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ABSTRACT: We develop the technology for Polyakov-Mellin (PM) bootstrap in one-
dimensional conformal field theories (CFT;). By adding appropriate contact terms, we
bootstrap various effective field theories in AdSy and analytically compute the CFT data
to one loop. The computation can be extended to higher orders in perturbation theory, if
we ignore mixing, for any external dimension. We develop PM bootstrap for O(N) the-
ories and derive the necessary contact terms for such theories (which also involves a new
higher gradient contact term absent for N = 1). We perform cross-checks which include
considering the diagonal limit of the 2d Ising model in terms of the 1d PM blocks. As an
independent check of the validity of the results obtained with PM bootstrap, we propose
a suitable basis of transcendental functions, which allows to fix the four-point correlators
of identical scalar primaries completely, up to a finite number of ambiguities related to
the number of contact terms in the PM basis. We perform this analysis both at tree level
(with and without exchanges) and at one loop. We also derive expressions for the cor-
responding CFT data in terms of harmonic sums. Finally, we consider the Regge limit
of one-dimensional correlators and derive a precise connection between the latter and the
large-twist limit of CFT data. Exploiting this result, we study the crossing equation in the
three OPE limits and derive some universal constraints for the large-twist limit of CFT
data in Regge-bounded theories with a finite number of exchanges.
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1 Introduction

Conformal symmetry puts stringent constraints on the structure of the correlators. One
interesting fact about all unitary Conformal Field Theories (CFTs) is that the local oper-
ators in the theory, which are labeled by their scaling dimension (A) and spin (¢), satisfy
an algebra, called the Operator Product Expansion (OPE). The structure constants of
this algebra are commonly referred to as OPE coefficients, and together with the set of
the quantum numbers (A, ¢) of all local operators they are collectively known as CFT (or
OPE) data. The CFT data contain all the dynamical information of a CFT, and therefore
they characterize the theory uniquely. The conformal bootstrap is an approach to CFTs
which is based on unitarity, crossing symmetry and associativity of the OPE, whose goal
is to extract the OPE data non-perturbatively. After the seminal work [1], there has been
significant progress in constraining the solution space of CFT data, in particular putting
stringent bounds on the spectrum of low dimension operators present in the theory [2-5].

In [6], an inversion formula was derived for CFTs in d > 2, which allows to extract the
CFT data using only the so-called double discontinuity of the four-point function. This
also puts large spin perturbation theory [7] on a firm footing by showing that the CFT
data are analytic in spin, except for a finite number of low spins. In a series of papers [8, 9]



the CFT data for the Wilson-Fisher and the critical O(N) model was analytically obtained
using this method, in a perturbative expansion in a suitable small parameter. Crucially,
the inversion formula of [6] relies on a suitable Regge behaviour of the correlator, and in
general it does not apply to scalar exchanges.

An alternative to the above scenario, following [10], was proposed in [11-14], where
correlators are expanded in a crossing-symmetric basis. Then, demanding consistency
with the OPE gives rise to constraints on the CFT data — following [15], we will refer
to this approach as the Polyakov-Mellin (PM) bootstrap.! These constraint equations can
be solved to find the OPE data of operators of all spins, including scalars. The crossing
symmetric basis consists of exchange Witten diagrams and contact terms, and in order to
have completeness of this basis, it is important to know which contact terms one has to
add [15, 21, 22]. Recently, in a series of papers [23-27], the contact terms issue was resolved
in one-dimensional CFTs. There, the authors started with the crossing equations and acted
with suitable functionals on these equations in order to find a sum rule, which turns out to
coincide with the PM bootstrap. In terms of the equations presented in [12, 13], the key
difference was to add a constant contact term [15].

In this paper, we consider one-dimensional CF'Ts dual to scalar effective field theories
(EFTs) on a fixed AdSy background, via the celebrated AdS/CFT correspondence. We
work on a setup which can be seen as the 1d analogue of [28], where bootstrap techniques
were applied to study scalar contact terms at tree level in d = 2 and d = 4. Hence, the
CFTs we consider are toy models with only one “single-trace” scalar primary operator? ¢ of
finite dimension A, while all the other single-trace operators of the theory are considered
to be decoupled due to their large dimension. This model has proven useful to address
both conceptual and technical questions about the nature of the AdS/CFT duality, such
as the emergence of bulk locality from the dual CFT [28], or whether at loop level new
constraints arise on the CFT data to guarantee that a given CFT has a bulk dual [29)].

Specializing to one dimension allows for remarkable technical simplifications: 1d con-
formal four-point correlators are functions of one cross-ratio only (z), as opposed to two (z,
Z)ind > 1. In fact, 1d CFTs can be seen as arising in the so-called diagonal limit (z = Z) of
higher-dimensional theories, i.e. the kinematical configuration in which the four operators
of the correlator all lie on the same line. Additionally, there is no spin in one dimension,
and therefore the study of scalars essentially comprises all possible cases.® On the other
hand, techniques that have proven extremely powerful in higher dimension, such as large
spin perturbation theory [7] or the inversion formula [6], do not apply to the case of d = 1,
and therefore it seems a very suitable problem for the application of PM bootstrap, as
shown by recent work on the analytic functional bootstrap [23-27]. Furthermore, one can
wonder whether new techniques can be developed that are tailored for the one-dimensional
case, but which may have potential ramifications for higher dimensions.

'In general Mellin space techniques have proven very effective in various different contexts [16-20].

2When turning to the study of exchanges, we shall consider the existence of a second operator, O,
which appears in the ¢ x ¢ OPE.

30ne can also consider one-dimensional fermions, which however are simply Grassmann variables with no
spin indices, and therefore they introduce no technical complications - for instance, the fermionic conformal
blocks are the same as the bosonic ones.



As an additional motivation for this study, let us stress that there are inherently one-
dimensional models that one can consider, and that have been only partially explored
using the conformal bootstrap. To begin with, a well-known instance in which the diag-
onal limit of higher-dimensional CF'Ts is interesting is that of line defects, such as the
monodromy line defect in the 3D Ising model [30, 31], Wilson lines in four-dimensional
N =4 SYM [32-38] and Wilson lines in the ABJM theory [39, 40]. One can also con-
sider purely one-dimensional theories, such as the SYK model [41, 42] or its conformal
version [43, 44], whose gravitational dual is not well-understood. Both for applications to
line defect theories and to the SYK model, it is also interesting to consider extensions of the
setup of [28], in which one has a multiplet of primary fields and an O(N) global symmetry
that rotates them. Finally, another reason of interest in 1d CFT’s is related to recent work
on the Z-extremization principle in the context of black hole entropy and the AdS/CFT
correspondence, for AdSs black holes with AdSy near horizon limit (see [45] for a recent
review). However, in the latter case, it is not clear whether the conformal bootstrap can
provide new insights from the field theory side of the correspondence.

In this paper, we develop the technology for 1d PM bootstrap, achieving several techni-
cal simplifications in the process. For starters, since we are in one dimension, there will be
only one Mellin variable. We accomplish this reduction by starting with the two variable (s
and t) expression in general dimensions, performing the ¢-integral and setting d = 1. This
approach will also be useful for future work on the diagonal limit of the PM bootstrap.
While the series of papers [23-26] relied on unitarity, in the form of Regge boundedness
of the four-point functions, we drop this assumptions and consider generic EFTs in AdSs,
where interactions can have an arbitrarily high number of derivatives — see [22, 46] for
studies in higher dimensions using the AdS/CFT correspondence. We also consider PM
bootstrap for unitary scalar theories with O(N) global symmetry since, as mentioned, it
is interesting for some physical theories in one dimension. We shall fix the contact terms
for such theories, and it turns out that in addition to the constant contact term considered
in [23-26], we also need to add a gradient contact term. As an application, we bootstrap
O(5) and O(3), and we are able to reproduce the tree-level CFT data found in [32] for a
half-BPS Wilson line in N' = 4 SYM. We also perform two non-trivial consistency checks
— a) we show that the diagonal limit of the 2d Ising model can be expanded in terms
of the 1d PM blocks and b) we show that the fermionic GFF correlator in one dimension
(which is a bona fide CFT quantity to consider) can be expanded in terms of the bosonic
1d PM blocks. Both these consistency checks serve as non-perturbative evidence for the
correctness of the 1d PM basis.

We also adopt an independent approach and discuss the possibility to fix the correlators
only relying on simple constraints and a transcendentality principle. To be more precise,
for every problem we consider, we shall provide suitable ansétze in terms of functions up
to some fixed transcendentality and rational functions. Then we use crossing symmetry,
combined with properties of the one-dimensional OPE, to fix the rational functions, and
this allows to find correlators up to one loop with only a finite number of ambiguities, which
correspond precisely to the contact terms that one needs to add to the sum over Witten
exchange diagrams in order to build a complete basis of Polyakov blocks. We were also able



to find closed-form expressions for the corresponding CFT data, in terms of generalized
harmonic sums. Interestingly enough, a given transcendentality in the correlators directly
translates into that of the CFT data, which are also found to always satisfy the reciprocity
principle [47-49]. Transcendentality principles* were already employed in many contexts,
including N = 4 super Yang-Mills [50-52] up to seven loops [53], splitting functions in QCD
([54, 55]) and other CFT problems [8, 9, 56], and our findings show that one-dimensional
CF'T’s that arise as duals of AdSy EFT’s provide a simplified setup where one can further
investigate their origin. The CFT data extracted using this approach match with the PM
bootstrap results exactly, and this serves as an independent check on the validity of our
results as well as on the contact terms we have added to the exchange Witten diagrams
basis to form the PM basis. A minor shortcoming of the transcendentality approach is
the requirement of integer external operator dimensions, however, since the PM bootstrap
approach agrees exactly with this, we take it as non-trivial evidence for the validity of PM
bootstrap for any external operator dimension.

In the study of exact correlators, a strong connection has become apparent between
the Regge (or u-channel OPE) limit considered in [25] for one-dimensional theories, and
the large-twist limit of CFT data. First, we shall make this link more precise using the
observation that the Regge limit OPE is dominated by operators with large dimension, and
provide a formula that relates the expansion of correlators in the Regge limit to that of the
CFT data for large twist, as an expansion in 1/A (A = 2A4 + 2n + 7, being the physical
dimension of double trace operators). Then, we shall consider the crossing equation in all
the three OPE limits (namely s-, t- and u-channel), and observe that in two out of three
the OPE is controlled by operators with large dimension (A), while the third is dominated
by the identity. This allows, exploiting the Regge-limit expansions previously derived, to
put some constraints on the CFT data order by order in 1/A. Although this is not enough
to completely fix the CFT data, and some of the expansions are only asymptotic, one can
still learn some useful lessons from this analysis. Most notably, under the assumptions of
Regge-boundedness and a finite number of exchanges, we find for the anomalous dimensions
of double-trace operators a universal expansion of the type®

W(A)=A<}2+2A“”(§f_l)>+f1@)}6+---

1 2(3A%) —3A,-2 1

1 10 (A2 — Ay —2 1

where J2 = A(A —1) is the so-called conformal spin (eigenvalue of the quadratic Casimir),

4There is a vast literature on transcendentality principles that appear in various contexts, and our
references do not provide an exhaustive bibliography. We are only citing a few papers, and we refer the
interested reader to the references therein.

SHere we imagine that our theory has only one coupling constant, which controls all the interactions.
Alternatively, if one adopts the point of view of an effective field theory (EFT), the functions f; will in
general depend on many arbitrary couplings.



and f;(\) are arbitrary functions of the coupling constant A that we are not able to fix
with this analysis.

The paper is organized as follows. In section 2, we begin by setting up the PM
bootstrap equations in 1d. This will also clarify the conventions used in our work. We will
also set up the equations for the O(N) case. Since the contact terms needed for the O(N)
case are somewhat different than for the N = 1 case, this is not just a trivial exercise. In
section 3, we will turn to implementing the bootstrap constraints. In sections 4 and 6, we
will implement the idea based on pure transcendentality to completely fix the four point
functions perturbatively for many choices of integer external operator dimensions, up to
one loop and both with and without O(N) symmetry. The CFT data extracted from this
agrees perfectly with the PM bootstrap method. In section 5, we shall discuss the Regge
limit for one-dimensional CFTs, and the implication of crossing symmetry in such regime.
In section 7, we briefly address issues in higher dimensions before concluding in section 8.
The appendices supplement many computational details we used in the main text.

2 Polyakov-Mellin bootstrap

We will consider four-point functions of identical scalar primary operators with conformal
dimension Ag. Our conventions are the same as [15], which we will review below. As is
the usual convention in many CFT papers, we will use h = d/2 where d is the number of
spacetime dimensions in which the CFT lives. Since our approach in the case d = 1 can
be applied to the diagonal limit of CFTs in any dimension, for the moment we shall work
with arbitrary d. In a CF'T, the four-point function of scalar primaries has the form

1
(d(w1)P(w2)P(23)P(24)) = M'A(ua v), (2.1)
T2 T34
where the cross ratios v and v are given by
x3,72 _ x?,73 _
= ;2 24 = 2Z, v= ;4 33 =1-2)(1-2). (2.2)
13724 13724
A(u, v) admits a Mellin representation [57]°
A(u,v) = /[ds] [dt]usv' M (s, )T (Ay — s)T3(—)T%(s + t). (2.3)
The reduced Mellin Amplitude M(s,t) can be expanded in the s-channel conformal blocks
as
M(s,t) = carBau(s,t), (2.4)
AL
where

D(A5L — )T (A= — 5)Pa_p (s, 1)
FQ(A¢ — 8) ’

Bay(s,t) = (2.5)

Where [dx] = 2=

27’



where ﬁA,h’g(s,t) are the Mack polynomials, given in appendix (B.1). In the context of
PM bootstrap, we expand M(s,t) as

5

M(s,) = > ene (WE)(s,0) + Wy (s,0) + WL (5,1)) + e(s,1), (2.6)
AL

where

P25+ A=)
(At —s)D(A-h+1)

At At At At
—s 1 o = Mg T S Al = s, A bt 131,

W (5,) = Pa_p(s.t) (2.7)

><3F2[

is the Witten diagram for the exchange of a primary operator of dimension A and spin
¢ in the s-channel, whose OPE coefficient squared is given by ca . The term c(s,t) is
a polynomial in s,¢ and represents the potential set of contact terms that one needs to
add (in principle for each A,¢) to have a well-defined basis of PM blocks [15]. The other
channels are given by the following transformations from the s channel.

tchannel : s =t + Ay, t = 5 — Ay; uchannel : s = Ay —s —t, t —t. (2.8)

The difference between this approach and the traditional approach to the conformal boot-
strap is that this basis is manifestly crossing symmetric. Furthermore, Wg )E(s, t) does not

have double zeros at s = Ay +n, n € Z, unlike the conformal block BS)E(s,t) . Hence,

performing the integration in eq. (2.3), one finds powers of u which are physical, of the
A—L

type w2 1", along with spurious powers 4“4 log(u) and u®¢*™. Explicitly, we have

Au,v) =1+ ube + (%)A¢ + Ac(u,v), (2.9)

where the first part represents the disconnected part of the correlator, given by a generalized
free theory, while A.(u,v) is the connected contribution. The latter admits a conformal
blocks decomposition

—£

Aclu,0) = eae S u T fa o (v)
Al n

, ) (2.10)
+ 3wt log(u) 3 eanfarn(®) + D uBST en g in(v).
- AL n Al

The first line of eq. (2.10)7 is the usual s-channel conformal blocks decomposition of the
four-point function, while the second line represents unphysical spurious contribution. As
explained in detail in appendix E, the consistency conditions exploited in the PM bootstrap

"Eq. (2.10) is to be seen as an expansion around small u. So, fa o0(v) is the so-called collinear block
and one can use recursion relations of conformal blocks to find the correction to this block as an expansion
in powers of u, i.e. fan(v), in terms of 2F1 hypergeometric functions [81]. The compact expression of
fA,g,n(v) and ga,en(v) is given by a non-trivial expression which involves a sum over 7Fs Hypergeometric
functions and their derivatives, as we explain in appendix A.



come from the requirement that the contribution of the second line in eq. (2.10) vanishes
when summed with the disconnected contribution to A(u, v). One crucial criterion for these
conditions to hold is that the summand should decay at large A and large £ sufficiently fast,
only then there is a hope of canceling the second line of eq. (2.10). In the expansion of the
four point function eq. (2.6), we know the explicit expressions of exchange Witten blocks,
but it is not completely clear how to fix the contact terms c(s,t) in an effective manner.
In [12-14], this method was implemented successfully for the Wilson-Fisher fixed point and
for the O(N) model up to O(e?) and to the first non-trivial order in 1/N. In [15, 21, 22], the
issue of the contact terms was addressed perturbatively. Following [15], we can parametrize

c(s,t) as
m+n=L/2
s,)= > amn ([s(s ot — Ag)(t+ Ag)™[t(s + 1) + s(s — A¢)]"), (2.11)
{m,n}=0

(LALHD)

which also gives us the correct number of contact terms for a specfic L, i.e.,
discussed in [28]. In this paper we shall make an alternative choice of contact terms, given
by®

m-+n=L

c(st) = Y Cmnl(=tnls +thm + (Ap = 8)m(s + Do + (—)m(Dg = 8)a] ,  (2.12)
{m,n}=0

where ¢, are constants, symmetric in their indices ¢, = ¢pm. The functions c(s, t)

are arbitrary crossing-symmetric polynomials of s and ¢. We should note that eq. (2.11)
and eq. (2.12) are not equivalent, as the latter provides an overcomplete basis in AdSs.
Moreover, since there is only one independent cross-ratio, the contact terms are linear
combinations of terms of the type s?¢ with ¢ being a non-negative integer. One can now
see from equation (2.12) that we can get these crossing symmetric polynomials by choosing
L = 2q. We also elaborate on this in detail in section 4.1. In practice, we find that the
presence of contact terms in eq. (2.6) is required in order to ensure convergence of the sum
over the spectrum. In all cases that we have encountered, when convergence of this sum
fails, it does so in a similar manner for all constraint equations. To fix this problem, we have
to choose the contact terms in such a way that the divergences cancel out. Then we can
solve the rest of the equations completely. In [15], it was found that this procedure leads to
identical constraints to those in [25], where the contact term in 1d was fixed by demanding
consistency with Regge boundedness. In what follows, we will focus our attention on the
1d problem, deriving a new contact term for the O(IN) case as well as extracting analytic
results from the constraint equations.

2.1 Bootstrapping with no global symmetry

Let us now turn our attention to the main subject of this paper, i.e. 1d CFTs. For a
four-point function in one dimension there is only one independent cross ratio,” and we

8This notation will be useful in the O(N) case considered later and also has a nice decomposition in the
continuous Hahn basis.

9From the point of view of higher dimensional CFTs, we can recover the case d = 1 by placing all
operators on the same line, which corresponds to the “diagonal limit” z = z of the cross ratios.



can express a correlator of identical scalars as

(6 (21) & (2) 6 (3) b () = !

|212|*2¢ |2:34]

an;A). (2.13)

The function A(z) has singularities for values of z corresponding to those configurations in
which two points are coincident, i.e. z = 0, 1 and oo. In fact, A(z) is not analytic on the
complex z-plane — rather, it reduces to three different functions in three different regions
of the real z line:
A~ (z) for z € (—00,0),
A(z) = ¢ A%(2) for z € (0,1), (2.14)
At (z) for z € (1, +00).

These functions are related to A°(z) because of Bose symmetry of four-point function, and
although they can independently be analytically continued to the complex z plane, they
are not analytical continuations of each other [26]. Physically, this is related to the fact
that in one dimension one cannot move operators around each other. A°(z) also admits
an expansion in conformal blocks!?

A(z) =) _CaGal2), (2.15)
A
with
Ga(z) = 229F1 (A, A 20 7). (2.16)

To get the constraint equations for this case, it is enough to set d = 1 in our previous
equations, as those results hold for general dimension. Furthermore, one needs to set £ =0
as there are only scalars in one dimension. We also set z = Z and find

Ac(z) = /[ds} [dt]2%5(1 — 2)* M(5,)T%(Ay — )T ()% (s + 1), (2.17)
where!!
M(s,t) =Y ca(WE(s,1) + W(s,t) + WR(5,1)) + c(s, 1). (2.18)
A

Let us study the above equation more carefully, without the contact terms c(s,t). This
will be instructive since unlike the discussions in the literature so far, which focus on
higher-dimensional cases, we will perform the ¢-integral before writing down the consistency
conditions. There exist many definitions of Polyakov blocks in the literature, depending
on how one modifies the exchange Witten diagrams by adding contact terms. For our
purposes, we define Polyakov blocks to be simply sum of exchange Witten diagrams in all

0From now onwards when we write A(z), we actually mean A°(z).

"Here ca are the squared OPE coefficients which come from 1d conformal blocks decomposition, i.e.
ca = CaNa,o (or more generally ca,e = Ca,¢Na,e ) and Na o is given below in eq. (2.27) and Ca are the
standard OPE coefficients — see [12].



three channels. In Mellin space, the Polyakov block PBa ¢(u,v) in general dimension can
be written as

100

PBao(u,v) = / (ds] [dt] u o' T2(Ay —

—1300

$)T2(s + )T (—t)

Rl ONvaY, 7.0
=0

~ (2.19)
x [Z ()105) + a8y () + 48 (5)) 28“’@)],

where we have decomposed the exchange Witten block in orthogonal continuous Hahn
polynomials (see B.2):

e/
WA@ s,1) ZQAW 0]

, (2.20)
and i represents s, t or u channel. Since (—1) lq(A)w( ) = QXL)E'\E(S)’ we have
PBAG) = [ [ds] [d] 224(1 = 2T (8 — s)T%(s + DL
Coo (2.21)
X [Z (qg,)@m(*g)é@ﬂo + (1 +(=1)f ) qx)mo( )> Q25+€ (t )]
=0

In order to perform the t-integral, we write (1 — z)%

S o(=1)" 2C,2", and expand
2C, in a basis of continuous Hahn polynomial Q?ﬁ#u (t) (see appendices B.2 and C),!?

20, = Z dr e (5)Q5 8 (1) (2.22)
0"'=0

where d,.¢(s) is given in eq. (C.4). We can now perform the integral over t using orthogo-
nality of the continuous Hahn polynomials, and we get

PBA(2) = / Z (Z ST (=2 d >) 2(Ay — s)

- r=0 ¢""=0

o
X [Z (qgg,‘o(s)&go + (1 + (—1)[) qg?mo(s)) /{51(8)53/7@/] ,
=0

where k¢(s) is given in eq. (B.5). Making a change of variable s — s —r/2, then performing
the sum over ¢ and relabelling ¢/ — ¢', we can express the final result as

PBa(2) = /“’o [ds] 28F2 A¢ — s [ (Z Z Ad) —3) dyp (S — ;))
—100 r=0¢'=
ol (5 5o (10l (5 5} ()]

(2.23)

NELM

(2.24)
2 2

2Note there is a free parameter s in the right hand, while the left hand side is independent of s. Indeed
the s-dependence drops when performing the underlying sum over ¢”

This is just the decomposition of
a polynomial in a basis of orthogonal Hahn polynomials, which come with a free parameter s, hence the
coefficients in the expansion have an explicit s-dependence



Notice that the shift s — s — r/2 moves some poles inside the contour of integration,
even though these were not giving any contribution before the shift. Therefore, we do not
include the contribution from these poles in the calculation, as it would contradict the
initial result. We can think of this procedure as a modification of the contour, where any
spurious poles from the point of view of the original contour before the shift are excised.

The term within the square bracket in eq. (2.24) can be taken as the crossing sym-
metric PM block in 1d. Then, the consistency conditions come from demanding that the
contributions of the spurious poles, coming from FQ(A¢ — ), are zero. This gives the con-
straint equations of the 1d PM bootstrap, which we shall repeatedly use in the rest of the
paper to determine the CFT data in various cases. Such constraints read,

Y CaNaofa(Ay+n) =0; n=0,1,2,3...; (2.25)
A
> CaNaofA(Ap +n) + dhis(Agp +n) = 0; n=0,1,23...; (2.26)

A

where

B 1 1 2T (1 — 2A4) T (244 — 25)
qais(s) = (SFQ(Ad) ) T o ATA, —s) T 2524, ) >
N (A-)TA-DI(A+ )
MO TIGIr2 (A - S (A, - 15A)

2
fa(s) = [( (=1)"(Ag = s)
=0

r
e (-5)
(o= 5 o (14 ) il (o= ) e (2 5) |

Detailed calculations for gqgis(s) are given in appendix E. gqis($) represents the contribution

(2.27)

SN

of the identity exchange, which is the sum of the disconnected contributions in all three
channels. It can be seen that the identity exchange only has single poles at s = Ay + n,
where n is a non-negative integer, and therefore it only appears in equation (2.26). We have

expanded the four-point function in exchange Witten blocks and we pick the residue at s =
A
2
Ca being the square of the OPE coefficient. So we multiply our equations with Na o to

which contributes to the four point function, and this residue is given by Ca(Na )™,

have an agreement of OPE coefficients with what appear in the conventional conformal
blocks expansion (also see [15, eq 5.3]). Eq. (2.25) is the coefficient of z22¢+2"]log 2z and
eq. (2.26) is the coefficient of z?2¢+2n,

We now check if the A sum of equation (2.25) is convergent when one replaces the GFF
OPE coefficients. We get the following asymptotics in the large A limit for the coefficient
of 22log(z), i.e. the case n = 0 of eq. (2.25) for Ay = 1:

24A 12 64

CaNaofa(Bg) ~ ——5 + 5 — 573 (2.28)
The coefficient of 2%log(2), i.e. the case n = 1 of eq. (2.25) for Ay =1 is
24A 12 288
CANA,OfA(A¢> + 1) ~ _? + P — W (229)
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It is clear that the individual expressions grow with A but if we subtract one from the other,
the result falls off as ﬁ. We find that for any arbitrary A, this is the general picture:
with only one subtraction we can make the sum over A convergent, so that the constraint
equations are well-defined. This is equivalent to choosing a contact term c(s,t) = cgp (see
equation (2.12)), hence sacrificing the n = 0 equation (which is used to fix ¢gp in such a way
to make the sum convergent). An important point to note is the following. We could just try
to remove the divergent piece from individual equations by suitably choosing ¢(s, t), without
losing the n = 0 condition. However, we would still have the freedom to add an arbitrary
finite piece, e.g. a constant, to c(s,t). Then all the OPE data would be expressed in terms
of this unknown constant. This is equivalent to expressing all the anomalous dimension ~,
in terms of one undetermined quantity (say 79) — this is easy to see since taking pairwise
differences of the constraint equations would get rid of the unknown constant. Although
in the main text of this paper we choose the n = 0 equation to get rid of the divergences,
it must be stressed that this choice is completely arbitrary. This procedure is equivalent
to a redefinition of the Polyakov blocks. More precisely, we defined the Polyakov blocks as
the crossing symmetric sum of exchange Witten diagrams, without any contact term. The
procedure outlined above is equivalent to redefining the blocks, adding a contact term (e.g.
¢*) with an arbitrary coefficient, say cgpp. The introduction of this arbitrary coefficient
is equivalent, in practice, to the idea of “sacrificing” the equation for n = 0, which we
subtract from all the other equations in order to have convergent sums.'® Note that it is
non-trivial that such a simple modification of our Polyakov blocks, i.e. the addition of a
contact term, is enough to guarantee convergence of our sums: this is due to the detailed
structure of the contact terms as functions of z. An interesting observation is that our
motivation for the addition of contact terms to the original basis of Polyakov blocks was
to guarantee convergence of the sums over the spectrum (A), and therefore we required
every term to decay at least with A~2 for large A. However, we could in principle add two
contact terms, with two undetermined coefficients, and require an even stronger decay of
the summand.!'® This is equivalent to the subtraction of two equations, say for n = 0 and
n = 1. In the language of the analytic functionals, this corresponds to demanding a softer
Regge behaviour. Finally, the consistency conditions take the following form

> CaNaofa(Ay+n)=0; n=0,1,2,3...; (2.30)
A

Z (CANAOfA(Ag + 1)) + ¢his(Agp +n) =0; n=0,1,2,3...; (2.31)
A

13Tn our examples we subtract the equation with n = 0, but note that this is an arbitrary choice, and in
principle any equation would serve the purpose.

MTnterestingly, we find that the conditions that are necessary for convergence also kill the A™2 terms,
and the terms in the sum decay with A3, Then, if we add another contact term, and require (in principle)
a decay with A™*, other terms automatically cancel, and the behaviour is A~7. The pattern goes on, and
with the addition of k contact terms we find a decay with A=k,

- 11 -



where

_ [ <Z S (A= ) dre (5 - ;)) (2.32)
r=0¢'=0

X {CJS?@‘O (3 - %) der0 + coo e + (1 + (—1)4/) qg?é'\o (s _ g) } K (s _ %) ] 7

where cgp is a constant. In the language of an AdSs effective field theory this simply
corresponds to a ¢* contact interaction, with no derivatives. An important observation is

SR

that, as shown in [15], the n = 0 equation does not converge. We will use the equation for
n = 0 to determine cgp, and this leads to the same results of [24]. More explicitly, looking
at the case n = 0, we have

>~ CaNao (450(86) +200(A6) + con ) Ko(Ag) = 0, (2.33)
A
which gives
Coo = — (QS?(]‘()(A¢) + 2QX?0|0(A¢)) . (2'34)

For a generic contact term of the type in eq. (2.12) (corresponding to quartic derivative
interactions in an AdS; effective field theory), fa(s) gets slightly modified to

[(ZZ "(Ag—8)3 dny (s—;)> (2.35)

r=0¢
o §sensa o5 ()l e (- 5)]

where ay(s)' is given in appendix (D). Note that in the consistency conditions of egs. (2.30)

w\l\"

and (2.31), only even r contributes.

2.2 Bootstrapping O(IN) global symmetry

Now we consider the case of a 1d CFT with O(N) global symmetry. The four-point function
of scalar fields ¢; can be expanded as a sum over three irreducible representations of O(N)

0ikbi1 + 0410 1 0ik051 — 03105
(9idjdrdi) = bij0r Gs + (W - N(5z'j5kl> gr + W Ga, (2.36)

where Gg corresponds to the singlet, Gr to the symmetric traceless and G4 the anti-
symmetric representation.

5 Any generic contact term c(s,t) can be expanded in Continuous Hahn Polynomial basis, i.e. c(s,t) =
/
S ae(5)Q 1 (t), and we denote the expansion coefficient as a (s).

- 12 —



The sum of exchange Witten diagrams in a certain channel can be decomposed ac-
cordingly into three channels, as

S e W) = [ ldslldtusv' T~ T -1 (541
Al

2
+(55;55)M<>)

| Sibi+ 60 -
X <5ij5klMS’(l)(87t) + <W - ]i[éijfskl> M" O (s,t) (2.37)

where 7 can stand for either of s, ¢, u channels, and the total crossing symmetric amplitude
is be given by

A, v) = / (ds][dt)ut v T2 (D — $)T2(—)T(s + 1)
9 [(sijém (Ms,@(s, 1) = MTO(s,0) 4 (MO (s, 1)+ M (s, 1) + MO s, 1
1 1
- MA’(U) (S’ t))) + 6Zl5]]€ (M&(t) (87 t) - NMT’(t) (57 t) + §(MT’(S) (Sa t) + MT’(u) (Sa t)
+ MAE) (s, 1) + MAW (s, t))> + ik (MS%“)(S, t) — %MT’(“)(S, t) + %(MT@)(S, t)

+ MTO (s, ) — MAO (s, 8) — MAO (s, t))>] . (2.38)

Again, we decompose the above equation in three irreducible sectors and perform the
integral over t. The constraint equations for each sector are

S @ +m) =0, (2:39)
A
DR Bt m) — il (Bg ) =0, (2.40)

A

where 7 stands for S, T, A and the corresponding modified blocks take the form

=SS = (1= e (=) [ £ (1= )

r=0/¢'=

+(1+(—1)") Oq0, _r>+(1+(—1)’”) <1+ L > D, (s-1)

N €a dnep\5 ™5 9 N N2z ) A dawp 9

_ <1 - ]i[) W;l)gl)c(f)qg?g,l (s- ;)] , (2.41)
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ZZ A¢—s dné’ (s—%) Kp (s—g)

S T
(1+<_1) )C(A)QX)M()( 5)

r=0¢'=

o I (1 2) D1 )
g, <s—;“>]= e
)~ S e (3= e (1= ) -0 -0 (=)
r=0¢'=

“”<>< ) (-5

MR Sy (3_;“)]. (2.43)

The functions q((ii)(s), qg;)(s) and qéé)(s) are given in appendix E.1.

Now let us look at the form of the large A expansion of the consistency conditions
arising from the singlet sector, inserting the GFF OPE coefficients as before. The coefficient
of 2%2log(z) (for Ay = 1) gives the behaviour

CSAN+2)N —1) AN +2EN 1) 16(N — 12N 1)

fA ( ¢) ~ 7T2N2 7T2N2 WQANQ ) (244)
and from the coefficient of z*log(z) we get
8A(N +2)(2N -1 4(N+2)(2N -1 24(N —-1)(2N -1
[ (a4 1) o PO EDEN 1) AN 42N 1) 2N -DEN -1,

m2N?2 T2 N2 B T2AN2
These equations have terms proportional to A as well as %, unlike in the case when
there was no O(N) global symmetry, where there was no % term. Therefore, with one sub-
traction we cannot make the terms in the series fall off as é, as required for convergence. So
let us look at the summand arising from the cancellation of coefficient of 2 log(z) given by
8A(N +2)(2N —1) 4(N+2)(2N —-1) 40(N —-1)(2N -1)

B T2N2 m2N?2 B T2AN?2

Now we can take linear combinations of equations (2.44), (2.45) and (2.46) to cancel

(2.46)

the divergent term in the expansion. This turns out to be the feature for general Ag.
Again,this cancellation introduces undetermined parameters and in this case there are two
such ambiguities. This is equivalent to removing divergences from all equations by adding
two contact terms, and this procedure introduces two undetermined parameters. These
two parameters are fixed in terms of any of the two bootstrap equations. Since we need
two subtractions, the contact term c¢(s,¢) turns out to be

1 1
0(37 t) = 5ij5kl Z Cmn(_t>m(3 + t)n + 5il6jk Z Cmn(_s + A¢)m(8 + t)n
m+n=0 m+n=0
: (2.47)
+ 036 Z Cmn(—t)m(Ag — $)n
m—+n=0
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We decompose these contact terms in the irreducible sectors and our new equation becomes

Z (8 +n) =0, (2.48)
SR (A +n)+ qgﬁ)s (Ap +n) =0, (2.49)
A

and the corresponding modified blocks would take the following modified form compared
to egs. (2.41), (2.42), (2.43):

0 103 S e (o= e (= 3) [ (- 5) | e

r=0¢'=

where i stands for S, T, A respectively (see appendix D).

Expanding generalized free fermion as a check. As a sanity check, we consider the
O(N) generalized free fermion model and show that the bootstrap equations are satisfied
by the spectrum of this model. Since we have constructed the PM basis for the O(N) model
where the double zeros are at the location of A, = 2A4 + 2n the fermionic model serves
as a non perturbative example as the dimensions are far away from A,. The four-point
function of the O(N) generalized free fermion model is given by

(W(@1)1h(w2) Y (w3)1h(24)) = 63500 A% (2) + (M - 15z‘j5kl> AT (z)
2 N (2.51)
. (0irdj1 — (5i15jk)AA(z)7

2

where
72A¢AS( ) = ]i]( 1+ (1— )72A¢+J\72ﬁ2A¢)7
Z—2A¢AT(Z) — (71 + (1 o Z)—2A¢)’ (252)
2T AN (2) = (=1 — (1 — 2)72B9),

We can decompose this in 1d conformal blocks as,'6

Al(z) = CAFTA7280 3 F (A A 24, 2), (2.53)
A
and A = 2A4 + 2n + 1 for singlet and traceless symmetric part and A = 2A4 + 2n for the

antisymmetric sector. The OPE coefficients are given by

2I2(2n + 204 + 1)I'(2n + 4A,)

T _
Cn = F2(2A¢)F(2n +2)I(2(2n +2A, +1) — 1)’
S = NCZ, (2.54)
oA 2T (2n 4 2A4) 2T (2n + 44, — 1)

" T2+ DT (244) 2T (2(2n +24y) — 1)

18The spin-1 block is related to this 1d scalar block by a factor of (—%) The antisymmetric block is
derived setting d = 1 and ¢ = 1, then integrating out ¢ from the higher dimensional blocks. In the second
half of the paper we find the OPE coefficients of all channels using the scalar block. Therefore, we have

multiplied the antisymmetric block by (—%) to make the normalizations same.
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Here we explicitly show how to solve for the constraint equations coming from double poles
in s. The same procedure will be followed to find the results of section 3.2. Let us start
with eq. (2.48) for the singlet exchange in the s-channel at s = Ay, and for illustration
purpose we set Ay = 1. In this case, eq. (2.48) gives

1 1/}(1) A+l _1/}(1) A 4 9 A+1
Ci4ﬁ<—A2+A+2+ (23V i) +C£ﬁ<_1\ﬂ+N+2> ¢(1)< 2 >

) (2 L) VR (A= 127 (00 (§) — ) (3)) ~2(a- DA -4)
0(3))-(-3)

_ 2(600(N+2)+C()1(N+ 1))
N

=0, (2.55)

where the last line is coming from the contact term

ZZ P @a e (5= 5 )mer (5= 5) [ (5= 3) [loans 230)

r=0¢'=

and aéf)(s) is given by!”

1

()= Y e (Q@mm(s) + %((Aqﬁ — )0 (5) + (Ay — s)nagm"”(s))) (2.57)
m~+n=0

For s = Ay + 1, eq. (2.48) gives

2 Seidn 9 N 1 LO(A-1)A+3)Y | 5r(A-2)A+3)
N A4 A+2 T A4 A+12 N 2N

< (A242) (w(” (A“> 0 (g)) }+ﬁZAc£ (N24+N—2) {6+2A(A_1)

2 2N?2
+((A-2)A+3) (A% +2) <¢<1> (A;l) —ypM (?)) }—gcg (1—;[) {g(A—l)
x A((A—2)A+3) (A2+2) (W (2) —p® <A;1>> - ﬁfé?A__l)l)A;B)
X (A=1)2A%44) } = GCOO(N”)SJ;VCM(?N%) —0. (2.58)

"For details of contact terms and explicit expression of Q(Sm’") (s) we refer the readers to equation (D.3).
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Finally, for s = Ay + 2 Lh.s. of eq. (2.48) gives

SR )

288N? (‘2((A—1>A(<A—1>A(<A—1)A+19)+490)+1300)

A

+(A—1DA(A-1)A+4)((A—1)A((A—1)A+16)+444) +1440) <¢<1> (?)

(A1 V[ 2((A—1)A((A—1)A((A—1)A+19)+490)+1300)
¥ )<2)))+§Cim< N

576((A—1)A((A—1)A—39)+274) 1 (w(” <A+1> e (A))

B_6)(AD)(A-2)A+1)(A3)(A+5) N > 2

X (A—l)A((A—l)A+4)((A—1)A((A—1)A+16)+444)+1440> =) A (1—;{)
A

VT
4608(A—1)A
+576)+2880) +(A—1)?A%2((A-1)A(A—1)A+4)((A—1A((A—1)A+16)+444)

+1440) (1/,(1) <§) ) <A2+1>>> - 2000(N+2);CO1(3N+1) ‘ (2.59)

(—2((A—1)A((A—1)A((A—1)A((A—1)A((A—1)A+19)+490)+1300)

Now we use eq. (2.55) and (2.58) to fix the two unknown parameters cgp, co1 which come
from two contact terms. Unlike the N = 1 case, here we lose two equations. Although
here we have used constraint equations arising from (s = Ay) and (s = Ag + 1), one can
use any pair of equations. Now we substitute cgp, co1 in eq. (2.59) and find

2. L&rlzNz(”H) <(N—1)N(2n+1)(4n+3) (—n(2n+3) (n(2n+3) (40> +6n+25) +73)

- 36N
86+ 6005 +98n* — 135n° —313n2 +30n+72

—51)+2(2n+3)(4n+5) ( +1+(n+1)

X (2n+3)(n(2n+5)(2n(2n+5)+31) +104)> —(2n+3)(4n+5)(—313—n(2n+5)(197+n

(N+1)(2n+3)%(4n+5)(n(2n+5)+5)
92N

(2n—|—5)(2n(2n+5)+37)))(N2+N—2)> —

2(1+n)?
92N

X (n(2n+5)(n(2n+5)+14)+36) + (2n(n+2)(n(n+2)(8n(n+2)(22n(n+2)
1193)+4395) +5022) +-3996 + N (n+1)(n(n-+2) (16n(n-+2) (n(n+2)(8n(n+2)+97)

+366)+8469)+4104)> <¢(1>(n+1)w<1) <n+2>)

(2.60)
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Quite remarkably, this sum identically vanishes'® and thereby shows the correctness of our
basis. Now we can also look at the equation for antisymmetric sector at s = Ay:

3y/mel 4 2 ((A—1)2A% +2)
001+ZA: 16A<—A2+A+6_ 1A +(A-1DA(A-1A+1)

X <¢(1) (2) — M (A;l) )) +6\/%§A: <c£ <;f + ;) —ci) <2+ (1+A—1)A)

« <A2+1) e <§>> , (2.62)

Again, the sum can be shown to vanish.

3 Implementing bootstrap

In this section, we will derive solutions for the CFT data for a variety of cases. First, we
shall focus on deformation of generalised free field (GFF') theories, corresponding to contact
interactions in an effective field theory (EFT) on AdSs. As we solve for the CFT data at
higher orders in perturbation theory, we shall find new divergences in our equations, which
are completely analogous to the need for new counterterms in the perturbative expansion
of non-renormalizable theories. Later we shall consider the case of exchanged operators,
and observe the resonance-like behaviour of anomalous dimensions, when the dimension of
the double trace operators becomes comparable with that of the exchanged operator. A
similar behaviour was observed in higher dimensions in [46].

3.1 Deforming away from GFF

We begin by writing the OPE coefficients as
Ca=Cr=C0 +cWg+CcPg?4 ..., (3.1)
and the deformations away from the GFF dimensions
A:An:2A¢+2n+’y7(ll)g+’y7(f)g2+... . (3.2)

In what follows we will ignore operator mixing.

18We can use these formulas and derivatives of these to perform the sums

iw(l) (n + g) esn 1 <4L12 (_\/676> _ 4L12 (\/676) + ﬂ_2> ,

2 T2 2 N Vee .61
o 2.61
N n 1 o
Zz/)(l)(n+1)e€ = 5 6o <71'2 — 6Li2 (e )) .
n=0
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3.1.1 Contact term without derivatives

Throughout the discussion in this section, we take Ag = 2A4 + g as definition of the
coupling g. First of all, we aim to solve for the leading order O(g°) of eq. (2.31), which will
give us the OPE coefficient at leading order, i.e. Cflo). For the case n = 0, eq. (2.31) reads

=2+ ko(Ag) 0 [a0(A0) +2400(85)] =0 (3.3)

We expand eq. (3.3) in powers of g and the leading order O(¢°) in eq. (3.3) is
—24+¢” =0, (3.4)
which enables us to solve for the OPE coeflicient of the operator Ay at leading order:
clV =2, (3.5)

Similarly we now consider n = 1 case in eq. (2.31), and at leading order O(g") we have

Ag(204 + 1)(284(CL — 4) + C(” — 2) c® _ 3.6
¢
which gives
2A2(2A 4 + 1
o0 _ 28628 +1) (3.7)

4A¢+1

One can solve eq. (2.31) for any n at leading order O(g°). The OPE coefficient of the
operator A, at leading order reads

o) _ 22 (2n + 2A4) T (2n + 44, — 1)

" T@n+ DI (244) T (4n 444, — 1) (3.8)

After deriving the leading order OPE coefficients CT(LO), we now proceed towards solving

for the leading order anomalous dimension 7,(11). For example, we first consider the n =1

case of eq. (2.30)
ZCANM( (0800026 +1)+20 00 (85+ 1)) = (4810 (86) +2000(26) ) | o(Ag +1)
A

+qX?QO<A¢>m<A¢>) —0, (3.9)

which will give the anomalous dimension of the operator A;. Now if we use eq. (3.8) to
replace in eq. (3.9), and expand in power of g, at O(g) we find

g 22201 (297 20, +1)2  4A2 + A ) T (A + 3)
=0, 3.10
VTG (484 + 1) 1% (Ay) (3.10
which immediately gives the anomalous dimension at O(g) of the operator A;

1 A¢ (4A¢ — 1)

T eA+ D2 (3.11)
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One can solve eq. (2.30) for any n at leading order O(g) with the help of eq. (3.8) which
will give the anomalous dimension of the operator A, at order O(g). We get a general

W (), (80,2 (28— 1),
T ) @By, (B 1) )2 (312

Now we are in a position to solve for the first perturbative correction to the OPE

formula

coeflicients, namely 07(11) . To this end, we have to expand eq. (2.31) in powers of g with
the help of egs. (3.8) and (3.12). For the operator A, there is an enhancement in n-th
case of eq. (2.30) which comes from the s-channel Witten block. One can solve eq. (2.31)
for any n at O(g). We give the results for general n

10
ol = 55 (C;p%g)) (3.13)

O(g?) calculations. We now outline the computation of anomalous dimensions at order
O(g?). To this end, we use egs. (3.8), (3.12), (3.13) to replace in (2.30). Again, the operator

A, will cause an enhancement in n-th case of eq. (2.30). This allows to find the anomalous
(2) (1)

dimension at O(g?), which we call v, in terms of sum of specific combinations of 'yjl ,

C;O) and C'](-l). Let us explain this procedure looking, for simplicity, at the case n = 1. At

O(g?), none of the 7(-2) appears in eq. (3.9), except for 7{2), as there is an enhancement

J
due to a pole in the s—channel exchange coefficient. This allows to extract 752) in terms
of the CFT data known from the previous orders. One can then find 79), provided that
the sum over all operator contributions in eq. (3.9) is of O(g?). For illustration purpose,

we show the key steps for Ay = 1. From equation (3.9) we find, at order O(g?),

(226807{” — 71295072 + 7036049) @2 oo

2
=0 A, =1
37800 *9 ;Sf 0:8s=1,

1 2 2
%(10331 10507%) g° +

(3.14)
where we have used eq. (3.8), (3.12), (3.13). For general Ay, S; has a complicated expression
in terms of 7Fg, but for Ay = 1 it simplifies and is given by

g _ 4543
DA =122+ 1)(25+1)(25 +3) (25 +5)
x (—5(j(j(2j(j(2j(4j(j(2j+11) +22) +85) +79) +24) + 105) + 105) +42) (3.15)

20— 1)%72(2+3)(2)+5) (25 (2 +3)(j(2+3) +4) +7) <¢(l)<j‘1)‘¢(l) <‘7+2>) ) |

It is possible to evaluate the sum » y S; exactly. In order to get a 5 decimal place accuracy,

we truncate the sum over j at j = 15, i.e. including 15 operators, we find Z;iQ S; =

191¢ is sufficient to take only 4 operators in the sum for 4 decimal place accuracy, since after adding one
more i.e. including 5 operators the effect is on 5*" decimal place and again after 5 more operators, i.e. total
10 operators the effect is on 6" decimal place.
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0.001015, which gives the anomalous dimension of A; at order O(g?)
w2 =019796; A, =1. (3.16)

Proceeding in a completely analogous way, one can find 77(12) for any Ag. We tabulate

numerical calculations taking only 15 operators in the sum, up to 5 decimal place accuracy

(for 752), 7§2) the conclusion is same as described in footnote 19) in the sum over operators

Ag=3 | Ap=1|Ap=2| Ay=2 | Ap=2| Ay=3 | As=32| Ay=4 | Ay=1

7%2) 0.13299 | 0.19796 | 0.24196 | 0.25656 | 0.26362 | 0.26795 | 0.27103 | 0.27341 | 0.27534

7%2) 0.04740 | 0.08273 | 0.11792 | 0.13774 | 0.15128 | 0.16138 | 0.16931 | 0.17576 | 0.18112

7352) 0.02383 | 0.04471 | 0.06877 | 0.08483 | 0.09709 | 0.10696 | 0.11515 | 0.12208 | 0.12806

Using a similar method, solving O(g?) of eq. (2.31) up to 3 decimal place accuracy?’
we find

Ay =1Ag=12|Ay =2|Ay = B|A; =3
cP| 4186 | 1.955 | 1.419 | 1.375 | 1.518 (3.17)
C?]-0.249| —0.443 | —0.518| —0.4563 | —0.215

In principle, one can go to higher orders but one will need to work harder by retaining

more operators. Here we tabulate the O(g®) anomalous dimension i.e. 7%3) for various Ay

up to 3 decimal place accuracy.

Ay =1Ag = 12N, =2|A, = B|A; =3

+310.257 | 0.193 | 0.182 | 0.179 | 0.178

(3.18)

Our results agree with [25] for Ay = 1 and for other integer values of Ay, say Ay =
2,3,4..., we verified our results with the transcendentality method which described below
in sections 4 and 6.

Non-perturbative bound. We can also give non-perturbative bounds on the dimension
of the leading operator, i.e., Ag numerically. In order to do so, we plot the r.h.s. of eq. (2.30)
for the case n = 1, i.e. fa(Ay + 1), as a function of A for various values of Ay. From
figure (1), it is clear that beyond A = 2A4 + 2 the function fa(Ag+ 1) is always positive.
Hence, if we assume that the leading operator has dimension of the form A = 2A, +g¢
with g > 0, in order to satisfy eq. (2.30) its dimension must range from 2A, and 2A4 + 2.
One immediate conclusion is that g < 2.

20Tt is sufficient to take only 3 operators in the sum over operators for C’(()Q),’yf’) and 4 operators for C’f)

for the same reason we described in footnote 19.
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Below we consider an example where we analytically show that fa(Ag + 1) is always
positive for A > 2A4 + 2, in the case Ay = 1. In this case we have

reaA) o (7A 1 1
“Tomr(a)e <2> {2 (15 AL D+ AT T oA A2>

+5Q24AA - 1)+ AA 1)) <¢<1> <1+2A) ACY (?)) } . (3.19)

fa(2) =

To show that fa(2) is positive we have to show that the expression inside the square bracket
above is negative (notice the overall minus sign). First, we show that the absolute value of
the of the second term inside the square bracket is greater than the absolute value of first
term, that is

(A —4)(A = 2)(A + 1)(A +3) (AT — 2A3 4 5AZ — 4A + 2) (V) (AE) — D (L))
2 (A% — 3A% — 8A% + 21A3 — 29A2 + 18A + 70)

(A=) (A=2)(A+1)(A+3) (A" —2A3 +5A2 —4A +2) (— &% — 25) (3.20)
2 (A8 —3A5 — 8A% 4+ 21A3 — 29A2 + 18A + 70) ' ’
If one considers the term in the second line of the equation above, i.e.,
(A—4)(A=2)(A+1)%2(A+3) (A* —2A3 + 5A% — 1A + 2) (3.21)

A3 (A5 — 3A% — 8A% + 21A3 — 29A2 + 18A + 70)

it can be shown that its magnitude (not absolute value) starts below -1 for A > 4 and then
asymptotes -1 for large A. Therefore we showed that

(A—4)(A-2)(A+1)(A+3) (AT—2A3 +5A2 —4A +2) () (&) =D (£))
2 (A6 —3A5 —8A%+21A3 —29A2 +18A +70)

> 1.

(3.22)
Now note that the numerator in the equation above is negative,?! while the denominator
is positive for A > 4, and they do not change sign as they have no positive roots beyond
A = 4. So, the expression inside the square bracket in equation (3.19) is negative beyond
A = 4 and hence fa(2) stays positive in that region. In general it is easy to check by
looking at the large A expansion that the leading term is positive and therefore it cannot
change sign at sufficiently large A.

3.1.2 Generic contact interactions

Contact term with at most four derivatives. We now consider an AdS EFT with
interactions involving at most up to four derivatives, i.e. vertices of the type ¢* and (V¢)*.22
Since each power of s and t accounts for two derivatives, the contact term in this particular

case will be given by eq. (2.12) with L = 2. Hence, we have to solve eq. (2.30) and eq. (2.31)

*One can use the identity, (1) (241) 60 (3)) = S5 v a2ty

22 As it can be seen from the transcendentality-based approach, from the bootstrap perspective one always
has the freedom to add interactions with softer Regge behaviour than the one considered, so rather than
bootstrapping a particular diagram one always has combinations of contact terms up to a given number of
derivatives.
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fA(A¢ + 1)
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— Ayp=0.5
— DAg=1.5
A — Ayg=2.5
— Ayp=3.5

Figure 1. fa(Ay+1) vs A.

with four unknowns cgg, co1, c11, co2. Although we have four unknowns, it turns out
that only two of them are independent and fixed in terms of Ay = 2A4 + vél)g, A =
204 + 2+ fyil) g. In other words, we can solve the equations n = 0,1 and these equations

will fix the unknown coefficients coming from the contact term. Then, we can solve the

n = 2 equation for the anomalous dimension of Ay = 6 + fyél) g+ 752) g>+ ... up to O(g?).
If we chose the normalization 'y(()l) =0 and ’y%l) =1, then at O(g) eq. (2.30) for n =0

reads
V27286 7L (AL (A g ((c11+4c02) Ay +c11+8(co1 +co2)) +4(3coo +co1 +co2)) +6c00) T3 (Ag)
I'(Ag+3)
—0, (3.23)

while for n = 1 it reads

oo 89A4 (284 +1) /T4 T3 (Ay)
477 AN, +1 T (Ag+3)

{6(200 (2A¢ + 3) (A¢ (3A¢ -+ 2) + 1)
+ Ay [4001 (2A¢ +3) (A¢ (3A¢ +2)+1) (3.24)
+ (Ag + 1) (4coz (Ag (Ag (3Ag +10) 4 11) + 3) + 3c11 Ay (A + Ay — 1)) } }) =0.

From these two equations we find

c11 = 922A¢+3 (A¢ + 1) (2A¢ + 1) r (A¢ + %) B 6000 + 4001A¢
\/7_T(4A¢ +1) (4A¢+3)F(A¢) 2T (A¢+3) Ai +A¢ ’

1 3 486t A, + DT (Ay + 2
<Coo+2001+ g ( ¢ ) (¢ 2) .

(3.25)

DT 1)\ Ay VT (B +2) (485 +1) (444 +3) T (Ay) 3
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We can then replace the values of ¢17 and cp2 in egs. (2.30), (2.35), and following a similar
method to that of section 3.1.1, we can solve for the anomalous dimensions. At O(g) we find

(1) _ 3(48¢ +3)(Ag(Ag(4A4 + 21) +29) + 10)
72T T 20, +1)(28y + 3)(2A4 + 5)(4Ay + 1)

(3.26)

One can in general solve for any n, for example we give here general formula for Ay =1

S0 6n(2n + 3)(2n? + 3n + 2)
n 35(n + 1)(2n + 1)

CAg=1. (3.27)

Similarly, at O(g?) one has to solve for ¢i; and cgp. However, there are now infinite
sums in both direct and crossed channel. The final expression for Ay =1 is

9 1
NON
2 1039500

— 3742207 + 26611200\? + 1248647400072 (v{")? + 114875560800072 (142
0 1 2

( — 780516(7{™)% — 1603807 — 123234734766(1\")? — 739201\"

— 11337763363365(15)2 + 1230020787 + 43659005‘) , (3.28)

where S is given by

> n+1)(2n+1)(4n+3)
§= Z252

(n—Dn(2n13)@n15)@n 7 20 "2n+3)

3

X (n (2n+3) ( (2n+3) <n(2n+3) (7n(2n+3) (4n2—|—6n—13)

978) +5274) +25747) — 174)

(3.29)
+2(n—2)(n—1)n%(2n+3)*(2n+5)(2n+7)n(2n+3)(Tn(2n+3)(n(2n +3)
3
+14)+313) 4258 (w(l)(m 1) —ypM) <n+ 2) )(fy,(}))?
_ 7128000¢(3) — 73314998036280072 + 7235899768502069
- 424462500 '
Assuming there is no correction to Ag and Aq, or in other words that 7(()2) =0= 7%2), we
find
2 6019  432¢(3)
- . .30
%2 = J0500 T 6125 (8:30)

We can solve other equations as well to get the loop corrections to dimensions of operators
with higher n values, e.g. solving n = 3 equation will give

(2) 575916557  10692((3)
73T 240100000 60025

(3.31)

These expressions match with eq. (H.13) which we derived using the transcendentality
method that we shall describe later.
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Contact terms with at most eight derivatives. Now we turn to a theory where we
have interactions which can involve at most eight derivatives, so with vertices ¢*, (V¢)*
and (V2¢)%. Hence, we have L = 4 in (2.12). In this case it turns out that there are
only 3 independent ¢, therefore we use the n = 0, 1,2 equations to fix these unknown
parameters. Then normalizing Ag = 2A¢+7((]1)g, A = 2A¢+2+y§1)g, Ay = 2A¢+4+7§1)g

to be Vél) =0, 'yg) =0, 'yél) =1, we find

1) 5404 + T)(Ag(Ags(4A¢ + 43) + 126) + 108)

= 3.32
7 2(Ay + 1)(20 + 5)(284 + 9)(4A, + 3) (3:32)
One can solve for any n, for example
2
L = 5(n — 1)n(2n+3)(2n +5) (Tn(2n + 3) (2n? + 3n + 11) + 124) A, =1, (333)

108108(n + 1)(2n + 1)

Now let us consider the equation for n = 3 with A, = 1, and expand it to O(g?).
It turns out that at this order the infinite sum is divergent. Then we have to use add a
multiple, of say, the n = 4 equation, in order for the sum to converge. Since by doing so
we lose the n = 4 equation, we have another undetermined parameter. If we evaluate loop
corrections to the anomalous dimension of A4, normalizing the loop corrections to Ag, A1,
Ay, As to be 0, we find

(2) _ 502604844863939 ~ 1700¢(3)
74 T 7816700021120 91091

(3.34)

The appearance of another undetermined parameter at loop level is a feature of effective
field theory and can be understood in terms of the usual perturbative renormalisation. It
is indeed equivalent to the necessity of adding a new counter-term at this order, since we

started with a non-renormalisable interaction.

3.2 Theories with O(NN) global symmetry

In this subsection, we shall study the bootstrap problem for a theory of N scalars, with
O(N) global symmetry.

3.2.1 With contact term degree 1 in s and ¢

We now consider the addition of a contact term which is a polynomial of degree 1 in s
and t. There are two independent unknowns, which we fix using the equations for n = 0, 1
in terms of unknowns ’y(()l), *y%l) where Ag = 2A4 + 'y(()l)g, A = 2A4 +2 + *y%l)g. For
illustration purposes, we solve here for singlet sector of the consistency conditions at tree
level. A similar method is applicable for the symmetric traceless and the anti-symmetric
sector. From the identity contribution, we immediately find the OPE at leading order
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(similarly to what discussed in section (3.1.1)):

V2R TIID (2 (n 4 Ay)) T (20 + 444 — 1)
NT(2n+1)T2 (244)T (2n+2A, — 3)
oTO) _ V2B ANE3D (2 (n + Ay)) T (2n + 44, — 1)
" I(2n+ )2 (244)T (2n+2A,4 — 1) ’
0A0) _ V2RI (2 + AAL) T (2(n+ Ay) + 1)
- T(2n +2)T2 (284)T (2n+2A4 + 1) '

c50) =

)

(3.35)

From n = 0,1 of eq. (2.48) at O(g), one can solve for cpy, co1. Then replacing cgp, co1 in

the case n = 2 of eq. (2.48) and solving for ’yél), we find (in the singlet sector)

3(Ag+1)2 (4205 +1)2 (40, +3) 1Y = A, (48, = 1) (484 +5) 15 )
4204 +1)3(2A4 + 3) 2 '

130 -

(3.36)
Similarly, replacing cgg, co1 in the case n = 0 of eq. (2.49), and solving for C’(()l), we find
(in the singlet sector)

50 _ B0 +2(28541) 21
0 NA(4A45+1)

x (—4(1+log(4))A¢+3(4A¢+1) (¢<0> (A¢)+7> +(—40;—1)Hy, s +1—log(4)>

(3.37)

With this method, one can solve the equations (2.48) and eq. (2.49) for general n and Ay,
and the results are found to agree with those of section 4.2, where we compute the same
quantities using the transcendentality method.

O(g?) calculations. Let us now consider the following perturbative order. We start
again with eq. (2.48), and consider the singlet sector, using the OPE data derived in the
previous section. Once again, we have two contact terms; therefore, we can use the first

three equations to get,?3

s@  —360075 + 3360077 + 9056 N2 — 55927N + 33362 (3.38)
= 30000 ) :
while in the traceless symmetric operator we find
—36007"® + 336007 — 18669N
T(2) Y Tt "1 + 33362
T2 = 30000 . (3.39)

The anomalous dimensions for the other double-trace operators and in the antisymmetric
sector can be found in a very similar way, in terms of two unknowns parameters. Instead
of repeating the results here, we refer to section 6.2 for a closed form expression of these
quantities.

Z3Here all the infinite sums can be evaluated as before, since they also involve PolyGamma, functions.
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3.2.2 Contact term of degree 2 in s and ¢

Let us now consider the addition of a contact term which is a polynomial of degree 2 of s and
t. There are three independent unknowns which we fix by using the equations (2.48) corre-
sponding to singlet sectors for n = 0,1, 2. We fix them in terms of unknowns 'y(gl), 'yg), 751),
where Ag = 2A4 + fy(()l)g, Ay =204 +2 + fy%l)g, Ag =2A4 + 4+ ’yél)g. For illustration
purpose, we solve here for the singlet sector of the consistency conditions at tree level. A
similar method is applicable for the symmetric traceless and anti-symmetric sector. From
the identity contribution, we immediately find the OPE at leading order, with the same
result as in eq. (3.35). In the singlet sector, the consistency conditions for n = 0,1,2 at

(1)

order O(g) allow to solve for ¢11, o1, co2 in terms of the unknowns 'yg , 'yls(l), 725(1), Coo-

Then replacing this values into the equation for n = 3, we get for instance (for Ay = 1)

1
B0 = = (14395 — 163877 + 247555 0) A, =1, (3.40)
For general Ay, N, we find after substituting fyg(l) = O,fyf(l) = 0,75(1) =1,

sy 5(Ap+2)(4As+7) (A (284 (2(N +3)Ay+13N +41) +51N +173) +3(IN +37))
T (284 +5) (284 +T7) (Ag (244 (2(N +3) Ay +9N +29) +25N +-87) + 9N +39)
(3.41)
For an application of the PM bootstrap in O(N) theories, let us consider the case
N = 5. This is relevant for the 1/2-BPS Wilson-Maldacena line in N’ = 4 super Yang-
Mills, considered for instance in [32] and, from the bootstrap perspective, in [35]. To

M = -5, 'yf(l) = —10, 75(1) = —19. Then at tree level we

compare the results we set 7{?
find, for Ay =1,

’ys(l) =-2n%-3n -5,
AT = —9n? —3n, (3.42)
'y;?(l) = —2n? —5n — 4.

Similarly one can find O(g) OPE coefficient and this is exactly same as given in [32].

3.3 Effective field theory — exchange interaction

In this section we consider an interaction of the following form
L = Mot + Mo d?0, (3.43)
and we solve the corresponding PM bootstrap equations:
> CaNaopfa(Dy+n)=0; n=0,1,23...; (3.44)
A

D (CANAOfA(Dg + 1)) + g (Ag +n) = 0; n=0,1,23...; (3.45)
A
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where
Jals) = [ (Z SO (Ag = 9% drp (5 - ;)) (3.46)
r=0¢'=0

a0 (5= D) dwo+ M bt (1 (0 ) oy (s 2) b (5 ;)] |

Unlike the previous cases, where the spectrum contains only double trace operators,

ML

now we have the exchange of an operator of dimension A. Therefore in the leading order
this operator will contribute in both the channels.?* In our normalization, we take the
OPE coefficient of O in the ¢ x ¢ OPE to be 72, and choose A = 3. Then, we get the
following leading anomalous dimension for the double field operators:

1
A = 0P D@ 1 2n) (60(3 +2n)(9 4 2n(21 + 2n(27 + n(5 + 2n)

x (114 4n(2 4+ n))))) — 40(n + 1)*(n + 2)(1 — 4n®)* (3 + 6n + 4n?) (3.47)
X <¢<1> <n - ;) — W (n+ 1)) — (1 —2n)%(n + 2)) .

In the large-n limit, this falls of as 1/n2, which is expected since 77(5()) should depend on the

dimensionless combination (Ao /n)2. We can also demand a softer fall of for large n, and

that will fix the undetermined coefficient A4. With this requirement, the final expression is
7(1) 5(n+1)(2n(6n(2n(2n(2n +9) + 29) 4+ 43) + 97) + 65) 4+ 90

= (L= 20)2(n + )(n +2) (3.48)

2
_10@2n+1) (2n* +n —1)" (4n° + 6n + 3) (w(l) (n_ ;) — <n+ 1)) .

(1—2n)2(n+1)

A similar exercise for A =5 gives us,

+ 11316

1 2 38880 15120 18
<_n+3+2n—3+2n—1 * (1—2n)? Ly
+ (n+ 1)((n + 1)(42n(4n(n(2n + 9) + 23) + 149) + 7279) + 6442)) 5.19)
—7(n+1)2n + 1)(n(2n + 3)(Tn(2n + 3)(n(2n + 3) + 8) 4+ 130) + 90)

X (w(l) <n - ;) — W (n+ 1)) :

It can be seen from figure 2 that the anomalous dimension blows up when n is such that
one of the double trace operators has dimension of order A, this is analogous to a resonance
for scattering amplitudes. We also checked that if we solve the equations in large A limit,
each order in 1/A grow with higher powers of n. This is consistent with the fact that in
large A limit we get an effective theory where at each order we generate new derivative
contact diagrams. We shall discuss this in more detail in section 4.3.

24The couplings A4 and Ao both appear at the same order as anomalous dimension.
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Figure 2. |v,| vs n.

3.4 Tower of exchange operators

In this section, we consider a scenario where, in addition to the “double-trace” operators,
an infinite number of “single-trace” operators is exchanged in the OPE. The goal is to un-
derstand whether the requirement of convergence of the infinite sums over these exchanged
operators gives sum constraints on their OPE coeflicients.

In order to do so, we solve the PM bootstrap equations, and compute the contribution
of this tower of exchanged operators to the anomalous dimensions of the double-trace oper-
ators. If we let Ca be the OPE coefficients of the exchange with dimension A, from (3.44)
we find

1 _ _ AL Cad?~2T(24)
KR TResy (“‘*(AZ SRR e

(son(o(3)- () )

Cad?~2T(2A)
[2(1-9)r(3)r2 (534 (3.50)

x [w (5A%—10A% —40A? +45A —181)

{—m4(A2—A—12)+

1
+57 (5AS —15A° —25 A"+ 75A% — 268A% +228A —144)

(0 (2 - (5]

In the previous expressions, A4, comes from the contact term that we added to the
basis of Polyakov blocks in order to have a complete basis with convergent sums. In order
to understand the behaviour of Ca that is required for convergence of the sum of eq. (3.44),
we use for C'a the values of the mean field theory OPE coefficients. If we expand for large

~ 99 —



A, we find

(1) 48 32 124 6 ., (7A
K “Z(‘ﬂw‘ms‘ 2 )i ) (3:51)
A

which grows linearly in A. Hence, the sum over A is divergent. However, so far we have
neglected the presence of the free parameter A4, which multiplies the contact term added
to the basis of Polyakov blocks.?> What can we say about the convergence irrespective of
A\? We find that the sum here converges if Ca ~ CAET /(A%F€), with € being any small
positive number. Now as already done previously, we work with subtracted equations in
such a way that the dependence on A4 cancels. Doing so, we find
L
< 1212(A—4)(A—-2)(A+1)(A+3)T'(A)?

+(A-1)A))) +(A-4)(A-2)(A+1)(A+3)2+(A-1)A(4+(A-1)A))

(3 (52w (2)

If we expand this in the large A limit, using again the MFT OPE coefficients for Ca, we

find 1 280 560 A
MM 20U 900 ) Lo (T
gl —M ZA: <772A4 + 3772A3> sin < 5 ) , (3.52)

which falls off faster than (3.51), thus leading to a convergent expression. This turns

(—2(70+ (A — 1)A(=18+ (A — 1)A(—11

out to be true for the anomalous dimensions of all double-trace operators. Hence, from
equation (3.52), we conclude that if there is a tower of exchanged operators, then their
OPE coefficients Ca must grow slower than CA/FTA? for the sum in eq (3.48) to be finite.

4 Transcendentality ansatz — tree level

In this section, we implement an alternative technique, which allows to find analytic expres-
sions for one-dimensional correlators A(z) up to O(g?), under certain assumptions. While
working only for integer values of the (external) operators dimension Ay, this provides an
independent check of the validity of some results obtained with PM bootstrap. Further-
more, this approach will enable us to find analytical results for the anomalous dimensions
and OPE coefficients up to O(g?) for some values of A,. Our work also extends and
generalises the approach of [35, 37] to one loop and more general types of interactions.?5

The strategy, which will be described in more detail in the next subsections, is to

make an ansatz for the correlator A(z) in terms of products of rational and transcendental

Z5This is the same ambiguity that we found in PM bootstrap.

26Tn both [35] and [37] supersymmetric theories were considered, and this puts restrictions on the type
of vertices and the relations between themselves. In particular, in [35] a one-loop correlator was computed,
but the high amount of supersymmetry of their model notably simplifies the transcendentality structure,
allowing at most transcendentality two (as opposed to four, for generic one-loop correlators with integer
external dimensions).
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functions, up to some maximal transcendentality which is fixed order by order in pertur-
bation theory. The idea that in some theories the perturbative expansion is governed by
transcendentality principles dates back to [50], where drawing from some massive Feynman
diagrams computations such as [61, 62], such principles were first observed in the case of
N = 4 super Yang-Mills (SYM) in four dimensions. The idea was later expanded in [51, 52],
and it enabled computations to be carried out up to seven loops for the anomalous dimen-
sions of twist-two operators in the planar version of ' =4 SYM [53]. One may argue that
N =4 SYM is a rather special theory, being the maximally supersymmetric theory in four
dimensions and supposed to be integrable. However, it was then found in [54, 55, 63] that
the QCD splitting function can be expressed, in perturbation theory, in terms of harmonic
sums of given weight, that appear in the expansion of harmonic polylogarithms. Interest-
ing observations about transcendentality in a CFT context were made in [8, 9], where the
Lorentzian inversion formula of [6] was applied, which in d > 2 allows to reconstruct the
CFT data from the double discontinuity of correlators. One of the upshots of [8, 9] is that
there is a dictionary between the transcendentality of the double discontinuity and that
of the corresponding CFT data. Finally, let us also mention that interesting structures
related to the transcendentality of AdSs correlators were recently found in [64] at one loop,
from a computation of individual Witten diagrams.?”

In the present paper, we shall observe that similar ideas apply to weakly-coupled
one-dimensional CFTs dual to scalar Effective Field Theories (EFTs) on a fixed AdSs
background. In particular, we shall find that for integer dimension Ay of the external op-
erators, and order by order in perturbation theory, the class of functions that can appear
in a correlator is rather restricted: it amounts to products of rational functions and har-
monic polylogarithms, with a maximal transcendentality that is fixed by the perturbative
order. This is found to be true at tree level and at one loop both in theories with only
one, self-interacting field, and in theories with a multiplet of fields and an O(N) global
symmetry. In all cases that we consider, we were also able to express the CFT data cor-
responding to these correlators in terms of harmonic sums, and the upshot is that a very
similar transcendentality principle is satisfied by the CFT data.

The strategy. Let us now illustrate the principles that we use to bootstrap correlators
using this principle of maximal transcendentality. First, based on some external input or
on guesswork, one has to establish the maximal transcendentality of the correlator under
inspection. Then, an ansatz is given in terms of products between rational functions and a
basis of suitable transcendental functions. Once an appropriate ansatz is established, the
following principles are employed to fix the correlator:%®

e Crossing symmetry. Very much like in higher dimensions, we demand that the
correlator A(z) of four scalars with identical scaling dimension Ay satisfies

(1—2)%50 A(z) = 2282 A(1 — 2), (4.1)

2TNote that the technique applied in this case is very different from that of the present paper: for instance,
individual Witten diagrams are not crossing-symmetric.

Z8Up to some ambiguities, whose meaning will be discuss later and is completely analogous to the contact
terms that one needs to add to the PM basis.
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when z is in the so-called “crossing region”, where both sides are analytic [25]. While
being one of the pillars of the conformal bootstrap, this alone is not sufficient to fix
the correlator.

e Symmetry of the conformal blocks. We shall exploit that the one-dimensional
conformal blocks
Ga(z) = 22 9F1 (A, A; 24 2), (4.2)

satisfy

z —Z A
Ga <Z— 1> = Ei_liAGA(z). (4.3)

Note that since the argument of the first conformal block is on the branch cut for
z € (0,1), one has to specify an analytical continuation in z. In particular, we have

— ; A=) _ —irA
z—x+z€—>(z_1)A—e ,

r€(0,1), e € RT. (4.4)

. 1— A .
z=x—ic — U2 = etimA,

(=14

We will only be able to find analytic expressions for the correlators when Ay is
integer, and the relevant operators in the OPE are double trace operators of dimension
A = 2A4+2n + v,. Hence, for integer Ay, we actually have eFmA — eFim M Then,
we have to expand this in perturbation theory, and if we choose for instance the
continuation z = x — ie, we get?’

, 2 2
eHTm —1 4 g (imﬁf)) 1 g (imﬁf) _ % (%(11)) ) +0(g?). (4.5)

Therefore, we can constrain the correlator using

A7) =40+ 0 1] s i) 49

expanded order by order in perturbation theory.

e “AdS unitarity method”. That is, we recall that, at least in a small z expansion, at
fixed order O(g**1!) (L loops in AdS) in perturbation theory, the terms proportional
to log“*1(2) are fixed by the solution at tree level (L = 0). This can be easily seen
with a perturbative expansion of the sum over conformal blocks around MFT. In par-
ticular, at one loop (L = 1) the part of the correlator that is proportional to log?(z) is

1 — 2
A(2)|10g2(2) = B Z c) (’77(})) Gang+2n(2), (4.7)
n=0
which is entirely fixed in terms of MFT OPE coefficients and tree-level anomalous
dimensions. This was first employed in [29] to find some one-loop correlators in
d = 2 and d = 4, and later applied to N' =4 SYM in [65, 66], allowing to compute
one-loop superstring amplitudes via the AdS/CFT correspondence.

29We shall express the four-point functions in terms of harmonic polylogarithms, and the analytical
continuations around the branch cuts of these functions must agree with the choice that one makes for this
expansion.
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e OPE expansion. It must be possible to write the correlator A(z) as a sum
over conformal blocks. In particular, since the sum over conformal blocks is done
perturbatively around the GFF double trace dimensions 2 A4 +2n, we shall use that

in a small z expansion of A(z) the lowest power of z that can be present is z22¢.

In the remainder of this section, we shall apply this method to tree-level correlators, both
in the case of one single trace operator and of models with O(V) global symmetry. Finally,
we will also consider the exchange of one single trace operator at tree level.

4.1 Contact terms, single field

At tree-level, a correlator A()(z) can be written as

1 0
.A(l)(z) = Z (07(11) + 507(10) %(11) 8n> G2A¢+2n(2')
(4.8)

1 0
- Z ZPeten <(C7(11) + 507(10) %(11) Gn) + Cq(zo) %(11) 10g(Z)> Fang+2n(2),

where we have introduced the notation Fg(z) = 2F1(5, B;20; 2).

We want to construct contact term solutions, and in d > 2 these correspond to solutions
whose singularities at z = 0 and z = 1 are not enhanced with respect to that of a single
conformal block [28]. In fact, these are often referred to as truncated solutions, as the
corresponding CFT data have compact support in the spin, and therefore the sum over
spin actually truncates. In d = 2 and d = 4, the conformal blocks are found to be essentially
products of hypergeometric functions, and for integer external dimensions, twist and spin
they reduce to functions of transcendentality two. In d = 1, the conformal blocks contain
only one hypergeometric function, and therefore we propose an ansatz of transcendentality
one, of the form

ADGE) = 2)2% - (11_ = (p1(2) + pa(2) Tog(2) + ps(2)log(1 — 2)),  (4.9)

where p,,(z) (m = 1,2,3) are polynomials in z, and k € Z. With this, one can implement
the strategy outlined above, and fix the polynomials varying the integer k and their degree.

For any integer Ay > 0, we find an infinite number of solutions. This is expected,
since an AdS effective field theory can have contact terms with arbitrarily high number of
derivatives. To classify such solutions, we note that the values of the exponent k£ allowed
by our constraints are k = 2q — 1, with ¢ € N. The corresponding anomalous dimensions

(1)

~vn.’ have the following behaviour for n — oo:
A~ pla—2 (n — o0). (4.10)

As we shall discuss at length in section 5, this is closely related to the behaviour of the
correlator in the Regge limit, as defined in [25], and we find that for solutions with k£ = 2¢—1
the Regge limit of the correlator is

1 —2A4 1
(2+it> A(2+it> ~ 21 (= o0). (4.11)
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This, however, does not fix all the free parameters. In particular, at fixed ¢ = Q,
there are still exactly ) 4+ 1 free parameters. This comes from the possibility to add any
linear combinations of solutions with ¢ < @ without affecting the large n behaviour of
the anomalous dimensions. It also corresponds to the number of contact terms that one
has to add to the PM basis for contact terms with derivatives at tree level. To fix this
ambiguity, as a convention we set to zero the anomalous dimensions of the first ¢ double
trace operators

Wlg=0 (0<n<g-1). (4.12)

This amounts to fixing ¢ free parameters, while the last one can be seen as an overall
normalization, which we fix in such a way that

'yT(Ll)|q =1 for n=gq. (4.13)

With these conventions, we can express the correlators for any integer Ay, > 1 and ¢ > 0

as
1 Z2A¢,+2q 2A . (1 _ Z)2A¢+2q _
1 _ ¢+2¢—2 2044292
Al )(z) BT { = z)2q—1P1 log(z) + SR — P; log(1 — 2)
1 4A 4, +69—6
! (2(1 — 2))%7? B }’ (4.14)

where P/* are polynomials of degree n in the variable z.

We shall not write such polynomials explicitly here, but we can observe that they are
closely related to the D-functions introduced in [67].3C Indeed, the analogous problem was
studied in [28], for d = 2 and d = 4. The tree-level solutions that result from their analysis
can be expressed in terms of D functions, corresponding to tree-level Witten diagrams.
The authors found that only quartic interactions with even spin L are allowed, and for
fixed spin L = 2a there are a + 1 solutions, given by interactions with 2k derivatives for
k =2a,2a+1,z,...,3a. We can then study the diagonal limit (z = Z) of those solutions,
and we find that in the diagonal limit the L/2 + 1 solutions with spin L all collapse to a
unique solution in d = 1, with L/2 corresponding to our label g. This can be explained
in terms of two-dimensional scattering in AdSs. Indeed, in higher dimensions a basis of
solution for scalar scattering amplitudes is given in terms of

ob o, (4.15)

where
oy =2+ttt o3 =5 +t3 P, (4.16)

and s, t, u are Mellin space variables, analogous to the Mandelstam variables for four-
particles scattering. The spin L of the solution is then given by 2(p+ ¢q), so that for a given

39The D-functions include a kinematical prefactor that serves to guarantee conformal invariance. One
can then define D-functions, which can be computed following [68], which are only functions of conformal
invariant cross ratios.
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even spin L = 2a there are indeed a + 1 solutions. However, in D = 2 one finds that v = 0,
hence the variables s and ¢ are not independent. In particular, we have

5414 u=4m?,
=t =4m? — s, (4.17)
u =0,
and therefore
o3 =8> +t3 +u® = ° + (4m? — 5)* = 4m? (16m* — 12m?s + 35?), (4.18)

which is actually of degree two in s, like og. Therefore, in D = 2, a basis of solutions can
be simply written in terms of s2¢, and the condition | = 2(p + ¢) is now L = 2¢q, which
gives ¢ = L/2 as claimed above. Furthermore, having only one solution per each value of
the spin, we can limit ourselves to consider interactions with exactly 2L = 4q derivatives,
which act symmetrically on the fields, so that the Lagrangian contact terms are written as

By -+ By ) (0. D" 9))? (4.19)

and the corresponding D functions are

lim (22)% (L4 (22) + (1 - 2) (1= 2)7) Dayrqaprqdprangra(22).  (4:20)

zZ—z

We have checked that this choice reproduces, in the diagonal limit, all the solutions that
we have found. In particular, eq. (4.20) for ¢ = @ is a linear combination of our solutions
with 0 < ¢ < Q. Also, on a technical note, we can observe that the D functions have
transcendentality two, which is however reduced to one upon taking the diagonal limit z —
z: this acts as a derivative, and lowers by one unit the transcendentality of the functions.

We can now turn to examine the CFT data corresponding to these solutions. Having
found results for enough values of Ay, we were able to guess closed-form expressions for the
anomalous dimensions corresponding to ¢ = 0, 1,2, 3 as analytical functions of n and Ay,
that agree with the results obtained with PM bootstrap. We can express the anomalous
dimensions in terms of the functions

(n—g+ a1 (Do tntat3z),,

n(n,q,Ay) = (04 D), By + 0, : (4.21)

and

1
Nia.80) = 298000 (280 - 3 ) (122
2q
as

Mo MGl p A 4.23
" (g, g, Ap) N (g, Ay) o Do) (4.23)

where P,(n, Ag) are polynomials of degree 4¢ in n, whose coefficients are polynomials
in Ays. Note that the denominator in the previous formula does not depend on n, and
is therefore simply due to our choice of normalisation. The polynomials P, (n, Ay) are
collected in appendix F, and for instance

Pyo(n, Ag) = 1. (4.24)
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For cases in which the same anomalous dimensions have been computed with PM bootstrap
(such as ¢ = 0 in (3.12), ¢ = 1 for Ay = 1in (3.27) and ¢ = 2 for Ay, =1 in (3.33)), we
have found exact agreement. For the OPE coefficients, we found that the derivative relation
of [28] holds, that is3!
o = 2 7 (e ). (4.25)

We also observe that the anomalous dimensions given in (4.23) are rational functions
of n for integer Ay. This will be the first entry of our dictionary: a correlator with
transcendentality one translates into anomalous dimensions that are rational functions, i.e.
have transcendentality zero. Via the derivative relation (4.25), the ratio M / ' is then
found to have transcendentality one, since it contains harmonic numbers.

As a concluding remark, let us justify why higher powers of (1 — z) in the denominator
of AM(2) correspond to a more divergent behaviour of 7, as n — oo, since this is a
common feature of all the solutions we have found, including results at one loop and for
the O(N) model. This can be seen looking at the action of the Casimir operator C on the
correlator,? in the limit z — 1: if in this limit the correlator has a singularity ~ (1 — z)*k ,
the action of the Casimir gives

1 1
C ((1 . z)k> ~ Ao G0 (4.26)

so that the singularity is enhanced. On the other hand, when the Casimir hits a conformal
block it multiplies the CFT data with the corresponding eigenvalue, that for double trace

2

operators is (2A4+2n)(2A4+2n—1), and therefore grows ~ n* as n — co. As a result, we

can associate to the Casimir an action on the anomalous dimensions in this limit, that is
C(Yn) ~ n’ Yo (n — 00), (4.27)

and comparing with the action in the limit z — 1 we can deduce that increasing by one
unit the power of 1 — z in the denominator of A™(z) results in increasing by two units the
power of n in the behaviour of v, as n — oco. Hence, it is natural to find higher powers
of 1 — z in the denominator of solutions with higher gq.

4.2 Contact terms, O(N) global symmetry

Let us now consider a model with N scalar fields ¢; and global O(N) symmetry. Now
intermediate states in the OPE of two fields decompose into irreducible representations of
O(N). Therefore, the four-point function of identical scalars with dimension Ay reads

(64(21) b (22) bu(3) 1(2)) = 55 Ao (). (128)

Lo T3y

31 There is a caveat: for integer A4 one must first take the derivative, then choose the desired value of n
and only at the end fix Ag. Otherwise, the first g + 1 — Ay values of ') would not reproduce the correct
result.

32When acting on a four-point function in one dimension, the conformal Casimir can be written as

C=(1-2)2%0% - 2%0,.
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where

dik 01 + 031 O
2

Oik 051 — 031 Oji

5 Aa(z) + 045 611 As(2),

(4.29)
and we denote with 7" the two-indices symmetric traceless representation of O(N), with A

1
Aijri(z) = ( N ij 5kz> Ar(z) +

the two-indices antisymmetric representation and with S the singlet.
The MFT solution for this model is

204

A () = 2220 4 <1 z Z) , (4.30)
(0) oA z O\

AO () = 286 _ (1_2) , (4.31)

AD () = 14 1 Gr(2), (4.32)

corresponding to double trace operators of dimension AZ’S = 2A4 + 2n for the T' and
S representations and A4 = 2A4 + 2n + 1 for the A representation. The MFT OPE
coefficients can be derived from

2(=1)"T?(2A + n)L(4A4 +n — 1)

(0) — 4
Cn = T20A )T (n + DT (dAg + 20 —1) (4.33)
via )
Crr=Cis Crh =iy Ol = 5 Ca), (4.34)

where we have removed from the singlet the contribution of the identity operator.

As in the case of a single field, to find perturbative solutions, we formulate an ansatz
and require the conditions outlined at the beginning of the present section. However, there
are a few differences due to the presence of the O(IN) symmetry, that we are now going to
discuss. Most importantly, let us notice that since crossing symmetry corresponds to the
exchange of operators 1 and 3, and now the fields carry a “flavour” index, in addition to
the exchange of the positions 1 and x3, but we also have to swap the indices ¢ and k in
eq. (4.29). The full crossing equation then reads

(1—z)% Aijri(2) = 220 Apja(1 — 2), (4.35)

and it can be decomposed requiring the equality of independent tensor structure. The
result is better read in terms of

fi(z) = (1= 2)*2 Ai(2), (4.36)
fori =T, A, S. We get only two independent equations, that are

fr(z) + fa(z) = fr(1 —2) 4+ fa(l — 2),

5 (4.37)
fr(z) = fa(z) = 2fs(1 = 2) =  fr(1 = 2),
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or equivalently

fr(z) = fs(1—2)+

N*QfT(1—z)+%fA(1—z),

2N
Fa2) = —Fs(—2) + X2 (=2 L fall - 2) (4.3)
2 _ —
fs(z) = %fs(l — Z) + % fT(l — Z) + 12NN fT(l - Z),

where the last equation is not independent.

Another slight difference with the case of one single field comes from the study of the
z +ir A
z—1"

transformation, but now we must make an important distinction between the antisymmetric

transformation z — under this

Again, the conformal blocks will get a factor of e

and the other two representation. Indeed, for integer Ay we still have

. \T,S .75
6:|:z7rAn :e:i:m'yn , (439)

but now since the double trace operators in the antisymmetric representation have an odd
number of derivatives, and so

FITAL = _eFim, (4.40)
Apart from these observations, the methods employed in the previous section still apply in
a very similar way. To find tree-level solutions to the O(/N) model, we make an ansatz for
the functions f;(z) defined in eq. (4.36), very much like the case with a single field:

1

1) = e () + B () log(2) + P (2) log(1 - ).

1
1) = g g (PR + PRG) log(e) + PA(2) log(1 =), (441)
1 _(ps Py(2)1 P3(2) log(1 —
f5(2) = Jrg =y (PF(2) + B @) log(2) + P (2) log(1 - 2).

Again, our constraints fix the polynomials P® for x = T, A, S and i« = 0,1, 2 up to a
finite number of ambiguities, which play a very similar role as in the case of a single field,

discussed in the previous section.
Having found a certain number of solutions, we observe the possibility of disentangling
two distinct families, which correspond to

e Solutions where all the functions fr, fa and fg are different from zero. These can
be labeled with an integer p = 0,1,2, ..., and they have anomalous dimensions with

a behaviour
VP~ A~ s~ (0 00). (4.42)

Correspondingly, the value of the exponent in the denominators is k = p.

e Solutions with f4(z) = 0.3% Then, the symmetry requirements of eqs. (4.37) demand
that fr(z) and fs(z) be self-crossing symmetric (fr(z) = fr(1—z), fs(z) = fs(1—=2))

33While fa = 0 is allowed, there are no non-trivial solutions with either fr = 0 or fs = 0. Take

for instance fr = 0: crossing symmetry then requires both fs and fa to be self-crossing symmetric,

and proportional to each other. However, given the different transformation under z — —Z; (see (4.39)
and (4.40)), this is not possible.
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and proportional to each other (fs(z) = &+2 fr(z)). Hence, there is actually only
one independent function, which satisfies the same constraints as those of a model
without O(N) symmetry. Therefore, these solutions can be labeled as in section 4.1,
with an integer ¢ = 0,1,2,..., and the only independent anomalous dimension is

v~ 072 (n = 00). (4.43)

This situation can be easily understood looking at AdSs contact terms. For instance,

consider an interaction with two derivatives. Without O(N) symmetry, we can integrate
by parts and we get

00 # =606 -20,07 ¢ = Q0P F=—36'00,  (149)

and using the equations of motion (or, equivalently, with a field redefinition) we can see
that this interaction is actually trivial. However, when we add a flavour index to the fields,
this is no longer true. For an arbitrary tensor structure 7%* we have an interaction

T (0,0 0" b5 o1 t1) = —T ¥ (Ogs @5 bk P1 + Ophi dj O by b + bi " & b Ophr) , (4.45)

and the second and third term on the lh.s. are in general not dependent on the r.h.s.
interaction. Hence, we can conclude that in the case with O(N) symmetry there are more
types of interactions to be taken into account, and the family of solutions that we labeled
with p corresponds precisely to those interactions that would not be independent in the
N = 1 case. Again, all solutions can be written as a sum over the diagonal limit of
appropriate D functions.

Let us now discuss general expressions for the solutions in the family that we labeled
with p, since the other solutions have already been discussed. For given p = P, we find
ambiguities corresponding to solutions with p < P or ¢ < P/2, much like in the case
without O(N) symmetry. Again, these ambiguities precisely match the contact terms that
one must add to the PM bootstrap basis. In order to fix them we make an arbitrary choice,
and we use the solutions with p < P to set

DA =0 (0<n<P-1), (4.46)
and then the solutions with ¢ < P/2 to set
DT =0 (0<n<[P/2]), (4.47)

and finally we normalise the diagram with

(1,7

Voo ipyz = L (4.48)

With these conventions, we can express our results for the functions f(z) introduced
in (4.36) for any integer Ay > 1 and p > 0, and to do so we distinguish two cases:
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e p = 2k. In this case, we found

5204+p+2 2A,+p—2

fr(z) = W T, log(z) +

4A¢+3p74
TS

2P=2(1 — z)p— 17

et og(1 - 2)

+

(1 — 2)%2

Ja(z) = 280 (2 = 2) AT log(2) +

AZBOT Jo0(1— 2)  (4.49)

4A 4 +3p—4
(z—2) A3

(z(1 =2

1 Z2A¢ A, 42 1—2 2A4+p+2
fS(Z) = NfT(Z) —+ (1 — Z)psl ¢+ P 10g(z) + #
S§A¢+3p74

2P=2(1 — z)p— 17

2A44p—3
g Sy P log(1 — 2)

e p =2k + 1. In this case, we found
5204+p+3 (1 _ Z)2A¢

2P

2A¢+p—3
(1—zp
T;A¢+3p—3
2P~ (1 — z)p= 17
L2820+l
fa(z) = WAI ?" log(z) +
(2 —2) Ay et
2P=2(1 — z)p=1 7
1 2286 9n, 40 1 — 2)2Re¢trt3
fs(z) = NfT(Z) + mSl TP Jog(z) + 4=z e
4A 3 +3p—3

TR

As for the CFT data, we find that the derivative relation for the OPE coefficients is always
satisfied, and for instance we provide the anomalous dimensions in closed form for the p = 0

fr(z) = log(z) + T;A¢+2p log(1 — z)

_l’_

1 _ 2A¢ o
% AR 0001 ) (4.50)

2P

o7 S§A¢’+p_3 log(1 — 2)

(4.51)

case:
1 (n)a, (A¢> +n+ %)A¢
Ay) (Ag +n)a, (n + %)Ad)

A DAy = — 1 (n+Day-1(Bp+n+3)5, 4
nP T UN(A) (Mgt n+2—Da,a(n+3), .

o—1
N 1
77(11)’S|p=0 = (71(11)’T’p=0) +

I

77(11)7T’P:0 = N(

(n+1)a,-1 (D¢ +n+ %)A¢—1
4N(A¢) (A¢+n)A¢ (n—l—%)A¢
X (Ap(l —4Ay) +2(1 — 4A)n — 4n?)
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where 5
(1)A¢ (Aqﬁ + §)A¢

(%)A¢ (Ay + 1)A¢'

The OPE coefficients are found to satisfy the derivative relation in all cases. As in the case

N(Ay) =

(4.53)

of a single field, for integer A, the anomalous dimensions are rational functions of n, for
every value of p.

Finally, let us observe that the results of [32] for tree-level correlators on the 1/2-
PBS Wilson-Maldacena loop in N' = 4 SYM, already reproduced in section 3.2 using the
PM bootstrap, correspond in the language of this section to a linear combination of the
solutions with p = 0 and p = 1.

4.3 Exchanges

In this section we turn to the study of tree-level exchange diagrams: we consider a new
single-trace primary operator O of dimension Ag, which appears in the OPE of ¢ x ¢.
This problem was already considered, from the point of view of bootstrap, in [69], where
the double-trace CFT data due to a single-trace exchange at tree level in d = 4 were
considered. Exchange Witten diagrams in any dimension were also studied in [70], where
recursion relations were given for the coefficients in the conformal blocks expansion of such
diagrams in every channel.

In the presence of an exchanged operator with dimension Ag, the conformal blocks
decomposition of a tree-level correlator reads

AV (2) = Ca, Gay(2) + ADL(2)

1 0
= CAE GAE (Z) + Z <CT(L1) + 5 07(10) %(11) an) G2A¢+2n(z) (4.54)

n 1 0
= CAE GAE (Z) + En:ZQAdri—? <07(11) + 5 07(10) %(11) <2 log(z) + aﬂ)) F2A¢+2n(z),

where Ga,(z) is a conformal block of dimension Ap. Again, the constraints that we are
going to apply are completely analogous to the case of the contact diagrams for a single
field, but there are a few important differences, which are listed below.

o We will still consider integer values for the conformal dimensions, both for the external
and for the exchanged operators. However, we notice that when the dimension of the
exchanged operator satisfies Ap > 2A, and is even, there is one double trace operator
with the same dimension at the MFT level. Therefore, there is mixing between the
two operators, and we cannot solve for the correlator. Therefore, we shall consider
only odd values of A when Ap > 2A4.

z

~=7 the conformal blocks transform

e We recall that under the transformation z —

as34

Ga ( : 1) — ETAGA(2). (4.55)

z —

34Recall that the sign in et 2 is fixed by the choice of analytical continuation.
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Hence, we must take into account the different transformation properties of Ga,(2)
and Gpr(z) under this symmetry.

o Ca, is the (square of the) OPE coefficient of the exchanged primary O with two
fields ¢, and in the AdS theory it is proportional to the coupling Ap in the three-
point interaction Ao ¢? @. It is therefore the only free parameter, and all the double
trace CFT data should be fixed in terms of A\p and a finite number of contact-terms
ambiguities. We will make the convenient choice Ca, = 72, that simplifies the
structure of the CFT data. Note, however, that this choice is completely arbitrary.

e The transcendentality of the correlator is, in principle, not fixed by any constraint. To
have an idea of what this might be, we make two observations. The first is that when

27— Ap

N 4.56
5 eN, (4.56)

it is known that the exchange correlator is given by a finite sum of D-functions, with
known coefficients [71]. Since, as discussed, in d = 1 the D-functions have transcen-
dentality one (corresponding to tree-level interactions, possibly with derivatives), we
expect the exchange correlator to have transcendentality one as well in this case. To
develop some intuition for the other cases (still with integer dimensions), we solved
the recursion relation of [70] in the simplest case that does not respect (4.56), that is
Ay = Ag = 1. It turns out that in this case the transcendentality of the correlator

is three,3?

so we proceed with an ansatz of the same transcendentality for general
exchanges. This also justifies our choice of Ca, = 7% Ga,(2) has transcendentality
one for integer Ap, and multiplication by 72 gives transcendentality three, i.e. the

maximal one for this type of correlator, according to our ansatz.

Hence, we take the ansatz for Ag%p to be

12
Apr = (1= 12)2Ad> o (11_ o) (z; pi(2) 79(2)) , (4.57)
where p;(z) are polynomials in z and 7%(z) are transcendental functions from the following
basis:
e Transc. 0: 1.
e Transc. 1: log z, log(1 — 2).
e Transc. 2: Liy(2), log(z) log(1 — z), log?(1 — 2).

e Transc. 3: Liz(z), Liz(1 — 2), Lis(2) log(2), Lis(2) log(1 — z), log(z) log?(1 — 2),
log®(1 — 2).

This guarantees that there are no terms in log?(z) in the small z expansion.

35Despite the high degree of transcendentality, we are still dealing with a tree-level correlator. Hence, the
solution cannot contain powers of log(z) higher than one in the small z expansion, as dictated by (4.54).
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Once again, we first of all characterize our solutions with the power k that appears in
the denominator of (4.57). It turns out that to find solutions we need at least k = Ag — 1.
Higher values of k would still lead to non-trivial solutions, which however all differ by the
addition of derivative contact terms.?¢ We can therefore restrict to k = Ap — 1. Once this
is fixed, there are still parameters corresponding to tree-level derivative contact terms with
q < Ag/2. We can fix these terms simply by requiring that the correlator is Regge-bounded,
which sets to zero all the coefficients of the derivative contact terms. At this point, one is
left with the only ambiguity of adding a ¢* contact term, which cannot be fixed in general.

In order to discuss the corresponding corrections to the double-trace CFT data, let us
first define the OPE coefficients in terms of a deviation from the derivative rule, as

10
1 _ - “
Cn 2 0n

We distinguish two cases, according to whether Ag is smaller or larger than 2A4, that is

(CD) + 0 scid. (4.58)

the dimension of the lowest double trace operator built out of two primaries ¢.

e Arp < 2A4. In this case we can find the result for both even and odd Ag. When
the condition (4.56) is satisfied, which is possible only for even Ap < 2A,, the
solution is a sum of D-functions, and the anomalous dimensions are rational functions
of n. Their behaviour as n — oo is generically ~ n~2, but (except for a finite
number of cases) it is possible to fix the coefficient of the ¢* contact term in such
a way that 77(11) ~ n~% On the other hand, when Afg is odd the correlator has
transcendentality three, and correspondingly the anomalous dimensions are more
complicated. In general, they are of the form

4D = Qo)+ () Haan, -1+ P0) (262)+00n+ 80) ~o0 (4344 ) ).

(4.59)
where H, is the n-th harmonic number, and ¥(!)(z) is the first derivative of the
polygamma function ¢(z) = d%F(z). Q(n) and R(n) are rational functions, whereas
P(n) is a polynomial. In this case, the OPE coefficients do not satisfy the derivative
rule, and we find

I'2n+1)
(4A¢ +2n—1

501(11) = T ) P4A¢,2AE,2(TZ), (460)

where P4A¢,2Ae,2(n) is a polynomial of degree 4A4 —2Ag — 2 in n. Let us observe
that in the large n limit these corrections to the derivative rule satisfy

sCM ~ (n — o), (4.61)

n2Ap

for any Ag. This was already observed in higher dimensions, at tree level, in [69],
and will be justified (to all orderds) by a careful analysis of the Regge limit for
one-dimensional CFTs in section 5.

35From the point of view of crossing symmetry, one could always add self-crossing symmetric terms to
Ag; and get a new solution.
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e Ap > 2A4. In this case it turns out that we can always fix the coefficient of the
non-derivative contact term in such a way that

lim () ~n70. (4.62)

n—o0

Using this criterion to fix the only free parameter left, the general expression for 'yq(@l)

is of the form
7Y = Q(n) + P(n) (2 ¢(2) + 9V (n+ay) =y (n + % + Aqs)) ;o (463)

where Q(n) is a rational function, while P(n) is a polynomial. On the other hand,
in this case the OPE coefficients do satisfy the derivative rule, and we simply have
sy =o.

Let us comment on the transcendentality of these results. What we have observed is that
an ansatz of transcendentality three (4.57) leads to anomalous dimensions which contain at
most (1) (n), and have therefore transcendentality two. For the CFT data, if we consider
the ratio C’,(f) /C’T(ZO), we can argue that the transcendentality is three, the same as the
correlator.

Finally, we can justify the large n behaviour of %Sl) for the exchange diagrams looking at
the Mellin transformed correlators in higher dimensions (or equivalently, given the similar-

ity in the structure, at flat space scattering). For a scalar exchange, we have schematically
1 1 1
Mpg(s,t,u) ~ + + ,
S sy vE R VR ve

where M is the mass of the exchanged field and s, ¢ are independent (Mandelstam) vari-

(4.64)

ables. In the high energy limit s — oo, we have

b
lim Mg(s,t) ~a+ —, (4.65)
5—00 S
for some contants a and b, whereas for the non-derivative contact term ¢*
Slgglo Mya(s,t,u) ~c, (4.66)

for some constant c¢. As we also discussed in the study of the tree level solutions, every
derivative increases the power of n in lim,,_, %(11) by one unit, and therefore every inverse
derivative (like the propagator) decreases it by one unit. Therefore, we expect the contri-

bution of the constant term proportional to 1 in (4.65) to give a contribution that is ~ n=2,

and the term proportional to % to give a contribution that is further suppressed by n=2,
and therefore that is ~ n~%. However, in two dimensions (looking at scattering in AdSs
for the Mandelstam variables) s and ¢ are not independent, and in particular s 4t = 4m?,
with m the mass of the external fields. Therefore, for a CFT; we actually have to study
lim Mg(s,4m? — s,0) ~ a + % (4.67)
S—00 S
and therefore, after the addition of an appropriate constant term, there is a further suppres-
sion by two powers of n in the anomalous dimensions, so that (4.62) is actually justified.
This fact was already observed in [26] in the study of the one-dimensional Lorentzian
inversion formula.
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4.3.1 Large Ag: EFT expansion

As it is well-known, in QFT one can see a tree-level exchange diagram as arising from the
sum of an infinite number of contact interactions, with an increasing number of derivatives.
This comes, intuitively, from the expansion of the Feynman propagator when the mass of
the exchanged particle is very large, and leads to the usual notion of Effective Field Theories
(EFTs), in which one integrates out the heavy modes and focuses on the low-energy physics.
As it was already argued in [72] using Mellin space techniques, the situation in AdS is very
similar. However, in one dimension the Mellin transform is not uniquely defined since the
two cross ratios are not independent, and one would like to recover the EFT expansion
with other techniques. One option would be to find closed-form expressions as functions
of Ag for the correlators that we have just discussed, but we were not able to do so. On
the other hand, we can consider the recursion relation of [70], and solve it order by order
in a 1/Af expansion. Looking at (B.21) in [70], we can see that the large A expansion of
the recursion relation itself is trivial, with all the non-trivial dependence on A g encoded
in the n = 0 value, given in (C.31). Such expression is however very hard to expand in
1/Apg, given that it contains the sum of two terms, both singular for even Ap, while the
sum of the two is regular. However, we observe that eq. (C.31) of [70] can be re-written as

VAT AR (B,+ 58 1)

clP=—
ApT (Ap+5)T2(Ag+47)

(4.68)
1A A Ap A 1 A A
x5 Fy (2,2’5,AE,A¢+2E+LA¢+2E+1;2E+1,AE+2,A¢+2E,A¢+2E;1>-

This expression is obtained looking at the expression for the Witten exchange diagram in
the t-channel given in [15]. The hypergeometric function can be evaluated at integer values
of Ag for every fixed integer Ay, and analytically continuing on the positive even integers
the result can be expressed in terms of

S afa) = (w“’ (”” : 1) e (T)) 5. (4.69)

For instance, for Ay = 1, we find

1 Agp Ap Ag Ap Ag Ag 1
5Fy <2,2a2727AE72+172+172+17AE+271>
2 A SALT (BE) T (Ap +3) (b0 (48) — v @ (J(am +1)))

- 13 (L(Ag+1)) ’

(4.70)

and this allows to find an expansion in 1/Ag, that for every A, starts with 1/A%. Alter-

. t
natively, we can make an ansatz for C(() ) as

o=y (4.71)

24n?
n=0 AE
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and fix the coefficients a, requiring that all the Cff)

have an expansion in 1/Ap starting
with 1/A%, as in (4.71). Indeed, given the structure of the recurrence relation, for general
C’(()t), C,(f) also contains positive powers of Ag, with coefficients that depend on C(t) Re-
(t)

quiring the coefficients of undesired powers to cancel, we get conditions that constrain Cj

This allows to solve both for the coefficients a,, and for Cff), order by order in 1/Apg, to

arbitrarily high order. The resulting expansion for Cét) precisely matches the result coming
from (4.68). Now, 07(;&) represents a contribution to the conformal blocks expansion of a
t-channel exchange Witten diagram, which contains operators with dimension 2Ag4 + n.
For the u-channel, we have clt) = (=)™ 7(;), so that when we sum them only even values
of n contribute and we get the usual sum over double trace operators. Once we sum with

cl ), which was given in closed form in [70], we get

n

therefore expanding C’T(LS) and C’,(f) in powers of 1/Ag we can find the large Ap expansion
of the anomalous dimensions. This is expected to reproduce the usual EFT expansion
of exchange amplitudes for large value of the exchanged mass, and therefore each term
in the expansion should correspond to a linear combination of contact term anomalous
dimensions. Qualitatively, this can be seen from the expansion of the propagator:

1 1 1 ——-1 1
_ L1 4
O Ap(bp 1) AL AL T AL +O(A5> (4.73)

We found that all the contact terms with arbitrarily high number of derivatives indeed
contribute to the expansion of 'y,(Ll) in 1/Apg, but contact terms with higher number of
derivatives enter the expansion at higher orders, as expected from (4.73). In particular,

the expansion reads

(1)\}3—

al g a2k
D] = 0+A6 Z nl o= 1+A10 Z ,} =2t . (4.74)

Eko EkO

The power of Ap at which a given contact term enters the expansion can be read
from (4.73), recalling that some derivative interactions are equivalent up to integration
by parts and field redefinitions.

If we now consider a limit where both n and A are large (and of the same order),
each group of terms is dominated by the first, which contains the lowest power of Ag in

(1)

the denominator, and recalling that v, |, ~ n~2149 we find an expansion of the type

1 n
W) — F [ — 4

We were able to find the coefficients in the expansion and re-sum it exactly in all cases in

which we computed %(11)| . The result is that for large n and Ap, with n/Ag fixed, we

have (up to the addition of a non-derivative contact term)

My _ (D) 1
- o

E
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where ¢(Ay) is a constant that only depends on the external dimension. This result diverges
when the twist 7 = 2n of the double trace operators is of order Ag, as expected.

5 Intermezzo: Regge limit in 1d CFTs

As we have discussed in the previous section, the Regge limit plays an important role in the
study and classifications of solutions to the bootstrap equation in one dimension. For the
moment, we have only heuristically implied a connection, at tree level, between the Regge
limit of correlators and the large n behaviour of anomalous dimensions. In this section we
will be more precise about this link, systematically studying the Regge limit in one dimen-
sion. One can also wonder whether looking at the crossing equation in the Regge limit can
put some constraint on the CFT data. Unfortunately, it will turn out that this is not enough
to completely fix the correlators, but we will still be able to make some universal statements
which hold at all orders in perturbation theory, provided some assumptions are satisfied.

The Regge limit of CFTs was already considered for dimensions d > 1, both from the
CFT and from the AdS perspective. The case of CFTs dual to pure Einstein gravity was
first considered in [73, 74], and an extension to more general gravity duals was provided
in [75, 76]. While in d = 1 we shall find that the position space Regge limit corresponds
to a large twist (n) limit of the CFT data, in higher dimensions this is related to a limit
in which both n and the spin j are large, with their ratio n/j being kept fixed.

5.1 The Regge limit of conformal blocks

Let us first recall that, following [25], we have defined the Regge limit of a correlator of
identical scalars with scaling dimension Ay in a 1d CF'T to be

1 —2404 1
Jim <2+zt> A<2+zt>. (5.1)

To motivate the present discussion let us recall that, at least for tree-level correlators, a
Regge behaviour of the type

(1 N 1 .
tliglo (2+zt> A(2+zt> ~t (5.2)
implies that the anomalous dimensions satisfy
: 1) . 20
nl;ngo Yy~ n. (5.3)

Therefore, we can see that at least in this case the large ¢ behaviour of the correlator and
the large n behaviour of the anomalous dimensions are closely related. In particular, one
can also argue that n? ~ t: while for the moment this is just heuristic, we shall soon derive
this relation.

To make this connection more precise, let us study the behaviour of a single conformal
block in the Regge limit. To this end, let us first redefine for convenience the CFT data,
in terms of the MFT ones. We shall write the OPE as

A(z) =" Ca 0 Gal2), (5.4)
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(a)A¢:1,t:5. (b)A¢:1,t:25.

Figure 3. Plots of | Fa(1/2 4 it)| vs A for Ay =1 and two values of ¢. One can see that the plot
is peaked for a value of A that increases roughly with v/%.

where Ga(z) are the conformal blocks, Ca are rescaled OPE coefficients and Cg]) are the

MFET OPE coefficients written in terms of the physical dimension A of the intermediate

operators:
0) 2T2(A)T (2A, + A —1)
I'2(2A,) T2A - 1) T (—2A,+ A +1)
Now, we can define rescaled blocks to be
Fa =V Gal2), (5.6)

and study their behaviour in the Regge limit. To begin with, we can study the behaviour
of |Fa (1/2 +it)| at fixed Ay and ¢ as a function of A, for increasing ¢ (in the end, we
want ¢ — 00). As it is clear from figure 3, for fixed ¢ and A, this is peaked at some
value of A, which increases as one increases t. In particular, it is possible to show that the
peak is for A ~ a+/t, for some real number «. This means that in the Regge limit the
contribution of conformal blocks with large scaling dimension is enhanced with respect to
the others. Since double-trace operators have dimension A = 2A4 +2n + 1, we can argue
that operators with large n dominate the Regge limit, with n being of order v/, as claimed
at the beginning of this section.

To explicitly compute the large ¢ expansion of the conformal blocks, we use a well-
known integral representation of hypergeometric functions, and we get

ot 22A = 1)((1—8)s)A AT (24 + A — 1) (1 — s2)72
Falz) = /0 ds T2(2A,)0(—2A, fA 1) '

(5.7)

Studying the integrand as a functions of s, one can argue that when z = 1/2 + it for large
t, the main contribution comes from the region with s ~ 1/v/t. Hence, we can make a
change of variable s = \/y/, as well as A = ay/t. Now, we can expand the integrand in
1/t and integrate order by order, with the result

Fa(1/2 +it) = ™2 K(a, t), (5.8)
where A1
8 e .
208 [ 2 T in/4 .
K(a, t) =t ( VAW (26 a) + ) . (5.9)
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The expansion is in half-integer powers of 1/t,3” and we have defined the kernel K(a, t)
collecting an overall factor of ¢/™2, which will be crucial in the following. Finally, K, (2)
is a modified Bessel function, and our expansion is well-defined provided ¢ has a large and
positive real part.

Now that we have an expansion for the individual conformal blocks in the Regge limit,
and we know that in such a limit the OPE is dominated by operators with large dimension,
we can also find an expansion for the OPE itself. To this end, we convert the sum over n
in (5.4) into an integral over «. If we think of the anomalous dimensions as functions of A

(rather than n), we can write®

S - / da),  [da] = da \/W. (5.10)

This allows to express (5.4) in the Regge limit as
A(1/2 4 it) = €278 / (da] ClavD) 6™ 7@VD K (1), (5.11)
0
and if we think the CFT data C'(A) and v(A) in a 1/A expansion this gives a 1/t expansion
for the correlator A(z).

Before proceeding, as a consistency check of our expansion, let us notice that if we
insert the MFT CFT data C'(A) =1 and y(A) = 0, we get

J2im A, /Ooo[da]lC(a,t) - (; +it>2A¢. (5.12)

When compared with the MFT correlator

1—2

Alz) = 1 4 2280 4 < : )md’, (5.13)

this result correctly reproduces the divergent term z22¢, but not the first and the last term
of (5.13), which are regular in the Regge limit. This allows us to highlight an important
fact about our Regge limit expansions: they are only sensitive to the divergent part of
correlators, i.e. the part that scales with t224~" with n an integer number. All terms
that are suppressed by non-analytic factors of t~22¢ with respect to the latter, like the
contribution of the identity in (5.13), cannot be reproduced by the expansion (5.11), which
is therefore only asymptotic.

5.2 OPE limits and crossing symmetry

A key fact for the development of the analytic bootstrap was the observation that the light-
cone OPE is dominated by operators with large spin [77-80]. As we briefly discussed, this
has allowed to systematically constrain the CFT data expanded in inverse powers of the

3"Despite this, correlators admit an expansion in integer powers of 1/t (times t2A¢). The absence of
half-integer powers can be seen as a constraint on the CFT data.

3 We have 2n = A — v(A) — 2Ay, hence Y., ~ [dn = [dA 3% = fdaw = [[da].
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spin, using crossing symmetry [7, 49, 81]. In one dimension, z and z actually coincide, and
there is no notion of light-cone limit. However, one can wonder whether a limit exist, in the
cut z plane where A(z) is analytic [25, 82|, in which the OPE is dominated by some specific
kind of operators. As we have discussed in the previous section, at least one such a limit
exists: the Regge limit, where the OPE is dominated by operators with large dimension.
The Regge limit can be seen as a special case of the so-called OPE limits, in which
two operators become arbitrarily close to each other. In particular, from the definitions

Lo T2y T4T (5.14)
= , — gy =R )
T13 T24 T13 T24

we can distinguish three OPE limits®’

e s-channel OPE, where operators 1 and 2 become close. This corresponds to x15 — 0,
and therefore z — 0.

e t-channel OPE, where operators 1 and 4 become close. This corresponds to x14 — 0,
and therefore z — 1.

e y-channel OPE, where operators 1 and 3 become close. This corresponds to z13 — 0,
and therefore z — oo.

Hence, we can see that the Regge limit is actually a u-channel OPE limit. But then, a
question naturally arises: can we put constraints on the CFT data of 1d CFTs by inspecting
these three OPE limits?

Let us first discuss the constraints arising from the Regge limit. We can write the
crossing equation in such regime as

(2 - zt) A <2 + zt) = (2 + zt) A <2 - zt) : (5.15)

which, for ¢ € R, can be seen as the condition

(2 - it) A (2 + it) eR. (5.16)

For large ¢, we can use our expansion (5.11) and get our first Regge limit constraint, to be
interpreted order by order in 1/t:

1 27, ‘ . . A
(2 —it) 2T Rs / [da] C(a/t) €™ VD K (a,t) € R. (5.17)
0

39Note that in one dimension operators live on a line, or its compactified version, i.e. a circle. Therefore,
while starting from an ordering “1234” one can bring 2 close to 1 (s-channel) or to 3 (¢-channel), physically
it is not possible to bring 1 close to 3. This is also related to the exchange of 1 and 2 not being an actual
symmetry (due to the factor of e¥*™# in (4.3)). Nonetheless, one can consider the analytical continuation
to complex z and find a regime where 1 and 3 are close: we shall call this configuration u-channel limit, but
it does not imply the existence of a standard u-channel OPE (precisely due to the aforementioned ei”A).
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Now, let us turn to the t-channel OPE limit.*° In order to study this limit still using our
expansion (5.11), we note that when z = 1/2 + it and ¢ — oo, we have

z it+1/2
z—1 it—1/2

—1 (t— 00). (5.18)

Therefore, we can reach the t-channel OPE limit looking at A(z/(z — 1)) with z = 1/2 4t
and large ¢, which is very reminiscent of the Regge limit. Furthermore, as already discussed,
the conformal blocks in one dimension have a very simple transformation property under
2z — (2/(z — 1)), given by*!

z—1

GA< : ) = e"mAGA(2). (5.19)

Therefore, we can write the OPE as

A(2i1> :ZA:C*A eimA Fa(2), (5.20)

and if we plug in z = 1/2 + it we get

- (0.9}
A <w> - /O lda] C(avD) Ko, t). (5.21)
Therefore, we can conclude that the ¢-channel OPE limit is also dominated by operators
with large dimension, and leads to an expansion of the type t22¢~", for integer n. Now, we
can use again crossing symmetry, which relates z/(z — 1) to 1/(1 — z). When z =1/2 + it
for large ¢, we have that 1/(1 — 2z) =1/(1/2 —it) — 0, and therefore we get the s-channel
OPE limit, as expected. As opposed to the two previous ones, this limit is dominated by

the contribution of the identity operator, and we have®?

A (1/21_Zt> =140 (¢t Amin) (5.22)

where A, is the scaling dimension of the operator with lowest dimension in the ¢ x ¢
OPE. We can relate (5.21) and (5.22) using crossing symmetry, and taking into account
only terms of the type t28¢7"/2 we get the new constraint

A (Zig) = 2im8e (; + it> o (1+ 0O (t2min)) . (5.23)

To sum up, by looking at the crossing equation in the three OPE limits for one-dimensional
CFTs, we were able to derive two equations that the CFT data must satisfy. Since,

49This is related by crossing symmetry to the s-channel limit, and therefore the latter will give no new
constraints.

“INote that we are choosing z to have a positive imaginary part (t), and the sign in e~ is fixed by
this choice, as discussed in section 4.

42We are assuming that, as in unitary CFTs in d > 2, there is a gap between the dimension of the identity
operator (Ax = 0) and all the other operators of the theory.
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as explained, our expansions only reproduce term of the type t28671/2 we can neglect
@ (t‘Ami") and write the constraints as

1 2804 00 X A
(2 —z't) e R / [da] C(a/t) €™ VD K (a,t) € R, (5.24)
0

20,

/Ooo[da] Clavt) K(a,t) = e 2150 (; + it) : (5.25)

At this point, one would like to solve these equations in terms of the CF'T data. To this end,
we consider C'(A) and v(A) to be given as expansions in 1/A with arbitrary coefficients,
and solve for the coefficients. It turns out that (5.25) admits a rather simple solution, if we
recall from (5.12) that the MFT data C'(A) = 1, v(A) = 0 are a solution of (5.25). Since
the r.h.s. of (5.25) does not receive perturbative corrections, while the CFT data do, we
conclude that C(A) must completely cancel the contribution of the measure [da], in such
a way that the r.h.s. of (5.25) coincide with the r.h.s. of (5.12) at every order, therefore
giving the expected result. Therefore, the solution is

A 1

C(A) = T ) + O(A™2Bmin), (5.26)

which generalises the derivative relation of [28] to every order in perturbation theory. Note,
however, that there are corrections of O(A~™24min): while these are absent for tree-level
contact diagrams, they are generically present. For instance, already in the case of tree-
level exchange diagrams studied in section 4.3, we have found that the derivative relation
receives corrections when Ap < 2A,. In particular, we can see that eq. (4.61) agrees with

—24r), and when

the prediction of (5.26): corrections to the derivative rule appear at O(n
Ap < 2A4 we have that Ay, = Ag. As we shall discuss in section 6, something similar
happens for one-loop solutions corresponding to contact terms: the function expressing the
correction to the derivative rule, that we call 5C7(12), scales with n=*2¢ at large n, stemming
from the fact that without exchanges A, = 2A4. Finally, let us observe that a similar
generalisation of the derivative relation in the Regge limit was already conjectured in [73],
and then proven in [74], for CFTs in d > 1.

Plugging this solution into (5.24), we can simplify such equation and get the condition
(2 - it) e2im 8o / da e 1(@VD) K(a,t) € R, (5.27)
0

which is a constraint for the anomalous dimensions only.

5.3 Solutions to crossing symmetry in the Regge limit

Summarising, we have derived a constraint, given by eq. (5.27), which must be satisfied
by the anomalous dimensions order by order in a 1/A expansion. Once such an expansion
is found, the OPE coefficients can be obtained using (5.26). As explained, however, these
expansions are only asymptotics, and receive corrections of order A~2Amin,

We now want to solve for the anomalous dimensions, and to do so we must make an
ansatz for their large A behaviour. We shall consider first Regge bounded solutions, i.e.
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anomalous dimensions that are not divergent for large n. We can therefore make an ansatz

of the type
p1(logA)  pa(log A) n
A A2 U

where the p;’s are polynomials in log A, and solve (5.27) for the coefficients of such poly-

Y(A) = po(log A) +

(5.28)

nomials. It turns out that the answer can be expressed in terms of the conformal Casimir
J? = A (A — 1), in agreement with the result found in [49] in higher dimension, which is
often referred to as the reciprocity principle. The result reads

7(A):A<;+W)+f1(k);+---

1 2(3A2%) —3A, -2 1
+logJ (”2 <J6+ 5 + (V) 735+ (5.29)
1 10(As2—A,—2 1

where A is the coupling constant and f;(\) are functions of A\ that cannot be fixed by our
constraints. 3

Several comments are in order. First, let us observe that we only assumed Regge
boundedness and a gap in the anomalous dimensions from the identity operator. Hence, this
solution describes, to all orders in perturbation theory, the anomalous dimensions coming
from a ¢* interaction plus an arbitrary (but finite) number of exchanges. Furthermore,
as we shall comment later, the same equations also apply to fermions, so in principle it
also encompasses fermionic interactions. This is the reason for the ambiguities f;(\): there
is no way to tell whether or not there is an exchange, or if the operators are bosons or
fermions. Therefore, eq. (5.29) contains enough arbitrary parameters to describe all these
cases. Indeed, we have checked it against our analytical results, and we can always find
solutions for the f;(A) such that (5.29) reproduces the correct answer. Despite all this
freedom, we can make some interesting remarks about the powers of log J that appear in
the expansion. First, we notice that log¥ J appears for the first time at order Mot ) gak+2.
and the coefficient of (log®.J)/J*+2 is always fixed. Therefore, this describes a universal
behaviour of the kind of theories that we are studying in the Regge limit, independent on
the number and type of exchanged operators (provided it is finite). Furthermore, the fact
that a new power of log J appears with a new power of the coupling can be interpreted
in terms of the transcendentality principle discussed in the introduction, and that we shall
exploit heavily in section 6: higher powers of A correspond to higher loop orders, and at
every loops order the transcendentality is increased.

On a technical note, we can observe that the fact that 7(A) admits an expansion in
powers of J? (rather than simply in powers of A, or of J) is quite non-trivial. As we
mentioned, this can be seen as a one-dimensional analogue of the reciprocity principle

43We are thinking in terms of a theory with only one coupling constant, and so where all possible
exchanges are controlled by the same coupling. If one wants to think of this in terms of an EFT with
arbitrary couplings for every interaction, then the functions f; will in general depend on all these couplings.
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already observed in [47-49]. Given that such an expansion is possible, one could start
from (5.7) and instead A = a+/¢, introduce a variable j such that

PP=2t=AA-1)=aVt(aVi—1), (5.30)

and write the kernel K as a function of j and ¢ rather than of o and ¢. In terms of j, we
get an expansion of the type

CO Ga(1/2+it) = ™A K(j, 1), (5.31)
where A1
8 o 2 .
) = 28 (S in/ag\ 4 ...
K(, t) =t (fr? a0 <ze g)+ > (5.32)

which is very similar to (5.9). However, if we now choose as an ansatz for y(A) an expansion
in 1/J2 (rather than in 1/A), then eq. (5.24) contains only integer powers of 1/¢, even before
imposing any constraint on 7. This shows that the Kernel K(j, ), together with an ansatz
in terms of powers of J2, is in some sense more natural. Indeed, the half-integer powers
of t have to cancel in any case to guarantee analyticity of the correlator, but while with
K(a,t) and v(A) this happens only “on-shell”, i.e. after the solution is imposed, this is
completely natural if we work with KC(j,¢) and (/).

Finally, let us comment on other possible applications of the same arguments. In
this section we have been focused on Regge-bounded interactions, but one can generalize
our equations to interactions that are not bounded in the Regge limit, such as derivative
contact terms. It turns out that one can solve the crossing equation in the Regge limit
also in this case, but only order by order in a perturbative expansion around MFT. In
particular, at every order the anomalous dimensions will grow more and more as n — oo,
but we can imagine a very small coupling constant A such that A times any power of n
is still small, and solve the algebraic constraints coming from eq. (5.27) order by order
in A. Furthermore, although we did not discuss fermions, it turns out that very similar
equations apply to the case of fields with Fermi statistics, and one gets similar constraints.
Finally, the whole procedure can be generalized to models with O(N) symmetry, both in
the bosonic and in the fermionic case.

6 Transcendentality ansatz — loop level

We now turn to the study of loop level solutions for integer Ay, using again a transcen-
dentality ansatz and the constraints outlined at the beginning of the previous section. The
problem of loop-level AdS amplitudes was already considered in [29] from the point of view
of the analytic bootstrap, where results where found in Mellin space, for d = 2 and d = 4.
An interesting application to N =4 SYM was considered in [65, 66], allowing to compute
one-loop superstring amplitudes via the AdS/CFT correspondence. As it was observed in
that paper, although the perturbative expansion of AdS amplitudes in terms of Witten
diagrams is formally well-defined, already at one loop only a few results are available. Our
construction of exact correlators in d = 1 is then to be seen as a step forward in this
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direction, and it would be interesting to understand if it can be used as a constraint for
higher dimensional theories, through the diagonal limit z = z, on correlators in d > 1.

Our intuition at one loop is based on the result for A, = 1 and ¢* interaction given
in [25]: in that case, the correlator has transcendentality four, and we will find that this
remains valid for all contact term interactions at one loop, with or without derivatives. In
the remainder of this section we shall discuss our results for contact terms with arbitrary
number of derivatives at one loop for theories with a single field, and provide an example
of similar solutions for theories with O(N) symmetry.

6.1 Contact terms, single field

The conformal blocks expansion of a one-loop correlator A®)(z) can be written as

2 2
A(2)(Z) _ Z <C7(f) + % (C’T(zo) %(12) + 07(11) 77(L1)) 9 + 107(10) (77(11)) 8) G2 t2n(2)

on 8 on?
1 o 1 2 92
_ S @y L (con@ g omam) Loy oo () 2
~ & [Cn +2 (O” Y )8n+80” (7" ) on?
+(c©4@ 4 cw 0 4 L e (,Y 1))23 log(2) (6.1)
1

2
+ = C’,(ZO) (%(Ll)> logQ(z)} 2 A¢+2n(z).

\V)

and we recall that Fg(z) = 2F1(8,5;26;2). We now have to provide an ansatz for the
correlator at one loop, in terms of a basis of transcendental functions up to some given
transcendentality. To this end, we observe that for integer Ay all the tree-level solutions
for contact terms (regardless the value of ¢) have anomalous dimensions that are rational
functions of n. This implies that the sum

% > ¢l (%ﬁl)f Gan,ton(2), (6.2)

which determines the part proportional to log?(z) of A()(z), has transcendentality two
for every integer Ay > 0. This justifies our choice to follow [25] and assume a maximal
transcendentality of four. Schematically, we write the correlator as

A (z) = (1_;2% Y Ri(a) Tie). (6.3)

where R;(z) are rational functions whose denominators only contain powers of z and 1 — z,
while T;(z) are chosen from a basis for transcendental function of transcendentality less
than or equal to four. A basis of transcendental functions with fixed transcendentality ¢
contains exactly 2 functions, therefore a basis of functions with transcendentality up to four
contains Z?:o 2! = 31 functions. However, as one can see from (6.1), a one-loop correlator
cannot contain terms with log™(z) for n > 3 in its small z expansion. Therefore, we have to
remove from our basis of transcendental functions the ones that contain log"(z) for n > 3 in
the small z expansion. With this caveat, we reduce our basis to the following 28 functions:
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e Transc. 0: 1.
e Transc. 1: log z, log(1 — z2).
e Transc. 2: Lis(2), log?(2), log(z) log(1 — 2), log?(1 — z).

e Transc. 3: Liz(z), Liz(1 — 2), Lia(2) log(2), Lia(2) log(1 — 2), log?(z) log(1 — 2),
log(z) log?(1 — z), log®(1 — 2).

o Transc. 4: Lis(2), Lis(1 — 2), Lig (Tl) Lis(2) log(2), Lis(2) log(1 — z),

Liz(1—2) log(z), Li3(1—2) log(1—z), Lia(2)?, Liz(2) log?(2), Liz(2) log(z) log(1—z),
Lis(2) log?(1 — 2), log?(2) log?(1 — z), log(z) log®(1 — z), log*(1 — 2).

We can now apply our constraints to this ansatz and find solutions at one loop. As in the
other cases, we find a finite number of ambiguities, that corresponds to the addition of
tree-level solutions, possibly with derivatives. To fix this, first of all we require the mildest
possible Regge behaviour, but this is not enough. According to the number of derivatives
in the tree-level interaction, we still have some number f of free parameters, which we
conventionally fix by setting to zero the first anomalous dimensions:

72D =0 (0<n<f-1). (6.4)

6.1.1 Non-derivative ¢* interaction

We begin the analysis of loop-level solution with the case of a ¢* vertex with no derivatives,
which we labelled ¢ = 0 in section 4.1. In this case, it is always possible to fix the freedom
of adding tree level solutions in such a way that

, 1
Jim 52~ (6.5)

and this leaves us with only one free parameter, which corresponds to a multiple of a tree
level solution with ¢ = 0. This is nothing else but the necessity to fix a renormalization
condition (i.e. to fix the coupling constant at one loop), and since the interaction that we
are considering is renormalizable, it suffices to add one tree level diagram with the same
kind of interaction. We fix this freedom with the following choice of the coupling constant:

'Yr(LZ:)o =0. (6.6)
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With these caveats, we can completely fix all one-loop correlators for integer Ay and g = 0.
We can express our result for the correlation function as

-A(2)(Z)’q=0 =

1 {(2_2)Z2A¢+1P16(A¢_1)L1 (1—2)
(1

20441 pS(As—1) _ 1\ pSAs—1)
+(z+1)(1 2) P, Lia( )+(2z 1)P; .4<Zzl>

6(Ag—1) oA 6Dg—d
(—2)22241 Py : 2286 P .
T ey (e losla) ¥ ey Lis(=) los(1—2)
(Ap—1) 9A, p6A,—4
(Z—Q)P()-lo . (1—2)*2¢P; .
(2(1 _Z))2A¢—3 L13(Z)+ 22(A¢71) ng(l—z) log(z)
14 2)(1— 2)220+1 piBe=6
L2 g1 -2)
10(Ap—1) 10(Ag—1)
].+Z P, . ~—2 P '
((z(l—);;)2A¢—3 Lig(1-2)+ ((Z(11z3§2A¢_3 Liz(2) log(2) (6.7)
10(A4—1) 6(Ay—1)
(z41) P}y . (22—1)P, .
(Z(l _Z))2A¢73 L12(Z) 10g(1—z)—|— (Z(l_z))Q(Aqﬁ*l) log (1—25)
6(Ag—1) A A
Ez(l _i))123(A¢1) 10g3(1 —Z) lOg(z) + ( z)2(A¢11)4 10g2(1 72) 1Og2(2)
0(As—1) 8AH—6
(1+2)Pyy , P 2
— log“(1—2) log(z) + log2(1— 2
(z(l_z))2A¢ 3 ( ) ( ) (Z(l—z))Q(A¢_1) ( )
2—2)(1— 7)200 A2
+ ( )( ZQA)¢_3 17 log(l —Z) Ing(Z)
10A4—8 10A . —7
(1_2)2P18 ¢ Plg ¢
T R e A TR e R
_ )2 pbRe—8 104,38 104,17
. z)APQg log™(2) + T A, log(2) + 2 2(8,—1) (°
22(As-2) (z(l—z))( o—1) (Z(l—z))( o 1)

where P'(z) are polynomials of degree n in z. The result for A, = 1 was already given
in [25], and in appendix H we provide for instance the result for Ay = 2.

Let us now discuss the one-loop CFT data corresponding to these solutions. First, we
found useful to express our results in terms of harmonic sums, defined in appendix G. In
particular, we introduce the following combinations of harmonic sums:

Sg(n) = S_3(n) — 2S_2’1(TL),

aa(n) = 25_2(n) + ((2), (6.8)
as3(n) = S3(n) —((3),

o4(n) = 8¢(2)S_2(n) — 8S4(n) + 16S_2 _2(n) + 5¢(4),
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that will prove useful to have more compact expressions. We make the reciprocity principle

of [47-49] manifest by expressing our results in terms of the conformal Casimir®?

J? = (204 +2n) (2A4 + 2n — 1). (6.9)

In particular, for the case of one-dimensional CFTs, we find that the reciprocity principle
can be expressed as the fact that,

YA = f (A + Q’yA) , (6.10)

with A being the physical dimension A = 2A,+2n+ya, and for some function f which can
be determined order by order in perturbation theory. In particular, up to one loop we have

)
W () — ~1) @ () — ~2 _ L 1) 9
) =, [P (n) = 2% 5 n (6.11)

and the reciprocity principle can be rephrased as the fact that the function f admits (order
by order in perturbation theory) an expansion in integer powers of the bare Casimir (6.9).
Moreover, we write the one-loop OPE coefficients as

10 1 92 2
(2) _ 0,2 | o) A1) 0) () 0)50(2)
o =25 (0 +CW AL ) R <0n (% ) )+Cn 5C2), (6.12)

where (57(12) can be seen as a one-loop violation to the derivative relation. For general Ay,
we found that

NONENORA ( (1>>+ PHA i 2n 4204 — 1)

1 ;(A¢_1)
e S_p(2n+2A4—1)
[T (J2=2r(2r+1)) [HA¢ L2 —2r(2r—1)) ¢ (6.13)
1 5A4—4) 5A45—6 3A4—2)
+ Py Hopqon,—1+P, " )+ P~° C(3)],
Hi(%¢_1)(J2—r(r+l))< ’ . ) 5
while
1
sC2) — 404~ 5+Q4(A¢ 1) oa(2n 4+ 20 — 1)

n Q
L% V(2 = r(r+1) ( (6.14)
+ Qoo 03(2n+2A¢—1)) + Q2% gy 2n+ 204 — 1),

where the P and Q7 are polynomials of degree n in the bare conformal Casimir J 2,

Our results extend those of [25] to higher (integer) values of Ay, and in particular
we were able to find results up to Ay = 9. However, since the polynomials appearing in
the correlation functions and in the CFT data get more and more complicated when A

“This is actually the bare value of the conformal Casimir, i.e. the conformal Casimir for double trace
operators computed with the MFT dimension of the double-trace operators. Appropriate combinations of
CFT data will take into account the difference between the bare and the full Casimir (2A442n+7,) (2A4+
2n — 14 ).
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increases, we will only give some explicit results in appendix H. Here, we limit ourselves to
express the CFT data found in [25] for Ay = 1 into the form given in egs. (6.13) and (6.14):

1 0
(2) — 1) 7 (1)
Yo A o <’yn ) +483(2n + 1)

2
4(J% = 1) Hynpa
J2

+ % (45_2(271 +1) — —2(J*=2)¢(3) + 1) , (6.15)

4
50D = gy(2n+1) + ﬁ<02(2n £1) — 203(2n + 1)).

We can also compare these results to those of section 5, and to this end let us compute the
large J expansion of these CFT data. Using the formulas given in appendix G, we get

@ 1 40 ( (1))+12((3)—7TQ+3+2(410g(J)+47E—3) 4(241log(J) +24vE — 31)

T =g gy 3.7 J6 - 3.7
4(2801og(J) +280yp —447)  64(11970log(J)+11970yE —21767)
+ _ (6.16)
5J10 315712
n 8(14868001og(J) + 1486800yE — 2967193) 1
315.J14 Ji6 )’
where vg is the Euler-Mascheroni constant, and
2 2 10 28 632 880 1
2 -~ _ < 4 -~ _ - 1
o Jt J6 + 3J8  3J10 * 1512 3J1 +O <J16> ’ (6.17)

We can see that, as discussed in section 5 around eq. (5.26), the violation to the derivative
relation has an expansion in J2 that begins with 1/J%%¢.%> As a final comment, let us note
that one can find a coupling redefinition (corresponding to the addition of a ¢ = 0 tree-level
solution with an appropriate normalization) such that the expansion of eq. (6.16) begins
with log(J)/J. In the case at hand, corresponding to Ay = 1, this is particularly easy since
there is no J~* term and ’yy(Ll) lq=0 = 2/J?, but it turns out that this was possible for all the
solutions we have found, and therefore we can conjecture that the same happens for any A.

Finally, let us comment again on the transcendentality of the functions appearing in
our solution. As we have discussed, all the one-loop correlators that we have found for inte-
ger Ay have transcendentality four, and the corresponding anomalous dimensions contain
harmonic sums of weight three at most. The corrections to the derivative rule, instead,
contain harmonic sums of weight four, and have therefore the same transcendentality as
the correlator. These relations are completely analogous to the ones found for tree-level
exchanges. Let us also observe that not all the reciprocity-respecting harmonic sums for
a given weight are present in egs. (6.13) and (6.14). This might be due to the fact that
not all weight four transcendental functions appear in .A(2)(z), but only those that do not
contain powers of log(z) higher than two.

“*Here we showed it only for Ag = 1, but we found this to be true for every (integer) Ay that we have
studied.
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6.1.2 Loop level — derivative interactions

We can now discuss loop-level interactions with ¢ > 1. To study this kind of correlators,
we found useful to observe that, for every ¢ > 1 and integer Ay > 1, there exists a number
a(gq, Ag) such that

G(2) = AP (2) — alg, Ag) A (2) (6.18)

is actually of transcendentality two only (as opposed to the transcendentality four of the
general one-loop correlator), and since all are constraints are satisfied both by .AgQ)(z) and
by Ag:)o(z), then also G(z) satisfies all the constraints.*® The conformal blocks decomposi-
tion of G(z) is easily read from the definition (6.18) and the one-loops decomposition (6.1).
As anticipated, however, the constraints that we are using are not enough to fix all the
possible ambiguities that correspond to the addition of tree level diagrams. In particular,
as anticipated we shall require the mildest possible Regge behaviour, that turns out to be

li_}rn 72~ 16 Jogn, (6.19)
or equivalently
lim (24 it o A (L) o a2 (6.20)
t—oo \ 2 2 ’ ’

Even after fixing this behaviour, we are left with 2¢ free parameters. Again, this can be
interpreted as a renormalization condition: since we are dealing with non-renormalizable
interactions, one-loop renormalization requires the inclusion of tree-level interactions with
more derivatives (higher value of ¢) than the one considered in the one-loop diagram. In
particular, comparing eq. (6.19) with eq. (4.10) one can easily read that there are precisely
2¢ tree diagrams with milder (or equal) Regge behaviour than a one-loop diagram at level
q. To fix these ambiguities, one can for instance require that

YA, =0 (0<n<2). (6.21)

n

The general expression for the functions G(z) that we have found is

1 22A¢ P14A¢+8q—6 ) P24A¢+12q—8
4N 4 +87—6 47 4+12¢—10
(1 —2)2% p;=° 2 Py
log2(1 — ] 6.22
2CeD) og”(1—2)+ 1 2) (12D og(z) (6.22)
AN 4, +129—10 AN 4 +129—12
+ Py q4 = log(1—z) + L i e
2 (2(1 - z))* Y (2(1 = 2))*e= Y

where the P are polynomials of degree n in z.

46The fact that G(z) has reduced transcendentality can be seen as consequence of the fact that, for every

2 2
g and Ay, one can find a real number a(g, Ag) such that ('y,(Ll)\q) —alg,Ag) (77(11>|q:0) is such that the

2 2
sum Yy c© {(%(Ll)‘q) —alg,Ay) (%(L1)|q=0) } G244+2n(2) is a simple rational function, therefore giving

transcendentality two for G(z) when multiplied by log?(z).
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As for the anomalous dimensions, we can define

TP, =72, — ala, Ag) 12 |4=0, (6.23)

which turns out to have a simpler expression than the full fyr(?) |¢. For general (integer) Ay
we found, in terms of the bare conformal Casimir defined in eq. (6.9),

F(2 lg== (%(1)| )aan (7(1)|q) —%a(q,A@ ('Yn |lg= 0) 88 (’Yn |g= 0)

plfetses (J2—204(20,— 1)) PF2T578
T A7 Hopyon,—1+ A1 ¢(3) (6.24)
1.2 (J2=r(r+1)) 1.2~ (J2=2r(2r+1))
P34A¢+8q 8
v 2 ’
ILZ (J2=r(r+1))

where the P are polynomials of degree n in J 2,

Similarly, for the OPE coefficients it is useful to define

10 1 02
o9 A0 = ey~ 5 o (a4 CP ) - 5 (O (90)°)] 025)

10 1 02 2
_O‘(%Afb) |:CT(L2)(]—O - 2n (Cgfﬁ(zz)’qzo+CV(L1)|q:O'Yr(Ll)|q:0> - Son2 <C7(LO) (’71(11)‘1120) >] )

(0)

which amounts to C’. For general (integer) Ay we found, again in terms of the bare

conformal Casimir,

o 4A 5+8q—8
ACH = 1 o2(2n + 2045 — 1)
5 (72 = r(r + 1))

4A 4+164—10 (6.26)

+ 2 :
TS (2 =+ 1) [PV (2 — s(s + 1))

which amounts to the quantity C( ) (50( )] — 5C ]q 0) where the Q7 are polynomials
of degree n in J2.

Interestingly, we have observed that the function 50(2 |; expressing the Violation of
the derivative rule for interactions with 4¢ derivatives is more suppressed than (5C ]q 0
for large n. In particular, as we also show with some examples in appendix H.2, we find

SCP)|, ~n R4, (6.27)

Finally, as we shall discuss in appendix H.2, our results are found to agree with the one
found in section 3.1.2 using the PM bootstrap.

6.2 Contact terms, O(NN) global symmetry

In this section we consider one-loop solutions to models with O(N) global symmetry. Es-
sentially, we have to combine the machinery developed in the previous section for loop-level

— 61 —



solutions, using an ansatz of transcendentality four, with the observations of section 4.2
about crossing symmetry in the O(/N) model. The computations are very similar to those of
the previous section, but the results are more complicated due to the presence of three dif-
ferent representations. Therefore, for simplicity we shall limit to consider the case Ay =1
and p = 0 (in the notation of section 4.2).

In the case at hand, we find two ambiguities, which precisely correspond to the contact
terms that one needs to add to the PM basis in the O(N) case. In the language of
section 4.2, they correspond to the addition of a solution with ¢ = 0 and one with p = 0.
We fix these in such a way that

AT =0 (n=0,1). (6.28)

We give for instance the T-channel expression, from which the other two channels can be
extracted using crossing symmetry:

A(Q)’T(Z) — (1_12)2A¢{ ;? (z —1)? (322 — 2) Lig(2) + 22L56(z —2)23Lig(1 — 2)
+ % (z 4+ 4z — 2) Liy < i 1> — %22((2« — 2)zlog(2)

1 (22— 22+ 3)log(1 — 2))Lis(2) %g(z C1)2((32% + 4) log(2)
1 (32% — 2)log(1 — 2))Lis(1 — 2) + 2‘35 (2 + 42— 2) (log(1 - 2)
— 4log(2)) log?(1 — z) + % ((z* + 4z —2)7* = 3(z — 1) (2* + 2)) log*(1 — z)

6 ((z—1)* (322 +4) m* — 62°(22 — 1)) log(z) log(1 — )

+ zgz 2 (2% + 22 — 2) log?(z) + 590 ((z — 1)z (432> + 592 — 94)

—8(32% — 62° — 2% — 42 +2)((3)) log(1 — 2) — %( 2 (432% 4 24z — 24)
“8(z— 1) (322 1+ 4) ((3)) log(= )1;5( 3)22 (22— 22— 6)

e 1)2E) + 2 (2~ )22

+N 22( —1)22%Lig(2) + ;’g(z —2)Lia(1 - 2) + 32§2Li4 (Z - 1)

_ %(z ~9)22 (2log(2) + (22 — 22 + 3) log(1 — 2)) Lis(2)

- %(2 —1)222 (log(2) + log(1 — 2)) Lis(1 — )

+ o2 (log(1 — 2) — log(=)) log®(1 — ) — (= — 1?2 og?(1 - =) log*(2)
- % (227% +6(z — 1)*(z + 1)) log*(1 — 2) + 235 ((z — 1)%2%n?

—6(2 —2)z (2 + 22— 2) ) log(1 — z) log(z) — % ((z — 1)z (52% + 41z — 34)
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+122% (27 — 22— 1) ((3)) log(1 — z) + 3 (2% (52% + 48z — 48)

50
+12(2 — 1)%22¢(3)) log(1 — z) — 2%5022 (22 =22 —6) 7
— %(z —1)2%¢(3) — %(Z - 1)22] } (6.29)

The corresponding anomalous dimensions are

1 ) 36(N +6) 36(N +6)
TN - T Y ( ()T il S SIS
~ (2) +2’yn n ('Yn ) + 5% S3(1+42n)+ 97 72 S_2(142n)

36 2(J*—5J2+2
<(J2—1)N— ( ))H1+2n

252 J2

L (87(—2) N—9(5002~102)),

50.J2
1 0 36(N +2) 36(N +2)
2A(y— 4 2A1),AZ ([ (1),A ST A) et )

2 on
(J*=1)N —2(J*+1)) Hayon

+

83(2+2n)—|— 572(24-271)

36(N +4) 36
25 C(?’)+25J‘2(

((87J%436)N —531J7),

(6.30)

502

1 9 108(N +2) 108(N +2)
28y =1 2~M,8 2 (L (1)) 4 2P T T4 bt S
YD) = 4205 = (405) 4+ = (14 2m) + ——=my — Sa(1+2n)

2;674 ((J2+1)2N2_(3J4+J2_4)N+2 (J4—5J2+2)) Hiyon
N 5037 ((20J°+35) N — (206.J%+119) N +3(59. — 102)) .

_|_

For the OPE coefficients, as in the previous section we study functions (5(3'7(12) expressing
the violation to the derivative rule, and in the case we considered we found

sCAT(2) = 9(]\;;6)04(1 +2n) — Wag(l +2n) + g (J2+1)N - (J* +2))
+ % ((J? = 1)N — (J* = 6)) o2(1 + 2n),

SCDA(z) = 9(]\;;2)04(2 +2n) — W@@ +2n) + 5o ((J> = 1)N — (3J% +2))
— 2?; ((J* =1)N — (3J% + 2)) 02(2 + 2n), (6.31)

50D () = 27(];5*2)04(1 +on) — 2165?;; 2) (1 4 2m) 1 28 ;52}4(]\7 —1
430 ((J2+3)N — (J* = 6)) o2(1 + 2n).

25.J2

Notice that for the 7' and S representation we have J? = (2A, + 2n)(2A4 +2n — 1), while
for A J? = (2A4 +2n+ 1)(2A, + 2n), due to the difference in the (bare) dimension of the
corresponding double-trace operators.

In the Regge (large J) limit, we find that all anomalous dimensions scale with log(.J):
there is no power-law divergence in j as J — oo, and this stems from the fact that the
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interaction with p = 0 is still renormalizable. The corrections to the derivative rule, instead,
all scale with J~%, in agreement with the fact that in this case the operator with lowest
dimension in the OPE is the double trace ¢ ¢, with dimension Ay, = 2Ay4 = 2 at the
MEFT level. Finally, we can observe that the type of functions appearing in the correlators
is the same as in the N = 1 case, and therefore we find the same combinations of harmonic
sums as for N = 1 in the CFT data.

7 Comments on higher dimensions

In this section, we will briefly comment on what happens in higher dimensions. While the
results so far are very encouraging for 1d PM bootstrap, at this stage it is not entirely
clear what light they shed on the higher dimensional case. A proposal for a Mellin basis
was recently put forward in [83] but in the context of dispersion relations which are not
crossing symmetric.*”

Let us begin by considering the diagonal limit of the 2d Ising model. Can it be
expanded in terms of the 1d PM blocks? In the diagonal limit, the 2d ising model reduced

correlation function takes the form

A(z) = { , (7.1)

Ag—2(A 1 3 .9 7 .
on_ VD22 MDD (1) s (3,1 - A2 - A2, T — A (7.2)
o T(I-A)T(A-1) ’ '
4 2
and scaling dimensions are integers
A=1,2 3,.... (7.3)

To guarantee the expansion of diagonal 2d Ising amplitude in the 1d Poyakov-Mellin
basis, it is necessary and sufficient to show that eq. (2.30), (2.31) holds for given Ca and
A. In order to show that, we truncate the sum over A as follows

F(m,n)=Y_ CaNaofa(As+n), G(m,n)= (Z (CANA,Of/A(A¢+n))> +qis(Dg+n).
A=1 A=1
(7.4)

So as m goes to oo we have F'(co,n) =0 and G(co,n) = 0. We illustrate this in the plots
given below figure (4). In the plots we show the n =1 of eq. (2.30) and n = 0 of eq. (2.31).
Note that ¢/;.(Ag) = 2. One can easily see that as m increases F'(m,n = 1) goes to 0, also
G(m,n = 0) goes to 0 which is expected.

In light of this encouraging finding, we ask what are the key considerations in our
approach which can generalize to higher dimensions.

47 Also see [84] for another interesting approach to find analytic functionals in higher dimensions.
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F(m,n=1)

0.0007 G(m.n=0) m
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0.0006 0.002
0.0005 0.004
0.0004 -0.006
0.0003 0.008
0.0002 -0.010
0.0001 -0.012
> m
10 20 30 40 50 -0.014
(a) F(m,n =1) vs m. (b) G(m,n =0) vs m.

Figure 4. As m increases F(m,n = 1) goes to 0, also G(m,n = 0) goes to 0 which is expected.

Note that ¢/, (Ay) =2 and Ay = é_

While [25] have argued the requirement for adding contact terms by demanding good
Regge boundedness, this was not the argument we used in the PM bootstrap set up consid-
ered in this paper. The way we approached the contact term addition to the basis can be
summarized as follows: we checked whether the sum over the spectrum was convergent or
not and whenever we found that this was not the case we added appropriate contact terms
to get rid of the divergence. In higher dimensions, there are two quantum numbers for
each operators, spin and conformal dimension, unlike in 1d. So, we have to make sure that
for different limits our basis expansion has nice convergence properties. We will examine
our basis in two extreme limits: a) fixed spin and large twist and b) fixed twist and large
spin. For fixed spin and large twist (see also [15]), we find with MFT coefficients the blocks
grow as ﬁ. Therefore, only spin zero will have a problem and it would be necessary
to add a scalar contact term to the basis to cure it. For MFT, the fixed twist, large spin
limit can be shown to be nicely convergent. If we were only considering CFTs with OPEs
growing like MFT or slower, this then would be the punchline of our story — we just add
the scalar contact term to fix the divergence problem. Now notice that since the fall off for
fixed spin, large twist is 1/A%"=2 for £ = 0, naively it would appear that for d > 3, there
would be no convergence issue. However, for the e-expansion, we need formulas that are
analytic in d and as such it is important to still add the scalar contact term. In [15], this
was shown to fix a mismatch with the ¢? anomalous dimension at > order.

As another extreme example, we take the 2d Ising model spectrum and study the
s—channel behaviour in the fixed twist, large spin limit. As a concrete example, let us take
twist zero operators. Our s-channel becomes (for s = Ay)

Cre Naedx o
27710 —1)%(2¢ — 1)sin (3) T (5
T2 (T (5 + )T

= Cyy

)

(-3Hr220-1) (7.5)
(
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and the OPE coefficients are given by

1-20p (7 £ _
o, PTEG

(7.6)

1
1)
32200 ()T (§)T(0 0P [1.4— bt
T+ (5+ DT (¢+ 1]
Now in the large spin limit this behaves as

32-v2)" r ()T (®)
16m3¢7/8T2 (1)

CrNeoqp op(s = Dg) = (7.7)

Clearly, if we sum over spin this channel is going to diverge as it falls off as ﬁ. So it
seems we have to systematically study this limit and take linear combinations of equations
to get rid of these divergences. Since this is a power law divergence, we believe appropriate
linear combinations killing such divergences should exist. Thus we add another caveat
to the list for the existence of the PM basis: divergences should be power law type for
an appropriate linear combination (equivalent to adding a finite set of contact terms) of

t.48

divergence free consistency equations to exis We hope to return with a systematic

exploration of these issues in the future.

8 Discussion

In this paper, we have developed the technology of the Polyakov-Mellin bootstrap in one
dimension, where the contact term ambiguity can be completely fixed. As a proof that
the machinery works, we have compared the results obtained using PM bootstrap with
an independent method based on transcendentality — we have found exact agreement
in cases where the calculations can be performed in the latter approach. We were also
able to reproduce effective field theory intuition by using both PM bootstrap and the
transcendentality based approach.

The findings of this paper are quite encouraging from the perspective of fixing the
crossing symmetric basis, including the contact terms, in higher dimensions. In particular,
we found that the diagonal limit of the 2d Ising model can be expanded in terms of the
1d PM blocks. We proposed a potential strategy to extend this to fix the contact terms in
the higher dimensional basis.

48To make the case for the correctness of PM bootstrap in higher dimensions stronger, we note that there
are applications of PM bootstrap in higher dimensions, where it has been shown to work at higher orders
in perturbation theory whenever we can make sure that the basis is free from any kind of divergences, e.g.
if one considers A¢* theory in the AdS then adding this contact term to the basis we can work out the
CFT data to one loop order of all double trace operators (including spin zero) in terms of one ambiguity
which is equivalent to one renormalization condition in AdS [22]. Also, we can produce correct anomalous
dimensions to first order in perturbation theory due to exchange of a singlet in the crossed channel and
agrees with the answer found in [60, 85, 86]. As can be noticed, in none of the situations we have to do the
spin sum, and we believe that this is the reason for the nice matches we have found so far. Recently there
was also an application of Polyakov Mellin Bootstrap to show there are no perturbatively interacting CFT's
with only fundamental scalars in d > 6 [87].
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In [12, 13, 15], without adding contact terms, agreement was found to O(e?) order for
#? and O(€?) for higher spins in the Wilson-Fisher epsilon expansion. In [15] it was realized
that without adding contact terms, the higher order results would start disagreeing with
the Feynman diagram results. With the strategy outlined above, it should be possible now
to test the new basis with the contact terms to see if we can recover the higher order results.
This itself does not appear straightforward since at higher orders, higher twist operators
start contributing which will also lead to mixing with the twist-2 operators. Nonetheless,
it appears possible that for the scalar ¢, the O(e®) term can be computed from this single
correlator — for the epsilon expansion, it is very likely that only the constant contact term
is sufficient to this order. Since for condensed matter applications, it is the lowest scalar
that is of the most interest, taking this to fruition will be of utmost interest.

As far as the transcendentality method is concerned, let us stress that all the techniques
we have developed also apply to models with one-dimensional fermions, both with and
without the O(N) global symmetry. In that case, it is possible to find exact correlators in
perturbation theory only for half-integer external dimensions (as opposed to integer, as in
the bosonic case), and the arguments regarding transcendentality are essentially unaltered.
While this method of course has its limitations, both due to the requirement that the
operators have integer (or half-integer) dimension, and because these ansétze become more
and more complicated at higher orders in perturbation theory, this technique has proven
to be quite powerful at loop level. A possible application of these ideas is to correlators
of protected operators in defect CFT’s arising as Wilson lines in supersymmetric gauge
theories, such as the one considered in [32, 35, 37]. Interestingly enough, the tree-level
CFT data for such model are particularly simple, and ignoring the mixing between double
trace operators we were able to compute the correlators up to three loops. Therefore, as an
extension of this work, we plan to attack the mixing problem and extend the results of [32,
35] to higher orders in perturbation theory. Similarly, one can consider 1d superconformal
theories arising from Wilson lines in the ABJM theory (see [88] for a recent review).

As another possible application of these studies, one can consider the SYK model. This
model can be described with a one-dimensional Hamiltonian for N Majorana fermions and
a g-fermions interaction (with 1/¢ being the scaling dimension of the fermions), and it
can be studied in its nearly conformal [41, 42] or conformal [43, 44] version, according
to the choice of the kinetic term. Despite its simplicity, the SYK is an interesting toy
model for holography: it is known that its bulk dual contains a tower of massive particles,
which suggests a string-like formulation, but no concrete model has been proposed. One
could then wonder how such a model fits into our study of 1d CFT’s, and perhaps not
surprisingly the answer is that it does not: a tower of massive particles in the bulk dual
corresponds to an infinite tower of exchanges, which is a case we have not considered in
detail, except to touch on it using the PM bootstrap formalism. It would be therefore very
interesting to consider this model from the point of view of the conformal bootstrap, in
order to understand a complicated setup with an infinite number of exchanged operators.

Finally, let us mention that in dimensions d > 1 there are two possible limits that one
can consider when taking the twist (n) to be large. One is the Regge limit, in which both
the twist and the spin (j) are large, with fixed ratio n/j, and was considered in [73-76].
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This led to very similar results to the ones that we found in one dimension. The other is
the bulk-point limit, in which n is taken to infinity at fixed j, which allows to extract local
information about the bulk, such as flat space scattering amplitudes [89-91] and the pres-
ence of extra dimensions [92]. In our one-dimensional setting, it looks like only the former
limit is possible, and the question remains open whether one can use our considerations
about the Regge limit to compute two-dimensional flat-space amplitudes or to study the
emergence of extra dimensions for AdSsy String (or M) Theory compactifications. It would
also be interesting to consider Froissart like bounds for the 1d Mellin amplitudes [93] —
in higher dimensions, the flat space limit led to nontrivial constraints on the number of
subtractions needed to write a dispersion relation. The absence of spin in 1d would make
the analogous derivation very different.
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A Crossing kernel

In this appendix, we explicitly compute the analogue of the crossing kernel for PM boot-
strap, in other words the decomposition into s— channel partial waves of exchange Witten

diagrams. First, we consider the s— channel Witten diagram Wés )g(s t) and expand the ¢

dependence in orthogonal Continuous Hahn polynomials QQSM (1),
WXS)Z (s,t) Zqu,w 2S'M/(t).
Similarly, for the crossed channel we get
Z‘—IA s stw( 0.

The explicit expressions for q(As)g,| /() and qg)w ,(5)°? were derived in closed form in [15],

where it was shown how to express it as a sum of 7Fg hypergeometric functions.®’ However,

498ee B.2 for the definition of these polynomial and the orthogonality relations that they satisfy.
OWe call q(At)mZ(s) the crossing kernel. To connect this to more familiar notion of crossing kernel for

exchange Witten diagrams let us note here that knowledge of these qg)w ,(s) will enable us to find the o, s

and B, defined as WX,)Z(U’ v) =35, an,t]géz)wqwr]’](uw) +> 7, ﬂn1189é2¢+2n+‘,“,(u, v).
®1See also [58-60].
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Figure 5. Mellin-Barnes type integration contour where the path of integration is parallel to
imaginary vertical axis. The contour separates chains of poles which lie entirely on the right and
the chains of poles that lie entirely on the left.

as pointed out in [15], these formulas are not complete and whenever the exchanged spin
in the crossed channel is greater than spin exchanged in direct channel, there are a finite
number of corrections which need to be added to the answer. Therefore, we first briefly
revisit the derivation of the crossing kernel for this case and then diagnose the problem in
the derivation. We will then propose a systematic prescription to cure it. Our formulas
will be valid down to spin zero in the direct channel. In particular, this correction will be
important in our discussion of O(N) model and will have potential future applications as
well. The crossed channel, when decomposed in continuous Hahn basis, becomes [15]

) 2 T(25420) [(2A4+0—h)

’ - Al
Ine If(s) 00 T2(s+0T (ar) (ag+04+204—h—1) (A1)
A
2(s+m+ap—1) (—0),(2s+0 1), (1 . _
0 (A, — ¢ P p/ dus—1 (1 —y)2e—!
ngmz::oum’”( ¢ S)nF(23+p+m+ag—1) p! 0 vy (1=y)

XoF1[1,a0;00+04 (2045 —h);yloFi [s+p,s+m~+a;—1;25+p+m~+ag—1,1—y].

Now we can use Mellin-Barnes representation for o F} and 3F> and perform the y- integral

to finally arrive at

= 27t T(2s5420) [(2A4+ £ —h)
Antrle 0" T2(s 4+ 0)(ag) (ag + €+ 204 —h — 1)
¢ t-n (A.2)
XD (Ag = 9)aT (s +m+ ap — DIZ p(s)
n=0m=0
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Figure 6. The contour gets pushed to left for £ > ¢’ such that it can pick up the poles coming
from left. Therefore we subtract this off from our final answer.

where I0 ), ,(s) is given by,

m . i m F(az—h—l-f-i-?Aqs)
IR 16(s) _kzzo <k> T2(ar+m+s— 1D (—h+(+2A,) /[d"]r(_(’)r("”m”)

" D(ag—k+m+o)T(1—ap+k—m—o0)
Iag+m—0'+0)
62 (s+3)[ (ag) T (—h+L+204 —1)T (—h+L+as+20,)
I'(254+5)T2(s4+ar+3) T (—=h+L+2A4)T (=h+L+ar+204—1)

M (ag+m+s+o—1) (A.3)

The contour of integration is shown in figure 1.
Now to write it in a form so that we can identify this as an integration which will give
us a 7Fg hypergeometric function, we use the reflection formula first to write

MNag—k+m+o)l’1l—ar+k—m—o)
F(ag+m—0'+0)

= ()Tl —ag—m+0—0)  (A4)

and then perform the k sum to get the final form,
m vym_ (@)mI (28 —h+ L+ ay) ioe
IR p1o(s) = (=1) 5
I'?(ag+s+m—1I'2Ay—h+{)
y F(1—ag+¢ —m—o)l(ag+m+0)(ag+m—+s—1+0)’T(2As—h+{—1+a;+0)
C(a+0+m+2s—14+0)I'(2ar+l+m+2A,—h—1+40) '

[do]T'(—o) (A.5)

—100

Using the integration given in section B.6 we can write it as a 7Fg Hypergeometric
function. This formula does not give the correct decomposition for ¢/ < ¢, because in such
cases the contour gets shifted to the left for certain values of m and if we look back at
eq. (A.4), we can see that for given m, certain combinations of k& do not have these poles.
Instead, the poles we considered came from the series of poles left to our actual contour,
so for these cases we have to subtract off their contribution.’? One can easily figure out

52In practice we have to add them back as we are closing the contour on right so the original answer was
negative in sign.
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the general pattern for ¢ > ¢'. In general, we have to add the following quantity®3

U4+p k—1-4 /
L 1)k+q+g+1(pz£)f‘( —q+ar—1)T (=h+{l+ar+2Ay)

- 55 Drchetrcan
k=140 q=0 (—h+0+2A4)T (q+25+20)T (p+s+ap+£ —1)

(A.6)
F(q+€’+1)F(q+s+€’)2F(—h—k+q+€+2A¢+£’)
I'(—h—k+qg+l+ar+204+1") '

Let us give some explicit example for certain cases,
7L (s) = L(s)°T (ag) T (—h+0+2A5—1)T (—h+{+a;+2Ay)
A0l T(28)0 (s+ag) 2T (—h4+£4+284)T (—h+€+a+2045—1)
Ii,ow(s) (A.7)
_ sT2(s)T (ag) (ar+20p —h+£—1) (200 (28y —h+£—2) —2a; + 5 (203 —h+L—2))
N P(2s+1)I2(s4ar+1)(—2A5+h—0+1)(—2A4+h—(+2) ‘

So for ¢/ < £, the correct cross channel decomposition is given by,

{ f—n

72/ /
(t) 2 ['(2s+20") I'(2A4+(—h) (A 1
QA,E/\Z(S)— 0 T2(s+0)T(ay) (az+€—|—2A¢ h—1 Z)W;)an 6~ S)n (S—i-m—i-ag )

X (IR p1o(8)+ IR ppe()O(m—L'=1)),

where ©(x)is Heaviside step function. Ii 0‘1(3) will be required in our discussion of the
O(N) model.

B Explicit expressions for qA | 2(8), qA e'e(s) and qA e/e(s)

In this appendix we write down explicitly the expressions of the exchange scalar Witten
diagrams in all three channels which we used in the discussion of Polyakov-Mellin bootstrap.
We also defined other quantities such as Mack polynomial, Continiuous Hahn Polynomial
and its orthogonality property which was important in our discussion.

B.1 Mack polynomials

In our convention Mack Polynomial is given below,

Pty = St (S5 =5) 0= 0 Skt (357 -5) o0

" (B.1)

0 _o—e_ (1) 3 3 3
=2 T (—— ()\1 M)m(A2+n)—n(Ao+m+n)p_m_n(l+h—1)_p(l+A—1),_¢

><4F3[—m,1—h—|—)\2,1—h+)\2,n—1+A;2—2h+2)\2,)\1—m,)\g—l-n;l]. (B.2)

Here \y = (A +4)/2, s = (A —¢)/2 and h = d/2 where d is the number of spacetime
dimensions. Further, the last 4Fj5 is a well-balanced one.

53In this formula we have put m = £ + p and p > 1. If p = 0 then there is no correction as discussed
before. For a given £, m < £ and p’s highest value is (¢ — ¢').
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B.2 Continuous Hahn polynomials

Continuous Hahn polynomial QQS‘M (t) given by

26((5)02 0, 25s+¢0—1,s+1¢
2s+€ s ,
i1 , B.3
Q () (25+€*1)53 2 s, s ( )
they satisfy the orthogonality relations
1 100 )

omi ), T2 (s + O (—1)Q75 ()QE 3" (1) = re(s)dee, (B.4)

with , -
4=+ s)I'(2s+£—1

I'(2s+20)I'(2s+20—1)
B.3 7Fg integral

We introduce the notation W(a, b, ¢, d, e, f) and various parameters here which we referred
in the main text and later part of appendix as well,

W(C” ba C,daea f) = (BG)
a, 1+laa ba Gy da €, f
E7F6< 1 2 ;1>
ta, 1+a-b, 1+a—c, 1+a—d, 1+a—e, 1+a—f

B Fl+a-b)Il'(14+a—c)I'(1+a—-d)I'(1+a—e)['(14+a—f)
- T(1+a)TO) ()T (1+a—c—d)T(1+a—b—d)(1+a—b—c)[(1+a—e— f)
Xl/ioo dJF(—U)F(l+a—b—c—d—a)F(b+a)T(c+0)F(d+a)F(1+a—e—f—i—a)
270 J oo I'l4a—e+o)l'(1+a—f+o0) '

We use the W notation of Bailey’s [94] where

a=0+2a+m+s—1), b=e=ay+m,
c=d=a+m+s—1, f=2(s—Ay)+h+m+0 -1,
Withag:1+¥*A¢.
B.4 s-channel coefficient

In this section we write down the explicit form of a s— channel exchange Witten diagram
after expanding it in continuous Hahn basis,

WR,(s,1) = ZQAW )QESE () (B.8)
where,?*
qf?g,xs)—zugizn(%g—s) x§7)(8)<§2 (M: tf hi)l) (B.9)
X3FQ{A_£—8,1+A2_€—A¢,1 A2€ Agil+ A;E—S,A—mm

See [15, eq 3.6].
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where
n

(=t = X ()RS ), (B.10)
=0
b (25 +2)[%(s+m) _(-n)
n o (28 + 20T (s +n —n)p
Xﬁ/ )(‘9) = (_1)62 ¢ nT2/( ! ’
020+ s)I'(2s+n) (2s+n)p
Here we also give the expression of normalization which we have to multiply with the

Witten block ,

(B.11)

(=2)(A—h)(A+L—-DT(A -2 +A-1)

Nayg = B.12
TOTA-DM 0+ SR T2 (3 (0— A+204)) T2 (5 (—2h+ L+ A +2A,)) (B.12)
B.5 t-channel coefficient
The t— channel exchange Witten diagram is given as,
WA N4 S, t ZqA gl‘g QQS-M ( ) (B'13)

where,?

L
a8 () =D (=D 2 D) (Ag=8)a(ap) AT 25+ 20T (5 ) D+ 1T (1+a—f ~b)

m,n

xW(asb,c,d,e,f), (B.14)
where the parameters are given in eq. (B.7) and the W is the regularized version of W.

B.6 u-channel coefficient

Similarly the coefficient of u— channel exchange Witten diagram in continuous Hahn basis
is given by,
040 (t
quU)Z’M( )=(-1) * q(A?gl\z(S)- (B.15)

Note. One has to set h = %, £ =0 in order to use the expressions in 1d.

C Explicit formula for d, ,(s)

In this appendix we essentially give details which we use to perform the {— integral in the
main text (2.21) and find the blocks in one dimension. We write

o0 o0

(1 _ Z)Qt — Z(_l)r 2tCTZr _ Z (_I:)'kl (;;t)'kz zk1+k2 . (Cl)
r=0 k1,ka=0 1 2
So we see that (—1)" *C, = 7} _ %((Bﬁ . Now using
m+n ( )
(D= =D X" (5)Q5 (1), (C2)
=0

5See [15, eq D.22 of appendix D].
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with
£ OT2(s)I2(0+ s)T'(m +n + 2s) (C.3)
X4 F3[—0,m+s,n+s,2s+0—1;s,8,25s+m+mn;1].

So plugging (C.2) in (C.1) and comparing with (2.22) finally we have

T k‘l,’f' k]_)(s)

dr.e(s) Z k! (r — k1)

(C.4)
1

D Explicit calculations for a,(s)

Here we want to write the contact terms and expand the ¢ dependence in continuous Hahn
polynomial basis which we use in the main text,

o0

Z 25+E ) (D].)
=
Using
p+n
(=nls +1)p = > Q" (5)QE5 (1), (D.2)
=0
with

25+ 20)T(s)I'(n + s)T'(p+s)T'(n+p + s)
OT2(s)I2(0+ s)I'(n+p+ 2s) (D.3)
x4 F3[—0,s,n+ 8,25+ 0 —1;8,8,2s +n+ p;1].

0 () = (—1y2 1

We begin by writing the contact term as,

L L
c(58)= Y Com(—m(s+thnt D mnl(Bo—5)m(s+1)
m+n:0 m+n=0
+ Z Cmn A¢—8) (D 4)
m+n=0
—Z[ S (emn @™ () + (B = )™ () - emn( B — )0 2™ ())]st+e( N
=0 Lm+n=0

We immediately identify that

L
ag(s) = [ Z (cm,nQém’n)( )+ Cmn(Dp — S)m QEO n)( )+ cmn(Ag — s)nQEm’o)(s))
m—+n=0

74—



D.1 Contact term in a theory with O(N) global symmetry

We can write down any crossing symmetric contact term in a theory with O(N) global

symmetry in the following way,

L L
C(Sa t) = 5ij5kl Z Cmn(_t)m(s + t)n + 6il5jk Z Cmn(_s + A¢)m(5 + t)n
m—l—n:LO m+n=0 (DG)
+ 5ik5jl Z Cmn(_t)m(Ad) - S)n s
m~+n=0

where ¢ = cpm are constant. One can write ¢(s,t) as a expansion in Continuous Hahn

polynomials as

e(s,t) = 3 ar(s)QF5H (1), (D.7)
£=0

where ay is given by (calculations are the same as in appendix (D))

L
GE(S) = [ Z <5ij6k‘lcm,n92m’n) (S) + 5Zl5]kcmn(A¢ — S)mgéovn) (8)
B (D.8)

+ 5ik5jlcmn(A¢ - 3>nQém70) (8)>] 5

where Q§m’n)(s) given in eq. (D.3). We can break it into three irreducible sector,

(0ir6j1 + 0udjn) (0ir6j1 — 0udjn) LA

CLg(S) = 5@'5}61(125)(8) + < 9 - ]1752]5kl> CLET)(S) + 9 ¢ (5)7
(D.9)
where
(S) - (m,n) 1 (0,n) (m,0)
7= 3 (264 (D= n0(5)+ (= 0,00"0(5)).
m—+n=0
L
()= 3 cmn ((A¢—s)mQED’”)(s)+(A¢—s)n§2gm’°)(s)>, (D.10)
m-+n=0
L
TRIOEEY cmn((A¢—s)an D(s)—(A —s)mggo,m(s))
m+n=0

E Identity contributions and determination of qqg;s(s)

In this appendix we elaborate on how to find the Polyakov block corresponding to contribu-
tion of identity operator. The amplitude corresponding to Identity contribution is given by,

. 20,
PBa—o(z) =1+ 222 + (1 = z) : (E.1)
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For the last term we write

A
( z >2 ¢:Z(_1)mz2A¢+m 280

1-=2
m - (E.2)
e (CUTTO-23)
— Fim+ 1 (=m —2A4+1)
There for we write the PBa—q in Mellin space
PBa—o(z) = — / s 2T (A, ) L !
A== ¢ sT2(Ay —5) | (s — Ag)T2(Ay — 5) E£3)

2I' (1 — 2A4) ' (2A4 — 25)

I'(1—2s)I2(Ay — s) '
Therefore we define the Mellin amplitude corresponding to the amplitude of identity
operator to be ggis(s) and find,

B 1 1 O (1 - 2A4)T (284 — 25)
Gais(5) = = <SF2(A¢ —s) + (s = Ag)T2(Ag — ) B I'(1—2s)2(Ay —s) ) - (B4)

E.1 Calculations for q((i‘igs)(s), q((fi;)(s) and qc(l’?s)(s)

Now we define the mellin amplitude corresponding to the amplitude of identity operator
for O(N) theories.

) ) 1 AT (1—2A4)T (2A45—25)
ain(5) = <%5sz+5zk5ﬂ(s_A¢)F2(A¢_5) O T (=252 (A y—5)

(E.5)
We can write

0;k0i1 + 0;10,; 1 0ik0i1 — 0;10,4
Gais(5) = 61300445 (5) + <M - N5z'j5kl> a5 (s) + <M> a5 (s),

2 2
(E.6)
where
9) B 1 1 1 2T (1 — 2A¢) r (2A¢ — 28)
Qgis (8) = — (SFQ(AM t <(S “AOT2(Ay—s)  T(1—25)T2(A, — s) >> ’
@, 1 2T (1 — 2A4) T (244 — 25)
Gais (8) = (_ (s — Ap2(Ay — 5) [(1—-25)I?(Ag —5) ) (=0

q(‘.A)(s):—( 1 2P(1—2A¢)F(2A¢—2s)> |
dis (3_A¢)F2(A¢ —3) F(l —QS)FQ(Aqs—S)

F Anomalous dimensions for derivative contact terms

In this appendix we collect the explicit expressions for the polynomials P,(n, Ay) that
appear in the tree level anomalous dimensions for derivative contact terms, as in eq. (4.23).
Recall that for ¢ = 0 we have Py(n, Ay) = 1. For higher values of ¢:

Pi(n,Ap)=(Ap—1)Ap*(A4A5+1) (485 +3) + (644, —28A 4> —2A,+2)n (F.1)
+2(2845—1)(2A4+1) (12845 +1)n* +8(2A4+1) (444 —1)n> +8(2A 4+ 1)n?,

— 76 —



PQ(TL,A¢)Z

Pg(n, A¢)

(Ag—2)(Ap—1)Ap*(Ag+1)? (405 +3) (445 +5) (424 +T7) (40, +9) (F.2)
+4(2A543) (4845 —1) (64447 +208A4° —36A,° —605A 5" —554A 4°
—30A4%+243A5+90)n+4(2845—1)(2A5+3) (448245 +1392A 4

+84A 4" —2183A 4% —2091A 4% — 11347, —105)n* +8(2A 4 +3) (4445 — 1)

X (224047 +576A 5" — 158743 —572A 42 —243A 5 — 160) n®

+4(2A5+3) (2240457 +4800A 4* —2924A 4% — 2156 A 4 +246A s —415) n*
+32(2A5+3)(2A4+5) (485 —1) (28A4% —5A4—5) n°

+32(2A5+3)(2A4+5) (56442 —22A,—1) n®

+128(2A84+3) (245 +5) (4445 — 1)n" +64(2A443) (244 +5)n°,

=(As=3)(Ap—2)(Ap—1) A3 (Ap+1)3(Ap+2)* (445 +5) (444 +T7) (445 +9)

X (405 +11)(4A5+13)(4A4+15) (F.3)
+2(2A4+5) (4845 —1) (30724, +36096 A5 +132224A ' —3360A .

— 121467644 —2926395A 5,7 — 970776 A 4% +6196080A 4° + 10143424 A ,*
+5128059A 4% — 1542528 A 5% — 3028860, —907200) n
+6(2A5—1)(2A45+5) (11264A 4™ +125184A 4,0 +437120A ;7 +118880A 4
—2771604A 47 —6808095A 4° —4248981A 4° +6860955A 4% +13140919A 4
+9496058A 42 +4002384A 4, +360360) n?

+8(2A5+5)(4A5—1) (140804, +142080A 4% +423840A 45 +8160A 7
—2172753A 4% — 4187481 A 4% — 1812050A 4% +-3606930A 4> + 3965596 A >
+1661325A,+791091)n?

+4(2A5+5) (2534404510 +2327040A ,? +-5816640A 4 — 15062404 47
—22985970A 4% — 331518304 4° —9079800A ,*
+25792815A 4% +10370477A 5% —446534A 5 +2131794) n?

+24(2A5+5) (284 +T7) (485 — 1) (84487 5,7 +45504A % +22128A 4° —TIT08A ,*
—143680A,° —114082A 4 +52985 A, +27645) n”

+8(2A4+5) (244 +7) (118272447 +556416A,° —8736A,° —656280A
—661308A,° —560400A 4> +371392A,+17415)n°
+96(2A5+5)(2A4+T7) (485 —1) (211247 +9792A 4% +268A ,* — 5448 A 4
—4628A4,—5493)n"

+96(2A5+5)(2A4+T7) (5280A4° +22080A 4! —8610A 4> —4790A 2
—T798A4—2931)n®

+640(2A5+5) (204 +7) (284 +9) (44, —1) (442> —TA 5 —3) n”
+128(2A5+5) (244 +7) (2445 +9) (26444 —102A 4 +5) n '
+1536(2A5+5)(284+7) (284 +9) (445 —1)n'!
+512(2A4+5) (244 +7) (244 +9)n'2.

~— —
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G  Harmonic sums

For many of the computations involving harmonic sums that were presented in this paper,
we used the Mathematica package “HarmonicSums” [95-101].
The harmonic sums employed in the body of the present paper are defined as

Sk:1,k2,k3,...(n) = Z M Zl: (Sgn(kQ))m2 22: (Sgn(k?’))m3 e (G].)

k1] k2] |ks]
mi=1 my my ms

mo=1 maz=1
For some values of ki, ko, k3, ..., the harmonic sums admit an expression in terms of
generalised harmonic numbers
n
1
Hflm) = Z Em’ (G.2)
k=1
such as
Spm = H™, (G.3)
or
—1)"
S on =t 213 <H£f“) . Hi’”l) - (1 - zl—k) ¢(k), (G.4)
2 T

which involve harmonic sums encountered in the present paper.

When studying the analytic expressions of one-loop CFT data, a part of the result was
written in terms of a generalized derivative relation (6.12), involving the derivative of the
one-loop anomalous dimensions %(12). This involves taking the derivative of harmonic sums,
and while most of the ones that we used can be written in terms of generalized harmonic

numbers, we also exploited the following result:

0

4
fS_le(Qn) = —45_371<27”L) — 25_272(277,) + %C(Q) <HT(L2) — H7(12)1> — ﬂ

)

on 2

In order to study the Regge limit of CFT data, one needs to expand the latter for large

n. To do so, we have used the following expansions®®

5 38227 2073 155 17 3 1
52,1(n)=—8C(3)—(—1)”[(bg(n)ﬂ)( on1B  on13 T onll 9p8 T 9nT o
1 1) 19348413013 220713001 , 5001819 28133 1393813
2n3  2n2 480480015 65520n14 ' 2464n13 ' 132012 100801l
9181 67379 331 469 151 11 5 1
480010 " 504009 | 126n®  240n7  240nS ' 24n® | 120t 203

e (nlﬁ> , (G.6)

%One has two different analytic continuations of the harmonic sums according to whether n is even
or odd, due to the factors of (—1)". However, we do not have to worry about it because we are always
interested in the case where the argument of the harmonic sums is 2A4 4 2n — 1, with integer Ay, and so
everything follows without arbitrary choices.
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S, 2(n>:+13w4+(_ )nﬂz[38227_ 691 155 17 1 1 1 1
o 1440 24n15  8nld3  24nll  24n9  8nT  24nd  24n3  24n?
23494 353 475 5 9 7 31 1 1 1
15005 8nld 1208 pi2 T 2pl 310 3659 d4n® | 3n7 | 8nb

5 3 1 1
————+-———=+0| = G.7
1205 8k 603 <n16) ’ (G.7)
which we derived following [102, 103].
Finally, to justify our claim that the CFT data we have obtained satisfy the reciprocity
principle, they must admit in expansion in powers of J2. While this is not true for generic

harmonic sums, it is for specific combinations, defined in [104].°7 As an example, we note
that the combination

S3(2n +2A45 — 1) = S_3(2n + 244 — 1) — 25_51(2n + 24, — 1), (G.8)

that appears in the one-loop anomalous dimensions, admits an expansion in 1/.J2.

H One-loop results

H.1 ¢* interaction

Here we collect some of the results for one-loop correlators and CFT data in the ¢ case, i.e.
the solution with ¢ = 0 in the notation of section 4.1. The expressions for the correlators
are rather involved, therefore we shall limit to consider Ay = 2 (Ay = 1 was already
discussed in [25]). In such case, we found:

A ()= 1 144 (z—2)z5(16z6—80z5+179z4—22023+165z2—66z+22)L, (1-2)
ST BT (z—1)2 wieTE
+(z—1)5(z+1)(16z6—16z5+19z4—16z3+19z2—16z+16), z
z2 A
(22—1)(2225-662°+1652* —2202°+1792* —802+16) _
+ Liy(2)
(z—1)222
2. () (2—2)25(16z6—80z5+179z4—22023+165z2—662+22)1 )
25 | BV (z—1)2 08\
2 (162° 11227433920 - 5782° +6052! — 3962 + 16322 — 142+9)
+ log(1—2)
(z—1)?
P Cat) (2210 =729 +1128 827+ 420 — 225+ 102" — 2023 +2022 — 102 +-2)
(z—1)z
—1)%(162°—162"+320+622—322+32
—i—Lig(l—z)((z ) (162 il 5 ° ‘ )log(z)
z
—1)%(2+1) (162°—162°+192* — 1623 +1922— 162+ 16
+(z )®(z+1) (162 z 22,2 z z z )log(l—z)

5TRelations between ordinary and reciprocity-respecting harmonic sums can be found in the ancillary files
of [53].
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. (z41) (2210—1327+382% — 6827+ 8820 —922° 48821 — 6823+ 3822 — 132+ 2)
B (z—1)z

+25(5761)L12(z) [(2_2) (2210729 +112% 827 +425 - 22° +102* — 202° + 202
Z2—1)z

—10z+2)log(2)+(2+1) (22"~ 1327 +382° — 6827 + 8825 —922° + 882* — 6827

2:((,221[)12)221%(1 —2)° (log(1—2) —4log(2))

x (222°—662°+1652" —2202° +1792% —802+16)

36(z—1)* (16281627 +3204+322—162+16)
2522

(22'0—132"+382° 682748820~ 932"+ 882" —682°

+382%132+2) log(1—2)| +

log(1—z)%log(z)?

576(z+1)
25(z—1)z

18
+382° —132+2)log(1—2)*log(2)+log(1—2z) [257:2 (2*—223+3422 - 22 +1)

N 12(22—1) (222°—662°+1652* — 22023+ 17922~ 802+ 16) 2}

25(z—1)222 4
—2)(z—1)*

_576(= 25L(Z ) log(1—2)log(z)*

[12(2—1)*(162%—1627+3204-622—322+32) ,

+ 2522 7T+

36

+25

(162° —6427+962° —642° — 17z4+6623—97z2+64z—16)} log(1—2)log(2)

1
+| 150 (17282° —837427 +1559325 — 148702° + 83902 — 148702 + 155932

96(z+1)

25(z—1)z
72

125(z—1)222 (

—83742+1728) — (22'0—-13274382%— 682" +882°— 922" + 882" — 682

+3822—13z+2) 7+ 1221 — 662" +1562" —2072% + 51027 —9772°

+21362° —30912* +29022° — 169522 + 560z —80) ¢(3) | log(1—2)

18
+—(z—1)? (z4 —22343422 —642+32) log(z)?

25
72

11 10 9 8 7 6 5 A
—W(lh —66z" 415627 —2072°+510z" —15852°+3960z° — 60502

_|_

1
+57802° —33902° 411202 —160)((3) + 0 (17282° — 545027 +53592°+3982° — 41952*

+144722° — 2095227 +138242 — 3456) | log(z)

224 (1628 —11227 433925 —57825+6052* — 39623 +13622 — 1042 — 18
125(z—1)2
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L. 288 (328 —1227+20+392° — 18821 +2972% — 25022 + 1102 — 20) )
125(z—1)z

1
+o (22 —2+1) (8642° —25922° + 12132 + 189425 +12132° — 25922+ 864) } (H.1)

The corresponding anomalous dimensions are, in terms of harmonic sums,
1 0 72
() = (1>7< (1)) 2y m 2
T =5 g\ +625 [2 (J*=17J%+15) S3(2n+3)
. 30 (5J* =202 +12)
J%(J?—-6) J2—-2

S_2(2n+3)

1 J? 8 6 4 2
~ B8 () <24(24J +10475.J° —105854.J* 4 325940.J° — 265800) (H.2)

+2(J" =227 4+196.J° —925.7° 4 2226.J* — 4356.J° + 1800)H2n+3>
—(J*=12) (J* = J*+45J% —90) g(3)>] :
and the function expressing the violation to the derivative relation is

5C2) — % [_ (J1=7J2+15) 04(2n+3)

1

TR (2—2)

(-120 (5J*=20J%+12) 03(2n +3) (H.3)

+4(J%=16J%+100J* —100J° +276) 02 (2n+3) +2 (J® — 17J* — 3277 +660) )

For large J, one gets the following expansions:

1 gy 0 3 (—2592¢(3) + 6072 + 2215) 12 (—2592((3) + 6072 + 2215)
(2) — 2, (1) 7< <1)> _ _
o2 ogp \' 125.J2 125.J4
N 144 (901og(J) + 1296¢(3) — 2872 + 90y — 1295)
12576
288 (360log(.J) + 3888¢(3) — 8272 + 360y — 4065)
+ (H.4)
12578
N 144 (126001og(J) + 46656¢(3) — 976m% + 1260075 — 62913)
125,710
N 2304 (12600log(J) + 122472¢(3) — 255572 + 126007 — 116140) o 1
87512 J )
and 72 432 394272 574573824 1
6C2) = = 4 — . H.5
no = s g0 T a5 T 43750 it (H.5)
Note that the expansion of 5CT(L2) begins with J=8 = J~2(28¢)  ag discussed around

eq. (5.26). Let us also observe that one can perform a coupling redefinition by adding
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a tree-level ¢* solution with an appropriate constant in such a way that the expansion
starts with J—6:

oo () + 72 (1801og(J) + 47* + 180k — 375)
| 144 (72010g(J) + 167° + 72075 — 1485)
1257°

H.
L 144 (126001log(J) 4+ 1047* 4 126005 — 23043) (H.6)
12510
576 (100801og(J) 4 2247% + 10080vE — 9185) 1
- 175712 O\

For Ay = 3 we only give the CFT data:

1 0 25
" 2" on (7" ) + 43218 [2 (J 38J° +444J* — 1752J° + 3024) S3(2n + 5)

+

1 10080 (7J8 — 196.J6 + 1588.J% — 3744.J2 + 1728
( ( ) S_2(2n+5)

J2 (J2 =20) (J2 —6) (J2—12) (J2—2)

1 J2
— Z (1 18 162 16 14
T2 —20) (2= 12) (JZ—6) (JZ—2) (15( 5% — 1620 4 75870

+ 31287716J ' — 1764932904.7'° + 3603991387278 — 3438733327366
+ 1575058355328.J* — 3201515606016, + 2303304837120) + 2(J** — 105J%° + 47267
—119588J ' + 187972871 — 19221824712 + 1308706560 — 603476736.J°

+ 1873904256.75 — 3955889664.J* + 6135367680.J% — 2438553600) H2n+5> (H.7)

)

— (J2=30) (' — 347" + 53278 — 1896.J° + 44976.J* — 854784.J% + 1532160) §(3)>

and the function expressing the violation to the derivative relation is

= | —(J®—38J5+444J* —1752J% +3024) 04(2n+5
" Soas | " +3024) 04(2n-+5)

1
(2 —20)(J2=12)(J2—6) (]2 —2)
+1728)03(2n+5) +4(J'0 =797 +2552.7'% — 437560 + 435832.J% — 2463072.J°
+7122144.J% — 6308352.J% + 15565824) 09 (2n + 5) +2(J* — 80712 426337 1°

(—40320(7J8 —196J°+1588."1 —3744.J°

— 46474.J° +414820.J° — 8245047 — 9362688.J% 4 47859840) )} . (H.8)

~ 82 —



For large J, one gets the following expansions:

2
2 _ 17(1) Kl (7(1)> ~ 10 (—~1026000¢(3) + 31507* + 1190117)
2™ o gn \ 9261.J2

40 (—1026000¢(3) + 315072 + 1190117)

3087.J4
N 40 (35001log(J) + 2052000¢(3) — 580072 + 35005 — 2393359)

343.J6
%0 (56000 log(.J) 4 19836000 (3) — 5290072 + 56000~ — 23225637)

3438
(6951000 1og(J) + 1177848000¢(3) — 30228007

(H.9)

L 80
1029710

+ 695100075 — 1388318491) + (153594000 log(.J)

3087.J12

1
+ 17612316000¢(3) — 4411890072 + 15359400075 — 20877432697) +0 <Jl4> ,

507(?) _ 28800 14852498225 o ( 1 ) .

— H.1
J12 - 14406.J 1 J16 (H.10)

Note that the expansion of 507(?) begins with J~12 = J2(28¢) a5 discussed around
eq. (5.26). Let us also observe that one can perform a coupling redefinition by adding
a tree-level ¢* solution with an appropriate constant in such a way that the expansion
starts with J—6:

@_1 0 ( (1))+5000 (28log(J) +47% + 28y — 105)

= g, Un 343.J6
10000 (13441log(J) 4+ 19272 + 1344~y — 5201)
+
1029.78 (A1)
2000 (926801og(J ) + 791272 4+ 92680y — 294189) '
+ 343.J10
N 8000 (61437601og(J) + 39816072 + 614376075 — 17915371) o 1
3087.J12 J )

H.2 Derivative interactions

Here we list some of our results for derivative interactions in the case of a single field, i.e.
the solutions with ¢ > 0 in the notation of section 4.1. As discussed in section 6.1.2, we
can express the difference from loop correlators with ¢ > 0 and that with ¢ = 0 in terms
of a function G(z) of reduced transcendentality. Here we provide results for that function,
and the corresponding CFT data, for Ay =1 and 1 < ¢ < 2. All of our results are found to
agree with those obtained using the PM bootstrap, as one can check for example comparing
them to egs. (3.30), (3.31), (3.34).
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e Ay=1,g=1 Wehave a(g=1,A4 =1) = and the function G(z) is

12257

1 1822 (92° — 4425+ 8524 — 8023+ 3522 +62—2) .
log*(z)

9(z)= (1—2)%20 1225(z —1)2
18 (1828 — 7227+ 10725 — 692° + 172 — 323 + 922 — 724 2)
1225(z—1)z
18(z—1)% (92°—102° —102+9) .
log®(1—
* 122527 og"(1-2)
[ —1202% (222 = 72+7) ((3) — 77420 + 249927 - 33742 4217027

log(z)log(1—2)

3
T IRTs(1—2)

— 213522+ 1260z — 420)} log(2) + [120(2 —1)* (222 +32+2) ((3)

3
42875z
+7742% —21452° 424892 — 181623 + 248927 — 21452 + 774] log(1—2)

(H.12)

3348 (22— 2+1)°
42875 }

and the corresponding differences between CFT data given in (6.24) and (6.25) can
be expressed as

9 (1 1 36 9 (1
(2) — 24 _ L 90
18J2 o 36 (J2—2) (> + 2) () (873J4 — 2722) '
1225 2l 857572 8575002 '
and
9(J%2-2)(J%*+4 9(JWO—7J8—4J64+72J*—32J%2-96
Acr(?)’q:l: ( )( )02(2n+1)+ ( )

1225 122574 (J2—6) (J2—2)
(H.14)
This means that, using eqs. (6.24) and (6.25) to reconstruct the CFT data for ¢ = 1,

we have the following large J expansions:

o, 9 (Lo 9.J2(140log(.J) —40¢(3) + 14075 +291) 3
/yn |11 1_§7n ‘q 18 2 ‘ql _

85750 1225
12 (—360¢(3) 4 357 — 447) 8 6(16801log(J) +1680vE — 1259)
42875.J2 42875.J4 42875.J6
48(924010g(J) +9240vE — 11933) 1

— — H.1

471625.J8 © J10 (H.15)
and

36 24 48 1172832 898752 1

= A o) - 2= 72 _ —

a1 = A0 g1+ 155500 g0 = 575~ Fi5+ g iz~ gpmt T <J16
(H.16)

The last equation agrees with the prediction of (6.27) for Ay, =1 and ¢ = 1.
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e Ay =1,¢g=2 Wehave a(q=2,Ay=1) = %, and we shall give only the CFT

data, still in terms of the quantities defined in egs. (6.24) and (6.25):

1 o /1 1 225 o /1
@ . _Y(m YO (1w N1 o 9 (L
T7lg=2 = 5 (7” M—Q) on (27%/|q—2> 2 1002001 (7” b—“> on (2’”"q—0>

25.J7 (49.J% + 980J° + 1652J* — 5936.J% + 53848)
13851661824

1+2n
(/2 -2)

2423463666624.72

+ 181180800)¢(3) +

+ (13710 + 286J% — 7262475 — 441360.7* + 90590400.7>

1
241842286219742208000.J2
+ 737011060234940.J'° + 2955217554271876.J° + 5889841900120272.J6

— 336513215167931520J% + 1175663507488704000)7 (H.17)

(43266897946747.J '

and

25 (J2 —2)
747989738496
+ 7153920) 02(1 + 2n)

ACH |4mn = (497" + 3136.J% + 4065675 + 932407 + 184291272

N 25
7479897384962 [[°_, (J2 — s(s + 1))

— 2499.J%% — 7557272 + 5979652.J%° — 775024807 — 807810464.J°

+ 254702183047 — 2420904908162 + 1318392391680 1°

— 2730286994688.J% — 9721849319424.75 + 41023239782400.J4

— 7417184256000.J% — 51920289792000). (H.18)

(49.72¢

This means that, using eqs. (6.24) and (6.25) to reconstruct the CFT data for ¢ =1,
we have the following large J expansions:

1 0 (1
%(12)‘q:2 - 5%(11)@:1% (2%9)|q1> =
B J10(—21387816450000 log(J €77 + 1297296000¢ (3) + 43266897946747)

241842286219742208000
n J8(—21387816450000 log(J €7%) + 1297296000¢ (3) + 36672321207997)

12092114310987110400
. J6(—180268738650000 log(.J €7F) — 1826093808000¢ (3) + 721159439996719)

60460571554935552000
| T4 (3997641650000 log( €77) — 634018720004 (3) + 13388077995371)

559820106990144000
n J?(—107026379460000 log(J €7Z) + 38034523296000( (3) — 1400260738625923)

1007676192582259200
6198755 7544275200000 (3) — 7542478944007 + 51285838980461

342828630144 + 10076761925822592.J2
11254325 25(19054683648 log(J e7&) — 14279372279)

 7799351335776.J4 + 265177945416384.J6
_ 5(5430584839680 log(.J €72) — 7013396580973) 0 < 1 >

3778785722183472.J8 J10

(H.19)
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and

25
1002001

507(12)|q=2 = ACT(LQ)|q=2+ 507(12)|q=0 =

7712 i T 377310 JB8 )"
(H.20)
The last equation agrees with the prediction of (6.27) for Ay =1 and ¢ = 2.
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