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1 Introduction

The effective field theory description of massive spin fields, and in particular those of spin-2,
is of interest for many reasons. Massive spin-2 states have been considered in the context of
particle physics models [1-4], and when associated with the graviton, massive spin-2 fields
play a central role in theories of finite-range gravity [5-9]. Early attempts to construct
massive gravity models [5, 10] were plagued with ghost-like instabilities, generally known
as the Boulware-Deser ghost! [6]. With the recent development of ghost-free massive
gravity [12-14] there has been an explosion of interest in massive gravity theories and
their extensions [15]. Crucially the massive gravity models of [12] describe the unique
leading terms in a Lorentz invariant effective field theory (EFT) with the highest possible
cutoff. Massive spin-2 states clearly play an important role in low energy descriptions of
Kaluza-Klein and other braneworld constructions [15-17]. They also arise in the condensed
matter context, for example as effective descriptions of the gapped collective excitation in
fractional quantum Hall systems [18].

In the relativistic context, it is natural to interpret all theories of massive spin particles
in terms of a breaking of the symmetries of a massless particle. The central reason being
that in a Lorentz invariant theory, at energies much higher than the mass of the particle,
the states of a massive spin will naturally decompose into those of massless helicity modes.

! Although the family of models considered in [10] have a Boulware-Deser ghost [11], it happens that for
one particular value of parameters we recover one special case of the ghost-free models of [12].



By virtue of their canonical normalization, the interaction scales for the different helicity
states are different, and this has a significant impact on the organization of the low energy
effective field theory expansion. The case of massive spin-2 has been well studied [15, 19].
For generic higher spins, the symmetry structures that give rise to interacting massless
theories are necessarily infinite as there are strong theorems precluding interactions of
finitely many spins with s > 2 [20-22]. The spin-2 case is special in that we already know
of one description of infinitely many interacting massive spin-2 fields with one massless,
namely Kaluza-Klein theory. The would-be infinite number of 4 dimensional diffeomor-
phism symmetries that would arise for decoupled massless gravitons, combine together to
make a theory which respects a higher dimensional diffeomorphism symmetry. Rewritten
in four dimensional terms, the higher dimensional diffeomorphism symmetry appears as a
Kac-Moody type algebra [23]. Hence, stated differently, Kaluza-Klein theory may be inter-
preted as a spontaneously broken version of a four dimensional theory with a Kac-Moody
symmetry [23].

These infinite dimensional symmetry groups generically enforce an infinite number of
closely spaced states [17] and so are not useful descriptions in situations where there may
exist a gap, such that there is a low energy effective description with only a finite number
of spin-2 states. Such situations do occur in the condensed matter context [18] and it is
interesting to explore this possibility in the Lorentz invariant context. For a finite number
of spin-2 and lower spin fields, the broken symmetry group will be finite dimensional. It is
thus natural to ask, how many nonlinear extensions do there exist for the symmetries of
set of free spin-2 fields. A known nonlinear symmetry, determines the symmetry breaking
mechanism which in turn organizes the construction of the low energy effective theory.
In the case of a single massive spin-2, which at free massless level has a copy of linear
diffeomorphisms (spin-2 gauge invariance), it is known that there are only two nonlinear
completions of the symmetry itself [24]. Full diffeomorphisms, and the same linear spin-2
gauge invariance. Thus an interacting effective field theory of a single massive spin-2 field
can either arise from a spontaneously broken diffeomorphism symmetry, or a spontaneous
breaking of spin-2 gauge invariance [24]. The former case corresponds to massive gravity
and multi-gravity theories, and is by far the most commonly assumed scenario. The latter
is sometimes referred to as pseudo-linear spin-2 massive gravity [25], however we just refer
to these as pseudo-linear spin-2 fields as they have no connection with gravity per se.
Pseudo-linear spin-2 fields could prove to be a useful description for the EFT of excited
spin-2 mesons, similar to those that arise in the condensed matter context where they have
no immediate connection with gravitational physics.

Whether or not any single or multiple interacting massive spin-2 fields could have a
standard UV completion remains as yet unclear [26]. By assuming the UV completion to
be Lorentz invariant, causal and unitary it is possible to derive particular bounds on the
scattering amplitudes of the low energy EFTs, so called positivity bounds, which restrict
the allowed parameter space of the EFT [27-36]. We stress that a failure to satisfy these
bounds does not imply the EFT is inconsistent but only that it could not have a standard
UV completion, but this does not preclude a non-standard UV completion [33]. Indeed one
of the most likely standard assumptions to fail is that of locality, since it is not expected that



a gravitational theory respects polynomial (or exponential) boundedness [37], and this is a
central assumption in the derivation of positivity bounds [38]. Remarkably two dimensional
ghost-free massive gravity does admit a known UV completion, since when coupled to a
conformal field theory with central charge ¢ = 24 it is equivalent to the worldsheet theory
of a critical string [39], and more generically that of a non-critical string. The latter are
known to have a worldsheet S-matrix which violates polynomial/exponential boundedness
and so does not respect standard locality requirements [40].

In a recent work [36] we applied the positivity bounds to EFTs of interacting multiple
spin-2 fields described in [41], which were extensions of ghost-free massive gravity. In this
paper we apply these bounds to effective field theories of one or more interacting pseudo-
linear massive spin-2 fields. The particular case of a single pseudo-linear spin-2 field was
considered already in [31] where it was shown that for the leading ‘ghost-free’ interactions
some of the definite helicity positivity bounds have to be marginal, unlike its close cousin
‘ghost-free massive gravity’ [30, 33, 35, 36]. Another interesting example where positivity
bounds are marginal is in the case of massless Galileons [42]. In this theory the 2-2 tree
level scattering amplitude grows as the third power of the Mandelstam variables which
means that the positivity bounds are marginal [29]. Interestingly, massless Galileons arise
as the decoupling limit of massive gravity [13], which would seem to suggest that massive
gravity cannot have a standard UV completion. However, it was shown in [30] that there
exists a compact region in the parameter space for which the scattering amplitudes of
this theory are compatible with forward limit positivity bounds and this has been further
considered in [33-36]. This is because taking a decoupling limit is distinct to considering
the low-energy EFT, and while Galileons are massless in the decoupling limit of massive
gravity (where the mass is sent to zero), those modes remain massive in the low-energy limit
of massive gravity. As shown in [43] this distinction is crucial in satisfying the positivity
bounds.

The rest of this paper is organized as follows: in section 2 we review the EFT for a
single and for multiple interacting massive pseudo-linear spin-2 fields. We then discuss the
positivity bounds in section 3 before explaining how they constrain the EFT in section 4
for one or two interacting pseudo-linear spin-2 fields. We revisit the single spin-2 case
considered in [31] and find and close a loophole in the argument that it is ruled out.
We then extend our result to an arbitrary number of massive pseudo-linear spin-2 fields
in section 5. We end with some outlooks and discussions in section 6. Details on the
polarization structure are given in appendix A and the indefinite bounds for the higher
order operators are given in appendix B.

2 EFT of interacting pseudo linear spin-2 fields

2.1 Single field
We start by considering the standard Fierz-Pauli linear Lagrangian for a single massive

spin-2 field [44]

1
Lep = —h"E T has — Smi ([7] = [h?) | (2.1)



where the squared brackets denote the trace with respect to the Minkowski metric and &
stands for the Lichnerowicz operator defined as

E% oy = —% Oy = Dol = Dad s + ok =y (TR = 0a0sh™)| . (2.2)

While the Fierz-Pauli action breaks linear diffeomorphisms, it is ghost-free and propagates
five degrees of freedom in four-dimensions. The breaking of linearized diffeomorphism
can be ‘restored’ by the introduction of four linear Stiickelberg fields, three of which are
dynamical and describe the propagating states of the helicity-1 and helicity-0 modes.

When supplementing the Fierz-Pauli action with non-linear interactions, one possibility
is to promote the linearized diffeomorphism (spin-2 gauge invariance) symmetry to full
nonlinear diffecomorphisms (general coordinate transformations) and the resulting theory
is then closely linked to a gravitational theory. Alternatively, and this will be the approach
considered here, one can view the spin-2 states’ masses arising from the breaking of a
linearized diffeomorphism symmetry, even at the interacting level, and therefore maintain
the Stiickelberg fields as introduced linearly (see [45] for a discussion on the distinction
between the non-linear Stiickelberg and the linear or helicity approach). Such fields are
referred to as pseudo-linear spin-2 fields [25]. The pseudo-linear reflects the fact that the
gauge symmetry is linear, even though we consider interactions.

It was established in [25] that only three pseudo-linear ghost-free terms could be added
to the Fierz-Pauli action in four dimensions. Those were found by requiring that: (7)
they preserve the number of degrees of freedom of the linear Fierz-Pauli theory; (ii) when
possible they arise as terms leading order in perturbations of a non-linear field that satisfies
(7). Two of these terms arise straightforwardly as decoupling limits of the standard ghost-
free interactions for massive gravity [12]. Indeed on taking the non-linear fields K =
i ( g—lf)u and expressing the metric as g, = 7, + }]l\%, where M is the scale of
non-linearities, then in the decoupling limit M; — oo with a3 and a4 scaled appropriately,
the usual ghost-free massive gravity interactions become

Loz = eeIhhh = [h]® — 3[h][h?] + 2[h?],

c0:4 = echhhh = [A]* — 6[h?][h)* + 8[h%][h] + 3[h?]? — 6[n?]. 23)
Here and henceforth we use the shorthand notation
eI X" = ey s gua T AXEL Xt gl 20
eel" X" = ey pppnan.pa€ TV (OM0,, XE2) L Xbn etk

where [X] denotes the trace of the matrix/tensor X. There are no ghost-free terms with
four or more derivatives in four spacetime dimensions (closely related to the Lovelock
theorem [46, 47]). However as clarified in [25], the pseudo-linear theory allows a two-
derivative ghost-free cubic interaction term, first found in [48], and is given by

Loz = ee(0*h)hh. (2.5)

This term is not the Einstein-Hilbert term cubic interaction since the latter would only be
ghost-free if we consider full non-linear diffeomorphism invariance at the non-linear level.



Indeed this term appears to be an isolated feature of the pseudo-linear theory and does
not have an equivalent ghost-free structure when the symmetry is nonlinear diffeomor-
phism [49-52], i.e. in the massive gravity context.

In what follows, we shall not be concerned with the theory defined uniquely by the
ghost-free interactions, but rather by the effective field theory with the highest cutoff,
similarly to the logic followed in [36, 41]. From this perspective the interactions (2.3) are
to be regarded as the leading interactions in a Wilsonian effective action which contains
an infinite number of terms. Thus the leading terms used to describe the effective action
of a single pseudo-linear spin-2 field are taken to be

m2 gh) mQK(h)
g*ﬁ »CFP+ 52 AM, E + 4M2 £04, (2.6)

(h)

where a1 and k34 are dimensionless coupling constants. The choice of scales for the coeffi-
cients in this leading effective action will be defined in analogy to the general case [36, 41]
by identifying a spin-2 interaction scale M; and organizing the pseudo-linear theory as
an EFT with the strong coupling scale Az = (m?M;)'/3. In addition, as in [36, 41] we
have include an overall weak coupling parameter g, which conveniently suppresses loops if
g« < 1 allowing us to apply tree level positivity bounds only.

In writing (2.6), it is worth remembering that if the interactions £, 3,4 were generic (not
given by (2.4)), they would lead to a ghost hidden in the higher derivative interactions of the
helicity-0 mode of the massive spin-2 generically appearing at the scale A5 = (miM;)Y/® [19,
53]. These dangerous higher derivative interactions can only be avoided by the special
tunings in the non-derivative interaction terms corresponding to setting L34 to their
expression given in (2.4). This was first recognized in [12] and applied to the pseudo-
linear case in [25]. Since these tunings lead to a theory with a higher cutoff scale they

are technically natural. Indeed, after replacing the metric with h,, — 3755 T one observes

that all the higher derivative terms drop out because of the double- eps1lon structure in
both derivative and non-derivative interactions (2.3) and (2.5). The surviving subleading
terms correspond to interactions which arise at the A3 scale. Indeed the decoupling limit
of the pseudo-linear theory is identical in form to the general case, namely it looks like a
massless spin-2 coupled to a Galileon and a Maxwell field. Thus (2.6) defines the leading
interactions of what we mean by a A3 theory of a single pseudo-linear spin-2 field.

2.2 Two fields

In this work we are mainly interested in the theory of two or more interacting pseudo-
linear massive spin-2 fields [54]. For now, we shall focus on two interacting pseudo-linear
spin-2 fields which can easily be generalized to an arbitrary number of pseudo-linear fields
in section 5. In four dimensions each of the two spin-2 can be separately described by the
pseudo-linear action (2.6) given above. We can then couple the two spin-2 fields as follows

m? ,{(h) 2,.(h)
9°L = Lyp1 + Z—M»ss(az )hh + X eelhhh + E; ecehhhh
2,€(f) m2i)
+Lapa + gyres(O ) + T e TTT + et 11
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(2.7)

where the first two lines is the sum of the individual pseudo-linear EFTs for the decoupled
fields, the third line gives the cubic two-derivative interactions between the two fields and
the last line are the non-derivative interactions. On the last line we have also included the
d1, do interactions which however do not contribute to elastic tree level scattering processes.
They will therefore remain unconstrained by the positivity bounds explored in this work.
The mass scales m1, M7 and mg, Ms are the mass and non-linearity scales of h,, and f,,
respectively. We shall assume that there is no large hierarchy between the two sets of
masses and parameterize their ratios as

ma Ml
=m, —==z, Mo=M, —=v. 2.8
ma =m o~ x 2 R 0% (2.8)
As in the single field case, (2.7) should be regarded as the leading interactions in a Wilsonian
effective action, organized with interactions at the Ag scale, and this point should be

remembered in interpreting the implications of the positivity bounds as we shall see.

3 Positivity bounds

In the following sections we shall apply the forward limit 2 — 2 scattering amplitude pos-
itivity bounds to theories of interacting pseudo-linear spin-2 fields. The positivity bounds
arise as certain conditions on the couplings in the low energy effective field theory due to
the requirement of the existence of a local and unitary Lorentz invariant UV completion.
Stated more formally, the knowledge of the analytic structure of the scattering amplitude
in the complex s-plane allows one to relate a properly regulated contour integral f of the
low energy scattering amplitude to the total scattering cross section via the use of the op-
tical theorem [27-29]. In the framework of [30-36], the positivity bounds can be imposed
on the derivatives of the pole-subtracted forward limit (¢ = 0) amplitude as:

1 d2

f/\l)\Q = 5@(‘4;1/\2)\1)\2 (570) - pOleS) >0, (31)

where A1, Ao stand for the polarization states of the ingoing and outgoing particles which
are assumed to be equal in elastic scattering. We refer the reader to [36, 55] for derivation
of (3.1) in our current notations.

3.1 Indefinite scattering

In the following section we apply the positivity bounds (3.1) on the elastic forward limit
(t = 0) two-to-two scattering amplitudes in the EFT given in (2.7). Our main focus will be
the hh — hh (and the equivalent ff — ff) scattering process allowing to rule out all the

non-derivative self-couplings Ii:(gh), /@(lh), I<J:(3f ), ngf ), as well as all the cubic couplings aq, ..., ag



and c1, co. The only remaining quartic coupling sensitive to the tree-level positivity bounds,
A, is in turn ruled out by the Af — hf scattering, as in [36]. As in [36] we cannot exclude
the interactions d; and ds since they do not contribute to elastic scattering at tree level.

We express the polarization states of the ingoing and outgoing particles in either
the scalar-vector-tensor (SVT) or the transversity polarization basis, depending on con-
venience. While the former is the basis most commonly used in the context of scattering
massive spin-2 particles (see, e.g. [30]) we find that in some specific cases the transversity
basis proves to be more useful [55]. Also, while in many cases it turns out to be sufficient to
only consider definite helicity states, we obtain the strongest constraints when considering
arbitrary configurations of the helicity eigenstates. These indefinite polarization states of
the ingoing and outgoing particles can be specified in the SVT basis as

@) = ariert + arzere + ayiey: + ayaeye + ageg,
@ — priery + Braera + Bvievi + Byaeva + Bses,
) — (v

(@ (@

(3.2)

)

where we have assumed that the polarizations of each ingoing and outgoing particle-pair
(i.e. of particles 1,3 and 2,4) are equal. In practice it proves sufficient in determining the
strongest bounds to focus on real combinations, and so these ten real numbers «, 8 then
entirely determine the configuration of helicities of the scattering process. The expressions
of the polarization tensors, as well as the relation between the SVT and transversity basis
are given in the appendix A.

In the following subsection we briefly review and extend the positivity bound con-
straints on the single pseudo-linear spin-2 field EFT existing in the earlier literature [31].
We then impose the positivity bounds (3.1) on the theory (2.7) of two interacting pseudo-
linear spin-2 fields in section 4. We find that turning on interactions between the two fields
forbids a standard UV completion for this EFT.

3.2 Single pseudo-linear spin-2 field

The positivity bounds for the case of a single pseudo-linear scalar field were previously
studied in [31] where it was argued that the theory was ruled out. In particular, keeping
for now the same notation as in [31], the following bounds were obtained on the couplings
of the EFT of a single pseudo-linear spin-2 field?

9N 4NN

TTTT), = 2oL 22173
ut )+ 3m3M?2 ’
A
TTTT) = >0,
I ) m%M}?

*Note that the );’s in (3.3) are the couplings considered in [31] and not polarization of the ingoing and

3,1
outgoing states. The couplings are related to those in (2.6) as A1 = a1, Az = 3n ,and \y = GHih), while

2
g*Mp = Ml.
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i ) 16m3 M2 -
1507 4+ 13X A3 + 5)3
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It was then argued that the fact that the second inequality imposes A1 # 0 makes it
impossible to satisfy the last inequality for any choice of values for A1, A3. In this sense the
violation is marginal, since it is implicitly assumed that the bounds cannot be saturated,
i.e. that equality on the right hand side is not allowed. However if we allow the equality,
then the rather trivial solution A; = 0 would allow all but the f(VVVV), bounds to be
satisfied, with the latter enforcing A3 = 0.

There is however a small loophole in this argument, since the expressions on the left
hand side of (3.3) are only the leading terms in the effective theory. As in the case of the
massless Galileon which is ruled out marginally by positivity bounds [29], a small correction
to the effective field theory can allow these inequalities to be satisfied [43]. To be more
specific, the meaning of the positivity bound f > 0 is that f has to be positive in the low
energy effective field theory in question. However, any EFT contains an infinite number of
operators. In particular, there are the leading order operators arising at the scale that sets
the lowest interaction scale of the theory and there are the higher order operators arising,
for instance, from loop corrections of heavy fields. These also contribute to the scattering
processes and thus to f. Having this perspective in mind, when imposing positivity bounds
on the leading order operators one should in fact only require

£20. (3.4)

The approximate equality in the above relation should mean that the positivity bounds are
marginally satisfied and are sensitive to the higher order corrections. This possibility was
also mentioned in [31], however, it was argued that there are no higher derivative operators
that can be added to the pseudo-linear theory without introducing additional degrees of
freedom. As was explained earlier, in the pseudo-linear theory the ghost-free operators
Lo,3,Lo,4, L2,3 are the leading order operators arising at the Az scale and these are indeed
the only ghost-free operators that can be written down in this theory. However, higher
order terms do arise suppressed by the scale A35. The A3-EFT was discussed for instance
in [35, 41] and the higher order operators take the form

O h moA 9*rn

£02A4£~ O. | A 277 A3 9 A3
R It VS VAR IR

(3.5)

To demonstrate explicitly how such higher order operators modify the positivity bounds
let us consider an operator of the form

N C
C4MA

Lio (8POMRH )y (D Onh Y Vhirs - (3.6)



The coupling ¢ will have the following contribution to the various bounds:

9N 44NN

FATTT) = SLpr = o >0,

FITTTT)_ = é + 77 >0,
FIVTV) = A ;;igm ; ]\Cﬂ >0, (3.7)
F(TSTS) = —WL@M?’ 4]\644 >0,

FVVVYY, = A 113211;3 545 % (W 4 2>c 0.

We have maintained an s dependence which comes from an ambiguity in defining at which
low energy s we evaluate f. In a weakly coupled theory g, < 1 for which we are applying
tree level positivity bounds, we must have f positive for all s in the range 4m? — A% < s <
A?. We note that for all the scatterings involving the tensor modes, the contributions from
the operator ¢ only arise at the scale M. This is despite the fact that in the action some
of them would come at the Ay scale. Indeed, very schematically, the contribution to the
TSTS channel would scale as

4841128271'2 C 0472/92 2 € q4,2/92 \2
LrsTs = cAz A WM A3 :MzAgah(a ) :A—gé)h(@ ™), (3.8)

making clear that this is a Ay scale operator. However, this contributes to the scattering
amplitude with terms of the form AApgrs ~ es*"m?"/A§ which for n = 2 gives a
contribution to f of the form em?*/A§ = c¢/M* as we see above.

From the above expressions we see that the contributions from the operator (3.6) can
make these bounds positive when the leading contribution is zero (i.e. Ay = A3 = 0).
Moreover, as explained in appendix B, this operator is allowed by all possible indefinite
polarization bounds. It is then important to notice that the remaining definite helicity

(h)

bounds also involve the quartic non-derivative operator A4 (or x,;  in our conventions)

leading to
FVVVY) = _15>\§+4>\112j,\g4)\§+4)\4 4z\c44 >0,
F(VSVS) = —3A%_8A122X;2A§+8A4 o >0, (3.9)
£(SS5S) = — 5)\%4-6)\1;\;;—)\%—1—2)\4 n (488m8—672m63—i1-;12§;;z;;i—120m253—|—15s4) c>0.

Setting the cubic couplings to zero and demanding the above expressions to be positive
then leads to the constraint Ay < 0. Hence we conclude that the positivity bounds applied
on the EFT of a single pseudo-linear spin-2 field, as far as analysed in [31] do not rule
out the theory. In particular, the quartic operator echhhh is still allowed by the analysis



of [31] i.e. we could still have a non-zero negative Ay. However, upon pushing the positivity
bounds further and considering indefinite polarization scattering, setting ag =0, ay1 =0
(see next section) and Ay = A3 = 0 we further get the following bound:

_04‘2/2 (2@5‘ (BS - \/gﬁTl) + 35\2/1)
12m?2 M2 g2

This inequality implies Ay = 0 as the numerator a%/Q (2BV2 (,6’\/2 — \/g,é’Tl) + 35‘2/1) can

be both positive and negative for different choices of 8’s and so all the leading terms are

f=

Ay > 0. (3.10)

forced to be zero. Again, while the couplings A1, A3 and A4 do need to vanish in order for
the positivity bounds to be marginally satisfied, we have demonstrated that higher order
operators naturally arising in the EFT can have non-zero positive contributions to f and
this provides a small technical window for the theory to live in, albeit one that is far less
interesting than imagined at the outset.

4 Bounds for pseudo linear interactions

4.1 hh — hh scattering

Now we apply the forward limit positivity bounds to a theory of two interacting pseudo-
linear spin-2 fields. By considering some particular choices of polarizations of the ingoing
and outgoing particles we shall show that the theory of two interacting pseudo-linear spin-
2 fields can be ruled out by positivity bounds. For this it will be enough to consider the
hh — hh (or, equivalently, ff — ff) scatterings. We note that this scattering channel is
independent on the ratio v of the interaction scales.

Definite transversity states. From the hh — hh definite transversity-2 scattering
amplitude (Oé+2 == ﬁ,Q = 1, a_9 = B+2 = 41 = Bil =y = ﬁg == O) we get
1

f== T68m2M28

[169}4 (5¢1(as + 2a6) + (a3 + 2a¢)? — 20%) + 8cia%(az + 2a6 + ¢1) + 42

+ 345 (336&{ + 42001 k") + 32 (261 (a3 + 2a6) + (a3 + 2a6)? + 4¢2) + 273;<§,’”2) ] >0.
(4.1)

A key point is that this definite helicity amplitude does not receive a contribution the

quartic contact term /{flh). This expression can be written in the following form:

f=vIMv>0, (4.2)
here v = (r" d
where v = (kg ’, a1, c1,a3,a6) an
273 105
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0 0 2424102241 62241 62241
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The matrix M consists of two block matrices that can be defined as

P 3 91 70
2X2 7 T 08m2M222 \ 70 112 )

(622 + 1) a2 (162" —4a? +1) 42® + 1 2(4a2® + 1) (4.4)
= 2
Bsxs = = 56220 42* +1 4 3
2(42% +1) 2 4
The eigenvalues of Agyo are
—21

29 +£/409) < 0, (4.5)
( )

Ay = —————
A+ = 956m2M222

(h)

and are always negative. This means that the (k3 ’,a1) subset in v can only satisfy the
inequality (4.2) if both th) =a; =0.

The matrix Bsxs is apparently degenerate since the last two rows only differ by a factor
of two giving one zero eigenvalue. This means that the two interaction terms, asee(9?h)hf
and agee(0? f)hh, give equivalent contributions to the scattering between two transversity-2
states. This is apparent from the scattering amplitude (4.1) since ag, ag only appear in the
combination as + 2ag. It can also be seen when deriving the expression for the interaction
vertex for an ingoing transversity-2 state. The remaining two non-zero eigenvalues are
in turn

(622 +1)

~ 199 N2aE (362 — 407 +1 4 /33605 + 1925 + 2807 — 822 +1) <0. (4.6)

AB+ =

One can check that these eigenvalues are both non-positive. Moreover, there is no value of x
for which both eigenvalues Ap+ vanish simultaneously. We also see that for x = 0 and x =
:l:% at least one of the eigenvalues, Ap_, vanishes. The case of z = m/mg = 0 corresponds
to the situation when one of the two fields has no non-derivative self-interactions. However,
in this limit f is infinite, so we will not consider it any further. The case when z = :l:% we
shall explore in more detail below.

The total set of the eigenvalues is thus {A4+,A\p = 0,A\p+} and M is negative semi-
definite. Therefore, only the equality sign is allowed in (4.2), i.e. the quantity f in (4.1)
is never strictly positive. As was said before, for f to vanish it is necessary to demand
that Iﬁéh) = a; = 0. Then, the remaining three quantities that determine the positivity (or
non-negativity, to be more precise) are as = ag + 2ag, ¢1, x. The quantity f simplifies to

(622 +1)

f = = Tos 2028 [42%a3 + 2c12%(42% + 1)as + cf (162 — 42® +1)] . (4.7)

Demanding that it vanishes can be viewed as solving a quadratic equation for a3 in terms
of the other parameters ¢; and x. The discriminant of that equation can be found to be
D = —12¢222(42% — 1)? < 0. Thus, the equation f = 0 can only have one real root in
the case when the discriminant is zero. This can happen in two cases: (i) when ¢; = 0
we find that a3 = 0 for any value of x; (ii) when x = 3 we find that a3 = —2c;. The
latter case is exactly reflecting the situation when one of the two eigenvalues is vanishing.
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ar Bri ars Bra ayi Byvi ays By as Bs
—0.460, —0.140 | —0.212,0.0655 | 0.517,—0.819 0.113,0.180 0.680,0.523
—0.377,—-0.143 0.248,0.208 0.789,0.174 | —0.416,—0.313 | 0.008, —0.899
1,0 0,0 0,0 0,0 0,1

Table 1. Special configurations of polarizations for hh — hh scattering that rule out the equality
case in (4.1).

We emphasize again that our results here can only constrain the combination of couplings
a3 = az + 2ag thus leaving some freedom in the full parameter space even if we require that
dg =0or &3 = —261.

In the next subsection we show that the two possibilities (i) and (i) are ruled out by
choosing the ingoing and outgoing particles in the states with SVT polarizations given in
table 1.

Polarizations in SVT basis. Here we consider four specific choices of polarizations in
SVT basis, some of them given in table 1:

e The two positivity quantities f1 and fy of the amplitudes obtained from the scattering
of particles in states determined by the first two sets of polarizations in table 1 can
be multiplied by positive numbers b; and by and added together in such a way that

(h)

the coupling x, ' cancels from the sum of the two amplitudes. Since each of them
has to satisfy the positivity bound on its own and in the sum they have only been
multiplied by positive numbers we can require that the sum of the two must itself be
non-negative. The resulting inequality is thus

0 < by fitbofo= ager (22%-5.272°4-6.12* —0.8652+0.142) (4.8)

m2M?2x8

i (21°-0.042°-88.42°4-33.62*+0.512°—1.08)

2 bl

+aga® (z°—5.232"+0.0822°—0.008) +
€T
which can be expressed in the form of (4.2) with v = (¢, ag). It can then be shown
that M is negative definite for x < 2.16. Therefore, the resulting inequality can be

true only for
x>2.16. (4.9)

This already rules out the case (i7) where one had to require that x = :l:% leaving
(h)
k3

positivity bounds.

= a1 = ag + 2ag = ¢1 = 0 as the only possibility to (marginally) satisfy the

e We obtain even more stringent constraints from scattering particles with the last set
of polarizations in table 1. This gives the following inequality:
ag(8z% — 1)(22% — 1) + dagcr (8z* — 1022 + 1) + 4cf (42* — 627 + 1)

[ >0.
!/ 12z4m2 M2 =0
(4.10)
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This again can be treated as a quadratic equation for ag depending on ¢; and zx.
To determine the parameter regions when the expression above is non-negative, we
first find its roots, i.e. the values of ag when the scattering amplitude is zero. We
find that the discriminant of the above equation (we drop the overall factor 1/6x%)
is D = —64c322(62* — 922 + 1) and can only be non-negative in the region

i(9—\/5>7)§g[:2§i(9+\/ﬁ), (4.11)
12 12

(in numerical values 0.121 < 22 < 1.379). If we are now to combine this with the
constraint (4.9) found above, we see that we are forced to be in the region where the
discriminant is negative. This implies that f as a function of ag is a parabola that
does not cross the zero for any real value of ag. Thus the amplitude can be positive
only if the ‘ag-parabola’ lies in the upper half-plane. This for general values of x can
be achieved by demanding that the coefficient of a3 in f is positive which happens if
— (822 — 1)(222 — 1) > 0 giving

<z?< . (4.12)

oo =
N | —

This is incompatible with x > 2.16 and thus we conclude that the two inequali-
ties (4.8) and (4.10) can only be true simultaneously if both couplings ¢, ag vanish.
This breaks the degeneracy in a3 and ag that we saw in the previous subsection where
we were only able to constrain ag 4+ 2ag = 0. The analysis presented here thus allows
us to conclude that all the couplings considered so far must vanish:

/igh) =ay=a3=a¢=c; =0. (4.13)

Finally, let us constrain the coupling /Q(Lh) in the case when all the other couplings are
vanishing, as required by the positivity bounds. We find that this case is ruled out
since by setting ag = 0 and ay; = 0. By leaving all the other polarizations arbitrary
we get the following bound:

_0‘%/2 (2ﬁ5 (/BS - \/gﬁTl) + 35\2/1)

2m2 M2 2

f= kM > 0. (4.14)

This inequality implies mflh) =0 as the numerator oz%/Q (QBVQ (,BVQ—\/gBTl)+3 5‘2/1)

can be both positive and negative for different choices of 3’s.

Hence, we conclude there is no allowed region of parameter space for an EFT including

two interacting pseudo-linear spin-2 field consistent with positivity bounds. As we will see

in section 5, this conclusion for this particular scattering process can be generalized to

multiple interacting pseudo-linear spin-2 fields.

4.2 ff — ff and hf — hf scattering

The scattering amplitude of ff — ff can be obtained from the hh — hh scattering
amplitude, up to an overall factor of mass ratio, by changing m; — ms, the non-derivative
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mixing couplings ¢; — 202, a1 — asg, ag — a4, ag — as and ﬁéi — méfi Hence, we can

recover the previous COIlChlblOl’l for the operators contributing to the ff — ff, i.e. that
Ky =Ky =ay=a4=a5=cp=0, (4.15)

and there is no region of parameter space compatible with the positivity bounds.
Since there are no cubic couplings, the quartic operator, Aechhf f, contributing to the
hf — hf scattering amplitude is ruled out as mentioned in [36].

5 Extension to any number of massive pseudo-linear spin-2 fields

In this section we consider multiple massive pseudo-linear spin-2 fields. We add additional
fields, f@ with i = 2,...,N and N denoting the total number of spin-2 fields with mass
m;. The interacting terms contributing to the hh — hh scattering amplitude are:

. 2 C .
( e e(8%h)hf) + 2a6 55(82f(’))hh> + W%g@)&dhhﬂ’) +....

(5.1)

2Ll =

My M;
4

By choosing the polarizations of the previous section, (4.2) can be generalised. Since there
are no mixing terms in the hh — hh amplitude between h self-interaction couplings and
the h — f@ couplings, schematically, M and v in (4.2) take the following form:

(4551 0 0 ... 0
o B, o ... 0
M = 0 0 B§2X)3 .. 0 LU = (mgh) al,cg ),aél), é), cg),ag),ag)).
o o0 o0 .. BY,

(5.2)
Where the matrices B§23 are all in the form of the 3 x 3 block diagonal matrix in (4.3)
and (4.4). Thus, in (5.2) all the block matrices are negative semi-definite with z substituted
by () = Tn—(;) fort=1,...,N. Hence, the previous analysis can be easily extended to this
case and so the coefficients of the leading operators contributing to the tree-level hh — hh
scattering amplitude must be zero for a theory with any number of pseudo-linear massive
spin-2 fields.

6 Discussion

In this article we have extended the discussion of positivity bound constraints on effective
field theories of multiple spin-2 particles in [36] to the case of pseudo-linear spin-2 theories
where the symmetries broken by the mass term are linear diffeomorphisms/spin-2 gauge
invariance. By applying forward limit positivity bounds we found that non-zero operators
in the action (2.7) (except for dy,d2) lead to a theory which does not have a local, Lorentz
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invariant, causal and unitary UV completion. Our analysis for the operators contributing
to hh — hh tree-level scattering works for any number of pseudo-linear massive spin-2
fields. This is consistent with previous work excluding the possibility of a single pseudo-
linear spin-2 field. However, all of these statements should be understood within the
context of an effective field theory expansion. Technically speaking it is possible to satisfy
the leading forward limit positivity bounds by having the leading interactions zero (or
parametrically smaller), and then using higher derivative operators in the EFT to satisfy
positivity. Thus the more accurate statement is that if the leading operators are marginally
ruled out, then it means that they must be suppressed in such away that higher derivative
operators contribute equally or dominantly to the desired bounds. This nevertheless has a
profound effect on the assumed structure of the effective field theory expansion, and it is
quite possible that the application of more general positivity bounds, such as for example
the non-forward limit bounds [55, 56] exclude the EFTs entirely.

Our particular results extend easily to any number of pseudo-linear spin-2 fields. A
similar (but not identical in origin) result that adding more fields does not increase the
allowed region in the parameter space was also seen in [36] where it was observed that
adding an extra massive spin-2 field to ghost-free massive gravity shrinks the allowed re-
gion for self-couplings of the other field. This is due to a combination of the increase in the
number of constraints with increasing number of fields and the knowledge of an extra pole
to subtract automatically strengthening any low energy bounds. In the case of two spin-2,
constraining d; and ds operators would required to go beyond 2-2 elastic scattering ampli-
tudes for which would require an extension of the standard positivity bounds formalism.
Similarly in the case of multiple spin-2 there are interactions which do not contribute to
RO p@) — RO pG) that we have not excluded.

Overall these results yet again demonstrate the power of the application of positivity
bounds to effective field theories, and in particular those of spin-2. We stress again that
these bounds are all derived based on a standard local Lorentz invariant UV completion
and that giving up any one of these assumptions can lead to different conclusions. For
instance the spin-2 states that arise in the condensed matter context are not constrained
by these requirements. In the relativistic case it is also possible that the assumption of
locality is not appropriate, particular to spin-2 states arising in an underlying gravitational
theory.
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A Polarization tensors

In this section we give the polarization tensors both in the transversity basis and in the SVT
basis. In our analysis we mainly use the SVT basis, however, part of the hh — hh analysis
of subsection 4.1 was done in the transversity basis. Since the latter is less common in the
literature we present it in more detail. This basis was first used in the modern context
in [55] and was shown to be a convenient basis for positivity bounds away from the forward
limit.

Throughout this work we use a frame where the momenta of ingoing and outgoing
particles are parametrized as

pi' = (E;,psiné;,0,pcosb;) , (A1)

where i = 1,...,4, the angles are 0 = 0,02 = 7, 03 = 0,04 = w46 and the energies satisfy
Ey = E3, Es = E4. We only consider the forward limit (6 = 0) scattering amplitudes. For
more detailed conventions we refer to the appendix B of [36].

A.1 Transversity basis

The polarization vectors in the transversity basis in the frame where the momentum of the
corresponding particle is p* = (E, 0,0, p) are defined as follows [55]:

1 .
67'U:::|:1 = m(pa +im, 0, E) ) (A2)
ey =(0,0,1,0). (A.3)
To find the polarization tensors satisfying p,er” = 0, €/, = 0 we express them as a

combination of the polarization vectors with the appropriate Clebsch-Gordan coefficients:

a—y (A4)
v 1
€l = ﬁ(eieg +epes) s (A.5)
1
el = ——=(ee” + el + 2efeq) . (A.6)

V6

Hence, the polarization tensors are

p> +imp 0 pE

1 +imp —m? 0 +imFE
© 2m2 0 0 0 O
pE +imE 0 E?
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0 0 ip 0

= [0 0T 0 (A3)
= 2m | ip Fm 0 iE

0 0 iE 0

P> 0 0 pE
i 1 0m?> 0 0 (A.9)

0T emz | 0 0 —2m? 0
pE 0 0 E?

As in the SVT basis in (3.2), the entire configuration of transversities can be specified by
ten (real) numbers, a1, ...,as,S1,...0s, as
W) = Q1€49 + Qo€ + (3€g + va€_1 + 59,

(2 — Br€ro + Boer1 + Baeg + Bae—1 + Bs6—2,
() — V),

(@) _ (@)

(A.10)

A.2 SVT basis

The coefficients in the indefinite transversity polarization states above are related to the
a’s and f’s in SVT basis in (3.2) by the following transformation:

1 9 V3 0 ——1
e\ (T (e
aT9 ) V2 V2 ) a_1
avi | = —4& 0 0 0 Vo) ag |- (A.11)
aya 0 % 0 % 0 oA
s ﬁ 0o 1L 0 @ A+
2 2 2

B Indefinite bounds for the higher operator

We can conclude from section 4 that the coefficients ay, néh) and /Q(lh) in eq. (2.6) must all

be equal to zero. Then the bound from indefinite scattering is found to be:

C

T44mB M4 (4m8 (O‘?@ <1225§' +9 (5%1 + BFo + Bt + 512/2>> + 6asBs (1504T1/8T1

— 1572812 — 1Tay1 By + 1704V2/3V2> +9 (a%‘l <5§ + 263, + By + By
+ B ) + o554 B + 20+ B+ B2 + St + Bty
— 2a71 811 <04T25T2 + 3avi1Pvi — 301\/25&/2) + 83103 + B0ty + fRaaty

+ 62512 (04\/15\/1 — avzﬂm) + o0ty + 8ad By + BEad + By (Oé%n
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+ 804%/2> - 14041/15\/1041/25\/2)) — 12m°s <56a%5§ +3as8s (804T15T1

— 8arsfrs — 19av18yv1 + 1904V25V2) + 9<04v15V1 - avzﬂm) ( — ar18r
+ arafrs + 2av1Pv — 20&V25V2>> +6m*s® <6804%5?s* + 12585 (OzT1ﬁT1
— arafr2 — dayifvi + 504V25V2> +9 (Oév1ﬁV1 - avzﬁvz) 2>

— 60m233a5ﬂ5 (204565 —ay18v1 + avzﬂvg> + 1584(1%@%). (B.l)

By numerically varying this equations with a’s, 8’s and s we found the minimum to be

0.114’;{48‘3 > 0, therefore this operator is allowed by all the indefinite bounds.
2

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] R.S. Chivukula, D. Foren and E.H. Simmons, Colorphilic Spin-2 Resonances in the LHC
Diget Channel, Phys. Scripta 93 (2018) 115301 [arXiv:1706.02502] [INSPIRE].

[2] N. Bernal, M. Dutra, Y. Mambrini, K. Olive, M. Peloso and M. Pierre, Spin-2 Portal Dark
Matter, Phys. Rev. D 97 (2018) 115020 [arXiv:1803.01866] [INSPIRE].

[3] L. Marzola, M. Raidal and F.R. Urban, Oscillating Spin-2 Dark Matter, Phys. Rev. D 97
(2018) 024010 [arXiv:1708.04253] [INSPIRE].

[4] E. Babichev et al., Heavy spin-2 Dark Matter, JCAP 09 (2016) 016 [arXiv:1607.03497]
[INSPIRE].

[5] P.G.O. Freund, A. Maheshwari and E. Schonberg, Finite-Range Gravitation, Astrophys. J.
157 (1969) 857 [INSPIRE].

[6] D.G. Boulware and S. Deser, Can gravitation have a finite range?, Phys. Rev. D 6 (1972)
3368 [INSPIRE].

[7] H. van Dam and M.J.G. Veltman, Massive and massless Yang-Mills and gravitational fields,
Nucl. Phys. B 22 (1970) 397 [iINSPIRE].

[8] V.I. Zakharov, Linearized gravitation theory and the graviton mass, JETP Lett. 12 (1970)
312 [INSPIRE].

[9] A.L Vainshtein, To the problem of nonvanishing gravitation mass, Phys. Lett. B 39 (1972)
393 [INSPIRE].

[10] V. Ogievetsky and I. Polubarinov, Interacting field of spin 2 and the Einstein equations,
Annals Phys. 35 (1965) 167 [InSPIRE].

[11] S. Mukohyama and M.S. Volkov, The Ogievetsky-Polubarinov massive gravity and the benign
Boulware-Deser mode, JCAP 10 (2018) 037 [arXiv:1808.04292] [INSPIRE].

[12] C. de Rham, G. Gabadadze and A.J. Tolley, Resummation of Massive Gravity, Phys. Rev.
Lett. 106 (2011) 231101 [arXiv:1011.1232] [NSPIRE].

~ 18 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1402-4896/aadfcf
https://arxiv.org/abs/1706.02502
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.02502
https://doi.org/10.1103/PhysRevD.97.115020
https://arxiv.org/abs/1803.01866
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1803.01866
https://doi.org/10.1103/PhysRevD.97.024010
https://doi.org/10.1103/PhysRevD.97.024010
https://arxiv.org/abs/1708.04253
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1708.04253
https://doi.org/10.1088/1475-7516/2016/09/016
https://arxiv.org/abs/1607.03497
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1607.03497
https://doi.org/10.1086/150118
https://doi.org/10.1086/150118
https://inspirehep.net/search?p=find+J%20%22Astrophys.J.%2C157%2C857%22
https://doi.org/10.1103/PhysRevD.6.3368
https://doi.org/10.1103/PhysRevD.6.3368
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD6%2C3368%22
https://doi.org/10.1016/0550-3213(70)90416-5
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB22%2C397%22
https://inspirehep.net/search?p=find+J%20%22JETP%20Lett.%2C12%2C312%22
https://doi.org/10.1016/0370-2693(72)90147-5
https://doi.org/10.1016/0370-2693(72)90147-5
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB39%2C393%22
https://doi.org/10.1016/0003-4916(65)90077-1
https://inspirehep.net/search?p=find+J%20%22Ann.Phys.%2C35%2C167%22
https://doi.org/10.1088/1475-7516/2018/10/037
https://arxiv.org/abs/1808.04292
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1808.04292
https://doi.org/10.1103/PhysRevLett.106.231101
https://doi.org/10.1103/PhysRevLett.106.231101
https://arxiv.org/abs/1011.1232
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1011.1232

[13]

[14]

[24]
[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

C. de Rham and G. Gabadadze, Generalization of the Fierz-Pauli Action, Phys. Rev. D 82
(2010) 044020 [arXiv:1007.0443] INSPIRE].

S.F. Hassan and R.A. Rosen, Resolving the Ghost Problem in non-Linear Massive Gravity,
Phys. Rev. Lett. 108 (2012) 041101 [arXiv:1106.3344] [INSPIRE].

C. de Rham, Massive Gravity, Living Rev. Rel. 17 (2014) 7 [arXiv:1401.4173] [INSPIRE].

J.M. Overduin and P.S. Wesson, Kaluza-Klein gravity, Phys. Rept. 283 (1997) 303
[gr-qc/9805018] [INSPIRE].

J. Bonifacio and K. Hinterbichler, Unitarization from Geometry, JHEP 12 (2019) 165
[arXiv:1910.04767] [NSPIRE].

A. Gromov and D.T. Son, Bimetric Theory of Fractional Quantum Hall States, Phys. Rev. X
7 (2017) 041032 [Addendum dbid. 8 (2018) 019901] [arXiv:1705.06739] [INSPIRE].

N. Arkani-Hamed, H. Georgi and M.D. Schwartz, Effective field theory for massive gravitons
and gravity in theory space, Annals Phys. 305 (2003) 96 [hep-th/0210184] [nSPIRE].

M.A. Vasiliev, Higher spin gauge theories in four-dimensions, three-dimensions and
two-dimensions, Int. J. Mod. Phys. D 5 (1996) 763 [hep-th/9611024] [INSPIRE].

R. Rahman and M. Taronna, From Higher Spins to Strings: A Primer, arXiv:1512.07932
[INSPIRE].

R. Rahman, Higher Spin Theory — Part I, PoS ModaveVIII (2012) 004
[arXiv:1307.3199] NSPIRE].

L. Dolan and M.J. Duff, Kac-Moody Symmetries of Kaluza-Klein Theories, Phys. Rev. Lett.
52 (1984) 14 [INSPIRE].

R.M. Wald, Spin-2 Fields and General Covariance, Phys. Rev. D 33 (1986) 3613 [INSPIRE].

K. Hinterbichler, Ghost-Free Derivative Interactions for a Massive Graviton, JHEP 10
(2013) 102 [arXiv:1305.7227] [INSPIRE].

C. De Rham, L. Heisenberg and A.J. Tolley, Spin-2 fields and the weak gravity conjecture,
Phys. Rev. D 100 (2019) 104033 [arXiv:1812.01012] [INSPIRE].

T.N. Pham and T.N. Truong, Fvaluation of the Derivative Quartic Terms of the Meson
Chiral Lagrangian From Forward Dispersion Relation, Phys. Rev. D 31 (1985) 3027
[INSPIRE].

B. Ananthanarayan, D. Toublan and G. Wanders, Consistency of the chiral pion pion
scattering amplitudes with axiomatic constraints, Phys. Rev. D 51 (1995) 1093
[hep-ph/9410302] [iNSPIRE].

A. Adams, N. Arkani-Hamed, S. Dubovsky, A. Nicolis and R. Rattazzi, Causality, analyticity
and an IR obstruction to UV completion, JHEP 10 (2006) 014 [hep-th/0602178] [INSPIRE].

C. Cheung and G.N. Remmen, Positive Signs in Massive Gravity, JHEP 04 (2016) 002
[arXiv:1601.04068] [INSPIRE].

J. Bonifacio, K. Hinterbichler and R.A. Rosen, Positivity constraints for pseudolinear massive
spin-2 and vector Galileons, Phys. Rev. D 94 (2016) 104001 [arXiv:1607.06084] [InSPIRE].

B. Bellazzini, Softness and amplitudes’ positivity for spinning particles, JHEP 02 (2017) 034
[arXiv:1605.06111] [INSPIRE].

~19 —


https://doi.org/10.1103/PhysRevD.82.044020
https://doi.org/10.1103/PhysRevD.82.044020
https://arxiv.org/abs/1007.0443
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1007.0443
https://doi.org/10.1103/PhysRevLett.108.041101
https://arxiv.org/abs/1106.3344
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1106.3344
https://doi.org/10.12942/lrr-2014-7
https://arxiv.org/abs/1401.4173
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1401.4173
https://doi.org/10.1016/S0370-1573(96)00046-4
https://arxiv.org/abs/gr-qc/9805018
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F9805018
https://doi.org/10.1007/JHEP12(2019)165
https://arxiv.org/abs/1910.04767
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.04767
https://doi.org/10.1103/PhysRevX.7.041032
https://doi.org/10.1103/PhysRevX.7.041032
https://arxiv.org/abs/1705.06739
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1705.06739
https://doi.org/10.1016/S0003-4916(03)00068-X
https://arxiv.org/abs/hep-th/0210184
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0210184
https://doi.org/10.1142/S0218271896000473
https://arxiv.org/abs/hep-th/9611024
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9611024
https://arxiv.org/abs/1512.07932
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1512.07932
https://doi.org/10.22323/1.195.0004
https://arxiv.org/abs/1307.3199
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1307.3199
https://doi.org/10.1103/PhysRevLett.52.14
https://doi.org/10.1103/PhysRevLett.52.14
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C52%2C14%22
https://doi.org/10.1103/PhysRevD.33.3613
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD33%2C3613%22
https://doi.org/10.1007/JHEP10(2013)102
https://doi.org/10.1007/JHEP10(2013)102
https://arxiv.org/abs/1305.7227
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1305.7227
https://doi.org/10.1103/PhysRevD.100.104033
https://arxiv.org/abs/1812.01012
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.01012
https://doi.org/10.1103/PhysRevD.31.3027
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD31%2C3027%22
https://doi.org/10.1103/PhysRevD.51.1093
https://arxiv.org/abs/hep-ph/9410302
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9410302
https://doi.org/10.1088/1126-6708/2006/10/014
https://arxiv.org/abs/hep-th/0602178
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0602178
https://doi.org/10.1007/JHEP04(2016)002
https://arxiv.org/abs/1601.04068
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.04068
https://doi.org/10.1103/PhysRevD.94.104001
https://arxiv.org/abs/1607.06084
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1607.06084
https://doi.org/10.1007/JHEP02(2017)034
https://arxiv.org/abs/1605.06111
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.06111

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

C. de Rham, S. Melville and A.J. Tolley, Improved Positivity Bounds and Massive Gravity,
JHEP 04 (2018) 083 [arXiv:1710.09611] [INSPIRE].

B. Bellazzini, F. Riva, J. Serra and F. Sgarlata, Beyond Positivity Bounds and the Fate of
Massive Gravity, Phys. Rev. Lett. 120 (2018) 161101 [arXiv:1710.02539] [INSPIRE].

C. de Rham, S. Melville, A.J. Tolley and S.-Y. Zhou, Positivity Bounds for Massive Spin-1
and Spin-2 Fields, JHEP 03 (2019) 182 [arXiv:1804.10624| [INSPIRE].

L. Alberte, C. de Rham, A. Momeni, J. Rumbutis and A.J. Tolley, Positivity Constraints on
Interacting Spin-2 Fields, JHEP 03 (2020) 097 [arXiv:1910.11799] [InSPIRE].

S.B. Giddings and R.A. Porto, The Gravitational S-matriz, Phys. Rev. D 81 (2010) 025002
[arXiv:0908.0004] [INSPIRE].

L. Keltner and A.J. Tolley, UV properties of Galileons: Spectral Densities,
arXiv:1502.05706 INSPIRE].

A.J. Tolley, TT deformations, massive gravity and non-critical strings, JHEP 06 (2020) 050
[arXiv:1911.06142] [iNSPIRE].

S. Dubovsky, R. Flauger and V. Gorbenko, Solving the Simplest Theory of Quantum Gravity,
JHEP 09 (2012) 133 [arXiv:1205.6805] [iNSPIRE].

L. Alberte, C. de Rham, A. Momeni, J. Rumbutis and A.J. Tolley, EFT of Interacting Spin-2
Fields, JHEP 01 (2020) 131 [arXiv:1910.05285] [INSPIRE].

A. Nicolis, R. Rattazzi and E. Trincherini, The Galileon as a local modification of gravity,
Phys. Rev. D 79 (2009) 064036 [arXiv:0811.2197] [InSPIRE].

C. de Rham, S. Melville, A.J. Tolley and S.-Y. Zhou, Massive Galileon Positivity Bounds,
JHEP 09 (2017) 072 [arXiv:1702.08577] [iNSPIRE].

M. Fierz and W. Pauli, On relativistic wave equations for particles of arbitrary spin in an
electromagnetic field, Proc. Roy. Soc. Lond. A 173 (1939) 211 [INSPIRE].

C. de Rham, G. Gabadadze and A.J. Tolley, Helicity decomposition of ghost-free massive
gravity, JHEP 11 (2011) 093 [arXiv:1108.4521] [INSPIRE].

C. Lanczos, A Remarkable property of the Riemann-Christoffel tensor in four dimensions,
Annals Math. 39 (1938) 842 [INSPIRE].

D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys. 12 (1971) 498
[INSPIRE].

S. Folkerts, A. Pritzel and N. Wintergerst, On ghosts in theories of self-interacting massive
spin-2 particles, arXiv:1107.3157 [INSPIRE].

C. de Rham, A. Matas and A.J. Tolley, New Kinetic Interactions for Massive Gravity?,
Class. Quant. Grav. 31 (2014) 165004 [arXiv:1311.6485] INSPIRE].

C. de Rham, A. Matas and A.J. Tolley, New Kinetic Terms for Massive Gravity and
Multi-gravity: A No-Go in Vielbein Form, Class. Quant. Grav. 32 (2015) 215027
[arXiv:1505.00831] [INSPIRE].

C. de Rham and A.J. Tolley, Vielbein to the rescue? Breaking the symmetric vielbein
condition in massive gravity and multigravity, Phys. Rev. D 92 (2015) 024024
[arXiv:1505.01450] [iNSPIRE].

—90 —


https://doi.org/10.1007/JHEP04(2018)083
https://arxiv.org/abs/1710.09611
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.09611
https://doi.org/10.1103/PhysRevLett.120.161101
https://arxiv.org/abs/1710.02539
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.02539
https://doi.org/10.1007/JHEP03(2019)182
https://arxiv.org/abs/1804.10624
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1804.10624
https://doi.org/10.1007/JHEP03(2020)097
https://arxiv.org/abs/1910.11799
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.11799
https://doi.org/10.1103/PhysRevD.81.025002
https://arxiv.org/abs/0908.0004
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0908.0004
https://arxiv.org/abs/1502.05706
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1502.05706
https://doi.org/10.1007/JHEP06(2020)050
https://arxiv.org/abs/1911.06142
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1911.06142
https://doi.org/10.1007/JHEP09(2012)133
https://arxiv.org/abs/1205.6805
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1205.6805
https://doi.org/10.1007/JHEP01(2020)131
https://arxiv.org/abs/1910.05285
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.05285
https://doi.org/10.1103/PhysRevD.79.064036
https://arxiv.org/abs/0811.2197
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0811.2197
https://doi.org/10.1007/JHEP09(2017)072
https://arxiv.org/abs/1702.08577
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1702.08577
https://doi.org/10.1098/rspa.1939.0140
https://inspirehep.net/search?p=find+J%20%22Proc.Roy.Soc.Lond.%2CA173%2C211%22
https://doi.org/10.1007/JHEP11(2011)093
https://arxiv.org/abs/1108.4521
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1108.4521
https://doi.org/10.2307/1968467
https://inspirehep.net/search?p=find+J%20%22Annals%20Math.%2C39%2C842%22
https://doi.org/10.1063/1.1665613
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C12%2C498%22
https://arxiv.org/abs/1107.3157
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1107.3157
https://doi.org/10.1088/0264-9381/31/16/165004
https://arxiv.org/abs/1311.6485
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1311.6485
https://doi.org/10.1088/0264-9381/32/21/215027
https://arxiv.org/abs/1505.00831
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1505.00831
https://doi.org/10.1103/PhysRevD.92.024024
https://arxiv.org/abs/1505.01450
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1505.01450

[62] A. Matas, Cutoff for Extensions of Massive Gravity and Bi-Gravity, Class. Quant. Grav. 33
(2016) 075004 [arXiv:1506.00666] INSPIRE].

[63] C. Deffayet and J.-W. Rombouts, Ghosts, strong coupling and accidental symmetries in
massive gravity, Phys. Rev. D 72 (2005) 044003 [gr-qc/0505134] [INSPIRE].

[54] J. Bonifacio, K. Hinterbichler and L.A. Johnson, Pseudolinear spin-2 interactions, Phys. Rev.
D 99 (2019) 024037 [arXiv:1806.00483] [INSPIRE].

[65] C. de Rham, S. Melville, A.J. Tolley and S.-Y. Zhou, UV complete me: Positivity Bounds for
Particles with Spin, JHEP 03 (2018) 011 [arXiv:1706.02712] [InSPIRE].

[56] C. de Rham, S. Melville, A.J. Tolley and S.-Y. Zhou, Positivity bounds for scalar field
theories, Phys. Rev. D 96 (2017) 081702 [arXiv:1702.06134] [INSPIRE].

~ 91 —


https://doi.org/10.1088/0264-9381/33/7/075004
https://doi.org/10.1088/0264-9381/33/7/075004
https://arxiv.org/abs/1506.00666
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1506.00666
https://doi.org/10.1103/PhysRevD.72.044003
https://arxiv.org/abs/gr-qc/0505134
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F0505134
https://doi.org/10.1103/PhysRevD.99.024037
https://doi.org/10.1103/PhysRevD.99.024037
https://arxiv.org/abs/1806.00483
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1806.00483
https://doi.org/10.1007/JHEP03(2018)011
https://arxiv.org/abs/1706.02712
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.02712
https://doi.org/10.1103/PhysRevD.96.081702
https://arxiv.org/abs/1702.06134
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1702.06134

	Introduction
	EFT of interacting pseudo linear spin-2 fields
	Single field
	Two fields

	Positivity bounds
	Indefinite scattering
	Single pseudo-linear spin-2 field

	Bounds for pseudo linear interactions
	hh -> hh scattering
	ff -> ff and hf -> hf scattering

	Extension to any number of massive pseudo-linear spin-2 fields
	Discussion
	Polarization tensors
	Transversity basis
	SVT basis

	Indefinite bounds for the higher operator

