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1 Introduction

To the best of our knowledge, Lorentz invariance is a fundamental symmetry of nature.

Yet, with the exception of the vacuum, all states of matter we typically consider break

boost invariance. For states made up of a finite number of particles, such as those that we



consider for scattering experiments, there is a preferred reference frame — the so called
center-of-mass frame, where the total momentum vanishes. For states with a finite density
of particles per unit volume, even if we adopt a coarse-grained description that cannot
resolve the individual particles and treat the whole system as a homogeneous solid or fluid
continuum, there is also a preferred frame — the one in which the medium is at rest.
Such a breaking of boost invariance is of the spontaneous type: the dynamical laws are
Lorentz invariant, but the state of the system is not. Goldstone’s theorem and its several
variations have taught us to expect, in situations like this, gapless excitations [1, 2]. So,
are there gapless Goldstone bosons associated with the spontaneous breaking of boosts?
There happen to be subtleties related to the spontaneous breaking of spacetime sym-
metries, having to do, in particular, with the relationship between the number of broken
generators and the number of independent Goldstone excitations [3, 4] (see [5] for a recent
review). At the level of the effective field theory for the Goldstone fields, such subtleties
are associated with the so-called inverse Higgs constraints [6, 7]. These correspond to con-
ditions expressing some Goldstone fields as certain derivatives of other Goldstone fields.
For instance, for superfluids, the phonon field 7(z) can be thought of as the Goldstone field
associated with the spontaneous breaking of a U(1) symmetry, say particle number. On the
other hand, the Goldstone fields for boosts need not be independent degrees of freedom,
because it turns out that certain non-linear combinations of 7(x) and its derivatives [§],

ii(z) < Vr(z) + O(x?) , (1.1)

have the right transformation properties to serve as boost Goldstone fields. Similarly, for
solids, the phonon fields 7(z) are the Goldstone fields for spontaneously broken translations,
and certain non-linear combinations of them and their derivatives,

if(z) o« #(z) + O(x?) | (1.2)

can serve as boost Goldstone fields.

The practical rule that emerges from the coset construction to assess when a phe-
nomenon like this can take place involves only the symmetry breaking pattern, and is
schematically as follows. Calling P, the set of unbroken translation generators, X 4 the set
of broken generators (for spacetime or internal symmetries), and 74 (x) their associated
Goldstone fields, if (i) [P,, X1] D X2, and (%) X; and X3 do not belong to the same ir-
reducible representation of the unbroken symmetries (apart from translations), then it is
consistent with all the symmetries — broken and unbroken alike — to express the Gold-
stone field 71 (x) for X; as a combination of me(z) and its derivatives:

71(x) o< Dgma(x) + O(ma?) . (1.3)

This is called an inverse Higgs constraint [6, 7] (see also, e.g. [9] for a more modern
discussion).

By now it is clear that, at least for media that are homogeneous on large scales, usually
there are no independent Goldstone excitations for boosts, because the Goldstone excita-
tions for other spontaneously broken symmetries can play that role as well. In particular,



based on the general ideas sketched above, ref. [10] attempted a general classification of
the possible ‘condensed matter’ systems. By these it is meant, there and here, states of
matter that spontaneously break the Poincaré group down to suitably defined, perhaps
suitably coarse-grained time translations, spatial translations, and, possibly, spatial rota-
tions. Such a classification correctly reproduces the spectrum of low-energy excitations and
more in general the infrared dynamics of solids, ordinary fluids, superfluids, and supersolids
(see also [8] for an earlier work). For these systems, there are always inverse Higgs con-
straints at work, which remove, in particular, the boost Goldstones as independent degrees
of freedom. Nevertheless, regarding that classification, there are both an oddity and a
notable exception, and both have to do with systems that only break boosts and no other
symmetries.

The oddity is the so-called framid: a framid is a hypothetical isotropic and homo-
geneous medium whose only low-energy degrees of freedom are the Goldstone bosons for
spontaneously broken boosts. Its infrared dynamics are described by a consistent effective
field theory, but it is admittedly a peculiar system: for instance, contrary to more mun-
dane media, its equilibrium state has the same energy-momentum tensor as a cosmological
constant, that is, it has (T*”) « n*¥, oblivious to the fact that Lorentz invariance is spon-
taneously broken. Despite being the simplest implementation of the symmetry breaking
pattern for condensed matter as defined above, the framid does not seem to be realized in
nature as a phase of matter.

The notable exception instead is the degenerate Fermi liquid: it does seem to be
realized in nature, it is described by a consistent effective field theory [11], yet it does
not conform to the allegedly ‘general’ classification of [10]. It breaks boosts but no other
symmetries, but it cannot be described by the framid’s effective field theory, because, for
instance, for a non-relativistic Fermi liquid the mass density is much bigger than the other
entries of the stress-energy tensor. In particular, p + p # 0 for Fermi liquids.

In fact, even setting aside ref. [10] and framids, there is a more general paradox con-
cerning Fermi liquids. Where are the boost Goldstones? If no other symmetries are broken
apart from boosts, there are no inverse Higgs constraints available to remove the boost
Goldstones, which then should be there. But the low-energy spectrum of bosonic exci-
tations in a Fermi liquid — corresponding to specific deformations of the Fermi surface
— does not provide us with obvious candidates. At zero temperature, there can be zero-
sound, which is a spin singlet, and spin waves, which make up a spin triplet. But from
Goldstone’s theorem one generically expects Goldstone bosons with the same (unbroken)
quantum numbers as the broken generators [12]. If boosts are broken but rotations are not,
the Goldstone bosons should come in a triplet under rotations. But in the non-relativistic
limit spin and orbital angular momentum are independent quantum numbers. So, one
expects Goldstones in an orbital triplet/spin singlet representation of rotations (like the
broken boost generators), which apparently leaves us only with the £ = 1 zero-sound modes
as possible Goldstone candidates. More precisely, at finite momentum, it leaves us with
the helicity zero and helicity £1 zero-sound modes. However, in Fermi liquid theory such
modes have no special status — they are just three out of possibly infinitely many (or
possibly zero) propagating modes: the existence of any zero-sound or spin-wave modes



in the spectrum depends crucially on the detailed structure of interactions. In fact, in
low-temperature experiments on liquid helium-3, zero-sound shows up at best as a broad
resonance (with a relative width of more than 20%), and the experimental evidence for
spin waves is not as clean [13, 14].

Finally, let us mention that here has been a lot of theoretical work on Fermi liquids
and many of its properties, including some of the reasons behind the remarkable success
of Landau’s Fermi liquid theory [15, 16] have been fully or partly understood [11, 17—
19]. Also, even more exotic states of matter that are not contained in the classification
of [10] have been found in the past decades, like bad metals [20, 21], non-Fermi liquids [19]
and anisotropic Fermi liquids [22], to name a few. In the existing theories describing
such materials one is however not really looking at the excitations of the underlying solid
that breaks boosts spontaneously. And so, in these theories, boosts are effectively broken
explicitly. Understanding these strongly coupled systems often requires going beyond the
standard condensed matter methodology and use instead the techniques from the AdS/CFT
correspondence (see e.g. [23-25]).

Motivated by all of the above, our paper is devoted to understanding the Goldstone
phenomenon for spontaneously broken boosts. We start in the next section with a simple
argument that shows that, on general grounds, one should expect the Goldstone excitations
associated with boosts to be peculiar: in general, applying to boosts the standard Goldstone
‘know-how’ does not work. We then prove a non-perturbative Goldstone theorem for
boosts. It predicts the existence of gapless excitations, and forces certain matrix elements
between such states and the Lorentz breaking state one is perturbing about to be related
to certain expectation values. Despite obvious similarities with more standard Goldstone
theorems, ours differs from those in an apparently harmless, minor technical way, which
however turns out to have far reaching implications. We check that while for standard
systems with Goldstone bosons — framids and superfluids — our theorem is saturated, as
expected, by single-particle Goldstone boson states, for a Fermi liquid it is saturated by
a particle-hole continuum. For that system, there are no single-particle Goldstone boson
states. What plays that role is instead a continuum in the spectrum, akin to a multi-
particle continuum.

Note added: an anonymous JHEP referee has brought refs. [26-28] to our attention.
Even though these papers’ focus is on finite temperature systems, they have a substan-
tial overlap with our analysis and results. They all discuss the possible role of particle-
hole (thermal) pairs as Goldstone states for spontaneously broken spacetime symmetries.
Ref. [27], in particular, derives a general Goldstone theorem for boosts that is the finite
temperature version of our theorem of section 3 and mentions the free Fermi gas as an
example of a system featuring particle-hole Goldstone states. We have added references
to these papers where appropriate, and we thank the aforementioned referee for kindly
pointing out these earlier results.

Notation and conventions: we keep our analysis relativistic all along, but for simplicity
we take the non-relativistic limit at some point when discussing Fermi liquids. We use
the mostly minus metric signature, +———, and natural units, h = ¢ = 1. When the



number of momentum-space delta-functions escalates, we use a shorthand notation for
them: &p,p, = (2m)363(P1 — P2). When needed, we introduce a finite volume V' to regulate
momentum-space delta-functions: §,, = V. Finally, for single-particle states we use the
so-called non-relativistic normalization: (pi|p2) = 6p,p,-

2  Why boost Goldstones are special

In the next section we will prove a general Goldstone theorem for spontaneously broken
boosts, and in the following ones we will see how different media can obey such a theorem in
qualitatively different ways. Here instead we want to give a somewhat heuristic argument
which shows how in the case of spontaneously broken boosts the Goldstone phenomenon
must feature some peculiarities compared to more standard symmetry breaking patterns.

Consider a zero-temperature medium in a state that, at least at large distances, is
homogeneous and isotropic, but breaks boosts. The energy-momentum operator 7" (x)
must have expectation values of the form

(T = p | (T =0, (TY) = P§% (2.1)

where p and P are suitable constants — the energy density and pressure of our state.

Consider now how the total energy and momentum of the system, P* = [ d3x TOH,
change if we perform an infinitesimal boost modulated by a weakly space-time dependent
rapidity parameter 7j(z) that goes to zero at spatial infinity. To first order in 77 and zeroth
order in its derivatives,

6P° ~ Z/d?’x 7 (z)(TY) =0 (2.2)

5P = / & [ (@) (T%) + 0/ (2)(T)] = (p + P) / dn (). (2.3)

According to the standard relationship between Goldstone particles and Goldstone fields,
if there are Goldstone bosons associated with the spontaneous breaking of boosts, we can
think of 7j(z) as the field operator that creates and annihilates them. But then eq. (2.3)
creates a potential problem. The reason is that, according to it, the momentum carried by
the Goldstones starts linear in n’(z), that is, linear in creation (a!) and annihilation (a)
operators. But if spatial translations are unbroken, the excitations of the system can be
taken to be eigenstates of the momentum operator. This however is only possible if the
momentum operator starts quadratic in the field operators that create and annihilate such
excitations, so that there is a chance to have, schematically, P’ ~ afa.
The only ways out we see are:

1. Spatial translations are in fact also spontaneously broken, and so there is no need
for the excitations of the system to be eigenstates of momentum. This is the case
relevant for solids. Notice that for solids there is an extra subtlety: not only the boost
Goldstones are not momentum eigenstates, they are also not independent excitations,
since their field operator 7j(z) can be expressed in terms of the field operator 7(x)
associated with the translation Goldstones (the phonons):

i(x) x 7(x) + O(x?) . (2.4)



This last property however has no role in solving the potential problem outlined in
the paragraph right after eq. (2.3).

2. The field operator 7j(x) is in fact the spatial derivative of another local field, in which
case the r.h.s. of (2.3) integrates to zero. This is the case relevant for superfluids.
There, like for solids, the boost Goldstones are not independent excitations, but now
the relationship between their field operator and the superfluid phonon field 7(x)
involves a spatial derivative:

ii(z) & Vr(z) + O(n?) . (2.5)
3. The prefactor in the r.h.s. of (2.3) vanishes:
p+P=0. (2.6)

This is the case relevant for the elusive ‘framids’ [10].

In particular, there seems to be no room for boost Goldstones in a system such as a non-
relativistic Fermi liquid, which spontaneously breaks boosts but no other symmetries, and
has a mass density (times ¢?) much bigger than its pressure.

To proceed, we thus need to understand what the Goldstone theorem actually has to

say about the spontaneous breaking of boosts.

3 A Goldstone theorem for spontaneously broken boosts

Consider a Poincaré invariant local QFT in a state |2) that:

1. Does not break time translations. This means that |Q2) is an eigenstate of the Hamil-
tonian. For simplicity, we can add a constant offset to all energies to set that of |2)
to zero.

2. Does not break spatial translations. This means that |€2) is an eigenstate of momen-
tum. For simplicity, we consider only cases in which the corresponding eigenvalue is
zero, but it is immediate to generalize what follows to more general cases.

3. Breaks boosts.

Such a state could be the ground state, or the ground state at a definite chemical potential
or density for some conserved charge, or a more general state with the above properties.
Below, we will refer to |Q2) as the ‘reference state’.

The fact that |[2) breaks boosts operationally means that there exists a local operator
O(z) in a non-trivial representation of Lorentz such that its variation under an infinitesimal

boost has a non-zero expectation value on [Q):
(5. 0() 19) = i(Q[K7, O(2)][2) £ 0, (3.1)

where K is the boost generator. We will be more concrete about the possible choices
for O(x) below, but for now we can keep such an operator generic, including also the



representation of Lorentz it belongs to. For simplicity though, we will restrict to cases
where O(x) is hermitian.

Let us work in Heisenberg picture. Then |2) is time-independent but operators in
general depend on time. However, since Lorentz is a symmetry of the dynamics, K is

conserved, that is, time-independent in Heisenberg picture.’

Then, since |2) does not
break space or time translations, the expectation values in (3.1) must be independent of

the space-time coordinates x:
(] [Kl,O(:z:)] |Q) = —iA, A=const e R. (3.2)

For simplicity, let us then set x to zero.
We can now use the explicit expression for the boost generators,

K' = Pit — / 3z’ 2Tz 1), (3.3)

where t is an arbitrary time, and P’ is the momentum operator. Notice that, since |Q2) does
not break spatial translations, we can drop the Pt term when we plug (3.3) into (3.2). We
thus get

/d%’x“(m T2’ ) 0(0) |Q) — c.c = iA . (3.4)

Consider now inserting an orthogonal complete set of states between the two operators
on the L.h.s. Because of the properties of |{2), such states can be taken to be eigenstates
of momentum and energy. In particular, we can parametrize them as |n, ), where p' is
the momentum eigenvalue, and n collectively denotes all other labels needed to uniquely
identify an energy eigenstate. We will denote the corresponding energy eigenvalue by
E,(p). We normalize these states in such a way that the completeness relation reads

3
1= [ (;if)’g,z I, 7Y n, 5] (3.5)

where the sum over n can include integrals over continuous variables such as relative mo-
menta in multi-particle states. Notice that for single-particle states the above normalization
is the so-called non-relativistic one, (7|p’) = (27)36%(7 — p”). An important fact (which
is relevant for other Goldstone theorems as well [3, 4]) is that our reference state |2) can-
not contribute as an intermediate state in the sum in eq. (3.4). The reason is that its
contributions cancel between the two terms on the l.h.s.

We thus have

3 .
/ (;lﬂl))g A3 Z<Q|T00(f/’ t)n,p)(n,p|O(0)|Q) —c.c =iA, (3.6)

where we exchanged the order of integration over £’ and p. Using the translation operators

n

we can write
TOO(f/ t) _ 671'13-9?’ e+th TOO(O) efth eiﬁ-f’ ) (37)

'Notice that K* does not commute with the Hamiltonian and is also explicitly time-dependent — see
eq. (3.3). These two sources of time-dependence for K* cancel each other, thus ensuring that K¢ is conserved.



Then, using properties 1 and 2 above, after straightforward algebra we get

lim g
p—0 ap

N e B TO0 () O () + e = A (3.8)

n

where the script capital letters stand for the matrix elements of the corresponding operators
between |2) and |n, p):

T2(7) = QUT™(O)n,5) . Ou(@) = (21 0(0)|n,5) . (3.9)

The derivative with respect to p'is the only qualitative novelty compared to more standard
Goldstone theorems, and it stems from the explicit spatial dependence of the boost charge
density. Such a novelty turns out to have far reaching implications, as we will see in the
following sections.

The derivative with respect to p in principle can act on any of the factors inside
the sum. In fact, it can also act on the range of the sum over n, as we will see in one
of the examples below: there are systems for which the number of allowed states of total
momentum p changes as p changes. However, regardless of where it acts, the above identity
implies that there are states other than |2) whose energy goes to zero at zero momentum.
The reason is that, after taking the p derivative and setting p’ to zero, we are left with an
overall e~ (0t factor for each term in the sum. But the r.h.s. of (3.8) is time-independent.
This means that there must be states such that E,(0) = 0, and that these are the only
ones that contribute to the lL.h.s.

Notice that so far we have not used rotational invariance in any way. If rotations
are unbroken by |€2), then we can use the usual selection rules of Goldstone theorems and
further conclude that the gapless intermediate states that contribute to the L.h.s. of (3.8)
must have zero helicity. This is because T% is a scalar operator under rotations, and so
its matrix element in (3.9) is nonzero only if |n,p’) has zero helicity.

3.1 Formulation in terms of spectral densities

The conclusion that there are gapless states is perhaps more transparent in the language
of correlation functions and spectral densities. Define the Wightman correlation function

Groo o (2 — ) = (T (2) O(y)|Q) - (3.10)

Then, eq. (3.4) reads
/d?’x/x”' [Groo o(Z',1) = Ghoo o(Z',1)] = iA (3.11)

which in Fourier space becomes

. 8 ~ — * —
%13%) o [GTooO(p, w) — Groo (=P, —w)} =A(27m)(w). (3.12)

Now, it so happens that in Fourier space Wightman correlation functions are proportional
to their spectral densities, with no convolution needed; we review this and the systematics



of spectral densities for non-relativistic theories or states in appendix A. More concretely,
for any two local operators O, Oy, one simply has

1

Canl0) = 5pas() (313)

with the spectral density p,, normalized in such a way that for a free, canonically normal-
ized scalar field ¢(z) that annihilates single particle states with generic dispersion relation
E = E(p), the ¢¢ spectral density is

poo(B.w) = (2m)3(w — E(F)) . (3.14)

Then, eq. (3.12) is directly a statement about the 7%-O spectral density:

i o 57 (P10 () = oo o~ )| = A (2m)3(e) (3.15)
Clearly, this implies that the spectral density must have support concentrated at w = 0 for
P going to zero, in agreement with our analysis of eq. (3.8), that is, with the conclusion
that there are gapless states.

Again, the only qualitative difference with more standard Goldstone theorems is the
derivative with respect to p on the Lh.s. In those cases, the appearance of the d(w) on
the r.h.s. is usually taken as an indication that the low-energy states that saturate the
Goldstone theorem become stable single-particle states at low momenta. Strictly speaking,
such a conclusion is justified only in relativistic cases, that is, when |{2) is a Poincaré
invariant vacuum of a relativistic theory. In practice however, to the best of our knowledge,
that conclusion turns out to be correct also for spontaneous symmetry breaking in non-
relativistic situations. For instance, for superfluid helium-4 at zero temperature, a finite-
momentum phonon has a decay rate I' ~ p® [16], and so it becomes more and more stable
at lower and lower momenta, in the sense that I'/w — 0 for 7 — 0.

So, the natural question is whether in our case as well we expect the identities (3.8)
and (3.15) to be saturated by zero-energy single-particle states — that is, Goldstone bosons.
The short answer to this is definitely ‘no’. We already saw in the previous section that there
is a tension between the usual properties of Goldstone bosons and the spontaneous breaking
of boosts. In fact, in section 6 we will see that for Fermi liquids the identities above are
saturated not by Goldstone bosons — there aren’t any — but rather by particle-hole states,
which form a continuum, analogous to a multi-particle continuum. As we shall show in
subsection 6.1.3, these particle-hole pairs do not create a d(w)-type singularity in correlation
functions that would allow for a straightforward interpretation as zero-energy single particle
states. Instead, we find that the correlation functions vanish as the momentum goes to
zero. However, the aforementioned derivative w.r.t. p in the Goldstone theorem (3.12)
uplifts the contribution from the particle-hole pairs allowing them to satisfy the theorem.
The same effect was earlier observed in ref. [27] for finite temperature systems in cases
when the generator of the spontaneous symmetry breaking contains an explicit coordinate
dependence. Also here it is the explicit 2° dependence of the boost generator in (3.3)
that then results in the additional momentum derivative in the Goldstone theorem (3.8)



and (3.12). As a result, the particle-hole states can indeed be identified with zero-energy
Goldstone states.

Before we turn to the example of Fermi liquids, let us demonstrate how cases 2 and
3 discussed at the end of section 2, which feature Goldstone bosons for boosts, agree with
our theorem. We leave out case 1, because it involves a spontaneous breaking of spatial
translations, and our theorem would need to be modified to accommodate that. We start
with a brief digression about order parameters.

3.2 Convenient order parameters

So far we have been generic about the nature of our order parameter O(z), but, depending
on the system, there can be obviously convenient choices.

If a system features a conserved internal charge and is in a state of finite density for
it, we can use the associated Noether current J* as an order parameter. More precisely,
we can take O(z) = J/(x), so that

QK" 7 (2)]|) = —i(QJ°(2)|Q)67 = —ind" | (3.16)

where n = (Q|J9(z)|€2) is the charge density of |Q2). In that case, our theorem only involves
matrix elements and expectation values of conserved currents—7T*" and J*:

) o L g
lim 23 e TOE) J ) + e = nal (3.17)
#Q
or, in the language of spectral densities,

0 * 1j

2 N (—7 — — o §i

i o i (P10 (759) = oo, s (7 ~)]| = n6Y (2m)3(e) (3.18)
However, even if our system does not feature internal charges, or if our state |{2) does

not turn on any of the corresponding densities, the stress energy tensor itself is usually a

good order parameter. More precisely, choosing O(x) = T%(z), we have

QK TY(2)]|0) = —i(Q T%(2)6Y + TY(2) |Q) = —i (p + P) 57, (3.19)

where p and P are the energy density and pressure of |Q2), as in eq. (2.1). (Although not
necessary for our theorem, here we are assuming that |2) does not break rotations.) So,
TH is not a good order parameter only for Lorentz-violating states that have vanishing
p + P — such as the framid’s ground state — i.e., only when (QT""|Q) o n*¥, which is
clearly exceptional for a Lorentz-violating state |2). In all other cases, T*” is a partic-
ularly convenient choice of order parameter, because it exists for all local theories, and
because with this choice our theorem only involves matrix elements and expectation values
of TH itself:

lim -
p—0 Op*

> e P PITOE) T F) + . = (p+ P)67 (3.20)
n#£S

~10 -



or, equivalently,

pii% 2118 ;| PTo0 703 (P, w) — P*TOO,TOJ'(—@ —w)} = (p+P) 6" (2m)d(w) . (3:21)
Finally, one is often interested in a non-relativistic system, by which we mean a state
in a relativistic field theory that features a mass density (times c?) much bigger than
the typical binding energy density, kinetic energy density, pressure, etc., and propagation
speeds for excitations much smaller than that of light. This is the case for typical con-
densed matter systems in the lab. In those cases, both choices above are available, and
are in fact equivalent. This is because in the non-relativistic limit there is automatically a
new conserved charge, the total mass M, whose density J° and current density J obey a
continuity equation,
JO+V-J=0. (3.22)

ut and J can also be thought of as the non-relativistic limits of suitable entries o v,
But JO and J Iso be thought of h 1 1 f bl fTH
(NR limit) 7% ~J% 7%~ gt T <« J%. (3.23)

From the expressions above we thus get for both (3.17) and (3.20)

NR Ii ~iEn @ 7 =pm 67, pm=(QJ(2)|
(NR limit) L 55 Ze (@) T (D) + c.c. = pm 67, pm = (QT7(2)|2)
(3.24)
or, equivalently,
o 1 0 « _ ij
(NR limit) [010.355) = 0 1o (~F,~)] = pm 69(2m)3(w) . (3.25)

7—0 2w Op*

4 Systems with Goldstones

4.1 Framids

A (type-I) framid is a hypothetical phase of matter that breaks Lorentz boosts but no
other symmetry, and that features Goldstone fields non-linearly realizing the broken boosts.
The low-energy effective theory for such a system has been developed in [10]. It involves
three gapless boost Goldstone fields making up a 3-vector, 7j(x), whose longitudinal and
transverse parts both have linear dispersion relations, generically with different speeds, and
pion-like derivative interactions. Their dynamics are governed by an effective action which
at quadratic order takes the form

1 . S A
5, = [ e [MRG)? — Mo o — 230w (11)
where M; are arbitrary mass scales. Finding the corresponding stress-energy tensor is

more straightforward when writing the low energy action in terms of the order parameter.
We shall discuss a convenient choice of order parameter below and refer the reader to the

- 11 -



appendix A of [10] for the exact expressions for the stress tensor. The fields 7‘(z) admit
the standard mode expansion

1

3
i1 | G e ki
1 ( ﬂ—) h 2Eh(p)

n'(x) RUEE a?e}fﬁ eip'x] , (4.2)

where a;h, a;i are the creation and annihilation operators, h stands for the helicities 0, &1,

and &}, , denote the associated (orthonormal) polarization vectors.
To see how such a system obeys our theorem through single-particle Goldstone states,
we need:

1. An order parameter: as already emphasized, T is of no use here, because it has a
Lorentz-preserving expectation value on the ground state, (T*") o n*”. For simplicity
we will assume that the microscopic theory features a local 4-vector operator V#(x)
with a Lorentz-breaking expectation value on |Q2),

(QIV*(2)|) =0 (4.3)

although one can generalize the analysis that follows to more complicated representa-
tions of Lorentz as well. V, could be a conserved Noether current, or a more general
vector operator. Then, setting O(x) = VJ(x) in our theorem, eq. (3.8) becomes
similar to (3.17):

lim

: —E I TO0 (Y VI* () + c.c. = 67 4.4
ﬁﬁoaplze @) Vi (D) + c.c. = 67, (4.4)

n#£Q

where the r.h.s comes from i(Q|[K*, VI (2)]|Q) = (QV(2)|Q)07 = 6. Eq. (4.4) is
the identity that we need to check. In particular, we will see that it is obeyed if we
restrict the sum to just single-particle Goldstone states.

2. The matrix elements of the order parameter between the ground state and single
particle states: to this end, we need the expression of V),(z) to first order in the
Goldstone fields obtained by performing an infinitesimal boost transformation on the
expectation value of the order parameter:

Vi(a) = (M OK) Qv (@)|) = of +aln'(x) (4.5)

3. The matrix elements of 7% between the ground state and single particle states: to
this end, we need the expression of T% to first order in the Goldstone fields. This

is [10]
TO(z) ~ A+ M2V -ij(z) (4.6)
where A is the ground state’s energy, and M; is the scale appearing as an overall factor
in the quadratic Lagrangian (4.1) for 77. Notice that, because of the spatial divergence

in (4.6), only the longitudinal Goldstone states (with h = 0) will contribute to the
matrix elements we are interested in.
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Given all of the above, if we use single-particle longitudinal Goldstone states |p, L) =
a; h—ol0) as intermediate states for our theorem, we have:

T =M PR R V) = g (4.7

obtained by evaluating 7 °() and VL(7) by using the mode expansion (4.2). As antici-
pated, we see that eq. (4.4) is saturated by these states.

4.2 Superfluids

From a quantum field theory standpoint, a superfluid is a system with a continuous internal
symmetry in a state that on the one hand spontaneously breaks that symmetry, and on
the other hand has a finite density for the associated conserved charge [29]. This charac-
terization is equivalent to the traditional one in terms of Bose-Einstein condensation for
free bosons [16], but, unlike that one, it has the advantage of being perfectly well defined
for interacting theories as well, even at strong coupling.

One can think of the ground state of a superfluid at some chemical potential u as the
lowest-lying eigenstate of the modified Hamiltonian [4]

H=H - 1Q, (4.8)

where H is the Hamiltonian, and () the conserved charge in question. We will call such a
state |€2), and use it as reference state for our Goldstone theorem. However, the requirement
that @ be spontaneously broken implies that H also is. In other words, if |(2) is an eigenstate
of H but not of @, it cannot be an eigenstate of H. Thus, a superfluid violates assumption
1 of our theorem.

Fortunately, there is an easy fix. The only places where the Hamiltonian operator is
introduced in our theorem are:

1. Implicitly, in the sum over the complete set of states of eq. (3.5): those states are
supposed to be eigenstates of H. In our case, since |Q2) breaks H but not H, we can
classify its excitations in terms of eigenstates of H. And, so, we can still use eq. (3.5),
but with the understanding that |n, ) is now an eigenstate of P and H, but not of
H (or Q). We will call E,(7) the corresponding eigenvalue of H, and refer to it as
the ‘energy’ of |n,p).

2. Explicitly, in eq. (3.7). However, since T% and H are both neutral under Q (i.e.,
they commute with it, because () generates an internal symmetry), that equation is
equally valid if one uses H in place of H in it:

eJrth TOO(O) efth — e+2’Ht TOO(O) efth (49)

We thus reach the conclusion that our theorem should be valid for superfluids as well, as
long as one interprets the states and energies appearing there as eigenstates and eigenvalues
of H rather than of H.?

2Notice that, however unsurprising it might sound, this conclusion was not obvious a priori: our theorem

has to do with boosts, and H and H behave very differently under boosts. The former is the timelike
component of a four-vector P, the latter is a linear combination of this and of a scalar Q.
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With these qualifications in mind, we can now check that, for superfluids, single-particle
phonon states saturate our Goldstone theorem for boosts. The effective field theory for
low-energy excitations of relativistic superfluids was developed by Son [29]. It involves a
Lorentz scalar ¢(x) with a shift symmetry, ¢ — ¢+ const, expanded about the background
configuration (Q|¢(x)|Q) = put:

¢(z) = pt +n(x) , (4.10)

where 7(x) is the field that creates and annihilates phonons.
The low-energy effective action is

S = /d4xP(X) . X =(09)?, (4.11)

where P(u?) is the superfluid’s equation of state, given by the pressure as a function of the
chemical potential (squared). From this, one can compute the stress-energy tensor and the
U(1) current:

Ty = 2P (X)8,6 0,6 — 1w P(X),  Ju=2P(X)0,6 . (4.12)

We can use J* as our order parameter O. Our theorem thus takes the form (3.17). Notice
that the background charge density is

_ap

n = (QJ°Q) = 2P'(u*)p = du’

(4.13)

as befits a zero-temperature superfluid.
Similarly to the framids’ case, we will need the expansion of 7% and of J? to first-order
in the Goldstone field 7(z). We have:

8@7‘( 5 (4.14)

=13

where we used eq. (4.13) as well the expression for the speed of sound:?

, dP P

S — 415
“Tdp " 2Pt P (4.15)

Finally, we need to know the normalization of the 7 field compared to canonical normal-
ization. For this, we need the expansion of the effective action to quadratic order in :

n Ir. = 12
S~ ,uc?/d4x2{7¥ —cg(Vﬂ') } . (4.16)

With this normalization of m(z), for a single-particle phonon state |7) we have

(Q7(0)[p) = cs\/g\/% ,  E@)=cp, (4.17)

3The expression for the energy density p in terms of u? can be found from eq. (4.12) above as p = T¢,

or, equivalently, from the zero-temperature thermodynamic identity p + P = un.
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and thus the matrix elements relevant for our theorem are

n:u . [NCg ﬁ
= —1 1 4.18
\/ \[ ©o\2p (4.18)

in perfect agreement with eq. (3.17).

Notice that here we have 7% ~ p'/2 and O = T ~ pl/2, while for the framid we
had 79 ~ p?/2 and O = Y ~ p~ Y2 In both cases T%°O* scales as p, as it should in
order to satisfy our theorem. Still, this linear scaling with p of the product is achieved in

substantially different ways in the two cases. We expect this to be related to the presence
of inverse Higgs constraints for the superfluid, 7 ~ 677, although the precise relationship
is not immediately obvious to us.

5 Systems without Goldstones: the massive particle

As a warmup for the more physically relevant example of Fermi liquids, let’s consider a
relativistic QFT whose lightest states are spinless massive particles of mass m. The theory
can have generic interactions, not necessarily perturbative, as long as there exist asymptotic
states, the lightest of which have mass m.

Now, if we take one such particle in a state of definite momentum P, such a state has
all the properties spelled out at the outset of section 3, and thus qualifies as a perfectly
good reference state for our theorem. In fact, since the particle is massive, we can go to
its rest frame, and consider the zero-momentum reference state?
afo) , (5.1)

Q) = 0) =

1, 1
=
which simplifies the analysis somewhat.

How is our theorem obeyed? Clearly the theory has no gapless Goldstone bosons: the
lightest single-particle states are our massive particles. However, starting from the |Q2)
above, we can find states that are arbitrarily close to it in energy when their momentum
approaches zero: such states describe the same one particle that is already there, but with
momentum slightly different from zero. In other words, they are slightly boosted versions

of our reference state |2). These are simply

),  P#0, (5.2)
and their energy with respect to |{2) in the low-momentum limit is

7

E({p) ~ T (5.3)

which goes to zero for p going to zero.
One could argue that these are in fact single-particle states. They are, but only as far
as the true vacuum of the theory in concerned. Instead, with respect to our boost-breaking

4The volume factor upfront makes |2) normalized to one, as implicitly assumed in our theorem. Sim-
ilarly, all the other volume factors introduced in this section make normalizations consistent with our
previous choices.
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reference state, they are particle-hole states: to get them from |Q2), we must first annihilate
a particle with zero momentum, and then create one with momentum 7'

7) = jva;adm . (5.4)

These states do not form a continuum like more standard multi-particle or particle-
hole states: for each total momentum p, there is only one state in this class, with energy
(w.r.t. |Q2)) given by (5.3). This again may lead one to believe that these are standard
single-particle states also as far as |Q2) is concerned. But they are not. In fact, taking the
energy of |2) as a reference point, the spectrum of the theory is quite peculiar: we can only
have one quantum whose energy goes to zero with p, but no more. We cannot add more

t
2
excitation at small momentum is to apply something like a}aﬁ, which gives us again one

quanta of this excitation. Once we apply a.ag to |2), the only way to get another gapless

of our states, this time with momentum ¢, but that with momentum p’ is gone. All the
other states correspond to adding more particles of the original theory, and thus have gap
m. Put another way: taking |Q2) as reference state, we have gapless single-quantum states,
but the multi-quantum continuum is gapped.

Let’s check that if we use the states (5.4) as the intermediate |n,p’) states in our
Goldstone theorem, the theorem (3.20) is obeyed. First, notice that in this case we do not

need the additional label n to characterize the intermediate states. Second, notice that the
states are already normalized correctly. Then, we just need to compute the matrix elements

TH(P) = QT (0)|p) (5.5)

for small . In particular, we need the terms of first order in p'in the product 7% (5)7%*(p)
(see eq. (3.20)).

In a relativistic field theory, because of Lorentz invariance and basic symmetry prop-
erties, the matrix elements of T"” between single-particle states (of identical spinless par-
ticles) must take the form

7 - 1 v v 1 v v
(k|T"(0)|p) = §(k“k + pt'p”)F(k - p) + 5(’6’”1) +p"k")G(k - p)
1
+n"H(k-p)+ i§(k“k‘” —p'p")I(k-p), (5.6)

for some real functions F', G, H, I, and must obey the limit®

kHEY

(k|TH(0)|p) — 70 forp— k. (5.7)
This implies
1
F(m?) + G(m?) = 0 H(m?*) =0. (5.8)
Furthermore, conservation of T#¥, in the form [P,, T*"] = 0, implies
(k[T (0)|P") (ky — pu) =0, (5.9)

®This follows from Lorentz invariance and from imposing, with our normalizations, [ d°z (k |T°(z)|p) —
V - k" for f— k. Cf. [30].
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that is,

I(k-p)=0,  H(k-p)=(F(k-p)— Gk p)) (k-p—m?). (5.10)
For us, to the order we are interested in, all this implies
TOG) ~ —=m, TG~ s (511)
v g
which, plugged into the Lh.s. of eq. (3.20), yields
lim ;pi[eiE(ﬁ)t TOp) TV () —i—c.c.] = %5’7’ . (5.12)

This is precisely the expected result according to eq. (3.20): since we have a single particle
at rest in a volume V, the expectation value of T% is m/V, and that of T% vanishes.

This is admittedly a fairly degenerate example: in the infinite volume limit, all the
physical effects of having a single zero-momentum particle rather than the vacuum must be
infinitely diluted. For instance, assuming the theory has local quartic interactions of some
kind (e.g. A¢?), the two-to-two cross section for particles propagating in the true vacuum
of the theory is finite,

1 1 1
d09,2a3,4 = TEHTEQTH‘M?,QH&ZLFCZH&ZL ; (5.13)

where we are using standard relativistic scattering theory notation, and the superscript
zero reminds us that the corresponding quantities are to be computed in the vacuum.
However, if one of the initial particles, say 1, is at rest, and one of the final ones, say 3, has
very small momentum compared to m, we can think of this same process as a one-to-two
process taking place in |Q2), whereby gapped excitation 2 decays into gapless excitation 3
and gapped excitation 4. The rate for this one-to-two process takes the form

2dMl; 4 (5.14)

1
Q Q
dr2—>3,4 = TE2|M2—>3,4

where the superscript €2 reminds us that, now, the corresponding quantities are to be com-
puted in |Q2). In particular, |2) = a%]ﬂ) = ﬁagamm and (3,4| = (Q\ﬁagagaz; = (0lazaa.
And this is where we see the dilution phenomenon alluded to above: the physical process
is exactly the same, but the kinematical factors we have to use for correctly normalizing
the amplitude M are different in the two cases — they depend on the number of external
legs. Following standard scattering theory, for our kinematics we have

1
M¥—>3,4 = WM(I)Q—)ZiA ) (5.15)
and so .
s 5, = TR oV o s34 (5.16)

which goes to zero at infinite volume, as expected.
Yet, this perhaps academic example serves to illustrate that systems that spontaneously
break boosts and no other symmetries can have quite peculiar spectra of excitations.
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6 Fermi liquids

Fermi liquid theory is normally used to describe electrons in metals at low temperatures.
There, however, boost invariance is broken by the underlying solid, whose phonons can
serve as Goldstone bosons both for translations and for boosts. Here instead, we are
interested in cases in which it is the ground state of the Fermi liquid itself that breaks
boosts while preserving translational invariance. The prime example of this is liquid helium-
3, at temperatures low enough so that Fermi degeneracy is more important than thermal
fluctuations (7" < 1 K), but high enough so that Cooper-pairing and the associated onset of
superfluidity can be neglected (7' 2 1 mK). Fermi liquid theory assumes that the ground
state of a Fermi liquid consists of fermionic particles that occupy all momentum states
with || < pp, as is the case also for a free Fermi gas. It then further assumes that these
quasiparticles in an energy band close to the Fermi surface (i.e. || = pp) are weakly
interacting (this is shown in figure 1 [left]). This theory correctly predicts the spectrum of
lowest-lying excitations in Fermi liquids, consisting of particle-hole continuum and first and
zero sound modes [16, 31]. From an effective field theory viewpoint, Landau’s theory can
be reinterpreted as a theory of almost free fermionic particles with momentum close to the
Fermi momentum pg with an irrelevant quartic interaction that only becomes marginal for
specific momentum configurations [11]. Despite their apparent simplicity, there is no local
position space Lagrangian description of Fermi liquids and their low-energy dynamics. As
we shall see below, the Goldstone theorem (3.20) presented in this work can in turn be
equally well used also for Fermi liquids even in the absence of a local field theory description.

Importantly in the context of this paper, the ground state of a Fermi liquid is a state
of finite energy density and low pressure, thus breaking boosts. We define a Fermi liquid’s
ground state as a tensor product of single-particle momentum eigenstates:

FL) =NTT II 7). 15 =c¢T0), (6.1)

s |p|<pr

where C%T is the fermionic creation operator creating a single particle state of momentum
p'and spin s, satisfying the anticommutation relation {cg, C%,,T} = (27)36C) (5 — §")04s. We
emphasize that the ¢!’s and ¢’s create and annihilate quasiparticle states, which are dressed
versions of the single-particle states defined on the vacuum state |0) of the microscopic
theory. Such ‘dressing’ depends both on the interactions of the microscopic theory and,
crucially, on the density of particles present in the state we are considering, which is |FL)
itself. So, (6.1) is an implicit definition of our state. Landau’s Fermi liquid theory essentially
assumes that such a definition in terms of quasiparticle states is possible (see, e.g. [19]).
The normalization factor A is chosen so that (FL|FL) = 1. Due to the anticommutation
properties, it is clear that there can in fact only be one-particle states inside our Fermi
liquid ground state, which further satisfies

efFL)y =0,  |F| <pr, (6.2)
cy|FL) =0, [P > pr. (6.3)
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ﬂ Qe - . weak

.. coupling

Figure 1. The momentum space Fermi surface. Left: the weak (light green) and strong (dark
green) coupling regions. Right: the particle-hole state consisting of a hole (empty dot) with p5 and
a particle (full dot) with pj.

The first equality says that one cannot create another copy of a particle already contained in
the Fermi liquid ground state: this is the Pauli exclusion principle, and follows trivially from
the anticommutation relation between the fermionic creation and annihilation operators.
The second equality instead says that one cannot annihilate a particle that is not contained
in the Fermi liquid ground state already.

One can define a particle as a one-particle state on top of the Fermi liquid:

115) = 5 TFL), 5] > pr. (6.4)
Similarly, a hole is defined as a Fermi liquid missing one particle of given momentum:
1) = cz[FL),  1q] <pr. (6.5)
We can now introduce the concept of a particle-hole state as
v) = 5l e [FL) (6.6)

where the annihilation operator creates a hole with a momentum 5, |pa2| < pr and spin s’
and the creation operator creates a particle with a momentum pi, [p1| > pr and spin s. The
total momentum characterising the state [¢)) is then given by the difference p'= pi — po.
This configuration is shown in figure 1. Although the total momentum of a low-energy
particle-hole state can be as large as |p'| ~ 2pp, for the purpose of the Goldstone theorem
eventually we will be interested in the |p'| < pp case. In such a limit, the energy of a
particle-hole state is E(p',p2) = E(p1) — E(p2) ~ 05, E(p2)p = vr P2 - P, where po is the
unit vector in the direction of p> and vp is the so-called Fermi velocity [11].

We shall argue below that, in the case of Fermi liquids, our boost Goldstone the-
orem is obeyed by the particle-hole states (6.6). Restricted to them, the completeness
relations reads

d3 d3 d3 d3
e Z/ (2f)13 (2:)23 [ )| = Z / (2753 (27523|w><w| : (6.7)
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where p in the last equality is the total momentum of the state |1)) and we have chosen to
leave py as the other integration variable. The theorem (3.20) then takes the form®

. 0 d3 — i E(D.7 RGN ik /> o i
%1_1% opt / (271]'9)23 e EEPIE T 7o) T (5, ) + c.c. = (ppL + Prr) 07 (6.8)

where now the matrix elements are defined as
TH(p,p2) = (FLIT*(0)|¢) - (6.9)

The technical complication when discussing Fermi liquids is that there is no known
local position space quantum field theory describing them. In particular, there is no local
expression for the stress-energy tensor operator in terms of the fields describing the low-
energy excitations of the system. However, we do know that in the ground state the
stress-energy tensor satisfies

(FL|T%|FL) = ppr, , (FL|TY|FL) =0, (FL|TY|FL) = Pyp, 69, (6.10)

where prr, and Py, are the ground state energy density and pressure. In the non-relativistic
limit one has Py, <« ppr,. Furthermore, according to Landau’s theory, in a momentum band
close to the Fermi surface (see figure 1), Fermi liquid is well described by weakly interacting
quasiparticles. We therefore split the stress-energy tensor describing a Fermi liquid as
™ (CC) = Tf’l;ge(x) + ﬂﬁreracting (:U) . (611)
In the following subsections we focus on the structure of the free and interacting parts of
the stress-energy tensor. As we shall see, there is no actual need for separating it into
a free part and an interaction part. Nevertheless, it is instructive to do so in order to
distinguish between the properties of bosonic and fermionic quasiparticles. For the benefit
of the impatient reader, we provide in appendix B a quick check of our theorem for Fermi
liquids that does not require inspecting the structure of the stress-energy tensor too closely.

6.1 Free theory
6.1.1 Brute force

Given that Fermi liquid theory is an effective theory usually describing systems of strongly
interacting fermionic particles (e.g. electrons in metals), it is natural to assume that the cor-
responding quasi-particles are fermionic. This is, in fact, what has been done in [11] where
Landau’s theory was rederived from an EFT perspective. Hence using the stress-energy
tensor of free fermions as the T} () in (6.11) is certainly plausible. On the other hand,

some quantum liquids, e.g. liquid helium-4, can be described as interacting Bose gases [16].
We shall therefore consider both bosonic and fermionic quasiparticles in what follows.

5We omit the sum over spins for simplicity here, but will restore it in our explicit computations below
where necessary. In general, the spin indices always appear hand in hand with the associated momenta and
can thus be restored at the end of computations without any ambiguity.
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Bosons. One can in fact define a Fermi liquid-like state by using bosonic creation and
annihilation operators:

FLy =N ] ), 18) =aljo), (6.12)

|7 | <pF

where similarly as before the creation and annihilation operators satisfy the commutation
relation [ag, a;,] = (27)%6®)(F — ) and the normalization factor A is chosen so that
(FL|IFL) = 1. Such a state is certainly not the ground state of the theory, even at finite
chemical potential. Still, for free bosons, it is an eigenstate of the Hamiltonian, and can
thus be used as the reference state |2) in our theorem.

In distinction from a Fermi liquid state built out of fermionic operators, the only
relation that is satisfied by the bosonic |FL) is

az[FL) =0,  [p] > pr. (6.13)

Acting on the Fermi liquid state with a creation operator of momentum |¢'| less than pp
would in turn create a state, very similar to (6.12), but with one of the single particle states
replaced by a two-particle state of momentum ¢. As before, one can define particle and
hole states as

1) = alJFL),  |F] > pr. (6.14)
1) =ag|FL), |7 <pr. (6.15)

For later convenience, let us emphasize that the hole (and also particle) states form an
orthogonal set of states, i.e. (FL\a%aﬂFL) = N@2n)36@) (k — ¢) for |k|,|7| < pr. The
normalization constant can be determined by first noting that for any single particle state
p) = at|0> it holds that a}a(ﬂﬁ) = (2m)36B) (7 — p)|7) and in particular a aglq) =
(27)36(3)(0)|¢) = V|7). Now, applying the same steps to the Fermi liquid ground state
allows us to determine N = 1 and gives

(FLlaLaglFL) =V, (FLlalagFL) = 2m)*6@) (k- ),  |K,|g| <pr.  (6.16)
Finally, the bosonic particle-hole state is defined as

¥) = al. az|FL),  |pa| < pr, |P1| > pr. (6.17)

We then take a free relativistic scalar field described by the standard action”
4 1 2 1 5.9
S=[dxv—g 5(8@ —3m o) (6.18)
giving for the Minkowski stress-energy tensor

T””(x)=3“¢8”¢—n“”< (06)? - m2¢>2) (6.19)

"We remind the reader that we are using the (+,—, —, —) signature.
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Performing the mode expansion

o(x) = / (;ijf)gl (a/,;e_ﬂmc + a}%eim> (6.20)

ka

and evaluating the stress tensor at « = 0 for the relevant stress tensor components gives

BrkdPq1l 1 -
TOO(O) 3/ (27r)6 1 e (ataqhi— aw}) (wqwk + k- q—i—m?) :

k
, BrkdPql oy .
70 [w t t
1(0) D) /(2)62 7qq1 (aan’+ aan) R

where D indicates that we only look at the elements with equal number of creation and

(6.21)

annihilation operators. After normal ordering,® we obtain in the non-relativistic limit

A3k d3q
3T191(.)R. (0):= m/ @) a;%a@,

(6.22)

In order to evaluate the matrix elements (6.9) needed for the Goldstone theorem we need

<FL|a£aq~|¢> :<FL\a£a;1 agag, |FL) + (2m)363) (7 — ﬁ1)<FL|a£aﬁQ\FL)

- (6.23)
=(2m)%63)(7 — 71) 6®) (k — ) ,

where we have expressed the particle-hole state as in (6.17). On the second equality we
have used the property (6.13) for p; and the expression for matrix elements (6.16). We
thus obtain

TG, m) =m, T, 5) = 5+ 9h) (624

For the Goldstone theorem in (6.8) above this means that we need to evaluate

d3p27—00(—»—»7f0j*—»—» _ @z iy _ @21 i
/ 2n)? 7, P2) (p,p2) +cc. = m/ @n)? (P} +ph) = m/ @n)? (205 +1') .

(6.25)
Note that we have disregarded the exponent exp(—iE(p, p2)t) in the above expression. The
reason for this is that as we shall see below the integral above is already first order in p.
Therefore, if we were to take the derivative with respect to p’ of the energy in the exponent,
it would come multiplied by a quantity linear in p and would vanish in the p'— 0 limit.

8Here we perform the normal ordering with respect to the true vacuum as : O : = O — (0|0|0). Alterna-
tively one could normally order with respect to |FL). However, the Goldstone theorem (3.19) is insensitive
to these specifics. The reason is that, due to Lorentz invariance, the contribution to the stress-energy tensor
being subtracted by normal ordering can only be proportional to 7,.. In other words, it can only shift the
cosmological constant, for which p + p = 0. Thus, it does not contribute to the right hand side of (3.19).
As for the left hand side, such contribution is proportional to the identity operator and cancels out of the
commutator.
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We evaluate the integral above in spherical coordinates, aligning the z-axis with p.
Since the integral involves various approximations and gives a non-trivial result with impor-
tant implications we present its full evaluation in appendix C. The end result for small p'is

Py oL 1 5 2
| (o i +) = g+ OW?). (6.26)

As for the right hand side of the theorem (6.8), we use the fact that in the non-relativistic
limit ppr, > Prr, and evaluate

Bk d3q B
g = (FL|: T80 (0):[FL) = m [ S FLlalagfFL) = m [ 255
d |k|<pp 4T (6.27)
1
= G2k

By definition ppr, = m- %, where N is the total number of particles inside the Fermi surface.

N L 3
The above equation in turn implies f‘ Fl<pr % = L — %,

density n = N/V. We further note that, due to the bosonic nature of the operators, the

coinciding with the number

number density for our system of free bosons is half of that of a free Fermi gas, where an
additional factor of 2 arises due to the sum over spins [32]. Inserting (6.26) and (6.27)
in the Goldstone theorem (6.8), we see that both sides are equal and thus the theorem is
satisfied for particle-hole excitations around the Fermi liquid ground state.

Let us note that the Goldstone theorem for the spontaneous breaking of Lorentz boosts
in free massive scalar field theory at finite temperature has been considered in ref. [27] . Tt
was similarly concluded that, in that case, the role of the zero-energy Goldstone excitations
is played by thermal pairs. Our result here extends their analysis to the case of particle-hole
pairs created on top of the Fermi liquid ground state.

Fermions. The stress tensor for fermions can be derived from the action of free relativistic
fermions

S = /d‘*xqz(z'a —m)ip, (6.28)

where 1) = ¢y0, @ = Y0y, and ¥ are the standard gamma matrices. For the properly
symmetrized stress tensor we obtain:

T (a) = & [y — 0 + (5 v)] — L (6.20)

where L is the Lagrangian density. We then use the standard mode expansion for fermions:

d3p 1 S ,,8 ,—ip-x st,.8 ip-x
» = @n) Z (cﬁuﬁe +d5vge ) , (6.30)

2wp
where c%, c? and d%, d;j are the creation and annihilation operators for particles and an-

tiparticles, respectively. The spinors u% and v% are the suitably normalized solutions of the
Dirac equations satisfying (p — m)us = 0 and (p + m)vs = 0. We give the full form of the
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solutions as well as any other notations used here in appendix D. In the non-relativistic
limit, we find for the normally ordered stress-energy tensor:

: TRor. (0) :=/ dsk d3 32 (ST s+d5TdS) (6.31)

and
.0 (0) := 1/ d’k dSq Z( st s_|_dSTds) (k‘i—{—qi)
R ) (2m)3 (21)3 | &
(6.32)
+3 Z (cf e +ag'ap) to'ol (¢ - k‘j)ES'] ,
where ¢! = (é) and €2 = ((1)) The term on the second line of the above expression,
when evaluated inside (FL|...[¢), comes out proportional to p = pj| — p2 and thus is of

higher order in p and can be neglected. Thus, the relevant matrix elements 7°°(7, p2) and
T (p, pa) coincide with (6.16) of the bosonic case (when the contribution from antiparticles
is disregarded). This similarly as before leads to

. d3p2 - = Ik /=  — 1 7
;}_I% g /<27r>3 ] O(papz) T (P, p2) + cc. = ﬁmp%p : (6.33)
For the particle energy density we find similarly as in (6.27):
d kd3 3k 1
= § (FL STSFL =2 S - ompd
PEL =10 / 5 cqlFL) = 2m Fl<pe (277 372 T (6.34)

consistent with the energy density of the free Fermi gas [32]. Inserting the above results in
the Goldstone theorem (6.8) we see that it is satisfied for the case of free fermions.

6.1.2 Symmetry arguments

There is however a simpler way of deriving the matrix elements of T; free at position £ = 0

needed for our Goldstone theorem for the free theory. In particular, the stress-tensor of a
free theory can be written in terms quadratic in creation and annihilation operators as

. Bh Bg
7,0 = [ oy Tyt PR, (6.35)

where (bj;, bi;) can be either bosonic creation and annihilation operators, i.e. a%, aj with
[ a:;] = (27)36®) (k—q), or fermionic ones, i.e. cg, ¢z with {cs, C§T} = (2m)36° 6B (k—7q),
and FH* (E, ¢') are some functions to be characterized later. Henceforth we shall drop the

vector signs from the arguments of F*” in order not to clutter the notations any further.
Note that on the Fermi Liquid ground state we obtain

3
PUTEOIFL) = [ k), (6.36)
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where we have used (6.16). In fact, it is straightforward to check that (6.16) holds also for

fermions. We thus use for the matrix elements (FL]b}bE|FL> = (27)3B)(F—k) I
P, |k|<pr
Let us remark that, since we are considering the case of free particles, it is well justified to

extend the integral above to the inside of the Fermi sphere. When considering interactions
we shall keep in mind that the theory is weakly coupled only in the momentum band close
to the Fermi surface, as shown in figure 1 [left].

On can then show that the matrix elements (6.9) needed for the theorem can be
expressed as

(FLITf e (0)|¢) = (L5, |Thee (0)]15) £ (FLI{[T}z, (0), by ] }b; [FL)

free free free

F (21)26®) (51 — p) (FLITLY, (0)|FL),

free

(6.37)

where, as before, the particle-hole state is |[¢) = b;;i bs,|FL) and we have defined the single
particle states as ‘1ﬁ1> = b;;.l |[FL). The upper sign and the commutator are for the bosonic
case, while the lower sign and the anti-commutator are for the fermionic case. To derive
the above equation, we have used that for any operator O the following relationship holds:

Obl bz, = O{[bl, b1} = {[O, b, | }bL, + by, OB, . (6.38)
where the + and {[...]} notation is the same as above.

In order to deal with the second term in (6.37), we further use that for fermions

T

{c%ci7 CﬁQ}C;I = 2052(CE05)C;1 —{cl, cﬁz}c(;c;l , (6.39)
while for bosons
[a;%ag, aﬁ2]a;;1 = [aTE,a@]a(;a;l . (6.40)
Inserting this into (6.37) leads to
TH(5.52) = (FLITELO)) = 415 T O)1:) F P (2. 1) o
F (2m)*6® (71 — 2) (FL|The, (0) FL)

where again the upper sign is for bosons and the lower sign is for fermions. We shall
generalize these relationships to arbitrary operators when discussing the interacting theory
in section 6.2. Let us emphasize that in the above equation we are still only interested in
the situation when |p}| > pr and |p2| < pr, and in particular p; # pa. In this case the last
term in (6.41) is absent while the matrix element (1|7} (0)|15) vanishes for fermions
(because (FL|c3, = 0) and is non-zero for bosons. We shall come back to this in a moment.

The benefit of equation (6.41) is that it relates the FL—(particle-hole) matrix elements
to particle-particle matrix elements. This turns out to be particularly handy in the situation
when p| — p5. In that case one can use the fact that for any single particle state with

mass m and momentum k above the Fermi surface, i.e. with |E | > pr, the stress-energy
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tensor components in the non-relativistic limit have to satisfy®

< ’ free ) |]]-]Z> = pFLV +m, (642)
< ’ free ) |]]-E> = kl ) (643)

where pry, is the energy density of the Fermi Liquid in its ground state as defined in (6.10).
Similar relations also hold in the case of single hole states defined as \]1 ) = bp|FL) and
(17 = (FL|bT with |k| < pp when in the non-relativistic limit we require

< ’ froe (0) |3_1;;‘> = prLV —m, (6.44)
(1g] T (0) 1) = —K" (6.45)

This then completely fixes the equal-momentum components of the function F*¥:
FO®Uk)y=m,  FY%kk)=k", (6.46)

and, importantly, the functions F*¥(k, k) are continuous at the Fermi surface. To show
how this works out in full generality we reintroduce the spin index for the operators b*, b
and functions F(/(k, ¢) and evaluate the matrix elements (172 [T}7(0)|17}) in eq. (6.41) for
various configurations of momenta p; and p> in appendix E.

With all the above relationships at hand we have now all the necessary ingredients
to evaluate the matrix elements 7% (', 72) and 7% (7, p2) needed for the Goldstone theo-
rem (6.8). Starting from the relation (6.41) between the matrix elements evaluated on a
particle-hole state and on the single-particle states, the next steps differ slightly depending

on whether we are considering a bosonic or fermionic Fermi liquid state.

Bosons. Using the result (E.11) for the single particle matrix elements for |pj| > pp,
|p2| < pr and py # pa, the relation (6.41) for bosons becomes

TH(P,92) = (15, | Thee (0)[15,) — F* (p2,p1)
= 2F" (p2,p1) — F*"(p2,p1) (6.47)
= F"(p2,p1).
Let us now evaluate the product 7°(7, p2) T%*(7, p) in the limit p’— 0 (or equivalently

p1 — p2). We first note that we have established in appendix C that the integration
measure in the Goldstone theorem (6.8) is itself already linear in p’. Indeed, we have found

) d3p p2 27 pcos b’
;zl?g%/ (27;3 = (2;3 de | dcos 9’/0 ddps + O(p?)
2.l
= - % dcos®' cost'. (6.48)
4 0

9Had we defined the single-particle states on a Lorentz invariant ground state, i.e. |p’) = b; |0), we could
use the discussion of subsection 5 to justify this. In particular, from (5.7) it follows that when evaluated on
a single-particle state the stress energy tensor has to obey (7| Tho (0) |9 = p° ~ m and (7| T (0) |7) =
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Hence, for our Goldstone theorem we are only interested in the matrix elements T (D) pa)

in (6.47) up to the zeroth order in p. In particular, expanding in the limit 7 — p» we get!'®
lim F*(p2,p1) = F* (p2,p2) + 0y " (p2,p1)| . _ p'+ O(p?) (6.49)
pjzgz P1=p2
P17p2

and only need to retain the leading term for which we have found earlier that F'%(pg, pa),
FY%(py, p2) obey (6.46). Hence, we do not need any additional information to find

lim Tﬂo(p D2) TOJ*( p2) = lim Foo(pg,pl)FOj*(pQ,pl) = mp]2 = mpFﬁg—i—O(p). (6.50)

p—0 P1—P2

Substituting this in (6.8) we get for the Goldstone theorem

D i _ prr 6 (6.51)
672

Using the expression for the energy density in (6.27) we see again that the theorem is
satisfied.

Fermions. The analysis is different for fermionic Fermi liquids. The equation (6.41)

becomes:
(FLIT (0)ch, clFL) + (15 | THe (0 13) = P (2. 1), (6.52)
=0, |p2|>pF =0, |ﬁ2|§pF

where we have used that |p1| > pr while keeping arbitrary values of ps. This implies, that

free

(FLIT (0)cl, ¢,[FL) = F#¥ (py,p1),  |72] < pr,
(6.53)

(15, T (0)|15,) = F* (p2, p1) 52| > pr.

Since the function F*(py,p1) is continuous in py =~ pp (i.e. we have not in any way incor-
porated our knowledge of the existence of the Fermi surface in the parametrization (6.35)),
this means

lim (FL|TEY (0 )cglcﬁ2|FL> = lim (15|TEY (0)|15), (6.54)

- free free
P2—PF— P2—PF+

where we use the standard notations po — pr_ meaning that ps approaches pr from below
(and similarly for po — ppy). For the matrix elements needed for the Goldstone theorem
we thus obtain for |p1| > pr, [p2| < pr and p'= p1 — pa

0 : S2 s1 s _ —
L T ) = lim (1] 780.0)[131) = (TR [85)], 5, = PV =,
DP2—PF+

(6.55)

where in the last equality we have used the requirements (6.42) and (6.43) in the non-
relativistic limit. In the above expression we have also subtracted the contribution ppr,V

ONote that we could have equivalently chosen to take the limit 7 — 0 by sending §> — $i. In that
case we would need to evaluate F*”(p1,p1) with |pi| > pr. As we have shown in appendix E the functions
F*¥(k, k) are continuous at the Fermi surface and thus the result would remain unchanged.
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from the equal-momenta single particle matrix elements. The reason for that is that we
are considering the limit when p; — pa, however, keeping in mind that p} # p5. Similarly
we obtain limyz_o 7% (7, f2) = p%.

For the right hand side of the theorem we need to evaluate ppr,. Similarly as for the
bosons in (6.27) we find

A3k 1
FL FL) =3 _ L
< | free )‘ ) - m/|/;|§p1:‘ (2,“—)3 372 mpg (656)

Combining this with the findings above we see that the Goldstone theorem (6.8) is satisfied
in the case of free fermions.

6.1.3 Spectral densities

In order to gain further insight about the continuum of particle-hole states in a Fermi liquid,
let us also compute the relevant spectral densities for this system. From the definition (3.10)
of the Wightman correlation function with O(z) = T% (z) as order parameter, we find

G o0 70 (7, w) 27*’0 VT (5)(2m)6(w — En(7)) - (6.57)

Defining further for the sum appearing in the Goldstone theorem (3.12)

G (p,w) = Groo s (P, ) — Gioo o5 (—7, —w) (6.58)
we see that the latter can be evaluated for Fermi liquids composed of free bosons or fermions
by using the non-relativistic values of the matrix elements 7 (%, p2), 7% (1, p2) in (6.16).
This leads to

G (Pyw) = 47r2p] / dcos® cos® 0 (2m) [0(w — E(p,p)) + 6(w + E®,p2))] . (6.59)

with an extra overall factor of two for the free fermions’ case. Recalling that the energy of
a particle-hole pair is E(p, p2) =~ vp p2 - p ~ vpp cosf, we find

G (pw) = —pp 79(7)@_ jwl)- (6.60)

Fp

As we see, due to the prefactor p/ the spectral function vanishes as the momentum goes
to zero and thus does not have the d(w) singularity usually expected for low-energy single-
particle states. However the remaining factors, when considered as a distribution in fre-
quency space for p going to zero, do become a d-function,

2

w 1
lim ——6 — == 6.61
ﬁlig) U%p?’ (UFp ‘WD 3 (w) ’ ( )

as can be easily checked by integrating against a test function. Hence, we observe that
the spectral densities exhibit a §(w)-type singularity, similar to the single-particle case
n (3.14).
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6.2 Interactions

In this subsection we consider the stress-energy tensor of a fully interacting theory. This
means that instead of the free stress-energy tensor given in (6.35) we shall now parametrize
it as

d k 3%’

T OO F(ky, .. kny @ @) (6.62)

mteractmg

where we have extended the function Fj,"” of (6.35) to multiple arguments and have intro-
duced the shorthand notation

= Hlbj%_ . O = Hlbﬁ . (6.63)
j= i=

The n = 1 term in the sum corresponds to the free case discussed above. The n > 1
terms correspond to interactions. In fact, in Fermi liquid theory only certain n = 2 terms
survive when the quasi-particles’ momenta approach the Fermi surface. Specifically, for
a 2-2 scattering process the only kinematically allowed configurations are the ones with
back-to-back incoming momenta and forward scattering. All higher order terms are, in the
renormalization group sense, irrelevant [11].

6.2.1 Fermions

In the case of fermions, by using the identities

n

i OF = Z(—l)jfl(Qw)gé(S)(kj — ﬁ2)CTIZ1 . C£j710£j+1 . c%n +(=1)"O ¢z, ,

o (6.64)
Oy el = > (=1 (2m)*6 (G —p1)cg - s -+ € + (~1)"h, OF

i=1

one can show

(FLITL, sing (0)ch ¢ [FL) = (FLIcs, T2 (0)cl, [FL) — (FLI{T% (0), ¢, el [FL)

interacting int int

+ (20)*8) (5 — ) (FLITE (0)[FL) .

int

(6.65)

This is the generalization of (6.37) for fermions. We can also generalize the relation-
ship (6.39) as

n

O el —on OOt N (Ve St o

{0; 0, ey}l = 265,00, ¢l Z;( 1) {%,cgj}cgl...cEj_lcEHI... Oncﬁl.
J:

(6.66)

Indeed, we recover (6.39) for n = 1. This leads to
(FL|T3¢ (0)[4) + (L, | T3 (0)[1,)

= (2m)°8®™ (5 — ) (FL|T}; (0)|FL)

int

d3k d3 i (667)
YOS ) /H 5 e 52— )
n=1 j=1 i,l= 1
T T T - T my .
X <FL’CE1 G Cp CIZHO” ey [FL)ERY (Ra, o kniqu, - qn)



where we have put the relation (6.65) in a form such that the operator ¢z, does not appear
explicitly in the last term anymore. As before, we have also dropped the vector signs on
the arguments of F;”. The last term in the above expression can be simplified further by
using the fact that the function F})” (k1,...,kn;q1,.-.,qn) is antisymmetric in k’s and ¢’s,
so that

1
F#V(kly .- ~7kn;QI7 v aQn) = Egil...inF#V(kip- . -7kin;q17 .- '7q’n)7 (668)

and similar for ¢’s. Another useful identity is

<FL\c£ el cg ---¢q,|FL) = €416, 0k

k1 5kiQQ2 cee 5kinqn . (6.69)

141

We then find for the last term in (6.67)

dk‘l d%
31/1—[ 27T3p2k

X (FL]C;% el oL
1

ki1 kjp1

C~ O C—» ’FL>FMV(I€1; LRI 7kn;q1) .. aqn) (6 70)

d3ly 3,1
= (—=1)""'nn! L 3 s Y
( ) TL?’L/(27T)3 (27T) (p27lla l laphll’ 7l 1)

(_l)n_lnn!ﬁ‘#l/(p%pl) )

where in the last step we have defined a function F% (p2, p1), analogous to the F*(pa, p1)
in the case of free fermions. Indeed, for n = 1 we recover from the definition above that
F!*(pa,p1) = F* (pa, p1). The equation (6.67) now takes the form

)
(FLIThy (0)[$)+ (15, | Tt (0)L5,) = Spupa (FLITht (0)[FL) + > (=1)" "nnl S (pa, p1) ,
n=1
(6.71)

matching the equation (6.41) for fermions. Here we only care that this last term, FH (p2,p1)
is a function, continuous in p5. We have shown in the previous subsection that this is true
for free fermions and we have no reason to doubt that it also holds for interacting fermions
— the stress-energy tensor in (6.62) should not know of the existence of the Fermi surface.
Following the same argument as in the case of free fermions (i.e. a stress-energy tensor
quadratic in creation and annihilation operators) we conclude that also here
. t L

Ll (FLITL0)ch e FL) = lim (1, T2 (0)17). (6.72)
The single-particle elements on the r.h.s. can be evaluated in the non-relativistic
limit giving:

lim 75, pa) = m, lim 7%(7, ) = pb . (6.73)

p—0 p—0

To prove the theorem one can then proceed similarly as in the case of free fermions by
expressing the mass m and the energy density ppr, in terms of the functions F°, similarly
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as was done in (6.46) and (6.56). In particular, we find

L oEy =Y [ 4

where we have reintroduced the spin indices in order to get the correct factors of 2 arising

o
Z nlEM (k (6.74)
=1

from summing over the spin states in a Fermi gas. For the single hole matrix elements we
find in turn

(i

This is very similar to the result obtained in the free theory — it reduces to (E.5) for n = 1.

Tk (0)

int

)|E3) = Znn' 1oy (P1P2) + G (FLITE (O)FL) . (6.75)

We would now like to map this to the non-relativistic relationships (6.44) and (6.45) in the
case when both momenta are equal. We obtain

Vprr, —m = V(FL|IT2(0)|FL) — Znn'FOO (6.76)

1nt n,ss

Z nn!EY (p,p) - (6.77)

The first equality above naturally identifies pp, = (FL|T(0)|FL). Recall that in the
free theory we were further able to express the energy density as ppr, = m - % =
my.. fl Fl<pr T 27:;:3 This seems to be problematic here if we were to identify the entire
second term on the r.h.s. of (6.76) with the mass. Indeed, note the additional factor of n
in comparison to the Fermi liquid state expectation value (6.74). In order to satisfy the

equations above we thus have to require that in the non-relativistic limit:

i 0
F%pp)=m,  Fipp)=p, Fl,(pp) =0 (6.78)

In other words, we require that both the mass and momentum of these quasi-particles are
set by the non-relativistic limit of the free stress-energy tensor and do not get renormalized
by interactions. We can then further identify

d3k d3k
pe = FLIROFL) = S [ s wen =n Y [
> Jifi<pr (27)

With these identifications at hand we can now work out both sides of our Goldstone

theorem (6.8) and see that it is again satisfied.

Finally, let us further remark that, as a result of our non-relativistic approximation,
the expression (6.79) for the mass density coincides with the mass density (6.56) of the free
fermion gas. This approximation thus reduces to the original argument of Landau [16],
stating that an interacting Fermi liquid has the same relationship between number density
and pr as a free Fermi gas. We find however that this can only be true if the functions
F}” describing the fermion interactions satisfy the conditions (6.78). In the most relevant
case of n = 2, these conditions read 1520“(15’, p)=/[ (gST];”?,FQO"(ﬁ k;p, k) = 0. The structure
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of the momentum arguments suggests that only the 2-2 scattering processes with equal
ingoing and outgoing momenta (i.e. Pin1 = Pout,1 = P) contribute to mass renormalization
away from the non-relativistic limit. This corresponds to one of the special kinematic
configurations of Fermi liquids — forward scattering.

6.2.2 Bosons

To work out the matrix elements needed for the Goldstone theorem in (3.20) for interact-
ing bosons, we shall follow the same steps as for the fermions analyzed in the previous
subsection. One can show that

(FL|TY ot racting (0)a): 6z, [FL) = (FL|ag, Thay (0)al [FL) + (FL|[T% (0), az,)al. [FL) (6.50)

— (2m)*6® (51 — p2) (FL|Tlay (0)[FL)

1nt

coinciding with the relation (6.37) derived in the case of free bosons. As before, one needs
to deal with the second term in the above expression. In quadratic case we used (6.40) to
obtain (6.41). And then as the second step we used the expression (E.11) to arrive at the
final result in eq. (6.47). While it is still possible to generalize (6.40) to

n
+ al. = Lot T T
[0, 0y s ag,Jay, = —Z:l[am,a];j]agl...an_laEHl aEn(’) aq , (6.81)
]:
after inserting in (6.80) one is left with a sum of integrals over internal momenta of matrix
elements of the form

<FL|ata e a;%n ag, - ..ag,|FL)

nlé >1
— Z Oks 1 Oz - - Ok, g —VT’“‘_léklk25k2k3...5knql...5%_1%. (6.82)

in€Sy

Here S,, denotes the group of all possible permutations of n symbols and we use d,~1 to
emphasize that this last term is only added in the case when n > 1. It is these last terms
appearing for the cases of coincidental internal momenta that (perhaps not unexpectedly)
are problematic. In particular, we have checked explicitly that a simplification (such as
what is occurring for fermions) allowing to simplify (6.80) to something similar to (6.71)
is not happening for bosons. Physically this was to be expected because naturally bosons
are not obeying Pauli exclusion principle (nor Fermi statistics, as a consequence), needed
to construct the Fermi liquid ground state.

7 Concluding remarks and outlook

Goldstone theorems provide essential information about the low-energy excitations in sys-
tems with spontaneous symmetry breaking. In this work we have focused on systems with
broken invariance under Lorentz boosts. These are known to exhibit peculiar properties
— in most cases the boost Goldstone bosons are non-dynamical and are absorbed in the
Goldstones of some other broken spacetime symmetries. A particularly curious example is
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the case of framids — systems in which there are no other broken symmetries and thus no
other Goldstone bosons that could govern the low-energy dynamics. In such a situation
we do expect to see the boost Goldstones, even if due to the peculiar properties of their
stress-energy tensor (satisfying p + p = 0) such systems do not appear to be realized in
laboratory. On the other hand there is a prominent condensed matter example in which
indeed no other symmetries apart from the Lorentz boosts are broken — the Fermi lig-
uids. These are strongly coupled phases of interacting fermions at temperatures so low
that the dynamics are completely determined by quantum effects. As such, even though
the material is in a liquid state its dynamics is not described in terms of the usual collective
excitations of fluid dynamics, the phonons.

With this in mind, we have derived from first principles a boost Goldstone theorem
in terms of a generic order parameter, which can be conveniently chosen in a way that
is most suited for the medium under consideration. We have shown how the theorem
is satisfied by standard examples of phases of matter with broken boost invariance —
framids and superfluids. Considering a toy example of a reference state made out of a
single massive particle at rest, we have demonstrated how single-particle Goldstone boson
states are instead replaced by particle-hole states. As the main result of this work, we have
then shown that the boost Goldstone theorem is satisfied for Fermi liquids by the particle-
hole continuum. Remarkably, this works out in the absence of a position-space Lagrangian
describing the Fermi liquid’s excitations. Instead, it relies entirely on Landau’s original
hypothesis that the Fermi liquid admits a quasiparticle description. It is worth noting
that we have checked the theorem in the non-relativistic limit, where we have made use of
the fact that the single-particle expectation values of the stress-energy tensor are given in
terms of the mass and momentum of the quasiparticles. We have also seen that away from
the non-relativistic limit the relevant matrix elements receive higher order corrections due
to forward scattering.

Finally, let us emphasize that, to the best of our knowledge, this is the first example of
an interacting zero-temperature theory where a Goldstone theorem is obeyed not by single-
particle states, but by a particle-hole continuum.'! Thanks to this peculiarity, Fermi liquids
can evade the paradox of section 2: there are gapless Goldstone states, but since these are
not single-particle states, they are not interpolated by a local Goldstone field. The usual
ideas of non-linearly realizing the broken symmetries through local Goldstone fields simply
do not apply. It is not obvious what replaces them though: Rothstein and Shrivastava
have studied what it means for the momentum-space Fermi liquid effective action to be
consistent with spontaneously broken boosts [17, 18], but it is not clear to us what the
relationship is between their results and ours. For instance, they find that spontaneously
broken boost invariance requires interactions in the IR to take the standard Landau form
(back-to-back and forward scattering.) In comparison, we find that in the non-relativistic
limit our Goldstone theorem is obeyed by the particle-hole continuum regardless of the
structure of interactions.

1By arguments similar to those applied in this work, it has been shown that the Goldstone theorem for
spontaneously broken boosts at finite-temperature is also satisfied by (thermal) particle-hole pairs [26-28].
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We envision possible extensions of our results. For Fermi liquids, it would be interesting
to go beyond the non-relativistic limit and see how the boost Goldstone theorem is obeyed
in the relativistic case. In fact, by requiring that it be obeyed, we might learn some universal
identities for relativistic Fermi liquid theory, which is certainly not as developed as the non-
relativistic one. For fermions at unitarity (see e.g. [33] for a review), there are indications
that the low-energy spectrum cannot be that of a Fermi liquid [18]. It would then be
interesting to see how our boost Goldstone theorem is obeyed in that case. Perhaps related
to this, the only technical difference between our Goldstone theorem compared to more
standard ones is a derivative with respect to momentum, which stems directly from the
broken generators’ having an explicit dependence on the spacetime coordinates. Since the
currents for conformal transformations also depend explicitly on coordinates, we wonder
whether there could be systems in which conformal invariance is spontaneously broken
yet there is no dilaton, with the associated Goldstone theorem being obeyed by a less
conventional spectrum, akin to the particle-hole continuum of our Fermi liquid case.
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A Spectral densities without Lorentz invariance

For a Poincaré invariant theory in a Poincaré invariant vacuum state |Q2), the Kéllen-
Lehmann representation conveniently expresses two-point functions of Lorentz covariant
local operators in terms of free-field two-point functions and of spectral densities that
are just functions of the intermediate states’ invariant mass. For instance, the Feynman
two-point function of a Lorentz scalar operator O(z) is simply

ANF > dy? i 2
Goo(p) :/0 o) =2 ePoon) (A1)
where poo(p?) is a non-negative spectral density, normalized in such a way that for a
canonically normalized, free scalar field ¢ of mass m, the spectral density is p¢¢,(u2) =
(2m)3( — m?).

However, if the theory is not Lorentz invariant, or if the state on which we are comput-
ing correlation functions is not Lorentz invariant, the spectral representation of a generic
correlation function will involve a spectral density that is a function separately of energy
and momentum — the invariant mass combination plays no special role without Lorentz
invariance.
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Without loss of generality, we can consider Wightman two-point functions, since all
the other relevant ones (symmetric, anti-symmetric, retarded, advanced, T-ordered, anti-
T-ordered, etc.) are suitable linear combinations of the Wigthman ones, possibly with
f-function coefficients. For notational simplicity, let us restrict to hermitian operators. For
two generic local operators O, Oy, the Wightman two-point function on a translationally
invariant state Q) is

Gap(x = y) = (2]0a(2)Op(y)[€2) - (A.2)

Inserting an orthogonal complete set of states as in (3.5), we have

Gap(z —y) = /

where the O’s are the matrix elements

DY B0, POE) (A3)

Oan(P) = (2] Oa(0)[n,7) - (A.4)

One can then define the O,-Oy spectral density in a way analogous to the relativistic case,
but without using Lorentz invariance:

pus(B.5) = 28 3 00 ()03 () x (20)3(E ~ En(7)). (A.5)

To guide the intuition, notice that if |2) is the ground state of the system, and O, = O, = ¢,
with ¢ being a canonically normalized, free, real scalar field that creates and annihilates
single-particle states with generic dispersion relation E(p),

dgp 1 iE(p )t g T
xTr) = — |ar€e px_’_@ €+ZE(p)t —ip-T , A6
o) / (2m)* \/2E(p) a7 l (8.6)
the spectral density reduces simply to pee(E,p) = (2m)0(E — E(p)), which is what we
want the spectral density to be in this case.
Going back to the general case, using (A.5), our two-point function becomes

Ep dE 1 _ipg, 1) i (o) 7
Gale 1) = [ b Gmyape D (.5 A1)

or, in Fourier transform,

Gl 0) = [ G5 5523w = ) pun( .7 (A8)
= ipab(u-)?ﬁ) . (Ag)

The final result is of course very simple and convenient, but it only holds for Wightman
two-point functions. The intermediate integral expression (A.8) is conceptually more useful,
in that it highlights that our two-point function is, like in the relativistic case, a convolution
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of a free-field two-point function with a spectral density. Indeed, for the free scalar of

eq. (A.6), the Wightman two-point function is'?
~ 1
Goo(D,w) = —(27m)6(w — E(p A.10
40lF.6) = s (2m)6( = B@) (A10)

So, a general two-point function, with general ordering of the operators, will be

~gen ; — dE ~gen [ — .

Gab (paw) = %Gfree(pvwaE) Pab(E»m ) (All)
fon(P,w; E) is the corre-
sponding two-point function for a canonically normalized free scalar field that, at momen-

where pp(E, ) is the same spectral density defined above, and G

tum p, creates and annihilates excitations of energy F.

The properties discussed above are all we need for our purposes, but there is of course a
vast literature on the subject of spectral functions for non-relativistic situations, including
for systems at finite temperature. See e.g. [34] and references therein.

B A quick analysis of the Fermi liquid case

To check if our Goldstone theorem is obeyed by particle-hole states in a Fermi liquid, we
need to compute the matrix elements

(FL|T" (0) ¢l ¢o|FL) (B.1)

where we are using the shorthand notation ¢, = C%Z. In particular, we need these matrix
elements in the limit p'= p) — pa — 0, but with p; > pr (particle) and py < pr (hole).
We want to relate these to the particle-particle matrix elements

(FL|ca T*(0) ¢! [FL) (B.2)

still in the limit p = p) — p — 0, but now with p1,pe > pr (particle, particle). The reason
we want to do so is that these are easy to compute. In particular, for the entries relevant
for our theorem in the non-relativistic limit we have, by definition,

(FL|ca T®(0) ¢} [FL) — m,  (FL|ea T%(0) ¢} [FL) — pb (B.3)

(cf. section 5).

In order to relate (B.1) to (B.2), we need to move ¢y all the way to left. Clearly, we
want to use the fact that ¢y has simple anticommutation relations with the other ¢’s and
cl’s. This means that whenever we need to move ¢y through an operator with an odd
number of ¢’s and ¢’s, we want to use an anticommutator, whereas whenever we need

1275 a check, notice that for a relativistic dispersion relation, E(p) = /P2 + m2, eq. (A.10) can be
written in a manifestly covariant form as

Goo(F,w) = O(w) (2m)6(p* —m?) |

which is the correct Wightman two-point function for a free relativistic scalar field.
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to move ¢y through an operator with an even number of ¢’s and ¢!’s, we want to use a
commutator.'® Notice that in both (B.1) and (B.2) we are keeping p; # pa, and so cJ{ and
co anticommute. So, we write

T (0) 0102 = —cy TH(0) cl — [TW(O), 02}01 , (ﬁl + ;5’2) , (B.4)

where we used the fact that the stress-energy tensor operator, being a bosonic operator,
must be a sum of terms with an even number of ¢’s and ¢f’s.
It is more useful to write the above identity as

TR (0) clea + 2 TH(0) ¢} = = [TH(0), 2] el (71 # 72) - (B.5)

Now imagine evaluating both sides of this equation on |FL), keeping p; always above the
Fermi surface, but moving p5 from just below to just above the Fermi surface: on the
Lh.s., the first term goes from being nonzero (p2 < pr) to being zero (p2 > pr), while
the second term goes from being zero (p2 < pr) to being non-zero (p2 > pr). On the
other hand, the r.h.s. is continuous when ps crosses the Fermi surface, because [TW(O), 02]
involves anticommutators of ¢y with other ¢’s and cT’s, which remove co — the only source
of discontinuity. Note that ce does not drop out if instead we use the anticommutator
{TH(0),ca} (see, for example, (6.39)) — the reason why expressing (B.4) in terms of a
commutator is more convenient in this case.

More concretely, parametrizing 7/ (0) as a sum of terms schematically of the form (as
done in section 6.2)

/ F“V(El,...,lé'n;(j’l,...(j’n)c;gl...ancql...cqn, (B.6)
k1,..-kn,q1,---Gn

(we use the shorthand notation fﬁ = % and a sum over spin labels is understood),
when we take the commutator with ¢y we are left with terms of the form

/ Fuv(ﬁ%l@,...,kn;q_’l,...cj’n)clg...ancql...cqn . (B.7)
ko...kn,q1,...qn

The only dependence on p, is now inside F*”, but this function is continuous when its
momentum arguments cross the Fermi surface, because moving a quasiparticle from slightly
below to slightly above the Fermi surface does not change its physical properties nor its
interactions with the rest of the Fermi liquid in a discontinuous manner.

In conclusion, since the r.h.s. of (B.5) evaluated on |FL) is continuous for p5 crossing
the Fermi surface, we have

lim (FL|T*(0) clea|FL) = lim  (FL|ey T#(0) cl|FL) . (B.8)

P2—PF— P2—PF+

And, so, given (B.3) above, for our theorem we have

(7'007'Oj* +e.c) =2mpj. (B.9)

lim
p—0

13 These simple rules of thumb follow from using recursively [AB, C] = A{B,C}—{A,C}B and {AB,C} =
A{B,C} — [A, C]B (or variations thereof), which are valid for any three operators A, B, C.
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As shown in appendix C, integrating this over the phase space of particle-hole states with
total momentum p) yields, to first order in p|

1

672

which obeys our theorem, once we take into account an extra factor of 2 coming from the

mpp (B.10)

sum over spin states, and the fact that in (non-relativistic) Fermi liquid theory the mass
density is ﬁmp% (again including a factor of 2 coming from the spin states) [16].

Notice that a minor variation of (B.5) applies to the bosonic case discussed in sec-
tions 6.1.1, 6.1.2, 6.2.2:

TH(0) alag — az T (0) al = [T(0), az]al, (51 # P2) - (B.11)

However, the crucial difference with the fermionic case is that when we evaluate both sides
on a Fermi liquid-like state, the second term on the 1.h.s. now is nonzero even for ps below
the Fermi surface: there is no Pauli exclusion principle. As a result, in general there is
no relationship similar to (B.8) for bosonic Fermi liquid-like states. The exception is the
free boson case discussed in sects. 6.1.1, 6.1.2, where the expectation values on |FL) of the
r.h.s. of (B.11) and of the second term on the L.h.s. happen to be proportional to each other.

C The integral

In this section we perform the integral given in eq. (6.25) for our particle-hole excited state
around the Fermi liquid ground state. To do so we first go to a spherical coordinate system
with z-axis aligned along p. The integration variables are then the absolute value ps = |ps|
and the two angles ¢, #’. Note that 8/ = m — 6, where 6 is the angle between p and p>. The
corresponding setup is shown in figure 2. We thus have:

d? . , 1 ‘ i i
/ (2:)23 (2p12 +pz) = (2r)? /dcp o' dpy p3sin 0 (2p5 + p') . (C.1)

Let us establish the integration limits for a given vector p, independent from ps. We
shall make use of the fact that py = p'+ p> and paramterize the absolute values as
dp1 Op2

L= P =pr+0p1, p2=|P2| =pr—6dp2, 0<—,— <1, (C.2)
PF  PF

where the last condition arises due to the fact that it is only in the region close to the
Fermi surface that the quasiparticles can be treated as weakly interacting. The range of
integration of ¢ is not affected by these constraints and remains ¢ € [0, 27]. However, from
the relationship |p1|? = (5 + p2)? and demanding that §p; > 0 there is an upper bound on
the absolute value of dps leading to the range of integration:

—pcost + £
2pg

1— £ cos®
PR

0 < 5])2 < 6p2,max = =+ O(épzz) . (C?))

Note that we have not constrained the absolute value of p/pp. Although we shall take
the limit p’— 0 in order to prove the Goldstone theorem, for the sake of completeness we
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P2z
A

PFz

&
P2x
PFx

Figure 2. The coordinate system used in performing the integral (6.25).

choose not to impose this constraint here. The reason is that although Landau’s theory
does say that the system of particles and holes is weakly interacting only in the vicinity
of the Fermi surface, it imposes no condition on the total momentum of the system p. In
other words, while we do demand that dp;/pr < 1 the total momentum can take the values
in the range p € [0, 2pr|.

It remains to find the range of integration for ¢’ for a given p. Obviously, the minimal
value of 0" occurs when the particle and hole are almost antipodal and p ~ 2pp in which
case ' — 0. To find its maximal allowed value it turns out to be useful to express cos o
(the angle «v is defined in figure 2) by making use of the cosine theorem for . This leads to

P2
cosa=1— -5+ 0O(p;). (C4)
2pF
The angles 6’ and « can in turn be related by

cos = ;(pg — p1COS v) = cos O .. = 2?% + O(0p;) . (C.5)

The integral above then becomes

d*py i i 1 n ! , [OP2mex 2(0mi | i
(2p2 +p ) = @) dp ) dcos6 dopa (pr — 0p2)“(2p5+p*) (C.6)
2pp

(2m)? 0

where we have changed the integration variable from po to dp2 and 0p2 max is defined
in (C.3). We note that in the small p limit the integration measure becomes

. d3p2 p% 21 1 , —pcos 6’ )

Hence, due to the upper integration limit for dps, this means that the integration measure
itself is already linear in p and only the last term in (C.6) needs to be considered. As the
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last step we note that only the z component of p} survives after the integration over ¢ is
performed. In small p limit we thus have

d3 1 !
lim / ap2 (2p2 + p) = —p%p/ dcos @ cos ' (—2ps cos ' p + O(p))
—0) (2m)3 472 S (C.8)
PF .

1 .
= 6?21?1319 + O(pz) ;

where p denotes the unit vector in the direction of p' (which coincides with the z axis).

D Stress-energy tensor for free fermions

As we are interested in the non-relativistic limit, we consider the solutions to the Dirac
equations in Dirac representation where the gamma matrices are defined as

' 0 o o (10 5 (01
ol (_UZ 0) , <0 _1> s (1 0) (D.1)

The solutions for the Dirac spinors in (6.30) are then up to first order in the non-relativistic

limit:
{s ﬁxs
w=vem (. ), vi=vom ([T, (D.2)
p ODe¢s p s
m&p Xp
where
1 0 o-p
1 _ 2 _
We then use the non-relativistic limit relations
wlus = v®tod = 2mes® uod =ov¥Tud =0 (D.4)
Pk Pk ) Pk P Tk )

in order to find the 7% (0) components. Similarly, we derive the following relationships
U;T’}’O”yiu%/ _ fsT (O_io_jkj +pjo.j0_i) {s/ ’
v?vofyivg = ¢t (Uio*j(k‘j - pj) + 25ijpj) fs/ ) (D.5)
st 04,8 _ st 0. i s __ st _igs'
VY Y up = uy Yy vp =2mélo’En
where we have used the fact that in the non-relativistic limit {; does not depend on p and

have dropped the subscript. These allow one to find the T%(0) components. The final
expressions are given in egs. (6.31), (6.32) in the main text.

E Matrix elements

: v _
Here we evaluate the matrix elements (12|77 ' (0)[17) and <]l;§

relevant configurations of momenta p; and po:

Tiree (0)

free

]_l;.1> for various
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e |pi| > pr and |p2| > pr
When both momenta are above the Fermi surface, the states (1| = (FL[b3 and

|]1%1) = b;[;l |[FL) both correspond to single particle states. In this case, we find

52
<ILI72
for both bosonic and fermionic creation and annihilation operators. Here and hence-

forth, we use the shorthand notations d,,,, = (27)36°1526)(py — ph) etc. This allows
one to evaluate

(13

Comparing this with the non-relativistic single-particle relations (6.42) and (6.43) we
14

(E.1)

stys
bE b%

151 ) = (FLL0Z0 0702 IFL) = G0t + dpumadir g 1<y,

Tiree (0)

free

131 ) = FL%, (02, 1) + Opups (FLITSY (0)[FL) (E2)

obtain:
F®p,p)=m,  Fl(p,p)=p', for|p|>pr. (E.3)

o |p1| <pp and |pa| < pr

The situation is slightly more complex when both momenta are below the Fermi
surface, since the bosonic and fermionic cases require a separate treatment. In this
case the states (ﬂ%i\ = <FL\b;§T and \fl;ﬁ = b3, |[FL) correspond to single hole states.
To evaluate the matrix elements for the single hole states we first find for fermions:

(e

where we have made use of the fact that the above matrix elements vanish unless also

STS

k

181> (FL| 2t et e et [FL) = —8p,k8psq + OpipaOgh - (E.4)

\q],|k| < pr and that for a fermionic Fermi liquid csﬁ|FL> = 0 for any momentum
Ip1| < pr. This leads to

o

Note that the order in the arguments of the first term is different from the result
for single particle states in (E.2). Using as before that ppr, = (FL|Tf (0)|FL) and

free
matching with the requirements (6.44) and (6.45) for the non-relativistic case we

Tiree (0)

free

151) = —FU, (01, p2) + i (FLITEL (O)FL) . (E5)

obtain that for fermions:

FXp,p)=m,  Fl(p,p)=p", |p]<pr. (E.6)

“One could in fact be more precise when defining the function F*7(k,p). In particular, we can split
Foo(k,q) = fO(k, )8 +g'(k, )07,
Fou(k,q) = f'(k,q)6°° + g(k, )i + euuh? (k, q)oi”

In the above expressions, o; are the Pauli matrices and we have accounted for the different spins by
expanding in a basis of Hermitian 2 x 2 matrices. From (E.3) we can then read off: f°(p,p) = m, ¢*(p,p) =0

and f*(p,p) = p’, g(p,p) =0, h'(p,p) = 0.
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For bosons a;1|FL> # 0 (while az |FL) = 0 still holds) and thus the matrix el-

ements (FL| a;;éa;% agag, [FL) have to be evaluated explicitly. It is instructive to

first evaluate it between two-particle states like |a,b) = a aq |0). This gives
(c, d|ap Laq ag |a;b) = (0gckOqape + OgepaOqak)(Ogapi Oqqy + 5qqa5qbp1)~ We can then

recall that the Fermi liquid state |FL) was defined in (6.12) as a tensor product of
all single particle states with momenta below the Fermi surface. Importantly, it is
a product of single particle states of distinct momenta. In the above example this
would mean that only one of the ¢’s in each bracket can be satisfied simultaneously,
i.e. if ¢ = ¢ this means that ¢, # p1 etc. For a Fermi liquid ground state and for
|1, 1721, 141, || < pr this means

2

(FL| a;;baZ“ agag, [FL) = 0p,k0paq + Opiprdgk — v

OpakOkqOgp: » (E.7)

where we have used (FL|FL) = 1. The first two terms above give the correct result
when the momenta in the creation and annihilation ‘pairs’ are different, i.e. po # E,
p1 # ¢, while the last term accounts for the special case when all the momenta are
equal. Its normalization is determined by demanding that (FL|a;a;;aﬁaﬁ|F L)y=0
due to the property azaz/FL) = 0 for [p] < pr. The above result thus gives

+ Opapa (FLI T (0) [FL) .

< ‘Tflrlel;e ) ‘iﬁl> = F'uy(pl’pQ) _2F,u,1/(p17p2) free
(E.8)

Comparing with (6.42) and (6.43) in a continuous way gives:

F%p,p)=m,  F%p,p)=p", |pl<pr, (E.9)

as for the case of fermions in (E.6). Together with (E.3) this means that the functions
FH(p,p) are continuous at the Fermi surface.

e |pi| > pr and |p2| < pp
At last, let us consider the particle-hole momentum configuration appearing in (6.41).
We find that <152 stes! ]lsl> <FL|0520§TCZICRT |[FL) = 0 for fermions, due to
property (6.2). Instead for bosons we find

S92 s
<]l;52 a=

k

T

a 1;1>=< FL| a%a% 0% a [FL) = 20,0055 + Oprps0gi . (E.10)

Note the factor of 2 in the first term. This leads to

(13
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