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1 Introduction

Along with the four known types of interaction in nature — the electromagnetic, strong,

weak and gravitational — it is possible that there exist additional forces. The exchange

of a new spin-zero or spin-1 boson between two fermions may give rise to some exotic

new force, e.g., an axion (spin-zero), a dark photon (spin-1) or a light Z’' are among the

potential candidates for such a scenario which might lead to an exotic fifth force, which

are being actively searched for at several experiments [1-40]. Some such forces between

elementary particles scale, at large distances, with an inverse power of the distance between

the particles; they are often referred to as long-range forces. They may arise from the



exchange of a massless mediator between two particles — the inverse-square Coulomb
interaction between charged particles being the most common example, arising due to an
exchange of a single photon. The prospects of discovering a new long-range force coupling
to ordinary matter is highly intriguing from both the theoretical and experimental points
of view. In electroweak (EW) theory, the neutrinos are the lightest particles and can be
considered as nearly massless on the scale of atoms. The exchange of a single neutrino (and
in general any fermion) will change the angular momentum of the exchanging particles
involved and therefore cannot give rise to a force between stable matter. However, the
exchange of two neutrinos can keep the quantum numbers of the exchanging particles
unchanged, and can potentially lead to a long-range force. Historically, the idea of a
long-range force mediated by the exchange of two neutrinos has been conceived a long
time ago [41-45]. The first explicit computation of the two-neutrino exchange force using
the four-Fermi approximation was performed at the leading order in ref. [42] to obtain a
potential of the form V(r) = G%/(473r°), where G is the Fermi constant. The neutral-
current effects were included in ref. [43] and the velocity dependence up to first order
was included in ref. [44]. However, in all these calculations neutrinos were assumed to be
massless and of a single flavour.

An interesting series of discussions in the literature resulted also from ref. [45], where
it was reported that if neutrinos were massless, the two-neutrino exchange force between
neutrons can lead to a large self-energy in a neutron star system through many-body
interactions, which far exceeds the order of magnitude of the rest mass of the system itself.
It was noted that such a situation can be avoided if the neutrinos are massive, shortening
the range of the relevant interaction. In ref. [46], however, it was argued that the creation
and subsequent capture of low-energy neutrinos in the star will fill a degenerate Fermi
neutrino sea that can block the free propagation of the neutrinos that are responsible for
the neutrino force. In ref. [47], a calculation of the self-energy using a different technique
was reported to obtain a negligible contribution. In ref. [48] it was stated that the two-
neutrino exchange force can be repulsive leading to repulsion among neutrinos instead of
filling up the Fermi sea in the neutron star. In ref. [49], on the other hand, it was argued
that the neutrino self-energy does not threaten the stability of the neutron star, to which
ref. [50] differs.!

In ref. [51] the two-neutrino exchange potential was calculated for massive Majorana
neutrinos, which was further improved in ref. [52] to include the effects of flavour mixing
for the spin-independent part of the force. In a recent work [53], one can also find a
detailed inclusion of flavour mixing effects for the spin-independent part of the neutrino
exchange force. In ref. [54], the second order EW effects have been discussed which is
usually ignored in the effective (Fermi theory) approach and the relevant EW second-order
shifts are calculated for muonium energy levels. While the first-order EW contribution
to the hyperfine splitting in 1.5 muonium is found to be of order 65 Hz, the second-order
corrections are found suppressed by two orders of magnitude, therefore making any new

L This issue is not the subject of investigation of this work and is only included to provide a comprehensive
historical overview.



physics corrections of the first-order EW contribution more relevant than higher-order
effects in the EW theory.

Recently, atomic and nuclear systems have attracted substantial attention as probes
of SM physics and beyond [55-59], with excellent improvements in the experimental preci-
sion and a promising future prospect for further improvements on experimental measure-
ments [60]. In particular, in ref. [56], it was explored how the long-range neutrino exchange
force can be probed using atomic and nuclear spectroscopy. In ref. [59], the possibility of
distinguishing between the Dirac versus Majorana nature of neutrinos was discussed in the
context of a violation of the weak equivalence principle, while the same has been explored
using the Casimir-like force induced by neutrinos between two plates or a point particle
and a plate in ref. [61]. Given the significant amount of progress already made in the
literature, it seems desirable to have a robust and systematic analysis of all the possi-
ble operator realisations for the long-range neutrino exchange force with equal emphasis
on spin-independent and spin-dependent parts. The latter part is particularly relevant
given the atomic and nuclear spectroscopy provides sensitivity to both types of long-range
neutrino exchange forces, as discussed in ref. [56]. Furthermore, a clear distinction and
comparison of the Dirac versus Majorana neutrino cases and possible connection of the
relevant short-range operators with other relevant observables are also expedient.

In the present work, we consider an effective field theory (EFT) approach to analyse
the long-range potential induced by the exchange of two neutrinos in a systematic way,
including all the possibilities for the relevant four-fermion contact interactions including
the usual SM vector and axial-vector interactions, the scalar and pseudo-scalar interactions
and tensor interactions. The effects of flavour mixing are kept completely general and
the possibility of having a right-handed current for the neutrinos are also considered in
view of many SM extensions pointing towards such a possibility, see e.g., refs. [62-75].
We present both spin-independent and spin-dependent results for the long-range potential
induced by the exchange of two neutrinos and also analyse the effects for a considerable
neutrino magnetic moment. We also discuss the possibility of probing spin-independent and
spin-dependent components of the long-range potential using state-of-the-art atomic and
nuclear spectroscopy experiments. In particular, the muonium atom currently provides the
most precise probe providing access to physics at the scale of tens of GeV and is sensitive
to the spin-dependent components of the long-range potential, which has prospects of
further improvement at J-PARC Muon Science Facility (MUSE) with new high-intensity
muon beam [60]. In view of the relevant effective operators also inducing charged lepton
flavour violating (cLFV) observables, subject to very tight constraints from ongoing and
upcoming experiments, we also compare the relevant constraints and comment on their
possible complementarity in view of an EFT approach. We also comment on other particle
physics probes of these operators, e.g. electron-v and nucleon-v scattering, beta decays and
ee — vvy at LEP.

This paper is organised as follows. In section 2 we introduce the low-energy EFT
formalism and its connection to the SM gauge-invariant EFT. We also discuss the current
bounds on the relevant Wilson coefficients from probes such as cLFV processes, electron-
neutrino scattering, nucleon-neutrino scattering, beta decays and LEP data. In section 3



we outline the derivation of a potential associated with the exchange of a virtual particle
between two fermions, taking into account their spins. In section 4 we derive potentials
induced by the exchange of two neutrinos between SM charged- and neutral-current in-
teractions in addition to other non-standard vector, scalar and tensor interactions. We
conclude this section by discussing and comparing the potentials in these scenarios. In sec-
tion 5 we discuss the prospect of probing beyond the SM effective operators using atomic
spectroscopy measurements. We summarise the current experimental measurements and
use them to derive limits on the various Wilson coefficients for the Dirac and Majorana
neutrino scenarios. In section 6, we discuss the effects of non-vanishing electromagnetic
properties of neutrinos and derive the relevant long-range potentials. We also derive the
relevant limits on the neutrino electric and magnetic dipole moments using the currently
available experimental data. Finally, in section 7, we make our concluding remarks.

2 Effective general neutrino interactions

2.1 Low energy EFT

In order to study the effects of new physics interactions of neutrinos in the context of
neutrino-mediated long-range potentials, we first need to specify the relevant effective field
theory (EFT) framework. If the non-standard interactions are the result of some new
physics at a high energy scale Axp, the general impact of such interactions is to induce
operators containing all possible permutations of SM fields respecting the global and gauge
symmetries present at a lower scale u << Axp, where Axp is the cut-off scale of validity for
the EFT. This can be written as a series of higher dimension (d > 5) non-renormalisable
operators,

ol
Leg = Lsm + Z Z dZ—4 Ol(d) s (21)
a5 Axp

)

are the associated dimensionless Wilson coefficients and the index 7 sums over all invariant

are dimension-d combinations of SM fields, Ci(d)

where Lgy is the SM Lagrangian, (’)Ed

combinations of fields. It can be seen that higher-dimension operators are suppressed by
the factor A4N}d. For O(1) coefficients C’Z-(d), the scale Axp corresponds to the mass of new
physics mediators.

At energies below the EW scale — relevant for the long-range exchange of two neu-
trinos — the SM gauge group is broken and the operators Ogd must be invariant under
SU(3)¢ X U(1)em- This is the so-called low energy effective field theory (LEFT) which has
been studied in detail, for example, in refs. [76-78]. In those works a complete basis of
operators up to dimension-six is given along with their associated anomalous dimensions,
needed to compute the running of the operators from the scale pu up to Axp via the renor-
malisation group (RG) equations. Also given are the matching conditions between the
LEFT operators and the EFT respecting the SM gauge group (SMEFT) valid at the scale
Axp. A complete basis and set of anomalous dimensions has also been computed in the
SMEFT up to dimension-six [79-83]. However, in general the operators considered in the



LEFT can be lepton number violating and all such LEFT operators with d > 6 require
SMEFT operators with odd dimension higher than six. The only SMEFT operator at
dimension-five is the well-known LNV Weinberg operator [84]

(5)
5 Cho
‘Cgﬂ) =

(lCH*)(H ls) +h.c., (2.2)
Axp
where I, (p = e,u,7) and H are the leptonic and Higgs SU(2); doublets, respectively,
5= Cl}f with the charge-conjugation matrix C and H = iooH*, where o9 is the second
Pauli matrix.

Because the LEFT and SMEFT are both constructed out of the SM field content they
contain only the left-handed neutrino field vy, either explicitly for the former and contained
in the lepton doublet [ for the latter. Technically no assumption is made about the nature of
massive neutrinos — whether they are Dirac fermions and have a right-handed component
vg or are self-conjugate Majorana fermions, vg = v§ = Cﬂg. After the EW symmetry
breaking the Weinberg operator in eq. (2.2) generates a Majorana neutrino mass term —
however, if neutrinos are Dirac and lepton number is strictly conserved then the coefficient
C®) must vanish.?

The non-standard neutrino interactions relevant to long-range neutrino exchange are
those that contain a neutral-current (NC) for the neutrinos (rI'v) and the interacting
fermions (fI'f), where I' is a product of gamma matrices. We include the right-handed
component vp so that the light neutrinos can be either Dirac or Majorana. The lowest di-
mension operators containing both neutral neutrino and fermion currents are at dimension-
six. In order to compare these with the low-energy Fermi limit of the SM weak interactions,
we normalise the Wilson coefficients with respect to the Fermi constant Ggr. There are ten
different Lorentz-invariant operators in the resulting effective Lagrangian,

177 4GF i _ v _
ot = 7z B po (Farvuf80) DoV VoL) + Cik po (faruf3R) Ppr " Vor)

+ 5 o (Farvufsr) (ory " vor) + i o (farufsr) PorY Vor)

+ 955 po (far3L) WprVor) + 955 o (Far foR) (VpRrVoL)

(f

( (2.3)
+9aﬁ 5 o (Farfar) (Tprvor) + 9ok pe(Far for) (FpLVor)

(fe

hEE.po (far™ f81) (PprOw Vo) + K pg(faLUlwfﬂR)(DpLU;wVUR)} ;

where f = (¢,u,d) and the fields are in the flavour eigenstate basis with «, 8 = e, u, T

a,f = u,ct, a,f = d,s,b, respectively. Likewise, p,o label the neutrino flavours,

p,0 =e,u, 7. SM weak interactions induce the operators with coefficients ¢ and c¢?V

in the first line. For charged leptons (f = ¢) both the charged-current (CC) and NC
weak interactions contribute to ¢/’ (through a Fierz transformation of the CC term),
while only the NC interaction contributes to c¢f**. For quarks (f = u,d) just the NC

RL

interaction contributes to ¢ and ¢®L. For low energies relevant to long-range neutrino

2In the Dirac case the vg field is neglected in the SMEFT because it would imply a V + A interaction
arising, for example, in a left-right symmetric model.



exchange, however, quarks are contained within non-relativistic nucleons, themselves con-
tained within nuclei. Quark currents can be matched to non-relativistic nucleon currents
using heavy baryon chiral EFT as detailed in refs. [85-87] and at the end of this subsection.
Finally, all other operators in eq. (2.3) require the presence of vg and must be generated
by new physics. It should be noted that the notation in eq. (2.3) is somewhat similar to the
basis often used for the non-standard neutrino interactions, see e.g., ref. [88]. We clarify
the relevant relations with other commonly used bases in appendix A.

If neutrinos are Majorana fermions, thus vg = v{ in the above, then the following
additional symmetry relations can be found between the coefficients in eq. (2.3) under the
exchange of p and o,

LL _ LR RL _ ___RR
CaBipc = “CaBiops  CaBipc = “Caiop:
LL _  _LL RL _ RL
9aB;po YaBiop>  YaBipo Gapiop (2.4)
LR _ LR RR _ _RR )
9ap;po 9apiops  Yapipo 9apiop s
LL LL RR RR
haﬁ,po haﬂ,op ’ haﬁ;pﬂ haﬂ,op ’

reducing the number of degrees of freedom by effectively eliminating the operators with
coefficients ¢/ and c®®. Note that, in the Majorana case (vg = v§) both vy and vg
will be lepton number violating (LNV) and will give rise to a number of LNV observables,
which are subject to strong constraints from experiments searching for neutrinoless double
beta decay, LNV meson decays and LNV collider searches [89-106].

So far we have kept the coefficients ¢X¥, ¢*¥ and A*¥* (X,Y = L, R) in the flavour
basis of neutrino and fermion fields. The relevant coefficients in the mass eigenstate basis
should therefore contain the relevant elements of the Cabibbo-Kobayashi-Maskawa (CKM)
and Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrices. We will follow the con-
vention that the down-type quark and lepton Yukawa matrices Y; and Yy are diagonal and
the diagonalisation of the up-type quark and neutrino Yukawa matrices (in the Dirac case)
proceed via the bi-unitary transformations

V.Y . vi=y,, U'.Y..U=Y,, (2.5)

where V, V, U, U rotate the left and right-handed up-type quark and neutrino fields
according to

Unr, = VTapusr, upr = Vapusr, var = Uaivic, Vig = Usivir, (2.6)
where for clarity the primed and unprimed fields denote flavour and mass eigenstates
respectively — the neutrino mass eigenstates are also labelled with the index i. The
matrices V' and U then correspond to the CKM and PMNS matrices appearing in the SM
charged-current,

j[’LfV = QELUTVHEL + 2upy*Vdy, . (27)

The matrices V and U do not appear in any SM interaction — while up is present in the SM
NC, the form of the current ury*up cancels V, provided it is unitary. vg is not present at



all in the SM and so V and U are usually taken to be unphysical. On the other hand, they
will appear for some of the operators in eq. (2.3) by rotating the fields to the mass basis.

One can choose to define the coefficients ¢X¥, g*¥ and h*X (X,Y = L, R) in the mass
basis by absorbing the CKM and PMNS matrix elements into the coefficients in the flavour

LL

basis. For example, the Wilson coefficient ¢** in the mass eigenstate basis is given by

O‘ﬁ ij Z Z Cy85p0 V"/a‘/éﬁ)U;zUa] ) (28)
¥,0 ps0

where the Vvava*ﬁ factor is only present for f = u. On the other hand the Wilson coefficient

PR ig written in the mass basis as

O‘/B ij Z Z C'Y‘S po VVQ%B)U;ZUU] ) (29)
v,0 PO

which contains rotation matrices for the right-handed neutrino fields (and possible right-
handed up-type quark fields). We immediately see a redundancy in eq. (2.9) because there
is more than one unknown parameter on the right-hand side. The unknown mixing angles
and phases in the mixing matrices V and U can instead be absorbed back into the param-

RE i1 the flavour basis — this is equivalent to setting V = U = I from

eters of the matrix ¢
the outset. However, we will see that U may contain information about the presence of
additional sterile states in the model.

In the SM, the values of the coefficients ¢ and ¢®¥ are given in the mass basis as

* 0 RL __ (5. .
Cég/ iij Uaanj + gL(SZ] s Cff’;ij = gRé’LJ y
LL _ RL _u
Counlsij = 91935 Cun'sij = IR0 ; (2.10)
LL d RL d
Cdd’;ij = 97,9 , Cdd’;ij = gRroij ;

where gf = —1/2 + s¥,, g% = s, g% = 1/2 — 252, /3, g% = —25%,/3, ¢¢ = —1/2 + s%,/3,
g% = s%,/3 for S%V = sin? @y and Oy is the weak mixing angle. In models such as the
type-1 seesaw that can introduce additional mass eigenstates, therefore making the 3 x 3

PMNS mixing matrix non-unitary, it is easy to replace d;; — Cj;, where

Cij =Y UnUs;- (2.11)
(0%
Here U,,; corresponds to the generalised PMNS mixing matrix.
To go from effective coefficients at the quark level (e.g. 055;2] and cdd ‘. ]) to the level of

non-relativistic nucleons one must make use of the heavy baryon chiral EFT — viable when
the relevant momentum exchange is below the cut-off scale of the EF T, Achgpr ~O(1 GeV).
At leading order in the EFT, the light pseudoscalar masses are of order m, ~ O(q) and
the neutrinos in the loop only interact with a single nucleon. Interactions of neutrinos with
more than one nucleon (for example in deuterium) are suppressed by powers of q/AchgpT-



Following the approach of ref. [87], the coefficients for effective operators containing
nucleon currents can be written in terms of the quark-level coeflicients as

1
LL N/ ov/ LL RL N/ ov/ LL RL
NN = 5 Z {F @) (e + ey + FAY (@) (el — qu;z'j)} :

(2.12)
RL q/N RL q/N LL RL
CNNGj = 5 Z {F qq ij T qu;ij) Fy 7 (q )(qu;ij - qu;ij)} ,

where the sum is over ¢ = u,d, s and Fq/ (¢%) and F} /N (¢?) are the NC vector and axial
vector form factors for the quark ¢ within the nucleon or nucleus N, respectively. For
the proton the following linear combinations at zero-momentum exchange are given in the

SM by
LL

RL _
Cppsij + Cppiij =

gdiy bl — il = ghéis (2.13)
where ¢¥, ~ (2g% + ¢&) = (1/2 — 2s%,) and ¢&) ~ (2¢9% + g%)ga = ga/2. Here we have
used Flu/p(O) = 2, Fld/p( 0) =1, Fz/p( 0) = 2g4 and FA/ (0) = ga and neglected the small
contribution from non-valence quarks. Likewise the SM values for the deuteron are

LL LL RL
CDD;ij T b, i = = gv0ij, B, ij — CDD;ij = 9A 26ij, (2.14)

where g ~ (3¢t +3¢¢.) = —2s%, and g% ~ FS/D(O) . We have used that the vector form
factors for the valence quarks in the deuteron are F}' / D(O) = Fld /b (0) = 3. The equivalent

F'P(0) =

axial form factors vanish, Fu/ b (0) = = 0, and the main contribution arises from

strange quarks. The strange quark contribution computed in the chiral EFT is given by

2 2 2
] _
A f2(my + 27) mpp

for v = /mpEp [107]. Here As is the strange axial moment of the deuteron, mp is the
deuteron mass, Ep is the deuteron binding energy, m, is the neutral pion mass, and f;
is the pion decay constant. The renormalisation scale u is taken to be at the neutral pion
mass M.

2.2 Inclusion of sterile neutrinos

We now briefly return to the question of matching the LEFT + vr (VLEFT) operators
with a SM gauge-invariant EFT. As stated before, the commonly-studied SMEFT does not
contain vr and so can only produce a subset of the vLEFT operators containing just vr,.
It may not even be possible to match these operators if there are new particles with masses
< O(100) GeV or if EW symmetry breaking is non-linear in the new physics sector [108].
Assuming that the matching is possible, in order to produce all low-energy operators, one
can introduce n number of sterile states Ng to the SMEFT. To this end, a complete basis of
lepton number and baryon number conserving and violating operators has been considered
in the literature at dimension-five [109], dimension-six [110] and dimension-seven [111, 112].



Refs. [88, 113, 114] provide the matching conditions between the vLEFT (in the basis of
appendix A) and the SMEFT + Ng.
At dimension-four in the SMEFT + Np there are the terms

_ 1 _ -
Ly, = iNpRFNy — (2N;§MN,’% + h.c.> - (LY,,N;zH + h.c.) , (2.16)

where My is the Majorana mass for the sterile states and we have the usual Yukawa term.
At dimension-five, in addition to the Weinberg operator of eq. (2.2) we have [109]

I 1 _
£ = —5NiCo" NpBy — . (HTH) NSENR +hec., (2.17)

where the former is an EW coupling ¢ to the U(1)y field strength operator By, and the
latter is a Majorana mass-like coupling x to Higgs doublets. After EW symmetry breaking
we obtain the following mass terms

_ 1— 1—
Ly, = -V, MpNp — §V'LCML1/L - iNgMRN;% + h.c., (2.18)

where Mp = vi/ﬂ, M, = ﬁv Mp = M + A v and v is the SM Higgs VEV.
Various limiting cases can now be obtained depending On the matrices Mp, My and Mpg.
If Mp < M, < Mpg then we obtain a type-I seesaw-like scenario, whereas if Mp < M, r
we obtain quasi-Dirac neutrinos such as those studied in refs. [115, 116]. In the former case
the mass matrices for the light and heavy neutrinos are approximately

My, ~ My, — M (M) "M},

(2.19)
MN ~ MR7

respectively, which are then diagonalised to the mass basis via M, = Ul - M,, - U, and
My = UN My -Up. In the mass basis we therefore obtain three light Majorana neutrinos
v = v¢ and n relatively heavier Majorana neutrinos N = N€¢ The weak eigenstates are
given in terms of the mass eigenstates by

v; = P, (U +eUyN +...)= P,Un,

i (2.20)
NE =P, (—eTU:u YULN + .. ) = PLUn,

where n = (v1,v9,v3, N1, No,...). As all the light neutrinos are Majorana in this case, the
relevant operators with coefficients ¢* and c®" (the ¢ and c? operators are equivalent
by eq. (2.4)) are naively rotated by the 3 x (34 n) matrix U. However, if any of the N are
above the EW scale then they are integrated out of the EFT, leaving only those below. In
the presence of light sterile states one can have terms such as

G
4\/5 (&85 oo (Farvufsr) + ek e (Farvufsr)] (NLpy*Nig) (2.21)

where s, s’ label the weak eigenstates of Ng, which are rotated to the mass basis by the
n x (34 n) matrix U and n is the number of light sterile states N.



To summarise, in the SMEFT + N, the fields Ny, in the flavour basis are rotated to
the mass basis by the matrix U. This corresponds to an extended block of the enlarged
mixing matrix diagonalising the full neutrino mass matrix. For three light (mostly active)
Majorana neutrinos, the operator with coefficient ¢/*# appearing in eq. (2.3) is written in
terms of the vy, states, vp = Cﬁg, and so can be related to ¢/*F by the symmetry relations
of eq. (2.4). ¢ is thus instead rotated by the block U as in eq. (2.8). Therefore eq. (2.9)
is only strictly true for the coefficients ¢“% and &*f appearing in eq. (2.21) for additional
(mostly sterile) Majorana states. On the other hand, if neutrinos are Dirac and there
are right-handed gauge interactions, U corresponds to the right-handed analogue of the
PMNS mixing matrix diagonalising the right-handed charged-current interactions [73, 74].
However, we have already discussed how it multiplies similarly unknown Wilson coefficients
and can thus be subsumed.

In this work, we are mainly concerned with the two extreme limits discussed below
eq. (2.18). The first is the scenario in which lepton number is conserved — My, = Mpr =0
and the right-handed states Np = v form three light Dirac neutrinos with the vy states.
The second is if lepton number is violated and any sterile mass eigenstate fields N are
integrated out, leaving three light Majorana neutrinos. However, we will see that light
sterile fields N (which may or may not be related to the seesaw mechanism generating
light left-handed neutrino masses) can be of relevance in section 6.

2.3 Bounds from other probes

In the SM, the left-handed neutrinos are part of SU(2); doublet with the charged leptons
as their partners. Therefore, for a given new physics model at a scale higher than the EW
symmetry breaking scale, the SM gauge-invariant operators that mediate the long-range
neutrino interactions can also mediate charged lepton flavour changing processes [117]
which are constrained stringently from experimental non-observation of various cLFV ob-
servables [118-120]. The cLFV radiative decays and u — e conversion are particularly
relevant in this context as they are subject to intensive searches at various ongoing and
upcoming experiments. The decays of tau into light mesons accompanied by a lepton are
also relevant since the relevant bounds are expected to be improved significantly in Belle
IT [121]. To illustrate the relevance of cLF'V processes let us consider the contact interaction
of eq. (2.3)

4G 5 _
ché/;pa(faLﬁY;Lf,BL)(VpL’YMVUL) . (222)

For f = e this operator can be generated by the dimension-six SMEFT [79-83] operator

AGp
ng (le'Yule)(lp'Y“la)y (2.23)

where [ is the SU(2) doublet (vf,fr). It is easy to see that such an operator can also
induce the cLFV interaction (ev,Pre)(¢,7"Prl;) (where p # o) with the relevant Wilson
coefficient constrained by the experimental limits on cLFV decays, e.g., €, — (e €.

However, such a scenario can be avoided by instead constructing such operators at higher

~10 -



dimension, e.g., dimension-eight operator in SMEFT

— 2 (e HY ) (H eRal3) (Fyuf) (2.24)

where €, is the usual antisymmetric SU(2) contraction and Anp is the heavy new physics
scale. When the neutral component of Higgs H = (H™, Hp) acquires a vacuum expectation
value (Hy) = v, the dimension-eight operator leads to the contact interaction in eq. (2.22).

Assuming a new physics model valid at a scale Axp > my, which at tree level gen-
erates the relevant long-range interactions but avoids inducing cLFV at the tree level, it
is important to note that such long-range interactions can still induce cLFV operators
through Higgs or W loops. The vector operators of dimension-six and eight which can be
added to the SM Lagrangian are of the form

Ot < o)
oL = ZAQNPOXC ZM Ox/ ¢ +he., (2.25)

where X (X') labels operators with the Lorentz structure v* x -, and ¢ denotes the
flavour indices. A complete list of all the relevant dimension-six operators in the ‘Warsaw’
basis can be found in [80], while the relevant dimension-eight operators when the external
fermion is a SU(2)z, doublet can be found, for example, in [122]. A particularly interesting
basis has also been proposed recently in [120]; following this basis in the case where the
external fermion is a SU(2) 1 doublet quark or lepton (f = ¢,l, with « # p, o), the relevant
dimension-six SMEFT operators are

0 = U"la)(Fruf) . 0570

T ) (Frulo) s (2.26)

where the SU(2) 1, contractions are understood to be inside the parentheses. At dimension-
eight, the relevant SMEFT operators are given by

O, = Qe ) (Hel) (Fruf) Ocfpe = (o) (H'1)(Ff).
08} = W H(FH ) Oifha = W HYY (H ) (), (2:27)
OF), = (08 40N ) = (U ) (FeH Y (Hely) + (e H* )y (Hef) (Fuds)

In the case where the external fermion f = [, with o = p, the relevant operators reduce to

1lpUE(P/y )( p’Y/Ll )

1l po =l p€H ™) (Hel, )(lp')’ulp)a (2.28)
2lpaE(PH) (Hl )(lp’Y,ul )7

5z+ po = U 1p) e H )y (Helo) + (LoeH " )y (Help) (17"o) -
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vLEFT Wilson coefficient Relevant cLF'V process Current cLFV sensitivity
cth. BR(u — 3e) 7.8 x 1077
CdeL;ue CR(p — e, Au) 5.3 x 1078
cﬁqﬁﬂe CR(p — e, Au) 6.0 x 1078
clib, BR(u — 3e) 9.3 x 1077
cdeI;’ue CR(p — e, Au) 5.4 x 1078
cfuL;ue CR(p — e, Au) 6.3 x 1078
ctk . BR(7 — 3e) 2.8 x 107*
k., BR(7 — pee) 3.2 x 107*
B, BR(7 — 3e) 4.0 x 1074
G BR(1 — pee) 3.2 x 107*
’chdL(Ei)L;)Te BR(7 — ep;en) 7.1x 1074
’CdeL(Sji)w BR(7 — pup; un) 5.9 x 1074

Table 1. Experimental sensitivities of various relevant vYLEFT Wilson coefficients in eq. (2.3) [120]
based on the current best limits from various cLFV experiments. To derive the bottom two con-
straints it has been assumed that LFV is induced either on left-handed or right-handed quarks, but
not both simultaneously.

In the case where the external fermion f is an SU(2), singlet quark or lepton, the relevant
dimension-six and eight SMEFT operators are given by

Ogi)f,pa = (ip’}/‘ulo-)(?’yﬂf) )
O, o = (eH )V (Helo)(Fyuf) (2.29)
Oéi)f,pa = aPH’Y“HTlJ)(TVMf) .

After the EW symmetry breaking, at the Z-pole (u = myz) the SM gauge group
invariant operators are matched onto the vLEFT operators given in eq. (2.3). However, it
is important to include the RG running induced mixings via W and Higgs loops exchange
between various SMEFT operators discussed above. This is particularly relevant because
even if the relevant interactions in a given new physics model may not induce cLFV at
the tree level, such operators get induced via the mixings at the one-loop level. A detailed
discussion of the relevant matching and mixing effects is beyond the scope of the current
work and can be found for example in [120]. In table 1, we summarise the phenomenological
limits on the relevant vLEFT Wilson coefficients that can be derived from the negative
search limits from various experimental cLFV searches [120]. From an EFT point of view,
it is important to notice that the relevant limits on the Wilson coefficients can be derived
under varying assumptions about the cancellation among the SMEFT operators of different

- 12 —



dimensions and with different powers of log(Anxp/mz) [118-120] and therefore such limits
are to be interpreted with more care under the given assumptions. On the other hand, for
a given new physics model one can numerically check for any such possible cancellation and
the constraints can be interpreted unambiguously. One important point to note regarding
the existing limits such as from cLFV processes here is that the corresponding processes
occur at energy scales of the decaying muon or tau mass. Therefore, the analysis in the
vLEFT framework is valid at those energy scales and the Wilson coefficients are sensitive
to new physics scales heavier than these mass scales. On the other hand for two neutrino
exchange, the scale of the process corresponds to the Bohr radius scale a; L= am, =~
O(10) keV in atomic systems and as small as the neutrino mass O(eV) for macroscopic-
scale forces. The vLEFT framework, in this case, is therefore generally applicable for much
lighter new physics scales. This opens up the possibility of exploring a lot of interesting
light new physics scenarios with non-trivial couplings to neutrinos and other SM fermions.

Other than the cLFV processes discussed above, the Wilson coefficients relevant to
first- and second-generation leptons are also subjected to direct bounds from the experi-
mental data on various scattering processes such as v,e scattering in CHARM-II [123, 124]
(which is supposed to be improved by an order of magnitude at the DUNE near detec-
tor [125]), neutrino-nucleon scattering data at CHARM and CDHS [123, 124, 126]. The
Wilson coefficients relevant to tau are constrained from ee — vy data at LEP [127].
However, these bounds are orders of magnitude weaker as compared to the bounds from
cLFV processes. Some relevant discussion about these bounds can be found for example
in [127-132]. In addition, the observation of coherent elastic neutrino-nucleus scattering at
COHERENT [133, 134] and beta decays [135] are also relevant for deriving bounds on the
relevant Wilson coefficients [88].

3 Long-range potentials and scattering amplitudes

It has long been known that a force acting at a distance can be interpreted as the exchange
of a virtual particle (or multiple particles) between external on-shell states. As depicted
to the left of figure 1, a mediator or mediators are necessary to exchange the momentum
q=Dp,—Dh = p'ﬁ —Dg between the two interacting particles f, and fg with initial momenta
Po and pg and final momenta pr, and pj; respectively.

In the Feynman diagrammatic approach it is possible to derive a long-range potential
V (7, v) for an interaction — most generally a function of the relative displacement between
the particles r and the average velocity of the system,

,,,21(1)‘1_,_%) ’ (3.1)

2 \ma mg

by taking the Fourier transform of the invariant amplitude of the scattering process [136],

ie.,

3 .
Vir,v) = /(;’17:1)3 e'T" M(s,t), (3.2)
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Figure 1. Left: long-range force mediated between particles f, and fsz by virtual particles carrying
the momentum exchange ¢ = p, — p), = pg — pg- Right: diagram depicting the exchange of two
mass-eigenstate neutrinos between fermions f, and fz. The interaction vertices are four-fermion
interactions with coefficients ¢;;; and ¢}y, ; respectively, where the superscripts X,Y = L, R refer
to the chirality of the fermion and neutrino currents.

where the invariant amplitude M(s,t) is an analytic function of the Mandelstam variables
s=P?= (pa—I-pﬁ)Q = (p;—I—p’B)Q andt = ¢> = (p,—p,)? = (pg—pﬁ)Q. The potential is time
independent in the static limit of momentum transfer, ¢ ~ (0,q) and t ~ —q?, which is an
accurate approximation for particles interacting at a distance. Furthermore, one can also
exploit the analyticity properties of M(s,t) which enable the spectral decomposition [43]

N2y o ,p(S,t,)
M(s,—q°) = /0 dt P (3.3)

where p(s,t’) is the so-called “spectral function” of the process. The spectral function is
related to the imaginary part of the discontinuity on the real ¢t-axis of M(s,t),

p(s,1) = %Im[/\/l(s,t)] _ 2% disc[M(s, )] (3.4)
where
disc[M(s,t)] = M(s,t + ie) — M(s,t — i€), (3.5)

for € — 0. One can now insert the decomposition of eq. (3.3) into eq. (3.2) and evaluate
the angular integral dQ) = df d¢ sin contained in d3q. This integration is non-trivial if
M(s,t) and therefore p(s,t) depend on 6 and ¢ — for example if there are spin-dependent
terms containing the dot product of q and a particle spin o. In fact, such terms arise
naturally when taking the non-relativistic limit of the scattering amplitude.

We follow the approach of ref. [137] and divide the spectral function p(t) (omitting the
dependence on s) according to a basis of 16 spin operators,

16

p(t) = pr(t) Oxl(q, P) fr(v?), (3.6)

k=1
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where fi(v?) are polynomials in powers of v? corresponding to higher order terms in the
non-relativistic expansion. The operators Oy form a complete basis constructed from the
relevant three-momenta (q and P) and the interacting particle spins (s, = 0,/2 and

sg=0p/2),

O;=1,
Oy =040,
O3=(0a-q)(03-q), i -
] 045270' :|:O'ﬁ P><q
1 y o )
06,7:5[(0'05‘13)(0'[3’(31):‘:(&”6)}7 2
Og10=5(0at0g)q, On=i(oaxop)-q,
1 _
(91271325(0&105).})’ (914—(?'aX0'B)'P,
i
1 Oi==|oa-(Pxq)(os-P)+(a,3)],
O = L ow Pxa)sa+ap], (0737 Exaloa P
where (o, 3) is a shorthand for (a <> f3).
Combining egs. (3.2), (3.3) and (3.6), the potential can also be split up as
16
Virw) =3 Vilr,v) fu@?). (3.8)
k=1
where
A g [ ok(t') Ok(d,P)
_ _ iqr / )
Vi(r, v) / it /O R (3.9)
and the variable t' = —(q’)? is integrated over dt’ while q is integrated over d*q.

The functions Vi (r,v) can be computed by first evaluating the integral without the
factor O and multiplying by a single power of r,

d3q ) 00 Pk(t/) 1 00 3
)= —r | =L giar [ gy =— | dtpp(t)e ™V .10
v = [ Gesr [Car o = L [Capme 3a0)

where for the second equality we have integrated over q, 8 and ¢ and relabelled the dummy

variable t' as t. As outlined in ref. [137], the functions Vi (r) can be readily computed by
applying derivatives to the V; (r) functions. We have for example the following operations
for the operators O, Oy and O3,

Vilr) = S Vi(r),
1

Va(r) = ~ (o0 a5) Va(r), (3.11)
i) = 5 l(oa o) (1-r4) = 3o @l @) (1= + D) o,

4 Long-range potentials from two-neutrino exchange

In this section we will derive, using eq. (3.2), the potentials V,g(r) induced by the exchange
of two neutrinos between fermions f, and fg, depicted in figure 1 (right). We consider the
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neutrinos in the loop and the external fermions to interact via the four-fermion vLEFT

Lagrangian of eq. (2.3), which includes SM CC and NC interactions in the operators with

coefficients ¢* and ¢ in addition to non-standard operators of vector (cXY), scalar

(5" W)
up-type and down-type quarks (f = u,d) within a nucleon or nucleus N. The quark-level
XY

and tensor ( type. The external fermions may be charged leptons (f = ¢) or
coefficients ¢** must be matched to nucleon/nucleus-level coefficients using eq. (2.12).

In section 4.1 we derive the potential VaLIBL (r) when only the SM CC and NC interactions
are present. In section 4.2 we include right-handed vector-type neutrino currents and derive
the potentials Va[bR(T') and VQ%R(r) when one or both of the neutrino currents are right-
handed. In section 4.3 we introduce scalar interactions and derive the vector-scalar and
scalar-scalar potentials Va‘%s (r) and Vasﬁs (r). In section 4.4 we consider tensor interactions,
determining the vector-tensor potential VaVﬁT(r). We derive each potential for Dirac and
Majorana neutrinos, examining the dependence on the distance in the short- and long-range
limits and on the spins of the external states. We finally plot and compare the potentials
in figure 4 of section 4.5.

4.1 Standard Model charged and neutral currents

We begin by deriving the potential VofﬁL (r) arising from the SM diagrams in figure 2.
For simplicity we determine the amplitude M,z (and the corresponding spectral function
pap) by integrating out the W* and Z boson propagators and using the vLEFT interaction
Lagrangian of eq. (2.3). We see that W* exchange can only occur for charged leptons while
Z exchange is possible for both leptons and quarks within a nucleon/nucleus N. Both W#

and Z exchange contribute to the coefficient ¢
RL

ap;ij
therefore either left- or right-handed while the neutrino currents are strictly left-handed.

aﬂ ij while only Z exchange contributes to

c — the values for these are given in eq. (2.10). The external fermion currents are

Applying the appropriate Feynman rules from the interaction Lagrangian of eq. (2.3),
we can write the invariant amplitude of the scattering process in figure 1 (right) in the
convenient form

: 1 4GF XL YL o v
_ZMaﬁ: ( > Z Z Cayij ﬁng BA/;/; ) (4'1)

dmem
allvp ij=1 X,Y=L,R

where 1/(4mqmg) is a normalisation factor convenient in the non-relativistic limit [43].
The amplitude firstly contains the sum over the neutrino mass eigenstates, ¢, j, which we
allow to run from 1 to N = 3+n to allow for the presence of n additional Dirac or Majorana
states. It also contains the sum over the possible chiralities (X,Y = L, R) of the external

fermion currents. As we are focussing on scattering processes in which the flavours of the
XY
afsij

flavour of the external fermions (o = ). We therefore relabel ¢XY .. G = cgfz; in eq. (4.1)

interacting fermions do not change, the coefficients ¢ will always be diagonal in the

and the following discussion.
The amplitude in eq. (4.1) is also split conveniently into two Lorentz tensor factors.
The first is the product of external fermion bilinears

Hﬁf = [ﬁs'@ (p;) Yu Px us, (Pa)] [ﬂsb (pia) Y Py Usg (Ps)] = [ Pxlalv Pyls, (4.2)
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Figure 2. Diagrams depicting the exchange of two massive neutrinos between fermions f, and f3
with SM CC and NC interactions at each vertex. For the CC interactions f = /.

where us, (Pa) and us,(pg) are four-component Dirac spinors for the fermions f, and fg
(or nucleon ') and Px and Py are the usual chirality projection operators Py, = (1—75)/2
and Pr = (1 +5)/2 for X,Y = L, R. The second factor NV};” integrates the product of
massive neutrino propagators over the loop momentum k,

[ d*k Te[YPL(g 4§+ my) " PL(F + my)]
N = / (2m)? (k2 —m?) (g + k)2 —m3)

(4.3)

We now use the method from eq. (3.8) onwards to calculate the potential. Using
eq. (3.4) we first determine the spectral function by taking the discontinuity the amplitude.
The discontinuity only needs to be taken for the neutrino loop factor,

AY2(q%, m2,m? m2  (Am2)?
disc(/\/’i‘]‘.y) = (@, m; m]) { _ <1 My (m”)> g

127 q? 2q¢4
— ) (4.4)
2ms.  2(Am:)) Ba¥
I <1+ q;g _ q4z] ) qu }@(q2 _ (mi+mj)2)’

where ©(z) is the Heaviside step function, mgj = (m? —I—mg) /2 is the average of the squares

2 — m? is the difference in the squares and A(x,y,) is

of the neutrino masses, Amfj =m; —m;

the Kallén function,
Az, y,2) = 2% +y* + 2% — 20y — 2yz — 22z (4.5)

To compute the spectral function we contract Hﬁg with disc(j\/i’;”). The Lorentz indices
of ’H,Off either contract with ¢" in disc(N};") to give [y, Px]a[v" Py]s or with ¢"¢” to give
[4Px]ald Py]s.

An assumption we now make is that the external fermions are non-relativistic. In
this limit it is possible to replace [y, Px]a[v* Py]s and [¢Px]a[¢Py]|s with the lowest-
order terms in the non-relativistic expansion — appendix B lists the lowest-order terms
for bilinear products such as [v.]a[7"]s, [Vula[¥"15]s and [¢7s5]a(¢ys]s- The terms that
dominate are proportional to 4mymg, cancelling the 1/(4mqmg) normalisation factor in
the amplitude. Higher-order terms in the expansion are suppressed by powers of q/mg,
and can be neglected.

The discussion has so far been valid for Dirac neutrinos. For Majorana neutrinos only
the axial part contributes to the left-handed current and is a factor two larger than the
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Dirac axial vector current. The neutrino loop factor N, is instead given by

(4.6)

w _ 1 / d'k Te[y"ys(d + k +m;)y"vs(k + mi)]

DM @m)t (kB -mi) ((g+k)?—m3)
where an additional factor of 1/2 is required due to the permutation symmetry of the
Majorana states in the loop.

Using eq. (3.4) we can now write the spectral function as

O Z D caiy Chiy My dise(NE), (4.7)

TMMamm
a8 T X Y=L,R

where we choose the LL superscript to indicate the presence of two left-handed neutrino
currents. Now inserting eqs. (4.4) and (4.2) into eq. (4.7) and taking the non-relativistic
limit, we obtain to lowest-order

LL 1/2 2 2
Pap,D(M) 127r2 Z @ ml+mj) )A / (tami7mj)
wI=t (4.8)

{[Xam Vi (o) E) 0 -V E (e aora) FY ).

which retains one spin-independent and two spin-dependent terms. The factors X ofé ij and
YaL,BLz ; are given by the following combinations of the VLEFT coefficients,
LL LL , .RL LL |, .RL
Xaﬁ;ij - (C +c )OGZ']' (C tc )Z;ij ) (49)
LL LL _ .RL LL _ RL
Ya,@;ij = (C —C )a;ij (C —C )Z’;ij ) (410)

where we have used the shorthand notation (¢It £ cBL),.;; = céfj + cffj Taking the SM
values of the coefficients in eq. (2.10) and assuming a unitary light neutrino mixing matrix

Uqi such that Cj; = d;5, these factors for leptons (o, 3 = e, u, 7) are for example

XaFij = Uaila; + 9v0i) (UgUs; + 9105)" (4.11)
Yaﬁ ij (U:ﬂUa] + ggéw)(UE'LUB] + gg&lﬂ)* : (412)
The functions FZ?, FM and FV in eq. (4.8) are given by

2 Am?2.)2
F-D(t)zl— lJ_ﬂ’

3

B t 2t2
2 22
My mg; +3mim; - (Amg;)
Fi(t)=1- ; ——p (4.13)
1 2m?.  2(Am2)?
1% _ 17 ©j

The difference between the Dirac (D) and Majorana (M) cases is reflected in the function

D(M) o : . . .
F; multiplying the term in square brackets in eq. (4.8). In the Majorana case there is
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an additional term equal to —3m;m;/t corresponding to the helicity-suppressed process of
two left-handed neutrinos being created and two right-handed ‘anti-neutrinos’ being anni-
hilated. This process is not possible for left-handed Dirac neutrinos without introducing a
right-handed current.

The spectral function of eq. (4.8) contains terms proportional to the spin operators
01=1,03 =040 and O3 = (64-9q)(03-q). To determine the overall potential VaLﬁL(r)
we evaluate the integral in eq. (3.10) for each of the three parts of the spectral function
multiplying these operators. We then take the appropriate derivatives in eq. (3.11) to
derive the three components of the potential VEE(r) (k = 1,2,3) and add these to obtain

3 (M)
Vi oo )(T):W {XaBZJI (r)

ij=1 (4.14)

Yag ’ [(a‘a'o'ﬁ) Jg(M) (r)—(oa ) (o) JZ‘;(T’)} } )

where 7 = 7/|r| is the unit displacement between the interacting states and the integral
functions IZ-]J)-(T), Igl(r), Jz-lj?(r), Jijy('r) and Ji‘;(r) are given in appendix C. We define these
functions to be dimensionless in order to take the dimensionful factor G%/(473r°) out of the
sum. The potential therefore scales naively as 1/r° though we will see that this behaviour
changes in the long-range limit. The difference between the Dirac and Majorana cases is
now a difference in the functions IE(M) (r) and Ji?(M)(r) in eq. (4.14).

The neutrino-mediated potential in eq. (4.14) simpliﬁes when only a single massive
neutrino is considered. Firstly, the mixing factors in X I

af;ij

UgiUy; — 1 and 6;; — 1 and the summation is now over a single state ¢ = j = v. For

and YL i are replaced as

the potential between two charged leptons we have for example XL aBow = =1+ gf/)2 and
YEL = (1+ ¢%)?. Secondly, the functions Ig( r), Igf( r) and IZ‘J/( r) take the closed-forms

af;vv

Ifl),(r) =m 7"3K3(2m,/r)

Il(r) = 2mir* Ky (2myr) (4.15)
1V (r) = 2m,r K, (2m,r) + T 77;1,7’ Ggg < 22 00, %2 ;> + 2rmir3
where K, (z) are modified Bessel functions of the second kind and Gpy" is the Meijer G-

function. Using the relations in appendix C we can also determine the functions JL (r),
JM(r) and JY, (r). For interacting leptons the spin-independent parts of the Dirac and
Majorana potentials become

Gt g oy = G

V af, M( ) 27373

oB,D p(r) = 4732

Ky(2my,r), (4.16)

respectively, in agreement with previous results [53].

The functions in eq. (4.15) depend on the product 2m,r — given the behaviour of
the modified Bessel functions K, (z) in the limits z < O(1) and = > O(1), the potential
displays contrasting behaviour in the limits r < r, and r > r, where r, = 1/(2m,,) is half
the Compton wavelength of the neutrino. In the ‘short-range’ limit (r < r,) the exchanged
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neutrinos are relativistic and their masses can be neglected. The Dirac or Majorana nature
of neutrinos cannot be probed due to the suppression of the term —3m;m;/t in Fg[ (t) and
the converging of the Dirac and Majorana potentials. In the ‘long-range’ limit (r > r,)
they become non-relativistic — the neutrino masses are important and the potential is

2mur A priori the Dirac or Majorana nature can now

exponentially suppressed as V o e~
be probed given the small difference in behaviour of Dirac and Majorana neutrinos.
To verify this quantitatively we expand the functions in eq. (4.15) and therefore the

single-neutrino potential in the opposing limits. For r < r, we find to lowest-order

G2 3 ) . .
Voo ()~ pots { Xt = Vi [§(0- 00 - Jow - Dies- 0| b @)

in both the Dirac and Majorana cases, as expected. The potentials therefore decrease with
the distance as 1/r° up to half the neutrino Compton wavelength. Eq. (4.17) is not just
valid for a single neutrino — it can be obtained for three (or in general, N) neutrinos by
neglecting the neutrino masses m; and m; appearing in the functions Ii)j( (r) and ij( (r) in
eq. (4.14). In this limit the functions tend to the constant values

D(M D(M
L ORD WA (O RSB A (O (4.18)

as outlined in appendix C. It is now possible to pull these constants out of the sum in
N
q. (4.14) and identify Xaﬁ oy EXéﬁL,lj and Y& aBy = Z a,B i
i.j ’

Expanding in the opposite limit r > r, gives in the Dlrac case

GFmE';/z —2myr . .
Viip(r) ~ W{Xaﬁ,uu -Yi, [(Ua copg) —2(0q-T)(0p - 7“)} } ;o (4.19)

while in the Majorana case

Gle%/Q —2myr 3
VaBM() W{Xaﬁ,uy YaﬁW[2(U'a‘o'ﬂ)—mﬂ(‘fa'r)(o'ﬁ‘r)]}- (4.20)

In the Dirac case both spin-independent and spin-dependent terms scale as e~ 2" /r5/ 2,

while in the Majorana case the spin-independent and o - o3 terms scale as e~ 2mr r7/2,

5/2 ;

The term containing (o-7)(o 5-#) however also scales as e ~2™" /r5/2 in the Majorana case.

Finally, we note that the operators with coefficients cZ%. and c¢ZL. may include the

«; z] ; zg
effects of new physics, which can be parametrised as small corrections 505% and 505@ to
the SM values of cﬁ% and cff] Deviations from the SM potential VQLBL( r) therefore arise
as corrections to the factors X aLé i and YaLﬂLw,
0 aﬁ i = (c LL 4 oRLY i (5ctE +<5cRL)5m + (o, ), (4.21)
5Ya6 3 (CLL - CRL)CY;U((S —dc RL)ﬁ 1 + (Od, /3) ’ (422)

where the correction can either be at the vertex with fermion f, or fgs.
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Figure 3. Diagrams depicting the exchange of two massive neutrinos between fermions f, and
fs with SM CC and NC interactions at one vertex and an effective four-fermion interaction at the

X3u;), scalar (gX) or tensor

other. In our framework the effective interaction may be of vector (c;5.;;

(h’ozﬁ z]) type.

4.2 Right-handed vector non-standard interactions

Motivated by theories such as the Left-Right Symmetric Model (LRSM) we now introduce a
right-handed neutrino current. We will first derive the neutrino-mediated potential VQ%R(T)
induced when there is a SM CC or NC interaction at one vertex and a right-handed neutrino
current at the other, depicted in figure 3. In the vLEFT interaction Lagrangian of eq. (2 3)
and cf and cf

we now allow the coefficients c¢Z£. to be non-zero along with ¢

ofsij aﬂ ij aﬁ ij aﬁ ij’
The spectral functlon px 5( ) in this scenario is the same as eq. (4.8) but with one co-
efficient replaced as ca i ca i % and one chirality projection operator replaced as P;, —Pgr
in the neutrino loop factor ./\/;‘J‘ . We also add an identical contribution with (a <> 3) to
account for the right-handed current being either at the vertex with the external fermion f,
or fg. If the external fermions are identical (o = ) we must multiply the spectral function
by an additional factor of 1/2 to avoid double counting — this gives a factor 1/(1 + dq3).

The discontinuity of the neutrino loop factor N} for Dirac neutrinos is

1/2 2 2
o 2

disc(NV;") = 9" O(q* — (m; +mj)?), (4.23)

4 q
which is suppressed by the factor m;m;/ ¢? because the process is helicity-suppressed. A
negative helicity neutrino v; created by the left-handed current will be annihilated by the
right-handed current with an associated factor m;/q — for both neutrinos this results in
the m;m; /q? factor. The physics is identical to the helicity-suppressed contribution to
Majorana neutrino exchange in the previous subsection.

Contracting the g"” factor in eq. (4.23) with the product of external fermion bilinears
”Hfjf we obtain [y, Px]a[7* Py]g. The non-relativistic limit can now be taken to obtain the
spectral function — in the Dirac case

1 G%

1o o 1n? Z@ (t — (m; + my) )Al/Q(t,m?,mz)
op 4m?

J
1,7=1 (424)

m;m;
Zt ’ {Xaﬁ,z] chﬁ 1ij (Ua ' Uﬂ)} )

ng,z)( ) =
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where the pre-factors X L2 aBiij and Ya i
XEE = (M + )i (M + Y5+ (o, B), (4.25)
Yagis = (" =)o — M5 + () ). (4.26)

Using the same method as the previous section to derive the potential from the spectral
function, we find in the Dirac case

1
LR LR
Va,B, ( ) 146 B 87T37“3 Z mlmJ{Xaﬁ i1 Ya,B B (Ua ’ Uﬁ)} Iij (T) ) (427)

7

where the dimensionless function IieR(r) is given in appendix C

The Majorana case is different due to the symmetry relations of eq. (2.4) — the right-
handed current operator with coefficient caﬂ i 1S equivalent to the left-handed current
operator with coefficient caﬁ ” and thus the coefficients are related by Cgé;ij = —cé’g jir
This is equivalent to the vector current vanishing for Majorana neutrinos. The potential
we derive from the right-handed current operator is therefore identical to eq. (4.14) and
the coefficient ¢ 5 i; gets the same contributions from the SM CC and NC interactions as
gé;i e If on the other hand we were to introduce additional light sterile Majorana states
Npg with right-handed interactions as in eq. (2.21), the coefficients Egg;ij = 55 i
SM contribution.

For the three light active neutrinos it therefore makes more sense to consider the

C

get no

corrections dckl i = —oc é’ﬁ to the SM-valued coefficients célgj = —ck i R from new physics.

The correction to the spectral function is

1
peba(t)=— 5 Z —(mi+my) )Al/Z(t,m?,mf)
146 of 127T 1 (4 28)

o [0V )| FY O -0 Y (oo ) FY (0 ]

where 5Xaﬂ = —(5Xaﬁ ;i and SY LR aBij = —6YLL whji are given in eq. (4.21). This gives the

correction to the SM potential

]- éag 1” 1 .. ZJ

We again us the single neutrino simplification to study the properties of the potentials
in eqs. (4.27) and (4.29) — the function IZ-[]’-R(T) takes the closed form

IIE/I/I%(T) =2myr KI(QmVT) . (4.30)

In the short-range limit, or » < r,, we expand the Dirac potential eq. (4.27) as

1 GZm?
Vaﬁ, ( ) m 87'('37‘3 {Xa,é’ R Yaﬂ R ( ’ 0.;8)} . (431)
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This potential is also valid in the three (or N) neutrino picture by using that I LR(?") ~ 1
in the limit m; =~ 0 and identifying Xa,B = ZXQB 4 and Y aﬁ = Z]Yag ;- In the
long-range limit, » > r,, we obtain

5/2 _
1 GFm,/ e~ 2mwr

LR _
Vaﬁ,D (7") - 87’(5/27“5/2 {Xaﬁ,w/ Yaﬁ R (aOé ’ 0-,3)} : (432)

1+(5a/5

In the single neutrino simplification for the correction in eq. (4.29) to the SM Majorana
potential takes the same form as eqs. (4.17) and (4.20) in the short- and long-range limits
respectively.

We finish this subsection by considering the case where there are two right-handed
neutrino currents at the interaction vertices. Now the potential takes the same form as
eq. (4.14),

RR G Y D(M)
Vaﬁ (T) = A3y Xaﬁ z]I ( )
ij=1 (4.33)
D(M . R
¥l (0000 0000~ (00 ) ) 0] .
where
Xaﬁ g ( = + CRR)a;ij (CLR + CRR)Z’;Z‘]’ ) (434)
Y = (M= ) i (M = P B (4.35)

Consequently, the short- and long-range potentials are given by egs. (4.17) and (4.20)

XRR and YLL YRR

respectively with the replacements Xaﬁ ’ aBiij aBiij afij-

4.3 Scalar non-standard interactions

We now derive the neutrino-mediated potential in the presence of a scalar non-standard
interaction. In our framework these are the operators in eq. (2.3) with the coefficients g™*
gl gl and g% normalised to the Fermi constant Gp. We first focus on the case of a
scalar interaction at one vertex and a SM CC or NC interaction at the other, as shown
figure 3.

The spectral function can be determined in this scenario according to

BTG I {X g7 HEP dise(N) + <a,ﬁ>}, (4.36)

C Tmam
« 5” 1X,Y,Z=L,R

where the sum is over the possible chiralities of the external fermion currents (X and Y)
and the neutrino current of the scalar operator (Z). We have taken into account that
the scalar interaction may be at either vertex by adding an identical contribution with
(o <» ). The Majorana case is treated in the same way by retaining only twice the axial
vector current and dividing by a factor of two due to the permutation symmetry of the
neutrinos in the loop.
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The discontinuity of /\/Z’; in the Dirac case for example is

AV 2 ) g (=2
- = <1 -2 ]> O(q* — (m; +m;)?),  (4.37)

di Y —
ise(A)) e T

where the minus (positive) sign is for a left-handed (right-handed) neutrino current at the
scalar interaction and the product of external fermion bilinears is

HP = [ Px]a[Py]s. (4.38)

Contracting Hﬁ’g with disc(/\/'i’; ) and making use of the non-relativistic limits of the fermion
bilinear products given in appendix B, we obtain in the Dirac case

3

VS 2y, Al/2 2 2
pa,@,D( ) Z t_ ml+m]) )mZA (tamiam')
1+ 5 5 87r —~ ’ (4.39)

A Xy (a0 + (@ 8)  FHW),

2,

while in the Majorana case we obtain

1 G%

TTo . 8:2 Z@t— mﬁ—mj))(mi+mj)A1/2(t,m?,m?)
af

= (4.40)
< {XV5 (0o a)+ (0 8)} F5).

VS
Pap,M (t)

The factor X V5 . containing the scalar coefficients is

af;ij
onﬁ i (CLL - CRL)OGU (gLL + gRL - gLR - gRR>E;ij ) (441)
and the functions FZ? and Fg are given by
(4.42)

FS)= (1 - o) _tmj)Q) -

These spectral functions only contain terms proportional to the parity-violating spin
operators Oy = 0,-q and O}, = o 3-q proportional to linear combinations of the operators
Og and Oy in eq. (3.7). Taking the components of the spectral function multiplying these
operators we compute the functions V{(r) and Vi,(r) in eq. (3.10) and from these the
components of the overall potential using

(4.43)

from ref. [137].
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Thus we derive the following vector-scalar potentials for the Dirac and Majorana cases

% A
Vaﬁ D( ) 1+ 5 » 167’(37’4 ; m; Xaﬁ zg ) + (0576)} Jz] (r)v (444)

Vi) = - jéﬁléfgﬂzmﬁmn{xam( ) (@A} ISE),  (445)

7j_

respectively, where the dimensionless functions Jz%(r) and J{?(r) are given in appendix C.

The first thing to note about these potentials is that they depend on the distance as
1/r* and contain a single power of the neutrino mass m, in the numerator. This is more
suppressed than the SM-SM potential in eq. (4.14) which scales as 1/r® but less suppressed
than the right-handed current potential for Dirac neutrinos in eq. (4.27) which scales as
1/73 but is suppressed by m2. The second point to note is that the potentials written in
eqs. (4.44) and (4.45) retain a factor of i« — this can sunply be absorbed into the factor
Xgﬁsz j after a suitable redefinition of the scalar coefficients ga 3

We now consider the case where both interactions are scalar. We now obtain the
potential via the spectral function

S84 {M 52 HOP dise(NGy) + ,ﬁ}, 4.46
pag(t) = ”mamﬁwzlwx;m 9w X gk isc(Nij) + (o, B) (4.46)

where the discontinuity of the neutrino loop factor Aj; is given for example in the Dirac
case by

A1/2(q27 m?v m?) mimj @

disc(NV;5) = 5 (q2 — (m; + mj)2) , (4.47)

4 q

if the chirality of the neutrino currents are the same (X = Z = L, R) and

disc(N;;) =

AV i mi) (L 2mE
T (l_ q2])@(q2—(mz‘+mj)2)v (4.48)

if the chiralities of the neutrino currents are opposite (X # Z). The external fermion
bilinear product is now H* = [Py]4[Py]s and we obtain the following potential in the

Dirac case
SS LR(,. SD
VO‘B» 871’37"3 Z mszXaﬁ Z]Il] 87’(37“5 aﬁ,zg Iz] ) (449)
where the combination of scalar coefficients are given by
X555 = (0" + 9™ aii (0" + ") s + (0" + )i (6" + 9" )55, (4.50)
Yo = (0" + 9"™)asij (6" + ") g5 + (6" + 9™ asij (6" + 9™ )gaz, (451)
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and the dimensionless functions IgD (r) and Il%R('f‘) are given in appendix C. For Majorana
neutrinos we instead obtain

3G2

SS SM

Vagu(r) = g5 5 Z S () (4.52)
where the combination of scalar coeflicients is

Z3555 = (g"" + g™ = g"F = gFF) i (g™ + 9B — M — g5, (4.53)

and the function Ig?M (r) is also given in appendix C.

We see that the Dirac potential depends on the distance as 1/r° only when the neutrino
currents are of opposite chirality — when they are the both left- or right-handed the
potential becomes suppressed as m?2/r3. This suppression does not occur for Majorana
neutrinos — the potential scales as 1/r° for any combination of the coefficients gX}: e

4.4 Tensor non-standard interactions

We now derive the neutrino-mediated potential in the presence of a tensor non-standard

interaction. In our framework these are the operators in eq. (2.3) with the coefficients hEL

R normalised to the Fermi constant Gp. We first focus on the case of a tensor

and
interaction at one vertex and a SM CC or NC interaction at the other, as shown figure 3.

The spectral function can be determined in this scenario according to

FENOIC I o {fghﬂﬂ%pdlscw o <a,ﬂ>}, (4.54)

T AT
a8 I XY, Z=L.R

where the sum is over the possible chiralities of the external fermion currents (X and Y)

and the neutrino current of the tensor operator (Z). We have again taken into account

that the tensor interaction may be at either vertex by adding an identical contribution

with (a <+ ). The Majorana case is treated in the same way as previous subsections.
The discontinuity of AVj;”” in the Dirac case is

A1/2 q25 m27m2 Zm
(@ mimj) 5 (9" qp — 9" qu T 1" q,)

disc(NHP) =

s (4.55)

" <1_ mzq_2mj> @(qQ—(mi+mj)2),

and the external fermion bilinear product is Hﬁgp = [ Pxlalow, Pyls.
Contracting these factors and using the non-relativistic limits in appendix B, we obtain
the spectral function in the Dirac case

1
VT 2 1/2 2.2
po‘ﬁ’D(t):_l—i—é 27r2 E @ —(m;+my) ) m; AV (t,mi,mj)
irj=1 (4.56)

{Xaﬂ (5@ YN (0o x o) -q+ 5)}5?(0,
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while in the Majorana case we obtain

1
0= G S (e mem ) () A2
140qp 2m% -
52 (4.57)

T
[ XU (0@ +VYE G x ) a .0 L.
The coefficients X VBT ij and Ya‘//BT” containing the dependence on the tensor coefficients are

XaB 17 = ( LE + CRL)Oé;ij(hLL hRR)ﬂ 387 0 (458)

Yaﬁ,zg = (M - CRL)Oz;ij(hLL hRR)B i (4.59)

The function FZ]A is the same as eq. (4.42) and Fg is given by

m; mi 2
FI(t) = % (1 _ (tﬂ)> . (4.60)

The spectral functions above contain terms proportional to the parity-violating spin
operators Oy = 04 - q, Oy = 03 -q and O = (04 X 03) - q. We can again take the
components of the spectral functions multiplying these operators and evaluate the functions
V§(r), Vip(r) and Vi, (r) of eq. (3.10). From these we use eq. (4.43) and

Vi (r) = TLQ (Gu x 0g) - (1 - r(i)Vil(r), (4.61)

to derive the full vector-tensor potential in the Dirac case

1 G g VT
Va,B D( ) = —mm Z m; {’LXaﬁ;ij (05 -7
i,j=1 (4.62)
YU (00 <) 74 ()} I,
and in the Majorana case
1 qz O )
Va,@ M( )_ m4W3FT4 (mZ ){lXaﬂ zg( B'T‘)
1,j=1 (4.63)

—Yaghi (Uaxaﬁ)'f'Jr(Oéyﬁ)}Ji?(r)’

where the dimensionless functions Ji? (r) and Jg(r) are given in appendix C.

We note that these potentials, like the vector-scalar potentials of the previous section,
scale as m,/r*. They are similarly contain only parity-violating spin operators. The
difference between the potentials for Dirac and Majorana neutrinos arises from the different
r-dependence of the functions Ji?(r) and Jl-ig (r). Finally, we see that the diagonal elements
in the 4, 7 sum vanish for Majorana neutrinos.
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Figure 4. Left: spin-independent parts of the potentials V. (r), V¥ (r) and Vi (r) plotted for
positronium (e~et) and for the exchange of either three light active Dirac (D) or Majorana (M)
neutrinos with m; = 0.1eV and NO mixing parameters. V. (r) is calculated with SM CC and NC
interactions at each vertex, while V.E®(r) and V.EE(r) assume non-zero non-standard coefficients
gf‘ij = cLf§;; = 10726;;. The solid (dashed) lines indicate a positive (negative) potentials. Right:
spin-independent, parts of the potentials V.5%(r) in the Dirac and Majorana cases compared to
V.LL(r), using ge)i?;j = gfyéij = 10*251-]- and for a single combination of X, Y = L, R. In both plots
the neutrino-mediated potentials are compared with the gravitational potential V2% (r) between

C

the electron and positron.

4.5 Comparison of potentials

In figure 4 we compare a selection the potentials derived in the previous subsections.
To the left of figure 4 we plot the spin-independent parts of the vector-vector potentials
VaLﬂL (r), VaLBR(r) and VQ%R(’I“) for positronium (e~e™) and for either three Dirac or Majorana
neutrinos. The potential V.EX(r) is calculated using SM values for the factors X eLeL”

YLL in eq. (4.11). The potential V.ER(r) has a single SM vertex and is interpreted as a

ee;ij

and

correction to V.L¥(r) in the Majorana case, though we plot it separately. The potential
VER(r) is derived from two non-standard right-handed neutrino currents. We set mj =
0.1eV and take normal-ordered (NO) values of the mixing angles 612 = 33.8°, f3 = 48.6°
and 013 = 8.6°, the CP phase § = 221° and the mass splittings Am3, = 7.55-107° eV? and
Amgl =2.5-10"3eV2. We set the non-standard coefficients to be ceLe}?;j = chéij = 10_25ij,
i.e. only non-zero for diagonal 7, j.

We first note the small difference between Dirac and Majorana potentials VeﬁLD (r) and
VegLM(r) In the short-range limit » < 1/2m; the potentials are identical while in the
long-range limit r > 1/2m; the Majorana potential is slightly smaller the Dirac potential,
in agreement with the results of ref. [59]. The potentials are generally seen to fall off as
1/75 until the neutrinos become non-relativistic around r ~ 1/2m; and the potentials are
exponentially suppressed. We see that the potentials are many orders of magnitude smaller

than the gravitational potential V£ *"(r) between the electron and positron. We also note
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the large difference between the Dirac and Majorana potentials Ve%%(r) and Vé}}\/[(r) —

while the Dirac potential is slightly larger than the Majorana potential in the long-range
limit, in the short-range limit the former scales as 1/r3 and is suppressed by two powers
of the neutrino masses while the latter scales as 1/7° and is unsuppressed. This is because
the Majorana potential is interpreted as a correction to the SM potential Ve";]j\/[(r) and
thus scales in the same way. Vejglf\/[(r) is around two orders of magnitude smaller than
Ve];LD(r) R~ VeﬁLM(r) due to the suppression from cZ® = 1072, The potential V.EE(r) is

fL = 1072 it is seen

shown just for the Dirac case — because it contains two factors of ¢
to be below V.EE(r). To the right of figure 4 we plot the scalar-scalar potentials for Dirac
and Majorana neutrinos Ve*gsb (r) and Ve“zSM (r) and compare them to the spin-independent
part of V.EE(r) and the gravitational potential V& (r). We choose a scalar coefficient
gg?;] = gg(yéij = 10_25ij to be non-zero for a single choice of the chiralities X, Y —
looking at egs. (4.49) and (4.52) we see that the surviving terms of the Dirac potential
scale in the short-range limit as 1/73 while for the Majorana potential as 1/7°, as can be

seen in the diagram.

5 Atomic spectroscopy

There are a number of ways to probe exotic long-range forces over a range of distances.
Starting at the macroscopic scale, precision torsion balance experiments adopt the method
originally used by Cavendish to measure the gravitational constant G. Theories looking to
resolve the discrepancy between the observed dark energy density pg ~ 3.8keV/cm?® and
the theoretical prediction from quantum field theory (a factor of ~ 10'?% larger) predict
Yukawa violations or power-law modifications of the gravitational force at length-scales of
r ~1pm-1mm [138]. These and other theories involve extra time [139] and space [140]
dimensions and new scalar and vector mediators such the axion [141], dilaton [142], dark
photon and Z’ [143], all of which can alter the typical 1/r scaling of the gravitational poten-
tial and break the weak equivalence principle. Torsion balance experiments have excluded
a region in the |a| — A parameter space of the Yukawa-type parametrisation of devia-
tions from the 1/r potential [144-152]. Other experiments probing macroscopic distances
have used optical levitation [153, 154] and atom interferometry [155]. Finally, experiments
using polarised electrons have been able to constrain macroscopic spin-dependent poten-
tials [156, 157].

As can be seen in figure 2, the neutrino-mediated potentials fall off exponentially for
r 2 1 um, roughly corresponding to the Compton wavelength of the lightest neutrino with
m1 = 0.1eV. For point sources such as an electron and positron the associated forces
are many orders of magnitude smaller than their gravitational attraction. In theory this
can be overcome by using neutral aggregate matter with a coherent weak charge, boosting
the strength of the neutrino-mediated force with respect to the gravitational force [59].
It remains to be seen if torsion balance experiments can overcome the strong effect of
the Earth’s gravity to measure this. Another method is to measure the pressure exerted
on two parallel plates by the Casimir-like force induced by the neutrino potential [61].
Current experiments are however ~ 20 orders of magnitude below the required sensitivity
to measure the neutrino contribution.
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To attain a greater sensitivity to the neutrino-mediated potentials one must therefore
go to smaller distances where the potentials can be seen to exceed the gravitational potential
in figure 4. The most stringent measurements come from nuclear and atomic spectroscopy
probing 7 ~ 1fm and r ~ 1 A, respectively. We outline some of the methods explored in
the literature.

Atomic spectroscopy of heavy atomic species (Z > 1) might appear to be the most
suitable method for probing the spin-independent part of the neutrino-mediated potential
thanks to the coherent scaling of the nucleus — going up roughly with the number of
neutrons N > 1. The spin-dependent part on the other hand acts incoherently because
nuclear pairing interactions leave the ground state nucleus with at most two unpaired
nucleon spins. However, the complexity of many-electron interactions in heavy atoms
makes the theoretical predictions for transitional frequencies inadequate for the current
experimental precision. One can instead measure the isotope shift — the difference in
atomic splittings for different isotopes — in systems such as Cat by observing a non-
linearity in the King plot [158]. This has been used to constrain models with Z’ bosons,
exotic Higgs bosons and chameleon particles [159-162] and more recently the neutrino-
mediated potential [56].

A relevant probe at nuclear length scales is the binding energy of the deuteron D%, a
bound state of a proton and a neutron. One can model the binding energy with a spherical
potential well with an infinitely repulsive inner hard core in order to find the radial wave-
function of the system. This in turn can be used to calculate the expectation value of
the neutrino-mediated potential and the shift to the binding energy. The difference in the
measured [163] and predicted [164, 165] binding energies has been used to constrain the
neutrino-mediated potential [56].

The sensitivity of simple atomic-like systems such as positronium (e~ e™) and muonium
(e~ u™) to the neutrino-mediated potential may be more promising than the deuteron and
other nuclear probes. As we will see, for these leptonic systems the characteristic cut-off
scale (below which the r-dependence of the potential no longer holds) is provided by the
cut-off of validity of the EFT, not the charge-radius of the nucleon or nucleus in semi-
leptonic systems like hydrogen (e p), deuterium (e D) or their muonic counterparts
(u~pand p~DT). At present the best measured splittings of these systems are the 1.5 —2S
and ground state hyperfine splittings. These splittings have also been predicted to high
accuracy and used as precision tests of QED. For example, the dominating Dirac, radiative,
recoil and radiative-recoil QED corrections to the Fermi expression of the ground state
hyperfine splitting Er have been calculated up to orders o?(Za)?Er [166-168]. Smaller
weak [54, 169] and hadronic corrections [170] have also been calculated. The EW corrections
have been calculated for the muonium hyperfine splitting to next-to-leading-order [54].

We will follow the same approach as ref. [56] which derives the shifts to energy level
splittings using the expectation value of the position-space potential V(r). Using the ex-
perimental and SM-predicted values for the 1.5 —25 and hyperfine splittings of positronium
and muonium, we will use the predicted shifts from the exotic neutrino-mediated potentials

to put upper bounds on the non-standard coefficients ¢X¥, ¢X¥ and AXY.
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5.1 Shifts to atomic energy levels

The small shift to an atomic energy level due an exotic force can be calculated to first order
in perturbation theory by taking the expectation value of the associated potential V (r),

SE = —(V(r)) = —(n> T L;|V(r)n?5*1L,), (5.1)

where n25t1L ; labels the unperturbed atomic state with n the principal quantum number
n, S the total spin, L = {S, P, D, ...} the total orbital angular momentum and J the total
angular momentum. Shifts to the 1.5 — nS and n-hyperfine splittings are respectively

SE'"S = §E(n®S;) — 6E(17Sy),

5.2
SE™MS — §E(n3S)) — 0E(n'Sy). (5:2)

The average of the potential over the atomic quantum numbers is the position-space
integral

<V(T)>n,€,m = /d3 UL (T) V() Yo (T) (5.3)

where W,, ¢, (r) is the atomic wave-function. For the two-body systems we are considering,
U om(1) = Ry o(1) Yo (8, ¢) is the separable solution of the Schrédinger equation with the
Coulomb potential Vo (r) = —Za/r.

We will be comparing the shifts induced by exotic potentials depending differently on
r. For example, the SM CC and NC induced potential VOfBL(r) in eq. (4.14) scales as 1/r°
in the short-range limit, while the right-handed current induced potential VaLﬂR(r) for Dirac
neutrinos scales as 1/73. Assuming that V(r) is only a function of 7 (and not € and ¢) the
integration over the spherical harmonic component Yy, (6, ¢) is unity and the average over
the hydrogen-like radial wave-function R, ¢(r) for general r-dependence is,

(), = /Oo dr 127 (Ro(r)” (5.4)

where 7. is a lower cut-off on the distance corresponding to an upper cut-off scale of
validity for the four-fermion EFT. For SM CC and NC interactions this distance is around
the inverse Z boson mass and we define r. = 1/mz = 1.097 x 1071 eV, We can write
the Fermi coupling in terms of this length scale using

1/2
TQ TQ
Gp=——=A%2 A=|——"— . 5.5
F \/isl%vcl%vmzz ¢ (ﬂs%c%) ( )

This distance scale could be different for a non-standard effective interaction mediated
by a particle with a mass above or below the EW scale — a Z’ for example. In this case
the distance cut-off is r, = 1/my/. This mediator may also interact with the SM via a
coupling ¢’. Comparing this to the normalisation of the effective interaction to the Fermi
coupling,

/2
GpcXY = 9= g2 (5.6)

c
m%,
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Depending on whether the new physics is above or below the EW scale, or strongly or

weakly coupled, the lower distance scale of validity r.. compares to the SM Fermi cut-off r. as
2

2 _ Aiz xy 2 _ Mz

rif = 7 re = M%/ rs. (5.7)

While this discussion is valid for an EFT with point-like particles, for a semi-leptonic sys-
tem the cut-off r. must take into account the finite size of the nucleon or nucleus — e.g.
for a proton r. = rgAY/3 with ro ~ 1.2 fm.

We can now integrate eq. (5.4) using the hydrogen-like radial wave-function,

(n—1—1)!(2Z\?® 2z (22r\' o (2Zr
R, =\l T |\ = na — | L — ], 5.8
a(r) \/ 2n(n+1)!' \(nag € nag n=l=1\ nao (5-8)

where Lf; (z) is the associated Laguerre function and ag is the reduced Bohr radius of the

system with reduced mass m,.,

1 mye, +m 1
do = :( Jo fﬁ). (5.9)

mpo mf,my, o)

For hydrogen this is the standard Bohr radius ap ~ ag = 1/(me«). For different values of
d in eq. (5.4) and expanding in r. we obtain

1 473 277, e
— =——|A,—vg—1 o =%
<7“3 >n,e=0 n3a [ nT BT < nag )} * (&é) ’

1 473 1
— =—— _+0|— 5.10
< rd >n,é:0 n3reag * (dé) ’ (5.10)
1 273 1
= Y )
< 7o >n,€:0 n3r2a} + (TCZL§>

Here the parameter A, is given by

n—1 n—1
Ap=3"Cr 2 =1+ > Ch (G+k—1)L, (5.11)
Jj=1 k>j=0
with
! (=1 H](n — 1)1

(5.12)

T o g |G Ty Gy

To compute the average in eq. (5.3) we must also take the angular average of the spin-
dependent terms in V() — for example the factors o -0 and (o4 - 7) (g - 7) in VaLﬁL (r)
and VQLBR(T). Firstly, as we will be only considering n 25715 states for the 1.5 — nS and
n-hyperfine splittings, the following equality holds for £ =0

(00 #) (05 7))y = 5(0008)y- (5.13)
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In order to determine the hyperfine splitting between singlet and triplet configurations of
external particle spins we must also evaluate the spin dot-product <a’a ¥os 5>S in these cases.
These are (o - ‘75>s:0 = —3 (singlet) and (o - 0'5>S:1 =1 (triplet).

The averages of the parity-odd potentials Va‘gs (r) and Va‘fBT(r) — which depend on the
spin operators o -7, o3-7 and (04 X 0g) -7 — vanish. However, the potentials can induce
transitions between different ¢ states similar to an electric dipole moment. While not the
focus of this section, atomic and molecular EDM experiments have been used to constrain
spin-dependent, P- and T-violating potentials induced by axion exchange in ref. [33]. In
the context of the neutrino-mediated force, ref. [58] has suggested probing atomic parity
violation by measuring the optical rotation of light as it passes through vaporised atoms.

The expectation value of the SM-induced potential VaLBL (r) can now be written as

2 & ;")
(Vas )= 175 {XaLé;z’j< e

i,j=1
o0 JPAD (). o) (og7)JY (r

Recall that the functions Ig(M)(r), Jg(M

for distances greater than the Compton wavelength of the neutrinos r > 1/(2m;). For

LL
— Y5

)(7“) and Jg (r) are exponentially suppressed

r < 1/(2m;) on the other hand the neutrino masses can be neglected m; ~ m; ~ 0 and the
functions take constant values. For atomic spectroscopy measurements the relevant dis-
tance scale (the reduced Bohr radius ag) is safely in this regime. In this limit the averages
in eq. (5.14) become

D(M) 3
<Im . (7“)> N 322 - (5.15)
nt=0 TVTcqg
(0a-05) 17"\ 3 27
3 b s (00 08), (5.16)
n =0
(o0 7)(og ) Jy (r) 5 273 -
I 6n3r2*3 (Ga-03), (5.17)
n =0
giving the average for the potential
G2 Z3
LL ~ YUF LL
<Vaﬂ (T)>n,€:0 ~ %ng,rgéii {Xaﬁ v gyaﬂ yy<0.0[ : Uﬂ>} s (518)

where Xaﬂ o = Z Xaﬁ ;; and yLL aB = Z ﬂ ;;- The same expression would be obtained

in the single neutrmo simplification.
Computing the average of the potential VLR( ) for Dirac neutrinos in eq. (4.27) re-
quires evaluating the average of the factor m;m;I; LR( )/r3. For distances r < 1/(2m;),

mim; TER (7 P40 T
<J 22 ( )> < <” 5( )> , (5.19)
r n =0 r n, =0

’ )
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which illustrates that the potential is too suppressed to be a useful probe of the non-
standard coefficients ¢/f* and c¢®. In the Majorana case the potential V(fﬁR(r) has the
same r-dependence as Val’ﬁL(r) and so

GL Z° 2
LR . Ur LR _ “vLR ,
<Voc,3 (T)>n,€=0 ~ T o3 n3r2a3 {Xaﬁ;w 3Ya6;W<0a ‘7»3>} ’ (5.20)
LR LR LR VLR : LR

where X3, = > X35, and Y55, = > V5. We remind the reader that X 5., =

/[/7.] ZVJ
-X o]jé” and YaL[fij = —YaLBL;ij for Majorana neutrinos, so any new physics contribution to
ng;z'j = —céL;ﬂ is added on top of the SM contribution as in eq. (4.21).

Computing the shifts to the 15 — 25 and n-hfs splittings in eq. (5.2) due to VQLBL (r)

gives

5ElsfnS _ %LS i 1 XLL 2YLL < . > (5 21)
of T om3p2a3 \nd aBwr — grapun\Ta TB) sy .
Gy 7°
-hfs I LL
OB = 38 wna Vi (00 00) (o0 a0 o) (5.22)

which can be written as
1S5-nS aGp 7% (1 LL 2001
s = ama a ag ) Keswe —gYebp s (529)

SEmhfs — 2\/§QGF z? LL

af 3772012/‘,3‘24, n3a3 afvy

(5.24)

where we have made use of eq. (5.5) and 7. = 1/my. Recalling that ap = 1/(m,«) we can
see that the shifts to the splittings are of order a*Gpm3. As a specific example, the shift
to the hyperfine splitting between two charged leptons ¢, and /g is predicted to be

_hfs 2\/§OJ4GFm3 ’ x *
5Ee},1}éf; = WS%{/T Z(UmUaj + 946i) (UsiU%; + 94635) , (5.25)
4,J

while the hyperfine splitting between a charged lepton £, and nucleon or nucleus N is

. 2v20*Grm? 3
BN =5 53 > (1Uail +94) g - (5.26)
T CWSW p

Using egs. (5.25) and (5.26) we list in table 2 the predicted shifts to the 1.5 — 25 and
n-hyperfine splittings due to the SM-induced potential VaLﬂL (r) for a range of leptonic and
semi-leptonic two-body systems. For both the 1.5—25 and n-hyperfine splitting we compare
the predicted shift in units of mHz to the differences between experimentally measured and
theoretically predicted values (from QED, hadronic and first-order weak contributions).

We see in each case that the expected shift from VaLﬁL (r) is much smaller than the
experiment-theory discrepancy. We see that the leptonic systems provide larger shifts in
relation to the experiment-theory difference compared to the semi-leptonic systems. This is
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SEL5 5 [mHz] SER4™ [mHy]
System (fa, f3) VaLﬁL (SM-SM)  exp—theory VQLBL (SM-SM) exp—theory

Positronium (e, e) 10 —5.8(3.3)-10° (M 57 2.2(1.9)-10° ®
Muonium (e, 1) 13 5.2(9.9)-10° @) —150 —1.1(5.2)-10°
Hydrogen (e,p) —4.1-107%  —1.4(0.5)-107 ® —1.2:107% ~11(0.1)-107 ©
Deuterium (e,DF) ~1.7-1076 1.4(0.1)-106 (@
Muonic hydrogen (u,p) 2.2-103 - —1.0-103 —9.4(1.5)-10'2 (©)
Muonic deuterium (u,DF) —550 - —13 —1.1(2.1)-102 ©

W71, (172], @[173], [174], @ [175] (Deuterium—Hydrogen 15—28 Isotope Shift)
®[176], [172] (1S-hfs), [177], [166] (1S-hfs), [178], [179] (1S-hfs), (V[180, 181], [182-184] (2S-hfs)
(©)[185], [184, 186] (2S-hfs), (D[187], [188] (2S-hfs)

Table 2. Predicted shifts to the 1.5—2S and hyperfine splittings of two-body systems (fa, f3)
due to the SM-induced neutrino-mediated potential VQLHL (r). The potential is mediated by three
light active neutrinos with m; =0.1eV and the other masses and mixings determined in the NO
case. Where possible we compare these to the differences between the experimentally-measured and
theoretically-predicted values for these splittings. Uncertainties in these values are calculated by
adding the experimental and theoretical uncertainties in quadrature. References for experimental
and theoretical values are given in the footnotes below the table respectively.

mainly due to the cut-off r. = 1/my being two orders of magnitude smaller than the charge
radii of the proton and deuteron. Of the leptonic systems we see that the experimental
measurements of the muonium splittings are the most precise — the predicted shift due to
neutrino-exchange 5E2ghfs ~ —150 mHz is around three orders of magnitude smaller than
the experiment-theory difference. The hyperfine splitting of muonium is therefore the most
stringent probe.

The shift to the hyperfine splitting from the potential VO%R(T) in the Majorana case
can be found from eq. (5.20) to be

3
6E1—hfs o 1 4G%' Z{(U*U 4 66) LR 597
lalp — 3 aiYaj T 9AYij) Cg;ij + (OZ)B) s ( . )

0 4

1 4 0qp 33120

2 This potential relies on two effective in-

which depends linearly on the coefficient cg
teractions — one from SM CC and NC interactions and the other from a non-standard
interaction — which may possess different cut-offs 7. and .. The cut-off appearing in
eq. (5.27) must therefore be the larger of these two scales. For simplicity we assume that
the new physics arises around the EW scale mz and therefore 7/, ~ r. regardless of the

exotic coupling strength ¢’. This allows us to rewrite eq. (5.27) as

1 2v2a*Gpm? 3
1-hfs _ F «717 . s \ LR
s = 1300 ey ZZJ: {(UO‘"UO‘J 9a0y) i ¥ (O"B)} ‘ (5.28)

We now use eq. (5.28) to compute the predicted shift as a function of the non-standard
coefficient ¢“®. To simplify the sum over mass eigenstates (i,5) we take the coefficients to
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System (fa, f3) LRER) VLR, () XYV ()]
Positronium (e, e) et <5.7-107 XY <7.2.10°

Muonium (e, ) B el <3.6-10 gng XY <5.9.106
H(e,p) /D (e,DT) ¢t <15-10° L <5510 g (ggy—6.48g;<Y) <1.6-1010

Table 3. Upper limits on the non-standard coefficients c/** and c¢f*% probed by the right-handed
current potential VaLﬁR(r) and coefficients gX¥ (for X,Y = L, R) probed by the scalar-scalar po-
tential Vasﬁs (). ¢Lf and ¢F® are constrained from the hyperfine splittings of the systems (fa, f3),
while the gX¥ are constrained from the 15 — 25 splittings. To avoid a helicity-suppression we
assume three light active Majorana neutrinos with m; = 0.1eV and NO masses and mixings. For

simplification we take cﬁf;RR) = cLR(RR)(SZ-j and gt = 92X 6ij.
be diagonal in the mass basis, i.e. cﬁf‘j = LR(SU We now write the inequality relating this

predicted shift to the difference between experimental and theoretical values,

B glgfj|<|5E; ggs P _ §E, ggs theory| (5.29)

and rearrange to put an upper bound on the value of CLR We note that cglfj gets a contri-
bution from the SM for Majorana neutrinos — however, even if we include this contribution
it is too small to affect the upper bound derived for the non-standard coefficient. In table 3
LRy, LR and c R and hydrogen

we give the constraints from positronium (on ¢ muonium (c;

(cER and c R). Muonium gives the most stringent upper bounds while the constraints from
positronium and hydrogen are five orders of magnitude worse.

We now consider the scalar-scalar potential Vfﬁs (r) in eq. (4.40) which does not depend
on the external particle spins — we must instead use the 15 — 25 splitting to derive upper

bounds on the coefficients g*Y . For this potential this splitting is found to be

210G pm?
EIS—2S XY XY 5.30
Zaéﬁ 32[7‘( SWCW ; azggﬁ Ky ( )

Taking again the differences in the experimental and theoretical values for the splittings, we
derive the upper bounds on the coefficients in table 3. While positronium can put an upper
bound on gXY, muonium can only constrain the product of coefficients gX - gl)f Y. Moreover,
we use the experimentally measured difference between the deuterium and hydrogen 15—-25

15 25 d 5E15 25.P This can only constrain the linear

splittings and therefore compare (5E
combination gX¥ - (g3 D — 6.489p ) We now see that the constraints from positronium
and muonium are roughly comparable while those from hydrogen/deuterium remain less

stringent.

6 Neutrino electromagnetic properties

In this final section we will derive long-range potentials induced by possible non-standard
electromagnetic properties of the neutrinos. The long-range potential induced by a neutrino
magnetic dipole moment has been studied before, for example in ref. [52].
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Interactions between the neutrino mass-eigenstate fields and the electromagnetic field
can be written generically as

Lo () = = (@) Ay () = — [73(2) AL vj(2)] A, (2) (6.1)

where Afj is a 4 x 4 matrix in spinor space which may contain space-time derivatives. To
calculate an amplitude for the vvy vertex one must take the matrix element of the neutrino
current jh () between initial and final neutrino states,

(vi(pi)| dhiz (@) [v3(ps)) = € PI7PT (ui(py)] 5k (0) v (py)
= ! PiPi) T () Ff;- (q) u(py), (6.2)

where the vertex function F” depends only on the momentum-transfer ¢. It is parametrised
as

r§3<q>=z’awqu(f;y(q%+z’f5-<q2>v5)+<w ’”)(f( ) A @)Ps) . (63)

The functions fg(qz), f{?(qz), i]jw (¢?) and 5 (¢?) are the real charge, anapole moment,
magnetic and electric dipole moment form factors, respectively. When coupling to a real
photon with ¢ = 0, fg(()) = qij, fw( ) = agj, fj‘-/f(O) = p;; and fg(O) = ¢;; are the
neutrino millicharge, anapole moment, magnetic and electric dipole moments, respectively.
The above discussion is Valid for Dirac neutrinos — for Dirac antineutrinos the form factors

become fg = fﬂ, f = ﬂ, Z-]}/[ =— j]y, Zj =— f; For Majorana neutrinos we remem-
ber that the same electromagnetic process is described by two terms in the Lagrangian,
Loy (1) = —jig(2) Au(z) = = [i(x) Al vj(2) + 75(2) AL vf ()] Au(z) (6.4)

and therefore the matrix element becomes

()36 @) I (pi)) = 0P ap) { Tl 0) + TG @I putp) . (65)
This enforces the constraints on the form factors: fi? fﬂ, fU fﬂ, o= ]]\l/[ and
5 = — J]f . The diagonal elements of the real charge, magnetic and electric dipole form

factors therefore vanish for Majorana neutrinos — only the anapole moment form factor
retains non-zero diagonal elements. All off-diagonal elements, or transition moments, can
be non-zero depending on the relative CP phases 7; of the neutrino mass eigenstates. If
n; = n; then the off-diagonal elements of the real charge and magnetic dipole moment
vanish, whereas if n; = —n; the off-diagonal elements of the anapole moment and electric
dipole moment vanish.

In the low-energy effective field theory discussed in section 2 one can generate elec-
tromagnetic properties for both Dirac and Majorana neutrinos. For Dirac neutrinos the
following operator arises at dimension-six,

Lo = —%(%RJW 2)Fu +he., (6.6)
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which is written in the flavour-basis and where F),, is the electromagnetic field strength
tensor. If they are instead Majorana, 1//’7% = V}’TCL and eq. (6.6) must instead arise at
dimension-seven, because the two vy, contained within SU(2);, doublets must contract with
Higgs doublets.

It is nonetheless possible for a magnetic moment term to arise at lower dimension
when introducing the right-handed Majorana states N to the SMEFT. This is the LNV

operator at dimension-five in eq. (2.17),
_ CSS/ Ic uv !/ h
EC = _7(NSRU NS/R)BHV + h.c. 5 (67)

which is written in the EW basis, where ( is an n X n matrix with n the number of sterile
states. We can rotate eqs. (6.6) and (6.7) to the mass basis in a similar way to eq. (2.3),

DO
Lo = == 0" PLy;F + hec., (6.8)
1 *
Le= —57_%0“”(@‘3'1?}2 + GiPrng(ew Fu — swZu) (6.9)

where we re-iterate that v = (v1,v9,v3) and n = (v1, 9, v3, N1, Na,...). In the mass basis,
pP and pM are 3 x 3 matrices given by

3 3
/J,g- = ZMPUU;'UUJ ) M;{\]{[ = Z Nan;anj ) (6.10)
1214 p,o
and ¢ is a (3 +n) x (3 + n) matrix given by
n ~ ~
Cl'j = Z Css’UsiUs’j . (611)
8,8’
Splitting these in general complex dipole moments into real and imaginary parts as
D(M .D(M) ..D(M . n
/‘ij( )= /‘ij( . ZEz‘j( g Gij = u?f +ze£‘f, (6.12)
we obtain
1 . .
Ll = —5171'0”1’ (ug(M) + ZGZ(M)%) viF,, + h.c., (6.13)
1_ . o
Le= —51/1'0“”(#2]-\]/-[ + zef-‘;-[%)uj(cWFW —swZuw), (6.14)

and we now see that P (M) and éPM) correspond to the magnetic and electric dipole
moments for Dirac (Majorana) neutrinos. For simplicity we will re-label the magnetic
and electric dipole moments as p”™) and ¢P?M). Considering the Fermi statistics in the
Majorana case — whether it be eq. (6.8) or (6.9) — it is clear that the matrices ' and
eM are antisymmetric and have zero diagonal elements. If for egs. (6.7) and (6.9) we are
again considering the type-I seesaw with N = 3 + n massive neutrinos, we can split for

example the magnetic dipole moment into

NM — (_(Mﬂ/l M%) ’ (6.15)

)T
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fa fa

fe fs Is fs

Figure 5. Left and centre: diagrams depicting the exchange of two massive neutrinos between
fermions f, and fg with SM CC and NC interactions at one vertex and the exchange of a photon
via a neutrino magnetic moment p;; at the other, leading to the vector-dipole potential V(XBV(T).
Right: diagram when a magnetic dipole moment is present at both vertices, resulting in the dipole-
dipole potential V,)j' (7).

where the antisymmetric matrices ¥ and u% contain the transition dipole moments for the
light and heavy neutrino mass eigenstates respectively, while ,u%v contains the transition
dipole moments between active and sterile states. From the form of the mixing matrix U
in eq. (2.20) in the seesaw limit we can write L explicitly in the mass basis as

Le= (NUY — vULe) o ((Pr+ ¢*Pr) (UNN — e'Uv) (ewFyw — swZu) - (6.16)

It is clear from this that ! and MZJ)/IN are suppressed by the factors €2 and ¢ compared to
M% , respectively.

We now move on to consider the long-range potential for the processes shown in the left
two Feynman diagrams of figure 5. In these diagrams a pair of mass eigenstate neutrinos in-
teracts via a SM CC and NC process at one vertex and via a photon at the other, coupled to
the neutrino magnetic or electric dipole moment. The amplitude for this process is given by

—iMap = (Zie) (—i45§> i > {cgfoﬁijygfjvg” + (a,ﬁ)}, (6.17)

dmom
olltf ij=1 X—L,R

where the neutrino loop factor j\fl‘]”' is given by

4, Tr | —iotPq ,ulp-(M)—i-a“pq ef)-(M) (¢+KF+m;) v Pr(F+m;)
1/dk: [( Prij P=ij )% J } (6.18)

Ni == 4 2_ 2 2,2 J
T2 ) (2m) (k2—m7) ((¢+k)*—m3)
and the product of external fermion bilinears is ”Hfjﬁ = [uPxla[vv]s, where the X = L, R
depends on the presence of a SM CC or NC interaction.

Taking the discontinuity of eq. (6.17) and using eq. (3.8), we obtain

3

Ve (o _@Gr 1 A XYY IS () — il — YV IT
VOC/BvD(T) o W@ ijg:l {(ml+mJ)Xaﬂ,2]Ilj (T) Z(ml m])yaﬂ,z]‘llj (T)} ) (619)

in the Dirac case, where we have normalised by the Bohr magneton up = e/2m.. Here,

1
Vy LL RL LL RL D
Xa/j;ij 1 + 5(15 {(C +c )04 + (C +c ),B}Mij , (6.20)
4 1 LL RL LL RL D
YO&ﬁ?U = 1+ 60¢ﬂ {(C +e)a (" 4 )B}Q’j , (6.21)
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which take into account that the SM current can be at the interaction vertex of fermion f,
and magnetic (or electric) dipole moment the interaction vertex of fg, or vice versa. The
1/(1 4 64p) factor again takes into account double counting if o = f.

In the Majorana case we have

. N
Vy _ 1aGp 1 N Vy T
Vapar(r) = T 8V/an2rS Mo ij:l(ml m5) Zagiis 1ij (1) (6.22)
where
1
1%
Zogii = 505 {(CLL + ) g + (P + CRL)g;ij}ef-‘;-[ . (6.23)

It can be seen that the magnetic moment does not contribute to the potential in the
Majorana case — this is simply a case of the whole amplitude vanishing when only the
magnetic moment and axial part of P; contribute. The first thing to observe in these
potentials is that the r-dependence, 1/r3, is the same as for the right-handed current
potential VO%R(T) in the Dirac case. However, there is now a factor of aGp instead of G%
and the potential is now proportional to one power of the neutrino masses instead of two.
For u;; ~ pp and noting that G%m?, < aGpmy/me for m, ~ 0.1eV, we see that the
potential is far less suppressed than VQ%R(T) in the Dirac case.

We can instead consider the process depicted by the Feynman diagram to the right of
figure 5, where the two mediated neutrinos are coupled to both the external fermions by
their magnetic or electric dipole moment. The dipole-dipole potential obtained in this case
(valid for both Dirac and Majorana neutrinos) is

A vy M’Y S
Vag () = 127rr3 m2 2 Z {X L (r) =YL (r)}, (6.24)

where X7 = sz( ),ug(M)* and Y17 = GZ(M)ef;(M)*. We see that there are two terms —
one for the presence of two magnetic dipole moments and the other for two electric dipole
moments. The cross-term for a magnetic and electric dipole moment vanishes.

In figure 6 we compare (for positronium) the spin-independent potentials VOYBV (r) and
Vgg (r) to the spin-independent part of SM potential VaLﬂL (r). We take a non-zero value
of the magnetic moment, j;; = p1, = 1072 yup, and let the electric dipole moment vanish.
We see, as expected, that the potentials scale as 1/73 in the short-range limit r < 1/(2m;).
However, unlike the potentials VaLﬁR(r) and VQSBS (r) they dominate over the SM potential
for a wide range of distances.

Because the vector-dipole potential Va‘g(r) is proportional to the neutrino masses and
therefore is suppressed in the short-range limit, we focus instead on the shifts induced by
the dipole-dipole potential Vgg (r). Using the same procedure outlined as in section 5 to

calculate the expectation value of the potential, we find

2

oy Lot 1 473 277, .
<V045 >n,€:0 1271' mQMB TL3 ag Ap =y —In nao {Xaﬁ v Yaﬁ m/} ’ (625)

40 —



—20 T T T
1077°F N
VAL, (SM - SM)

— VI, (SM - p,)
107301 — VD, — )

10740 |
.

S
0,
O
X107}
10750} T
N
Silin
wdc :f
_ AR
1077} s | | | | |
1074 1072 1 102

7 [pm]

Figure 6. Neutrino-mediated potentials V.V 7 (r) and V2 (r) compared to the SM potential V.LL(r),
plotted for positronium (e~e*) with the exchange of either three light active Dirac neutrinos with
mi = 0.1eV and NO mixing parameters and using p;; = p, = 10712 up. These potentials are
compared with the gravitational potential V.97 (r) between the electron and positron.

System (fa, fs)  tw/pn Vi p(r)/Vig m(M]  1n/ps [V pr(r), two N]
Positronium (e, e) 3.6-1072 (4.4-1072) 7.6-1072
Muonium (e, p) 1.3-1072 (1.5-1072) 2.6 - 1072
H(e,p) /D (e,DT) 2.7-1073 (3.3-1073) 5.7-1073

Table 4. Upper limits on the magnetic moment g, in units of the Bohr magneton probed by
the dipole-dipole potential Vgg(r), derived from the 15 — 25 splittings of the systems (fq, f3)-
Equivalent limits apply for the electric dipole moment €,. We assume three light active neutrinos
with m; = 0.1eV and NO masses and mixings. For Dirac neutrinos we take p;; = p,, €; = €,,
while for Majorana neutrinos p;; = p,(1 — 6;5), €5 = €,(1 — d;;). We also derive upper limits on
the heavy sterile neutrino magnetic moments p;; = un (1 —d;;) for i, j = 4, 5, i.e. introducing two
heavy Majorana neutrinos in the type-I seesaw. Active neutrino magnetic moments p, o €2 and
active-sterile transition magnetic moments p, n o € are neglected.

3 3
where X)) =" ,uP(M) ,ug(M)* and Y, =" D) DM« e potential is spin-independent

s 1] — ~ij tj

i, 0.
so we must therefore use the 1.5 — 2S5 splitting to put an upper bound on the neutrino
magnetic and electric dipole moments — this is found from eq. (6.25) as 5Ei‘g_25 =

<V’Y’Y _ <V7’Y
af /n=1,6=0 aB /n=2,6=0"
In the second column of table 4 we show the upper bounds on the magnetic moments

when we assume p;; = p, such that X)) = 9u2 (for three light Dirac neutrinos) derived
from the positronium, muonium and difference in the deuterium and hydrogen 15 — 2S5
splittings. In brackets is the upper bound when we assume there to be three light Majorana
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neutrinos, for which p1;; = 1, (1—6;;) and X)) = 6u2. These limits also apply for the electric
dipole moments. In the third column of table 4 we consider the scenario where two heavy
sterile Majorana neutrinos are introduced in the type-I seesaw. Here the magnetic moments
for the light active neutrinos and the active-sterile transition magnetic dipole moments are
suppressed as €2 and ¢ respectively. We therefore take pi; ~ 0 for all 4,7 = 1...5 apart
from p;; = pn(1 — d;5), where pn is the transition dipole moment between the two sterile
states. We again use the 15 — 2S5 splittings of the different systems to put an upper bound
on this parameter, shown in table 4.

7 Conclusions

The exchange of force carriers are the basis of our understanding how structures are formed
in nature. On scales larger than nuclei, the SM of particle physics incorporates the pho-
ton being largely responsible at the scales of atoms and larger. Beyond the SM, searches
for massless or very light exotic mediators are being carried out in a large number of
experiments and at different length scales, ranging from nuclear and atomic precision spec-
troscopy to the effects of fifths forces in astrophysics. Still within the SM, we already
have more light particles, neutrinos, that are already known to be lighter than 0.1eV but
as fermions they cannot act as single exchange particles between matter particles. It is
nevertheless possible that two neutrinos are simultaneously exchanged between two matter
particles. In a Feynman diagram representation, this corresponds to a contribution at the
first-loop order, see e.g. figure 2 for those arising in the SM. Due to the weakness of neu-
trino interactions and the loop suppression, the effect is small but nevertheless it may be
possible to probe the effect of such a SM neutrino exchange in (exotic) atoms, especially
muonium [56].

We have here considered an EFT approach parametrising the effect of potential New
Physics to analyse the long-range potential induced by the exchange of two neutrinos. This
includes all possibilities for the relevant four-fermion contact interactions between two neu-
trinos and two charged leptons or quarks. We have calculated both the spin-independent
and spin-dependent long-range potentials as well as for a neutrino magnetic moment. Us-
ing our results, we discuss the potential of probing the exchange potentials and the under-
lying effective operator couplings using state-of-the-art atomic and nuclear spectroscopy
experiments high precision QED calculations. Normalising the operator coefficients Geg
of the relevant four-fermion contact interactions relative to the standard Fermi constant
Ge = GrcXY | we have found that the current precision in atomic spectroscopy is sensitive
to coefficients as low as ¢X¥¥ = ©O(10?) for muonium. If the exchange is accompanied by
a neutrino magnetic or electric dipole moment pu,, values of order p, = O(1072) upg are
being probed.

We have worked in the low energy effective field theory approach to model both the
exchange of SM EW bosons as well as any exotic contributions. In ref. [54], the importance
of the second order EW effects have been discussed which is usually ignored in the effective
(Fermi theory) approach. Therein, the 1S hyperfine splitting energy shift of muonium
was calculated in momentum space and in a gauge invariant fashion, including all relevant
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EW loop contributions, also those arising from electrons in the loop. For the SM case,
they determine the same overall energy shift as in the present work as well as in [56],
and we therefore do not consider any other ultraviolet-complete scenarios. The limits on
effective neutrino operators extracted from atomic spectroscopy can be used to constrain
new physics scales. For example, the muonium 1S hyperfine splitting energy shift in the
SM is of the order

SEMS| ~ 0.14a*mPGr ~ 6 x 10710 eV ~ 150 mHz, (7.1)

see eq. (5.25). This compares with the current sensitivity of |§ E1"M5| <7x10714 eV [166, 177].
On the other hand, new physics at a scale Anp, generating the relevant operators would
induce a shift of order

4.3 2
BN o & M 018 (mGeV) ev, (7.2)

and new physics scales close to the EW scale are currently being probed. Future advance-
ments in experimental muonium spectroscopy [54] and QED precision calculations [189, 190]
are expected to improve the sensitivity to |6E1'hfs| ~ 10 Hz =~ 5 x 1071 eV.? While this
will not improve on the existing limits from other processes as discussed in section 2.3,
atomic scale probes have the advantage that the effective operator treatment is valid down
to very low energy scales corresponding to the Bohr radius, Axp 2 am,. ~ 3keV.
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A Comparison to other parametrisations

In the low-energy effective field theory (LEFT) of the SM a parametrisation for general
neutrino interactions similar to this work is given in ref. [88]. The effective Lagrangian for
NC-like operators is written as

ot = Z Calons (7aO5v5) (F,O)15) (A.1)

where f = /¢, u,d, the fields are given in the flavour basis and j runs over the ten possible
Lorentz-invariant combinations of Dirac matrices in O; and (9; for chiral fermions —
analogous to the ten terms in eq. (2.3). The O; and Oj are given in table II of ref. [88].

3The sensitivity in atomic systems involving nuclei is expected to be much weaker as the lower distance
cut-off r > 1 fm means that the dependence on the new physics scale becomes o 1/A{p for Axp > 100 MeV.
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An alternative basis, frequently used in the literature, is also discussed in ref. [88]. The
effective Lagrangian in this parametrisation is

I GF — a riTa a na ) j
il = 7% 2 @l (AT (Gt + Dagasin)7) (4.2)
a=S,P,V,AT

where the five possible independent combinations of Dirac matrices are defined as
ree {JI, iy, Y, YRS, U’“’} fora =5, P,V,A, T and the associated coefficients are denoted
by C* and

DGE{DG (a=8,P,T) (A3)

iD® (a =V, A).

The coefficients ¢XY, ¢XY and hXX (X,Y = L,R) used in this work are simply linear

. . (~),; .
combinations of the €7, C'* and D® coefficients,

CLL: L i(cv DV+CA )7

Ml = e %(C’VJrDV c4—Dp4),
gL (ov pv onpry,
RR_ 1 \4 A A
= 4( + D" +C% + D%,
gLL:€S+EP:}(CS_Z~DS_CP+Z-DP)’

: (A.4)

gRL:ES—szi(Cs‘l—ZDS-f-CP‘FZDP),
gLR:€S+€P:%(CS—zDS+C'P iDFY,
gfth = & €P—%(CS+ZDS cf —iD"),
hLL—eT:%(CT iD),
hRRzéT:%(CT—I—iDT),

where flavour indices have been suppressed. We note that the flavour indices for fermions

. . . . L _ LL
and neutrinos are swapped in our convention, i.e. €aBrs = CraiaB

B Spinor identities and non-relativistic limit

A crucial step to take in deriving the spectral functions or absorptive parts of the in-
variant scattering amplitudes M(®#) is taking the non-relativistic limit of the external
interacting fermion bilinears. This can be done by expanding the bilinears to first order
in both the 3-momentum transfer q = p, — p, = p% — pg and the sum of 3-momenta

P =p, +Ps = Po + Pj,

P A
[ﬁs; (p/a) Mug, (Pa)] = Mo = flgx <2mfara - ?j {Fa77j} - %] [Pa77j]> Esar s (B.1)
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where I'* = {I, 5, Y., YuV5, 0w} is one of the 16 irreducible products of v matrices and
us, (Pa) and &g, are respectively the 4-component Dirac spinor and 2-component Weyl
spinor for a fermion f, with mass my, , 3-momentum p, and spin s,.

This expansion must be made for the external fermion bilinear at each of the interaction
vertices. Hence the bilinears only appear as the products [['%],[T'?] 3. We retain the higher
orders terms in P and q arising from this product for comparison with the basis of 16
operators in ref. [137], a complete set of scalar operators constructed from two spins and
two momenta.

The products of scalar-like fermion bilinears are

Halllp ~ 4mamyg ,
Malysls =~ —2malos - q), (B.2)
[slalysls = (0o - q)(ops-q),
which are proportional to the Op, O3 and Oy + Oy operators in ref. [137] respectively.
Throughout this work however we consider a SM weak vector interaction at one vertex
and an arbitrary scalar, vector or tensor-like interaction at the other. These fermion
bilinears are therefore not used in this work, but are relevant for axion-mediated long-
range potentials [33, 38, 191].
The products of vector-like fermion bilinears are
Midalr"]s = (4mamg — P?) + (04 - 05)a° = (0 - q)(05 - q),

—i(oatop) (P xq),

(ulaly 1518 & 2img(0a X 05) - q = 2(ma —mp)(op - P), (B.3)
MslalV15ls = —(Amams — P?)(o0 - o)

[g’YS]a[g'YE)]a ~ dmamp(oa-q)(os-q).
The first of these products contains terms proportional to O7, Oa, O3 and Oy, the second to
011 and 012+ 03, the third to Oy and finally the fourth to O3. These products are relevant
in the case of a vector-like current at both interaction vertices. We have not included
products containing the bilinear [¢], which vanishes according to the equations of motion.

The relevant products of scalar-like and vector-like (which must be contracted with
the momentum exchange ¢*) fermion bilinears are

[Malgrs)s = 4mams(os - ),
[s)alds]s = —2mgp(oa - a)(os - a),

proportional to Oy and O3 respectively. These are used for the case of a scalar interaction

(B.4)

at one vertex and a CC or NC interaction at the other.
Finally, we list the relevant products of vector-like and tensor-like (where again the
free Lorentz index must be contracted with the momentum exchange ¢*) fermion bilinears,
Midalo" @ls = 2imaq’® — 2img (070 - 05) 4° = (070 - @) (075 - )]
+2(ma —mg)los - (P x q)],
Midalo™ asls = i(dmamg — P?) (o5 - a) + [oa - (P x @))(05-q), (B.5)
Yuyslalo" qu)g = —dmamp(oa X 08) - q — (04 - P) [z q> + os- (P x q)] ,
[uvslald™ avvs)s = 2i(ma —mp)(oa - P)(os - q) — 2ima(oa - 03)(P-q).
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The first product contains terms proportional to O1, Os, O3 and O4 + Os, the second to
Og £ O19 and O3, the third to O11, O12 £ O13 and Oy and finally the fourth to Og + O7
and (2. These are needed when evaluating the potential for a tensor interaction at one
vertex and a CC or NC interaction at the other.

C Integrals

The generic form for the dimensionless integrals appearing frequently in this work — func-
tions of the distance r between the interacting fermions and labelled by the superscript X
— is
o0
Ii)j(('r) = / dy Al/z(yQ,m?r2,mJ2r2) ij(-(y,r) e Y, (C.1)

(mi+mj)r

where the dimensionless variable y = rv/¢, the indices (i, j) run over either the N massive
Majorana states or 3 massive Dirac states, and A(z,y,z) is the Kéllén function. The
functions ij(- (y,r) are given by

1
LR —
Gij (y,r) = gv
m2.r2 Am?,)?r?
Gz[])(ya 7’) = y 1- ”2 ( 1]4) )
6 (0 2y
2 )02 2132,.4
My =201- (mi + 3mimy)r”  (Am)"r
v] ’ 6 y2 2y4 )
1 om2.r? 2(Am2,)%r4
Gz“g(yvr) = y{1+ yj - y4j )
1 Am?. r?
A _ ij
GZJ(yvr) y{l - yg } )
1 m; —m;)?r? (C.2)
ij(yﬂ“)_y{l—( ygj) } )
2m?, r?
SD _y ij
Gz_] (yvr)_G{l_ y2 } )
SM Yy (mz mj)2 T2
Gij (y’T)G{l_ 2 )
1 (m; +m;)%r?
Gg;(y,?"):y{l— ygj )
1 i N2 .2 2(m; N2 ,.2
Gy ) = - Ry Ko e
Yy Yy Yy
2 1 (mi +mj)%r? 2(m; —mj)%r?
Gz’j’y(ya r) = " {1 - 2 1+ 2 )

2 (2 2 2 _ 2
where mg; = (m7 + m7)/2 and Amj; = m; —mj.
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Table 5. Exact values of the dimensionless integrals J;} (r) for N = {D, M, V, A, S, T} derived
from the potentials Ifj (r) ~ 1 in the limit of vanishing neutrino masses, m; ~ 0. These appear in
the potentials VOLLﬁL7 V;BR, V(ﬁgR, Va‘gs and Va‘%T in this work.

A second set of dimensionless integrals Jijj\f (r) is derived from the above by performing

the derivative operations

v

I ) = 180+ (G- H) ),

d
e (3 - rdr> 5" (r).

The first set of integrals are normalised such that IZ-)]{ (r) & 1 for vanishing neutrino
masses m; ~ 0 — applicable in the short-range limit of the potentials in which they appear.
The values of the second set Jl-)j( (r) in this limit are given in table 5.
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