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1 Introduction

Non-Lagrangian superconformal theories without gravity in various dimensions are among
the most remarkable discoveries made in the framework of string theory. Four dimensional
examples have been realised in limits of the Coulomb branch of N = 2 supersymmetric
theories called Argyres-Douglas loci where electric — and magnetic charged states become



simultaneously massless [1-3]. An interesting sequence of superconformal rank one theories
with E,, n = 6,7, 8, extended flavour symmetries has been described in [4, 5] that arises in
conformal limits of Seiberg-Witten geometries from theories which do have a Lagrangian
description [3]. In [6-8] it was understood how Seiberg-Witten geometries emerge in Type
IT String compactifications in non-compact limits of Calabi-Yau 3-folds M that decouple
gravity. The local Calabi-Yau geometry from which the E, theories of [4, 5] derive was
discovered in [9, 10] in the context of F-theory. It is a local elliptic fibred surface with 12
Kodaira I; singularities over a base P! with self intersection (—1). Shrinking this surface
in an F-theory compactification gives rise to the six dimensional E-string theory with (1,0)
super conformal symmetry and an affine Eg symmetry. The sequence of 5d E,, theories!
is associated to M-theory on non-compact Calabi-Yau constructed as the canonical line
bundle over del Pezzo surfaces. The latter as well as their 4d limit can all be obtained
by blowing down the E-string geometry. A non-critical string with (2,0) super conformal
symmetry arises if the elliptic fibre is smooth over P! with self intersection (—2).

In the absence of Lagrangian descriptions the BPS spectrum of these theories is of
particular interest and certain BPS indices for the E-string compactified on S' have been
obtained in [10], using mirror symmetry and the M-theory interpretation of 5d BPS invari-
ants [11]. Due to an additional U(1)r symmetry in the local limit, the BPS indices can
be refined to the actual count of BPS states whose quantum numbers are described by the
central charge, in the geometric context identified with the class 8 € Ho(M,Z), their mass
as well as their representation w.r.t. the 5d little group su(2); x su(2),.

Four methods have been developed to calculate the refined BPS spectrum for the S*
compactifications of E- and M-string as well as a class of interacting E- and M-string
theories which emerge in elliptic fibrations over chains of intersecting base curves with self
intersection (—1) and (—2), which was described in [12, 13] and referred to as E-M string
chains.

The B-model topological string approach calculates the BPS indices by solving the
all genus topological string amplitude using the holomorphic anomaly equations [14]. For
elliptic fibered Calabi-Yau manifolds a more powerful version of the holomorphic anomaly
equations can be solved using a modular bootstrap ansatz in terms of meromorphic Jacobi
forms [15]. In the local models this can be refined and generalised to Jacobi forms with
many elliptic elements [16-18] and the ambiguities in the ansatz can be fixed by geometric
vanishing conditions on the BPS invariants [16-18]. Another method solves the E-string by
a modification of the elliptic genera of auxiliary two dimensional SO(16) quiver models [19]
for each winding of the base P!. Different quiver descriptions whose elliptic genera solve
the E-string have been found in [20]. The third method is to use the topological vertex
with identified legs. It was applied to the M-string in [21] and to the E-string in [22].

The purpose of this work is to extend the fourth method namely the elliptic blowup
equations [16, 23, 24] (based on [25-27]) to the E- and M-string and the E-M string chains.
The elliptic blowup equations extend a method developed by Nakajima and Yoshioka [28—

1 This sequence can be enlarged to include all the other rank one SCFTs with lower rank flavor symmetries
which correspond to lower degree del Pezzo surfaces.



30] (see later development [31, 32]) to solve the N = 2 supersymmetric gauge theory
partitions function by blowup equations,? that emerge from a relation between localisation
results before and after blowing up a P! in space time.

The main results of the paper are the explicit form of the unity elliptic blowup equations
for the M-string (3.26) the E-string (3.34) as well as the E-M string chains (3.52). Only
for the E-string one has vanishing blowup equations given in (3.37). For the E- and M-
string we discuss their solutions and show that the elliptic blowup equations can be solved
from the set of all possible r-vectors using for example genus zero BPS invariants at base
degree one as input. The information about the input data that are sufficient to solve the
blowup equations is encoded in (4.13). For the M- and E-string the minimal inputs for
given r-vectors are summarised in (4.19) and (4.26) respectively. We also outline a new
method to solve the blowup equations using the Weyl orbit expansion which respects the
Weyl symmetries of the E-string flavour group in section 4.2.

The elliptic generalisation of the blowup equations of Nakajima and Yoshioka have not
been derived so far. We give a physical derivation of the elliptic blowup equations using
the path integral approach to the partition function of the 6d SCFT on Mg = T2 Xeren C2,
Here C2 is the blown up target space used in [28] to obtain the original N = 2 4d gauge
theoretical blowup equations. A virtue of our derivation presented in section 6 is that it
gives a natural explanation of how the ©-functions in the elliptic blowup equations arise
in the path integral. As mentioned above the solutions for the BPS states of the E-string
encodes the solutions for the BPS states of the 5d F, theories that are geometrically
engineered on local del Pezzo surfaces by successive blow down limits. We follow this
approach to derive blowup equations for refined invariants on the del Pezzo surfaces.

This paper is organized as follows: in section 2, we give the geometric construction of
elliptic non-compact Calabi-Yau threefolds associated to E-string and M-string theories.
In section 3, we present the elliptic blowup equations for E-strings, M-strings and their
higher rank theories known as E-M string chain and M string chain. We also demonstrate
how the blowup equations for the chains reduce to those of E-strings and M-strings them-
selves. In section 4, we show how to solve elliptic genera of E-, M-strings from blowup
equations. We use two methods which are refined BPS expansion in section 4.1 and the
Weyl orbit expansion in section 4.2. In section 5, we derive the blowup equations for local
del Pezzo surfaces from those of E-strings. In section 6, we give a derivation of the elliptic
blowup equations of E-strings and M-strings from path integral interpretation. The readers
only interested in the form of the blowup equations for E-, M-strings can directly go to
equations (3.26), (3.34) and (3.37).

2 Geometry of E-, M-string theories

Here we construct the embeddings of the non-compact Calabi-Yau threefolds associated to
E-, M-string theories on 72 into compact Calabi-Yau threefolds, which are hypersurfaces
in toric varieties. There are two purposes of this construction. The first purpose is the

Tt was already noticed in [33, 34] that the blowup formulas of Donaldson invariants [35-37] could be
used to solve the prepotential of Seiberg-Witten theory.



semiclassical partition function encoding classical geometric data like triple intersection
numbers of divisors, which are needed for the formulation of the blowup equations, can
be readily computed from such a compact construction. Secondly and more importantly,
the construction of compact Calabi-Yau threefolds as hypersurfaces in toric varieties allows
us to compute the instanton corrected prepotential, which as we will see in section 4 is
needed as extra input in order to extract refined BPS invariants of E-, M-string theories on
T? from blowup equations. We would like to point out that in the case of E-string, both
purposes can be realised by using the mirror curve constructed by Sakai [38-40]. But the
method of toric hypersurface construction presented here can be applied to generic rank
one 6d SCFTs [41] as well.

The first purpose needs a little more explanation. The semiclassical partition function
has the form

F + €9)?
Z% = exp <(0’0) + Fao) + “ 62)F(0,1)> (2.1)
€1€9 €1€2
ith?
. 1 av NS
Fo) = 5 Zﬂijktitj% Fao) = sz ti, Fon = Z bt (2.2)
ik i i

Here t; are Kéhler moduli of curve classes ¥;. The coefficients k;;; of the semiclassical
prepotential F{g ) are the triple intersection numbers of divisors I'; Poincaré dual to the
curves X;. They are usually defined rigorously and computed on a compact threefold X as
integration of (1, 1)-forms w; dual to T';

Kijk = /~ wi A wj N\ we, (2.3)
X

which is the reason that for the non-compact CY3 associated to E-, M-string theories on
T? we would like to construct a compact embedding, compute Flo,0) there and then do a
proper decompactification limit. We hasten to clarify that the Fg ) of a 6d SCFT, at least
its relevant components, does not depend on the way the associated non-compact CY3
is embedded into a compact one, which may not be unique. The non-compact CY3 can
locally be seen as the neighborhood of a union of connected compact surfaces S = U;S;.
It is important to distinguish between curves with non-trivial and vanishing intersection
numbers with S. The curves in the first category are either fixed components of some
surfaces or intersect with them, while the curves in the second category, which we will
call free curves, can be moved freely away from S. We call the corresponding Kahler
moduli the “true” moduli and the mass parameters respectively, as the latter usually
correspond to flavor masses in the field theory engineered by the geometry. The relevant
components of Fig o) are those involving at least one true modulus, and the terms with
only mass parameters decouple in all types of calculations. We will be only concerned
with the relevant Fig o), and we will give an argument in section 2.3 that it is inherently
the property of the non-compact CY3 and does not depend on the way of its compact
embedding. Finally we comment that the linear coefficients bV, b5 in (2.2) also encode

3In general the perturbative Fo,0) can also have quadratic and linear terms. However, the quadratic
terms are ambiguous for local geometries, and the linear terms do not contribute to blowup equations.



some topological information. Although they can be computed once a compact embedding
is constructed, they are most easily fixed by consistency condition of blowup equations as
we will see in section 3.

The idea of constructing the compact embedding is very simple. The E-, M-string
theories are 6d SCFTs with no gauge symmetry but non-trivial flavor symmetry Eg, SU(2),
respectively. They also have a tensor multiplet with the labelling n = 1,2, which is the
coefficient of the Dirac pairing of the non-critical strings coupled to the tensor multiplet.
Each of the theories can be constructed by F-theory compactified on a non-compact Calabi-
Yau threefold, which are roughly speaking elliptic fibrations over O(—1) and O(—2) bundles
of P! respectively. It is natural to regard the two non-compact Calabi-Yau threefolds as
the decompactification limit of the familiar compact Calab-Yau threefolds, namely the
ellipic fibration over Fq,Fy, along the direction of the (0)-curve in the base [42]. The
flavor symmetry can then be realised as weakly coupled gauge symmetry corresponding to
singularity over the (0)-curve, which becomes ungauged in the decompactification limit. We
will illustrate this idea in the following subsections, and write down the compact Calabi-Yau
as hypersurfaces in toric varieties.

2.1 M-string geometry

The geometry X associated to the M-string theory was constructed concretely in [43-45].
It is locally the neighborhood of a complex surface S, which can be described as follows.
We start with the Hirzebruch surface Fy = P! x P! blown up at two generic points and
denote the resulting surface by F (I)H. We take the independent curves in IF%"H to be the P!
base e and the P! fiber f of the Hirzebruch surface as well as the two exceptional curves
x,y. Their mutual intersection numbers inside the surface are

2=f2=0 2=y =-1l,ef=1,ex=ey=fao=fy=xzy=0. (2.4)

The surface S is obtained by gluing two (—1)-curves e — 2 and e — y together. It can be
graphically represented as

The canonical class of the self-glued surface S is [43]
Ks=Kgt+(e—a)+(e—y)=Kpy +2+y+(e—2)+(e—y)=-2f. (2.5)
One can then use the adjunction formula
29(C)—-2=CKg+C.C (2.6)

to compute the genera of curves. After the gluing, the curve class f becomes a genus one
curve, and it is identified with the elliptic fiber of X, while the (0)-curve e remains rational



c.S (C.0)s ¢(0)
e -2 0 0
f 0 0
z+y O -2 0

Table 1. Curve classes in the M-string geometry.

and it is the base of the elliptic fibration. On the other hand, neither of the two exceptional
curves x,y alone is irreducible as they have fractional genus and they merge into a single
irreducible rational (—2)-curve xz 4+ y. We tabulate the independent curve classes of S in
table 1. We denote the Kéhler moduli of these curve classes by

t, =iVol(e), 7 =iVol(f), 2m =iVol(x +y). (2.7)

Inside the Calabi-Yau X, the intersection numbers of these curves with the surface S can
be computed with the formula
C.S=(C.Kg)s, (2.8)

and the results are also given in table 1. We find that only ¢ is a true Kéhler modulus,
while both 7 and m are mass parameters. We will sometimes call m the flavor mass, as it
is the holonomy of the SU(2) flavor symmetry on a circle.

2.1.1 Toric hypersurface construction

The M-string geometry X can be embedded into a compact CY3 X , which is the anti-
canonical divisor of a toric variety Y. The toric data of ¥ including toric divisors, Mori
cone generators, and their intersection numbers are given in table 2. This is based on the
well-known toric variety whose anti-canonical divisor is the elliptic fibration over Fy [42],
where in addition, we insert the exceptional divisor D! that results from blowing up the in-
tersection point of the three divisors D, Dy, D, (as well as the anti-canonical divisor). This
operation effectively creates a resolved A; singularity over the (0)-curve in the base [46],
and it is equivalent to constructing an A; type toric top over the (0)-curve a la [47, 48].
The non-compact CY3 X is obtained by decompactifying along the l(g4c) = ( @) curve, which
is the (0)-curve in the base. We identify the base curve [, the elliptic fiber If, and the
curve associated to the mass paramter m to be

=191, =1W 4 31® £ 310 1, =13 @), (2.9)
The intersection ring of the compact CY3 X can be computed to be
R = 8J} 4+ 4JpJ? + 26.J3J% + 24, J7 + 2J2.J1 + 80J3J1 + 68J2.J1 + 13J5J3.J3
+ 12040y + TAT3JyJy + 242.J5 + 189.J3 + 400503 + 34.J9.JF + 206.J3.J7 + 6.J3 .13
4+ 6.J3J4 + 2243 T4 + 37J5J3.Jy (2.10)

from which we can write down the perturbative prepotential. The genus 0 Gopakumar-Vafa

d=(dy,d,dm,dqc)

invariants n of X can also be computed with techniques of mirror symmetry,



U W @ B @
Dy 0 0 0 0 0 0 -2
D, -1 0 0] -1 0 0 1
D, 0 -1 0 0 0 0 0 1
D, 2 0 0 -2 0 0
D, 2 1 0 0 1 -1
S 2 0 -1 1 -2
D, 2 3 -1 -2|-3 0 1
D, 1 2 -1 =2 0 —1
Dy 2 3 0 1 0 1 0 0

Table 2. Toric divisors and Mori cone generators of the toric variety whose anti-canonical divisor
is the compact embedding of massive M-string geometry.

and the GV invariants of X are those of X with dge = 0. They agree with the results

of refined topological vertex, with one exception. The invariant? nél’_l’o) = 1 is missing,
while we have a new invariant n(()_l’l’o) = 1. It means that the non-compact geometry we

constructed through the toric method is slightly off in the Mori cone and we have to bring
it to the correct Mori cone chamber by flopping the curve —Ij + ;.

In addition, when we perform the decompactification limit ¢t — ico, the only B-period
which remains finite is
_ 900 900 , 900

IIp = 2
B Oto Ots + Oty

= tyt3 + 22 + t3ty. (2.11)
In terms of the Kéhler moduli of the non-compact geometry it reads

g =

OF OF
_y 900 w0

_— —2m). 2.12
atb 8tde tb + tb(T m) ( )

The relevant perturbative prepotential of the massive M-string geometry can be computed
by integrating this B-period. After taking into account the flop of —I; + I, by adding
(ty — m)3, we find
1 1
Fo0) = —Ztg’f + §tbm2. (2.13)
2.2 E-string geometry

The non-compact CY3 associated to the E-string theory is locally the neighborhood of
a compact surface S, which is P? blown up at nine points, also known as the half K3
surface. The independent curve classes include the hyperplane class h of P2, and the nine
exceptional curves x; (i =1,...,9). Their intersection number within S are

=1, a?=-1, ha;=x.0;=0, i#j (2.14)

2

4The apperance of negative curve degree is because I, ! #5lm do not constitute the Mori cone basis.



while they intersect with S by
h.S=-3 x;.8=-1. (2.15)

The half K3 surface is an elliptic rational surface. The base of the elliptic fibration can be
chosen as b = xg, while the elliptic fiber is the anti-canonical class

f:—Kszgh—.fL‘l—...—.Z‘g. (216)

This is a free curve with trivial intersection of S. There are eight other linearly independent
free curves, which we choose to be

O = Ty — Tj41, izl,...,7, and O[gzh*.flfﬂfg*l‘g. (217)

They are all (—2) rational curves. They actually correspond to the simple roots of the Lie
algebra Fg, as their mutual intersections within S form the negative Cartan matrix of Eg

(vi.ay)s = —AF, i,j=1,...,8 (2.18)

Therefore they generate the Eg lattice Ag, in Ho(S,Z). The Eg lattice can be embedded
into R®, which has a standard basis e; (i = 1,...8) with orthonormal inner product. In
terms of this basis, we can write the Eg simple roots as

61+68_€2+63+€4+65+66+67
2 2 ’

;= —ei_1+e, 1=2,...,7, and ag=-e + es. (2.19)

o] =

We denote the Kahler moduli of these curves by
t, = iVol(b), T =1iVol(f), m; =iVol(e;), i=1,...,8. (2.20)

Here m; parameterise a vector m in Ap, ® R, where one can define a Weyl invariant
bilinear form

(m, m) g, = Zm2 (2.21)

2.2.1 Toric hypersurface construction

Instead of the fully massive E-string geometry, we consider here the embedding of the non-
compact CY3 X () associated to the E-string theory with n = 1,2, 3 flavor masses turned
on. It corresponds to breaking a subgroup SU(2),SU(3),SO(7) of the Eg flavor group.
The non-compact geometry can also be embedded into a compact CY3 X () which is the
anti-canonical divisor of a toric variety }7("), a blow-up of the well-known toric variety
whose anti-canonical divisor is the elliptic fiberation over F;. The Y is obtained by
blowing up along the intersection of Dy, Dy, D,, with exceptional divisor D), while Y® is
obtained by further blowing up along the intersection of D,, D, with exceptional divisor
DY, y® by blowing up in addition along the intersection of D,, D! with exceptional
divisor D}. Similar to the M-string geometry construction, the result here is to create a



v* @ B3 @
Dy 0 0 0 0 -2 0
D, -1 0 0 0] -1 1 0
D, 0 -1 0 0 0 1 0
D, 2 3 0 0 -1 0 -2
D, 2 3 1 0 1 0 0
S 2 3 0 -1 —1 0 1
D, 2 3 -1 —-1| -3 1 1 0
D, 1 2 -1 -1 0 -1 0
Dy 2 3 0 1 0 0 0 1

Table 3. Toric divisors and Mori cone generators of the toric variety whose anti-canonical divi-
sor is the compact embedding of the E-string geometry with one flavor mass turned on breaking

v @ G @ )
Dy 0 o 0| 0 0 0 -3
D, -1 0 0 0] 0 0 0 1
D, 0 -1 0 0[-1 0 1 0
D. 2 3 0 0 -1 0 0 =2
D, 2 3 1 0| 0 1 0 0 0
S 2 3 0 -1 -1 0 0 1
D, 2 3 -1 —-1|-2 1 0 1 0
D, 2 3 -2 -2/ 0 0 1 -2 0
D/ 1 1 -1 -1 2 0 -2 3 0
D, 2 3 0 1| 0 0 0 0 1

Table 4. Toric divisors and Mori cone generators of the toric variety whose anti-canonical divisor
is the compact embedding of the E-string geometry with two flavor masses turned on breaking

resolve Ai, Ay, B3 singularity over the (0)-curve in the base [46] or a Ay, A2, B3 type toric
top [47, 48]. See tables 3, 4, 5 for details of the toric construction.’

In the case of one flavor mass, the non-compact CY3 X is obtained from XM by
decompactifying along the [4e) = I curve. The base curve I, the elliptic fiber I 7, and
the curve [,,, associated to the one flavor mass are identified to be

=12, ;=143 1, =26, (2.22)

5In tables 4, 5 we have defined D!, = D!, + D!".
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Dy 0 0 0 0 0 0 0 -1
D, -1 0O 0 0f-2 0 0 0 1
D, 0 -1 0 0 0 -1 0 1 0
D, 2 3 0 0 0 -2 -1 0 0
D, 2 3 1 0 0 0 1 0 0
S 2 3 0 -1 0 0 1 -1 0 0

D, 2 3 -1 —-1| 1 -2 0 1 0 0
D 2 3 -2 —2/-2 0 0 0 1 0
Dy 1 1 -1 -1 0 2 0 0 -2 1
Dy 0 1 -1 -1 3 0 0 0 0 -1
Dy 2 3 0 1 0 0 1 0 0 0

Table 5. Toric divisors and Mori cone generators of the toric variety whose anti-canonical divisor
is the compact embedding of the E-string geometry with three flavor masses turned on breaking
SO(?) C Es.

and their volumes are ¢y, t¢,ty,. From the intersection of l,,,, with D,, D), we find that it
correponds to the simple root oy of A;. Any curve corresponding to the weight w = dy,, a1
has volume dy,,t,,. Similarily with two flavor masses, the non-compact CY3 X is ob-
tained from X (® by decompactifying along the {(4e) = 1 ) curve. We have the identification

=19, 1 =10+ 4® £ q® 1, =1W 1, =3O @) (2.23)

" we

whose volumes are ty,t¢,tm,,tm,. From the intersection of lp,,, by, with Dy, D, Dy,

find they correpond to the simple roots aq, as of As, and thus the volume of any curve cor-
responding to the weight w = d,,, 1 +dm, 2 is dpy tiny + dpytin, . Finally with three flavor
masses turned on, the non-compact CY3 X®) is obtained from X®) by decompactifying
along l(qe) = 1), and we have

=10, 1y =20 1@ 1 4® 1610, 1, =10 4200 1, =10 420 g — O

(2.24)

We use mirror symmetry techniques to compute the genus 0 GV invariants of X

and extract the GV invariants of X (™ by choosing those with degree zero along l(de)- They

agree well with the genus 0 GV invariants of the E-string theory [49]. For instance, the
massless E-string theory at (dy,ds) = (1,1) has the invariant

n(tY =252 = 240 + 12+ 1, (2.25)

which becomes the characters of the Weyl orbit O3 249 and Op; when all flavor masses are
turned on. Here we denote by O, , the Weyl orbit whose size is p and the norm square of
whose elements is n and its character by x7,,(m). We expect that when only one flavor

~10 -



mass is turned on, given the branching rule of Eg D E; @ su(2)
02,240 = (02,126, 1) ® (0%,56, (9%’2> ® (1,022), (2.26)
the (dp,dy) = (1, 1) invariant should be broken to
n 252 1384561 (m ) xas (m) = 138456(QL/2+Qnl/?) +(Qumy +Q;h ), (2:27)

where Q,, = e[ty,] with the notation e[z] = exp(2wiz). When two flavor masses are
turned on, with the branching rule of Eg D Eg @ su(3),°

02240 = (O272,1) ® ((’)%727,(’)%3) @ ((’)%72—,(’)%73) ® (1, 0q6), (2.28)
the (dp,dy) = (1, 1) invariant should be broken to

nShY - 952 - 84 4 27 <x52“§( )45 29 (m )) +xo) (m)

= 84+ 27(Q77 Q7 + Qi QY2 + Qi Qn® + {Qum, = 1/Qm.})
+ (Quy + Qi + Quy Qe+ {Qumy = 1/Qun })- (2.29)

When three flavor masses are turned on, with the branching rule of Eg D SO(16) D
SO(9) @ SO(7)

02240 = (O2,24,1) © 2 <O%78, 1) D (018 +2%1,016) @ <01,16; 0%,8) @ (1,0212), (2.30)
the (dp,dy) = (1, 1) invariant should be broken to
i 1252 - 52 + 105 (m) + 16x5°(7) (m) + X315 (m). (2.31)

This is precisely what we find.

In addition, we computed the perturbative prepotential of X (") and obtain that of
X Dby integrating over the B-periods that remain finite in the limit Vol(l(ge)) — 00, as
in section 2.1.1. We find that for X @)

1
Foo = —thT — ~tyT + 3tbtm1, (2.32)
for X2 ] 1 1
Fo0) = —thr — ith + 4tb( + 12, + tmatms)- (2.33)
and for X©®
1 1 1 ) )
Fo) = —2th — §th + 4tb( + 2t5,, + 3t + 2t timy + 2ty ting + Aot ). (2.34)
All of them can be put in the form
1 1 1
F(O,O) = —§tg7' — 5tb7‘2 + §tb(m, m)g, (235)

5The weights in O%B are opposite of those in 0%73; it is the same as the weight space of the irrep 3.
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where
Tg

(m,m)g =Y tomtm, (Wi, w;)g, (2.36)
ij=1
with w; being the fundamental weights and (e, ®), the Weyl invariant bilinear form on the
complexified weight lattice. Generalising this, we conclude that the perturbative prepoten-
tial of the massive E-string theory with all eight flavor masses turned on should be
Lo

1 1
Foo = —5hT - §tb72 + th(m, m) g, (2.37)

up to irrelevant terms.

2.3 Direct computation of intersection numbers

We argue here that the relevant perturbative prepotential is inherently well-defined for the
non-compact CY3 associated to our 6d SCF'T on the torus and it does not depend on the
compact embedding of the non-compact CY3.

A non-compact CY3 X is locally the neighborhood of a union of r connected compact
surfaces S = U;S; [43, 44]. Let the number of independent compact curve classes in S
be n, which is necessarily greater than or equal to . Among these curves we can find
r independent curves u; which have non-trivial intersection numbers with 5;, while the
remaining n — r curves v are free curves and have vanishing intersection numbers with
any S;. We denote their Kihler moduli by”

t; = iVol(u;), my = iVol(vg). (2.38)

The r x r matrix of intersection numbers between u; and S; is of full rank since they
generate dual lattices. We would like to enlarge the intersection matrix (u;.S;) to an n xn
full rank matrix which includes the n—r free curves as well. This requires carefully choosing
n—r non-compact surfaces, and it can be done as follows. Among the n—1r free curves there
is a unique genus one curve vy = f, the elliptic fiber, and the others v (k =1,...,n—r—1)
are all rational curves. Their self-intersection inside .S can be determined by the adjunction

formula to be
(fHs=0, (v)s=-2, k=1,....n—7r—1. (2.39)

We choose the first non-compact surface Ny to be the base of elliptic fibration. It only has
non-trivial intersection numbers with the base curve b (not a free curve) and the elliptic
fiber f

b.No =n-—- 2, fNo =1. (240)

We define additional n — r — 1 non-compact surfaces Ny by their gluing curves with S
Ng.S=wv, k=1,...,n—r—1. (2.41)
The intersection matrix (vg.INj)k =1, n—r—1 is of full rank because

Uk.Nl = S.Nk.Nl = (Uk.vl)g. (2.42)

"Here the mass parameters my, include not only flavor masses but also the volume of elliptic fiber 7.
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The total curve-surface intersection matrix

UZSJ ui.Nl (2 43)
0 vV iG=1,r

J1=0,1,....n—r—1

is block upper triangular, and its determinant factorises

u;.S; u;. N
det [ 7 : = det (ui.S]) det (vk.ful) #0,
0 'Uk-Nl iG=1,r 1,7=1,...,r k,l=1,...n—r—1

Y kA
J1=0,1,....n—r—

(2.44)
where we have used (2.40). Therefore it is also of full rank.
The Kahler class of X can be decomposed as

n—r—1

J = Z@S + Z ok Nk, (2.45)

where the coefficients ¢;, ¢ are related to t;, my by

r n—r—1
ti=Y (ui.S)p;+ > (uiN)gr,
jilil =0 (2.46)
mg = Z (Uk-Nl)SOZ
=0

The perturbative prepotential Fig ) can be computed by integrating B-periods. B-
periods measure in the semiclassical limit volumes of surfaces. Therefore in a local CY3,
the only well-defined B-periods are those associated to compact surfaces S

6F(070) r aF(070)
I = — 6 =2 o, (u;.5;). (2.47)

OF
Given that the matrix (u;.Sy) is of full rank, if <OVO) are known, a(f 9 can be solved

from (2.47) and further be integrated to produce all relevant terms in Flg ). To compute

OF
%, recall that Flg ) can also be written as
] 9’

n—r—1
1
Foo) = gJB <Z¢z5 + Z SOka> ; (2.48)

which leads to

8F 1 n—r—1 2
8;)1(” (Z@s + Z goka> . (2.49)
J

The triple intersection numbers on the r.h.s. of (2.49) 1nvolve at least one compact surface,
and they can all be converted to intersection of curves in S and thus are computable (see
section 2.6 of [44]). We then substitute t;, my for ¢;, g by inverting (2.46).

To summarise, we provide here a prescription to compute 12(7:;@ and therefore all
relevant terms in Flgg) from the local description of a non-compact CY3, thus proving
that the former does not depend on the compact embedding of the non-compact CY3. We

illustrate this idea with examples.
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2.3.1 M-string

Following the prescription in the previous section, we choose the non-compact surface Ng
to be the base of the elliptic fibration, and define an additional non-compact surface Ny
by its gluing

SNi=z+y. (2.50)

The full curve-surface intersection matrix is given in table 6, which is indeed of full rank.
We define the Kahler class of the M-string geomtry to be

J =¢S5+ oolNo + p1 N1, (2.51)

whose coefficients are related to the volumes of e, f,z + y by

t 20 0 &
rl=lo1o0| |e |- (2.52)
2m 00-2/ \¢

The only well-defined B-period measures semiclassically the volume of S, and it reads

aF(O’O) _ 8F(0 0) (2 53)
19J0) oty ’
Using the Kéhler form representation of Fig )y we can compute this B-period
OF, 1
00 — _ 2D, (6D + o1 N1 + p2]Ns)? (2.54)
¢ 2
= — 2¢p1 — 3, (2.55)
where we have use the following triple intersection numbers
= (Ks.Ks)s =0,
52 No = (Ks.)s = =2,
S?.N = (Kg.(x + =0,
1= (Ks.( Y))s = (2.56)
S NO — ( )S - 0,
SN? = ((z +y).(x +9))s = =2,
S.Nog.N1 = ( (x—i—y))s:O.
Substituting t,, 7, m for ¢, g, 1, we find
OF,
(9(;’0) — tyr —m?, (2.57)

which, together with (2.53), integrates to (2.13) up to irrelevant terms.
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S Ny M

e -2 0 0
f 0 1 0
z+y O 0 -2

Table 6. The full curve-divisor intersection matrix in the M-string geometry.

2.3.2 E-string

There are nine linearly independent free curves in the E-string geometry, the elliptic fiber
f and the eight (—2) curves «; (i = 1,...,8). Following the prescription in the beginning
of the section, we need to first choose nine non-compact surfaces.

We choose the base of the elliptic fibration to be the first non-compact surface Ny and
define the remaining eight non-compact surfaces NV; by

S.Ni = Oy, 1= 1, .. .,8. (258)

Ny only intersects non-trivially with the base curve and the elliptic fiber of the elliptic
fibration by

b.No =—-1, f.No=1. (2.59)
The other eight surfaces N; only intersect non-trivally with «; and the intersection numbers
form the negative Cartan Fg lattice according to (2.42). We display the full curve-surface

intersection matrix in table 7.
We introduce the Kahler class of the E-string geometry

8
J=¢S+> ¢iNi, (2.60)
k=0

whose coefficients are related to the Kéhler moduli ¢y, 7, m; by (2.46). The only well-defined
B-period is the one associated to S and it reads

8F(0,0) . (9F(070)
% = o (2.61)

Plugging in the Kahler class form of F(g o) and using the following triple intersection

numbers
5% = (Ks.Kg)s =0,
52.N0 = (Ks.l‘g)s = 1,
S%2.N; = (Ks.a5)s =0, i=1,...,8,
2 (2.62)
S.Nj = (z9.x9)s = —1,
SNZ'.NJ'— (ai.aj)S:—Ags, i,jzl,...,&
S.No.N; = (z9.cj)s =0, 1=1,...,8.
and subtituting ¢, 7, m; for ¢, ¢;, we find
OF(0,0) 1o, 1
96 =ty + 57'2 - §(m, m) g, (2.63)

which integrates to (2.37) up to irrelevant terms.
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S Ny My Ny N3y N, N; Ng N; Ng
b -1 -1 0 0 0 0 0 0 0 0
f 0 1 0 O O O O O 0 O
a4 0 0 -2 1 0 0 0 0 0 0
@ 0 0 1 -2 1 0 0 0 0 0
as 0 0 O 1 -2 1 0 0 0 1
as 0 O O O 1 -2 1 0 0 0
s 0 0 0O 0 0 1 -2 1 0 0
a6 0 0 0 0 0 O —2 1 0
a7 0 0 0O 0 0 O -2 0
as 0 0 0 0 1 0 0 0 -2

Table 7. The full curve-surface intersection matrix of the E-string geometry.

2.3.3 Higher rank E-, M-string theories

We further illustrate the power of the direct computation to derive the perturbative pre-
potentials for two higher rank 6d SCFTs, the higher rank E-, M-string theories.

A higher rank 6d SCFT corresponds to in the F-theory compactification multiple P!’s
in the base of elliptic fibration, and it is characterised by the negative-definite intersection
matrix —( of the base curves as well as the singular elliptic fibers over the base curves. A
higher rank 6d SCFT can be obtained by properly gluing rank one 6d SCFT's corresponding
to a single base curve following certain consistency rules. We consider in this paper two
simple higher rank theories, higher rank M-string theory and higher rank E-string theory.
The former corresponds to a chain of (—2) curves in the base, and the latter corresponds to
in addition a (—1) curve glued to one end of the chain [50]. Both of these two theories have
no gauge symmetry. Together with rank one M-string and E-string theories, they constitute
the full list of relatively simple 6d SCFTs with no gauge symmetry. Since the geometry of
higher rank M-string can be obtained from that of higher rank E-string by decompactifying
the (—1) curve in the base, we will first compute the perturbative prepotential of the higher
rank E-string, and then deduce the prepotential of higher rank M-string as a special limit.

Consider a rank r E-string theory with one (—1) curve ug attached to a chain of r — 1

(—2) curves u; for i = 1,...,7 — 1 in the base with the intersection matrix
1 -10 0 0 0 O
-12 -10 0 0 O
0 -12-10 00
-Q=—-10 0 —-1------ 0 0 |. (2.64)
0 0 0 «-v--- -1 0
00 0 0-12 -1

0 00 0 0 -1 2

Let the Kéhler parameters of the these base curves be

tg = iVol(uo), t; = iVOl(ui), 1= 1, ey T — 1. (265)
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There are in addition ten mass parameters: the Kéhler parameter of the elliptic fiber 7,
the flavor mass m of rank eight for the flavor symmetry Ejg associated to the (—1) curve,
and the flavor mass m for the SU(2) flavor symmetry associated to the (—2) chain. There

are r connected compact surfaces Sy, S; for ¢ = 1,...,r — 1, which are pull-backs of the
elliptic fibration from the base curves ug,u; (i = 1,...,7 —1). Sy is the half K3 surface
associated to the rank one E-string, and each of S; (i = 1,...,7 — 1) is a self-glued Fj**

associated to the rank one M-string. Therefore, using (2.63) and (2.57), we can write down
the B-periods that measure the volume of each compact surface

1 1
Iy = Vol(Sp) = toT + 57'2 — 5(@, M) By, (2.66)
I; = Vol(S;) = tir —m?, i=1,...,r —1. (2.67)

On the other hand, following (2.47) the B-periods should be related to the perturbative
prepotenital by

r—1
Fo,0)
m=-> o, L (2.68)
1=0

It follows that up to irrelevant terms the perturbative prepotential of the rank r E-string
should be

r—1 r—1 r—1 r—1r—1
1 _ 1 _ 1 _ _
Foo =-3 > Tt (9 1)17—5 > (9 1)0j+§ D tilm,m) g (2 oi+m® Y Y (7
i,j=0 =0 i=0 j=0 i=1

(2.69)
To obtain the perturbative prepotential of the rank r M-string, we remove everything
related to the index 0 in (2.69) and increase the summation upper bound to r:

1N ~1 RN -1
Foo =~ Z Tt ()i +m Z (715 (2.70)
Z?]:]- Z,j:l
Here Q is the negative intersection matrix of the (—2) curve chain, and it coincides with

the Cartan matrix of the Lie algebra A,.

3 Blowup equations

Let us quickly review the formalism of the generalised blowup equations [16, 23, 24, 27]
(see also [25, 26]). Given a non-compact Calabi-Yau threefold X, we denote by C' = (Cj;)

the matrix of intersections between compact curve classes [X;], i = 1,...,b5 and compact
divisor classes [;], j =1,...,bj of X. We also define the vector
R(n)=C-n+r/2, (3.1)

which parameterises the shift of Kihler parameters with n € Z% and r € Z%. The integral
vector r, which we call the r-field, is consistent with the checkerboard pattern of non-

vanishing refined BPS invariants N 5 in other words, they satisfy

Ju.gr?

2, +2j,+1=7r-8 mod 2. (3.2)
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The claim of the generalised blowup equations is that there exists a non-empty set S of
r-fields such that the twisted partition function of topological string defined by

Z(t er.e2) = 28t 1, 2) 2™ L+ 1o 1, €2) (3.3)
satisfies the following identity®

Y (D)MZ(E+ aRn), @1, — ) Z(t + 2R(n), €1 — €2,6) = Aler, e2,m,1)Z(t, €1, 2),
nezbi
(3.4)
with |n| = Zi’i: 1 ni. Here we have separated the Kahler parameters m from the Kéhler
parameters t to denote those curve classes that do not intersect with compact divisors [Dy],
k =1,...,bj, and these m correspond to mass parameters in the gauge theory context,
while the other Kéhler parameters correspond to Coulomb branch parameters, thus are
also called “true” parameters. It is important here that the coefficient A(eq, ez, m,r) on
the r.h.s. of (3.4) depends in addition to €; 2 only on mass parameters but not true Kahler
parameters. We will also make the distinction between the equations where A vanishes
identically and those where A is non-trivial. We call the former the vanishing blowup
equations, and the latter the unity blowup equations.

For any non-compact Calabi-Yau threefold, the first interesting question is whether
such r-fields exist so that (3.4) holds, and if they do, how to find all of them and write
down the corresponding blowup equations. This is the goal of the current section for the
geometries of E-, M-string theories and their higher rank brethrens. In the next section, we
discuss the next question: the computation of refined BPS invariants from these equations.

The first thing one immediately notices is that one only has to consider the set of
r-fields in (3.4) modulo

r~r =r+2C-n, n ez, (3.5)

as any such a shift can be absorbed into the summation index vector n. Next, we can
constrain the r-fields by looking at the contribution of Z°* to the blowup equations. If we
divide both hand sides of (3.4) by Z(t, €1, €2), the leading contribution of each summand is

bC
ZB(e1, 60 — €1) 2% (61 — €9, € 2
(1)l (€1 2ZC151()61 62() 1 —€2,€) ()2 exp | foln)(er + e2) +ka(ﬂ)tk 7
) k=1
(3.6)
where
1 b3 b3
foln) = —¢ Y mgr iR Ry + Y (bFY + b5 R;, (3.7)
ig k=1 i=1
1 %
fe(n) = b5V — b5 — 3 > kipRiRy, k=1,....05. (3.8)

ij=1

8Practically one can also shift the r field in the polynomial part but keep the instanton part unshifted.
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Let us assume that we have chosen a basis of ¢;, such that the first 0§ of them are true Kahler
parameters, while the remaining b§ — b are mass parameters. The function A(e;, €2, m) on
the r.h.s. should be

b3

Aler,ea,m,r) =Y (1) exp [ foln)(er +e2) + Y faln)ty | - (3.9)
nel k=1
Here 7 is the set of n that “locally” minimize fi(n) for k¥ = 1,...,b§, which means that

one cannot find any n’ such that

fr(n) < fe(n), k=1,...,b5; at least one inequality is not saturated. (3.10)

One necessary condition is that every fi(n) for k& = 1,...,b§ is positive semi-definite.

In addition, for vanishing blowup equations, the r.h.s. of (3.9) should cancel. For unity
blowup equations, the set Z should contain a single element that minimizes fx(n) for k =
1,...,b§ simultaneously, and the minimal values should all be zero. Using the equivalence
relation (3.5), we can assume Z = {0}. We find that these conditions constrain the possible
r-fields to a finite set S’. For the theories considered here, we verify that the corresponding
blowup equations are valid up to very high orders of exponentiated Kahler parameters; in
other words, the set &’ determined in this way is correct.

One problem of this approach of fixing the r-fields is that it depends on the values of
the topological data bgv, blljs for k =1,...,b] associated to true Kahler parameters. Let

us first write down the components of the r-field: r = (ry,r7,r,,), which correspond to

Im
the base curve b, the fiber curve f, and the flavor curves. Recall that the component of
the r-field associated to a rational curve C' with normal bundle O(—n) & O(—-2+n) is n
modulo 2 [23]. Then 74, 7, must be —n, 0 modulo 2, and r,,, twice a weight vector of SU(2)
or Eg for M-string and E-string theories respectively.” The component r;, can be further

reduced by the equivalence condition (3.5) to within the range
rp=-n+2j, j=0,...n—1 (3.11)

In the case of E-, M-string theories, only t; is a true Kéhler parameter. The positive
semi-definite condition then implies that

rr=0. (3.12)

In addition, for unity equations, the condition that the minimum of fj is 0 is equivalent to

the solution of r,, in terms of the data b{'V, bR>

1 1
g

Here (o,®)y is the Weyl invariant bilinear form on the weight lattice of the Lie algebra g
of the flavor symmetry G, and we have used the notation

A (3.14)

9See sections 3.1, 3.2 for detailed explanation for the last statement.
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The coefficients bgv are the second Chern class evaluated at divisors and they can be

bNS on the

computed once we have a toric compact embedding of the non-compact CY 3.
other hand, are more elusive as they are only defined in the refined holomorphic anomaly
equations [51]. For the E-string theory, the refined holomorphic anomaly equations can
be formulated using the mirror curve of Sakai [40] and b)° can be computed. But for a
generic 6d SCFT this is difficult to do, and we solve this problem from a different angle.

Let us expand the instanton partition function in terms of the exponentiated tensor

modulus Qp = e[ty], which is identified with the volume of the base curve!®
ZinSt(ta €1, 62) =1 + Z QlljZk(T7 m, €y, 62) =1 + Z lelEk(T7 m,e€q, 62)- (315)
k=1 k=1

In the last equality we use the fact that the instanton partition function Z; can be identified
with the k-string elliptic genus E; with

2

Qi = Q@5 7 . (3.16)

We can expand the blowup equations in terms of Qg and obtain the following equations
of elliptic genera of the E-, M-string theories, which we call the elliptic blowup equations

a 1
Z 9:[3711 <n7, 5 Lm M +y(e1 +e2) —n(krer + k2e2)>
ki1+ko=k

1 1
x Eg, <T’m+ §£m€1, €1,€2 — 61) Eg, <7‘,m+ §£m62, €1 — €2, 62)
1
= Ggﬂ <nT, 3Lm M +y(er + 62)) Ex(7,m, €1, €2) . (3.17)

Here the subscript of theta function is 3 if n is even and 4 if n is odd. The characteristic a
is given by the r, component

o
—2 j=0,...,n—1, 3.18
n? .7 ) 7n ( )

We also have )
Y= (/2,102 — b (3.19)

One important property of these equations is that every component is a Jacobi form.
In particular the elliptic genus Ej is a meromorphic Jacobi form with modular weight 0
and modular index polynomial [16, 21]

k(nk+2—n)

k
5 €162 + §(m,m)g. (3.20)

3—n
indy = —Tk‘(el + 62)2 +

10Usually the instanton partition function also includes a nontrivial “l1-loop” contribution coming from
BPS states wrapping only fibral curves. For theories with no gauge symmetry, this contribution is either
absent or can be factored out of the blowup equations.
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One natural consistency condition for (3.17) is that every term has the same modular
index polynomial depending only on k£ but not on ki, ko individually, which we will call the
modularity condition. This imposes the constraint that

n—1
4

1
Yy = + i(zm/27fm/2)gv (321)
from which b;f can be read off. Combined with bbGV computed using the toric embedding
we constructed in section 2, one can write down b,” and proceed to constrain r,, of unity
blowup equations with (3.13). Alternatively, the r-fields of unity equations can be directly
constrained by the modularity condition to be

(O /Dy = -5 (322)

We point out that vanishing blowup equations can arise if the theta function on the r.h.s.

of (3.17) vanishes identically for certain value of r,,, as we will see in section 3.2 for the

m

E-string theory. We write down the elliptic blowup equations for the E-, M-string theories
explicitly in the following subsections.

3.1 M-strings

We first argue that %zm is a su(2) weight vector. The fact that 2m is associated to a
rational (—2) curve (z + y), cf. section 2.1, has two implications. First the associated
r-field component should satisfies

2r;, =0 mod 2, (3.23)

in other words, 7., is an integer. Second, it is natural to treat 2m as a component of a one
dimensional vector m € P(su(2)) ®z R through

2m = (@1, Mm)gy(2) & m = maz, (3.24)

where o7 is the simple root of su(2). Likewise, we can promote r,, to a one-dimensional
vector r,,, = rmaq. Consequently, %1,” must be a weight vector of su(2).
Using the modularity constraint (3.22), we conclude that the r,, for unity blowup

equations can only be
1

5lm = twi, (3.25)

where w; is the fundamental weight of su(2). The corresponding unity blowup equations
read

Z 9:[;1] <2T,2 (:I:a;l—&-eli_62 —klel—k262>> Ex, (’7’, mi%761,62—61> E, (T, m:t%z,el—ez,eg)
k1+ko=k

= gl <27’7 2 <i2+61162>> Ex(1,m, €1, €2), (3.26)

where a =0, —1/2.
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These equations can be checked very explicitly. From the domain wall picture, we
know that the elliptic genera of the M-string theory are [21]!!

01(zi5)01 (v;
Ex(1,m,€1,€2) = Z H 12] 1(v5) (3.27)

ok e D1 (@01 ()
where
zij=-—-m+ (v —j+1/2)e1 + (i —1/2)ea, wvij=-—-m—(v; —j+1/2)er — (i —1/2)e,
wij =i —j+1)e — ( — )€, uij = (v — j)er — (Vjt — i+ 1)eg. (3.28)
In particular, the one-string elliptic genus is [21]
01 (5 (e1 4 €2) +m) 01 (5 (€1 + e2) —m)

01(€1)01(e2)
Substituting (3.29) into (3.26), we find the unity blowup equations at base degree one is

El(T,m, 61,62) (329)

equivalent to
0L (27, Fm + (361 — €2)/2)01(e2/2 + (m % €1/2))01(e2/2 — (m £ €1/2))
01(€1)01(e2 — €1)
+e§f* (27, Fm + (—e1 + 362)/2)01(e1/2 + (m £ €2/2))01(e1/2 — (m % €2/2))
01(e1 — €2)01(€2)

_ 050r m — (a1 + €2)/2)01 (61 + ©)/2+ M) (€1 + €2)/2 — m)
= 01(c1)01(e2) .

which we have checked up to QL. Using (3.27), we have also checked the unity blowup

equations of base degrees two and three up to Q1°.
We note that M-string theory has no vanishing blowup equations, as there is no value
of r,, with which the theta function on the r.h.s. of (3.26) vanishes identically.

3.2 E-strings

We start by arguing that the sub-vector r,, of the r-field associated to the flavor mass m
is twice a weight vector of Eg. Let ry,, (i =1,...,7) be the components of r,, associated
to e; just like m;, cf. (2.20). Since the curves «; (i = 1,...) given by (2.19) are rational
(—2)-curves, the components r,,, must satisfy

Tmy +Tm2 =0 mod 2,
Tm; = Tmijp = 0 mod 2, i=1,....7, (331)

Tmy + Tmg 7rm2+...—|—rm7
2 2

These conditions are equivalent to that %rmi are either all integers or all half integers and

=0 mod 2.

that 325, 7y, is an even number; in other words

1 1 1
itm = (2rm17 ) 2rm8> (332)

is a vector in the Fg weight lattice.

1YWe suppress the modular parameter of theta function if it is 7.
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Using the modularity condition (3.22), we find that %zm for unity blowup equations
can be any of the 240 Eg weight vectors whose norm square is 2; in other words, we have

1
olm € 02,240 (3.33)

for unity blowup equations of E-string theory. The equation itself reads

€2
—=r

9 'm,€1—€2, 62)

1 €
Z 04 <T7 27’m'm+61+€2k161k262> Ex, (T,m+*17'm’61762*61> Ex, (T,er

9=
k1+ko=k

1
=6, (T, 2rm~m+61+62> Ex(7,m, €1, €2). (3.34)

These equations can be checked explicitly. Using the expression of the one-string
elliptic genus [16]

_ (A n?
memas) =~ (%) @l (339

where Aj(m) = Op,(7,m) is the Eg theta function, the unity blowup equation at base
degree one reads

61 (%ﬁm'mJFGQ) Ay (er%ﬁmﬁl) +91 (%ﬂm‘erﬁl) Ay (er%ﬁmfz) 01 (%ﬁm‘m+61+62) Ai(m)

91(61)91(62761) 91(61762)91(62) a 01(61)91(62) ’
(3.36)

which we have verified to very high orders of @),. We have also verified the unity blowup

equation at base degree two.

On the other hand, if we choose r,, = 0, the parameter y and then the entire r.h.s.
of (3.17) vanishes. The resulting vanishing blowup equation has been presented and verified
in [16, 27]. We include it here as well for completeness

Z 01(7, ki€1 + kaea)Eg, (T, m, €1, €2 — €1)Eyg, (T, m, €1 — €2,€2) = 0. (3.37)
k1+ko=k

It has been verified up to base degree &k = 3 for high orders of @,. Since there is no shift
for the Eg parameters, it is easy to see the above equation is also the vanishing blowup
equations for massless E-string theory. In fact, it is the unique blowup equation for massless
E-string.

3.3 Higher rank E- and M-strings

Here we construct the first instances of blowup equations for higher rank 6d SCFTs. The
blowup equations of a higher rank 6d SCF'T can in principle be obtained by gluing those
of rank one theories.

We construct blowup equations for the simplest higher rank 6d SCF'Ts, the higher rank
M-, E-strings, whose perpurbative prepotentials have been computed in section 2.3.3, using
the blowup equations of M-, E-string theories as constituents. We will report the progress
on constructing blowup equations for generic higher rank 6d SCFTs through gluing in the
near future [52].
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We first introduce a central ingredient of our construction. Given the lattice I' of r
base curves and a symmetric positive definite bilinear form on I' defined by matrix €2, we
can naturally define a family of generalised theta functions with z € C”

. . 1
og(rz)= Y (-1mdiee®@e [Qn- Qnt+n-Q- Z] 7 (3.38)
nea+7"

where diag(2) is the diagonal vector, and
1
acQ . (2 diag(Q) + ZT) . (3.39)

It is clear that any two a differ by an integer vector are equivalent. The number of inequiv-
alent a-vectors is det(£2). The generalised theta function has the modular index polynomial

1
indg = 2% Q- z. (3.40)

Consider the rank r > 1 M-string theory whose matrix 2 is the Cartan matrix of
SU(r + 1). Let m be the SU(2) flavor symmetry, and Ey(7,m, €1, €2) be the elliptic genus
with wrapping numbers k = (ki,..., k) of the base curves. The idea to construct blowup
equations of this theory is to “glue” the blowup equations for each individual (—2) base

[a]

curves by merging the theta functions 93a in those equations into ©q. The type of the
resulting new equations can be determined by the following simple rule. We obtain a
unity blowup equation if all the constituent blowup equations are of the unity type, and a
vanishing blowup equation if one of the constituent blowup equations is of the vanishing

type. Schematically we have
UxU=U, UxV=V, VxV=V. (3.41)

Since the rank one M-string theory has only unity blowup equations, the higher rank M-
string has also only unity blowup equations, whose exact form can be derived from the
semiclassical data (2.70) to be

Z @%] (r,M,, — ke — EHEQ)EE/ (T,m + %61, €1,€9 — 61) IEE// (7', m + 362, €] — €3, 62)
KAk =k

= O8(r. M, — K'er — K"ea) By (r,m, €1, 62), (3.42)

where

m +

4
L2 em e (3.4

M —Q_l-(sm+61+€2 61—1-62)
22 T 9

with s = £1. The characteristic a takes the value in (3.39), and their total number is
det(Q) =r + 1.
These blowup equations can be checked in various ways. Using the modular index

polynomial of Ej, of the higher rank M-string [16, 21, 53]

. M" (61 + 62)2 " €1€9 2 4
; . * y -44
lndk —_—— Zglkz‘i_k Q k'+m iglkz (3 )
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and (3.40), one can find easily that the modularity condition is satisfied. Furthermore, we
have verified these equations at k£ = (1, 1) to high degrees of - with the explicit expressions
of Ej, in [21]. Finally, it is possible to demonstrate that these equations reduce properly
to the blowup equations of rank one M-string theory. We will use the shorthand notation
that for a theory T,

vid—o, Ul =0 (3.45)

denote the vanishing and the unity blowup equations with characteristic a respectively,
where in the latter case we have moved the two sides of the equation together. Let us
consider the M-M chain and decompactify the (—2) curve on the right. We can choose the
inequivalent characteristics a of the unity blowup equations to be a = (0,0), (1/3,2/3),
(2/3,1/3), with the corresponding equations denoted by

12 21
ol — o, uliil 2o vl 2o (3.46)

We can decompactify the (—2) curve on the right by setting ko, k%, k5 to zero. Then the
[a]

two dimensions in the summation in O, decouple. It is easy to deduce that in this limit

0= UL = 067, 32)0 + 6} 2 (6r,32)ul2)
0=l = 6l (6r,32)09 + 6l % 67, 32)ulz], (3.47)

21]

|

Zm

0= vlial — glil (67,390 4 6l (67,30

where z = sm + (€1 + €2)/2, s = £1. Since this is clearly a full-rank system for Ul[\(/)[] and

uli/2

M — B M — . .

These are exactly the unity blowup equations for M-string, as we already know. Similar
situation happens when M" chain reduces to M"~! chain.
Let us move onto the rank r > 1 E-string theory. The matrix €2 is

1 -100 0 0 0

-12-10 0 0 0

-1 2 -10 0 0
o1, (3.49)
0

0
0 0
0 0
0 0
0 0

where the lower right (r — 1) x (r — 1) submatrix is the Cartan matrix of SU(r), which
will be denoted by Q. Let m and m be the Fg and SU(2) flavor masses respectively, and
Ey(7,m,m, €1, €2) with k = (ko, k1, ..., kr-—1) be the elliptic genus with wrapping number
ko on the (—1) base curve and wrapping numbers k = (k1,...,k,_1) on the (—2) curves.
The blowup equations of this theory is again constructed by merging the theta functions in
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the constituent blowup equations of rank one E-; M-string theories to ©q. Following the
rule (3.41), we expect vanishing blowup equations constructed from vanishing equations of
the E-string theory and unity equations of the M-string theory, and unity blowup equations
constructed from unity equations of both the E-, M-string theories. The exact forms of
these blowup equations can be derived from the semiclassical data (2.69). The vanishing
blowup equations of the rank r E-string theory read

Z @%](TaMU—E/ﬁ—E”Q)EE (7’,m7 m—&—gel,el,eg—el) Ej (T,m, m+;62,61—62,62> =0,
K +k"=k

(3.50)
where s = £+1 and

MU:Q—l.(o,3m+“‘£€2,...,sm+w). (3.51)
The unity blowup equations read

s s
Z @s[%] (1.M,—k'e1—k"e2)Ey/ (T,m+ae1,m+§61 €1 ,62—61)EE” (T7m+0462,m+5627€1 —62,62)
k' +k"=k

= @[f%] (T’Mu)]EE/ (T’m?m€1762)7 (352)
where s = £1 and « is one of the 240 roots of Eg, and

€1+ € 61+62>

m +

5 5 (3.53)

M, =0 '. <a~m+61+62,sm+
In both equations, a is unique and it can be writte as

a—Ql-G,o,...,o). (3.54)

We verify these blowup equations in the following ways. First of all, using the modular
index polynomial of Ej,

r—1
indPM = (61+62 <2k0+2k> A2 (bt ko)+%(m,m)E8+mQZki. (3.55)
i=1

and (3.40), we find (3.50), (3.52) satisfy the modularity condition. Furthermore, we verified
these equations at £ = (1,1) up to high orders of @); with the explicit expressions of Ej
given in [50]. Finally, we demonstrate that the blowup equations of the rank two E-string,
or the E-M chain, can be reduced to the blowup equations of E-, M-string theories by
decompactifying base curves. The blowup equations of the E-M chain all have a unique
characteristic which we choose to be a = (0,1/2). Let us first decompactify the (—1) curve
by setting kg = 0. The vanishing blowup equations of the E-M chain become in this limit

1

1 1
0= Vg)ﬁ/f] = 03(27,sm + (e1 + €2)/2) - Uy 2 03(27, sm + (€1 + €2)/2) - Uﬁ], (3.56)

while the unity blowup equations become

1

1 1
0= U][;{/f] = 02(27,2m-a+sm+5(€e; —|—62)/2)~U1[v[ ] —03(27,2m-a+sm+5(e; +62)/2)-Ug.

(3.57)
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_1
Since s = £1 and a € A(Eg), we have a full rank system for UI[\/I 2] and Ug, and therefore
_1
Ul[\/l e =0 and Ul[\(/)l] = 0, which are the unity blowup equations of the M-string as we know.

Next we decompactify the (—2) curve by setting k3 = 1. The vanishing blowup equations
of the E-M chain become in this limit

0=V _ 67 sm + (61 + e2)/2) - VEE. (3.58)

1
Thus V][E 1) = 0, which is the vanishing elliptic blowup equation for E-string as we know.
The unity blowup equations of E-M chain become

0= U}[Sl(/[%] =0s(t,m - a+ sm+3(e; +€2)/2) - U[E_%]. (3.59)

Thus UI[E_%] = 0, which are the 240 unity elliptic blowup equations for E-string.

We comment that in general, the blowup equations of a higher rank theory do not
necessarily reduce to all the blowup equations of the blowup equations of lower rank blowup
equations due to the gluing rules. We will give a more detailed discussion in our future
work [52].

4 Solution of blowup equations

Here we would like to argue that the elliptic genera of the E-, M-string theories, or equiv-
alently the refined BPS invariants of the associated geometries, can be solved completely
from their blowup equations.
To see this quickly, we quote the following statement from [27], obtained by count-
ing the number of equations satisfied by the refined topological string free energies F(; 4
extracted from blowup equations through expansion in terms of €1,€e3. Given a generic
local Calaib-Yau threefold X with 0§ Kahler parameters, and let w,,w, be the numbers
of inequivalent unity and vanishing blowup equations respectively.'?> Then all the refined
BPS invariants on X can be completely solved from the blowup equations with the input
of F(070) if
wy, > 1 and wy, + wy, > b5. (4.1)

For the E-string theory with b5 = 10 and
wy = 240, w, =1, (4.2)

and the M-string theory with b5 = 3 and
Wy =4, wy, =0, (4.3)

the condition (4.1) is clearly satisfied.
Next we corroborate the solvability of the E-, M-string theories by presenting two
explicit algorithms to solve the two theories from the blowup equations.

21y [27] wu,w, are defined to be the numbers of inequivalent r-fields which are in addition not reflective
to each other. This additional condition is actually not necessary.
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4.1 Extraction of refined BPS invarianys

The first method is to extract relations of refined BPS invariants from unity blowup equa-
tions. The instanton partition function Z™$* encodes the BPS invariants by [51, 54]

' % 0 NP
2 =exp | SN S (m)2ntam dn g (g g8 QP (4.4)

.~ w
JjrL,jr=0 B w=l1

Here we define
XiL (QL)XjR (QR)

fram(01,©) = 55— 5 i i (4.5)
(q1/ — 4 / )(QQ/ — 4y / )
where x;(q) is the SU(2) character given by
241 _ —2j—1
q q
xi(q) = p—— (4.6)
In addition, we define
Q% = eld(8) - 1] (4.7)

with d(3) the degree of the curve class 3 in certain basis of Ho(X,R).!> We choose a basis
which we call positive basis so the d(3) is a non-negative vector'* for any effective curve 3
in X. The contribution of a spin (jz,jr) BPS state wrapping curve class 3 to the blowup
equation is then

Bl i) (@1,82) = fi,0m (@1, @2/a0)a + Fpim @1/, @)@ — fi, (@, @), (4.8)

where R = R(8,n) is the component of the R-vector (3.1) associated to 3, and the blowup
equations (3.4) can be written in the following form

. . bg ) ) o0 Q'wﬂ
S (1) mlefom et Dl ity | - 7 ZNJ@LJRTJ Bl inm (@%) | = Aler,ea,m).

nezbi Jr,jRr,Bw=1
(4.9)
Then if there exists a unity r-field'® so that for a positive basis of Ho(X,R)

: all f;(n) can be minimised at the same time with a unique solution n =n, (4.10)

the coefficients of Qf can be written as

Z Nji,jRBl(jL,jR,R(ﬁ,go))(QhQ2) =1%(q1, 2), (4.11)

JL.JR

13Sometimes the basis we choose is not integral and the curve degrees can be fractional numbers.

14n the case that the Mori cone of X is simplicial, one can choose the basis to consist of Mori cone
generators. When the Mori cone is not simplicial, one can choose the generators of a larger but simplicial
cone that covers the Mori cone.

15For a vanishing r-field, the solutions n that minimize f; (n) are all in pairs.
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where [ B(ql, g2) collects contributions of multi-wrapping w > 1, summands with n # ny,
and higher order expansions of the exponential, and it only contains BPS invariants of
curve degrees d < d(), which means

d<d(B): d; <di(p), i=1,...,b5; at least one inequality is not saturated. (4.12)

Since the unique minimal solution ny), if exists, can be shifted to 0 using the equivalence
relation (3.5), we always assume that ny = 0 and thus R(8,ny) = r - d(8)/2. Let us now
assume that the r.h.s. of (4.11) has already be computed. Then given the lemma proved

in appendix A that, with a few exceptions, all Bl y with fixed R and different jr,jr

JL.ir.R
(which are finite in number) are linearly independent to each other and non-vanishing,

the BPS invariants IV ]i jp can be extracted from the Lh.s. of (4.11) and thus recursively

1

computed. The only exceptions are the spin (0,0) or (0, 5) BPS invariants with curve

classes 3 satisfying
r-d(B)] < 1. (4.13)

These invariants cannot be solved from the L.h.s. of (4.11) due to the fact that
Bl(op,i%) = Bl(o,%,o) =0. (4.14)

In practice, we can use all the unity blowup equations whose r-fields satisfy the condi-
tion (4.10) to solve all the refined BPS invariants, provided that we have some extra data
which can help determine the spin (0,0), (07 %) BPS invariants whose curve class 3 sat-
isfy (4.13) for all the unity r-fields that we have used. In an elliptic non-compact CY3, the
number of such curve classes can be infinite. Nevertheless in the examples where the toric
hypersurface construction or the mirror curve is known, the genus 0 GV invariants of 8 can
be computed and used as extra input data, from which, together with the BPS invariants
of B with spins other than (0,0) or (0, %) recursively extracted from (4.11), the unknown
invariants Ng o or N 5 ; can be deduced.'® We have successfully used this approach to
compute the refined B2PS invariants of the massive M-string and the E-string with up to
three flavor masses turned on, where the genus 0 GV invariants as extra input data are
computed using the toric hypersurface construction in sections 2.1.1, 2.2.1.

In the following, we illustrate for the examples of E-, M-string theories the finding
of unity r-fields satisfying (4.10) and all the ambiguous BPS invariants with S of the
type (4.13).

4.1.1 Mb-string

We choose the positive basis of Ha(X,R) to be the generators of the Mori cone, whose
Kéhler parameters are [21]

ty—m, T—m, m. (4.15)

16We remind the readers that due to the checkerboard pattern BPS states wrapping a fixed curve classs

can have either spin (0,0) or (0, %) but not both.
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The corresponding f;(n) functions are

2
fm(n) = <n - % + %ﬂ) + const.,

fr—m(n) = (n — %)2 + const., (4.16)

fo—m(n) = const. .

The unity r-fields of the M-string theory associated to the elliptic blowup equations (3.26)
are!”
r=(rp,m,rr) = (2k,£1,0), k€Z, (4.17)

among which, the ones which minimise (4.16) with the unique solution n = 0 are
r = (0,£1,0),(2,1,0), (-2, —1,0). (4.18)

The only BPS invariants which cannot be determined from the unity blowup equations
with these r-fields are the spin (0,0) invariants with

d = (dy,dm,d;) = (1,-1,d,), dr=0,1,2,.... (4.19)

4.1.2 E-string

In the case of E-string theory, we cannot find a positive basis of Ho(X,R).!® However we
find that the following basis

tb? T, m’& = (ai7m)7 1= 17 .. '787 (420)

where «; are the simple roots of Ejg, is good enough with which a similar statement con-
cerning the solvability of BPS invariants from unity blowup equations can be made. Using
the perturbative prepotential (2.37), we find the corresponding f;(n) functions are

fp(n) = const.,

1 75\ 2
fr(n) = 5 (n — 5) + const., (4.21)
1
fi(n) = 5 (n - %) T, +consts., i=1,...,8,
as well as 1
r
fom) = 5 (0= ) (/2:1,0/2) 5, + const. (4.22)

Let us recall that in a unity r-field the r,, vector when divided by two is an element in
02,240 so that when expanded in terms of «; the coefficients 7, ; are either all non-negative
or all non-positive. We denote these two cases by r,, > 0 and r,, < 0 respectively. We
then choose 240 unity r = (1, 1,,,7-) fields to be

r = (—l—l,ﬁm > 0, 0), (—1,[m <0, 0), S 027240, (4.23)

5Lm

1"We do not mod out the shift 2C - n equivalence here.
18This is due to the fact that the half K3 surface associated to the E-string theory has a highly non-
simplicial Mori cone whose generators are infinitely many.
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so that
ot >0, i=1,...,8, andry ¥ rsm; > 0. (4.24)
(2
The BPS invariants with d, = 0 decouple from the true Kahler modulus ¢, and are
thus factored out of the blowup equations. For the remaining BPS invariants, using the
fact that dp > 0,d; > 0 and that f-(n) is minimised by n € {0,r,}, we can mimic (4.11)
and by expanding (4.9) find

db,d-,—, i
Z JL.JRr BlULJRR(ﬁO))(QLQQ)

JL:JR

LJ s db,d‘r, T, Tb'rm [ d 7d‘r7 M,
—(q1q2) * B ES Z N, in : Bl(jLJR’R(B’%b)) e (41,2,
JL:JR

(4.25)

where again J%dr:d.i (q1,q2) collects contributions of multi-wrapping w > 1, summands
with n # 0,7, and etc. so that it only constrains BPS invariants with (dg,d’T,d;m)
(dp,dr,ds,;) in the sense of (4.12). On the other hand, since (db,dT,dmﬂ — rbrmﬂ) <
(dy,dr,dy, ), we can move the second term on the Lh.s. to the r.h.s. and absorb it into
I%drdini (g1, go). We find the same recursive expression as (4.11) and the same procedures
following (4.11) apply.

We also find that the only BPS invariants which cannot be determined from the unity

blowup equations associated to (4.23) are the spin (0,0) BPS invariants with
d = (dy,dypnirdy) = (1,0,d,), dr=0,1,2,.... (4.26)
4.2 Weyl orbit expansion

In this section, we show how to directly solve elliptic genera from blowup equations rather
than computing the refined BPS invariants. The basic idea is to express an elliptic genus as
an expansion with respect to ¢ = Q, and v = /q1q2 with coefficients as Weyl orbits of the
flavor symmetry F' and SU(2), where z = 1/q1/q2. It is well-known the reduced one-string
elliptic genus is independent from SU(2),. This makes solving the one-string elliptic genus
from blowup equations particularly simple. In the following we mainly demonstrate how
this method works for E-strings. As a byproduct, we obtain some interesting functional
equations for the Eg theta function. The efficiency of this method will be further illustrated
in [41].
The reduced one E-string elliptic genus is well-known to be

0 0
Ered — 1(617)7 1(62)E 50, (m) = Z %0
. (4.27)
=q 3(1+248q + (3875 + 248 + 1)¢* + (30380 + 3875 + 2 x 248 + 1)¢°
+ (147250 + 2 x 30380 + 3875 + 5 x 248 + 1)¢* +...),
where
1 4 8
Op,(T,m) = Z exp(mitk - k + 2mim - k) =3 Z H O (T, my). (4.28)
kel g k=1¢=1
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R=a-w| =5 —4 -3 —2 -1 0 1 2 3 4 5
0071 1
Os210 1 56 56 1
O12160 576 756 576
Oé,6720 56 756 1512 2072 1512 756 56
03,240 1 56 126 56 1
Os.17280 576 2016 4032 4032 4032 2016 576
010,30240 1512 4158 5544 7560 5544 4158 1512
O12,60480 756 4032 7560 12096 11592 12096 7560 4032 756
O14,13440 56 56 1512 1512 1568 4032 1568 1512 1512 56 56
O14,69120 2016 4032 10080 12096 12672 12096 10080 4032 2016
O16,2160 126 576 756 576 126
O16,138240 | 576 4032 12096 16128 24192 24192 24192 16128 12096 4032 576

Table 8. Intersection numbers between roots and elements of Fg Weyl orbits.

The first few Eg Weyl orbits are as follows:

Oo,1, 02,240, 04,2160, 06,6720, Og,240, Os17280,  O10,30240
O12,60480, O14,13440,  O1469120,  O16,.2160,  O16,138240, 18,240, O18,181440,
02030240, 20241920, 22138240, 22181440, 246720, 24483840,

(4.29)

O26,13440,  O26,30240, D26 ,483840,

In unity blowup equations, each Weyl orbit breaks down due to the shifts proportional
to a root. For example, for O3 240,

Z ew-(m—l—ela) :qler—a.m_i_ Z q;lew-m_’_ Z ewm 4 Z qlew-m_f_q%ea-m'

aw=—1 a-w=0 aw=1

weO3 240
(4.30)

This forces us to look into how every Weyl orbit splits under the shift of a root. Due to
the Weyl symmetry, all the elements in one Weyl orbit intersect with any of the roots in
the same way, i.e. for any root the distribution of intersection numbers R = « - w between
the root and all Weyl orbit elements is the same. For example, for any positive root «, we
list the distribution for some Weyl orbits in table 8. Note the elements are all Weyl orbits
of Er7. Knowing (4.27), it is easy to check the unity blowup equations (3.34) are correct.

Conversely it is possible to solve (4.27) from the blowup equations. Let us first write
Ered = f(g,v,m)/n®.*? The vanishing blowup equation (3.37) gives

f (q, %m) =f (q, %m) : (4.31)

9The denominator n® can be later determined by requiring that E*? be decomposed as representations
of Eg, rather than just Weyl orbits. Besides, there is an overall constant in front of the whole elliptic genus
E; that can not determined by blowup equations due to the lack of gauge symmetry. This is of course not

surprising. Here we assume the overall constant is 1.
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Thus f(q,v,m) is independent from v. We can simply write it as
o0
Flam) =Y "¢" > tnpiOpi- (4.32)
n=0  Op

The task is to determine all x,, ;, ;.. It is convenient to write the unity blowup equations as

01(e2)01(cme€2) f(q, m+era)—01(e1)01 (a-m+er) f(g, m+eaa) = 01 (ea—€1)01 (vm—+e1+€2) f (g, m),

(4.33)
where a € A(Eg). We conjecture the solution is uniquely f(7,m) = n 80 g, (7, m) under
the conditions:

e The ¢ expansion coeflicients of E; can be decomposed as sums of irreducible repre-
sentations of Ejg;

e The leading ¢ expansion coefficient is 1, i.e. the trivial Eg orbit O ;.

Note the blowup equations themselves only determine f(g,m) up to a free function of .
The two assumptions assure the prefactor is n~8.20 In fact, it is proved by Don Zagier
that (4.33) has a unique solution which is the Eg theta function up to a free function of T,
and similar statements can be made for arbitrary positive definite even unimodular lattices
generated by roots, such as the Fg x Eg lattice and the Barnes-Wall lattice A1 in dimension
16 and the 23 Niemeier lattices in dimension 24. We give the proof in appendix B.

Now we briefly show how the Weyl orbit recursion works. Given that we have assumed
the leading ¢ order of f(gq, m) is the trivial orbit Op ;, we find that in order for the subleading
order of (4.33) to be satisfied, the subleading order of f(g,m) should have two Op; with
R = 4+2. Looking up in table 8, one finds that in order to store the Fg symmetry, one has
to add two E~ orbits of length 56 at R = £1 and one E; orbit of length 126 at R = 0. Thus
in the subleading order, f(g¢,m) has the Eg orbit O3 249. Next, for the subsubleading order
of (4.33) to be satisfied, one needs to add two E; orbits of length 126 at R = £2 in the
subsubleading order of f(g,m) to cancel the effect of the previous E7 orbit of length 56.
Then to restore the Fg symmetry, one needs to add two FEr orbits of length 576 at R = £1
and one E; orbit of length 756 at R = 0. Repeating this process, we find each sub Er
Weyl orbit in table 8 is in an infinite series of the ones in the larger Weyl orbits. Moreover,
the contributions from each infinite series can be organized into one of the following two
identities:

01(€2)01 (M -€2)05(27, A+2€1)—01(€1)01 (M -€1)03(27, A\+2¢€2) = 01 (ea—e1)01 (A+e14€2)05(27, \)
01(€2)01 (A €2)02(27, A\+2€1)—01 (€1)01 (A +€1)02(27, A+2¢e2) = 01 (e2—e1)01 (A+er1+€2)02(27, N).
(4.34)
With this in mind, one can directly write down the Weyl orbit expansion satisfying the
unity blowup equations by the following rule: each sub E7 orbit in an Eg Weyl orbit O, 1,
with intersection number R generates an infinite series of sub Fr orbits in Eg Weyl orbits
O, v with intersection numbers R’ where p’ grows quadratically and |R'| grows linearly.
To be more explicit,

20This agrees with the degrees of refined BPS invariants that need to be input for the E-string blowup
equations in (4.26).
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e If R is even, the growth is based on 63(27,22), i.e. p' increases by 2n? and |R/|
increases by 2n;

e If R is odd, the growth is based on 02(27,2z), i.e. p’ increases by 2n(n + 1) and |R/|
increases by 2n.

We have marked some sub E; orbits in the same series with the same color in table 8. It
turns out all Eg Weyl orbits appear and just appear once in f(q,m), which means it is
indeed the FEg theta function.

The same procedure can also be used to determine the two E-string elliptic genus,
where the flavor symmetry is effectively Fg x SU(2),. In this case, it is convenient to work
with the following reduced version of two E-strings elliptic genus

f(Q7 v, T, m) = ZQE_Str (7—7 €1, €2, m)91(€1)91 (261)91(62)91(262)77_2' (435)
From the unity blowup equations, one can solve it as

flq,v,z,m) = (v 140)+(248(z 7 +2)+248(v 1 +v)— (v 34+03) (2 +22))q
+(— (0405 (272 +22) - 248 (v 40) (a7 42) + (v 3 +03) (—248(2 2 +22)+-3875)
+ (™ 0) (2~ +24)+3875 (22 +22)+30380+3 % 248) +248(z 3 +2?)
+(30380+-3875+248+1)(z 3 +2%))¢*+. . . .
(4.36)
For M-strings, it is completely parallel and actually easier to solve elliptic genera from
the unity blowup equations, as the flavor SU(2) is much simpler than Eg.

5 From E-strings to del Pezzo surfaces

Rank one?! 5d SCFTs have been classified [55-60]. They can be constructed through M-
theory compactified on the canonical bundle over del Pezzo surfaces, which include P2, F
or d (d = 1,...,8) points blow-ups of P? denoted by dP;, and their BPS spectra have
been computed in [49, 60]. The superconformal limit is reached when the entire complex
surface is shrunk to a point. In particular the 5d SCFTs associated to dPy (d = 6,7,8) are
the famous Minaham-Nemeschansky theories with E; flavor symmetry [4, 5]. All these 5d
SCFTs can be obtained from the E-string theory on S!. Indeed the del Pezzo surfaces can
be obtained from the half K3 surface by successively blowing down the exceptional divi-
sors. From the physics point of view, rank one 5d SCFTs are effectively 5d SU(2) gauge
theory in the IR?? with up to 7 hypermultiplets transforming in the fundamental represen-
tion of SU(2), while the E-string theory on S* has an effective description of a 5d SU(2)
gauge theory with 8 hypermultiplets. The blow-down operation in geometry corresponds
to successively decoupling hypermultiplets by giving them infinitely large mass.?®> The re-
lation between E-string theory and the family of rank one 5d SCFTs can be summarised
in figure 1.

21The rank of a 5d SCFT is the dimension of its Coulomb branch.

22The 5d SCFT associated to P? does not have a low energy effective gauge theory description. See the
diagram in the main text.

2 To be exact, the mass of the hypermultiplet to be decoupled should be sent to negative infinity.
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dP, dPs dpP; dPs dps [ dP; dp, Fy
SU(2) + 8F ——— SU(2) + 7F —— SU(2) + 6F —— SU(2) + 5F —— SU(2) + 4F —— SU(2) + 3F —— SU(2) +2F —— SU(2) + IF SU(2)~ H
By Eg Er Eg SO(10) SU(5) SU(2) x SU(3) SU(2) x U(1) u(1) (-]

P! x P!

SU(2)o

SU(2)

Figure 1. Rank one 5d SCFTs and E-string theory on S!: the associated geometry, the IR effective
gauge theory, and the global symmetry at the conformal point.

We demonstrate here that blowup equations for rank one 5d SCFTs in the Coulomb
branch can be obtained from the blowup equations of the E-string theory by carefully
carrying out the transformations that correspond to the blow-down operations.

Our starting point is the unity and vanishing blowup equations of the E-string the-
ory (3.34), (3.37), which we can uniformly write as

1 1\? 1\ (1 1
Z(—l)"e 2<n+2> T+(n+2) (27’m'm+87“m-7’m(61+62))
Sinst €1 1 7Zinst €2 1
><ZdP9 T')m—i_?ﬁnutb_ n+§ €1,€1,€2—€1 dPy T:m+§zm7tb_ n+§ €2,€1—€2,€2

—Z(—l)”e E n—i—1 : + n+1 lr m—l—lr (€14€2)
= 5 5 T 5 o Lm T G I €1T€2

nez
Here we have massaged the equations a little bit by summing up elliptic genera to the total

Zinst -1
dPy (Tv m, tby €1, 62)

. (5.1)

instanton partition function, or alternatively by refraining from expanding the instanton
partition function in terms of ¢, in (3.4). We use the hatted notation of the instanton
partition function to emphasize that the K&hler moduli have been twisted in the sense
of (3.3), and have chosen r, = —1 following (3.11). Let us first derive the blowup equation
for the Fg Minaham-Nemeschansky theory. To this end, we blow down the exceptional
curve xg9 which also serves as the base of the elliptic fibration and take the limit

ldilrjn Dty — —ico, T — +ioco, tp, =t + 7 finite. (5.2)
8

Here we have defined tp, which measures the volume of the anti-canonical class of dFy
8
— Kap, =3h =) (5.3)
i=1
and its corresponding r-component is
rBy =Ty + 71 = —1. (5.4)

In this process, the terms in the instanton partition function of the form QZ”QﬁT = e[dptp+
d.7] with d, > d; become divergent, which need to resummed and analytically continued.
It turns out that the only terms which diverge in Zg}%t are those that come with the BPS

— 35 —



invariant N(@d7dm)=1.00) _ 1, which corresponds to the base curve b, and the instanton

(0,0)
partition function factorises to the product of the contribution of this BPS state Z((1 0)0)
and the partition function of the daughter Fg MN theory

lerjn Z;lirllpsgt(T,m, tb,el,eg) = (hm Z((l 0)0)(tb,61,62)> de8 (tgg,m 61,62) (5.5)
8

In general, a spin (0,0) BPS state accompanying the Kéhler parameter ¢ contributes to the
instanton partition function by

Qt

— — , (5.6)
@ -4 ") " - g 1/2)]

Zo0)(t,e1,€2) = PE [f0.0)(q1,32)Q:] := PE

with PE[g(e)] = exp (Z;ff’zl #) In each summand on the L.h.s. of (5.1), the contribution
of such a BPS state to the blowup equation before turning on the twisting is then

Z0,0)(t+Re1, e1—¢€2,€2) Z (g 0)(t+Rea, €1, ea—€1)
Z0,0)(t, €1, €2)
= PE [(f(0,0)(q1, 22/ a1)af + f(0,0)(a1/ a2, 42) 45 — (0.0 a1+ 42)) Q1]

Bl 0)(t,€1,€2) :=

1/2 1/2 1/2 1/2
—PE (- Y gt = [T a-g e ),
m,n>0 m,n>0
m4+n<R—3/2 m4+n<R—3/2
(5.7)

where R is the component of the R-vector defined in (3.1). If in addition the corresponding
curve is a rational (—1) curve, after turning on the twisting Q; — —@Q; and taking the limit
Q; — oo or t — —ico, we find the divergent contribution

[(ZR ~D@R+1),  (2R-DRER+1)

Blo.o)(t, €1, 2) = (e1 4 )], (5.8)

8 24

which should cancel with vanishing terms in the semiclassical contributions. Applying this
formula to the base curve b with Kéhler parameter ¢, and R = —n — 1/2, and inserting
it into (5.1), we obtain the following unity blowup equations for the Eg MN theory or the
dPs geometry

n(n+1 1
Z(—l)”e[ (2 )tBS—i-2nrm-m+Pdp8(n)(61+62)} ZsH(m, tpg, €1, €2) 7t
nez

€ 1 € 1
XZCIlr[lggt <m+21Tm) th_ <n+2> €1,€1,€2— ) Z(ljrjlggt <+22Tm7 th_ <n+2> €2,€1—€2, 62)

1 1
= > (e [”(”; )t38+2nrm~m+Pdp8<n)<el+62>] , (5.9)
ne{0,—1}

with
n(n+1)(2n+1)

12 ’

PdPg (n) = néu - (5.10)
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where d,, means 1 in unity equations and 0 in vanishing equations. Here because the Fjg
symmetry is unbroken, all the 240 unity r,,-fields forming the Weyl orbit O 249 as well as
the lone vanishing r,,, = 0 survive the limit. Note that when we apply the blow-down limit
to the blowup equations, we have the liberty of focusing exclusively on the transformation
of the L.h.s., factoring out any terms which are independent of the summation index n along
the way. The r.h.s. of the resulting blowup equations can be obtained by collecting all the
terms of the Lh.s. which do not vanish when ¢p, (or its analogue in further blow-downs) is
sent to ico. This is the strategy we will follow in the following.

To further perform blow-downs, it is convenient to change the basis of flavor parameters
from m; to the following basis associated to the exceptional curves

1
m; = Vol(x;) — gVol(h)7 i=1,...,8. (5.11)
It is easy to check that the corresponding homology classes [z]; — 1/3[h] have trivial inter-

section numbers with the complex surface itself. They are related to m; by equating the
r.h.s. of (2.17), (2.19), and we find

7 7
~ 1 1 1 1 )
my :—BjE_lmj—i-gmg, mi:—mi—6m8+6jg_1mj, i=2,...,8. (5.12)

The corresponding r-components are given by

7 7
1 1 1 1 .
a1 =g ;Tm’j + 3Tm8 Tai = ~Tmi~ GTms + 8 jzlrm’j, i=2,...,8. (5.13)
To flow from dPg surface to dP; (0 < d < 7), we blow down 8 — d exceptional curves
x8, . ..,Tq4+1 corresponding to taking the limit
8
lim iy — —ico, i=d+1,....8, tp+ > i, finite. (5.14)
a4 i=d+1

The first thing we notice is that among the r-components of mass parameters only

rmi (1 = 1,...,d) survive, and they organise themselves into a weight vector of E; with
Dynkin labels?*

(Tﬁm — T2 Find—1 — Tind Tl T T2+ 7“@3) (5.15)

5 y e 5 , 9

if d > 3 (here Es3, E4, E5 denote respectively SU(3) x SU(2),SU(5),SO(10)) and a weight
vector of SU(2) with Dynkin label
Tm,1 — Tm,2
(g2 (5.16)

24Recall that the first homology group of dPy (d > 3) contains the root lattice of Eq generated by z; —xi+1

and h — x1 — 22 — Z3.
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dPy 8 7 6 5 4

G E Eg SO(10) SU(5)
ir, O2210 0212, 0%756 Oa,72, iO%’W 03,40, iog,lg, +01,10 02,20, iog,lm iO%_’g,
P, 3 2

G SU(3) x SU(2) SU(2)

%Km (026,00.1), £ <O§,3,O%’2> (00,1,029),+ (O%A,g, 00,1) , (00,1, (9%,2) 039, 05,2700,1

Table 9. r,, components of mass parameters for dP; (d > 2).

if d = 2. We will denote this weight vector also by %zm. The blow-up operation (5.14)
can therefore be interpreted as the decomposition of the Weyl orbit of Eg to those of Ejy
(d < 8). In vanishing blowup equations %zm is always the zero vector, while in unity
blowup equations %fm must be weight vectors in the Weyl sub-orbits of O3 249, which we
summarize in table 9.

In the instanton partition function, all the terms whose power of Qg ; = e[m;] is
greater than that of Qp, = eltp,| for any j € {d+ 1,...,8} diverge, which need to be

resummed and analytically continued. All such terms are generated by the spin (0,0) BPS

states wrapping curve classes of (dp,ds ;) = (1,1,...,1,2) and all permutations of dy ; for
t=d+1,...,8. There are 8 — d such curve classes and they correspond to the exceptional
curves

Ld4+1y-+-y T8 (517)

All of these curves have —1 intersection with dPg. We denote their Kahler moduli by
8
tyi =1tBg + m; + Z T?Lj. (5.18)
j=1

The divergent contributions of these BPS states to the summand on the Lh.s. of (5.9) in
the limit (5.14) can be written down following (5.8)

8 8
o~ 2R, ;—1)(2R, ;+1 2R, ;— 1R, ;(2R, ;+1
H Bl(O’O) (tw7i761762) = H € |:( : )8( : )tm’z ( : ) 247 ( : )(61+62) Y
i=d+1 i=d+1
(5.19)
where
T 1 8
Rxﬂ' =-n+ ;72 =-n+ 5 -1+ T, + JZ; g | (520)

and it should cancel with vanishing terms in the semiclassical contribution in (5.9). On
the other hand, all the other terms which do not diverge sum up to the instanton partition
function of the d P, surface [49]. Therefore, we have the factorisation of the twisted partition

function
8 —_~
ldl]IDI; Ztlﬁg;(tBs )1, €1, €2) = ldlgdl . ];!:M BZ(O,O) (tzi, €1, €2) Zg}g;(th’ m, €1, €2). (5.21)
1=
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The daughter theory associated to the dP; surface is parameterised by the mass pa-
rameters m; for i = 1,...,d as well as the volume of the anti-canonical class

—ded:?)h—xl—...—a:d (5.22)

given by

B, =tBs + Ztm— (9 —d)tp, + (8 — dZml (9 —d) Zm], (5.23)

i=d+1 j=d+1

with the associated r-component

d 8
rg,=—(9—d)+B—d) rmi+(9—d) Y ray (5.24)
i=1 j=d+1

Since —Kgp, is the only true Kahler modulus in dP; and its intersection with the complex
surface is —(9 — d), we have the freedom to bring rp, within the range

—(9-d)<rp,<9—d (5.25)

using the equivalence relation (3.5) without affecting r,,. We will always assume that
rp, falls inside this range. Furthermore, since the curve class —Kgp, is invariant under
Weyl reflections of Ey; as well as the Weyl transformations of the FEg lattice which are
perpendicular to the root lattice of Fy, its associated r component rg, should only depend
on the Weyl orbit of E4. In the case of dP, and dP; which have an additional U(1) factor,
rp, depends on the U(1) charge as well. We summarize the full r-fields of unity blowup
equations for the dP; theory, given by

ﬁ - (rde £m)7 (526)
in table 10. On the other hand, the vanishing r-field is always
r=(rg,ry) = (=(9 —d),0). (5.27)

Taking the limit of (5.14) on (5.9) and using (5.21), after some algebraic gymnastics
in the end we arrive at the following blowup equations of dP;

Y (~1)re

Zinst -1
Zde (th ,m, €1, 62)

)t += anl (TmZ—FH)—FPde(n)(Gl—FGQ)

nez
x Zst <t3d+€2 rpy Mt — 5 m,61,€2—61> Zinst (th+e2 N 2 e 62’62)
o ro, = —(9-d).r,, =0
={1-e [% Z;j:l m; (Tﬁzi+grfii|>+(€1+€2):| . rp, =—(9—-d),r, #0 (5.28)
1, otherwise,
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G #vanishing  #unity unity 3r = (375, 37,)
dP; o 1 240 (-3, 02210)
dp; E; 1 182 (—1,02,126), (070;55)
dPs Eg 1 126 (-32,0:72) £ (—%«,03,27)
dp; $0(10) 1 82 (=2,02.10), % (-1, 03 46) , £(0, 01.10)
Py SU(5) 1 50 (=5:020) , £ (*?Og,m) ) ( 2,04 5)
APy SU(3) x SU(2) 1 28 (=3,06,001), £ (72, og_gﬁo%ﬂz) (=3,001,002), £ (71, Oz 4, 00_1) , (o, Oo, o%‘z)
dP,  SU(2) x UQ1) 1 14 (~1,0050) % (=3, O0.14) , & (73,05,2173) E (73,052%) 4 (=1, 001,2)
P, u(1) 1 6 £(=3_3), £(~20), £(~1_1)
Pl x P! SU@2) 1 7 (—4,022),+ (=2,04,) (0, 001)
P2 - 1 2 +(3)

Table 10. r fields for del Pezzo surfaces. We denote ir,, as an element of a Weyl orbit Oy, ;,. In

the case of dP, and dP;, we use an extra subscript to denote the U(1) charge.

where |1y | = Z?Zl T and?

9—d T 9—d
Pyp,(n) = <5u - 12> n— %nQ - Tn?’. (5.29)

Furthermore, by taking the limit (5.14) on (2.37), we also find the universal form of the
perpurbative prepotential of dP;, which reads?®

9 d Y
F(‘é%i)— Zmz fthz (5.30)

as well as 34d 4_4
bGV bNS 2" 31
24 ’ h 19 (5 3 )
where we have defined the Kéhler parameter
4 i
V I(h) = W. (5.32)

These results as well as the r-fields given in table 10 have been successfully compared
with [27].27
There is an additional del Pezzo surface Fy = P! x P!, which does not fall into the
family of dP;. On the other hand, it is known that dP, is isomorphic to the one-point
blowup of Fy. The P! base e, the P! fiber f, and exceptional curve z of the latter are
identified as
e=h—-—x1, f=h—x3, h—x1—2o. (5.33)

*This formula is derived from an identity of the orbit 972 — S°% (74 + r,)? = 1 — d. Here 1, =
By +50 )

9—d
26The prepotential of the half K3 surface (2.37) can be seen as a special case of this universal formula
with d = 9 if we identify g = —7 — >5_, M.
2'In [27] the last r-field component other than r,, is r, associated to ¢, which is related to rg, by

d
rB, =1 T,

Th = 9—d
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Therefore the surface Fy can be obtained by blowing down the exceptional curve h —x1 — 9
of dP,, corresponding to taking the limit

7711’2 — T?LLQ — 26, t32 — tB2 — 38, £ — —ioo. (5.34)

We identify the Kahler parameter of the anti-canonical class ¢ B, and the mass parameter
m of Fy as
8 ~ ~ -~ ~
tBy, = ?t32 — ?(ml +ma), m=my — ma. (5.35)
Another commonly used set of Kahler parameters for F( consists of volumes of e and f
denoted by ¢; 2, which are related to ¢ B, and m through

1 1 1 1
tl = ZtB]FO — im, t2 == ZtB]FO + im, (536)

with which the prepotential up to irrelevant terms reads
L s, 3 L oo 2
Flo0) = =5, (87 +13) + S (tit2 + tat3). (5.37)

The transformation of the blowup equations are analogous. Only the spin (0,0) BPS state
wrapping the exceptional curve h—x1 — x5 contribute diverge terms in the blowup equation
and they can be computed using (5.8). The r-fields can be computed by decomposing those
of dP,. We list the unity r-fields in table 10, and the only vanishing r-field is

r = (—8,0). (5.38)

They also agree with [27].2® Note that the theory of Fy is a bit special. Unlike dP; theories,
there is a unity equation with r,, = 0 in the theory of Fy. In addition, 7By, of the anti-
canonical class is not completely determined by r,,: for %zm € O% 2 which is real, T'Bg,
has two possible values not equivalent to each other.

6 From path integral to blowup equations

Here we try to understand the form of the elliptic blowup equations (3.17) for the E-,
M-string theory on torus from the path integral point of view.

6d SCF'Ts can be constructed by compactifying F-theory on elliptic Calabi-Yau three-
efolds with the following geometric properties of base and fiber. The base B is a non-
compact, complex two-dimensional space. As such, it contains 2-cycles C* which are P'’s
with negative intersection matrix —Q% = C?. (Y. Furthermore, in general above each
C" the elliptic fiber can degenerate according to a Kodaira singularity. In the resulting
6d field theory, each 2-cycle C in the base gives rise to a tensor multiplet. The bosonic
components of the tensor multiplets are denoted by (¢;, B;), where ¢; are real scalars and
B, are 2-forms with field strengths H;. The volume of the 2-cycle C? is proportional to
¢ = QY¢;. Singular elliptic fibers over C* signal the existence of gauge symmetry. Since

ZIn [27] the r-field is presented by the components 7, ., associated to curves e, f — e. They are related
to TBgy,T'm via TBg, = 4r, + 2rm.
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we only consider theories with no gauge symmetry, the Calabi-Yau has no singular elliptic
fiber. Finally there are hypermultiplets corresponding to isolated (—1) curves in the fibral
direction. We will also use the fact that there can be string-like objects charged under the
tensor multiplets. A string with worldsheet Y5 and tensor charges n; sources a flux of H;

dH; = niézZ < n; = / HZ‘, (6.1)
33

where Jy,, is the unit delta function localised on Y9, which is linked by the three-cycle 3.
When we put the 6d theory on T2, the hypermultiplets become hypermultiplets in the
4d field theory, and the tensor multiplets are reduced to vector multiplets by

b — ¢i,  H; — Fy Ada 4+ «DFy Ady + adz A dy, (6.2)

which induce a non-Abelian gauge symmetry. Here «4) is the 4d Hodge star so that
H; = xH; in 6d. Each vector multiplet includes as bosonic components a complex scalar
p; = ¢; + ia; and a 1-form gauge connection A; whose field strength is F;. Their kinetic
terms in the Lagrangian are

‘Cglgulomb = _TQM (‘FZ A *(4)Fj + 8#907;8#@]') +.... (63)

Here the bare gauge coupling 7 is identified with the complex structure parameter of the
torus on which the 6d SCFT is compactified.

We would like to compute the partition function of the 6d SCFT on Mg = T2 Xer,e0 My
with My being @2, namely the blowup of C? at the origin. The four manifold My is the
same as the total space of the O(—1) bundle over P!, which can be parameterised by
20, 21, 22 € C with the equivalence relation

(20, 21,22) ~ ()\712’0, )\12’1, )\122), AeC. (6.4)

We also turn on the 6d Omega background [61] which has the effect of rotating the My
when one goes around 1-cycles in T2 with the U(1), x U(1), action as follows:

(20,21, 22) = (20,€V21,€%29). (6.5)

The U(1), x U(1),, action has two localised points at the north pole and the south pole
of the exceptional P! = S? at (29, 21, 22) = (0,1,0), (0,0, 1).

(z021,22/21) > (€% 2021,€2 P 2o/21)

6.6
(2022, 21/22) > (€2 2029, 221 /29) . (6.6)

Note that the U(1)4 part of the Omega background with fugacity ey = (€1 + €2)/2 can be
identified with the U(1) component of the 6d SU(2)z-symmetry, which acts non-trivially
on the Wilson lines of the 6d flavor symmetry. This is due to the fact that upon compact-
ifying a 6d SCFT on T? with non-trivial Wilson lines the conformal symmetry present in
6d is broken and the 6d conformal stress-tensor multiplet splits into a 4d stress-tensor mul-
tiplet and a flavor current multiplet associated with the Kaluza-Klein symmetry, i.e. the
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momentum in the reduced direction. This KK current then gets identified with a linear
combination of the flavor currents of the original 6d flavor symmetry [62]. This identi-
fication can be thought of as an embedding of the SU(2)z-symmetry into the 6d flavor
symmetry group. As a result the twisted flavor mass

m:=m+Teq (6.7)

with 7 some root vector of the flavor group, should be invariant throughout M4. We will
identify r with r,, later.

There are essentially two types of configurations in the 6d field theory with finite
energy. The first type corresponds to the string worldsheets wrapping the torus. They
appear as point-like instantons in My and because of the action of U(1), and U(1),, are
localised at the north pole and the south pole of the exceptional P!. The path integral
receives contributions from the one-loop determinant corresponding to the elliptic genera of
the strings. In the sector of £’ wrapped strings localised at the north pole and k” wrapped
strings localised at the south pole of P! we expect the contribution of

1 1
Ey (T,m+ ifel, €1,€9 — 61> By (T,m - 5?62, €1 — €2, 62> : (6.8)

The shifts on the flavor mass are to make sure that the twisted flavor mass (6.7) is invariant.

The other type of finite energy configuration is the flux of the self-dual 3-form through
S x P, We provide two ways to evaluate its contribution to the partition function. The
first method is to consider the 4d field theory resulting from the torus compactification.
Let us first consider a 6d SCFT with a single tensor multiplet which is reduced on T2 to a
U(1) gauge theory in 4d with gauge connection A. The partition function of such a theory
on a four manifold My is [63]

Z(My) = Z/DAeXp(—I(A)), (6.9)
L

where the sum runs over all the line bundles on which A is a connection. To describe the
path integral more explicitly, one decomposes A = A’ + AX, where A’ is a connection on a
trivial line bundle O, and AfL is a connection on £ of harmonic curvature F,f The path
integral then becomes

> / DAexp(—I(A)) = / DA exp(—I(A') ) exp(—I(Af)). (6.10)
L L

Let us now look at the sum over £. On the lattice H?(M;Z), there is a natural, generally
indefinite quadratic form given, for z an integral harmonic two-form, by (z,z) = [ uTAT.
There is also a positive-definite but metric-dependent form (x,z) = f I A *@®z. The
indefinite form (x, ) has signature (b, b2 —), where by 4 are the dimensions of the spaces
of self-dual and anti-self-dual harmonic two-forms. Setting x = F) hﬁ /27, the sum over line
bundles becomes

©= Y  exp(—nIm(r)(z,z) + inRe(r)(z, z)) . (6.11)
x€H?(M;Z)
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This is a Siegel-Narain theta function with modular parameter 7. In the case where the
4d theory comes from a 6d parent theory as in our case, the big theta function splits into
a product of holomorphic and anti-holomorphic theta functions:

o=>Y ele" (6.12)

where the sum over a is a sum over the so-called “quadratic refinements” and ©1 arise
from the path-integral over self-dual parts of the 3-form H while @[a] correspond to the
anti-self-dual parts. In the case of M = C2, (bz4,ba—) = (1,0), the two quadratic forms
[a]

(x,2) and (z, ) are identical and ©"" become trivial.
Relaxing now the condition that the tensor branch of the 6d SCFT is only one-
dimensional and using (6.3), we deduce that in the general case the path integral of the 4d

theory produces the theta function
ol .y = L0 (ns + 0V + an Ui+ )z
O (1,2) = Z e QQ (ng + a;)(nj + aj)T + Q7 (n; + a;)z;| - (6.13)
n;EZ

which is essentially the generalised theta function we defined in (3.38) up to the sign factor.
The @g} can be seen as sections of a line bundle over the torus

T=C"/(QZ" & rQZ"). (6.14)

We remark at this point that the number of such sections is equal to the determinant of
. We also include elliptic parameters z; which are possible source terms coupled to F;.
These can be the instanton strings localised at the north and the south poles of P! or they
can result from the following Green-Schwarz counter-terms in the 6d theory

27r/ Q9B; N (6.15)
Me

where I; are the 't Hooft anomaly four-forms on the worldsheet of strings. We will write
down explicit expressions of the elliptic parameters with the second method of evaluation.
The second method of evaluation is through a holographic argument which we outline
below. Following [64—67], there exists a holographic action for the tensor branch of 6d
SCFTs on a seven-manifold Y7 with boundary dY7 = Mg, whose topological part is:

(1
SEP — 27T/Y QY (2dc,- ACj+ Ci A Ij> : (6.16)
7
where C; are 3-forms. Variation with respect to C; gives
0= / (dC’l — Il) AN 50]931

Y7
= / (Ci —w;) A (SCiji giving C; = w; on Mg, (6.17)

M
where dw; = I;. We want to compute the partition function arising from the path integral

/ 1:[7302-

exp (iS;OP> . (6.18)
C;=w; on Mg
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The result will be a state in the Hilbert space Hjy, arising from the quantisation of the
CS-action. Let us see what this Hilbert space is. From the action (6.16) we get upon
quantisation the following commutation relations:

[Ci(x), Cj(y)] = —2mi Q' Volug, 6°(x —y), (6.19)

Taking again Mg to be of the form 5’114 X S}B X (/:\2, we can define operators

o1 = exp i/ Ci |, @f = exp i/ i, (6.20)
S xP1 SLxPpt

These satisfy commutation relations
O, &7, = DL, exp <2m Q;f) . (6.21)
This defines a Heisenberg group extension of

K x K = H*(C?, Zaerq) X H*(C2, Zaer ) = Zaet 0 X Zdet 2 -
0 = Zgeto — F - K x K —0. (6.22)

Let us now for simplicity restrict to the case where there is only one tensor multiplet and
QM = n. Heisenberg groups have a unique irreducible representation R such that there
exists a state |Q2) € R with the property

d4(a)|Q) =), a€Zy. (6.23)
From this state we obtain a basis for H as follows
U, = ®8(a)|), for a € Z,. (6.24)

We want to identity R with Hpz,. There is a natural SL(2,Z) action on Hpy,:

(_01 (1)> : TH—% (6.25)

implying that ®4 maps to dB7" and o8 maps to 4. Under this maps |2) maps to

Q) ~ > 2P (b)[Q), (6.26)

bEZn

while ¥, maps to
4 (a)|Q) ~ ) exp(2miab/n)®” (b)[Q). (6.27)
bELn

This is precisely the transformation law for a theta function. Another way to see this is to

define
o E/ Ci, of E/ Cj, (6.28)
SL %Pt SHxP1
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which give phase space coordinates of our 7d Chern-Simons theory. af‘ and af take values
in V/T' where

V = H*(P',R), andT = H*(P', 7). (6.29)

Thus we see that the phase space is a torus
V/T' x V/T' = H*(Ms,R)/H*(Ms, Z) = Jns,, (6.30)

with Jpz, being the intermediate Jacobian of M. Quantisation amounts to finding the
appropriate line bundle £ over Jy,. Since the symplectic form carries a factor of Q¥,
the sections are theta functions of the form (6.13). This perspective also helps resolve the
apparent discrepancy of the sign factor between (6.13) and (3.38). In the case of n = 1
(E-string), one has to choose characteristic a = 1/2 and make the shift z — z + % so that
@5] reduces to 01(7, z) as it is the unique SL(2, Z)-invariant section for a line bundle with
principal polarisation, which precisely means n = 1 here, over the elliptic curve (see [64]).
This issue does not arise for n = 2 (M-string) and we can make the canonical choice
of the characteristic a = i/n for i = 0,1 without shifting z, whereupon @g] reduces to
02(27, 2),03(27, z) that furnish an irreducible represetnation of SL(2,7Z).

A glance at (6.18) and (6.28) shows that the elliptic parameters of the theta function

are given by
2 = / Wk + i/ W- (631)
Sh xPt SLxP!

From now on, let us restrict to theories with only one tensor multiplet and no gauge
symmetry in 6d. In this case Q¥ = n and the anomaly four-form reads

. 1 9 _
Q'L = J Tr FY + ea(R) = = L p1 (M) (6.32)
Therefore we expect
1 2—n 4
z = ZWF + wRr — 1 D1 (MG) , (6.33)
Stxpl
where
2 2
wp =Tr (3,43 + Ag A dAa> ., wp=Tr (314?;% + Ap A dAR> . (6.34)

and pl_1 is the anti-derivative of the Pontryagin class. The first term gives

1 1
/ wF—></ F>m (6.35)
4 Jg1pt 4 \ Jp

In order to compute the flux vector i fPl F, we make use of the fact that our partition
function should be invariant up to a sign under large gauge transformations [64] (we treat

the flavor symmetry as a weakly coupled gauge symmetry)

m—m+a’ (6.36)



V' is an arbitrary coroot of the flavor group. This implies that the flux vector

where «
% f]P)l F has to be a weight vector of the flavor group, which we also denote by %zm. We

also do the replacement
/ W €4 )2 (6.37)
S1xPpl

as well as
-1 .
/ pr (Mg) > €1 + €2 = 2es. (6.38)
S1xpl

Finally, given the embedding of the SU(2)g-symmetry in the flavor symmetry, we can do
the shift on flavor mass

1
m—m+ STmE- (6.39)
Putting all these pieces together, we find the following elliptic parameter
1 n—-1 1
= §fm -m+ ( 1 + gﬁm ‘Tm> (1 + €2), (6.40)

which has the same form as the elliptic parameter of the theta function on the Lh.s. of (3.17)
up to the last two terms corresponding to coupling with strings. We notice that in the case
of unity equations, with the constraint (3.22), we find the elliptic parameter (up to the last
two terms) can also be written as

1
2 =2(n=2)eq + ol (M A Tpes), (6.41)

which shows that the mass m is corretly replaced by the twisted mass m + r,,e+.
The coupling with string sources can be added to the Chern-Simons action (6.16) as
follows (see [67]):

1
SPP = 27r/ Qv <2dCz- ANCj+Ci A (I; 4 djixa(N) +dj,2X4(N)))
Y7

/1 g
= 27T/ QY (dCZ VAN Cj +C; A Ij) 4 27 QY <dj71/ C; + dj’Q/ Cl) ,
Y 2 T2xR4 T2xR4

(6.42)

where x4(N) is the Euler class of the normal bundle of the string. In the case of rkQ =1,
using
Xa(N) = de, (6.43)

where eéo) is the global angular form of the S bundle of the tubular neighborhood of the

string, we see that the elliptic parameter of our theta function gets shifted by

n <k‘1 / egoN) + k;2/ 6:(305)> = n(elkzl + GQkQ), (6.44)
S1xPpl Stxpl

where we have inserted string sources at the north and south pole of the exceptional P'.
We have thus completely reproduced the theta function, and together with (6.8), the entire
Lh.s. of (3.17).
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In order to obtain the r.h.s. of (3.17) we simply choose the S? to surround the entire
exceptional P! fully. The terms in the theta function corresponding to coupling with strings
disappear because

nk /S . eV =0, (6.45)
X

and we are left only with the elliptic parameter (6.40). The contributions of string world-
sheet wrapping 72 merge to

Ek(T, m,e€q, 62) with k& = k1 + ko. (6.46)

Finally we can invoke the modularity consistency condition to uniquely fix r,, by (3.22)
through (3.21). Vanishing equations can arise if there exist values of r,,, and ¢ so that the
theta function on the r.h.s. vanishes identically, which happens in the case of E-string.

7 Conclusion

In this paper we propose the blowup equations for E-string and M-string theories compact-
ified on 72, and solve their elliptic genera and equivalently the refined BPS invariants of
the associated Calabi-Yau threefolds from these equations. Although the elliptic genera of
these two theories have been studied via many other approaches, for instance localization
in 2d quiver gauge theories [19, 21| or modular bootstrap [16] where one can write down
explicit expressions for the elliptic genera, the blowup method still sheds some new light
on this subject and gives inspiration on how to deal with more general 6d theories. As
is well-known, the E-string and M-string are the two simplest rank-one 6d SCFTs. Both
have no gauge symmetry but only flavor symmetry. In the previous papers of this series,
we have established the elliptic blowup equations for rank-one pure gauge 6d SCFTs on
torus [23, 24]. With the inspiration obtained in the current paper with regard to the E-
and M-string theories, we indeed find the elliptic blowup equations for all rank one SCFT's
with both gauge and flavor symmetry [41] and even higher rank ones [52], thus exhausting
all possibilities of untwisted torus reductions of 6d SCFTs.

We also present the elliptic blowup equations for M-string chains and E-M string chains.
Note that the M-string chains are special cases of the much more general ADE string
chains [50]. Indeed, the N M-string chain is in fact the Ay_; type chain without gauge
symmetry. Although the elliptic genera for all ADE string chains can be computed from
localization, it is still interesting to consider their elliptic blowup equations and whether
their elliptic genera can be calculated from these equations. We would like to leave the
discussion of this subject to the higher rank paper [52].

In addition, we provide a simple procedure to compute the full perturbative prepoten-
tial with all mass parameters turned on of a non-compact Calabi-Yau threefold from its
local description as a connected union of compact surfaces. This paves the way for deriving
blowup equations for twisted circle reductions of 6d SCFTs from the local description of
their associated geometries given in [68]. Relatedly, all rank one 5d SCFTs can be obtained
from circle reductions of the E-string theory by decoupling a mass deformed hypermultiplet
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or from the geometric point of view by blowing down an exceptional curve. We demon-
strate in this paper how to perform this operation on the blowup equations of E-strings
on the torus to obtain the blowup equations of rank one 5d SCFTs. Recently there has
been much progress towards the classification of 5d SCFTs [43-45, 58-60, 68-70], and it is
conjectured that all 5d SCFTs can be obtained from untwisted or twisted circle reductions
of 6d SCFTs [58, 71]. Therefore, we can write down a recipe to derive blowup equations for
all 5d SCF'Ts compactified on a circle from the blowup equations of untwisted and twisted
torus reductions of 6d SCFTs.

As a byproduct of the unity blowup equations for the one E-string elliptic genus,
we obtain some novel functional equations for the Fg theta function. The unity blowup
equations for more E-strings result in more identities among FEg Weyl invariant Jacobi
forms. It is desirable to know whether one can prove from the viewpoint of Jacobi forms
that our system of elliptic blowup equations only allows for a one-dimensional solution
space.

Besides, the blowup equations have connections with the bilinear relations of isomon-
odromic systems [72]. We hope the blowup equations we find in this paper can shed some
new light on this subject. In particular, the E-string blowup equations are expected to
produce the bilinear relations of the elliptic Painlevé equations [73], while the M-string
blowup equations are expected to produce those of the isomonodromic system on the one-
punctured torus [74].

Finally, a long-standing problem is a possible proof of the blowup equations for 6d
SCF'Ts compactified on the torus. In this paper we make the first attempt and derive from
the path integral point of view the elliptic blowup equations for the E-, M-string theories.
This method can in principle be applied to derive the blowup equations for the M-string
chains and E-M string chains as well, which also have no gauge symmetry. We hope our
derivation can inspire proofs for the blowup equations for a generic 6d SCFT.
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A A lemma

To demonstrate that the blowup equations can determine all refined BPS invariants in
section 4, we need the following lemma. Recall in section 4.1, we defined
Xz (2L)Xjr (qR) (A1)

fonan (@1, q2) = = -
o @ =@ -

and
Bl jrr)(q1,q2) = f(jL,jR)(th,(Jz/th)fﬁz + f(jL,jR)((h/Q%QQ)Qé% — foin (@, q2), (A.2)
where x;(g) is the SU(2) character.

Lemma 1. VR € Z/2, Bl(jLJR’R)(ql,qg) are linearly independent with only exceptions at
Bl,0,1/2)(q1,42) = Blo,0,—1/2)(q1,92) = Bl,1/2,0)(q1,2) = 0.

Proof. For a generic fixed R and a finite set J of spin (jr,, jr) which satisfy 257 +2jr+1
2R mod 2, we need to prove if

Y i Blyem (@, a2) =0, (A.3)
(Jr.dr)EJ

then all coefficients z must vanish. Since J is finite, there exist maximum for j; and

LyJR
JRr, denoted as j;7"** a]ndj j)}’gax. We expand J to the set of all spins on the rectangle from
(0,0) to (j7**, /™). On such spin rectangle, we can define a strict total order of (jr, jr).
Then one can use descending method to prove the coefficients z(;, ;) vanish one by one.
Such procedure was actually already given in section 6.2 in [27]. For R = 1/2 or —1/2,
the lowest spin in such order is (0,0) and the value of Bl function is 0, and for R = 0, the
lowest spin in such order is (0,1/2) and the value of Bl function is 0 too. These are the

only exceptions for linear independence.

B Functional equations for theta functions of even unimodular lattices

The unity blowup equations for one E-string elliptic genus (4.33) give a set of interesting
functional equations for Fg theta function. Here we prove Eg theta function is the unique
solution for such equations up to a free function of 7. This statement can be generalized
to the theta function associated to any positive definite even unimodular lattice that is
generated by roots. The generalization and proof were shown to us by Don Zagier.

Proposition 1. Let A be a positive definite even unimodular lattice that is generated by
its roots, and let f be a holomorphic function on $ x Ac satisfying the functional equation

01(e2)01(a-m + €2) f(T,m + e10) — 01(e1)01 (- m + €1) f(T,m + €200)

(B.1)
=61(ea —€1)01 (- m+ €1 + €2) f(T,m),

for all roots o of A and all €1,e3 € C. Then f is a multiple (depending only on 7) of the
theta series
9A(7—7 m) — Z 627ri(w-w/2+m-w). (B2)
wEA
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Proof. Fix 7 and also a root « and a vector mg € A with mgp - a = 0, and set F(7,\) =
f(mo + Aa), A € C. Using o - a = 2 and setting h; = XA+ €1, ha = A + €2, hg = A, we can
write (B.1) in a symmetric form,

Z 01(hit1 — hi—1)01(hiy1 + hi—1)F(hi) =0,  (any {hi}i(mods) € C?). (B.3)
i (mod 3)

Here the 7 dependence is implicit. Changing hq to hy + 1 and hy + 7 with hg and hg fixed,
we find F(h+ 1) = F(h) and F(h +7) = ¢ "¢ 2F(h), where ¢ = >™'7, ¢ = ¢2™", Thus,

f(m+a) = f(m), f(m+ ar) = e 2m0FTeam) £y, (B.4)

Since A is even unimodular and generated by all roots «, the first equation of (B.4) implies
that we can write f(7,m) as Fourier expansion ), \ cw(q)q ™/ 2e2™m W for some coeffi-
cients ¢,(q). The second equation of (B.4) implies that cyta(q) = cw(q) for all w and «,

so cw(q) = co(q) and f(r,m) = co(q)0a (T, m).
Open Access. This article is distributed under the terms of the Creative Commons
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