though the 5%V are not genuine modular forms, they

can be assigned leading modular weights given by

l

,BSV[Q 2 iﬁ;f} ¢ ‘modular weight’ (0, —20 + Z(kzi—jS)> mod depth < ¢—1,
i=1

(6.7)

and these will be the modular weights of MGFs associated with the given £V as their
leading-depth contributions. In order to compensate for the lower-depth corrections to the
transformation (6.6) and attain a genuine modular form, expressions like (4.7d), (4.9) for
MGFs comprise a tail of 5V of lower depth. Note that there are only non-holomorphic
weights just as for the component integrals in (2.13) as the generating function YﬁT was
rescaled by Im 7 to absorb all holomorphic modular weights.

6.1.2 A caveat from the derivation-algebra relations

An important qualification of the above arguments is that the derivation-algebra relations
such as (2.43) imply that the generating series YﬁT will not contain each possible 8%V with
Ji < k;—2 individually but certain combinations always appear together. The first instance
of this implied by (2.43) occurs at £ = 2, k1+ky = 14 and was spelt out in (3.17). Therefore,
even though YﬁT has a perfectly well-defined modular transformation given by (6.1), this
does not uniquely fix the modular behaviour of all the individual 8%V. Instead, from weight
>~; ki > 14 onward, only the specific combinations of 3% realised in the o/-expansion of YﬁT
(see for instance (3.17)) have to obey the modular properties (6.2) and (6.6). In principle,
there is the freedom for the individual 8%V in these combinations to depart from the above
T- and S-transformations, as long as these departures cancel from the YﬁT .

Fortunately, this ambiguity does not affect the closed-string integrals or the MGFs in
its o/-expansion. For the combinations of 8%V that drop out from YﬁT (and therefore all
component integrals) by derivation-algebra relations, we do not need or give an independent
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definition in this work.?” Hence, (6.6) can be used as an effective modular transformation
that holds for all combinations of 5%V relevant to this work. When studying the implications
on MGFs in the next section, the dropouts of 8% at given ) . j; and ), k; will be taken
into account, so the counting of MGFs can be safely based on (6.6) and the relations in
the derivation algebra.

6.2 Counting of modular graph forms

The modular properties (6.6) of the 55V can be used to count the number of independent
MGFs of a given weight. This will lend further support to our basis of MGF's in table 1.
The modular weights (w, @) of general lattice sums Cr[#] (cf. (2.19)) are related to the

entries of the highest-depth terms 55V [ﬁ ﬁ - i‘; } in their integral representation via

4
; i=1

Note that our convention of modular weights is implied by the lattice-sum conven-
tions (2.16) and differs by the factor of (ImTT)%(“’W) from [9, 13, 22].

While the second correspondence involving w—w is simply a consequence of (6.7), the

eel

have the same total modular weight. It can be understood by comparing the integral-

first one w+w = Zle k; requires further justification since C[§ ] and Im7C]|

representation (2.8) of Y7 with its o/-expansion (3.11) in terms of 5.

The integrals can be performed order by order in o and 7, 7;, where the lattice-sum
representations (A.2) of G(z,7), f*)(z,7) and f®)(2,7) yield MGFs such as C[j! §2 " 47 |
and higher graph topologies [21]. The respective contributions to the expansion variables

and the modular weights of the lattice sums are
G(z,7) <« si; & modular weights (1,1)
f®(z7) < (n;)* & modular weights (,0) (6.9)
W < (71;)* & modular weights (0, k).

We are disregarding powers of Im 7 and overall prefactors ~ (1;7;)* ™" of the Y7, ie. the
modular weight (1, 1) of the Green function refers to its contributions to the entries of C[::].

In the o'-expansion (3.11), in turn, the correlation between powers of s;;,n;,7; and
the entries of 3%V is governed by the derivations. Their homogeneity degrees are Ry(ep) ~
sij/n]z + nj/nj and Rg(ex) ~ sijnj’_2, which correspond to modular weights Rj(ep)
(=1,1) and Rj(ex) <+ (k—1,1) from the lattice-sum viewpoint (6.9). Hence, the (si;,n;,7;)-
counting of any operator Rﬁ(adgo €r) is the same as having an extra w + w = k in lattice
sums, regardless of the power j of ad.,. This explains why w-+w has to grow with Zle k;.

Finally, the absence of a k;-independent offset w+w — Zle k; can be checked by
comparing the overall powers of (s;;,7;,7;) in the initial value }777“’0 and the integral

*"For combinations of 3% that drop out from the o/-expansion (3.11), we cannot determine the antiholo-
morphic integration constants from the reality properties (2.15) of component integrals either.
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representation of YﬁT . This is most conveniently done by noting the low-energy limit
Y(67...,0\0,...,0)(U|p) = 1+ O(’?) of the simplest component integral at the leading or-
der ~ (n;1;)

On these grounds, we will perform a counting of independent MGFs on the basis

1—-n

of (6.8) in the rest of this section. Our counting only refers to MGF's that do not evaluate
to MZVs or products involving MZVs or holomorphic Eisenstein series. We explain our
methods in most detail for modular invariant objects, where we also distinguish between
real and imaginary invariants, but these methods also cover weights (w,w) with w # w
that we list in table 2. For all the values of (w,w) where we perform the counting below we
have verified explicitly that the relevant action of the operators Rj(ex) on the MZV-free
part of }A/nloo at three points does not produce accidental linear dependences. Hence, (6.7)
is firmly established in these cases, and the counting is accurate.

6.2.1 Reviewing weight w + w < 8

Up to total weight ). k; < 8 the only possible basis elements stem from st[i] of depth
one. At fixed k, each choice of 0 < j < k—2 leads to a different modular weight according
to (6.7). This is in agreement with table 1 featuring only a single basis element for all total
weights w+w < 8. For instance, modular invariants are obtained for ﬂs"[i] whenever

j= %, and they are related to the Ej /5 shown in the (%, %

) rows of table 1, see also the
explicit formula (4.8).
Starting from lattice sums of total weight w + w = 8, there can also be invariant com-

binations of depth-two 3°V. The condition for modular invariance implied by (6.6) becomes
BV[3 3] weight (0,0) < 2=ji+j2, 0<ji,5 <2, (6.10)

and there are three solutions to this condition given by (j1,72) € {(0,2),(1,1),(2,0)},
leading to three additional modular invariants of total weight 8 besides E4. Two lin-
ear combinations of such ,BSV[JE {f] |j1 | jp—p CAN be realised by the shuffles BSV[}l]Q and
B%[9] 85V[3] which correspond to E3 and (VE3)VE; by (4.5a).2% Hence, there is a single
shuffle-irreducible modular invariant at depth two which can be chosen to be Eg 2, expressed
through % in (4.7c). Together with Ey <> 5%V[3] at depth one, this reasoning agrees with
the total of four entries at weight (4,4) in table 1.

The same counting strategy can be applied at non-zero modular weight. Let us consider
the example of (w,w) = (5, 3) in table 1 which translates into modular weight (0, —2) after
multiplication by (Im7)%. The relevant BSV[Q Jf] at depth two with antiholomorphic
weight —2 have j1+j2 = 3 by (6.7) and this leaves the two options (j1,j2) € {(1,2),(2,1)}.
One of them is the shuffle E;VEy, and the irreducible representative is VEg 9, see (4.7¢).
The connection with the irreducible modular invariant Es > can be anticipated by comparing
the differential equation (3.16b) of the ¥ with the equations satisfied by the MGFs.

In general, the appearance of holomorphic Eisenstein series in Cauchy-Riemann deriva-
tives or relations to shuffles as in V2E2,2 = —%(VE2)2 implies that the number of basis

ZFor ease of notation, we will suppress here and in the following the overall factors of (Im7)#. They
are always implicit and understood to be such that the holomorphic modular weight vanishes, cf. (6.7).
Therefore, (Im 7)~2(VE2)VE2 will be just written as (VE2)VE,.
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MGFs with weights (w+k, w—k) decreases with |k|. An overview of the numbers of MGFs
and irreducible representatives at w+w < 14 can be found in table 2 below.

6.2.2 Reviewing weight w 4+ @ = 10

Continuing to total weight 10, there are now additional possibilities at depth two coming
from (ki, k2) = (4,6) or (6,4). The condition for modular invariant 55" [JZ jg] and %Y [Jg j41]
becomes ji+7j2 = 3 (with 0<j;<2 and 0<j2<4). Both cases lead to three solutions each,
and thus there is a total of six modular invariants contributing to the lattice sums of weights
(w,w) = (5,5) that can be expressed through depth-two °V. Together with the single
contribution E5 <> £5V] fb] from depth one, we find seven modular invariant combinations
of %Y which matches the number of basis elements in the (5,5) sector in table 1.

Three combinations of the modular invariant g Ml Jg] and %Y [Jg J;ll] can be realised
as a shuffle of ,BSVM] ﬁs"[ng ] with j = 0,1,2. This translates into modular invariant
products E9E3, (VE32)VE3, (VE3)VE3 and leaves three irreducible modular invariants at
depth two that can be chosen to be Ez3 and Ba3,Bj 3 in table 1, see (4.7d) and (5.10)
for their expressions in terms of 3°V. Alternatively, one can trade By 3, B’Q?3 for the imagi-
nary cusp forms A[923], A[?122] and organise the modular invariants according to their
reality properties: three real basis elements EoE3, Re[(VE2)VE3], Eg3 (one of them irre-
ducible) and three imaginary basis elements Im[(VE2)VEs], A[923], A[1232] (two of
them irreducible).

The counting of real and imaginary forms can also be obtained based on the reality
properties (4.19) and (4.28) of the 5°V: in the modular-invariant case, complex conjugation
is only an operation on the labels of the 3%V at leading order in depth. Therefore one has
to form combinations of the 3%V that are mapped to themselves or minus themselves under

complex conjugation. For instance, since

V(381 =6%"[29] modulo lower depth, (6.11)

the combinations 3V[% L] £ 8%V[2 9] give real and imaginary MGFs modulo lower depth,
respectively. See e.g. the real Eg 3 in (4.7d) and the imaginary cusp form B 3 in (5.10a).

The analogous counting of MGFs with w+w = 10 and w # w based on the 5 can be
found in table 2 below.

6.2.3 Predictions for weight w 4+ w = 12

For lattice sums of weight w+w = 12, a basis of 19 modular invariants can be anticipated
from 8% at depth £ =1,2,3:

(i) a single depth-one invariant Eg <> 5V, ]

(ii) 5 depth-two invariants 55" [Jg % ] with j1 + jo =4 and 0 < ji,j2 < 4

(iii) 6 depth-two invariants ﬁs"[{l j8 ] & ﬁsv[jg 7;11] with j1+7j2 = 4 and
0<71<2&0<j<6
(iv) 7 depth-three invariants 35V [];11 {f {f] with j1 +jo+j3 =3 and 0 < j; < 2

We will analyse the shuffle- and reality properties separately in each sector (ii), (iii), (iv)
and connect with known irreducible modular graph functions.
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Sector (ii) comprises three shuffle BS"[ 12, B8V [3] and B5[2] B[] that corre-
spond to E3, (VE3)VE; and (V2E3)V E3 according to (4.5). This leaves two irreducibles
which can be taken to be the quantities

Es3 = 4508%[¢ 2] — 180¢s ﬁSV[g]Jri—?—Cngg—c"’z (6.12)

16y 64y® = 64y*’
1245 v 3¢ TG
53 =120(8Y[§8] — B[&§]) — 48G:8™ (3] + —=BT[§] + 160y~ 480y°

(6.13)

corresponding to the lattice sums (2.24c) and (2.24d). The %V representations have been
inferred from the differential equations [17] and the Laurent polynomials [13] of the real
MGFs E3 3 and Eg73.

Sector (iii) also admits three shuffles 5V[9]55V[3], B5V[1]B%V[E] and B%[2]B5V(2]
corresponding to (VEy)VEy, EsEy4 and (VE)VEy, respectively. Two of them are real
EoEy, Re[(VE2)VEy] whereas a third one Im[(VEg)VEy] is imaginary. The remaining

three invariants are shuffle irreducible, and one real representative

Eo4 = —56708%[§ 9] — 567058°"[2 3] + 3780¢35%[ 2]

405¢7 9z | 256 135GsCr
492 80y 83 32y4

+ B3] - (6.14)
corresponds to the lattice sum given in (2.24e). As will be argued below, the remaining

two shuffle irreducibles can be chosen to be imaginary.
Sector (iv) admits 2+3 shuffles E3, Eo(VE2)VE; and EsEsa, (VEs)VEgo,
(ﬁEz)VEQ’Q. Among the leftover two shuffle-irreducibles, one real representative
Eop2 = —2166%(F § ] + 14487 [} §] + 10G:8° (]
12¢2 2 661 5 3
_ﬁﬁsv[()]_kci?;_k <7 C3<5+C73

y 47730 1800y 1292 6y3

(6.15)

corresponds to the lattice sum (2.24f). As will be argued below, the second shuffle irre-
ducible is imaginary.

In order to anticipate the number of real and imaginary irreducible modular invariants,
the known types of relations among MGF's have been exhaustively applied to all dihedral
and trihedral graph topologies at weights (w,w) = (6,6) [84]. The solution to the large
equation system identifies 14 real and 5 imaginary independent modular invariants, again
excluding MZVs and Gi from our counting conventions. Given that modular invariant
combinations of the known E_ already exhaust the 14 real invariants, the remaining shuf-
fle irreducibles must admit imaginary representatives. This conclusion lends support to
extending the reality properties of the %V given in (4.28) beyond ki+ky > 10, and it is
tempting to extrapolate it to arbitrary depth

Bsv [Jll ii - ké} (4y)2€+21 1 25—k )5SV[’fé—ki—j€ - k2_ki_j2 kl_kzl_jl mod depth < ¢—1.
(6.16)
This conjecture leads to the same counting of imaginary representatives, and the power of
4y therein vanishes exactly if the modular weight of 5% in (6.7) does.
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Hence, the 5 imaginary invariants at (w,w) = (6,6) are Im[(VEg)VE4],
Im[(VE2)VEg o], two irreducible cusp forms from (iii) and one irreducible cusp form from
(iv). The paper [22] identified two cusp forms at (w,w) = (6,6) among the two-loop
graphs on the worldsheet. Accordingly, three out of the five cusp forms in our counting
must require lattice sums associated with (L > 3)-loop graphs. Indeed, a detailed analysis
of the relations between dihedral and trihedral MGFs suggests that A[22 1], A[9133]
and A[J222] qualify as a basis of shuffle-irreducible cusp forms at (w,w) = (6,6), and
Im[(VE2)VE2 2] also exceeds the two-loop graphs when written in terms of lattice sums.

In summary, the 19 modular invariant lattice sums of weight (w,w) = (6, 6) comprise 11
shuffles (3 from (ii), 3 from (iii) and 5 from (iv)) and 8 shuffle irreducibles. The irreducibles
admit 5 real representatives known in the literature (Eg from (i), Es 3, E3 3 from (ii), Eg4
from (iii), Eg 22 from (iv)) and 3 imaginary cusp forms (two from (iii) and one from (iv))
generalising A[933], A[Y122] described in section 5.

The analogous counting of MGFs with w+w = 12 and w # w can be found in ta-
ble 2 below.

6.2.4 Weight w + @ = 14 and the derivation algebra

By extending the above counting method to weight w+w = 14, one is naively led to 44
modular invariants (26 of them shuffles). If all the 55V were realised independently in the
expansion (3.11) of Y7, the total of 44 would arise from the following sectors:

(a) a single depth-one invariant E7 <> 5V[ 5]

(b) 6 depth-two invariants 6“[71 ]2] & BSV[” 31] with ji+j2 =5 and 0 < j; < 2 and
0<72<8

(¢) 10 depth-two invariants ﬂs"[jé Jg} & BSV[J 1] with j1+je = 5 and 0 < j; < 4 and
0<72<6

(d) 27 depth-three invariants §5¥ [71 342 73] with j1 +j2+73 =4 and 0 < j; < 4 as well as
0 < jo,Jj3 < 2 and permutations of (ki, k2, k3)

However, weight Zle k; = 14 is the first instance where the derivation algebra exhibits
relations beyond the nilpotency properties in (2.41) that we have already used in the
derivation of (3.11). The simplest instance was exhibited in (3.17), see also appendix C.4
for a representation of the MGF D7 at w + w = 14 in terms of 5.

More generally, the relation (2.43) implies additional relations under the adjoint ¢
action according to*’

0= R~[adz ([610, 64] - 3[68, 66]):| (6.17)

- Z < ) < [ad(, (e10),ad?, " (e4)] — 3[ad§0(€8),adz(7r(f6)]) )

29We have checked that more general relations of the form
(Ri(e0))” ([Rﬁ(510)7 Ri(ea)] — 3[Ri(es), Rﬁ(efs)]) (Ri(e0))”™ =0,

do not yield any further relations among the operators R7(ad?! (e, )adZ? (exr,)) in the expansion (3.11)
of Y.
7
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and similar relations arise at higher weight and depth, see (2.42) and [41, 79, 80]. In
passing to the second line, we have rewritten the relation in terms of the quantities
Ry (adl} (ex,)ad? (ex,)) that occur in the expansion (3.11) of YT (setting j < 10 in (6.17)
and using Rﬁ(adfgl(ek)) = 0). As a consequence, the 8 in the sectors (b) and (c) cannot
all appear independently in the generating series YﬁT of MGF's.

More specifically, (6.17) implies exactly one dropout among the Sv[ill ﬁ with
ki+ko = 14 for each value j = ji+jo with 0 < j < 10. At j = 5, this reduces the
total number of independent modular invariants with weight (w,w) = (7,7) by one, lead-
ing to 43 rather than 44. The commutators in (6.17) imply that this reduction affects
the shuffle-irreducible MGF's, and the dropout at (w,w) = (7,7) concerns an imaginary
modular invariant when the combinations of 8%V are organised into real and imaginary
ones. Further details and the analogous counting of forms with w # @ can be found in
table 2. We have checked that all 55V noted in the MGF-column of the table occur in
the YﬁT -series at three points (without accidental dropouts) and are therefore known to
satisfy (6.6) without relying on the conjectural four-point data from appendix D. The con-
jectural relation (6.16) implies that the basis at (w,w) = (7,7) can be spanned by 24 real
and 19 imaginary invariants.?C It would be interesting to study at the level of the Laurent
polynomials if our basis of real MGF's at this weight contains a cusp form.

6.2.5 Weight w 4+ w > 16 and the derivation algebra

We have not performed a similarly detailed analysis at higher weight and only offer some
general comments. At weight w+w = 16, similar dropouts in the naive count of MGFs via
[ arise from the depth-three relation (2.42c), obstructing for instance the independent
appearance of all the /BS"[Jg Jf J;ﬂ with 0 < 51 <6 and 0 < 52,73 < 2. In case of modular
invariants with w = w = &, this leads to the dropout of a real MGF, leaving in total 108
MGPFs, out of which 42 are imaginary cusp forms.

Weight w+w = 18 even allows for three sources of dropouts:

e the irreducible depth-two relation (2.42b) involving (k;, k;) € {(4,14), (6,12), (8,10)}

o left- and right-multiplication of the (k1+k2 = 14)-relation (2.42a) by a single €4 and
arbitrary powers of €y

e an irreducible depth-four relation first seen in [80] and available for download at [81]

The systematics of relations in the derivation algebra is governed by the counting of holo-
morphic cusp forms [80]. The propagation of irreducible relations to higher depth and
weight by multiplication with additional € has been discussed in detail in [41]. The latter

30As an immediate consequence of (6.16), we have a single real invariant E; in sector (a) as well
as 15 real and 12 imaginary invariants in sector (d). The sectors (b) and (c) are coupled through
the relations (6.17) in the derivation algebra. It follows from (6.16) that the 15 independent instances
of Ri(ad?!(ex,)ad’2(ex,)) in (3.11) are accompanied by 8 real and 7 imaginary linear combinations of
) AR, B %), B[R 8] at itz = 5.
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weight # %V # MGFs of which shuffle irred. real MGFs imag. MGFs
(2,2) 1 1 1 1 0
(3,1) 1 1 1 - -
(3,3) 1 1 1 1 0
(4,2) 1 1 1 - -
(5,1) 1 1 1 - -
(4,4) 4 4 2 4 0
(5,3) 3 3 2 - -
(6,2) 2 2 1 - -
(7,1) 1 1 1 - -
(5,5) 7 7 4 4 3
(6,4) 7 7 4 - -
(7,3) 5 5 3 - -
(8,2) 3 3 2 - -
(9,1) 1 1 1 - -
(6,6) 19 19 8 14 5
(7,5) 17 17 8 - -
(8,4) 13 13 6 - -
(9,3) 4 - -
(10,2) 4 2 - -
(11,1 1 1 - -
(7,;7) 44 43 17 24 19
(8,6) 41 40 16 - -
(9,5) 33 32 13 - -
(10,4) 22 21 9 - -
(11,3) 12 11 5 - —
(12,2) 5 4 2 - -
(13,1) 1 1 - -

Table 2. Counting of modular graph forms (MGF) up to total weight w + w = 14 based on the
number of 5%V. The entries list the total number of MGFs, the number of shuffle-irreducible MGFs
as well as the number of real and imaginary MGF's in the modular invariant sectors. Up to total
weight w + w < 12, the counting has been confirmed by independent methods for dihedral and
trihedral MGFs. For w+ @ = 14, the derivation algebra imposes the additional constraint (2.43) on
the combinations of the 5%V that can appear in the generating function YﬁT , leading to a mismatch
of the number of 5%¥ and MGFs.
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reference is dedicated to classifying relations among elliptic MZVs and counting their ir-
reducible representatives at various lengths and depths. In this way [41] can be viewed as
the open-string prototype of the present counting of MGFs.

6.2.6 Depth versus graph data

We emphasise that the above counting of MGFs applies to closed-string integrals of ar-
bitrary multiplicity and therefore to arbitrary graph topologies. The reason is that the
Ry(e) were assumed to obey no further relations besides those in the derivation alge-
bra, i.e. multiplicity-specific relations such as commutativity of the R, (ex>4) at two points
were disregarded.

Our bases of MGFs at w+w < 10 and (w,w) = (6,6) as well as (w,w) = (7,5)
were built from dihedral representatives (2.16). Hence, the results of this section imply
that any MGF at these weights associated with arbitrarily complicated graph topologies
can be reduced to dihedral MGFs (possibly with Q-linear combinations of MZVs in their
coefficients), extending the explicit calculations for dihedral and trihedral graphs in [84]. It
would be interesting to determine the first combination of weights, where the appearance
of a trihedral basis MGF is inevitable.

We have not found any general correlation between the loop order of an MGF and the
maximum depth of the associated 5. On the one hand, one-loop MGFs (2.21) are still
in one-to-one correspondence with 5%V at depth one by (4.9). On the other hand, a basis
of MGFs with w+w = 10 requires at least one three-loop graph (e.g. A[?122]) while the
associated 5%V cannot exceed depth two. Up to w + w = 12 all examples satisfy that the
loop order of an irreducible 8%V of depth £ is at least £, i.e., the depth of an irreducible %Y
appears to be a lower bound for the loop order.

6.3 Towards uniform transcendentality

This section is dedicated to the transcendentality properties of the generating series YﬁT
that become manifest from our results. We will show that the component integrals (2.11)
are uniformly transcendental provided that the same is true for the initial values®! lA’ﬁ“’O
In other words, the matrix- and operator-valued series

AT — Z Z klzf ]CQZ:Q kézf ﬁ L_l) v |:j1 J2 - Je . } (6 18)
ﬁ‘— k_]_2) klkz...k‘g’T :
(=0 k1,/€2, ,kz 71=0 j2=0 Je=0

105

R~ . ) .
X exp <— n(€0)>Rﬁ(adfé“2(ekz) ... adfgﬁrz(ekQ)adfol*Jl*Q(ekl))

4y

relating YﬁT = %Aﬁioo by (3.8) will be demonstrated to enjoy uniform transcendentality.
Our reasoning closely follows the lines of section 7.1 in [39], where the open-string analogues
of the YﬁT are shown to be uniformly transcendental.

317t will be the main goal of [51] to express the initial values f/ﬁ“’o in terms of uniformly transcendental
sphere integrals as done in (4.1) and (4.2) for the two-point example.
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6.3.1 Weight assignments and uniform transcendentality of the generating
series

We assign the following transcendental weights to the holomorphic building blocks in the
o’-expansion of open- and closed-string integrals,

quantity  Gumm 7 E[RETE] 7
transcendental . ‘
n; 1 0+ i 0
weight ; ! ;]Z

leading to weight 0O for V and for instance weight j;+1 for £ [ﬁ } .
Moreover, complex conjugation is taken to preserve the weight, which leads to weight

0 for 7, weight 1 for y and weight ¢ + Zle ji for E[ill iz iﬂ The weights of the
holomorphic iterated Eisenstein integrals are inherited from those of elliptic MZVs [41].

In order to infer the weight of the real-analytic £V in the o'-expansion (6.18), we
first note that their building blocks £ [ﬁ iz - %] } involving only holomorphic £].. .| have
transcendental weight ¢ + Zle Jji as is manifest in their representation (3.26). We will
demonstrate in section 6.3.2 that this propagates to the antiholomorphic integration con-

stants f Hll ,ch - i‘;} in the decomposition (3.27) of &% [ﬁ g - %]

With these definitions we will show that the component integrals carry uniform tran-
scendental weight

n
Y(to,....anlbar...bn) (O1P) at order o «— transcendental weight w -+ Z aj. (6.19)
=2

In order to give a uniform transcendental weight to the whole generating series YﬁT we have
to assign

sij,1M;,Mj < transcendental weight —1 . (6.20)

With this convention and the inverse factors of (277) in the definition (2.11) of component
integrals, (6.19) is equivalent to having

claim: Y7 <—  transcendental weight 2(n—1) (6.21)

for the generating series at n points. This will be shown under the assumption that the
initial data has uniform transcendental weight,

~ .
100

assumption: 7

+— transcendental weight 2(n—1). (6.22)
6.3.2 Transcendentality of the series in 3%V

We start by inspecting the constituents of the series A% in (6.18). By the homogeneity
degrees Rj(eg) ~ sij/n? +2min; /n; and Ri(ex>4) ~ s,-jn;.“_Q of the derivations in section 2.4
and appendix B, we get

Ry(ex) <— transcendental weight 1-k, k£>0. (6.23)
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As an immediate consequence, the operators in the series (6.18) are assigned

R-
exp (— zl(yeo)> X transcendental weight 0 (6.24)

Rﬁ(adf;jd(ek)) +— transcendental weight —(j+1) .

sV

Hence, the transcendental weight we have found for the £} cancels that of the accompa-

nying derivations,

fn"m[,ﬁ - i‘;} Rﬁ(adf(f*j‘d(ekg) . .adf(}*jl*Q(ekl)) +— transcendental weight 0.
(6.25)
We shall now argue that this has to extend to the full £ — £%V: by the vanishing tran-

scendental weight of exp(— Rz(yeo) ), it follows from (6.25) that the £%Y  contributions to the

min
series (6.18) have weight zero, i.e. A% can only depart from vanishing transcendental weight

via &%V — £5 . The latter reduce to antiholomorphic integration constants f [ﬁ ii - % },
so by our assumption (6.22) on the initial values, the claims (6.21) on the the series Y7
and (6.19) on the component integrals can only be violated by antiholomorphic quantities.

However, a purely antiholomorphic violation of uniform transcendentality is incompat-
ible with the reality properties (2.15) of the component integrals: the contributions from
holomorphic iterated Eisenstein integrals are uniformly transcendental by (6.25), so the
same must be true for those of the antiholomorphic ones. More precisely, by induction in

the depth ¢ (which can be separated by only considering fixed orders in ), one can show

that the f [ill ﬁ - % } must share the transcendental weights of the £3% | i.e.

min’?

¢
eV Hll ,jé - %{} , B [ﬁ g - i‘;} +— transcendental weight ¢ + Zji
i=1
(6.26)

o Hll - iﬂ Rﬁ(adfg_j"_Q(eke) e adfol_jl_Z(ekl)) +— transcendental weight 0.

The matching transcendental weights of £%V and %V follow from their relation (3.10) and
y having weight 1. Based on (6.26) and (6.24), each term in the series (6.18) has transcen-
dental weight zero, and the weight of YﬁT agrees with that of the initial value ffﬁ“’o Hence,
the claim (6.21) follows from the assumption (6.22).

At two points, the initial value following from the Laurent polynomials (4.2) has tran-
scendental weight 2, where we again use the vanishing weight of exp (—%;0)). This
confirms the claims (6.19) and (6.21) at n = 2 since the series in &%V preserves the weight
by (6.26).

At n > 3 points, the dictionary between )A/ﬁ”o and (n+2)-point sphere integrals is under
investigation [51]. From a variety of Laurent-polynomials in (n>3)-point MGFs [4, 7, 13]
and preliminary studies of their generating series, there is substantial evidence that the
transcendental weight of }A/ﬁ“’o is 2(n—1).
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6.3.3 Basis integrals versus one-loop string amplitudes

We emphasise that the discussion of this section is tailored to the conjectural basis YﬁT
of torus integrals. In order to extract the transcendentality properties of one-loop string

amplitudes, it remains to

e express their torus integral in terms of component integrals (6.19), where the expan-
sion coefficients®? may involve Q-linear combinations of Gy [21, 40, 73]

e study the kinematic factors accompanying the component integrals
e integrate the modular parameter 7 over the fundamental domain.

The subtle interplay of 7-integration with the transcendental weights has been explored
in [26] along with a powerful all-order result for the integrated four-point integral }’(6707()'0,070)
that was shown to enjoy a natural extension of uniform transcendentality. In [85] it was
argued that uniform transcendentality is violated starting from two loops.

The kinematic coefficients of Y7 ) Or GrY "

(a2;..,an|b2,....bn (a2;.,an|b2,....bn
ent transcendentality properties, depending on the string theory under investigation. For

) may feature differ-

the 7-integrands of type-II superstrings, these kinematic factors should be independent of o
in a suitable normalisation of the overall one-loop amplitude. This can for instance be seen
from the explicit (4 < n < 7)-point results in [3, 86-88] and the worldsheet supersymmetry
in the RNS formalism, even in case of reduced spacetime supersymmetry [72, 89]. Hence,
the 7-integrands of n-point type-II amplitudes at one loop are expected to be uniformly
transcendental.

Heterotic and bosonic strings in turn are known to involve tachyon poles in their
chiral halves due to factors like 9 fi(f) and fi(f) fi(jg) in their CF'T correlators. They can still
be rewritten in terms of }/V(”L—lz,...,aﬂbz,‘..,bn) via integration by parts [21], but the expansion
coefficients may involve factors like (1 + sij)_l that break uniform transcendentality upon
geometric-series expansion. Hence, even if one-loop amplitudes of heterotic and bosonic
strings can be expanded in a uniformly transcendental integral basis, the overall T-integrand
will generically lose this property through the kinematic factors. This effect is well-known
from tree-level amplitudes in these theories [90-92].

7 Conclusion and outlook

In this work, we have pinpointed the structure of the o/-expansion for the generating series
YﬁT of torus integrals seen in one-loop closed-string amplitudes. As main results we have

(i) exhibited that, for any number of external legs, the polynomial structure in Mandel-
stam variables is explicitly determined to all orders in o/ by (3.11). This is based on
conjectural matrix realisations of certain derivations ¢ dual to Eisenstein series [50].

32The reduction of (n>4)-point gauge amplitudes of the heterotic string to a basis of Y s, anlbs,bn)
also involves the modular version Gz =Goa— 2= of Ga = ZnEZ\{O} % + ZmGZ\{O} ZnEZ m among
the expansion coefficients [21].
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(ii) reduced the torus-puncture integrals to combinations of iterated Eisenstein integrals
with integration kernels 797Gy, with k > 4 & 0 < j < k—2, their complex conjugates
and MZVs from their behaviour at the cusp 7 — ioc.

(iii) developed methods to count the number of independent modular graph forms (w.r.t.
relations over QMZV]) that occur at given modular weight or o/-order in generic
one-loop string amplitudes. Our approach exposes all relations between modular
graph forms.

While the main formula (3.11) of (i) is mainly driven by the holomorphic derivative d-Y7,
the appearance of antiholomorphic iterated Eisenstein integrals in (ii) is inferred from the
complex-conjugation properties of the series. We have presented non-trivial depth-two
examples but leave a detailed study of higher orders for the future. As to (iii), while the
methods of this work determine the counting of modular graph forms at arbitrary weight,
it is an open problem to condense these mechanisms to a closed formula.

The combinations of (anti-)holomorphic Eisenstein integrals in the o/-expansion of this
work are denoted by 5°¥ and we expect them to occur in Brown’s generating series of single-
valued iterated Eisenstein integrals [46, 48, 49]. Both the antiholomorphic constituents of
5%V and their linear combinations that yield modular graph forms involve single-valued
MZVs. Also Brown’s construction of single-valued iterated Eisenstein integrals involves
single-valued MZVs which can be traced back to the multiple modular values in the S-
transformation of their holomorphic counterparts.

In our setup, by contrast, all single-valued MZVs descend from the degeneration of the
n-point YﬁT at the cusp, where (n+2)-point sphere integrals should be recovered. Following
earlier work of D’Hoker, Green [24] and Zagier, Zerbini [28], we have made this fully
explicit for the YﬁT series at m = 2 points, and the degenerations at n > 3 are under
investigation [51]. Hence, by combining the results of the present paper with the evaluation
of genus-zero integrals at the cusp, one can completely determine

e the explicit form of the combinations of holomorphic iterated Eisenstein integrals and
their complex conjugates that yield non-holomorphic modular forms

e the generating series of all possible genus-one integrals over closed-string punctures.

Finally, the appearance of the £ in closed-string one-loop amplitudes suggests a con-
nection to open strings: at tree level, the sphere integrals in closed-string amplitudes
were identified as single-valued disk integrals occurring in open-string amplitudes [54-60].
This calls for an extension of the single-valued map for (motivic) MZVs [52, 53] to the
holomorphic iterated Eisenstein integrals in the o/-expansion of one-loop open-string inte-
grals [38, 39]. We hope to report on the relation between one-loop closed-string integrals
and single-valued versions of the open-string integrals in the near future.
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A Lattice sums

This appendix reviews some more background material on modular graph forms.

A.1 Fourier integrals

In order to perform the component integrals (2.9) and (2.11) order by order in o/, we
employ the Fourier transformations of its doubly-periodic building blocks with respect to
the real coordinates u, v of the torus,

z2=ut+v, u,v € [0,1], (A1)
namely
1 e2m’<p,z>
Qz,n,7) = -+ Y (A.2a)
Ui »z0 P n
2mi(p,z)
@) (2, 7) = (—=1)¥! ¢ A2b
1) = ()" Tt (A.2b)
p#0
Imrt e2mip:2)
G(z,7) = - Z PE (A.2c)

p#0

The Fourier coefficients are labelled by discrete lattice momenta p € Z + 77 with
the notation

p=mrt+n, m,n € Z = <p,z>:mv—nu:w. (A.3)

T—T
Note that the result (A.2c) for the Green function [1] is conditionally convergent, and (A.2b)
only applies to w > 1. Moreover, the instances of (A.2b) at w = 1,2 are not absolutely
convergent for any z on the torus, though the sum at w = 1 is formally consistent with

f(l)(Z,T) = —0,G(z,71).
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— (ag.bq) —

Figure 2. Depiction of the worldsheet graph associated with the trihedral modular graph form

ayl ... G.Q €1 ... €
el hor

Cl1 ... CR
di ... dg

A.2 Trihedral modular graph forms

The o’-expansion of three-point component integrals (2.11) introduces MGFs of trihedral
topology, cf. figure 2, [9]

R R s
C[Zl oe|aenlo ;S} M= ¥ Sy pi — Sl k)OSR ki — 300 )
1 ... 0Q 1 ... 4R 1 .- Js - Q a: _b; R ci—d; S 6'*f’ 9
a0 (L= 0y ) (T2 k5 R ) (T1= 65767
k1,ka,....kp#0
0,0, L5 0

(A.4)
where all of pj, kj,¢; refer to lattice momenta of the form (A.3). Similar to dihedral
MGFs (2.16), the integer exponents aj, b;, ..., f; lead to holomorphic and antiholomorphic
modular weights E?:l aj —|—Zf:1 cj—l—zg-q:l e;j and Z?:1 b —1—2;-%:1 d; —1—2521 [}, respectively.

The o’-expansion of the simplest three-point component integral Y(6’0|0’0)
to be expressible in terms of the banana-graph functions D, in (4.13) and the trihe-
dral MGFs

is well-known

Dype(T) = / A% 42 (G212, 7)) (G223, 7)) (G213, 7))

Im7Imr

Imr atbte
=<> Clitrilitotliiniln), (A.5)
™ — Hb,_/ ——
a C
namely [2]
Y(6,000,0)(2,3[2,3)
oo
1 n n n A
=1+ Z 5(512 + 513 + $53)Dn(7) + s12513523D1,1,1(7) (A.6)
n=2
1 1, 9 5 2 2 2 2 2
+ 5812513523(512 + 513 + s23)Da21,1(7) + 1(312513 + 813523 + 512323)(D2(7))
1
+ 6812513323(5%2 + 5%3 + 3%3)D3,1,1(7)
1
+ 1812813823(812813 + 513523 + 512523)D22.1(7)
1
+ E( To8Ts + sT873 + 13833 + s73553 + S19853 + s79553)Da(T)Ds(T) + O(S?j) .
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Upon comparison with the o/-expansion obtained from (3.11), i.e. by extracting the coef-
ficient of 772_317]3_ 1772_31773_ Lin the generating functions, we arrive at the following expressions
for the trihedral modular graph functions (A.5)

3
Dy = —308%[3] + 45‘2, (A.7a)
, . 50 (3 9¢7
Doqq1=—1268%[3] — 183%V[20] + 12¢358%V[0] + =2 — >3 4 > A.
21,1 6 [8] 8p [4 4] +12¢38 [4] + 12y 42 + 16y3 ) (A.7b)
D311 = 5408°V[} 2] — 9008°¥[3 & ] + 5408°¥[2 1] — 9005°¥[3 9]
90
— 14585 [ ] + 600Cs 5[ L] - ;35“[%]
990G svror  27C5 nsvrpr 65, 109Gz  3C3Cs | 81(y
— 39 SV ™Y SV DY . A
+ y A4l 212 g4l 30 3292 2y3 64yt (ATc)
D1 = —12966[ 4] — 240533 §] — 24087 (¢ 9]
24¢5 11¢s 7¢7 (3Cs5 . 9Co
160¢3 8% [ L] + =22 35v[ 0] 4 =22 4 2L 32 4 20 A.7d

The combinations of 3% in the right-hand side can be identified with those of Ej, E2 2 and
Eg 3 in (4.7). Hence, the 5%"-representations (A.7) expose the relations among the simplest
Dg p.c known from the literature [4, 5, 9, 13]

Di11=E3=D3—(3, (A.8a)
9
D11 =Ez2+ EE4 , (A.8Db)
15 81 7¢s
D =—E EsE —E —= A.
311= 5 2,3 + 3E2 3+35 5+ 10 (A.8c)
2 3¢
D =2E —E —, A.8d
2,2,1 2,3 + 355 + 10 (A.8d)

B Derivations beyond three points

This appendix is dedicated to the matrices Rj(ex) in the differential equation (2.33) at
multiplicities n > 4 which have been determined in [30, 38, 39].

B.1 Four points

The 6 x 6 matrices Ry, ., n,(€x) at four points are given by Ry, n, 5. (€2) = 0 and

Ru s (e) =5 “r(e2) + 15 2r(e3) +nf~*r(eq)

+ 03 21 (eas) + 15y Pr(e2s) + nfyy °r(esa) + 1550 (e234)
1 4 1 4 4
_ 5k,0 (22813'6% + 5 Z Sij(am_anj)Q + 27Ti2ﬁj8nj> lexeg (B.l)
j=2 2<i<j j=2

for non-negative and even k # 2. The r(e_) are the 6 x 6 matrices appearing in equation
(4.21) and appendix C.1 of [39] as rj(e...).
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B.2 n points
The (n—1)!x (n—1)! matrices Rj(ex) in (2.33) at n points can be generated from [30, 38, 39)]

2mi0 Yf(0|1 2,...,n)

—Z (T=)jj41.m, ) Vi (0|S[12.. . j=1,5(j+1) ... n]) (B.2)

N 1 1 < B
+(7_)2{27TZ E T]j@nj +§ E 51j8,2]j +§ E Sij(am—anj)Q}Yﬁ (o]1,2,...,n).
J=2 J=2

2<i<j
The entries of Rj(ex) can be read off through the following steps:
e expand out the S[A, B]-map via
Y7 (o|S[aras ... ap,bibs...bg))

P q o

- Z Z(_l)l_ﬁp_lsaibj (B.3)
i=1 j=1
X Yr;— (U|(a1a2 s Qi—1Wapap—q ... ai+1), a;, bj, (bj—l e bgblLLij_H . bq))

e reduce the integrals to a basis of Y7 (o[1,...) by means of Kleiss-Kuijf relations fol-
lowing from Fay identities [39]

Y;%(O"al, ag,...,0ap, 1, bl, bg, ce ,bq) = (—1)pYT—;—(O'|1, (ap cee a2a1|_|_|b1b2 ce bq)) (B4)

o expand the Weierstraf functions in (B.2) via
1 o
o(n —2+Zk 1)n 2C(7) (B.5)
k=4

e insert (B.3), (B.4) and (B.5) into (B.2) and match the result with the form (2.33) of
the differential equation to obtain the first row of the R(ey)

e repeat the above steps for permutations 87Y77T(0]1,p(2,3,...,n)), p € S,_1 with
appropriate relabelling of s;; and 7; to generate the remaining rows of Rj(ex)

C Two-point results

C.1 o’-expansions of component integrals

In this appendix, we collect further representative examples of o/-expansions of two-point
component integrals (2.9) to order 10. Their Laurent polynomials at the cusp are generated
by (4.2) and yield the component results in (4.3) and

; y G v G
Y(0|2)|q°ti° (180 8 2>+ 12(3780_16y3>

3 2
3 (Y (3 5G| (3 9¢r
58 - C1
+512<22680+144 182 T 16,5 128y° (C.1a)

n 3‘112< y* yGs G 9 T¢r 15Gy > Lo,

149064 ' 648 48y2 64yt 64y 12840
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- 32y” o (1685 8PG s 9G
Wil =G +26) 4~ s - 5+ - )

16" 8y'G | ¥ TG 9GGs 45Cy
3
- - LU 1b
Hl?( 66325 135 15 2 y 4P +O(siz), (C.1b)
3 4
Yy 15¢7 Yy Cs 15(¢3¢5 , 91Cy 9
Yoo | oo = — - O(s2,) .
i) |2 = ~ Tag00 1287 T° (1871100+480y 611 T 1osyp ) TOUR)

(C.1¢)

For generic 7, the o/-expansion (4.4) of the two-point generating series yields components

Vi =ora(55457] = 26s) + st (036 7] + 98713 357] - 668”3571 + 26 - 57 )
+s§’2<810/3“[1 ;7] — 1585V [} &5 7] + 1508°V[3 ;7] + 308%[2 %; 7] (C.2a)
+ 1058 (4 Ji7] ~ 100608 33 7] + 520 4i7) = 42658 13 7] = 2 2% 3:7)
_72<7+9c;<5 2429>+0( ),

Yije) = —208%[;7] + ;5 + 812 <—18ﬁ“[}L 27— 188%[2 L 7] (C.2b)
-5 {437+ 12657 7] + 2] - 2 B

+ 5%, <—48605SV[ 557] + 1589 45 7) — 24085 [} 3; 7] — 450872 2; 7]

— 905“[% 37— 48058"[% 5Tl = 10555"[ T+ 300(55“[ 7]

40§3 5(3 48C5 9C5

—=B ¢ 7] -

7(7 45C3C5 135C9 3
or o
+ 2 1y + 85 + (812),

T SV[2. 15¢7
Vs = — 1058%[3:7] + 1281

BSV[ 7]+ 42687 Q7]+ —= B[4 7] + BSV[ 7]

(C.2¢)
+sra ~32760% 7] — 905719 3i7] 15 (43 7] — 1200 [} i ]

— 1208 [§ 4 7] = 1587 (3 85 7] — 9083 §; 7] + 10¢s 57§ 7]

20(3 ﬂsv[ ] + i?ﬁsv[ ] 9(5 3C5

15 91
CAHEE 6§Z§5+128455>+O(8%2)’

ﬁSV[ 7|+ 5“[ 7]

365
T 128y

Consistency with the Laurent polynomials in (4.3) and the asymptotics (3.38) of 55V.
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C.2 All 8%V at depth one involving Gg and Gig

The MGF-representations of the ﬁsv[g] and BSV[I{)] in terms of and Cauchy-Riemann
derivatives of E4, E5, complementing the discussion in section 4.3. are given by

(V)*Es N Co

SVi0] — _
F o] 3870720y8 ' 294912y8
v\3 )3
SV[0] — (7TV) Ey C7 sVi 1] — (7TV) Es C9
B1s] 53760y6 + 14336y6 ’ B o] 967680y5 * 73728y’
wiiy . (TV)*Ey (7 wiag_ (mV)*Es Co
5 [8] - 4 5 6 [1 ] - 4 6’
13440y* ' 3584y 120960y ' 18432y
svioy_ TVE4 < svi31_ TVEs Co 3
BIs] 1680y2 + 896y4’ A1) 10080y2 + 4608y5 (C:3)
1 Cr 1 Go
sV 3 - _ 7E SV[ 4 — 7E
FIs] 1404 T 24y F 1ol 630 ° T 115241
1 Cr 1 o
Va]l =—=nVEs + —— V] = =5=7VEs + ———
Bl = 5™ VB 55, B110) = 530 Vs T 0gg,3
2 Cr 2 o
svi5] — _ _“ 2E S SVi6 ] — _ & 2E
B8] 105"V Bat o B o] or5 "V Es s
8 2¢7 4 Co
SVi6] — _° 3E 50 SVI 71— _~ 3E 7
16 2o
SVi81 — _ 4E “59

consistent with the closed formulae (4.10) and (4.11). The inverse relations are

wvy?E‘f’ — —38707208%[ %] + 12259 :
(Wy);E‘* — 537605 (2] — 145;67 , (Vs _ gg76809 1] — lgjgg |
@ = —1344068%[ L] + f;;, (7rvny5 = —1209608%[ 3] + 11(232%9,
W;El = 16805°(§] - 18555 WZQF% = 100808°[ {4] — i’gg@
By = —1405™[3] + g;?, B5 = —6308™[ 4] + ‘;’ijj (C.4)
mVEs = 10557 [g] — 185;27 : TVE;s = 6306%[ 3] — i’ggg ,
(7V)?Es = —1;%“[3] + 1257, (7V)?E5 = _9;1755“[160] + 110624;9 ,
(TV)Ea = T8 - (T9)°Bs = "]~ 5
(7V) 5 = —%ﬁ“[ﬁ + 10259 ,

consistent with the closed formulae (4.8) and (4.9).

— 68 —



C.3 Component integrals Y( Ib) at leading order

In this appendix, we derive both the closed depth-one formulae (4.8), (4.9) relating non-
holomorphic Eisenstein series to the 5%V and the reality properties (4.19) of the latter.
For this purpose, we investigate the 592—order of the two-point component integrals Y(Z|b)
n (2.9) with a+b > 4, where the (s12 — 0)-limit can be performed at the level of the
integrand. By the lattice-sum representations (A.2b) of the @) this limit vanishes if
a =0 or b= 0 and otherwise yields MGFs

(t—7)°
y@b)zwc[gghmsu), a,b#0, a+b>4. (C.5)
Once the MGF's are expressed in terms of non-holomorphic Eisenstein series via (2.18)
and (2.21), the s0y-orders of the component integrals can be rewritten as (k > 2, m < k)

Yiir) = Ex + O(s12) ,

rmiiom) = = )<(:+§3_q>.v)mEk+O<Sw% (C6)

) (- DIAV)ME,
}/(k—m|k+m) - (—4)m(k+m—1)'y2m + 0(512) .

These results will now be compared with the o/-expansion (3.11) in terms of 5%V and initial
values. The latter can be inferred from the Laurent polynomials (4.2) by acting with the
two-point derivation R, (€p) in (2.32), and one obtains

2%
Ri(eo) \ 1 2mi — iR
exp | ————2 |V} = — — — 4+ 43 + — + O(s192). C.7
P ( 4y & 7 512 ;Czkﬂ 1+, (s12) (C.7)

The s{y-order of the generating series Y, receives additional contributions when the 7-
independent kinematic pole of (C.7) is combined with one power of s13 from the derivations
R, (ex). This order exclusively stems from the depth-one part of the series (3.11) in 3%,

ZZ k i) CPD) v 4] Ry (a2 () (C.8)
=4 j=

oo k—2
k—1 —7—2nsv[]
— s 30 Y (2mi)t 12 25 ] 4 Ot 0,
k=4 7=0

where we have inserted R, (ex) = s127° 2 and R, (eo) = —2mif0;; + O(s12). In view of (C.7)
and (C.8), the overall (s12 — 0)-limit of the generating series is given by

, 1 2m .~
Vi=— =S 4mi Y o <n + :) (C.9)
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By extracting the coefficients of 7 , we arrive at the following leading orders of the

component integrals (2.9)

—N1
Vi = o { Mot (w15 [571) } £O(1), b #0, athzd.
(C.10)
Upon comparison with the earlier expression (C.6) for the 3(1)2—orders in terms of non-
holomorphic Eisenstein series, one can read off (4.8) by setting (a,b) = (k, k) and (4.9) by
setting (a, b) = (k£m, kFm) with m < k. Moreover, irrespective of the relation (C.6) with

Eg, the reality properties (2.14) of the Y(7¢;|b) enforce the 8% in (C.10) to obey

6sv[a+b] (4y)a bﬁsv[a—i-b] . (C'll)

This is equivalent to (4.19), i.e. we have derived the reality properties of the %V at depth
one from those of Y7, and the explicit form of their (s12 — 0)-limits (C.10).

C.4 Banana graphs

In this appendix, we list higher-order examples of the banana graph functions

d?z ImTr

Du(r) = i |y, = [ @Gnr = () el e, e

n

discussed in section 4.4, see (4 17) for D,,<5 in terms of 5°V. By computing the o/-expansion
of the component integral Y, (0‘0) in terms of the initial data and the %V, cf. (3.11), one finds
the following new representations of Dg and D7

D = —194408™ [} § §] + 388805} 3 9] + 388808 [2 § ] — 11664053} §]

+ 4536085V [} 3] — 2721606 (2 2] + 453605%[3 1] — 27216085V [4 9]
+ 1800065"[ ] — 144000ﬁsv[ ] — 1440006“[ ] — 8316005“[1 ]
+ 21 1] - 250206089 4] + TITO0GBV1§] - T3] (Casa)
- 181440¢552] — 756043 T3 50 3] — 6003 2] + 57600¢5 8™ [4]
14420@ B 450@}, 45065 gsv(2] 4 7200658 9] — 900¢s5 20065 gov 1
- 8206 g9 + 2;0535“[ |- B+ )
4344 482?;7 - 132%9,@*5 . 42§§’ 4;)23@ - 67j§zc7 B 6;24(5 . 42225;11 |

D7 = —2268008%[1 1 2] 4 9072008%[1 2 L] — 22680051 2 1] + 9072008% 1 3 9]

+4536005%[2 9 2] — 27216005%[2 } 1]+ 9072005%[2 L 1] — 2268005%[2 } 1]

— 70 —



— 18144005°¥[% 3 9] — 498960053°V[% 2 9] + 4536005°¥[2 2 §] 4+ 9072008%[3 § 1]

27216005 [3 1 9] — 18144005549 0] + 204120055 [} 4 ] — 16320600852 3 |
+ 20412008 [ 4 1] — 1632060085 £ 9] + 52920052 3] — 6350400852 2]
127008008 [4 1] + 5292008°[3 2] — 6350400854 1] — 127008005 [3 9]
— 619164005 [ §,] + 1209600G 5[ §] — 30240055 | 02| + 181440055} §]
— 60430053} }] -+ 3326400582 4] + D008 gev(1 2] 1512;0@5“[3 6]

+ ST 4] - T 3]+ 1088640065° [ ) - T 28 ]
+ 75600361 1] — 15120¢35°V (3 §] + 725760¢5 5% [ §] — %yv[g il
+ TR g 1) 4 B () - R () - 17600657 [
+ 50803205 8%V [ L] + %6“[%] 13230{5 B3] + 168000¢5 8% [§]

- 1090068 g2 — aozaoncge1g] — S0KE gy 4 O gy

9071009 - 113400@ LIB00G: ey 4725@ 4256 o1 0661
+10080¢5 5% 9] — l%;g)’ﬂsv[i] + 529y20C7BSV[91] 6615@&“&]

R PR HE “;f%svm
L 8TTG 819G 105G) | 51456 15T5¢  15TGG | 866256

2 Y y? 4y? 2y3 y3 32y
2

N 471233<5 B 330125;)547 B 33(;22653(9 N 291726gj§13 _ (C.13b)

An expression for the five-loop banana function Dg in terms of simpler modular graph
functions can be found in [13]. It takes the following form when expressed in terms of the
modular graph functions of [17],

D¢ = 720E27272 + 48E274 — 640E373 + 1200Eg’3 + 300Eg (0.14)
+ 360EqEs o + 54E2Ey + 10E3 + 15E3 + 20GE3 + 10¢3 ,

see (6.12) to (6.15) for B%-representations of Eg 29, Eg 4, E3 3 and Eg’g and (2.24) for their
lattice-sum representations.

D Initial data without MZVs for four points

As explained in section 6.1, the MZV-free part of the initial data }A/ﬁwo plays an important
role in determining the leading modular behaviour (6.6) of the $%V. The results for n=2
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and n=3, given by ?Tfoo‘gkzo = % — % and (3.21), admit a simple generalisation to n=4

points. Based on this we conjecture that the MZV-free part at four points is given by

-~ 1 21 271
ﬁz'oo(27374‘27374)‘< -0 R — - ,ﬂ-i - ,ﬂ-i (Dla)
k= 1147134 712347)47)347)234 1147134714734 512 114712347)471234 523
27 N (27i)? N (27i)?
M347M2347)3477234 534 74745125123 714745235123
(27i)? N (27i)? N (27i)?
134734512834  7)2347)2345235234  1)2347)2345345234
(271'2')3 (27ri)3 (2772')3
51253451234 512512351234 523512351234
(27i)3 (27i)3
$23823451234 34523451234
~ 1 271 211
10(2,3,42,4,3)|, _, = " s (D.1b)
k= 113713471234 7)471347)234 71371347147134512 11347723471347)234 534
(27i)? (27i)? N (27i)3
134734512834 71)2347]2345345234  S1253451234
(271'2')3
$348923451234
~ 1 27i 27i)2
P (2343.24)|_, = ___ () (D.1¢)
k= N4712471234M47)347)234  147)234747)234523  1)47)45235123
(27i)? N (27i)3 N (27i)3
12347234 5235234 5§23512351234 523523451234 ’
. 1 2T
°(2,3434.2)] o = — siild (D.1d)
k= 127)247)234747)347234  1)27)2347)347)234 534
(27i)? N (27i)3
12347j2345345234  $34523451234
~. 1 27
7;‘00(27374|47273)‘C =0 = R - zm_ (Dle)
k= 1371237)234747)347234  1]237)2347)47)234 523
(2i)? N (2mi)3
1234712345235234 523523451234
Sico 1 21
ﬁ (27374‘47372)‘4 =0 - — —  _ + — (D].f)
k= M2123M23474734M234  12371234747)234523
27 27i)? 27i)?
TR R ) R C..c)
112772347)3471234 534 12347)2345235234  7]2347)2345345234
(27i)3 (27i)3

- - 9
523523451234 534523451234

where the notation } Ce=0 informally instructs to disregard MZVs of arbitrary depth. We
have verified that this conjectured initial data is annihilated by the four-point instance of
the operator Rj(ep) reviewed in appendix B.1. It is moreover manifestly invariant under
the scaling n; — 7n; and 7; — 77?] which is crucial for obtaining the leading modular weight
of the 5% given in (6.6). Note that the pattern of kinematic poles follows similar patterns
in tree-level amplitudes of the open string [93].
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E Detailed expressions for £%V, 3°¥ and modular graph forms

In this appendix, we collect for reference the expressions for the 8%V and £V in terms of the
basis of modular graph forms presented in table 1. Expressions for all 8%V [i] ,EY [i] and

85 Hll ﬁ} ,EY Hll iz} with k£ < 10 and k1+k2 < 10 in terms of MGF's can also be found

in the supplementary material of this paper.

E.1 Expressions for 3% in terms of modular graph forms

The expressions for 5%V of weight 10 in terms of modular graph forms can be obtained by
inverting the relations (5.10) and (5.12)—(5.14).
For g [4 72 ] with 0 < j; <4 and 0 < jp < 2 we find

p— 7, —
B00] = (7V)’Byg LGmVE G G (365
64 48384046 15360y 907200y  345600y3 3072046’
_ _ _ _
Bv01] = (7V)*Bys  (nV)2Egys  Es(nV)2Es  (7VEy)rVEs _ GEy
64 12096074 768074 5760y4 1152094 384094
S 6 T GG
226800  172800y2  92160y% = 7680y5’

BSV[O 2] _ Wvg’gyg _ Wvglg B WvElg _ EQWvEg E37T§E2 - (WVEQ)(?T?)2E3
647771512092  2160y2  2880y2  1440y2 1440y2 144094
_GnVEy  GnVE: G G TG SIS

60482 960yt 21600y  5040y2 1152033 = 1920y%’
— 7/ —
FVL0] (tV)’Byy  GrVE, G G TG GG
64777 120960y  3840y5 ' 907200  86400y2 = 184320y*  7680y5
65\,[1 1] _ ﬂvﬁzg . TF?E;’?) B FﬁEQ}g _ ngVEg _ Eg?‘rvEg
64777 432042 756012 1152y2  2880y2 288032
_ (mVEy (5B G G TG L 686
60480y2  960y3 = 43200y = 20160y2  46080y3 = 1920y’
g2 = - B)s n (nVE3)7VEy  (57VEy N G G TG 4 €16
64 1260 360y2 240y3 43200 2520y 3840y = 480y3’
_ e _
g0 = — TVBys GnVEy  GnVE: G G ¢ (G5
64 1512052 1512052 960y? 21600y  30240y2  23040y3 = 1920y%’
BSV[Z 1] _ _E2,3 + B2,3 . B,2,3 T EqoE3 _ CgEQ _ C5E2 " <5 n <§ C3C5
64 144~ 540 756 360 1080 240y2 © 21600 3780y = 480y3’
5v[22] = VB s EzmVEs L GmVEy G TG L S8
64 945 45 60y2 1890 1440y = 120y2°
B(30] = CEos Bj 3 n GrVE: G n 7C7 €16
64 120 1260 240y3 4800 2520y = 3840y2 = 480y3’
Bw[?’ 1] . 7TVE273 27TVB/273 B 7TVB273 B EQWVE:; n Egﬂ'VEQ
6472 945 270 180 180

3TVE E 2 7 ‘
L GmVEy  GE G S C3C52 7 (E.1)
540 60y 1260 2880y = 120y
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2(mV)?B!, 2(rVE9)mVE VE 7
5“[%3]2—( )2,3+(7T 2)T 3_|_C57T 2 TG GG

945 45 15y 720 30y’

st[4 0] — WVEZ,S + 71-VB2,3 _ WVBIQQ, B E37TVE2 + EQ?TVEg

64 180 135 945 90 90

_ @mVEy n rVE: (G n G, GG
270 602 315 ' 720y | 12092’

BV = _(WV)2E2,3 _ 2(7V)’By 4 _ (nVE)nVE;  GEs | 7G| GG

64 30 945 45 15 360 30y’
v ia2] = 8(nV)*Bhs  8(nVEp)(rV)*Es | ATVEs | 265G

64 945 45 15 15

The analogous expressions for 5%V [{11 %2] follow from this via the shuffle relations (3.35).

E.2 Expressions for £V in terms of modular graph forms

The MGF expressions for the £%V can be obtained by applying formula (3.13) to the ex-
pressions of the 5% in terms of MGFs given in the preceding section E.1.

At depth one, we find

E3 _ RG[FVEg] _ Re[(ﬂ'V)QEg]

SVI0] — _
£71e] 80y2 12043 480y4 7
£0] = Ez | Re[rVEy] £l = E3  nVE3 7VE3  (7V)’Eg
4 12y 1242 6177 40y 240y2  80y2 240y3 '
- EQ 7TVE2 v E3 WVEg 7TV)2E3
e -2 -T2, e - TR (my
ov 2rVEs  2(3 v nVEs (7V)?E;
. 4(nV)2E3  2(s
Ell=—"— 5

Using (3.13) and the closed formulae (4.10) and (4.11) one can also find closed expres-
sions for the £V at depth one (0 < m < k—1)

k—1—-m
2Q2k—1

2k—1"

(TV)"HPE,

gsv[k:—1+m] — _(_4)m p! yp

2k

+ 6m,k—1

—~

T

—_

~—

~

T

—_
|

2
1

(en)

svik_11 _  [(k=1)N? At (7V)PEy,
E [kgkl] - (2]{;—1)' =0 p! yP ’ (Eg)
gsv[kfgkfm] _(k—l)!(k—1+m)|

k—14+m

y {m (k=1=mtp)! (xV)" VB 5 (WV)P_mEk}‘

plyP

p=m

74—



At depth two, the expressions (4.5¢) for 5%V [jl {f] for j1 > jo are equivalent to following
formulae for the £V
Eyy  @VEss 7VEyy E3  (7VEy)® EarVEy @

gsv 10 — . .
[44] 72y 14492 14492 144y 2883 14492 2160’
, E VE VE;)?2 VE VE E
ev(z0) = 22 mVEy  (TVEy)” | GnVE, | VI, | GFy (E.4)
18 18y 72y 36y 36y 18y
gv2) = VB2 (TVE3)?  (mVE;  GEp  5G
44 9 18y 9y 9 108’

while the analogous expressions for SSV[JE {f] with j; < jo follow from the shuffle rela-
tions (3.35) and the depth-one results.

The expressions in the G4Gg sector for the £%V in terms of MGFs are much longer
compared to the 5%, showing the advantage of working with the 5. At depth two we
find for £%Y [Jg {f] the expressions

_EQ(W?)QEg ﬂ'ﬁgg Wﬁlg}g TFVB273 WVB,Q,g (7’[‘?)2}32’3

el = 1152047 11520y%  11520y% 11520y ' 11520y  15360y°
(rV)?Eg3  EsEs  (7V)?EsnVEs (7VEs)nVEs  (3mVEs
153605 1920y 23040y  23040y°  23040y*
(tV)2E3nVEy  (37VEy EznrVE,  Bag B
©23040y6 23040y  2560y*  2880y° = 2880y3
EonVE3 (Wv)gglz,s. (Wv)3B/2,3 (3E2 (rVE3)mVE;
©4608y*  483840y5 ' 483840y5 ' 5760y®  5760y°
EyrVE; EsnVE, (nVEy)rVE; (7V)?Bys  (7V)2Bh,
7680yt 7680yt 7680y5  80640y° + 80640y°
TmVEs3 TrVEgy3 — TEa3
 15360y% ' 15360yt | 3840y3’
£01] = 117VE;y 3 n (TVEg)7VE3; 7VEgys3 (Wﬁ)ZEIQ,g B (7V)?BY 5
115203 11520y* 115253 ' 120960y*  120960y°
L B Bj s +(va3)va2+¢37ﬁE2 EprVE; G
144042 144042 1440y* 17280y% ' 1920y 226800
(7V)’Bhy  EonrVEs (3B, Eps  @VBys 7VBhy
2419244 2880y3  2880y2  384y2 = 4320y3 4320y
N Gs Eo(nV)?Es  EsnVEs  (7V)?EsnVEs  (7V)?EsnVEq
57600y2 5760y* 5760y° 5760y° 5760y°
E37TVE2 (ﬂ'v)QEzg (WV)2E273 ﬂ'ﬁgg Wﬁ%g E2E3
576y3 7680yt 7680y* 8640y | 8640y3 ' 960y2
(3mVEy  7(rVE2)nVE;
864043 11520y%
gsv[gi]:_ngvEg Bys (s EonVE3  EgnVEy  (7V)*EznVE,
12042 ' 1260y 14400y  1440y2 ' 144042 1440y*
(mV)?EsnVE, Wﬁ/z,:a mVBy3 7VBhs  aVEy3 (7V)’Bh,
144044 1512092 2160y2 = 2520y2  2880y2 * 30240y
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(rVE3)nVE; (WEQ)WE?,_(MVEQ (7V)?BY 5

360y° 360y° 6048y2 7560y3
EV[10] = — G (V)?Bys _ (7V)°Bys | Byz  Biy EsmVEy
1152002 ' 120960y*  120960y° = 1440y2  1440y2 = 1440y3
i Cgﬂ'ﬁEg WVEZ?, B E273 B (WV)2B/273 EsnmVEg B CgEQ
17280y% ' 2304y3  240y2 24192y 2880y% 28802
(rVE)nVE;  (7V)?Eg3  (7V)Bag WVB/Z?) Eo,nVE3
2880y*  3840y* 4320y3  4320y3 ' 5760y°
EsnVEs (7VE3)nVEy (7V)?E3nVEy 7VE23 7VBag
57603 * 5760y* + 5760y5  720y3 864043
WWIQ,S _ @mVEy € n EqE3
8640y3 8640y ' 907200 = 960y2
el =  wVEy3 3By (rVE3)nVE, (7V)’EznVE; 7VByz  7VBh3

115242 1440y 1440y3 1440y* 144042 ' 1680y2
(WV)2E273 E273 EQﬂ'ﬁEg EgﬂﬁEg C37TVE2 (TFV)3B/273
1920y3 * 192y 2880y2  2880y2 = 2880y2 = 30240y*
Egﬂ'VEQ WVEQ’E} Wﬁgg E2E3 C5 (TFVEQ)TFVE?,
3202 384y2 ' 4320y2 480y 57600y  576y3
(3mVEy  Bag Wﬁ/z,:% (nV)?Bys  Bhs  EyrVEs

6048052 720y 756052 | 7560y% | 840y 96042
TVEs)TVE; Bhy 7wVBh;  (7V)’Bhy  (nVE;3)wVEs

el =

12042 1260 1260y 252012 3602
(7V)’EsnVEy | ¢ | EgnVEy  (7V)°Bjg (£5)
360y° 43200 60y 7560y3 '
e 2] = — Bos | 11Eg3  117VEy3 EpnVE3 EznVE;  (7V)’EznVE,
1080y = 1440y = 2880y2 1440y2 144042 1440y*
(rVE2)7VEs  (37VEs Wﬁ/z,:s TVBys  (Es  (7V)2Eggs
© 14404 1512092 1512032 1890y2 ' 2160y 960y3
Bys  7VBag Cs (nV)*Bhy  (3nVEs EgE;  (7V)?Bij,
945y  2160y2 + 28800y = 30240y* ' 43202 720y + 7560y
(21 = 3By (nVEy Eyz  7wVEgg s (TVE2)7VEs  EyEs
1080 1080y 144 144y ' 21600 2402 360
B (WV)QBIQB n EonVE;g n Es3ntVEs n (WV)QE;J,?TVEQ B (WV)2E273 B273
252012 360y 360y 36043 480y2 540
TVBys (7V)’Bhs  Bhy  7wVBhy
540y 7560y 756 756y
gsv[% i] _ (Wv)?)B;Q’g B C:% B EsnVE, B (WVEQ)T[’VE?, B (7TV)2E3;TVE2
1890y 1890 45 45y 90y
(Wv)2B/2,3 mVBj 3
945y 945
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~Epz wVEy3 Bys mVBj, B (7V)?Eg3  (7V)?E3nVEqg G

e =10 ~ 10 1260 2 5
y 60 1260y 240y 360y 4800
(TV)*Byy  (1V)°Bhy
© 252042 7560y3
£V[31] = (mV)?Eg 3 n (3  EonVEg . EgnVEy  (nVE)nVE; (WV)3B;273
120y 1260 180 180 180y 1890y
_ mVBa3 N (3mVEy N mVEy3  (nV)*E3nVE, (7V)?Bh s 2wVBY
270 540 72 90y2 945y 945
32— 2(7V)2E3nVE; | 2ArVE)rVEs 2(rV)*Bys  2(nV)°Bys ¢
64 45y 45 945 945y 720’
£40] = VB3 n TVEg3 n (7V)?BY 5 _ @nVEy  GE Lg (mVEy
135 180 18902 270 30y 315 ' 60y2
(7V)?Eq 3 N (5mVEy N EynVE;  E3nVE;  (nV)’E3nVE,
60y 60 90 90 90y2
(rVEy)nVE;  (7V)’Bys  7VBjg
90y 945y 945
£41) = (B2 GnVEy  (nV)’Eps  (nVEg)mVEs N 2(7V)2E3nVE;
64 15 15y 30 45 45y
2(rV)* By 2(nV)’Bhy ¢
945 945y 360’
gv[az) = 236 | AGTVEy  S(@V)’EyrVE, | 8(rV)Bh,.
15 15 45 945

The results for £V [];11 jg] follow by shuffle relations and the depth-one results.

F S-modular transformations of the 3%V

In this appendix, we display various modular S transformations of the /% that follow
from (6.1) and (6.3). The 8V[7; —1] have already been displayed in (6.4), the next case is

T
o9 -4) = 7o gi + S,

640y4
g hi-2] = i+ SETEDY
5354 = (g + UL, (F1)
l-1 = S+ S0,
o 41 = o {ogin + 20

and [ [i: ;—1] with k > 8 follow from the closed formula (6.5).
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For depth two in the (4,4) sector, the complete set of shuffle irreducibles is

. : 2-1) 1-772
B[] = fQ{B“[M;T] 7@(\7! BV 7]+ <3<216B )
5C5(m2—1)  (3(r3 T—2[T|2—|—1)
+ 1728y2 28873 } ’ (F-2)
2 5 2

B (3% =4 = B3]+ DB Qi)+ e (rP-1) + 7oty (127471,

1 2 5¢:(72—1 2(1 —272 4 173
6SV[421411;_%] :7_2{68\,[421411;7—]"1' C3( )IBSV[ ] C5(17;)8 ) +C3( 178—?/ T )}’

while the expressions for 85V[44;—1] as well as B[ 1;—2], 8%V [12%; 1], 8% [1%; 1]

follow from shuffle relations (3.35).
In the (6,4) sector we have

svi00.__17 _ =6 svi0 0 45( ) SV C3(7_—5_7—)
B [64’ 7-] T {/8 [6 4,7_] + 640y B [ ] 9072007—_5y
B C5(73—f'3) +<3C5( —2T4+1)
345600733 30720 ’
svi0l._ 17 _ =4) psvi0 1 C5(T _1) sV C3(7_—4_1) C5(7_2_7_—2)
Fr8hi 2] =7 {’8 L6 1371+ 50,7 7 3571+ 23680074 172800722
C7(7' — ) C3C5(T T—2T4+1)
92160y 7680y5 ’
svi02. 1 =2 5\ C5( ) SV C5(7-_7__) o C??(T2_1)
At td {’B L6437+ =507 F [3:7] - 216007y 504042
B 7(7(T3f—1) C3C5(7' T —2T4+1)
1152043 19204 ’
3~ 4 2_ -2
svi10._17 _ =4 svi10. 45(7— 7—1) SVi0. . (3(7— _1) . 65(7— -7 )
prleti—zl =7 {ﬂ Lo i1+ g0,5 7 [T~ Goran071 ~ 364007252
n 7(7(7’4—1) C3C5(T57_'—27'37_'+1)
184320 768015 ’
3= = 2(.-2
svi11._ 17 _ =2 svil 1. C5(T 7—_1) Svil. C5(T_T) <3(T _1)
Frleki—z] =7 {6 Lo 1371+ g0, 7 L7+ 35007, + 2016042
B TC(m37—1)  GG(TAF2—27r3741)
460803 19204/ ’
3= 2( =
sv[12. 17 _ psv[12. G(T°T=1) sqvra. _ G(r7-1)
_ TG(TP 1) N GG (3732737 41) (F.3)
384072 48013 ’ '
2=2 — 2(.-2
svi20. 17 SV[2 0 C5(T T _1) SVi0. ] C5(7__7—) _ <3(7— _1)
prEhi 2l =7 {’8 (6257 + 1057 7 T 51600, T 3024052
7(7(T3f—1) C3C5(T 7 —27'27'2—1-1)
230403 1920y ’
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G5(T272-1) C32(7'7"—1) (3Cs(T373—2727241)

BB A =2 = BTl g A T+ 480y |
. =24 2 —2_1
7l = ot + S - S
TGr(r78-1) | GG (7 —2727241)
T a0y 120y }7
2(r7-1
(244 = o or) + S g - S
76r(r272-1) <3C5( T =217 4)
3840y2 48Oy3 ’
‘ 1( . (71
V[R5 = fz{ﬁw[gi?ﬂ 45(10,1/ Sy i+ <3(1T260)

¢ (173 1) N GG (27 —27'7'3+1)}

2880y 12042
1 e (741 , ,
it = #{BSV[%Z;T] C5(10y Do) - <7<7720 Ly C?)Q’)(TT?,OyTT : )},
1 2 2(72_1
T804 = {514 ir) + K gy - SED

n ¢ (173 -1) n (3(5(7 74-27441)
720y 12042 ’

1 2€5( —1)

T¢G(71-1 —o7411
k=] = Tﬁl{ﬁsv[%}”] L P E s C7§;50 )y C?’@(TTgo@, = )},
=6__o=4
st[éi;_%] :;{BSV[éZ;T]—i—zC‘E’( )5SV[ ] 2C3C5(7'152’7' +1)}’

and similar expressions for the 55V [341 362 ; —;] follow from shuflle relations. Expressions for

all 5[5 —1] and 5[ {1 {25 1] with k <10 and k;+ks < 10 in machine-readable form
can be found in the supplementary material of this paper.

G T-invariance and convergent iterated Eisenstein integrals &,

In this appendix, we will rewrite various expressions from the main text in terms of con-
vergent versions &(...) of iterated Eisenstein integrals employed in [17, 43]. Since the
Eo(k1,...) with k1 # 0 are invariant under the modular T-transformation 7 — 7+1, the
rewritings in this appendix will manifest the T-invariance of certain antiholomorphic inte-
gration constants and imaginary cusp forms.

G.1 Definitions and g-expansions
Once we subtract the zero-mode of the holomorphic Eisenstein series
GY(7) = Gi(T) =20, k#0,  Go(r) =GH(r) = —1, (G.1

one can obtain convergent and T-invariant iterated Eisenstein integrals from &y(;7) =
and [41]
G%r (1r)

ok, koy. ke T) = 27m'/ dr, (

Wgo(kb k27 N 7_7“) s (G2)
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provided that ki # 0. Their g-expansions straightforwardly follow from those of G and
were given in [41]

Eo(/ﬂ, 01’71—17 kQ,OpQ—l’ ke Opr—l; 7_)
L 1
—(—92)" L |
(=2) (H(kj—l)!> (G.3)

7j=1
ki—1 k2*1 kr—1_ mini+mona+...4+men,

my myir—q
L= (ming)Pr(ming + mznz) .. (ming + mong + ... + myn,)Pr
1y —

where k; # 0 and 0P = 0,0, ...,0 denotes a sequence of p zeros. The number r of non-zero
entries k; # 0 is referred to as the depth of the & in (G.3). Divergent instances of (G.2)
with k; = 0 can be shuffle-regularised based on &(0;7) = 2mir. The dictionary between
Brown’s iterated Eisenstein integrals (3.22) and (G.2) has been discussed in section 3.3

of [17], and it specialises as follows at depth < 2
; : ; By, (2miT)itl
5[]1; }: 1E (071, kq; 7

ko T J1 0( 1 7')+ oy i+ 1

; j1+a . By, ; L
e[ 2] —32'2 . { (075 ko, 077 ki) PR E0 (0 0 a“;ﬂ}

By, By, (2mir)itizt?
Ei'ka! (j1+1)(j1+ja+2)

Bkl (j1+j2+1)!

G.4
k! J1+1 (G-4)

Eo(07 4 hps )

see (3.36) for the power-behaved terms ~ 771+ and ~ 7/1772%2 The g-expansion of (G.4)
is available from (G.3) once we enforce a non-zero first entry via shuffle-relations, e.g. [17]

Po 1)o7
Eo(0P0 ks 7) Z (2miT)"Eo (1, 0P 7) (G.5)
Po p() r bo—r pi+s
Eo (070, k1, 0P, ko3 7) Z (2mir)" Y ( >50(k170”1+8,k2,0p0TS;T),
! s
=0 s=0
where ki, ko # 0. As before, we will drop the reference to the argument 7 of £[...] and

&o(...) in the rest of this appendix.

G.2 Integration constants at depth two

We will now rewrite the expressions for [} %2 ] and a[% 2] in (4.31) and (5.16) in terms
of convergent iterated Eisenstein integrals (G.2) at depth ¢ = 1. In this way, the power-
behaved terms ~ 7" conspire with the £ [ ] to yield manifestly T-invariant combinations

such as 5 o
T

inT o i gl 1 T
E91+ o =), 2mimel§] - €[] -
We have used the depth-one instances of (G.4) and (G.5) to derive (G.6) and the expressions

(recall that o[} 9] =a[%1] =0)

= £(4,0). (G.6)

alii] = = &M@) = —a31],  offi]= Z"&(4,0) = —a[1]] (G.7)
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as well as ([ =a[} )] =a[R 1] =0)

o[§4] = —53604), [§3] = —7p50(4) — 57€0(6),

alb}] = 12E8), alh3] =~ en(4,0) - 2260(6,0),

afifl =~ mE (0,  alil)= —rte(,0,0)+ 26(), (G)
al3 1) = S=En(8,0). Al 3] = ~=80(4,0,0) - $E(6,0.0),
ofid]= i E(d.0,0),  oli3]= ~4GE0(6,0,0,0)

alg il = 274550(4,0)7 a[§3] = —16(3&0(6,0,0,0,0) + §50(4 0,0).

G.3 Cusp forms in terms of &

The imaginary cusp forms at weight five can be easily expanded in terms of & by combining
their 5%V-representations in (5.10) and (5.11) with the rearrangements (G.4) and (G.5) of
iterated Eisenstein integrals. We arrive at the following new expressions that manifest their

g-expansion and T-invariance (see (5.6) for A; 2.5 = (Im—T)5 Al923]):

™

Ay s — (Sy +122<3> m[0(6,0%)] + <4y+240<3> [0 (6,0)

3 3

3

_<?_wwgmwfmm <+%> 4,0 15G Tm[Ey(4,02)]

315

2y3

+ 1920 Im[Ey (6, 0,4, 0%)] 4 3600 Im[Ey (6, 4, 0%)] + 720 Im[Ey (6, 02, 4, 0)]

m[&o(4,0%)]

| Im(&(4,0%)

— 720Im[Ey (4,0, 6,0%)] — 3600 Im[Ey(4, 6,0%)] — L 3

~360Tm[y(4,0%,6,0%)]  2880Tm[£o(4,0,6,0%)] 10800 Im[Eo(4,

Y

6,0")]

) ) )

_ 70ImEy(6,0°)] | 1080Tm[€(6,0°,4,0)] | 3240Tm(En(6,0%,4,0%)]

Y Y Y

, 6480Tm[£n(6,0,4,0°)] | 10800Tm[€0(6,4,0)]  5Tm(En(4,0%)

Yy Yy 492

| 7201m[&(4,0%,6,0%)]  4140Tm[&(4,0,6,0%)] 13500 Im[€y(4,6,0°)]

2 2

Y Y Y

2

_ 175Im[En(6,0%)] , 540Tm[€(6,0%,4,0)] | 2160Tm[En(6,0% 4,0%)]

2 2

2y? Y Yy

| 48601m[£y(6,0%,4,0%)] , 86401m[£9(6,0,4,0")]  13500Tm[£o(6,4,0°)]

2 2

Y )

y
~ 5Im[&(4,07)]  450Im[€n(4,0,6,0%)]  22501m[€y(4,0,6,0%)]

8y3 y? y?

6750 Im[En(4,6,0°)]  175Tm[€(6,07)] , 450Tm[€(6,0% 4,0°)]

y? 493 y3

| 13501m[£n(6,0% 4,0%)] , 27001m[£n(6,0%,4,0*)] , 45001m[£n(6,0,4,0°)]

y? y3
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6750 1m[£n(6,4,0°)] 1080 Im[£,(6, 03)] Re[£o (4, 0)]

— 720 Im[€y(6,0%)] Re[£(4,0)] —

y? Yy
B 540 Im[SO(G, 04)] Re[g()(47 O)] _ 360 Im[&)(G, 02)} Re[g()(4, 02)] _
y? Yy
720 Im[50 (67 03)] Re[go (4, 02)} _ 450 Im[&](6, 04)} Re[g()(4, 02)]
y? y?
720 Tm[E0(4, 0)] Re[&o (6,02)] + o0 mEo(4, Ozﬂ Ref£o (6, 0)]
. 1080 Im[€y (4, 0)] Re[Eo(6,03)] N 720 Im[Ey (4, 02)] Re[€y (6, 03)]
Yy y?

540 m[&o(4, 0)] Re[€o(6,0%)] 450 Im[€y (4, 02)] Re[Eo(6,0%)]

+ )2 + "
B = (1 + 6+ 2 ) mfeaa.0) + (4 + 250 = 260 ) e 07) (@9
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— 1080 Im[&y(6, 0%, 4,0)] — 360 Tm[(6, 0, 4,07)] + 2160 Im[Ey(6, 4, 0°)]
540Tm[Ey (4, 02,6, 0%)] N 540Tm[Ey(4,0,6,0°)]

- ilm[&)(él, 0H] +

Y Yy
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y 2y Yy
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Y Yy Y
~ 5Im[&(4,0%)] N 135Tm[€9(4,0%,6,0%)] 1350 Im[&(4,0,6,0%)]
8y y? y?
_ 8100Im[&(4,6,0°)]  105Im[£y(6,0%)]  810TIm[Ey(6,0%,4,0)]
y? 2y? y?
405 Im[€y(6,0%,4,0%)] = 1215Im[Ey(6,02,4,0%)] = 4050 Im[Ey(6,0, 4, 0%)]
o Y2 - Y2 + Y2
8100 Im[Ey(6,4,0%)]  3Im[Ex(4,0%)]  3Im[Ey(4,07)] 270 Im[Ey(4,02,6,0%)]
* y? - dy? B 8y? B y3
 13501m[£y(4,0,6,0°)] 4050 Tm[€y(4,6,0%)]  105Tm[Ey(6,07)]
y3 y? 4y3
270 Im[€y(6,0%,4,0%)] ~ 810Im[&(6,0%,4,0%)] 1620 Im[E(6,02,4,0%)]
+ E + - + -
y Y Yy
27001 4,00 40501 4,06
4 210 m[S(;(S(S,O, 001, 4050 m[j;fﬁ’ O 1080 Tm[€5 (6, 02)] Re[€o (4, 0)]
N 1620 Im[&y (6, 03)] Re[€o (4, 0)] n 810 Im[&y(6,0%)] Re[€p(4, 0)]
y y?
. 540 Im[€0(6,0%)] Rel€n(4,0)] , 135 Im[£n(6, 0%)] Refé(4.0%)
y y?
270 Tm[€y(6,0%)] Re[£ (4, 0%)]

7 — 1080 Im[&y (4, 0)] Re[&o(6, 0%)]
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540 Tm[&y(4,0%)] Re[€6(6,0%)] 1620 Im[En(4, 0)] Re[€0(6, 0°)]

Y Yy
~ 135Tm[&o(4,0%)] Re[E0(6,0%)]  810Im[£y(4,0)] Re[&o(6,0%)]
y? y?
270 Tm|[Ey (4, 02)] Re[£y(6,0%)]
+ y3 :

The leading orders of the ¢, g-expansion of A; 2.5 have been checked?? to line up with the
all-order results of [22] on the Fourier-expansion of two-loop MGFs.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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