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ABSTRACT: Soft functions defined in terms of matrix elements of soft fields dressed by
Wilson lines are central components of factorization theorems for cross sections and decay
rates in collider and heavy-quark physics. While in many cases the relevant soft functions
are defined in terms of gluon operators, at subleading order in power counting soft functions
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soft-quark soft function consisting of a quark propagator dressed by two finite-length Wilson
lines connecting at one point. This function enters in the factorization theorem for the
Higgs-boson decay amplitude of the h — ~v process mediated by light-quark loops. We
perform the renormalization of this soft function at one-loop order, present a conjecture
for its two-loop anomalous dimension and discuss solutions to its renormalization-group
evolution equation in momentum space, in Laplace space and in the “diagonal space”,
where the evolution is strictly local in the momentum variable.

KeEYwoORDS: Effective Field Theories, Renormalization Group, Resummation, Perturbative
QCD

ARX1v EPRINT: 2005.03013

1On leave from Department of Physics, University of Arizona, Tucson, AZ 85721, U.S.A..

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP07(2020)104


mailto:liu@uni-mainz.de
mailto:bimecaje@uni-mainz.de
mailto:neubertm@uni-mainz.de
mailto:x.wang@uni-mainz.de
mailto:spf@arizona.edu
https://arxiv.org/abs/2005.03013
https://doi.org/10.1007/JHEP07(2020)104

Contents

©

g5 O aQ W »

Introduction
One-loop expression for the bare soft function
Renormalization of the soft function

Renormalization-group evolution
4.1 Two-loop anomalous dimension
4.2 Exact solution to the RG equation

Asymptotic behavior and dynamical scale setting
Soft function in Laplace space

Soft function in the diagonal space

7.1 Construction of the diagonal space

7.2 Transformation between momentum space and diagonal space
7.3 Convolution T3 in the diagonal space

7.4 Leading-order soft function in the diagonal space

RG-invariance of the convolution integral T3
8.1 RG invariance and rapidity regularization
8.2 Regularized convolution 73 in the diagonal space

Conclusions

Anomalous dimensions and RG functions
Light-cone distribution amplitude of the B-meson
Solution in terms of hypergeometric functions
Soft function in the dual space

Rapidity cutoff scheme

EN|

13

15

16
17
19
20
21

22
23
25

27

28

30

31

32

32




1 Introduction

Soft-collinear effective theory (SCET) offers a convenient framework for analyzing the fac-
torization properties of cross sections and scattering amplitudes sensitive to different, hier-
archical scales [1-4]. The corresponding factorization theorems contain hard functions, jet
functions and soft functions, which receive contributions from different momentum regions
in Feynman diagrams. The hard functions correspond to Wilson coefficients obtained when
the full theory is matched onto SCET, while the jet and soft functions are defined in terms
of matrix elements in the low-energy effective theory. Soft functions — matrix elements of
non-local products of soft fields dressed by Wilson lines — play a particularly important role
in the factorization theorems, because they often capture the physics at the longest relevant
distance scales in a given process. In some cases the soft functions are non-perturbative
objects, whereas in others they can be calculated using perturbation theory.

Recently, there has been a growing interest in understanding factorization at subleading
power in scale ratios. In this case a large number of hard, jet and soft functions appear.
In particular, while at leading power soft emissions are eikonal and can be described by
soft Wilson lines, at subleading power the emission of soft fermions and power-suppressed
emissions of soft gauge bosons need to be taken into account. Especially interesting is the
case of soft quark emission, which is absent at leading power. At subleading order in the
SCET expansion there is a unique interaction that couples a soft quark to collinear quarks
and gauge fields [3].

As a concrete example, we have considered in [5] the case of the h — 77y decay ampli-
tude induced by b-quark loops. The relevant soft function is derived from the vacuum ma-
trix element of the soft quark propagator dressed by two finite-length soft Wilson lines, i.e.
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where the trace is over color (but not spinor) indices, and € = (4 — d)/2 is the dimensional
regulator. The prefactor is chosen for later convenience. We have introduced two light-like
reference vectors n* and n# (with n-n = 2) aligned with the directions of the two photons
in the h — ~ process. The soft quark fields are displaced from the Higgs vertex at position
z = 0 by light-like distances along the n and n light cones. The Wilson lines S,, and Sj
connect the soft quarks with the Higgs vertex and ensure that the matrix element is gauge
invariant. A different soft-quark soft function, which is relevant for inclusive cross sections,

was introduced in [6] and has been studied further in [7, §].
In the context of the SCET, soft quarks couple to collinear fields via subleading in-
teractions in the SCET Lagrangian [3]. In our case the soft matrix element in (1.1) is

sandwiched between projection operators P, = 7/{777{ from the right, where it connects to
n-collinear fields, and P, = 7%777'/ from the left, where it connects with n-collinear fields. In
the first step, we define a soft function S(¢4¢_) via the Fourier transform of the above
matrix element with respect to the coordinates 71 and ro,
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Reparameterization invariance [9] ensures that the soft function S only depends on the
product w = ¢4 ¢_ of the Fourier variables ¢1. At lowest order in perturbation theory (but
not beyond) these variables can be identified with the light-cone components n - ¢ and 7 - ¢
of the soft momentum ¢* flowing through the soft quark propagator. In the next step we
define a new soft function S(w) in terms of the discontinuity of the function S(¢40_), i.e.

S(w) = 2% [S(w +i0) — S(w — i0)] . (1.3)

Our definition of the soft function differs from the one in [5] by a factor (—N.ayp/7), where
ap = /9 is the electromagnetic coupling of the b quark.

In section 2 we collect the expression for the bare soft function obtained at one-loop
order. A heuristic derivation of the non-local renormalization factor, which subtracts the
divergences in the bare function, is presented in section 3 along with the expression for
the renormalized soft function. In section 4 we discuss the renormalization-group (RG)
evolution equation satisfied by the soft function and present a conjecture for its anomalous
dimension at two-loop order. We also construct an exact solution to the RG equation
at next-to-leading order (NLO) in RG-improved perturbation theory. The asymptotic
behavior of the RG-improved soft function for large values w > m% is studied in section 5,
where we introduce the concept of dynamical scale setting. Section 6 contains a discussion
of the properties of the Laplace transform of the soft function, which satisfies a novel form
of RG evolution equation. In section 7 we study the soft function in the “diagonal space”,
in which its RG evolution is strictly local in w. To this end we generalize the concept of
the “dual space” introduced in [10, 11] to higher orders of perturbation theory. Finally, in
section 8 we analyze in detail the double convolution integral T3 arising in the factorization
theorem for the h — ~v decay amplitude [5] and show that, after a suitable rapidity
regularization in the diagonal space, this quantity is RG invariant and free of endpoint
divergences. Section 9 contains a summary of our main results and some conclusions.
Several technical details of our analysis are presented in three appendices.

2 One-loop expression for the bare soft function

At one-loop order in perturbation theory the bare soft function has been calculated to all
orders in the dimensional regulator ¢ = (4 — d)/2 in terms of hypergeometric functions [5].
The relevant Feynman graphs are shown in figure 1. Due to the multipole expansion applied
to soft fields in interaction terms with collinear fields, the soft momentum component ¢
enters at the left lower vertex, while /_ goes out at the right lower vertex, as indicated in
the first graph. In more complicated diagrams, such as the second graph, the assignment of
momenta becomes non-trivial due to the presence of the Wilson lines (see [5] for a detailed
discussion). As a result, one finds that the soft function S(w) defined via the discontinuity
of the diagrams shown in figure 1 has support for all values w > 0, even though at leading
order (first graph) the discontinuity arises only if w > m%. When expanded about € = 0
the result reads

SO (w) = myo g [0 (w) 6w — mi) + 5V w) 6mty — )], (21)
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Figure 1. Representative Feynman diagrams contributing to the soft function S(¢4¢_) up to
O(as) (taken from [5]). We use a double-line notation to represent the finite-length soft Wilson
lines. The three points mark the vertices connecting to the incoming Higgs boson (top) and the
outgoing photons (bottom). The soft function S(w) in (1.3) is given by the discontinuity of S(w).
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Here as g is the bare QCD coupling and m;, g denotes the bare mass of the b-quark. We have
pulled out a factor e“7# / (47)¢ from the bare coupling, as appropriate in the MS scheme.
Moreover, we have defined the dimensionless ratio wy = w/ mgyo.

To express the result in terms of physical parameters we renormalize the coupling
according to a0 = %€ Zo as(p1), where Z, = 1 + O(a). From now on ag = as(u) always
denotes the renormalized coupling. The most convenient scheme for the renormalization
of the b-quark mass is the pole scheme, in which the mass is defined by the position of
the pole in the renormalized quark propagator [12]. We denote the pole mass by m;. At
one-loop order one finds that

C 3-2 -
Smy =mj —mjpy = IZ:S’O 2e7F - 22 I'(e) (mg70)1 <. (2.3)

Renormalizing the quark mass in the pole scheme removes entirely the loop correction to
the lowest-order term shown in the first line of the expression for S,(w) in (2.2). After the
bare parameters have been renormalized, we obtain

SO (w) = my | SO (w) 8w — mf) + Sy (w) 6(mF — w)| , (2.4)
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where now w = w/ mg. The remaining 1/€™ poles must be removed by renormalizing the
soft function itself. A feature that is at first sight surprising is the appearance of the
1/e pole in the function SIEO), which vanishes at lowest order. It is obvious that this pole
can only be removed by means of a renormalization factor Zg(w,w’; ) that is non-local
in the space of w values. In the following section we will present a conjecture for this

renormalization factor and show that it indeed removes all remaining singularities at NLO.

3 Renormalization of the soft function

The soft-quark soft function appears in the analysis of the factorization theorem for the
amplitude for the radiative Higgs-boson decay h — 77 induced by loops containing light
b-quarks [5]. While this is not the dominant contribution to the decay amplitude (which
instead comes from loops containing top-quarks or W bosons), this particular contribution
has an interesting structure, since it receives large double-logarithmic corrections of order
aa L*"+2 with n € Ny, where L = In(M?/m?) —im [13-17]. M}, > my;, denotes the mass
of the Higgs boson. In a recent paper [5], two of us have derived a factorization theorem
in SCET, with which these large logarithms can eventually be resummed to all orders in
perturbation theory. The factorization theorem contains three terms: a term 77 involving
a hard function H; multiplied with the A — ~+ matrix element of a local SCET operator
containing a Higgs field and two photon fields, a second term 75 involving the convolution of
a hard function Hy with a non-local SCET operator containing a Higgs field, a photon field
and two collinear quark fields, and a third term 73 containing a hard function Hs multiplied
with a double convolution of the soft-quark soft function with two jet functions. In the
first two terms the SCET matrix elements live at the scale my, however the matrix element
in third term depends in addition on an intermediate scale of order /Mpmy. We have
presented arguments in [5] suggesting that the third term should by itself be RG invariant.
More accurately, we found that when this term is evaluated as a convolution over bare
functions, with cutoffs implemented to remove endpoint divergences, almost all 1/€" poles
cancel out. A single remaining pole term proportional to (3/e can be attributed to the fact
that the implementation of cutoffs on the bare functions is not strictly compatible with
RG invariance (see also the discussion in section 8).

We will now rely on these arguments to derive the renormalization condition for the
soft function. In terms of bare functions, the third term of the factorization theorem for



the b-quark induced h — 7 decay amplitude takes the form (for now we omit the cutoffs
required to defined this expression properly)

7 = 5 / d- / L 1O (M) JO (M) SO (0,0 (3.1)

Note that one of the jet functions J(©)(p?) is evaluated at time-like momentum (p> > 0)
and the other one at space-like momentum (p? < 0). The renormalization of the hard
function is well understood, with the corresponding anomalous dimension being known to
three-loop order [18]. The renormalization of the jet function J(p?) was derived at one-loop
order a long time ago [19] and has recently been extended to two loops [20]. One finds
that the time-like (space-like) jet functions at different p? values mix with each other. The
renormalization conditions can be written in the form

Hy(p) = Zig () HY

) 3.2
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where at one-loop order
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Here and below —M? P=-M }% —i0 and —p? = —p? —i0. We have introduced the symmetric
distribution [19]

ZJ(:EMhﬁ,ﬂ:th/;,u): [1—|— .

(3.4)

M) — [f)(w —) | O —w) L‘

ww—-w) W —w)

The plus prescription is defined such that, when I'(w,w’) is integrated with a function
f(w'), one must replace f(w') — f(w') — f(w) under the integral.

Using the inverse of the relations (3.2) we can express the first three functions in the
double convolution for 73 in (3.1) in terms of their renormalized counterparts. Requiring
that the combined expression for T3 is scale independent we then obtain

dal_ dal
Ty = Hy(y / / IO J(Mils ) Sl (35)

where the renormalized soft function is defined as

e /_
S(stoan) = Zualp) [ a6 27 O0E Myt
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At one-loop order the inverse renormalization factors are given by the same expressions as
n (3.3), but with the signs in front of s reversed. The above renormalization condition



can be simplified by carefully evaluating the convolution of the three Z factors. After some
algebra we find the simple form

S(w,p) = /0 ! Zs(w,w's 1) SO W) (3.7)

where

Zs(w,w's 1) = [1 + CZ:S <€22 - iln:; — 2)] S(w—w') — C;js wI(w,w') +O(a?).
(3.8)

Note that the same plus distribution I'(w, w’) as in (3.4) appears, and that the logarithmic
terms contained in Zs3 and Z}l have conspired to generate a logarithm of the ratio w/u?.
This fact has already been anticipated in [5].

It is not at all obvious that this definition of the renormalized soft function ensures
that all 1/€" pole terms in (2.5) are removed. Our “derivation” of the renormalization
factor Zg is only a conjecture, since the convolution of the four bare functions in (3.1)
contains endpoint divergences for {1+ — oo and is thus ill-defined. Nevertheless, applying
the renormalization condition (3.7) to the bare soft function in (2.4) we find that the
renormalization factor Zg(w, w’; ) indeed removes all 1/€™ pole terms. Note that (contrary
to the one-loop renormalization of the jet function [19]) the plus distributions have a non-
trivial effect, because the lowest-order soft function is not constant, see (2.5). For the
renormalized soft function at one-loop order we obtain

S(w, 1) = my [ Sa(w, 1) 0w — m3) + Sy(w, 1) O — w)] (3.9)
with
Salw, ) =1+ CZ:S [—Lﬁ, 6Ly + 3L + 8 — 7;2 +2L12<%>
—41n(1—%) (Lm+1+ln(1;>+;lnu§>], (3.10)
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We have defined Ly, = In(w/u?) and Ly, = In(m?/u?). Figure 2 shows the renormalized
soft function S(w, ut) in units of m; as a function of the dimensionless ratio @ = w/m3. We
use myp = 4.8 GeV for the b-quark pole mass and choose p = my for the renormalization
scale. Note that both curves are discontinuous at w = 1.

4 Renormalization-group evolution

The dependence of the renormalized soft function on the scale p can be controlled by means
of the RG evolution equation

d
dlnp

St == [ du'asw,0's) S’ ). (4.1)
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Figure 2. Renormalized soft function S(w, u)/m; for p = my, at tree level (dashed) and one-loop
order (solid).

where the anomalous dimension is obtained from the coefficient of the single 1/€ pole in
Zg via

aZk[gH(w,w’;,u)

. Oas (4.2)
i [(4 In % + 6) 0(w = w') + 8w T(w,w') | + O(af) .

vs(w, w';s u) = 20
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We have checked explicitly that our expression for the renormalized soft function in (3.9)
satisfies the evolution equation (4.1) at O(as).

4.1 Two-loop anomalous dimension

We can derive additional information by using the known RG equations obeyed by the
hard and jet functions. To all orders in perturbation theory, the evolution equation for the
hard function takes the form [18, 21]

d a2
Hs(p) = |Teusp(exs) In 7 + 27q(as) | Ha(p) (4.3)

dln

where I'cysp is the light-like cusp anomalous dimension in the fundamental representation of
SU(N¢) [22], and 7, is the anomalous dimension of the quark field in light-cone gauge [21].
The cusp anomalous dimension is known to four-loop order while v, is known to three
loops. The anomalous dimension for the jet function has only recently been calculated at
two-loop order [20]. The renormalized jet functions in (3.5) obey the RG evolution equation

d
dlnp

J(p?, p) = —/O dz vy (p?, xp®; ) J(xp?, 1) . (4.4)

Compared with (3.3) we have introduced a dimensionless integration variable z, such that
this relation holds for both time-like and space-like values of p?>. The anomalous dimension



is given by

2
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h(z) =Inx [5O+2C’F <lnx— 1—;96 ln(l—ac)—g)} . (4.6)

The local terms (with = = 1) can to all orders by expressed in terms of the cusp anomalous
dimension and an anomalous dimension 7/(ay). Since the plus distribution contained in
I'(1, z) is linked with the logarithmic term, it is also multiplied by I'cusp. However, starting
at two-loop order additional non-local terms arise, whose explicit form was obtained in [20]
by using the RG invariance of the B~ — ~£~ U decay rate along with the calculation of the
two-loop anomalous dimension of the B-meson light-cone distribution amplitude (LCDA)
performed in [23].

With the help of the above expressions we can write the anomalous dimension for the
soft function defined in (4.1) in the more general form

’YS(TU, wl; M) = - [Fcusp(as) In % - ’Ys(as):| 5(71) - wl) - 2Fcusp(as) wr(w7 w/)

'_w w (4.7)
~20r (52) g 1) + 0.
where
Vs (as) = 279q(as) + 27'(as) - (4.8)

Explicit expressions for the various anomalous dimensions are given in appendix A. While
the one-loop expression for the soft anomalous dimension shown in (4.2) is derived from
the one-loop renormalization factor Zg, whose explicit form is checked by the fact that
it properly removes all 1/€" pole terms in the bare soft function at one-loop order, we
stress again that the two-loop form of the anomalous dimension shown above should be
considered as a conjecture.

4.2 Exact solution to the RG equation

The RG equation (4.1) and the associated anomalous dimension g in (4.7) are closely
related to the corresponding equations for the leading-twist LCDA gbf (w) of the B me-
son [24-26]. This correspondence is discussed in more detail in appendix B. Structurally,
the anomalous dimension g differs from the anomalous dimension for the LCDA by the
argument of the logarithm (w/u? versus w/u, because w has mass dimension 2 while w has
mass dimension 1) and a factor 2 in front of the non-local terms. In solving the evolution
equation for the soft function we will use and extend some of the strategies developed in
the literature on the B-meson LCDA. We will see, however, that the additional factor 2 in
front of the non-local terms in the anomalous dimension give rise to major complications.



A closed analytic solution to the evolution equation (4.1) can be obtained based on the
observation that, on dimensional grounds, any pure power w® provides an eigenfunction of
the evolution kernel. To see this, note that the integrals [25]

H(a) = /0 " dw w T (w, ) <“’> — [H(a) + H(~a)], (4.9)

w

where H(a) =1 (1 + a) + vg is the harmonic-number function, and

define two dimensionless functions of the exponent a, which are analytic in the complex
a-plane with pole singularities at all positive and negative (for F only) integer values of a.
Our choice of the function H(—a) is consistent with the definition

1 (! da »
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introduced in [20]. It follows that the ansatz
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with as(ie) = « provides a solution to the RG equation (4.1) with the initial condition
(w/ ,ugy7 at some matching scale u = us, at which the soft function is free of large loga-
rithms. Here B(as) = das/dInp is the QCD S-function, and we have introduced the RG
functions (the first of which should not be confused with the soft function)

as(p) r ( ) a d ,
S (tta. pt) = — / oy Leusp (@) _do”
r{4tsr 1) R
Qs(Us as(Us
oo () (4.13)
Teus (Oé)
ar(ps, ) = — do —222 2
as(MS)
They are the solutions to the equations
d 7
T SF(Nsv N) = _Fcusp<as) In — 5
dlg“ Hs (4.14)
dlnu aI‘(Nsa ,u) = _Fcusp(as)



with the boundary conditions St (g, tts) = 0 and ar(us, ps) = 0. The function a~, (us, i)
is defined analogously to ar(us, ). Note that both Sp(us, p) and ar(us, p) take negative
values if p > ps, because the cusp anomalous dimension is a positive quantity. Explicit
expressions for these objects obtained at NLO in RG-improved perturbation theory are
given in appendix A.

Changing variables in the integral in the exponent in the first line of (4.12) from « to
0 = ar(ps, e ) allows us to perform this integral in closed form. Moreover, in the exponent
of the term in the second line we can use that 3(as) = —fBy a2/(27) + ... at leading order.
We can thus rewrite (4.12) in the more compact form

' w\" T2(1 = n+ar(ps, 1)) T2(1 + 1)
Us(w; p, ps) (,l@) F2(1 T — CLF(,LL57/~L)) r2(1—n)
sl (4.15)
x exp | —Cp / 704 [%(GF(MS,MQ) —n) + (9(01)} )
as(ps)

where we have defined the evolution function

2

—ar (ps,1)
Us(w; p, pis) = < > exp [ZSF(MS,M) + a%(ﬂs,ﬂ)} 7 (4.16)
which satisfies Ug(w; ps, p1s) = 1.

In order to apply this solution, we need to recast the initial condition for the soft
function at the matching scale us in such a way that it is written as a superposition of
pure powers (w / ug)n. To this end, we express S(w, ys) in terms of its Laplace transform
with respect to In(w/mj), which in general is defined as

. % daw w\ "
S(n,n) = / — S(w, p) <2> : (4.17)
0 w mb
In fixed-order perturbation theory the integral converges for 0 < n < 1. We thus write

1 c+1i00 n
~ w
Stwa) =5 [ dnSm) () (4.18)
b

c—100

with 0 < ¢ < 1. Since the right-hand side of (4.18) exhibits a power-law dependence on w,
we can use the solution (4.15) to express the soft function at a different scale p > g as

c+i0o

w >’7 I2(1 =1+ ar(ps, p)) T2(1 + 1)

1 -
S(w,u) = Us(w;M,Ms) Tm / dn S(naﬂs) <m% F2(1 +n— aF(,Us,,U)) F2(1 _ 77)

as ()
do
X exp —CF/ 7%(ar(us,ua)—n)+(9(a§)

as(ps)
(4.19)

~10 -



In this expression the contour must be chosen such that 0 < ¢ < 1 + min (O7 ar (s, ,u)),
which in turn requires ar(us, 1) > —1.1 Relation (4.19) provides an exact solution of the
evolution equation (4.1) in the approximation where one ignores the yet unknown three-
loop non-local terms in the soft anomalous dimension in (4.7), which would enter in the
indicated higher-order corrections in the exponent of the last factor. However, this solution
requires the Laplace transform S (1, s) of the soft function at the matching scale .

Clearly, it would be more convenient to have a solution of the evolution equation that
relates S(w, ) in a more direct way with the initial condition S(w, us). To obtain it, we
use the fact that the exponent in the second line of (4.19) is of higher order in «; and hence
can be expanded out. Eliminating the Laplace transform S (1, us) by means of (4.17) we
then obtain

c+ico
% Jw' 1 w7 T?(1=n+ar(ps, 1)) T?(1+1)

S 5 =U, sy s — 8 ,7 s) o5 - /d o :
(w, ) =Us(w; p, pt )/O o (w', )zm y U(w,> I2(14n—ap(ps, 1)) T2(1—n)

c as(p) 1 d

. Cr /da/ () gt era) =1L O(02) ] (4.20)
Bom 0o 1—x
as(ps)

where we have used the definition of the function H(a) in (4.11). The integrand of the
integral over n has single and double poles located at n = n + arp(us, #) and n = —n for
n € N. As long as ar(us, 1) > —1, these two series of poles lie on different sides of the
integration contour if we choose 0 < ¢ < 1+ ar(us, ;). The integral can then be expressed
in terms of Meijer G-functions (see e.g. [27, 28] for a detailed discussion). This yields

'UJ/
w

 duw' ’ 2,2( —a,—a,1-a,1-a
S(w, ) = Us(w; 1, 1) ; S s) |Gy 1,1,0,0

as(p)
Crp ' dx a 22 —a,—a,1-a,1—a | TW'
o [ [ w632 (T B ) o) |
as(ps)

(4.21)
where a = ap(ps, 1). This form of the solution is valid as long as one considers an upward
scale evolution (u > ps), for which a < 0. The Meijer G-function appearing above becomes
singular when the last argument approaches 1,

+0(1). (4.22)

sin2ra T'(1 4 4a)
z|=-
T |1 _ Z|1+4a

This is an integrable singularity only as long as a < 0. It is possible to relate the Meijer
G-function to an expression involving a hypergeometric function and its derivatives by
performing the contour integral in (4.20) using the theorem of residues. This is discussed
in more detail in appendix C.

1 This condition is always satisfied in practice. At leading order it is equivalent to the inequality cs (p) >

exp (— 2‘2,—(;) as(ps) =~ 0.056 s (ps), where the numerical value refers to ny = 5 light-quark flavors.
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There are two further simplifications that can be made, because the second term inside
the brackets in relation (4.21) is of O(as). For this term it is thus sufficient to use the
leading-order expressions for the soft function and for the RG function

2CF o

ar (i pa) = B " as (ps)

+ O(as), (4.23)

where [y = % is the one-loop coefficient of the S-function evaluated with ny = 5 light

1
T
14297 )
m CFOZS(MS)/I dz h(x) r "o o1 2,2 <_a’_a71—a,l—a
—my
T 0o 1—x Bo 1+%1n3} 44 0,1,0,0

quark flavors (see appendix A). We then find the final solution

dx —a,—a,l—a,1—a
S(w, p) = Us (w; 1, i) [ /0 xs(w/w,us)Gfﬁ( 1.1,0,0

)

2
— |40
") +0(a2)
(4.24)
with r = ag(p)/as(ps) and a = ap(us, ). The Meijer G-function enjoys the properties

1 292(—a,—a,1-a,1—a 2.2 0,0,1,1
- — a 5 ) ) ) — 5 y Uy Ly
z o G4,4 ( 1,1,0,0 Z) G474 (1+a,1+a,a,a

which can be used to restrict the last argument to values in the interval [0,1]. This is

z) . (4.25)

2,2 —a,—a,1-a,1-a
G4,4 ( 1,1,0,0

particularly useful for a numerical evaluation.

Relation (4.24) provides the desired result for the exact evolution of the soft function
from the matching scale us to a different scale u at NLO in RG-improved perturbation the-
ory. In evaluating this result consistently one should use the one-loop expression (3.9) for
the soft function S(w, ps) at the matching scale, the two-loop expression for the anoma-
lous dimension 75 and the three-loop expression for the cusp anomalous dimension (see
appendix A). In the literature on double logarithmic resummations this approximation
is often referred to as the next-to-next-to-leading logarithmic (NNLL) approximation. It
correctly resums logarithms of the form o LF with 2n — 3 < k < 2n [29].

The above solution simplifies considerably if one works at leading order in RG-improved
perturbation theory, corresponding to the NLL approximation, which resums the loga-
rithms with 2n — 1 < k < 2n. One then uses the two-loop approximation for the cusp
anomalous dimension, the one-loop approximation for s and the tree-level matching con-
dition for the soft function at the scale ps. In this approximation the integral over the
Meijer G-function in (4.24) can be performed analytically, and we find

2,2( —a,—a,1-a,1—
Sro(w, 1) = my Us(w;/ﬁ,Ms)G4,4< ! 071,0,% ’

m2
wb> ;o a=ar(ps, ) - (4.26)

In figure 3 we show the renormalized soft function S(w, ) at different values of the
renormalization scale p and fixed matching scale pus = mp = 4.8 GeV. These solutions
are derived by evolving the fixed-order expression at the matching scale us = my obtained
from (3.9), and shown in figure 2, to the scale p using the leading-order and NLO solutions
to the RG equation presented in (4.26) and (4.24), respectively. Note that the discontinuous
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Figure 3. Renormalized soft function S(w,u)/my for p = my (red), 10 GeV (orange), 20 GeV
(green) and 40 GeV (blue), at leading order (left) and NLO (right) in RG-improved perturbation
theory. The soft matching scale is set to us = my in all cases.

behavior of the soft function at w = m% present in fixed-order perturbation theory (see
figure 2) has been smoothed out after RG evolution to a higher scale. However, for relatively

low values of y a prominent feature near w = m; remains.

5 Asymptotic behavior and dynamical scale setting

In the solutions discussed in the previous section it is important that the matching scale
s is chosen such that the initial condition S(w, us) for the soft function is free of large
logarithms. At one-loop order and beyond, the explicit expression for this initial condition
involves the logarithms L, = In(w/p?) and Ly, = In(m?/u?), see (3.10). The RG-improved
solutions for the soft function are thus well defined as long as us ~ mp ~ /w are all of
the same order. Indeed, in figure 3 we have set us = my and varied w up to a maximum
value such that v/w < v/3my. Clearly, it would be desirable to be able to treat the two
soft scales my and w as independent and extend the solution for the soft function up to
values w > mg. We now show how this can be accomplished.

We have seen in (3.8) and (4.7) that the renormalization factor and the anomalous
dimension for the soft function do not contain any reference to the b-quark mass. Apart
from the prefactor of m; in the normalization of the soft function, nothing prevents us
from studying this function and its RG evolution in the limit mj — 0 or, more properly,
w/mj — oo. Denoting the function in this limit by Soo(w,p), we find from (3.9) (with
w > 0)

2
Soo(w, 1) = my [1 + % (—L?U — 6Ly + 3Ly, +8— 7;) + O(az)]
7r
(5.1)

™

2
= my(p) [1 + Cjo‘s (—qu — 6Ly +12 — 7;) + O(az)] .

One subtle point is that in this limit one should use the running b-quark mass mp(p) in
the prefactor, as shown in the second line. The reason is that the pole mass contains a

~13 -



logarithm L, in its definition,

Oras _ap 4+ 4)4+0(d)|, (5.2)

my = my(p) |1+

and hence the limit mp — 0 would be singular. Once this is done, the higher-order correc-
tions to the soft function in the limit of large w > mg only contain powers of the logarithm
L., and constants. This fact greatly simplifies the solution of its RG evolution equation.
In a first step, we define a new function 8o (L, ) via

Soo(wau) = mb(/‘) Soo(wau) . (5'3)

From (4.15) it follows that the general solution to the evolution equation for So(w, 1) can
be written in the form [20]

2(1__ a s 2
Soo(’w,u):mb(,u,s) US(w;M,MS) Soo(an,,u,s) <w>77 I (1 n-+ F(N M))F (1+77)

p?) T2(1+n—ar(ps,p)) T2(1-n)
as () (5.4)
da 2
X [1-Cp / ?T}C(ar(uswa)—ﬁ)ﬂLO(%)
asis) =0

At NLO in RG-improved perturbation theory one can set = 0 in the argument of the
function H, because the tree-level term in 8o (L, f1s) is a constant. In this expression,
which is indeed much simpler than the exact solution (4.24), one needs the explicit form
of the function H(a) given in (4.11).

The NLO solutions (4.24) and (5.4) are formally independent of the matching scale
ts. In the limit where w > mg it is inconsistent to evaluate them with a fixed scale choice
s = O(my). Rather, one should make a dynamical scale choice, such that u? = rw with
rs = O(1). In the asymptotic solution (5.4) the dependence on w then enters via the
running coupling a(us) only. Note that for a fixed value of the renormalization scale
there is always a range of w values for which s > p. It is important in this context that the
asymptotic solution is not restricted to the case where > pg, unlike the solution in (4.24).

Figure 4 shows different results for the soft function S(w, ) obtained at NLO in RG-
improved perturbation theory. The renormalization scale is fixed to u = 60 GeV. We still
normalize our results to the b-quark pole mass, such that the plots can be compared with
those in figure 3. We evaluate the ratio my(u)/mp at NLO in RG-improved perturbation
theory (see appendix A for details). The dashed curve shows our previous solution com-
puted from (4.24) with the fixed scale choice s = my. The dash-dotted curve shows the
asymptotic solution for w > m; obtained from (5.4) by setting us = /w. The solid curve
shows the solution derived from (4.24) using the dynamical scale choice ps = max(my, v/w).
To obtain it, we rewrite (3.9) by pulling out the running mass my(u) rather than the pole
mass. This has the effect of replacing the term (3L, +8) in the expression for the function
Sa(w, 1) in (3.10) by 12. The fact that there is no such compensating effect for the function
Sp(w, p), which starts at O(as), explains the small difference between the solid and dashed
lines in the region of small w. We then use this modified form for the matching condition
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Figure 4. Different solutions for the soft function S(w,p) obtained at NLO in RG-improved
perturbation theory. The renormalization scale is fixed at u = 60 GeV. The solid line shows
the result (4.24) evaluated with the dynamical scale choice ps = max(myp,+/w). The dashed line
corresponds to the same solution with fixed pus = my. The dash-dotted curve shows the asymptotic
solution (5.4) with ps = v/w. The right panel illustrates the behavior at larger values of w.

S(w, pus). The solid curve provides the optimal RG-improved solution for the soft function
valid for small and large values of w. Note, however, that in practice we cannot evaluate
this solution for arbitrarily large w values, because this would violate the condition us < p,
which is a prerequisite for the analytic solution shown in (4.24) to hold. We observe that
the solution with the fixed choice p15 = my, of the matching scale breaks down for w > 3m?,
because the “large logarithms” In(w/u?) arising in this region are not resummed in this
case. The asymptotic solution (5.4) provides an accurate description for w > 1Om%7 and it
can be evaluated for arbitrarily large values of w. The right panel in the figure shows the

solution up to w = (10my)?.

6 Soft function in Laplace space

A much simpler solution to the RG evolution of the soft function is found in Laplace
space. We define the Laplace transform S(n, 1) of the soft function at the scale y as shown
in (4.17). It then follows from (4.19) that

o _ L2 (1+n+ar(ps, 1)) T*(1-1)
S (1) = Us (s 1, 1) [2(1=n—ar (s, 1)) T2 (1+n)

as(#)d (61)
—CF/ ;f}f(—n—i—al“(ﬂaﬂa))"'(g(ag) S(ntar (e, 1), 1s) -

as(ps)

X exp

Contrary to (4.21) no integral over the soft function is required. Instead, under a scale
transformation the argument of the Laplace transform is shifted by an amount ar(us, u).
Recall that the Laplace transform S (n, ps) of the soft function at the matching scale pg
exists for 0 < n < 1, as is evident from the explicit formula shown in (6.3) below. It then
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follows from the above result that the Laplace transform at a higher scale u > us exists

for —ar(ps, 1) = lar(ps, p)| <n < 1.
It is not difficult to check that (6.1) is the solution of the partial differential equation

d 9\ &
(dlnu'f‘rcusp(as) 677) S(n,n) (6'2)

- {rmpms) <1nZL§+23"(—17)> () +2CrB0 (52 30(-n) +O(03) | S, ).

where the functions F(a) and H(a) have been defined in (4.9) and (4.11), respectively. This
generalized RG evolution equation for S(n, 1) can be derived from relation (4.18), with s,
replaced by p, and the RG equation for the soft function following from (4.1) and (4.7).

The Laplace transform S (n, us) at the matching scale us can be derived from the NLO
expression for the soft function given in (3.9). At one-loop order we obtain

~ my Cras(ps) 2 2 9 372
Sl ps) = Qg 2O I 2 S 4 8) L2 — 3L, +8— e
4(1+n) H(n)

+4Ly, [H(n)+H(—n)] + (6.3)

Ui

—4[H?(n)+H?*(—n)] —Qw’(1+n)+4w’(1—n)] } :

As before H(a) is the harmonic-number function and L, = In(m?/u?). Given this result,
it is straightforward to work out the NLO solution for S(n, 1) at a different scale from (6.1).

The solution for the Laplace transform of the soft function derived here is more than
just an academic result. In fact, it is well known that many factorization theorems involving
complicated convolutions of jet and soft functions take on a particularly simple form in
Laplace space (see e.g. [30, 31]). The reason is that after RG improvement the jet functions
J(p?) can often be written as a derivative operator acting on a factor <p2 / ,ujz)a with some
exponent a. Thus the convolution of one or more such jet functions with a soft function
evaluates naturally to the Laplace transform of the soft function.

7 Soft function in the diagonal space

It has been shown in [10, 11] that one can bring RG evolution equations of the type (4.1)
— in the approximation where the non-local two-loop contributions in the anomalous
dimension g shown in the second line of (4.7) are neglected — into a simpler form using a
suitably chosen integral transformation. The so-called “dual” soft function s(w, i) obtained
after this transformation obeys an evolution equation that is local in the variable w and
hence much easier to solve. In the context of our problem, this equation would take the form

d we YE

dln s(w, p) = |Peusp(as) mT —ys(as)| s(w, p).- (7.1)
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We discuss the construction of the dual soft function in the above-stated approximation in
appendix D. It requires a straightforward extension of the technology developed in [10].2

When the non-local two-loop contributions neglected above are put back in place, we
find that the dual soft function obeys the RG equation

d

m Sdual(wa M) = - /) dwl ’sti'ual(w’ w/; M) Sdual(wla M) (72)

with 4
we *E
,yg-’ual(w’ w,; /'l/) = — [Fcusp(as) In /,[/2 - PYS(OZS):| 5('(,(7 - w/)

—20F (0‘5)2“’9(“’/”")%1”) + 03,

o) w(w —w)  \w

(7.3)

This follows from the analogy with the case of the B-meson LCDA discussed in appendix B,
for which the two-loop anomalous dimension in the dual space has been derived in [23].
Equation (7.3) is simpler than (4.7), because the term proportional to the plus distribution
I'(w,w’) has been eliminated. However, starting at two-loop order the dual anomalous
dimension contains non-local terms with w # w’, thus upsetting the original motivation
for the construction of the dual space. The complexity of the original evolution equation
is therefore reduced only marginally. In this sense the approach of [10, 11] leads to a
hybrid representation, in which the one-loop anomalous-dimension kernel is diagonalized
but higher-order corrections to it are not. We will now generalize the approach of [10, 11]
and construct what we refer to as the “diagonal space”, in which the RG equation for the
soft function retains the simple local form (7.1) to all orders of perturbation theory.

7.1 Construction of the diagonal space

The key observation is based on the structure of the solution to the RG equation for the
Laplace transform of the soft function given in (6.1). Shifting the Laplace variable n by
—ar(ps, 4) we can rearrange this solution in the form

as(p)
F2(1 +77_aF(M57M)) doy 2
- = S y Ha O s
F2(1 —77—{—011(”5’“)) exp F (/) = ( 77‘1’&1“(,“ ,U) —|—(IF(M W )) + (Oé )
as(p
x S(n — ar (s, 1), 1)
as(p)

21+ do ~
— Us(imds o) [y oxp | ~C [ 36—t o) + O | S0,

Qs(MUs
(; .4)

where we have used that ar(us, p) +ar (g, ) = ar (s, pio). The auxiliary scale parameter
p is arbitrary and only serves to split up the integral into two terms. It follows that the

2The use of the word “dual” in this context is misleading. The Laplace variable 7 is dual to the
momentum-space variable In(w/m?) in the sense that small 7 corresponds to large w and vice versa. On
the contrary, the variables w in momentum space and in the dual space have similar physical meaning (as
the square of a soft momentum scale).
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function

as(p)
_TI%(1+4n) do N w \"
o(0010.0) = g e5p | <Cr [ 290 =nrar ) + 0| S (25 )
s (1)
(7.5)
has a particularly simple behavior under RG evolution, namely
g(w,n — ar(ps, p), 1, p) = Us(w; p, 1) g(w, n, pis, p) - (7.6)

Under scale evolution from pus to p the second argument of g gets shifted and the entire
function is rescaled by the n-independent factor Ug. If we integrate both sides of this
equation over a suitably chosen contour in the complex n-plane, which runs parallel to the
imaginary axis with Re(n) = ¢ in the interval 0 < ¢ < 1+ min (0, ar (s, p)), then the shift
becomes unobservable. Indeed, defining the soft function in the diagonal space via the
inverse Laplace transform

c+ioco

1
S(w,u,p):ﬁ /dng(w,n,u,p), (7.7)

c—100

where —ar (ps, 1) < ¢ < 1+ min (0, ap(u, p)), we obtain the simple result

s(w, i, p) = Us(w; p, pis) s(w, ps, p) - (7.8)

This function obeys the local RG equation (7.1) to all orders in perturbation theory.?
In our discussion we have only included the non-local two-loop terms in the anomalous
dimension (4.7), but the method described here can readily be extended to higher orders.
When terms beyond the two-loop order are taken into account, one just needs to add the
corresponding higher-order corrections in the exponential in (7.5).

The soft function in the diagonal space depends on the auxiliary factorization scale
p in addition to the renormalization scale p. While its evolution in g is local, as shown
in (7.1), the evolution in p is more complicated. From (7.5) it follows that

« 2 1 Xz
i s(wn ) = {2@( ;E?) | 155 a0 0@ | stwfzpp) . (79

In all physical quantities the dependence on the scale p drops out. Note that logarithms of
the scale ratio p/u are already resummed in this expression, so there is no need to choose
these two scales to be of the same order.

31t would be possible to avoid the occurrences of exponentials of vz in relations such as (7.1) by insert-
ing the factor e*”®" under the integral on the right-hand side of (7.7), thereby rescaling the w variable in
the diagonal space by e*'Z. This would be analogous to the transition from the MS to the MS subtrac-
tion scheme.
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7.2 Transformation between momentum space and diagonal space

Without loss of generality we write the linear relations connecting the original soft function
S(w, p) with the soft function s(w, i, p) in the diagonal space in the general form

S(’U),,U,,p) - /Oooid/a;L_FS(xaﬂ7p) S(xwau)a
(7.10)

S(w, ) = /0 wj”; (21, p) $(w ), 1, p)

where the two transfer functions Fg and Fénv explicitly depend on the renormalization
scale p and on the auxiliary scale p. Combining (7.7), (7.5) and (4.17) we find that

c+1i00 as(p)
2(1+n) _ do 5
\/EFS@anP):% dnmx " exp —CF/ 79{(—77+ar(ﬂ,ﬂa))+0(0¢s)
e-ioo s (1)
(711)
Likewise, from (4.18) and (7.5) we obtain
ct+ioo Oés(,l])d
o
VEFSY (2, p1,0) = 5= / w” exp |Cr / 7%(—n+ar(u,ua))+0(a§) :
c—io0 s (1)
(7.12)

where in an intermediate step we have defined the Laplace transform of the function
s(w, p, p) in analogy with (4.17). Changing the sign of the integration variable 7 brings
the factor in front of the exponential to the same form as in (7.11).

We now use the fact that the arguments of the exponentials in both expressions can
be expanded in a perturbative series in a(p), with coefficients that depend on the ratio
as(p)/as(p). Expanding the transfer functions at NLO in the form

Cras(p)
T

Fs(x, 1, p) = Fso(z) + Fsi(z,r)+0(2); r= as(p) (7.13)

and similarly for Fi(z, 1, p), we obtain

1
Fso(a) = Fi%(z) = ﬁcﬁ,f(l,l,mo}x) :

dy h 1+7lny 1 40
Fsq(x,r) a2 o) |
51 ( \f/ 1—y 50 1+2CFln 0,4(1,1,0,0‘ y) (7.14)

dy h ﬁO y—l 2,0 X
Fmvxr / G ( ‘—)
Sl \/* 1_y /30 1+QE<TF1ny 0,4\ 1,1,0,0 y

To arrive at this form we have employed the leading-order approximation for ar(u, ta)
shown in (4.23) and the definition (4.11) relating H(a) to the function h(z) in (4.6). The
solutions involve another example of a Meijer G-function. An alternative expression involv-
ing a hypergeometric function and its derivative can be derived by performing the integral
in (7.11) using the theorem of residues. This is discussed further in appendix C.
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While the transfer functions for the soft function are given by rather complicated
expressions, they nevertheless enjoy some nice properties. Combining the two relations
in (7.10) one can derive the orthonormality condition (with a,b > 0)

/ dx Fs(za, i, p) F (xb, p, p) = 6(a — b) . (7.15)
0
To prove this identity directly one uses the useful relation
*dx > it . /
=g = dye™ =2md(t) =2mid(n' —n), (7.16)
0 Z —00

which holds for purely imaginary (n’ —n) = it. We also find that powers of = are very
simply transformed into the diagonal space, because

as(p)
dr T2(1+b do
| Fstewns = o e |~ [ L5 brar(un) 10| (1.17)
as(p)

Expanding this relation in powers of b yields the transformation rules for positive integer
powers of In x.

7.3 Convolution T3 in the diagonal space

Remarkably, the factorization formula (3.5) retains its form in the diagonal space, i.e.

dl_ [>dl
T3 = H3(p / / G (Mpl, 1, p) §(—Mply, 1, p) (4L, 1, p) . (7.18)

Here j(p?, i1, p) denotes the jet function in the diagonal space. To derive this relation we
need the inverse transfer function for the jet function in the diagonal space, which we
define as

J(p%, ) / —= F (2, 1, p) §(0° [, 1 p) - (7.19)
\/>
In analogy with (7.11) we find (drawing on expressions derived in [20])

c+ioco as(p)

: 1 I(1+n) _ / do 9
Fan n _ _
Ve FP (x,p,p) = 5 / dn T x Texp | -Cp —Zﬁf}{( n+ar(p, ) +O(3)

c-ioo as ()

(7.20)
Expanding this function in a perturbative series as in (7.13) we obtain

Fmv ) 2\/’)

2C7F1n
1 [t dy h(y) r 1+ Iy _ (7.21)
Flnv N 2

(&) /oly Bo 14 2GEIny le( Vey).

2

To establish that relation (7.18) holds we need to show that

ood IHV IHV
Fs(rfc,u,p):/0 — Fy(z,p,p) Fy ( ,u,p>. (7.22)
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Figure 5. Leading-order transfer functions for the soft function (solid) and the jet function
(dashed).

Using the representation for F™V(z) given in (7.20) along with the identity (7.16) we find
that the right-hand side of (7.22) indeed leads to the expression for the soft transfer function
shown in (7.11). In figure 5 we show the behavior of the leading-order transfer functions
Fso(z) for the soft function and Fjo(z) = J1(2/z) for the jet function. Both functions
vanish in the limit * — 0 and oscillate for values > 1. The transfer function for the
jet function oscillates more rapidly, but apart from this the two functions exhibit a rather
similar behavior.

It is important that the jet functions and the soft function in (7.18) are evaluated at the
same auxiliary scale p. Only then the dependence on p cancels out. In analogy with (7.9),
we find that the jet function in the diagonal space satisfies the different equation

d
dlnp

2 sl
j(pQ,u,p)z[CF <a55f)> /0 1d_x$h(93)w“““’p)+0(a§’) jlxp? p,p). (7.23)

It is then straightforward to check that the double convolution on the right-hand side
of (7.18) is independent of p.

7.4 Leading-order soft function in the diagonal space

Given the transformations in (7.10) we can calculate the soft function s(w, p, p) in fixed-
order perturbation theory from the expression for the original soft function shown in (3.9).
In this way we obtain s(w, us, p) in the form of a numerical integral, where ps denotes the
matching scale, at which a fixed-order expansion is well behaved. We can then evolve the
obtained result to a different renormalization scale pu # s using the explicit solution (7.8)
of the local RG equation in the diagonal space.

At leading order in RG-improved perturbation theory it is possible to derive a simple
formula for s(w, u, p), which in this approximation is independent of the auxiliary scale p.
Using that at the matching scale

S(w, ps) = my 0w —mi) + O(as) , (7.24)
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Figure 6. Renormalized soft function spo(w,p)/mp in the diagonal space at leading order in
RG-improved perturbation theory for u = my (red), 10 GeV (orange), 20 GeV (green) and 40 GeV
(blue). The plot on the right illustrates the rapid oscillations of these functions for small values of w.

one can express the RG-evolved soft function in the diagonal space in terms of another
Meijer G-function. We find

*dx
= my, Us(w; 1, fis —F, 0(zw —mj
spo(w, ) = mp Ug(w; p, ps) /0 Tz 50(z) 0(zw — my)

2
My
w

Note that the last form is structurally similar to the momentum-space result shown in (4.26).

(7.25)

2,0
= my, Us(w; p, p1s) Go'y (o, 1,0,0

In figure 6 we show the leading-order solution for the soft function sp,o(w, u) at different
values of the renormalization scale p and fixed matching scale us = my = 4.8 GeV. The
behavior of the results in the region w > m% is qualitatively similar to the behavior seen
in momentum space, see figure 3. However, for w < mg the soft function in diagonal
space undergoes rapid oscillations, as shown in the right panel. These oscillations do not
appear to have a physical interpretation, but they arise as a consequence of the peculiar
integral transformation (7.10) that links functions in the diagonal space with those in
momentum space. Beyond the leading order it is difficult to obtain results for the soft
function in the diagonal space, because the oscillatory behavior of the transfer function
makes it challenging to evaluate the slowly converging integral on the right-hand side of
the first relation in (7.10) numerically.

8 RG-invariance of the convolution integral T3

Several of the derivations performed in this paper rely on the assumption that one can
pretend that the convolution integral
o0 [ee]
1= i) [ [ IO ) T ) S ) (8D
o ft— Jo *t+
is RG invariant, even though this quantity is ill defined. We will now present arguments
indicating that this assumption can indeed be justified. However, we will also see that in
order to properly define the quantity 75 one needs to introduce a rapidity regulator, and
that a generic rapidity regularization scheme is in conflict with RG invariance.
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To see what the problem is, let us evaluate the right-hand side of (8.1) using the
expression for the jet function obtained at leading order in RG-improved perturbation
theory [20], which reads

ar (pj,1)
F(l—ar(,uj,,u)) —ple=2E r
Jo(?, 1) =exp | —2Sr (i, ) —aq (pi, , (8.2
L ( ) |: F( J ) ’Y( J )i| F(l‘i‘ar(ﬂj,/ﬁ)) ,U/? ( )

where p; is an appropriate matching scale. This leads to

T2(1 — ar(u;, 1))
L2(1+ ar(u;, 1))

° dw — M2 we=41E GRS dl_
X / — S(w,p) | —Ff— / -
0o w K o -

which is undefined. Note that RG resummation can cure the divergence of the first integral

Tyo = Hs(p) exp | = 4Sr(ig, ) — 2ay (1, 1)|
(8.3)

w — oo, but it does not help to regularize the divergent integral over /_. We could
have chosen to use two different matching scales p;— and pj4 for the two jet functions,

which would generate an extra factor EaF(MJ Hi+)

but still leaves a divergent integral. The
divergence results from the fact that we are integrating over an infinite range of rapidities

in the contribution 75 and it requires regularization.

8.1 RG invariance and rapidity regularization

Two different rapidity regularization schemes were considered in [5], and in both cases it
was observed that the convolution 73 by itself is not RG invariant. In that paper the
regulators were applied to expression (3.1), which is written in terms of bare functions.
Here we will follow an analogous approach and apply the regulators to expression (8.1),
which is formulated in terms of renormalized functions. In the first scheme, one introduces
an analytic rapidity regulator 0 and an associated scale v [32, 33]. It has been shown in [5]
that a consistent way to do this, which preserves the analytic properties of the h — ~vy
decay amplitude, is to replace

°°d€ d£+ Oocw d£+ My(ly —0_) —i0\ %
i = . (8.4)

In the second scheme one uses hard cutoffs on the integrals over /4 in such a way that

o0 Mh O'Mh
/ do_ d£+ / dl_ / d€+ (55)
0 O'*) 1

The parameter o should be thought of as being a positive quantity. Only after evaluating

the integrals must one take the limit ¢ — (—1 — ¢0) by analytic continuation.

When deriving the RG equation for the soft function based on the hypothesis of the RG
invariance of T3 it was important that the integrals in (8.1) run from 0 to co and that the
integration measures df4 /¢4 are invariant under rescalings of these variables. Imposing
rapidity regulators as shown above is, in general, not compatible with this derivation.
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Indeed, using the RG equations for the hard, jet and soft functions given in (4.3), (4.4)
and (4.1), along with the relations (4.7) and (4.8), we find that after the regulators are
imposed the convolution integral T3 is no longer RG invariant. In the analytic regularization
scheme we obtain

dTSanalytic 00 dr_ d €+
=) /O 4z K (2, / / St ) (5.6)
My (s —xl )\ "2 (M (L4 —L )\
() ™ () st
My (zly —0 )\ "2 Myl — )\
=) () e st
where we have dropped the “—i0” prescription for brevity. In the cutoff scheme we obtain
instead
dT??UtOH 00
dlnp —Ulgnl Hs(p )/0 do K(z, 1)
Mp/x e oMy, e
X [/ E / —= J(xMh€—7 ,u’) J(_th-l-v M) S<€+£—7 /’L) (87)
- Jo +

Muqg_ poMn/e dz
/ / —= J th—a M) J(—.’L'Mh€+, :u’) S(g'i‘e—) ,U,)
In both cases the kernel K is given by

K (2, 1) = Tousp(as) T(1, ) + C (;‘7)2 9(11__;) h(z) + O(a®). (8.9)

Note that “local” terms in the RG equations (those with z = 1) do not contribute in (8.6)
and (8.7). To show that RG invariance is lost it suffices to work with the lowest-order
approximations for all quantities involved, namely*

Neay yp 2\ o
Hs(p) = . \/§ + O(as), J(p*, ) =1+ O(as), (8.9)

S(w, ) = mp O(w —mi) + O(a) .
We then obtain
AT Ny gy Crpoy (~MEmd\ ™ 8T2(0)
dinp 7 \/imb 4 ['(1+296)
dTgutoft _ Ny W Cra,
dinpg 7w /2 " 4n

In the limit 6 — O the first expression gives the same result as the second one.

[~ H(8)—H(=8)]+0(a3),
(8.10)

v

16¢3+0(a3) .

Can one find a better rapidity regularization scheme that preserves RG invariance? A
third possibility, in which a cutoff |y| < yeut is placed on the rapidity y = %ln % of the

“We have chosen the normalization of the hard function Hs differently from [5] in order to compensate
for the different normalization of our soft function.
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soft momentum, is explored in appendix E. It offers a small improvement on the schemes
discussed above in the sense that the breaking of RG invariance occurs first at two-loop
order. Yet the fundamental question posed above remains. The key to answering it is the
observation that the breaking of RG invariance is linked to the non-locality of the kernel
function K(z,u), i.e. the fact that it does not vanish for x # 1. In section 7 we have
constructed the diagonal space, in which the evolution is strictly local in w and hence
K (z, ) vanishes for x # 1. In this space the integrand of the convolution (7.18) is RG
invariant at each point in the (¢4, ¢_) plane, and thus RG invariance is preserved for all of
our rapidity regularization schemes.

The fact that one can find RG-invariant regularization schemes implies that the logic
followed in this paper is self consistent. Assuming that 73 is RG invariant is then a
sensible and well-defined thing to do, and from this hypothesis we have derived the two-loop
evolution equations studied in this work. Good things never come without a price, though.
While imposing rapidity regulators in the diagonal space does not destroy RG invariance,
it does interfere with the cancellation of the dependence on the auxiliary scale p introduced
in the construction of the diagonal space. The differential equations (7.9) and (7.23) are
then no longer sufficient to guarantee that T3 as defined in (7.18) is independent of p. This
is not a serious problem, however, since T3 by itself is not a physical quantity. It is only
one out of three terms in a factorization theorem.

8.2 Regularized convolution T3 in the diagonal space

We have just shown that it is possible to define an RG-invariant convolution T3 by applying
the rapidity regularization in the diagonal space. What we have not yet demonstrated is
that this convolution is well defined. At fixed order in perturbation theory the integral over
w diverges at infinity.” We will now show that this endpoint divergence is removed after
RG improvement. It suffices to show this at leading order in RG-improved perturbation
theory, because higher-order corrections do not change the functional form of the solutions
in a significant way. For concreteness, we employ the analytic regularization scheme (8.4),
where the regularized convolution T3 in the diagonal space takes the form
analytic dl OO Cer . .
Ty () /0 O (M) s(E b

y <Mh(f+ — 1) —i0>25' (8.11)

2
v
We now use the following solutions for the various component functions, valid at leading
order in RG-improved perturbation theory:

N 2 or (knon)
H37LO (/1/) = b yb\(/,ugh) exp |:25F (,Uhyli) _20/’%1 (Mh?/j/)i| < 2 h) ’

Jro(p?, i) = exp [_251“(%7#)—@7’ (ujﬁu)] <_2 : (8.12)

we*4’yE —GI‘(NS7M) [ee) 9
sLo(w,u)zmbexp[2sr<us,u>+a%(us,m}< — ) |2 ol otww—.

5There is no divergence for w — 0, because the soft function vanishes at the origin.
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The hard matching scale uj, must be chosen such that the hard function Hs(uy,) is free
of large logarithms. Natural choices are ,ui ~ M ,3 or u}% ~ —M ,3 When combining the
various exponentials in these expressions we use the identities

ar(v1,p) — ar(vo, u) = ar(vi,v2),
1%} (813)

Sr(v1, 1) — Sr(ve, p) = Sr(vi,ve) — ar(va, 1) IDV;

for the RG functions as well as relation (4.8) to bring the answer to the explicitly pu-
independent form

analytic Neay Yo Uk
Tino ™ == \</§)mbexp[ZSF(NSvNj)+2SF(,Uh»Mj)+a'ys(M&Nj)_2a'yq(ﬂhaﬂj)
—M,f —ar (kh,Hj) mz —ar (ks tt5) F2(5) —M}%m% =
( uz> (u) 2r<25>< i )
) —aF(Ms,Mj)—(S )
XemEar(us,w)/ dw<wQ> / d—xFS,O(x)H(xw—mg). (8.14)
0w \m 0o Vv

The integral in the last line can be performed by changing variables from w to z = zw/ mg
and using the property (7.17) of the transfer function. This gives

Cdz _, 5 [Cdx FNa+6)I'(1+a+0)
Y< _—a F at+é _ . 1
/1 P 0 VT so(@)® I'*(1—a—9) (519)

Taking the limit § — 0, we obtain the final result

ic _ Neaw yo(pin
T3vo == \</§ Ly exp (250 (115, 15)+ 21 (s 1)+ 0, (ps 1) = 200, (1 1)
y (_M’3>ar(ﬂh7ﬂj) (771%) *ar(us,ﬂj)eélea F(a)P(1+a)
1, 12 I'*(1—a)
1 vl 17
X S‘HHW‘F%MLF@)‘FQ?#“—G)—& o a=ar(fs, py) - (8.16)

Note that the integral over z in (8.15) converges for a + ¢ > 0 only, which for § — 0 would
require an unphysical choice p; < pus. Nevertheless, the above expression can be used to
consistently define the result for any choice of scales by analytic continuation in a. The 1/
pole and the associated logarithm involving the scale v result from the rapidity divergence
and need to cancel against corresponding terms in other contributions to the factorization
theorem for the h — vy decay amplitude.

To summarize this discussion, we find that the regularized convolution 73 in the di-
agonal space is RG invariant to all orders of perturbation theory and free of endpoint
divergences. This observation explains a posteriori why our heuristic arguments used in
sections 3 and 4 led to consistent results for the renormalization and scale evolution of
the soft function. In the resummed expression for the convolution 73 given above all large
logarithms are contained in the RG functions St(u1, pe) and a;(u1, pe) except for a single
power of the rapidity logarithm. For natural choices of the matching scales pus =~ my; and
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|n| = Mj, the terms in the second line are free of large logarithms. As a final comment,
we emphasize that expression (8.16) has no well-defined fixed-order expansion, because
the limit @ — 0 does not exist. The reason is that the endpoint divergence of the orig-
inal integral in (3.5) has been removed by resummation. When one attempts to “undo”
the resummation by expanding the result in powers of o one encounters terms of order
1/a2 and 1/a,. These terms must cancel against similar terms contained in the other two
contributions (77 and T») to the factorization theorem for the h — v amplitude.

9 Conclusions

In this work we have presented a detailed analysis of the renormalization and the scale
evolution of the soft-quark soft function S(w, u), defined in terms of the discontinuity of
the soft quark propagator dressed by two finite-length Wilson lines connecting at one point.
This function appears in the factorization formula for the h — v+ decay amplitude induced
by loops of light quarks, recently worked out by two of us [5]. The results we have obtained
and the techniques we have developed have a more general importance in the context of
understanding SCET factorization theorems at subleading order in power counting, where
soft functions containing soft quarks dressed by Wilson lines become a generic feature.
The relevance of our results thus extends beyond the practical purpose of studying the
h — ~7 process.

A central argument of our work has been the hypothesis that the third term T3 in the
h — ~~ factorization theorem, which involves a hard function and a double convolution of
two radiative jet functions with the soft-quark soft function, should be RG invariant. This
does not necessary have to be realized, but it is suggested by certain observations made
in [5]. Based on this assumption we have derived the non-local renormalization factor Zg of
the soft function at one-loop order in QCD, and we have shown that it successfully removes
all the 1/€™ poles of the bare soft function. The cancellation is highly non-trivial due to
the non-local structure of the counterterms and the fact that the leading-order bare soft
function is not simply a constant. This observation puts our hypothesis on firmer grounds.
From this result we have derived the one-loop anomalous dimension of the soft function,
which closely resembles the structure of the anomalous dimension of the leading-twist B-
meson light-cone distribution amplitude. Pushing further, we have used existing results for
the two-loop anomalous dimensions of the hard and jet functions to present a conjecture
for the two-loop anomalous dimension of the soft function. It would be highly desirable to
test this result by a direct two-loop calculation of the soft function.

Using our expression for the two-loop anomalous dimension we have presented an
analytic closed-form solution to the non-local RG evolution equation satisfied by the soft
function in momentum space. The result obtained at NLO in RG-improved perturbation
theory, shown in (4.24), involves integrals over Meijer G-functions. We find that after RG
evolution the discontinuous behavior of the soft function at w = mg seen in fixed-order
perturbation theory is smoothed out. We have also studied the asymptotic behavior of the
soft function for large values w > m% and emphasized the need for a dynamical choice
of the soft matching scale in this context. We have then studied the RG evolution of the
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soft function in Laplace space and in the so-called diagonal space, where its RG evolution
is local in the w variable. The construction of the diagonal space in higher orders of
perturbation theory requires a non-trivial extension of the dual-space formalism developed
in [10, 11]. We have explicitly constructed the transfer functions connecting the diagonal
space with momentum space. Beyond the leading order in perturbation theory, functions in
the diagonal space depend on an auxiliary scale p, which cancels in predictions for physical
quantities. We have derived the differential equations governing the dependence on p.

Finally, we have studied the structure of the double convolution integral 73 in more
detail, finding that it requires rapidity regulators in order to be well defined. Using three
different rapidity regularization schemes we have shown that introducing the regulators
in momentum space breaks the RG invariance of T5. However, RG invariance can be
preserved by imposing the rapidity regulators in the diagonal space. We have presented an
explicit expression for 73 at leading order in RG-improved perturbation theory, in which
large logarithms of the scale ratio (—M7?/m3) are resummed to all orders of perturbation
theory. The resummation improves the behavior of the convolution at large momenta and
tames an endpoint divergence for w — co.

The results obtained in this work constitute an important step toward understanding
the many subtleties and complexities of SCET factorization beyond the leading order in
power counting. Not only will they help to resum the large logarithms on the h — ~7vy
decay amplitude beyond the leading double-logarithmic approximation; more generally,
we are confident that the techniques of solving the difficult non-local RG equations of soft
functions developed in this work will find applications in many other factorization theorems
of interest.
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A  Anomalous dimensions and RG functions

The exact solutions (4.24) and (D.3) can be evaluated by expanding the anomalous di-
mensions and the QCD S-function as perturbative series in the strong coupling. We work
consistently at NLO in RG-improved perturbation theory, keeping terms through order a;
in the expressions for the Sudakov exponent S and the functions ar and a,,. We define
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the expansion coefficients as

2 g\ 3
I‘Cusp(Oés) 1—‘04 +F1<4 ) +F2<E) + ...,

(A1)
Blas) = —2as [50 + 61 (as> + B2 (Z:T)B%—..l, 1

and similarly for the anomalous dimension 7,. Substituting these expansions in (4.13) one
obtains [18]

ar(ﬂs,ﬂ)zﬁ [ln o (1) +<F1—Bl> as(m_%(ﬂs)-i-o(ﬁ)] ;

260 [ as(us)  \To Bo i
sinon = (s (130 (-2 e
*aiﬁ)[@;?; gz)(l rrinr)+ (gg—gﬁ)(l—r)lnr 2
-(§—§§—§;§;+“) wr +0<a§>},

where r = ag(p)/as(ps). The function a., (s, i) is given by an analogous expression.
Whereas the two-loop anomalous dimensions and 3-function are required for ar and a,,, the
expression for the Sudakov exponent S also involves the three-loop coefficients I's and Ss.

We now list relevant coefficients of the anomalous dimensions and the QCD S-function,
quoting all results in the MS renormalization scheme. For the convenience of the reader, we
also give numerical results for N. = 3 and ny = 5. The two-loop cusp anomalous dimension
Icusp Was obtained long ago [22], while the three-loop coefficient was derived in [34]. The
results are

16
F0:4CF:§7

67 w2\ 20
T =4Cp Oy | —— ) =22 ~ 36.8436 ,
1 [(9 3) ! an]

245 13472 1174 22 418 4072 56 (A.3)
[y=4 —7 4= T
2=4Cr CA(@‘ 27 45 C3>+OA FW( o7 T Tor T3 3)

+CpT §+16C 167 2| 939,008
PLERI T3 3 )~ g7 Tin

The anomalous dimension 7 follows from (4.8) and can be determined up to two-loop order
using the explicit expressions for 4" and -, given in [5] and [21, 35], respectively. We find

Vs,0 = _GCF = _8,
655 557 188 2072
Ys,1 :C%(—3+47T2—48C3)+CFCA <27—9—4<3> +CFTan( 57 _—t — 9 )

~ —151.280. (A.4)

~ 99 —



Finally, the expansion coefficients for the QCD S-function to three-loop order are

11 4 23
BO—ECAfg an_?’
34 20
Bi= " C4 = 5 Caleny — ACETin; ~ 336667,
~ 180.907 . (A-5)

We choose to work with ny = 5 active quark flavors, because we are mainly interested in
RG evolution to a scale u between the mass scales of the bottom and top quarks.

In the analysis in section 5 we need the ratio of the running b-quark mass my () defined
in the MS scheme and the pole mass my. At NLO in RG-improved perturbation theory
this ratio is given by

_Jm,0
my(p)  ( as(p) \ 2Po 1 Cras(mp)  Ym,1B0 — YmoB1 as(p) — as(my) 2
- N - 2 + O(as) ’
mp avs(mp) m 232 4dmr
(A.6)
where the one- and two-loop coefficients in the anomalous dimension of the quark mass are
given by [12]
97 20
Ym,0 = —6CF, Ym,1 = _3012:* — ? CrCyg + ? CFTan . (A.7)

B Light-cone distribution amplitude of the B-meson

The RG evolution equation (4.1) and the associated anomalous dimension g in (4.7) are
closely related to the corresponding equations for the leading-twist light-cone distribution
amplitude ¢Z (w) of the B meson defined in heavy-quark effective theory [24]. This quantity
obeys the differential equation

d B > / / By, /
— : B.1
dlnum(w,u) /0 dw' vy (w, w's ) 93 (W' 1) (B.1)
where [20, 23, 25]
7465 10) = = Fapl) In 2 = 30)] 80 = ) = Fempla) T
1

—Cp (O‘S)2 Wi’ = w) h<°",> +O(ad).

o) W — w) w

(B.2)

The anomalous dimension g in (4.7) differs from 74 by the argument of the logarithm
(w/p? versus w/p) and the factor 2 in front of the non-local terms. As a result of this,
one finds that the solution to the evolution equation (B.1) can be written in terms of
hypergeometric functions [26] rather than the more complicated Meijer G-functions in (7.2).
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C Solution in terms of hypergeometric functions

In the derivations in sections 4.2 and 7.2 we have written some results in terms of Meijer
G-functions. Here we relate these functions to the more familiar hypergeometric functions.
We begin with the solution to the RG equation of the soft function. For ar(us, u) < 0 it
is possible to perform the contour integral in (4.20) using the theorem of residues. The
integrand contains double and single poles in the complex 7-plane located at n = —n and
n = n+ar(us, 1), where n € N. For w > v’ (w < w'), we can close the contour in the upper
(lower) half plane and pick up the residues of the single poles. We assume that ar(us, 1) >
—1, such that all of the poles in the second series lie in the lower half plane. The expression
for the residues of the single poles involves I'-functions and their derivatives. Comparing
the answer with (4.21) and denoting z = min(w, w’)/max(w,w’) < 1, we find that

—a,—a,l—a,1—a FQ 2+a
Gf,f( 1,1,0,0 Z>Z%ZG('Z’G)’
1,0, I2(—a) )
902 —a,—a1-a,1-a| 1\ 11, T?2+a) '
Gii < 1,1,0,0 Z> =7 WG(Z’“)’
where
G(z,a) = 2 Gi(z,a) — 2m +4H(a) +1Inz| Ga(z,a) — 4G3(z, a) (C.2)
I IR tanma 2\ s ’

Here H(a) = ¥(1 + a) + g is the harmonic-number function, and the functions G; are
given by

Gi(z,a) = 4F5(1+a,1+a,14a,24+a;2,2,2; z)

Ga(z,a) = 4 F35(1+a,1+a,24a,2+a;1,2,2; 2), (C.3)
G3(z,a) = (Op, + 0yy) aF3(14a,14a,24a,24a;1,2,2; 2) .

The derivatives in the last expression act on the indices of the hypergeometric function
4F3(p1,p2, p3, P45 q1, @2, g3; 2). The functions G;(z,a) are real-valued for z < 1 and are sin-
gular in the limit z — 17. Using the properties of the hypergeometric functions we have
derived the precise form of this singularity shown in (4.22).

We have also encountered the Meijer G-function in the calculation of the transfer
function Fg(z, 1) needed for the calculation of the soft function in the diagonal space. At
leading order one can ignore the exponential containing the integral over the function H
in (7.10). The integrand of the n-integral then has double and single poles at values n = —n
with n € N. Evaluating the integral using the theorem of residues, we obtain

G201 100|2) =2 [2 0F3(2,2,2;7) — (Inz + 4y + 49y, ) 0 Fs(1, 2, 2;:5)} . (C4)

)
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D Soft function in the dual space

The dual soft function constructed following the approach of [10, 11] is related to the
original soft function via

c+100
©dx 1 r2(1+n) _ ° dz
ua. b = - M a - d T9/14 N\ 77 E = F ) )
sawa(w.) = [ S0 - /‘”ral—mx | Fsota) Stawn)

(D.1)
where the transfer function Fgo(z) has been given in (7.14). As a consequence of the fact
that no higher-order corrections to the transfer function are included in this approach, the
function squai(w, i) obeys the non-local RG evolution equation (7.2). The technique we
have developed

in section 4.2 can be applied to solve this equation. In analogy with (4.20) we obtain

% Jw'
Sdual(wa,u) = US(w; H, Ms) / W Sdual(w /J’S)
0

c+io00
1 w
el _ ar (fs,pa)=n 2
=N dn(w' 1 ﬁow/ /1_:6 +0(a3)
Cc—100 Qs Ms
(D.2)
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with the simplification that the I'-functions appearing in (4.20) are now absent. The

integral over 7 thus evaluates to a d-function rather than a Meijer G-function, yielding

Sdual(w>u) = US(w; /%/Ls)

dual(%aﬂs) +0(a?)

(D.3)
It can readily be checked that this solution obeys the RG equation (7.2) at two-loop order.

2CF
Cras(us) (1 dx h(z P |
X Sdual(waﬂs)_ d (Iu )/ ( )
0

™ I=z B0 14+%EIna

This result is simpler than the corresponding relation (4.24) obtained in momentum space,
but not as simple as the solution (7.8) found in the diagonal space.

E Rapidity cutoff scheme

In section 8.1 we have evaluated the convolution integral T3 using two different rapidity
regularization schemes. As an interesting and rather natural alternative we now consider
a third scheme, in which a cut |y| < yeus is imposed directly on the rapidity y = & 5Ing L of
the soft momentum. When this is done, the regularized convolution T3 takes the form

1. Yecut
Tyt (/MJ)@JMfe%)(MﬁMMﬂWW (E.1)

yCllt

~32 -



and it is straightforward to show that

dTgapidity 00 < Juw Yeut
— =H. dr K — d
dlnp 3(#)/0 wh(wp) /o w Stw,p) /ycut /

x [2J(Mh\/ﬁ6_ya ,LL) J(_Mh\/ﬁeya N) - J('rMh\/ae_y?/L) J(_Mh\/aeyv :u)

—J(Mpvwe ™, ) J(—xMh\/Eey,,u)} . (E.2)

When one uses the lowest-order expression for the jet function from (8.9) the right-hand
side vanishes. However, this is no longer true when the O(a) corrections to the jet function
are taken into account. Hence, it follows that

dTgapidity

o = 0la?) (E:3)

in this regularization scheme.
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