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1 Introduction

The Wilsonian paradigm has taught us that characterising trajectories on the space of

Quantum Field Theories (QFT) is difficult but imperative to understand. These trajecto-

ries are triggered by a wide variety of deformations, whose form depends on the particular

details of the conformal fixed point at which they are turned on. A UV complete scheme

posses a well defined UV fixed point described by a Conformal Field Theory (CFT). In

principle, we can track the flow generated by a relevant or marginal deformation. How-

ever, this picture usually breaks down for irrelevant deformations, which give rise to non-

renormalizable interactions. This obscures whether the UV physics is well defined or not.

In 2-dimensional quantum field theories, certain composite operators built out of con-

served currents stand as an exception to the rule. Starting with the remarkable T T̄ op-

erator [1] and its Lorentz preserving higher spin relatives [2], to the manifestly Lorentz

breaking JT̄ and T J̄ deformations [3], these special operators all share two remarkable

properties. Besides being composite operators, they are unambiguously defined, i.e. free of

short-distance singularities. Secondly, they give rise to exactly solvable trajectories in the

space of theories.

Much recent work has succeeded in describing the dynamics T T̄ flow and elucidating

the underlying origin of its solubility. In a nutshell, general properties of the QFT stress

tensor (subject to very mild assumptions) lead to the explicit factorization of its expectation

value in terms of bilocal products of single trace operators. The flow of the deformed energy

levels then satisfy the inviscid Burgers equation [2, 4]. [5, 6] provided a rather different

perspective by studying the flow infinitesimally. They showed how the T T̄ deformation

could be accounted for by coupling the seed theory to random metrics, whose action turns

out to be topological. [7, 8] pushed this analysis beyond the infinitesimal regime, and recast

the flow as coupling the undeformed theory to a variant of JT gravity.

This powerful geometric interpretation further allows one to obtain the classical de-

formed actions in terms of a field-dependent coordinate transformation [9–11]. For inter-

ested readers, we refer to the pedagogical review [12] which further explains many of the

concepts listed above.

The main point of this present paper is to similarly geometrize the JT̄ and T J̄ flows,

in Euclidean space. The so-called JT̄ and T J̄ operators provide an equally interesting set

of solvable, Lorentz breaking deformations. These operators are defined as

JT̄ ≡ −εµνnaJµT νa , (1.1)

T J̄ ≡ εµν ñaJ̃µT νa , (1.2)

where J and J̃ are the Noether currents associated to some U(1) symmetries of the under-

lying seed theory. Tµa = Tµνeνa, where Tµν is the stress-energy tensor and eaµ the vielbein

satisfying eaµe
b
νηab = gµν . Finally, n, ñ will be taken to be two light-like vectors, satisfying

n · n = ñ · ñ = 0 , n · ñ = 1, δab = nañb + ñanb (1.3)

These operators, in requiring two light-like vectors of opposite chirality, explicitly break

Lorentz invariance.
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This light-like nature in Euclidean space means the vectors cannot be real-valued.

In Euclidean space the only real vector with norm 0 is the null vector. Nonetheless, we

make this choice to facilitate comparison with past papers working in Lorentzian space and

choosing real light-like vectors in that context.

In terms of the above operators, the flow is described by the following expressions1

∂ logZ`
∂`1

=

〈∫
d2σ JT̄

∣∣
`1

〉
Z`

, (1.4)

∂ logZ`
∂`2

= −
〈∫

d2σ T J̄
∣∣
`2

〉
Z`

, (1.5)

with Z`i denoting the partition function and `i parameters of length dimension one

parametrizing the curve throughout the space of theories. Note that we are making ex-

plicit the ` dependence on both sides of (1.4) and (1.5), emphasizing the recursive nature

of the flow and its non-linear dependence on the deformation parameter. We will drop this

excessive notation in the rest of the paper.

This flow was first introduced in [3], where the deformed spectrum was obtained for a

certain set of theories with vanishing U(1) level. The more general case have been worked

out in [13], together with an explicit construction of a holographic realization of the flow

involving an AdS bulk with mixed boundary conditions for the metric and Chern-Simons

gauge fields.

A closely related flow, now driven by a single trace version of the T T̄ operator, have

been firstly proposed in [14]. They ingeniously recast it as a marginal deformation of

a suitable string worldsheet theory. These ideas have been further developed in [15–

17]. Generalizations of these flows involving also JT̄ and T J̄ operators were worked out

in [18, 23, 24].

Moreover, the deformed energy levels for a general combination of JT̄ , T J̄ and T T̄ flows

(either the single or double trace version) were recently obtained in [19–22]. Additionally,

some generic flows have been worked out using light-cone quantization [25]. It has also

been shown to be the unique class of flows satisfying modular covariance and some other

properties in [26], using methods similar to [27].

The similarity to the T T̄ deformation motivates us to seek a similar geometrical in-

terpretation of the JT̄ and T J̄ flows. We require the following of our proposal. At the

classical level, it should lead to a well-defined procedure to derive the deformed classical

action by means of coordinate and gauge transformations. We expect to write down a

kernel as a topological action for random spacetime metrics and gauge fields. Finally, it

should naturally lead to a well defined prescription for constructing the quantum partition

function, encoding physically relevant properties of the deformed theory such as the energy

spectrum. Our kernel does all of the above.

1The relative sign between these two equations cancels the relative sign between (1.1), (1.2), and makes

subsequent expressions easier to write. The JT̄ + T J̄ flow, in our conventions, is `1 < 0, `2 > 0.

– 2 –
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1.1 Summary of results

Here we list the main results of this paper.

• By closely following the arguments developed for T T̄ deformations [7, 8], we capture

the effects of the JT̄ and T J̄ deformations by coupling the seed theory to topological

gauge and gravitational degrees of freedom. In fact, we can easily incorporate a

joint flow with T T̄ , and via a suitable limit of the parameters, even reproduce the

JJ̄ deformation.

To do so, we first write the partition function of the undeformed theory as Z0[ea, A, Ã].

This is a functional of the background spacetime metric (written in terms of the first

order formalism vielbeins eaµ) and background gauge fields Aµ and Ãµ which couple

to the U(1) currents of the seed theory.

We obtain the partition function of the deformed theory living on a spacetime with

metric vielbeins faµ and background gauge fields Bµ and B̃µ via the following path in-

tegral

Z`[f
a, B, B̃] =

∫
DeaµDY

a

vol(diff)

DAµDα

vol(G)

DÃµDα̃

vol(G̃)
e−SK [fa,B,B̃,ea,Y a,A,Ã,α,α̃]Z0[ea, A, Ã]

(1.6)

where the kernel’s action is given by

SK =
1

`1

∫
d2σεµν ña(f

a
µ + ∂µY

a − eaµ)(Bν + ∂να−Aν)

+
1

`2

∫
d2σεµνna(f

a
µ + ∂µY

a − eaµ)(B̃ν + ∂να̃− Ãν)

− γ
∫
d2σ εµν (Bµ + ∂µα−Aµ)

(
Bν + ∂να̃− Ãν

)
. (1.7)

Note that n, ñ have switched places; this is because of the off-diagonal decomposition

of identity in (1.3). Here, γ is related to the deformation parameter λ of the T T̄

deformation as

λ = γ`1`2. (1.8)

First off, readers might object to this being called a kernel, as it is not quite of

the schematic form f`(x) =
∫
dyK(x, y)f0(y). Instead, there are extra integrations

over the fields Y a, α and α̃. The purpose of these additional integrals is to impose

important constraints on the range of integration for our kernel. From our path

integral perspective, these constraints lie at the heart of the solubility of these flows.

It is helpful to introduce the distinction between the “target” space, where the de-

formed theory lives, and the “base” space on which the undeformed theory is defined.

The base space is parametrized by the coordinates σµ. We thus say the faµ denote

target space vielbeins, which will be taken as flat throughout all this work. Similarly,

Bµ and B̃µ denote background gauge fluxes defined in target space. The fundamental

purpose of the kernel is to establish a map between base and target space variables.2

2By “flat”, we mean dfa = 0. We will see a proper treatment of diffeomorphism invariance in fact

requires dB = dB̃ = 0 as well. Generalisations beyond the dfa = 0 case will be considered in [37].

– 3 –



J
H
E
P
0
7
(
2
0
2
0
)
0
8
5

The additional fields carry an interesting physical interpretation. Physically, the Y a,

α and α̃ denote fluctuations around the above described target space backgrounds.

They parametrize coordinate and gauge transformations respectively. Finally, they

make the diffeomorphism and gauge invariance of the kernel manifest.

• Section 3 first tests our proposal at the classical level, i.e. the deformation given by

replacing logZ in (1.4), (1.5) by the action S. We introduce Xµ which play the role

of a “dynamical” coordinate parametrizing the target space. At this stage, B and B̃

do not play any role, and are set to 0.

To probe the classical structure of the deformed theory, we can evaluate the path

integral in (1.7) via saddle point. All fluctuating fields are set to their saddle point

configurations, in particular the Xµ. In nutshell, we rewrite the original action on

a space with coordinates Xµ. In addition, we also perform a gauge transformation

determined by the classical configuration of the fields α and α̃. This gives rise to

a well-defined geometrical procedure to obtain the exact classical deformed action

by solving an algebraic system of equations, in complete analogy with [11]. We

successfully recover the known deformed actions for the free boson and free fermion.

Further, we propose a particular modification to account for the joint JT̄ , T J̄ and

T T̄ flow and revisit the two examples discussed above.

• We compute explicitly the path integral on the torus. The T T̄ analog of this com-

putation was done in [8]. We attempt to make this rather technical calculation as

accessible as possible. We confirm the validity of our result on multiple fronts. Our

deformed partition function satisfies the torus version of the flow equation:

∂`1Z = −na∂b ∧ ∂aLZ , ∂`2Z = −ña∂b̃ ∧ ∂
a
LZ (1.9)

where Laµ and bµ, b̃µ denote respectively the lengths of the torus and the holonomies

of the background gauge fields B, B̃ that couple to J, J̃ . A similar equation was

worked out using modular properties in [26].

We have also defined Z = Z/A with A the corresponding area of the torus.

• The explicit evaluation of (1.6) for the torus provides a further stringent test because

it allows us to access the spectrum of the deformed theory. Indeed, by setting the

target space gauge fields to zero, we know the torus partition function can be written

as the sum

Z =
∑
n

e2πiτ1RPn−2πτ2REn , (1.10)

with R denoting the length of the spatial circle of the target space torus. τ1, τ2 are its

modular parameters and Pn = kn/R the quantized spatial momentum (i.e. kn ∈ Z).

– 4 –
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From (1.10), we can extract the deformed energy levels given by

En =
1

2π2k(`1 +`2)2

R−`1πQn+`2πQ̃n+2π2k(`1 +`2)(`1−`2)
kn
R

(1.11)

+

√√√√(R−`1πQn+`2πQ̃n)2−8π2k(`1 +`2)2

(
ε

(R)
0,n +kn`2

R−`1π(Qn+Q̃n)

R(`1 +`2)

)
where the ε

(R)
0,n are the (dimensionless) right-moving energies of the seed theory and

Qn(Q̃n) the charge associated to J(J̃).3 Additionally, k denotes the level of the

chiral algebra satisfied by the currents. Up to notational conventions, this agrees

with the spectrum in the existing literature, obtained via very different approaches.

Moreover, we can similarly compute the spectrum along the joint flow of JT̄ and T T̄ ,

again finding precise agreement with previous results.

• Not only does the torus path integral localize to a finite-dimensional one, it is further-

more one-loop exact. This means the exact integral can be computed from its saddle

point approximation, even though it is not Gaussian. From the path integral point

of view, this provides a further understanding for the solubility of the JT̄ and T J̄

flow. Our kernel shares this remarkable property with its T T̄ predecessor [8]. More

importantly, we extract from the saddle-point equation important physical intuition

and make contact with previous definitions of “chiral” charge appearing in [13, 18].

Note added. Similar aspects of these flows are also considered in [39]. We thank the

authors for kind correspondence on this matter.

2 An introduction to the kernel

The main proposal of this paper is that a joint flow under T T̄ , T J̄ and JT̄ is implemented

by the path integral

Z`1,`2,γ [f,B, B̃] =

∫
DeaµDY

a

vol(diff)

DAµDα

vol(G)

DÃµDα̃

vol(G̃)
e−SK [fa,B,B̃,ea,Y a,A,Ã,α,α̃]Z0[ea, A, Ã]

(2.1)

where

SK =
1

`1

∫
d2σεµν ña(f

a
µ + ∂µY

a − eaµ)(Bν + ∂να−Aν)

+
1

`2

∫
d2σεµνna(f

a
µ + ∂µY

a − eaµ)(B̃ν + ∂να̃− Ãν)

− γ
∫
d2σ εµν (Bµ + ∂µα−Aµ)

(
Bν + ∂να̃− Ãν

)
.

3We have tried to adhere as closely as possible to conventional notation. There are unfortunately too

many R’s in this business: the one in the superscript denotes “right moving”. Otherwise, it is the length

of the spatial cycle of the torus.

– 5 –
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and

∂[µf
a
ν] = ∂[µBν] = ∂[µB̃ν] = 0.

The purpose of this section is to introduce some important properties of this kernel. Along

the way, we will carefully define the various quantities appearing in it.

Before delving into the full story, we need to list a few choices that complete the

definition of this theory.

1. All fields that appear in (2.1) are ‘single-valued.’ On the torus, this actually means

single-valued. On non-compact spaces, this means that it vanishes at the boundary.

Either way, integration by parts in terms of these objects never generates bound-

ary terms.

2. We impose the interpretation Y a = faµξ
µ, where ξµ is a single-valued vector field; the

motivation for this is elucidated later in this section, and this interpretation will be

crucial in doing the path integral.

3. On a related note, we require α, α̃ to be valued in the respective gauge groups.

The relation between these requirements on α, α̃ and Y should become clear as this

section progresses.

4. On the torus, the gauge group volumes are only volumes of the groups of gauge

transformations continuously connected to the identity. This is intimately linked

with the single-valuedness of the fields, in a way that will be explained in section 4.

We can now move on to discussing more interesting qualitative questions.

The first important fact to notice about this theory is key to its topological nature

and underlies the factorisation of the bi-linear operators that define the flows. The fields

Y a, α, α̃ act as Lagrange multipliers setting the curvatures of the fixed and dynamical gauge

fields to coincide:

∂[µ(f − e)aν] = ∂[µ(B −A)ν] = ∂[µ(B̃ − Ã)ν] = 0. (2.2)

Together with the conditions that have been imposed on the external fields f,B, B̃, this

implies the path integral runs only over flat vielbeins and gauge fields. The full path

integral (2.1) therefore reduces to integral only over global modes of the vielbeins and

gauge fields. We can parametrize the global modes of the vielbeins as overall scale, a

uniform tangent-space rotation, and the torus moduli [8]. The holonomies around the

non-trivial cylces of the torus play the analogous role for the gauge fields.

There are two useful pictures to keep in mind when parsing the meaning of this path

integral. In the first, we simply view the kernel as arising from some complicated action

with sources f,B, B̃ for the currents T, J, J̃ . Because these are conserved currents, these

background sources have special names: the vielbeins of the manifold and the background

gauge fields, respectively. This is an unreasonably hard-nosed view. Of course, whatever

words we associate with the kernel, they must be compatible with this picture.

– 6 –
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A more intuitive picture arises by noticing that one of the dynamical variables is yet

another set of vielbeins ea. These can be thought of as defining the metric on a secondary

manifold on which the seed theory lives. We call the original, non-dynamical, manifold on

which the deformed theory lives the target space and this new “dynamical” manifold on

which the seed theory lives the base space. Nice as this picture is, it raises an important

question. If there are two manifolds, there should exist two sets of diffeomorphisms, and

similarly two sets of U(1) transformations.

These two sets of transformations have different interpretations. Invariance under

U(1) transformations and diffeomorphisms of the non-dynamical target space fields encodes

the conservation of the deformed currents. This is nothing new: invariance under such

background field transformations always has this interpretation in QFT. As for the base

space, invariance under U(1) transformations of the fields living here is a genuine gauge-

invariance. The conservation of the seed currents is a necessary condition for this U(1)

symmetry to be gauged. The same holds for base space diffeomorphism-invariance.

Let us see how the kernel encodes these transformations. We begin first with the

U(1)’s. The action in (1.7) is readily seen to be invariant under a base space U(1) gauge

transformation of the form

δgAµ = ∂µg

δgα = g

δgZ0 = 0, (2.3)

and a target space transformation of the form

δB = dgTS

δα = −gTS . (2.4)

The exact same transformation rules, with tilded quantities instead, describes the other

U(1). α, α̃ play the role of compensator fields. They transform linearly under these sym-

metries. They parametrize the difference in U(1) frames between the two manifolds. More

plainly, these transformations suggest that moving any charged field from the base to the

target space requires a gauge transformation with the parameter α, α̃. This underpins the

construction of classical actions in section 3.

We now turn to diffeomorphisms. These are more subtle. The action is manifestly

invariant under base space diffeomorphisms, if all the fields transform under the usual rules

compatible with a reparametrization of the coordinates σµ. This includes a transformation

of the background sources fa → f ′a, B → B′ and B̃ → B̃′. On the face of it, this would

naively give Z[f ′a, B′, B̃′]. What we need to show is that Z[f ′a, B′B̃′] = Z[fa, B, B̃]. This

is tantamount to target space diffeomorphism invariance, whose infinitesimal version is just

the conservation of the deformed stress tensor.

Under these target space diffeomorphisms, our fields transform as

δfaµ = (Lξfa)µ = ξν∂νf
a
µ + (∂νξ

ν)faµ

δY a = −ξµfaµ
δBµ = (LξB)µ. (2.5)

– 7 –
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However, invariance still does not follow straightforwardly. To show this, we focus

only on the term proportional to `1 — the other terms are similar and follow the same

argument. Resorting to form language so as to avoid a proliferation of indices, we find that

this part of the action transforms as

δξS`1 =
1

`1

∫
naiξdf

a ∧ (B + dα−A) + na(f + dY − e)a ∧ (iξdB + diξB)

=
1

`1

∫
naiξdf

a ∧ (B + dα−A) + naiξB(df − de)a + na(f + dY − e)a ∧ iξdB

dfa=dB=0−−−−−−−→ 0. (2.6)

Here, we have used the fact that Y a imposes ∂[µ(f − e)aν] = 0.4 What we have found is

that (2.5) is a symmetry if and only if

∂[µf
a
ν] = ∂[µBν] = ∂[µB̃ν] = 0. (2.7)

In other words, the target space manifold and background gauge fields must be flat. This

restriction reflects the kernel we are using necessitates additional terms to accommodate

non-zero curvature of the frame-field and gauge connections.5

Restricting our attention to the case where (2.7) hold, (2.6) shows the Y ’s act as

compensator fields for target space diffeomorphisms. Paralleling the U(1) discussion, we

conclude the Y s parametrize the difference in space-time frames. We may therefore define

target space coordinates as

Xµ = σµ + fµa Y
a. (2.8)

In these coordinates, the target space vielbein is

(X∗f)aµ = ∂µX
a = faµ + ∂µY

a, Xa ≡ faµXµ. (2.9)

This follows the notation used in [8]. Our interpretation of the Y a’s as compensator fields

for diffeomorphism originally provided the backbone for deriving deformed classical actions

in [11]. Further, the interpretation (2.8) is actually necessary for a proper definition of the

path integral. It will inform our treatment of an important zero-mode in section 4.

2.1 An intuitive derivation of the kernel from an infinitesimal analysis

Having discussed at length the various symmetries and redundancies of the kernel, we

provide further intuition via a derivation along the lines of [5]. We will only explicitly

write equations for the `1 flow. All other terms behave similarly. The reader should

envision all the below manipulations are happening for all three sectors at once.

The analysis begins by solving the flow equation (1.4) to first order in δ`1. We use

the fact the currents can be thought of as the response to a change in the corresponding

4We have also integrated by parts. Single-valuedness of the fields, along with dfa = dB = dB̃ = 0,

allows us to discard the boundary terms that arise.
5The generalisation, in the pure T T̄ case, to curved target spaces will be discussed in [37]. The gener-

alisation to non-flat target space gauge fields is currently being explored.
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background field,6

〈Tµa (σ)〉 =
1

det f

δ

δfaµ(σ)
logZ[f,B]

〈Jµ(σ)〉 =
1

det f

δ

δBµ(σ)
logZ[f,B] (2.10)

to write the formal expression

Z`1+δ`1 [f,B] = e
−δ`1

∫
d2σεµνna

δ
δBµ(σ)

δ
δfaν (σ)Z`1 [f,B]. (2.11)

This expression, while intuitively appealing, is not entirely well-defined, because of the two

coincident functional derivatives.

[5] therefore suggested performing a Hubbard-Stratonovich transformation leading in-

stead to

Z`1+δ`1 [f,B] =

∫
DδeDδA e

− 1
δ`1

∫
d2σεµνnaδeaµ(σ)δAν(σ)

Z`1 [f − δe,B − δA]. (2.12)

The crucial step here was to absorb the linear terms generated by the Hubbard-Stratonovich

into a change in the partition function. An infinitesimal step along the flow translates

to an integral over small fluctuations of the vielbeins and gauge fields relating base and

target space variables. Comparing with our kernel, we can identify f = ebase + δe an

B = Abase + δA.

There is as yet no hint of the compensator fields Y a, α and α̃. Conversely, there is no

division by the volume of gauge transformations and diffeomorphisms. We can incorporate

them into this analysis by noting the integral (2.12) is Gaussian. Its value is therefore

entirely controlled by the saddle point,

δA∗µ = δ`1εµνn
aT νa

naδe
a
∗µ = −δ`1εµνnaJν . (2.13)

These saddle points have the special property that

∂[µδA∗ν] = ∂[µδe
a
∗ν] = 0. (2.14)

Because the integral is Gaussian and therefore completely controlled by the saddle point,

we may as well restrict our integration to variations satisfying (2.14). We add Lagrange

multipliers imposing them as constraints. Being linear in the fields, these constraints do

not affect the fluctuation determinant around the saddle either. This leads to

Z`1+δ`1 [f,B] =

∫
DδeDY DδADα e

− 1
δ`1

∫
εµνna(δeaµδAν−α∂µδeaν−Y a∂µδAν)

Z`1 [f − δe,B− δA],

(2.15)

which is clearly the infinitesimal version of (1.7). To be clear, some choices have been made

here in the normalisation of the Lagrange multipliers.

Finally, we note this object now exhibits gauge-invariance under both diffeomorphisms

and U(1) transformations. Therefore, we should divide by the volume of those groups.

6det f =
√
g; since we shall be concerned with flat manifolds with Cartesian coordinates throughout, we

will drop this factor subsequently.
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3 Deformed classical action from the kernel

In this section, we use the classical limit of the kernel (1.7) to derive the classical action of

the deformed theory on R2. This derivation follows from the interpretation, motivated in

section 2, that the α, α̃, Y fields parametrize the difference between the coordinate systems

and U(1) frames of the target and base spaces. We use the equations of motion derived

from the action. This gives us the saddle-point values of these fields. We then perform the

corresponding U(1) and coordinate transformations on the fields of the seed theory, and

evaluate the full action in terms of these transformed fields.

We begin with a review of the procedure in the case of the T T̄ deformation, and then

move on to our new case of interest.

3.1 Review of the T T̄ case

Since this section’s line of reasoning closely parallels that used for the T T̄ deformation, we

briefly review the relevant arguments. We will be very schematic; a detailed explanation

can be found in [11], but the idea originates in [9, 10].

The path integral version of a T T̄ -deformed theory [7, 8] closely resembles our path

integral. The difference lies primarily in the fact their integral runs only over the vielbeins

e and the diffeomorphism compensators Y a, with action

ST T̄K = − 1

2λ

∫
d2σεµνεab(∂µX

a − eaµ)(∂νX
b − ebν) . (3.1)

Once evaluated on-shell, this takes the form of the T T̄ operator.7 λ is a dimensionful

coupling with dimensions of (length)2. It parametrizes the T T̄ flow. Integrating by parts,

it is easy to check the fields Xa ensure the flatness condition εµν∂µe
a
ν = 0, or in form

language dea = 0.

The saddle-point equations that follow from the action (3.1) read

∂µX
a = eaµ + λεµνε

abT νb [φ(σ)], (3.2)

with φ(σ) the fields of the seed theory. These equations are linear in X. In principle, this

is the solution for X in terms of φ(σ). This is however not the form we are after. Since we

want to perform coordinate transformations on the fields,

φ(σ) = X∗φ̃(X), (3.3)

where X∗ is shorthand for any tensor transformations the field must undergo,8 it is rather

cumbersome to have the coordinate transformation written in terms of the base space field

φ. Instead, we rewrite the base space stress tensor in terms of the target space field φ̃(X)

to find

∂µX
a = eaµ + λεµνε

abT νb [X∗φ̃(X)], (3.4)

7This kernel action needs of course be supplemented by the original action of the seed S0, when deriving

the equations of motion for e.
8Despite this notation being inspired by a pullback, we emphasise that this expression is not a pullback.
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where X∗φ̃(X) is the base space field written in terms of the target space fields. In principle,

the l.h.s. involves Xa while the r.h.s. involves Xµ. These are related as in (2.9). We take

the special case of R2, where the vielbein relating them is

faµ = δaµ, (3.5)

and so they effectively coincide.

We can write the deformed classical action as the sum of the original action and the

kernel action, reformulated as living on the target space

Sλ[φ̃(X)] =

∫
d2X

det(∂µX)

{
L0[e,X∗φ̃(X)] + LT T̄K [e, ∂σX · ∂X{X∗φ̃(X)}, X∗φ̃(X)]

}
. (3.6)

[9, 11] only considered the cases where φ(σ) = φ̃(X), so that the “X∗” acted as identity.

We will similarly restrict to these cases.

3.2 Generalization to JT̄ , T J̄ and T T̄ deformations

Generalizing the above arguments to our case of interest is surprisingly straightforward.

Consider a CFT whose action S0 gives rise to two (or at least one) U(1) symmetries. Denote

by Jµ and J̃µ the associated Noether currents. Following the steps reviewed above for the

T T̄ case, we gauge both spacetime and U(1) symmetries by coupling them to “dynamical”

vielbein eaµ and gauge fields Aµ and Ãµ. This promotes the action

S0[φ]→ S0[φ, eaµ, Aν , Ãµ] , (3.7)

where φ collectively denotes the original matter fields in the seed CFT.

For JT̄ and T J̄ , the kernel action for B = B̃ = 0 and similarly faµ = δaµ is

SK =
1

`1

∫
d2σεµν ña(∂µX

a − eaµ)(∂να−Aν) +
1

`2

∫
d2σεµνna(∂µX

a − eaµ)(∂να̃− Ãν) .

− γ
∫
εµν(∂µα−Aµ)(∂να̃− Ãν). (3.8)

We take n, ñ to be normalized “light-like” vectors, that is

n · n = ñ · ñ = 0 , n · ñ = 1 . (3.9)

σµ again denote the base space coordinates. The total action for all the fields thus becomes

S = SK [Xa, eaµ, Aµ, Ãµ, α, α̃] + S0[φ, eaµ, Aµ, Ãµ] . (3.10)

We have already noted that α, α̃ play the role of Lagrange multipliers imposing the con-

straints εµν∂µe
a
ν = 0. (3.8) shows the combinations ñ ·X and n ·X also act as Lagrange

multipliers. They, in turn, enforce the vanishing field strengths for Aµ and Ãµ, respectively.

The equations of motion obtained by varying (3.10) w.r.t. the gauge fields and the

vielbein are

∂µα−Aµ = `1 εµνn
aT νa

∂µα̃− Ãµ = `2 εµν ñ
aT νa

ña(∂µX
a − eaµ) = −`1 εµνJν − γ`1`2εµν ñaT νa

na(∂µX
a − eaµ) = −`2 εµν J̃ν + γ`1`2εµνn

aT νa . (3.11)
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We wish to obtain the classical Lagrangian for the theory defined on the plane.9 In

order to solve (3.11), we choose a gauge such that

eaµ = δaµ , (3.12)

Aµ = Ãµ = 0 ,

consistent with the constraints imposed by the Xa, α and α̃ fields.

Now, to find the deformed action, we need to solve the system of equations (3.11). As

in the T T̄ case, they look entirely linear in X,α, α̃, as long as the fields are thought of as

living on the base space coordinates and base space U(1) frame. However, we are interested

in the solutions in terms of fields living on the target space coordinates and U(1) frame,

φ(σ) = X∗φ̃(X)|α. (3.13)

Here, the right hand side is the base space field written in terms of target space coordinates

X and U(1) transformed by the amounts α, α̃. In terms of this φ̃, the stress tensor and

the currents depend non-trivially on X,α, α̃, and the equation is suitably non-linear. As

the transformed quantities depend on α and α̃, (3.11) is a system of 8 equations for 8

variables. The 8 variables are the 2 × 2 “gauge matrices” (∂σµα, ∂σµα̃) and the Jacobian

∂σµX
a. These can be solved for algebraically.

To derive the classical deformed action in our case, we need simply to evaluate the

action (3.10) on shell in terms of the gauge transformed fields living on the target space

coordinates X:

Sdef =

∫
d2X

det(∂σX)

(
S0 − `1εµνnaJµT νa − `2εµν ñaJ̃µT νa − γ`1`2

[
εabεµνT

µ
a T

ν
b

])∣∣∣
α

[σ(X)] .

(3.14)

To see this all in action, we apply our formalism to several concrete examples in the

following section.

3.3 Some examples of JT̄ + J̄T deformations

In this section, we show how the steps outlined in the previous section work for the special

case of γ = 0. We will work in complex coordinates on both manifolds, for the both space-

time and target/tangent space10 coordinates. Complex target space coordinates will be

denoted by zµ ∈ (z, z̄) whereas we use complex coordinates wµ ∈ (w, w̄) for the base space.

The coordinates are normalised so that

gzz̄ = gww̄ =
1

2
. (3.15)

9The subsequent gauge choice would need to be modified for spaces with non-trivial cycles, where we

cannot globally choose the connection to vanish.
10Recall the discussion around (3.5), which explains why these two a priori different spaces are effectively

identified because of the simplicity of f .
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The flat space vielbein is gauge-fixed to be diagonal, i.e. its non-zero components are

ezw = ez̄w̄ = 1. In this coordinates, the “lightlike” vectors n and ñ are such that

nz = ñz̄ =
1√
2
, nz̄ = ñz = 0 . (3.16)

Raising the index, we find

nz = ñz̄ = 0, nz̄ = ñz =
√

2. (3.17)

Equations (3.11) now specify the 2×2 Jacobian matrix with elements ∂za

∂wµ and the

“gauge matrices” (∂wµα, ∂wµα̃) in terms of the currents and the stress-energy tensor defined

w.r.t. the base space variables (w, w̄). More specifically,

∂z

∂w
= 1− 2

√
2`2J̃

g
w,

∂z

∂w̄
= 2
√

2`2J̃
g
w̄

∂z̄

∂w
= −2

√
2`1J

g
w,

∂z̄

∂w̄
= 1 + 2

√
2`1J

g
w̄ (3.18)

∂wα = 2
√

2`1T
g
ww̄, ∂w̄α = −2

√
2`1T

g
w̄w̄

∂wα̃ = 2
√

2`2T
g
ww, ∂w̄α̃ = −2

√
2`2T

g
w̄w

These factors of
√

2 can be absorbed into a redefinition of `1, `2,

2
√

2`i → `i, (3.19)

which we will do henceforth. This redefinition is concomitant with the fact that, in this

coordinate system,

εµνn
aJµT νa = −2

√
2(JT̄ − J̄Tww̄), εµν ñ

aJ̃µT νa = 2
√

2( ¯̃JT − J̃Tww̄). (3.20)

We now consider two particular theories, where we have concrete expressions for the stress-

energy tensor and U(1) currents.

3.3.1 Free scalar

As a first check for the proposal, we apply our formalism to free scalar with undeformed

action

L0 = ∂wφ∂w̄φ . (3.21)

By considering a real compact boson, the above theory possesses a U(1) symmetry consist-

ing of constant shifts in field space

U(1) : φ→ φ+ constant , (3.22)

with associated Noether current

J = −∂wφ , J̄ = −∂w̄φ . (3.23)

Note that both components of the current are conserved independently, when imposing

the equations of motion of the undeformed theory. They could be taken as independent
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holomorphic and antiholomorphic currents. However, this cease to be true when the de-

formation is turned on. We could identify this current with either J or J̃ in our approach.

For the sake of simplicity, we consider the case of `2 = 0. This identifies (3.23) with Jν .

As first step, we promote the global shift symmetry to a local one

φ(σ)→ φ(σ)− a(σ) , (3.24)

with a(σ) some function of the base space coordinates. Then the gauged action

S0[φ,Aµ] =

∫
dwdw̄(∂wφ+Aw)(∂w̄φ+Aw̄) , (3.25)

is invariant under a simultaneous shift (3.24) and the transformation

Aµ → Aµ + ∂µa . (3.26)

We identify the Xa and α fields with the corresponding target space coordinates and gauge

transformations respectively. This gives the following Jacobian and gauge matrices:(
∂z
∂w

∂z̄
∂w

∂z
∂w̄

∂z̄
∂w̄

)
=

(
1 `1

(
∂z
∂w (∂φ− ∂α) + ∂z̄

∂w (∂̄φ− ∂̄α)
)

0 1− `1
(
∂z
∂w̄ (∂φ− ∂α) + ∂z̄

∂w̄ (∂̄φ− ∂̄α)
))(

∂α̃
∂w

∂ᾱ
∂w

∂α̃
∂w̄

∂α
∂w̄

)
=

(
0 0

0 −`1
(
∂z
∂w̄ (∂φ− ∂α) + ∂z̄

∂w̄ (∂̄φ− ∂̄α)
)2
)

(3.27)

To make the rather abstract ideas of the general procedure as concrete as possible, we

will be very explicit in this first example. Since we want to solve for derivatives w.r.t. z, z̄,

we need to remember the chain rule in the gauge matrix above. From the resulting system,

we obtain the following solutions(
∂z
∂w

∂z̄
∂w

∂z
∂w̄

∂z̄
∂w̄

)
=

(
1 `1

∂φ
1−`1∂̄φ

0 1− `1∂̄φ

)
(3.28)

(
∂α̃ ∂ᾱ

∂̄α̃ ∂̄α

)
=

 0 `21
∂φ(∂̄φ)2

(1−`1∂̄φ)2

0 −`1 (∂̄φ)2

1−`1∂̄φ

 (3.29)

which have to be plugged into (3.14). This becomes

L =
1

det(∂wµza)

[
(∂wz(∂φ− ∂α) + ∂wz̄(∂̄φ− ∂̄α))(∂w̄z(∂φ− ∂α) + ∂w̄z̄(∂̄φ− ∂̄α))

− `1(∂wz(∂φ− ∂α) + ∂wz̄(∂̄φ− ∂̄α)(∂w̄z(∂φ− ∂α) + ∂w̄z̄(∂̄φ− ∂̄α))2
]

(3.30)

which nicely simplifies to the following Lagrangian for the deformed theory

L =
∂φ∂̄φ

1− `1∂̄φ
, (3.31)

which satisfies

∂`1L = −JTz̄z̄ + J̄Tzz̄ =
1

2
√

2
εµνn

aJµT νa . (3.32)

The factor of 2
√

2 is correct because of the redefinition of the `s in (3.19).
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Alternatively, had we taken `1 = 0 (J = 0) and deformed with `2, the result would

read

L =
∂φ∂̄φ

1 + `2∂φ
, (3.33)

now satisfying

∂`2L = J̄Tzz − JTz̄z =
1

2
√

2
εµν ñ

aJ̃µT νa . (3.34)

To see how the joint flow works, consider the gauged action of two scalar fields

S0[φ, ϕ,Aµ, Ãµ] =

∫
dwdw̄(∂wφ+Aw)(∂w̄φ+Aw̄) + (∂wϕ+ Ãw)(∂w̄ϕ+ Ãw̄) . (3.35)

The relevant equations now become(
∂z
∂w

∂z̄
∂w

∂z
∂w̄

∂z̄
∂w̄

)
=

(
1 + `2

∂za

∂w (∂aϕ− ∂aα̃) −`1 ∂z
a

∂w (∂aφ− ∂aα)

−`2 ∂z
a

∂w (∂aϕ− ∂aα̃) 1 + `1
∂za

∂w̄ (∂aφ− ∂aα)

)
(

∂α̃
∂w
∂α̃
∂w̄

)
=

(
`2
(
(∂z

a

∂w (∂aφ− ∂aα))2 + (∂z
a

∂w (∂aϕ− ∂aα̃))2
)

0

)
(3.36)(

∂α
∂w
∂α
∂w̄

)
=

(
0

−`1
(
(∂z

a

∂w̄ (∂aφ− ∂aα))2 + (∂z
a

∂w̄ (∂aϕ− ∂aα̃))2
))

The same set of steps leads to the jointly deformed action

L =
∂̄φ(∂φ− `1∂ϕ∂̄ϕ+ `2∂φ∂ϕ) + ∂̄ϕ(∂ϕ+ `1∂φ∂̄ϕ− `2(∂φ)2)

1− `1∂̄φ+ `2∂ϕ+ `1`2(∂φ∂̄ϕ− ∂̄φ∂ϕ)
. (3.37)

This Lagrangian satisfies both equations (3.32) and (3.34).

3.3.2 Free scalar + free fermion

Let us repeat the JT̄ deformation based on the current (3.23) but now in the presence

of a Dirac field (decomposed in terms of its left/right moving components). The Fermion

contributes to the deformation only through the stress-energy tensor. The undeformed

Lagrangian reads

L0 = ∂w̄φ∂wφ+ ψ̄∂w̄ψ + χ̄∂wχ . (3.38)

The Jacobian remains that of (3.27). The gauge transformation however receives new

contributions from the fermion energy-momentum tensor(
∂α
∂w
∂α
∂w̄

)
=

(
−`1 ∂z

a

∂w χ̄∂aχ

−`1
(
(∂z

a

∂w̄ (∂aφ− ∂aα))2 + ∂za

∂w̄ χ̄∂aχ
)) . (3.39)

After solving and inserting into the on-shell action, one finds the deformed Lagrangian

L =
ψ̄∂̄ψ + χ̄∂χ+ `1(∂̄φ)2

(
`1ψ̄∂̄ψ − ∂φ

)
+ ∂̄φ

(
∂φ− `1

(
2ψ̄∂̄ψ + χ̄∂χ

))(
`1∂̄φ− 1

)2 . (3.40)

As a check, this Lagrangian satisfies equation (3.32) as well.

We conclude by adding that deformations by currents associated to U(1) fermionic

phase transformations, as well as combinations of both bosonic and fermionic currents,

straightforwardly fit into the presented framework.
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3.4 Adding T T̄

We can of course follow the same procedure for the full three-parameter flow including T T̄ .

The main reason we turned this third term off in the previous section was for simplicity,

and a slight conceptual novelty.

We highlight the limits `1, `2 → 0 and γ → 0 do not commute. Non-commutativity

of the order in which one deforms the original theory was previously reported in [21].

Considering `1, `2 → 0 for finite γ, the above kernel would give a deformation of the JJ̄

type. The JJ̄ deformation is marginal and can be dealt with more traditional quantum

field theoretical tools. In this article, we will also consider the opposite order of limits.

That is, to obtain the T T̄ deformation alone, it is clear from (3.14) that we need to take

`1, `2 → 0, γ →∞, keeping γ`1`2 fixed.

We could repeat the steps of previous section to obtain the Lagrangian for the joint

JT̄ , T J̄ and T T̄ deformed theory. We spare the reader the intermediate steps, and report

instead only the starting point and final results. The computations are straightforward if

albeit tedious.

The equations for the Jacobian matrix in complex coordinates are modified to

∂z

∂w
= 1− `2

(
J̃w − γ`1Tww̄

)∣∣∣
α
,

∂z

∂w̄
= `2

(
J̃w̄ − γ`1Tw̄w̄

)∣∣∣
α
,

∂z̄

∂w
= −`1 (Jw + γ`2Tww)|α ,

∂z̄

∂w̄
= 1 + `1 (Jw̄ + γ`2Tw̄w)|α , (3.41)

while the last two lines of (3.18) remain the same. We turn to the Dirac fermion for

concreteness. Here, we have rescaled `1, `2 to capture rogue factors of 2
√

2.

3.4.1 Free fermion

The undeformed Lagrangian for a free Dirac fermion reads

L0 = ψ̄∂w̄ψ + χ̄∂wχ. (3.42)

This theory contains two U(1) currents which act independently on the ψ and χ fields as

a phase transformations: ψ → e−iαψ and χ → e−iα̃χ. The complex conjugate spinors

transform with opposite phases. The undeformed action coupled to the gauge fields is

given by,

S0[ψ, ψ̄, χ, χ̄, Aµ, Ãµ] =

∫
dwdw̄

(
ψ̄(∂w̄ +Aw̄)ψ + χ̄(∂w + Ãw)χ

)
, (3.43)

with associated currents

JL = −ψ̄ψ, J̄L = 0

JR = 0, J̄R = −χ̄χ (3.44)

Note that (JR)JL is naturally a (anti-)holomorphic current. In contrast to the example of

the compact boson, the currents associated to these symmetries transform as scalars under

the coordinate transformation and are left invariant by the U(1) transformations. This in

fact simplifies the computations. This property holds along the flow.
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We consider the deformation given by turning on both parameters `1 and `2 to arbitrary

values. This identifies JL with J and JR with J̃ .

Equations (3.41) and (3.14) jointly give

L = ψ̄∂̄ψ + χ̄∂χ+ `1ψ̄ψ(χ̄∂̄χ)− `2χ̄χ(ψ̄∂ψ)− γ`1`2
(
ψ̄∂ψχ̄∂̄χ− ψ̄∂̄ψχ̄∂χ

)
(3.45)

By identifying λ = γ`1`2, it is not difficult to check the above Lagrangian satisfies the

following joint flow equations

∂`1L = −JTz̄z̄ + J̄Tzz̄ =
1

2
√

2
εµνn

aJνTµa (3.46)

∂`2L = ¯̃JTzz − J̃Tz̄z =
1

2
√

2
εµν ñ

aJ̃νTµa (3.47)

∂λL = −TzzTz̄z̄ + Tzz̄Tz̄z =
1

8
εµνε

abTµa T
ν
b (3.48)

for any value of `1, `2. It is worth mentioning that, for the deformed theory, both the left

and right currents acquire a non-chiral and chiral components respectively, J̄L = `2ψ̄ψχ̄χ

and JR = −`1ψ̄ψχ̄χ. However, by the Grassmanian nature of the fermionic fields, both

vanish when multiplied by any component of the stress-energy tensor. Thus, they do not

appear in the flow equation. By setting different parameters to zero, we recover multiple

cases of interest. For example, setting `2 = 0 we recover the example of the Dirac fermion

under the JT̄ deformation, considered in [3]. It was also noted there the J current remained

chiral all along the flow. Taking instead γ → 0, one recovers the JT̄ + T J̄ deformation

discussed in section 3.2.

3.4.2 Free boson

We conclude our classical check of the kernel with one final example. We return to the free

massless boson and consider its T T̄ + JT̄ deformation. By choosing Jµ to be the current

associated to constant shifts of φ, as in (3.23), and setting J̃µ = 0 identically, we end up

with the following deformed Lagrangian

L =
1− `1∂̄φ−

√(
1− `1∂̄φ

)2 − 4λ∂̄φ∂φ

2λ
, (3.49)

where, again, we introduced λ = γ`1`2. The above Lagrangian nicely satisfies the flow

equations

∂`1L =
1

2
√

2
εµνn

aJµT νa (3.50)

∂λL =
1

8
εµνε

abTµa T
ν
b . (3.51)

4 The quantum partition function

We now probe our proposed kernel’s validity at the fully quantum level. To do so,

we wish to explicitly compute the path integral over base space torus geometries and
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gauge connections:

Z`1,`2 [f,B, B̃] =

∫
DeDY

vol(diff)

DADα

vol(G)

DÃDα̃

vol(G̃)
e
− 1
`1

∫
T2
BS

ña(f−e)a∧(B−A)−αñadea+ñaY adA

× e
− 1
`2

∫
T2
BS

na(f−e)a∧(B̃−Ã)−α̃nadea+naY adÃ

× e
γ
∫
T2
BS

(B−A)∧(B̃−Ã)+αdÃ−α̃dA
Z0[e,A, Ã], (4.1)

where in the above expression we have imposed (2.7) and rewritten the action after having

performed an integration by parts to make manifest the constraints imposed by the Y a

and α, α̃ integrals.

First of all, we introduce the arbitrary length scale s which determines the integration

domain of base space coordinates σµ, i.e. s =
∫
dσ1 =

∫
dσ2. Of course, at the end of the

computation, nothing will depend on the particular choice of s. Nonetheless, it turns out

to be useful to keep track of dimensions.

We take the target space fields to be

faµ =
1

s
Laµ , Bµ =

1

s
bµ , B̃µ =

1

s
b̃µ. (4.2)

These are the natural choices given that they need to be flat. The Las naturally parametrize

the size and orientation of the two cycles of the torus, and the b, b̃ are the holonomies.

In the pure T T̄ case, [8] found their path integral over gravitational degrees of freedom

localized to an integral solely over global modes. We find that both the gravitational and

the gauge degrees of freedom localize similarly in our case. We follow [8] closely.

Before delving into technical details, let us outline the three main steps in our compu-

tation.

• The first is standard: we need to avoid overcounting diffeomorphism and U(1) gauge

equivalent configurations. For diffeomorphisms, we accomplish this by writing a

general vielbein in terms of a Weyl rescaling, a local Lorentz transformation (an

SO(2) rotation in our Euclidean setup) and a diffeomorphism of some fixed reference

vielbein: ea(σ) =
(
eΩ(σ)

(
eεφ(σ)

)a
b
êb
)ξ

. The change of variables from e to Ω, φ and

ξ is accompanied by an important Jacobian, the (diffeomorphism) Fadeev-Popov

determinant. We can import the result of [8] here. Similarly, we can decompose the

gauge field as

A = AH+dg(σ)+?dχ(σ) = (AH,µ+∂µg+gµνε
νρ∂ρχ)dσµ, dAH = ?dAH = 0, (4.3)

where the gauge-invariant AH encode the holonomies as

AH =
1

s
hµdσ

µ,

∮
AH,1dσ

1 = h1,

∮
AH,2dσ

2 = h2. (4.4)

The Jacobian for change of variables from A to AH , g and χ gives the other U(1)

Fadeev-Popov determinant. The same obviously holds for Ã.
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• The second step will be to understand precisely the constraints arising from the

integrals over the Y ’s and α, α̃. Beyond their important role in localizing the path

integral to minisuperspace, we determine the additional functional determinants they

contribute to the path integral.

• Finally, we will need to treat field zero modes with great care. [8] already showed how

the zero-mode integral for the Y a gave an important factor of the area of the target

space torus. We will find that the range of integration for the analogous holonomies

of the gauge fields A, Ã has equally important consequences.

4.1 A note on the gauge symmetries

Before we begin the main computation, we need to elucidate a slightly subtle point about

the diffeomorphism and U(1) gauge symmetries. We will find that these two gauge symme-

tries consist of only those transformations connected to the identity. This has an important

impact on the range of integration for the moduli and holonomies.

First, consider the U(1) gauge symmetry of A, whose transformations are given by (2.3),

reproduced here for readability,

δAµ = ∂µg, δα = g. (4.5)

The important thing is that the symmetry depends on the ability to absorb the gauge trans-

formation into α. We stress this point because α is single-valued on the torus. Therefore,

this is a symmetry iff g is also single-valued.

Now, consider the gauge field configuration

Aµdσ
µ =

2π

q

dσ1

s
= d

(
2π

q

σ1

s

)
, (4.6)

where q is the unit of fundamental U(1) charge and serves as the inverse radius of the

U(1) ∼= S1. In usual U(1) gauge theories, since the gauge group is compact, the condition

on the gauge transformations is

eiq g(s) = eiq g(0). (4.7)

Because of this, g itself need not be single-valued,

eiq g(s) = eiq g(0) ⇒ g(s)− g(0) ∈ 2π

q
Z. (4.8)

With this condition, the gauge field configuration in (4.6) is gauge-equivalent to 0, and

therefore the holonomies are compact — as they should be, given the compactness of the

gauge group. However, in our case, we have

g(s) = g(0) ⇒ A =
2π

q

dσ1

s
6∼ A = 0 ⇒

∮
A ∈ R. (4.9)

In other words, the restriction to gauge transformations connected to the identity cause

the holonomies to be valued not in the group itself but in its universal cover — which is R
for U(1). The story for the other U(1) is of course identical.

The analogous restriction on the diffeomorphisms imply the moduli τ are valued not

in the fundamental domain but in the entire upper half plane; see [8] for a more de-

tailed discussion.
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4.2 Path integral measures and Fadeev-Popov determinants

We finally begin our computation, focusing on relevant path integral “measures”.11 Our

discussion parallels Polchinski’s original computation of the Polyakov string torus path

integral [38].

For an n-dimensional manifold with coordinates xi, the invariant measure is

dnx
√
g(x), where ds2 = gij(x)dxidxj ; (4.10)

in other words, the measure depends on gij , which in turn can be defined through the

inner product on small variations of the coordinates. In infinite dimensions, we cannot be

so explicit. Rather, we define it implicitly via fixing the value of a Gaussian path integral.

The first step therefore requires defining an inner product on infinitesimal variations of the

fields living in the tangent space at a given point on the field space manifold. We choose

(δe, δe)e = s−2

∫
δea ∧ ?δea = s−2

∫
(det e)δeaµδe

µ
ad

2σ

(δY, δY )e = s−2

∫
δY a ∧ ?δY a = s−2

∫
(det e)δY aδYad

2σ

(δA, δA)e = s−2

∫
δA ∧ ?δA = s−2

∫
(det e)δAµδA

µd2σ

(δα, δα)e = s−2

∫
δα ∧ ?δα = s−2

∫
(det e)δαδαd2σ . (4.11)

The factors of s have been arbitrarily inserted so that the ‘field-space metric’ is dimen-

sionless. In other words, it is an arbitrary length scale chosen to cancel the factors of

length arising from the integration measure d2σ. These inner-products are diffeomorphism

invariant and depend on the base space metric variables in the form of the vielbeins eaµ
used to raise and lower indices. In particular, this implies that the path integral measure

for the vielbeins will be non-linear. We have not explicitly written the inner products for

Ã and α̃, since they are the same as the last two equations in (4.11).

Denoting by Ψ whatever field we are interested in, we then implicitly define the measure

at a given point in field space by requiring∫
DδΨe−

1
2

(δΨ,δΨ) = 1 (4.12)

To compare with the familiar finite dimensional case, this would give:

∫
Dδxe−

1
2
g(x)ijδx

iδxi =

√
πn

det(g(x))
= 1 (4.13)

which would define the measure Dx =

√
det(g(x))

πn dnx .

11Obviously, there is no sense in which we may hope to truly define the path integral measures. Instead,

we are simply making explicit our bookkeeping.
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In the infinite-dimensional case, we can absorb factors such as π via local counterterms,

so those will not be of much importance [38].12 This might all seem overkill at first sight. In

fact, it greatly simplifies the computation of the Fadeev-Popov determinants and informs

our treatment of the zero-modes.

4.2.1 Measures and Fadeev-Popov determinant for the U(1) gauge fields

In this subsection, we will calculate the Faddeev-Popov determinants needed to address

the gauge-invariance of the path integral.

The Hodge decomposition theorem guarantees we can decompose any one-form A as

A = AH + dg(σ) + ?dχ(σ) = (AH,µ + ∂µg + gµνε
νρ∂ρχ)dσµ, dAH = ?dAH = 0. (4.14)

Here, we are taking g, χ to contain no constant pieces (zero-modes), since those would not

contribute to A. All zero-modes of A are contained in AH . These encode the holonomies

and can be written in terms of them as

AH =
1

s
hµdσ

µ,

∮
AH,1dσ

1 = h1,

∮
AH,2dσ

2 = h2. (4.15)

For reasons discussed in section 4.1, the holonomies take values in the universal cover of

U(1), i.e. the full real line R.

We find the Jacobian for this change of variables via

1 =

∫
DδAe−

1
2

(δA,δA) = JU(1)

∫
DδAHDδg

′Dδχ′e−
1
2

(δA,δA) (4.16)

where we need to express (δA, δA) in terms of δAH , δg
′ and δχ′ in the last equality. Straight-

forward algebra gives

(δA, δA) = (δg,−�δg) + (δχ,−�δχ) +
1

s2

∫
(det e)δAH,µδA

µ
H , (4.17)

from which we conclude

DA =

(
D′gD′χ

′
det(−�)

)
DAH , (4.18)

with the various measures defined using the inner products appearing in (4.17). The primes

denote exclusion of zero-modes. Note the dependence on the base space vielbeins via the

functional determinant of the Laplacian δabeµaeνb∇µ∇ν = �.

g in (4.14) really paramterizes the pure-gauge direction in A. We have already shown

the kernel is gauge-invariant. Hence, it does not depend on g. We therefore can pull it out

of the rest of the integral and need simply evaluate the ratio∫
Dg′

vol(G)
. (4.19)

12We will need to be more careful when restricting an integral to non-zero modes, as the above statement

about local counter-terms no longer holds. We will have to keep track of those (as we will see in expressions

like det′(2π), where ′ denotes exclusion of zero modes).
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This ratio is not quite unity, because of the exclusion of zero modes in the numerator.

Indeed, vol(G) =
∫
Dg =

∫
Dḡ
∫
Dg′ where we split up a general group element g into a

sum of zero- and non-zero-mode pieces

g = ḡ + g′ , dḡ = 0 , (δg′, δḡ) = 0 , (4.20)

the zero-mode piece ḡ is compact because of the compactness of the group U(1)

ḡ ∈
[
0,

2π

q

)
, (4.21)

and the inner product decomposes nicely as

(δg, δg) = (δḡ, δḡ) + (δg′, δg′), (4.22)

which shows the zero mode and non-zero mode pieces are orthogonal realtive to the inner

product. Using these two facts we have that∫
Dg =

∫
Dḡ

∫
Dg′

=

√
Ā
s

∫
dḡ

∫
Dg′

=

√
Ā
s

2π

q

∫
Dg′, (4.23)

Ā denotes, as in [8] the proper area of the base space torus. This gives us the explicit ratio:∫
Dg′

vol(G)
=

s√
Ā

q

2π
. (4.24)

Of course, all the above steps are identical for the second gauge field Ã and the quotient

by vol(G̃).

4.2.2 Measures and Fadeev-Popov determinant for the vielbeins

This section is short. All the hard work has already been done in [8] and we can straight-

forwardly import their results.

To be precise, recall that any vielbein ea on the torus may be written as

ea =
(
eΩeφε

a
b êb(τ)

)ξ
, (4.25)

where (. . . )ξ means a finite diffeomorphism generated by the vector field ξ and the canonical

unit-torus veilbeins êa are given by

ê1(τ ′) = dσ1 + τ ′1dσ
2, ê2(τ ′) = τ ′2dσ

2. (4.26)

The decomposition of the measure in this case is more involved. In fact, we will only

need the Jacobian satisfying the constraints imposed by the Lagrange multipliers. On that
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constraint surface, we will see all non-zero modes of the vielbeins vanish. We quote the

answer [8] found for later convenience:

De = Dξ′DΩDφd2τ ′Jdiffs
constraints

= Dξ′DΩDφd2τ ′
Ā

s2(τ ′)2
2

′
det(−�). (4.27)

Note that in this decomposition we have also excluded ξ zero-modes, as these do not

change the vielbein and would render our paramterization redundant (see [38] for more

details). Since our kernel respects base space diffeomorphism invariance, the Dξ′ similarly

decouples. As for the U(1)’s, we again need to be careful about the ratio
∫
Dξ′/vol(diff),

which was also found in [8] ∫
D′ξ

vol(diff)
=

s2

Ā2
. (4.28)

This completes our necessary list of ingredients to proceed to the constraint integrals.

4.2.3 The constraint integrals

The next step is to perform the integrals over the compensator fields α, α̃, Y a. From (4.1),

all three of these clearly impose δ functions. We need to evaluate the additional func-

tional determinant prefactors they contribute to the path integral. We begin with the α

and α̃ integrals, rewriting the relevant part of their action in terms of their associated

inner product:∫
DαDα̃e−(Sα+Sα̃) =

∫
DαDα̃e

−(α′,− s
2

`1
?ñadea+s2γ?dÃ)−(α̃′,− s

2

`2
?nadea−s2γ?dA)

(4.29)

Integration by parts shows only the non-zero modes of α and α̃ contribute to exponent.

Indeed, we can mimick our treatment of vol(G) =
∫
Dg and split α into its zero mode and

orthogonal non-zero mode piece α = ᾱ+ α′ (and similarly for α̃). Further remember that

the ᾱ, ¯̃α ∈ U(1) are compact. The integrals in (4.29) thus become∫ 2π/q

0
dᾱ

∫ 2π/q̃

0
d ¯̃α

∫
Dα′Dα̃′e−(Sα+Sα̃) =

Ā
s2

(2π)2

qq̃
δ′
(
−s2

2π`1
ña ?de

a+
s2

2π
γ ?dÃ

)
δ′
(
−s2

2π`2
na ?de

a− s2

2π
γ ?dA

)
, (4.30)

where the ′ reminds us of the exclusion of zero-modes. In all these expressions, we should

really be writing the vielbeins in terms of Ω, φ and êa (diff. invariance tells us we can

ignore ξ), but have avoided doing so to avoid cluttering the notation even further.

We now turn to the Y a integrals. The action for Y reads

SY =

∫
Y
′a

(
1

`1
ñadA+

1

`2
nadÃ

)
d2σ =

(
Y
′a,
s2

`1
ña ? dA+

s2

`2
na ? dÃ

)
, (4.31)

where we have again decomposed Y a = Ȳ a + Y ′a into its zero- and non-zero mode contri-

butions. Using the approriate measures for the Y , the integral becomes∫
DY e−SY =

(∫
d2Ȳ
Ā
s2

)
δ′
(
s2

`1
ña ? dA+

s2

`2
na ? dÃ

)
=
AĀ
s2

δ′
(

s2

2π`1
ña ? dA+

s2

2π`2
na ? dÃ

)
. (4.32)

Similarly, these equations should be understood for dA = d ? dχ.
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These three δ functions are somewhat cumbersome to work with. They involve differ-

ent components and combinations of the gauge fields and vielbeins. We can tease these

apart using 
−s2
2π`1

ña ? de
a + s2

2πγ ? dÃ
−s2
2π`2

na ? de
a − s2

2πγ ? dA
s2

2π`1
ña ? dA+ s2

`2
na ? dÃ

 =
s2

2π


−1
`1
ña 0 γ

−1
`2
na −γ 0

0 1
`1
ña

1
`2
na


?dea?dA

?dÃ

 (4.33)

Note that this is a 4 × 4 matrix. This means that the delta functions can be rewritten,

using the defining properties of the n’s, as

δ′
(
−s2

2π`1
ña ?de

a+
s2

2π
γ ?dÃ

)
δ′
(
−s2

2π`2
na ?de

a− s2

2π
?dA

)
δ′
(

s2

2π`1
ña ?dA+

s2

2π`2
na ?dÃ

)
=

(
′

det

(
s8

4(2π`1)2(2π`2)2

))−1

δ(?dea)δ(?dA)δ(?dÃ), (4.34)

where the factor of 4 is the determinant of the 2 × 2 matrix (ña, na).

The determinant excludes zero-modes. Finally, write the delta-function constraints

explicitly in terms of our new integration variables:

?dA = �χ

?dea = ?dΩêa + ?dφεabê
a. (4.35)

Again using results from [8] for the vielbein sector, this gives us

δ(?dea)δ(?dA)δ(?dÃ) =
1

(det′−�)3
δ′(χ)δ′(χ̃)δ′(Ω)δ′(φ). (4.36)

Notice that the det′(−�) factors exactly cancel the ones coming from the Fadeev-Popov

determinants, much as in [8].

4.2.4 Final answer

Doing the constraint integrals exposed the inner workings of the path integral localization

to zero-modes. We need only two more ingredients before we can put it all together. First,

since the global scale and rotation are not fixed, we need the measure for them. Denoting

the zero-modes of Ω, φ as Ω̄,φ̄, the relevant part of the measure is

DΩ̄Dφ̄ = dΩ̄dφ̄
Ā
s2
. (4.37)

Secondly, we need to deal with the det′ of a constant in (4.34). For this, we use the fact that

the det of a constant is merely an addition to the cosmological constant and can therefore

be absorbed into a choice of counterterm in Z0, so that we can write

′
det c =

1

c
. (4.38)
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The measure for the holonomies, using (4.17) and the localisation to constant vielbeins,

reads

DAH =
dh1dh2

s2

Ā
s2

1

det[ē]
=
dh1dh2

s2
. (4.39)

Finally, we parametrize the vielbeins in terms of the length vectors of the two cycles as

faµ =
1

s
Laµ, eaµ =

1

s
L̄aµ, (4.40)

which in turn can be parametrized in the following way

L̄1
1 = seΩ cosφ (4.41)

L̄1
2 = seΩ sinφ (4.42)

L̄2
1 = seΩ(τ ′1 cosφ− τ ′2 sinφ) (4.43)

L̄2
2 = seΩ(τ ′1 sinφ+ τ ′2 cosφ) (4.44)

and analogously for the target variables. It is easy to check that

ĀdΩdφd2τ ′

(τ ′)2
2

=
d2L̄1d2L̄2

Ā
=
d2L̄1d2τ ′

τ ′2
(4.45)

We may now plug these things into the full path integral. We spare the reader the

details. Instead, we simply note a few important cancellations:

1. The integral over the zero-modes of α, α̃, Y exactly cancel the parts the original

volumes of gauge groups that failed to cancel in (4.24).

2. The scalar Laplacian determinants that arise from the gauge-fixing cancel those from

the delta-functions.

After what have admittedly been many steps, the full partition function simplifies to

Z`1,`2 [f, b, b̃] =
A

4(2π)4`21`
2
2

∫
d2hd2h̃

d2L̄1d2τ ′

τ ′2

e
−
(

1
`1
ña(L−L̄)aµ(b−h)ν+ 1

`2
na(L−L̄)aµ(b̃−h̃)ν−γ(b−h)µ(b̃−h̃)ν

)
εµν
Z0[e, h, h̃] (4.46)

which is s-independent and dimensionless, as it should be. This is one of the cornerstone

results of this paper. In writing this expression, we have, in the interest of aesthetics,

shifted h, h̃ by b, b̃.

It is trivial to check that this final simplified form of the partition function satisfies

the diffusion-type equations (1.9),

∂`1Z`1,`2 = −εµν∂bµna∂LaνZ`1,`2 ≡ −n
a∂b ∧ ∂LaZ`1,`2 , Z`1,`2 ≡

Z`1,`2
A

, (4.47)

and a similar equation for `2, where we have to write γ in terms of λ using (1.8) to show

this. While the manipulations of the following sections can only be done for very special

currents, the results obtained so far hold for any pair of U(1) symmetries.
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4.3 The anomalous case

In this section, we point out the somewhat surprising fact that the path integral (1.6)

reduces to the finite-dimensional integral (4.46) even in the case where the seed theory has

a ‘t Hooft anomaly. The reason this is surprising is that the existence of a ‘t Hooft anomaly

is an obstruction to gauging a symmetry, but the path integral (1.6) involves gauging the

symmetry. The main reason for this is the fact that the anomaly is usually proprortional

to the curvature of the gauge field, and that the compensator integrals continue to restrict

the gauge fields to be flat. We will then discuss an interesting implication of this fact.

We take as an operational definition of a ‘t Hooft anomaly that

Z0[e,A] 6= Z0[e,A+ dg]. (4.48)

In a fuller analysis, one has to try adding to the free energy local integrals of the gauge fields

(counterterms) and show that there is no choice that make it gauge-invariant; further, in

many interesting cases, the anomaly is mixed, meaning that there are multiple symmetries

and different choices of counterterms can lead to (4.48) being the case for different symme-

tries — in other words, the obstruction is only to gauging all the symmetries together. We

assume for this section that this analysis has been done, and we have for whatever reason

chosen a counterterm that causes (4.48) to be the case.

In this case, the path integral (1.6) seems physically nonsensical, since the volume of

the gauge group in the denominator isn’t cancelling out an integral over a gauge symmetry

any more. However, it is not necessarily mathematically nonsensical: we can still do the

path integral over all the modes of the gauge field — including the now non-trivial gauge

mode integral — and then divide by the volume of gauge transformations, and see if we

get a finite answer. If there is a choice of counterterm in the seed that makes the answer

finite, the path integral is not nonsensical.

We will now argue that not only is the answer finite, but it is just (4.46). The first

observation leading to this fact is that, even without gauge-fixing, the manipulations in

section 4.2.3 up to (4.36) hold independent of the functional dependence of Z0 on the gauge

fields. The second observation we need is that ‘t Hooft anomalies usually vanish when the

gauge field is flat,

logZ0[A+ dg]− logZ[A] ∝ F = dA = d ∗ dχ. (4.49)

This is a familiar fact, but we prove it in appendix B for completeness.

Now, expanding the gauge field as in (4.14), we see that the delta function constraint

sets the non-gauge mode χ to 0. Now, because of (4.49), the g-dependent part of the par-

tition function (ignoring factors, which are similar to those in previous sections) becomes13

1

`1

∫
ña(f − e)a ∧ dg = − 1

`1

∫
gñad(f − e)a = 0. (4.50)

This vanishes, because de = 0 is also one of the constraints. We repeat again that, because

of (4.49), the seed doesn’t depend on g when χ vanishes — even though it does depend

13We forget about the second gauge field for simplicity.

– 26 –



J
H
E
P
0
7
(
2
0
2
0
)
0
8
5

on g when χ doesn’t. Thus, we see that the action no longer depends on g, and so the Dg

integral does cancel the vol(G) in the denominator. The factors then work out as in the

previous subsections, and we are left with the same final answer (4.46).

Thus, we are led to the surprising conclusion that our proposal, despite involving

gauging the symmetries whose currents drive the deformation, leads us to a sensible answer

satisfying equations like (4.47) even when the symmetry has a ‘t Hooft anomaly. This is

true as long as the ‘t Hooft anomaly is proportional to the curvature.

An interesting implication of this is the following: one could have alternately tried to

define the path integral without any compensators like α by gauge-fixing, and that would

have given us the wrong answer in the anomalous case! In more detail, when we gauge-fix

α = 0, the vol(G) in the denominator cancels the Dα in the numerator, leaving us only

with a DA integral and no denominator. In the non-anomalous case, the seed doesn’t

depend on the gauge mode g but the kernel does; we then find that the g integral plays the

role of imposing the flatness constraint — in some sense, by choosing this gauge, we have

absorbed the compensator into the gauge mode. However, in the anomalous case, the seed

will depend on g, and so this integral no longer imposes a flatness constraint. On the other

hand, in neither case does the seed depend on α, and so the α integral always imposes

flatness. To be perfectly clear, this is not a contradiction: in the anomalous case, one

shouldn’t gauge-fix, and so the α = 0 path integral is just a different object from this one.

5 The deformed spectrum

To complete this non-trivial check of our proposal, we perform the resulting finite dimen-

sional integral. We obtain the explicit form of the deformed spectrum, for different values

of the deformation parameters and charges. The energy levels so obtained precisely match

those in the literature, found by very different methods. We also briefly discuss the saddle

point approximation to these integrals and their one-loop exactness.

We will restrict our attention to the case when the seed is a CFT, for the simple

reason that in this case the seed partition function can be written as a simple sum. Per

the considerations in section 4, the path integral reduces to an integral over constant gauge

fields, which are completely characterised by holonomies, so that the coupling term in the

action becomes
∫
AµJ

µ ∼ h0

∫
J0 + h1

∫
J1. In general QFTs, there is no reason for the

operators
∫
J0,
∫
J1 to commute, and therefore they can’t be simultaneously diagonalised;

this means that the path integral with non-zero holonomies cannot be written as a sum

of the form
∑
e−βE−µQ. In 2D CFTs, however, there is a holomorphic factorisation that

allows one to get around this problem: the holomorphic and anti-holomorphic components

J, J̄ are separately conserved, at least in the absence of a background gauge field. Because

of this, both charges can separately take definite values, and we can write the partition

function as a sum. This gives us a good starting point to find the deformed spectrum, and

so we will stick to this case.

This does however create a new question of its own. Since the CFT has two completely

different conserved currents — the chiral current jc = (J, 0) and the vector current jv =

(J, J̄) — we are now presented with a choice of which current participates in the deforming
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operator JT̄ . Keeping this ambiguity in mind, we have chosen to calculate the deformed

spectrum in three cases:

1. The first case is a deformation solely by jcT̄ , dealt with in section 5.1. Here, jc is the

chiral current (J, 0). Further, in section 5.4 we consider a joint flow with both jcT̄

and T T̄ deformations.

An important subtlety with this case is that the chiral current has a ‘t Hooft anomaly,

as explained in appendix B. This would mean that the path integral we have defined

does not really have a gauge-invariance and so it’d seem that out analysis must fail

for this case. However, somehwat surprisingly, this is not the case; we have explained

in section 4.3 that the whole procedure works despite the existence of a ‘t Hooft

anomaly.

2. The second, dealt with in section 5.3 is a deformation by both jcT̄ and T j̄c with

two independent parameters `1, `2. Here j̄c denotes a chiral current with only anti-

hololomorphic component, that is j̄c = (0, J̄).

Again, the sensibility of this calculation is a non-trivial fact explained in section 4.3.

3. Finally, we take the deforming operator to be jvT̄ , which is like the first case but

with a vector current, dealt with in appendix C. We find that the deformation of the

spectrum due to this a priori different deformation is but a special case `1 = `2 of

the second case we considered,14

EjvT̄ (`) = EjcT̄+T j̄c(`1 = `2 = `). (5.1)

This equality is at this time mysterious, and an interesting avenue for future work.

In all these cases, we reproduce the results in the literature.

We will work in complex coordinates (z, z̄). Our conventions may be found in the

appendix. In terms of these complex variables, the integral we wish to compute reads

Z =
A23

(2π)4`21`
2
2

∫
d2hd2h̃

∫
d2L̄d2τ ′

τ ′2
e
− 2
`1

[
(τ̄Lz−τ̄ ′L̄z)(bz̄−hz̄)−(τLz̄−τ ′L̄z̄)(bz−hz)

]
− 2
`2

(L−L̄)∧(b̃−h̃)

×Z0[L̄,h, h̃] (5.2)

Note all moduli dependence appears only in the first term of the kernel with our choice of

parametrizations in (A.6).

5.1 The JT̄ case with a chiral current

In the language of appendix B, this is the case k̄ = 0; so, with the addition of the coun-

terterm (B.7) there is still a ‘t Hooft anomaly proportional to k, but because of the con-

siderations of section 4.3, we may still plug it into the path integral and obtain (5.2).

To explicitly evaluate (5.2), we need to address the definition of Z0, the seed partition

function. First off, we restrict our attention to seed CFTs, and hope to explore the more

general QFT setting in future work. Secondly, we focus on the case where the undeformed

theory has a single U(1) current coupled to hµ. Following [28, 29], we take the partition

14We thank the JHEP referee for a useful question in this regard.
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function Z0 as the one defined via a path integral with appropriate counterterms.15 Its

dependence on hz̄ is essentially fixed by modular invariance. More precisely, adopting the

conventions of [28], we take

Z0 = e−2πkτ ′2h
2
z̄

∑
n

e2πiτ ′R̄E
(L)
0,n (R̄)−2πiτ̄ ′R̄E

(R)
0,n (R̄)+2πτ ′2hz̄Qn (5.3)

= e−2πkτ ′2h
2
z̄

∑
n

e2πiτ ′εL0,n−2πiτ̄ ′ε
(R)
0,n+2πτ ′2hz̄Qn (5.4)

where R̄2 = 4L̄zL̄z̄ is the base space radius. In going to the second line, we have introduced

the dimensionless energies. They are R̄-independent since the seed theory is a CFT. k

denotes the Kac-Moody level of the chiral algebra satisfied by the current. Note that the

prefactor proportional to h2
z̄ comes not from an anomaly but by the requirement of modular

invariance, as proved in [28].

Note the holonomies hz, h̃z, h̃z̄ act as Lagrange multipliers, enforcing the constraints

L̄z = Lz (5.5)

L̄z̄ = Lz̄ (5.6)

L̄z̄τ
′ = Lz̄τ (5.7)

This would not have been the case had the holonomies been restricted to the compact

space U(1); see the discussion in section 4.1. Furthermore, the delta-functions imposing

the above constraints come with the following prefactor

(2π)3`1`
2
2

8Lz̄
(5.8)

For simplicity, let us consider the target space configuration in wich Lz = iR2 = −Lz̄ (i.e.

L2 = 0) along with vanishing fluxes bµ = b̃µ = 0. We also choose to solve the third

constraint for the τ ′1 variable, that is

L̄z = −L̄z̄ = i
R

2
(5.9)

τ ′1 = τ1 + i(τ2 − τ ′2) (5.10)

Putting it all together, we are left with the following integral

Z =
∑
n

A
π`1R

∫
dhz̄dτ

′
2

τ ′2
e

2R
`1

(τ2−τ ′2)hz̄+2πτ ′2Qnhz̄−2πkτ ′2h
2
z̄−4πτ ′2ε

(R)
0,n+2πikn(τ1+iτ2)

(5.11)

=
∑
n

A√
2kπ`1R

∫
dτ ′2

(τ ′2)3/2
e

(R(τ2−τ
′
2)+`1πQτ

′
2)

2πk`21τ
′
2 e−4πτ ′2ε

(R)
0,n+2πikn(τ1+iτ2) (5.12)

=
∑
n

e2πiknτ1−2πτ2(2RE
(R)
n +kn) (5.13)

15This requires some care. First, even in the pure T T̄ case, there existed a choice in defining the seed

partition function. By writing the seed torus partition function as in (1.10), the authors of [8] chose a

particular re-normalization scheme and subtracted off a possible cosmological constant term, cf. eq. 21

of [38]. Similarly, we are choosing local counterterms in our path integral so that it results in what is

quoted in the main text. The main distinction we were trying to draw with this comments was to contrast

our seed definition with a more Hamiltonian definition, as discussed in section 5 of [29].
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where we have used A = R2τ2 in order to cancel the prefator of the exponential. The main

outcome of this computation is the right-moving deformed energy E
(R)
n which reads

E(R)
n =

1

4π2k`21

(
R− `1πQn −

√
(R− `1πQn)2 − 8π2k`21ε

(R)
0,n

)
(5.14)

The square root branch has been chosen such that it satisfies the correct innitial condition.

The above spectrum satisfies

RE(R)
n − π`1QnE(R)

n − 2π2k(`1E
(R)
n )2 = ε

(R)
0,n = (`1 independent) (5.15)

which is the analog (in our conventions) of equation (6.20) in [18]. It is satisfying to see

the spectrum obtained here matches the one previously reported in the literature.

For future reference, let us point out the k = 0 case of this equation can readily be

solved. The h, h̃ dependence is linear. Integration leads to a set of four constraints. Their

solution localizes the base space modular parameters to the following (state-dependent)

locus

τ ′1 = τ1 − i
`1πQn

R− `1πQn
τ2 , τ ′2 =

R

R− `1πQn
τ2 (5.16)

which, once plugged into the partition function, leads to the simple spectrum found in [3]

E(R)
n

∣∣∣
k=0

=
ε

(R)
0,n

R− `1πQn
. (5.17)

The last equation introduces the notion of an effective (state-dependent) radius given by

Reff = R − `1πQ, previously described in [3]. A similar structure arises for k 6= 0, as

explained further below.

5.2 One-loop exactness and the chiral charge

[8] found the integral giving rise to the T T̄ deformed torus partition function to be one-loop

exact. That implies, in particular, the exact spectrum can be consistently obtained from

its saddle point approximation.

We find that our (5.11) shares this remarkable one-loop exactness property. To be

clear, this means it is completely dominated by its saddle point value and the determinant

for quadratic fluctuations around the saddle. It thus behaves like a Gaussian integral,

even though it certainly is not. This is yet another diagnostic of the flow’s solubility, as

seen from our path integral perspective. The saddle point approximation to the integral

clarifies some important conceptual puzzles and makes contact with previous discussions

in the literature. In particular, it immediately singles out a set of equations which, within

a completely different approach, led to spectrum just found (5.14).

In order to proceed, let us take (5.11) which is admittedly Gaussian in hz̄ but not in

τ ′2. For sake of the argument, we include a putative “1/~” parameter in the action, which

we later set back to 1:

Z =
∑
n

A
π`1R

e2πikn(τ1+iτ2)

∫
dhz̄dτ

′
2

τ ′2
e

1
~

[
2R
`1

(τ2−τ ′2)hz̄+2πτ ′2Qnhz̄−2πkτ ′2h
2
z̄−4πτ ′2ε

(R)
0,n

]
(5.18)
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We compute the saddle point equations for τ ′2 and hz̄ respectively

−R
`1
hz̄ + πQnhz̄ − πkh2

z̄ − 2πε
(R)
0,n = 0 (5.19)

R

`1
(τ2 − τ ′2) + πτ ′2(Qn − 2khz̄) = 0 (5.20)

It remains to evaluate the fluctuation determinant(
2π

~

)
det
(
∂2S

)−1/2
∣∣∣
on-shell

=

(
2π

~

)(
2R

`1
− 2πQn + 4πkhz̄

)−1 ∣∣∣
on-shell

=
π`1τ

′
2

Rτ2
(5.21)

thus canceling the prefactor in (5.18). The one-loop approximation thus recovers the exact

expression in (5.13). The semiclassical spectrum is actually the exact one (5.14). We may

gain intuition by identifying

hz̄|saddle = −2π`1E
(R)
n (5.22)

By further making the following definition,

Qn = Qn + 4πk`1E
(R)
n (5.23)

the second saddle point equation (5.20) takes on a very suggestive form

τ ′2 =
R

Reff
τ2 , Reff = R− `1πQn (5.24)

which is to be compared with the k = 0 solution for τ ′2 (5.16). Combining (5.23) and (5.19)

we also get

RE(R)
n − 1

8k
Q2
n = ε

(R)
0,n −

1

8k
Q2
n = constant . (5.25)

Requiring all quantities depend on the dimensionless ratio `1/R, we can recast the above

expressions as two differential equations16

∂`1E
(R)
n = −πQn∂RE(R)

n (5.26)

Qn∂`1Qn = 4kR∂`1E
(R)
n (5.27)

We thus recover the defining equations for the energy levels. These differential equations

were solved in [13, 18]. The solution for the energy is none other than (5.14) (consistent

with one-loop exactness found above), together with

Qn =
1

π`1

(
R−

√
(R− `1πQn)2 − 8π2k`21ε

(R)
0,n

)
. (5.28)

In order to better understand the role of Qn, let us briefly comment further on equa-

tions (5.26) and (5.27). In the T T̄ scenario, solving a single differential equation leads to

16Note all the relations obatined here completely match the ones listed in [18] by taking µthere = 2π`1
and k = 1/4.
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the dressed energy levels. In [1, 2], that equation results from the factorization property of

the deforming operator. Along with rotational invariance, the flow can be written purely

in terms of the energy and momentum of a given state. Without rotational invariance,

additional assumptions would be needed [6].

Even though the JT̄ operator still nicely factorizes, there is no way of getting a sensible

differential equation for the energy levels without impossing an additional constraint: the

deforming current needs to be chiral. Otherwise, the flow equation involves the expecta-

tion value of its spatial component, which usually is not quantized. Requiring chirality

allowed [3] to solve for the spectrum, which we recovered here for k = 0 in (5.17).

Requiring the flow to preserve chirality is in many ways too strong a constraint on the

set of possible trajectories. In the more general case, defining the charge Qn associated

with the chiral projection of the deforming current circumvents this issue [13, 18]. This

identification in some sense “emulates” the chiral case. It is therefore not surprising the

effective radius Reff (5.24) depends on Qn in the same way as for k = 0. The price one has

to pay is having to solve two differential equations instead of one, namely (5.26), (5.27).

These equations arise naturally from our approach.

The role of k along the flow thus becomes clearer. Physically, when k 6= 0, the chiral

current develops an anti-holomorphic part, spoiling chirality at the quantum level. As k →
0, the second equation (5.27) becomes trivial, and we recover the case studied in [3]. In our

path integral approach, this phenomenon is manifested by the h2 term in the seed partition

function. Without it, the integration over holonomies would lead to a simple constraint

over the geometric variables. It would not appear in an additional saddle point equation.

Finally, here we show a different approach within these quantities arise naturally. So

far, we have been focused on the spectrum of the deformed theory. The background fluxes

b, b̃ played no role in the previous discussion. For sake of completeness, we write down the

result of the finite dimensional integral in presence of non-trivial target space holonomies.

Again, we consider Q̃n = 0, so the b̃ fluxes still play no role. They can be absorbed in

the h̃ integration variable. In fact, the same applies to the holomorphic component of b.

We thus only need consider non-trivial anti-holomorphic bz̄. The intermediate steps being

rather unenlightening, we simply report the result

Zb =
∑
n

e2πiτ1kn−2πτ2(2RFb,n+kn) (5.29)

with

Fb,n =
1

4π2k`21

(
R−`1π(Q−2kbz̄)−

√
(R−`1π(Q−2kbz̄))2−4π2k`21(2ε

(R)
0,n +bz̄(bz̄k−Q))

)
(5.30)

The deformed theory is not conformally invariant. We are thus not able to fix the depen-

dence on the holonomies for the torus partition function. (5.4) no longer serves as point of

comparison. Therefore, the actual physical meaning of the function Fb,n multiplying τ2 is

unclear. In particular, it cannot be identified with an energy level.
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However, some physical intuition can be gained by expanding the result for small values

of bz̄. This gives

2RFb,n = 2RE(R)
n −

(
R

Reff

)
Qn bz̄ +

(
R

Reff

)3

kb2z̄ +O(b3z̄) (5.31)

with E
(R)
n , Reff and Qn given by (5.14), (5.24) and (5.28) respectively.

5.3 General JT̄ + T J̄ deformation

Consider finally the general case with non-trivial charged states for both J and J̃ . Denote

these charges Qn and Q̃n respectively. As this computation closely parallels that of the

above section, we will be brief. The seed partition function becomes

Z0 = e−2πτ ′2k(hz̄−h̃z)2
∑
n

e2πiτ ′ε
(L)
0,n−2πiτ̄ ′ε

(R)
0,n+2πτ ′2Qnhz̄+2πτ ′2Q̃nh̃z (5.32)

Our choice of parametrization here will be different from (A.6), namely17

ñaL
a
z = iτ̄Lz, ñaL

a
z̄ = iLz̄ (5.33)

naL
a
z = iLz, naL

a
z̄ = iτLz̄ (5.34)

Our kernel’s action (again with b = b̃ = 0) now reads

2hz̄
`1

(τ̄Lz − τ̄ ′L̄z)−
2hz
`1

(Lz̄ − L̄z̄) +
2h̃z̄
`2

(Lz − L̄z)−
2h̃z
`2

(τLz̄ − τ ′L̄z̄) (5.35)

To do the integrals, it is convenient to shift hz̄ → hz̄ + h̃z. The hz, h̃z, h̃z̄ integrations now

impose the following constraints

L̄z = Lz (5.36)

L̄z̄ = Lz̄ (5.37)

2

`1
(τ̄Lz − τ̄ ′L̄z)−

2

`2
(τLz̄ − τ ′L̄z̄) = −2πτ ′2(Qn + Q̃n) (5.38)

which have solutions (for Lz = −Lz̄ = iR2 )

L̄z = −L̄z̄ = i
R

2
(5.39)

τ ′ = τ − 2i
`2

`1 + `2
τ2 + 2i`2

R− `1π(Qn + Q̃n)

R(`1 + `2)
τ ′2 (5.40)

The prefactor arising from the delta-functions imposing the above contraints is

(2π)3`21`
2
2

4R(`1 + `2)
(5.41)

17Note we are not including the 1√
2

factors here, as they are again absorbed by rescaling the couplings.
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Finally, performing the remaining hz̄ and τ ′2 integrals, we arrive at

Z =
∑

e2πiτ1kn−2πτ2REn (5.42)

with the deformed energy quoted early on (1.11), which reads

En =
1

2π2k(`1 + `2)2

R− `1πQn + `2πQ̃n + 2π2k(`1 + `2)(`1 − `2)
kn
R

(5.43)

+

√√√√(R− `1πQn + `2πQ̃n)2 − 8π2k(`1 + `2)2

(
ε

(R)
0,n + kn`2

R− `1π(Qn + Q̃n)

R(`1 + `2)

)
The branch of the square root has again been chosen so the deformed energy satisfy the

correct initial conditions. The above spectrum precisely matches the one found in [20, 22].18

5.4 Joint flow with T T̄

Studying the joint flow of JT̄ and T T̄ provides our last application of the path integral

representation of the deformed partition function. This amounts to taking γ 6= 0 in the

kernel. We consider the general k and Q̃n = 0 case. Using the parametrization in (A.6),

almost identical manipulations as those described so far lead to the kernel

2hz̄
`1

(τ̄Lz−τ̄ ′L̄z)+
2hz
`1

(τLz̄−τ ′L̄z̄)+
2h̃z̄
`2

(Lz−L̄z)−
2h̃z
`2

(Lz̄−L̄z̄)−2iγ(hzh̃z̄−hz̄h̃z) . (5.44)

Integrating over h̃z and h̃z̄ gives rise to two delta functions. They allow us to immediately

perform the hz and hz̄ integrals which set

hz = i
L̄z − Lz
γ`2

, hz̄ = i
L̄z̄ − Lz̄
γ`2

. (5.45)

There is a factor (2π)2(2γ)−2 coming from the delta functions. On the above solution

locus, the kernel is still linear in L̄z. We can thus further integrate over this variable. It

localizes the L̄z̄ integral to

L̄z̄ = Lz̄
τ − τ̄ ′

2iτ ′2
(5.46)

along with a (2π)γ`1`2
4τ ′2

prefactor.

By defining λ = γ`1`2, and shifting τ ′1 → τ1 + τ ′1, we arrive at

Z =
∑
n

A
4πλ

∫
d2τ ′

(τ ′2)2
e
R(τ2+iτ ′)(R(2λ(τ2−iτ̄

′)−πk`21(τ2+iτ ′))+4πQn`1λτ
′
2)

8λ2τ ′2
+2πikn(τ ′1+τ1)−2πτ ′2ε0,n

(5.47)

18In order to check the agreement with the results listed in [20] one should take qR = −Q̃n, k = 1/4

together with the following relation between parameters

ε̂+ =
π`1
R

, ε̂− =
π`2
R

, λ̂ = −8πλ

R2
.
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We can again perform this integral over base space torus moduli and extract the desired

spectrum, giving

En =
1

2πλ̃

(
R−π`1Qn−2π2k`21Pn (5.48)

−
√

(R−π`1Qn)2−2πλ̃(2ε0,n−4πλP 2
n)+4π2`1Pn(k`1R+2λ(Qn−πk`1Pn))

)
where we have reintroduced the momentum Pn = kn/R and defined the coupling

λ̃ = 2λ+ πk`21 (5.49)

In particular, by taking the `1 → 0 limit keeping λ = γ`1`2 fixed, the expression above

reduces to the standard formula for the T T̄ dressed energy levels

lim
`1→0

En =
R

4πλ

(
1−

√
1− 8πλε0,n

R2
+

16π2λ2

R2
P 2
n

)
(5.50)

displaying the usual Hagedorn behaviour for negative λ. Note the presence of such a

behaviour is dictated by the sign of λ̃ given in (5.49). In particular, when both couplings

are present and λ < 0, we find a crossover point at `1 =
√

2|λ|/πk. The ability of JT̄

deformation to “remove” the Hagedorn regime has been discussed in [20, 22].

6 Conclusion and future directions

This work presented a path integral realization of Lorentz breaking irrelevant JT̄ and T J̄

deformations. We have recast their joint flow with T T̄ in (1.7) as coupling the seed to a

topological quantum gravity and gauge theory. As it was for its pure T T̄ predecessor, our

path integral kernel fundamentally translates between a base space, where the undeformed

theory lives, and a target space on which the deformed theory is defined. The path integral

is an integral over a restricted set of maps between the spacetime and U(1) frames of the

base space — the vielbeins ea and gauge connections A, Ã — to target space ones denoted

by fa, B and B̃. The compensator fields Y a and α, α̃ make diffeomorphism and gauge

invariance of the kernel manifest. They further serve to implement important constraints

on the path integral, which ultimately make it soluble.

Our proposal succesfully passed a wide variety of non-trivial checks. At the classical

level, the kernel recovers the exact classical deformed actions. The procedure involves

nothing more than solving an algebraic system of equations and reproduces the known

expressions for the free boson and fermion. At the quantum level, we reduced the full path

integral over base space torus geometries and gauge connections to a finite dimensional one.

It solves the desired difussion-like equation. Most importantly, by explicitly evaluating the

torus partition function for certain seed theories, we extracted the deformed spectrum along

particular flows triggered by combinations of JT̄ , T J̄ and T T̄ . Our results all matched the

known expressions in the literature.

In many ways, this path integral construction puts the JT̄ and T J̄ deformations on

similar footing to T T̄ ’s. However, it also brings with it a plethora of new questions.
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First off, we saw a proper treatment of target space diffeomorphism invariance required

dfa = dB = dB̃ = 0. Ultimately, we hope to engineer a kernel that generalizes away

from flat vielbeins and vanishing U(1) field strengths. In [37], we will report on progress on

defining a T T̄ deformation for curved spacetimes with dfa 6= 0. This encourages us to seek,

in future work, a kernel that also accommodates dB, dB̃ 6= 0. Furthermore, the one-loop

exactness properties first found in [7] led the authors to conjecture the T T̄ deformation

of a general QFT might be captured as coupling to a form of 2d gravity. The one-loop

exactness discovered for our kernel gives us hopes to similarly extend our formalism beyond

CFT seeds. However, the expression of the seed partition function as a sum appears more

involved in this case.

Finally, another interesting question raised by our results is the reason for the equal-

ity (5.1), which expresses the fact that the energy spectrum induced from two different

deformations — namely the JT̄ deformation with J being a vector current and the JT̄+T ¯̃J

with J, ¯̃J being chiral currents — are precisely the same.

Finally, [33] engineered a modified T T̄ flow (adding the “Λ2 flow”) to derive a holo-

graphic field theory dual to de-Sitter bulk geometries. We are quite curious what our more

general flows, including JT̄ and T J̄ , might have to say about these dS/dS holographic

constructions and their novel bulk reconstruction features [36].

We close by admitting the partition function captures only a small portion of the

physics lurking in the deformed theory. One of the most pressing issues to address is the

structure of correlation functions. First steps have been taken in [30, 31]. We are exploring

the introduction of additional sources in our path integral kernel to open up another front

of attack on this important problem.
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A Conventions

Working in complex coordinates, it is worth keeping track of the different factors arising

from this change of coordinates. On the one hand, as the integral over the base space

manifold has been already done in (4.46), the Levi-Civita tensor that appears is no longer
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a density, thus taking the following form

εzz̄ = −εz̄z = −2i . (A.1)

Furthermore, the torus lengths and holonomies are

L1
z =

1

2
(iL1

1 + L1
2), L1

z̄ =
1

2
(−iL1

1 + L1
2) (A.2)

⇒ L2
z = τ̄L1

z, L2
z̄ = τL1

z̄ (A.3)

hz =
1

2
(ih1 + h2), hz̄ =

1

2
(−ih1 + h2) (A.4)

and similarly for L̄ and h̃. So the integration measure becomes

d2L̄d2hd2h̃ = 23dL̄zdL̄z̄dhzdhz̄dh̃zdh̃z̄ . (A.5)

Finally, we make the following choice for tangent space indices

naL
a
µ =

i√
2
L1
µ , ñaL

a =
i√
2
L2
µ . (A.6)

This is a choice of tangent space orientation; the tangent space metric is whatever it needs

to be for these two vectors to be light-like.

For convenience, we also redefined our couplings in section 5

`i →
`i√
2
. (A.7)

B ‘t Hooft anomalies

In this appendix, we prove that there is always a choice of counterterm for a CFT that makes

the ‘t Hooft anomaly proportional to the curvature of the background gauge field. We will

use only the form of the current algebra and conservation in the absence of background

gauge fields.

In a CFT, the two components of the current have the OPEs

J(z)J(w) ∼ k

2(z − w)2

J̄(z)J̄(w) ∼ k̄

2(z̄ − w̄)2
. (B.1)

Generically, k, k̄ are two independent numbers. Further, because of holomorphic factori-

sation in CFTs, the conservation equations (in the absence of a background gauge field)

are simply

∂J̄ = ∂̄J = 0. (B.2)

This is the normalisation with which

δ logZ[a] =

∫
〈J〉ā+ 〈J̄〉a. (B.3)
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Under a gauge transformation, the partition function transforms to first order as

δg logZ[a] =

∫
〈J〉a∂̄g + 〈J̄〉a∂g

= −
∫
g〈∂̄J + ∂J̄〉a. (B.4)

Here, the a subscripts mean that the expectation values need to be evaluated in the presence

of the background gauge field a. Let us take a = a0 to be a background in which this current

is conserved; by assumption a0 = 0 is such a choice. Now, let us see the effect of a gauge

transformation in the presence of the deformed background gauge field a0 + δa.

δgδa logZ[a] = −
∫
d2zd2wg(z)

〈
(∂̄J + ∂J̄)(z)(δāJ + δaJ̄)(w)

〉
= −

∫
d2zd2wg(z)

{
δā(w)∂̄z

k

2(z − w)2
+ δa(w)∂z

k̄

2(z̄ − w̄)2

}
(B.5)

Since this is a derivative with respect to z̄ acting on a function of z and vice versa, one

might think that this vanishes. This is however only true up to a contact term, since z−2 =

−∂2
z log |z|2 and ∂z∂̄z log |z|2 = 4πδ2(z). Plugging these facts into the expression (B.5),

we find

δgδa logZ = 2π

∫
d2zd2wg(z)

(
kδā(w)∂z + k̄δa(w)∂z̄

)
δ2(z − w)

= −2π

∫
d2zg(z)

(
k∂δā(z) + k̄∂̄δa(z)

)
. (B.6)

This is the famous ‘t Hooft anomaly.

Note that we are allowed to add to the partition function any local functional of the

background gauge field. In particular, by taking

logZ[a]→ logZ[a]− 2π
k + k̄

2

∫
aā, (B.7)

we shift the currents as

J → J − 2π
k + k̄

2
a, J̄ → J̄ − 2π

k + k̄

2
ā, (B.8)

and then (B.6) becomes

δgδa logZ = −2π
k − k̄

2

∫
d2zg(z)

(
∂δā− ∂̄δa

)
∝ Fzz̄. (B.9)

Thus, we see that there is always a choice of counterterm in which the ‘t Hooft anomaly is

proportional to the curvature.

C The JT̄ case with a vector current

In the language of appendix B, this is the case k = k̄; so, with the addition of the countert-

erm (B.7) there is no ‘t Hooft anomaly. This is a somewhat novel result that arises out of
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our approach; while previous literature stuck to using chiral currents in the JT̄ deformation,

we can as easily solve the JT̄ deformation when the current J is a vector current.

Now the seed partition sum coupled to the holonomies reads

Z0 = e−2πkτ ′2(hz̄−hz)2
∑
n

e2πiτ ′εL0,n−2πiτ̄ ′ε
(R)
0,n+2πτ ′2hz̄Qn+2πτ ′2hzQ̄n (C.1)

where Q̄n denotes the charges associated to the anti-holomorphic part of the current which,

when coupled to flat gauge connections, remains conserved (cf. discussion presented in

section 4.3). The presence of two conserved charges associated to components of a single

vector current (J, J̄) is nothing we are not familiarized within the context of CFT, as is

the case of momentum and winding in a free compact scalar theory.

The computation can be performed along the same lines depicted in section 5.1. Again,

we choose to align the torus parameters as in (5.2), together with Lz = −Lz̄ = iR/2.

Additionally, we shift hz̄ → hz̄ + hz in order to be left with only one Gaussian integral

over the holonomies. Therefore, the constraints from integration over h̃z, h̃z̄ and hz are

solved by

L̄z = −L̄z̄ = iR/2 (C.2)

τ ′1 = τ1 − iπ`1τ ′2
Q+ Q̄

R
(C.3)

with the corresponding π3`1`
2
2R
−1 prefactor.

Finally we have

Z =
A

2πR`1

∑
n

∫
dhz̄dτ

′
2

τ ′2
e
−2πkτ ′2h

2
z̄+

R(τ2−τ
′
2)+π`1(Qn−Q̄n)τ ′2

`1
+2πiknτ1−2πτ ′2ε

0
n+2πτ ′2kn`1

Qn+Q̄n
R

=
A

2πR`1
√

2k

∑
n

∫
dτ ′2

(τ ′2)3/2
e
− (R(τ2−τ

′
2)+π`1(Qn−Q̄n)τ ′2)2

8πk`21
+2πiknτ1−2πτ ′2ε

0
n+2πτ ′2kn`1

Qn+Q̄n
R

=
∑
n

e2πiknτ1−2πτ2εn (C.4)

with deformed energies

εn =
R

8π2k`21

(
R−π`1(Qn−Q̄n)−

√
(R−π`1(Qn−Q̄n))2−16π2k`21(ε0

n−π`1Pn(Qn+Q̄n))

)
(C.5)

with Pn = kn/R.

This is the same as (5.43) with the identification `1 = `2, showcasing the somewhat

surpising fact that deforming along one flow with the vector current is the same as deform-

ing along two flows with the two chiral components.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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