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1 Summary of the results

In this paper, we study the integrable o-model which was recently proposed by Delduc,
Hoare, Kameyama and Magro (DHKM) as the generalisation of the Lukyanov model [72].
This DHKM model lives on the simple compact group target K and its action reads [18§]

S(k)) = Ii]wz(k)—
—% /dT%tr [k718+k ((17H(QL7QR)) (QL+QR)71+(PL+PR)71 (1+I€(PL7PR))) lfla,k] .

(1.1)

Here 7 and o are, respectively, the worldsheet time and (compact) space variable, ¢ stands
for the integral over the angle ¢ and the light-cone derivatives are defined as d+ = 9, + 0.
Furthermore, k& = k(7,0) is a K-valued field, the standard Wess-Zumino term Iywy is
defined as

Iwz(k) = —/d—lyftr (dkk™ A [05kk™", dkk™1]) (1.2)



and Qr r as well as P g are field-dependent R-linear operators on the Lie algebra K
constructed out of the field-independent R-linear operators My, My r, Mg, Mpr : K — K
as follows

Qr = Ady-1 (Mp + k — Mpr(Mgr — ﬁ)ilMRL)_l (Adp + Mpr(Mpr — K)7'),
Qr:= (Mpr — k — Mpr(Mpp + H)_lMLR)_l (1+ Mpr(Mpr + k)" Adg)
Pp = (Adg-1 + (Mgr + k)" "Mgr) (Mpp — £ — Mpr(Mgg + “)_1MRL)71 Ady,
Pri= (1+ Adj-1 (Mg — k)" "Mpg) (Mpg + K — Mrp(Mpz — k)" "Mpg) " . (1.3)
The operators M1, Mrr, Mrr, Mrr themselves are given by
(140} — RN ~lw) (B2 +1))
(1+nk — m)wN W) (R + 1)),

~—

My = <1+ALR+ (n%—(1+n}%2)(1+n%+n

Mpr = (1+ArR+ (nh — (L+03) 1 +nh + &
Mg = (1407 +r)(1+ 0k + r)N (R +1

—_ ~— —

): (1.4)

Mg, = —(1+n; — k)1 + 0 — 5)N 'w(R* +
where
N=1+1+n)1+np)w'w, N=1+(1+n7)1+np)wu', (1.5)
2 2
A2:2<1— n > A2:2<1— " ) 1.6
L =1L 1+77% R =R 1+n% ( )

Moreover, R : K — K is the Yang-Baxter R-linear operator which annihilates the Cartan
subalgebra of K and it is defined as

RB*=C% RC®=-B“, (1.7)
where B, C® are given in terms of the step generators of K€ as
i 1
BY=—(E*+E™®), C*=-—=(E“—E°). 1.8
\/é( ) ﬂ( ) (1.8)

Finally, the independent parameters characterizing the DHKM model are: the positive
integer x, two real numbers 7r,ng such that n2 > k2 — 1, a = L, R and one real 7 x
matrix w the entries of which are called TsT parameters. Here r is the dimension of the
Cartan torus of the group K and, in the formula above, w : 7 — T is understood as the
R-linear operator acting on the Cartan subalgebra 7 C K.

Here is the list of the original results obtained in the present article:

1) We show that the presence of the TsT parameter matrix w in the Lagrangian has no
impact neither on the first order Hamiltonian dynamics of the DHKM model nor on its
renormalizability, although it is true at the same time that this presence does influence
the target space geometry. Said in other words, we show that the models with
different TsT matrices w; # wg are T-dual to each other (the T-duality in question
turns out to be the Poisson-Lie T-duality [59-61]) therefore for the understanding of
the Hamiltonian dynamics of the DHKM model and of its renormalizability it is fully
sufficient to consider the simplest case w = 0.



2) In the case w = 0, we succeed to rewrite the DHKM action in the following com-
pact form

o+ epLRk ePRR

S(k) = klwyz(k) + Ii/de trk~to, k E o k. (1.9)

Here R is the Yang-Baxter operator, Ry stands for the operator Adj,-i1 RAd; and

o — ePL Ry, ePRR

the parameters &, a, pr,, pr are related to the original DHKM parameters k, 1y, g as
follows

_n,%—i—l—mn%—i—l—m tan P2 — Kn?

o= , =— o 4=LR
nw4+1+kns+1+k 2 Ad(1+n2)

(1.10)
Note, in particular, that the positivity of the left-hand-sides of egs. (1.6) makes « to

K = R,

belong to an open interval |0, 1[ for x > 1.

3) We show that the o-model (1.9) remains classically integrable if we emancipate the
parameter «, that is, if we no longer consider the parameter « as the function of the
parameters k,7nr,nr. In what follows, we shall call the o-model (1.9) the bi-Yang-
Baxter deformation of the WZW model! if the parameter a is emancipated and it
belongs to the interval | — 1, 1[. The bi-Yang-Baxter deformation of the WZW model
thus depends on four free parameters: the positive integer x and three real numbers
o, pL, pr the absolute values of which take values respectively in the intervals [0, 1],
10, 7] and |0, 7[.

4) We introduce the parameter o and emancipate it in the way compatible with inte-
grability also in the presence of a nontrivial TsT matrix w # 0.

5) We prove the renormalizability of the bi-YB-WZ model (1.9) by showing that the
RG flow concerns just the parameter a, while the parameters k, p; and pr are
renormalization group invariants. We find the flow of « explicitly for every group
target K and show that for the special case of K = SU(2) the obtained flow coincides
with the RG flow of the Lukyanov model described in ref. [72].

6) All the results mentioned above are obtained by using the formalism of the so called &-
models [55, 56, 62] as well as of their degenerate variants called the dressing cosets [64].
In this paper, we introduce a new method how to obtain the degenerate £-models out
from the non-degenerate ones and we apply this method to prove that the bi-YB-WZ
model is in fact an appropriate dressing coset. It is the latter circumstance which
makes possible to prove its renormalizability effortlessly.

2 Introduction

Integrable deformations of nonlinear o-models on group manifolds and on coset spaces
constitute presently a topic of intense research activity. The subject originated long time

!The reason for this terminology is the fact that in the case o = 0 we recover from (1.9) the standard
WZW model. In what follows, we shall say “the DHKM model” whenever the TsT matrix is switched on.
However, for the case of the vanishing TsT matrix we reserve the terminology “the bi-YB-WZ model”.



ago in refs. [6, 15, 29], where several deformations of the principal chiral model on the
SU(2) target were constructed, and several other SU(2) results were subsequently obtained
in refs. [32, 47-49, 72, 78]. The study of the integrability of o-models living on higher
dimensional group targets was initiated in refs. [52-54] by the present author, where we
introduced the so called n-deformations, induced in an appropriate way by solutions of
the (modified) Yang-Baxter equation on the Lie algebra of the target group. This n-
deformation algorithm, combined also with the coset construction of refs. [19, 20] and with
the alternative A-deformation one [88], gave rise to various constructions of the deformed
integrable o-models [12, 13, 18, 21-23, 26, 36-38, 49, 89, 91, 98], many of them exploitable in
quantum field theory [2, 4, 5, 8-10, 27, 30, 31, 70, 71] and in string theory via the AdS/CFT
correspondence [1, 7, 16, 19, 20, 24, 25, 28, 33, 39, 40, 43, 44, 74-76, 79, 80, 83, 84, 96, 97].

It turns out that the Hamiltonian dynamics of many integrable o-models can be cast
in a very transparent way within the formalism of certain specific first order dynamical
systems referred to as the £-models [55, 56, 62]. The £-models are formulated in terms of
the current algebras of Drinfeld doubles and were originally introduced in the framework
of the Poisson-Lie T-duality [59-62]. However, they turn out to be useful in many respects
also in the integrability story, in particular in establishing the relation between the 1 and
A deformations via the T-duality [46, 55, 56, 89].

Recently, Delduc, Hoare, Kameyama and Magro have found the multi-parametric inte-
grable o-model (1.1) living on an arbitrary simple group manifold K [18]. In their approach,
they succeeded to merge consistently several deformation procedures studied previously in
a separate way, like the (bi)-Yang-Baxter deformations [52-54], the addition of the WZW
term [21] or the introduction of the so-called TsT matrix [35, 73, 77, 81, 96, 97]. For
the special case of the group SU(2), their result fits into the framework of the Lukyanov
model [72].

We show in section 4 of the present paper that there exists an £-model description of
the DHKM o-model (for the emancipated parameter «), however, there is a novel element
in the game comparing with the cases of the low number of deformation parameters treated
in [55-57]. Namely, the £-model underlying the DHKM o-model turns out to be degenerate,
that is, it is the so called dressing coset in the sense of ref. [64].

Actually, we introduce in the present work a new method of constructing the dressing
cosets which is based on an appropriate isotropic gauging of the non-degenerate £-models.
This new approach is technically very friendly and it plays the key role in the understanding
of the structure of the DHKM model. We describe it in section 3.3, just after reviewing
the theory of the non-degenerate £-models in section 3.1 as well as the old theory of the
dressing cosets in section 3.2.

What is it good for to know that the first order Hamiltonian dynamics of a nonlinear o-
model can be described in terms of a particular (degenerate) £-model? Well, the immediate
benefit of this knowledge is the fact that the o-model underlied by the £-model is automati-
cally renormalizable [90, 92, 95]. This means, in particular, that the ultraviolet corrections
just let flow the parameters of the model without spoiling the form of the Lagrangian.
Moreover, the £-model formalism permits to determine the renormalization group flow by
a simple method introduced in refs. [85, 92]. Actually, we employ this method in section 6



to establish the renormalizability of the bi-YB-WZ model, after proving in section 5 its
integrability. Finally, we devote section 6.4 to a detailed analysis of the case of K = SU(2)
where our results for the bi-YB-WZ RG flow are shown to match those of Lukyanov [72].

3 Dressing cosets

The dressing cosets construction [64] is the generalisation of the standard Poisson-Lie T-
duality [59-61] and it was originally invented to produce new T-dual pairs of o-models.
While within the framework of the standard Poisson-Lie T-duality, the Hamiltonian dynam-
ics common to the mutually dual o-models is that of an appropriate £-model [55, 56, 62],
in the dressing cosets case, the Hamiltonian dynamics is that of a degenerate &-model in
the sense of refs. [51, 64]. Although our concern in the present work is to deal with the
degenerate E-models, we review also the non-degenerate case for reasons which are not
merely pedagogical. In fact, in section 3.3 we introduce a new method how to obtain the
degenerate E-models (i.e. the dressing cosets) out from the non-degenerate ones. This new
method is rapid and efficient and it lies at the basis of the understanding of the integrability
and the renormalizability of the bi-YB-WZ model.

3.1 Non-degenerate £-models

Consider a Lie group D of even dimension 2d which is equipped with a bi-invariant
Lorentzian metric of the signature (d,d). This metric naturally induces a non-degenerate
symmetric ad-invariant bilinear form (.,.)p on the Lie algebra D of D. A d-dimensional
subgroup K C D is called maximally isotropic if the restriction of the form (.,.)p onto its
Lie algebra K identically vanishes. If D possesses a maximally isotropic subgroup K, the
couple (D, K) is called a Manin pair. If it possesses two (or more) maximally isotropic
subgroups K, K which are not connected by an internal automorphism of D, then D is
called the Drinfeld double.

We now associate certain infinite-dimensional symplectic manifold LD to every Drin-
feld double D. The points of LD are loops in D, that is maps [ : S — D from a circle
parametrized by the angle variable ¢ into the Drinfeld double D. For this reason, LD is
also known as the loop group of the Drinfeld double and it has itself the group structure
given by the pointwise multiplication of the loops in D. It makes therefore sense to speak
about the left-invariant Maurer-Cartan form [~!dl on the group LD and we can define the
symplectic form wrp on LD by the formula

wuﬁ:—;%ﬂlﬂﬁﬂlwmg (3.1)

The (non-degenerate) £-model is a dynamical system the phase space of which is the
symplectic manifold (LD,wyp) and the Hamiltonian Hg of which is given by the formula

]k:;%@ﬂlj&HUD (3.2)

Here £ : D — D is a R-linear operator on the Lie algebra D of the double D. It has
three important properties: 1) it squares to the identity operator on D, i.e. £2 = Id; 2) it



is self-adjoint with respect to the bilinear form (.,.)p, i.e. (Ex,y)p = (x,Ey)p, =,y € D;
3) the £-dependent symmetric bilinear form on D defined as (.,&.)p is strictly positive
definite.

The knowledge of the symplectic form (3.1) and of the Hamiltonian (3.2) is sufficient
to construct the first-order action of the £-model [62]

Se(l) = %/dT%(@Tll_l,&,ll_l)p—i&/d_l]{(dll_l A [agzz—l,du—l])p—%/de(agu—l,gaau—l)D.
(3.3)
We note the presence of the WZ term in the action. Depending on the choice of the bilinear
form (.,.)p, this term may require a discrete overall normalisation in order to define a
consistent quantum theory. We shall have more to say about this issue in section 4.
Every &-model (LD,wrp, He) on the Drinfeld double represents simultaneously the
Hamiltonian dynamics of two (or more) o-models living on geometrically non-equivalent
targets. How it comes about? We show this first in a particular case of the so-called
perfect Drinfeld doubles. Recall that the Drinfeld double D is perfect if the topological
direct product K x K of its maximally isotropic subgroups is diffeomorphic to D in a way
compatible with the multiplication law in D. This means that if T : D — K x K is the
diffeomorphism and m : D x D — D is the group multiplication map then the composition
map m o Y is the identity map on D. In particular, every element /(o) of the loop group
LD of the perfect Drinfeld double D can be unambiguously decomposed as the product of
one element k(o) from the loop group LK and one element fz(o) from the loop group LK
as follows

I(0) = k(o)h(c), keLK, helLK. (3.4)
Inserting the decomposition (3.4) into (3.1) and into (3.2), we obtain easily

wip =d ( jq{ (Oxhh~t, k‘ldk)p> , (3.5)
He(k, h) = ;f(agk:k—l kO R E(Okk T + kO ) p. (3.6)

The first order action (3.3) of the £&-model (LD, wr,p, He) in the parametrization k, h
is therefore given by the data (3.5) and (3.6):

Se = /drj{(aghﬁ—l,k—lam)p - /dTHg(k,B). (3.7)

The dependence of Sg on d,hh~! is quadratic, it is therefore easy to eliminate Oyhh~!
which gives the second order action of the so called Poisson-Lie o-model:

Sp(k) = ;/dfjf ((E+H(k))*1a+k;k*1,a_kk*1) . (3.8)

D

Here 9y = O, + 9,,, the linear operator E : K — K is such that its graph {z + EZ,7 € l@}
coincides with the image of the operator Id4+& and the k-dependent operator II(k) : K—K
can be explicitly expressed in terms of the structure of the Drinfeld double as follows

(k) = —TAdRTAdy—1 J. (3.9)



Here Adj stands for the adjoint action on D of the element k € K C D and J,j are
projectors; JJ projects to K with the kernel K and J projects to K with the kernel K.

Recall also that the operator II(k) : K — K encodes the so called Poisson-Lie bracket
of two functions fi, fo on the group K in the sense of the formula:

{f1, foyx (k) = (V" f1, L(E)V" f2) . (3.10)
Here V% is K-valued differential operator acting on the functions on K as

df (e k
(VEf, 2)p(k) == (VEf)(K) = f(zs) ,  zek. (3.11)
s=0
Of course, every element (o) of the loop group LD can be decomposed also in the
dual way as

(o) = k(o)h(o), ke LK, helLK. (3.12)

Inserting the decomposition (3.12) into (3.1) and into (3.2), and then repeating all the
procedure as before leads to the dual o-model living on the target K:

Se =3 [ar f ((E TIR) a+;;;;,-—1,a_z;;;—1) , (3.13)

D

where

(k) = ~JAd; JAd; . J. (3.14)

Of course, the linear operator E : K — K is again such that its graph {z + Ex,z € K}
coincides with the image of the operator Id+&, which implies that the duality between the
models (3.8) and (3.13) holds under the condition, that the operator E is inverse of the
operator F.

If the Drinfeld double is not perfect, there exists a generalization of the T-duality
between the models (3.8) and (3.13), where the two o-models live, respectively, on the
spaces of cosets D/K and D/K [55, 56, 65, 66]. If we parametrize (possibly patch by
patch) the coset space D/K by a section m € D of the bundle D — D/K and the coset
space D/K by a section m € D of the bundle D — D/K, then the decompositions | = mh
and | = mh generalize those (3.4) and (3.12) and lead respectively to the following dual
pair of o-models with the WZW terms:

1 1 1 1 1 -1 1 -1 .
Se(m) = Z/dT?{ (1=2Pn(E))m ™ 0ym,m 3_m)D+1/d ?{(m dm,[m™ " d,m,m dm])D7
(3.15)

Se(m) = i/dr?{ ((1—21%(5)) m*lmmm*la,m)pﬁ/d*lf(m*ldm, [ 0y, i) -
(3.16)

Here the projectors Pp,(€) : D — D and Ps(E) : D — D have the respective images K
and K and their respective kernels are given by the linear spaces (Id+Ad,,-1£Ad,,)K and
(Id—}—Adm—lgAdm)lC.

Of course, the Poisson-Lie T-duality relating the models (3.8) and (3.13), or, more
generally, relating the models (3.15) and (3.16), is the main result that we review in this



section 3.1, but we add few more formulas about the £-models that will be useful in what
follows. First of all, the first order Hamiltonian equations of motions derived from the
formulas (3.1) and (3.2) can be written in two useful ways, either as

o = 0,171 (3.17)
or as
0-j = 0,(Ej) + €7, ], (3.18)
where
jlo) = 8c,l(0)l(a)_l. (3.19)

Moreover, the inversion of the symplectic form wyp gives the standard current algebra
Poisson brackets for the LD-valued variable j(o):

{7(0),j%(0")} = FAEj(0)(0 — o') + D*P8,6(0 — o). (3.20)

Here
jA(U) = (j(a)aTA)Da [TAaTB] = FAgTCa DAB = (TA,TB)D (321)

and T4 € D is some basis of D.

3.2 Degenerate £-models

We start the exposition of the degenerate &-models from the end, that is, we first write to
what kind of T-duality they give rise to. To grasp the idea, it is sufficient to consider the
perfect Drinfeld doubles and the resulting dual pair of the “dressing cosets” o-models is
then given by the actions

S (k) = ;/dfyf <<Id+EH(k)> 1 Ea+kk—1,akk—1>p, (3.22)

. 1 N T .

Sp(k) = 5 /dff <<E+H(k)) 6+kk:_1,8kk_1>p. (3.23)
Well, if £ : K — K is an invertible operator then the dressing cosets models (3.22)
and (3.23) look identical to the models (3.8) and (3.13), so what is then new in the dressing
coset story? Is it just the circumstance that we release the condition that the operator E
be invertible? No, this is not the case. In fact, even if E is invertible, the dressing cosets
pair (3.22) and (3.23) may contain substantially different physics as the standard Poisson-
Lie T-dual pair (3.8) and (3.13). What happens is that in the construction of the standard
pair (3.8) and (3.13) from the £-model it follows automatically that the symmetric part
%(E + E*) of the operator E : K — K is also invertible (the symbol E* stands for the
adjoint of the operator E with respect to the bilinear form (.,.)p.) In the dressing cosets
case, the operator %(E + E*) need not be invertible and the T-duality of the models (3.22)
and (3.23) still holds (if some further invariance conditions on E are fulfilled). This is not
a trivial generalization of the standard Poisson-Lie T-duality, however, because the lack of
invertibility of the operator F or of its symmetric part %(E + E‘*) has drastic consequences



on the dynamics of the mutually dual o-models (3.22) and (3.23). In fact, both models
develop a gauge symmetry with respect to some subgroup F' of the Drinfeld double D and
the common dimension of their targets thus gets effectively diminished by the dimension
of the group F.

Let us now give a concrete example of the phenomenon that the common gauge sym-
metry of the dressing cosets leads to the diminution of the dimension of the targets of
the mutually dual dressings cosets o-models. Consider thus the case where K is a simple
compact group and the group K is the Lie algebra K with the (Abelian) group structure
given by the vector space addition. As the manifold, the perfect Drinfeld double D is the
topological direct product K x IC with the following multiplication law

(lﬂ, Ii1)(/€2, HQ) = (klkz, K1 + Adklﬂg), kl, kQ S K, K1,K2 € IC. (3.24)

Every element k of the group K is embedded in D as (k,0) and every element x of K as
(e, k), where e is the unit element of K. The bilinear form (.,.)p is given by

((p1, K1), (2, K2))p = (1, k2)ic + (2, K1)k, M2, k1,2 € K, (3.25)

where (.,.) is the standard Killing-Cartan form on the simple Lie algebra K.

For the linear operator E, we pick the orthogonal projector P+ on the subspace T+ C
K perpendicular to the Cartan subalgebra 7 C K, moreover, by using the formulas (3.9)
and (3.14), we find that the Poisson-Lie bivector II(k) on K trivially vanishes while the
Poisson-Lie bivector on K is given by the adjoint action of the Lie algebra. The actions of
the mutually dual o-models (3.22) and (3.23) in this particular case thus become

S(k) = ;/dff (Piamk—l,a,kk—l)lc; (3.26)

() = % / ir 7{ ((PL —ad,) Dk, afe)K. (3.27)

The o-models (3.26) and (3.27) have both the gauge symmetry with the gauge group F'
being the Cartan torus T C K (the Lie algebra of F' is the Cartan subalgebra 7). The
element f(7,0) of the gauge group acts on the respective fields of the o-models as

k— fk, Kk — Adyk. (3.28)

In the case of the group K = SU(2), the common dimension of the targets of the mod-
els (3.26) and (3.27) is two and the corresponding background geometries were obtained
also in the framework of the standard non-Abelian T-duality [3, 41, 42, 82] where the isom-
etry group does not act freely. Therefore the dressing cosets in general can be understood
as the Poisson-Lie generalizations of such models. Other examples of the dressing cosets
have been studied in [11, 14, 45, 46, 58, 85-87, 89, 93].

The first order dynamics of the dressing cosets was described in ref. [64] and we now
review that construction here. The phase space LDp of the mutually dual pair of the
dressing cosets is an appropriate symplectic reduction of the non-degenerate phase space
(LD,wrp). More precisely, consider a subgroup F of D which is isotropic, which means



that the restriction of the bilinear form (.,.)p to the Lie algebra F vanishes. The set
of moment maps generating the left action of the loop group LF' on the loop group LD
is expressed by the quantity (9,007, F)p. We set this quantity to 0 which gives the
presymplectic submanifold denoted by LDp. Said in other words, the (pre)phase space
LDy of the degenerate &-model is the space of the elements [ (o) of the loop group LD, for
which it holds for every o

.17 e FL. (3.29)

Here the orthogonality symbol L is understood with respect to the non-degenerate bilinear
form (.,.)p.

The (pre)symplectic form of the degenerate £-model is just the restriction to LD g of
the symplectic form

wLp = —% j{(l—ldz,ag(z—ldw)p. (3.30)

The Hamiltonian of the degenerate &-model looks the same as in the case of the standard

Poisson-Lie T-duality
1 A
H; = Qf(aau—l,gagll—l)p, (3.31)

however, the linear operator & has now different properties as its counterpart £ in the non-
degenerate case. Here are those properties: £ F+ — FL must be self-adjoint, it must
commute with the adjoint action of F on F* and its kernel must contain F. Moreover,
the bilinear form (., & .)71 must be positive semi-definitive and the image of the operator
£2? —1d has to be contained in F.

If the double is perfect, we can decompose the elements ((0) € LD either as | = kh or
as | = kh and by eliminating respectively the fields h and h, we obtain the o-models (3.22)

and (3.23). The linear operator E is obtained via the relation
mé+E)@F={z+Ez, vek}. (3.32)

After the fixing the gauge symmetry, the target spaces of the models (3.22) and (3.23)
become respectively the dressing cosets F\K and F' \f( . The left dressing action of an
element f € F on an element k € K is defined as the K-part of the D-product fk. Said in
other words, we decompose fk € D as fkffL, ke K, Ih € K and the element 'k € K is
the result of the dressing action of f on k.

How all this procedure works in detail can be found in the original paper [64], but
the reader need not consult it. In fact, we shall present in the next section 3.3 a new
construction of the dressing cosets, which is arguably more straightforward than that of
ref. [64]. We do not know whether the new method permits to derive all dual pairs ob-
tainable by the old one, the new picture is however sufficiently general to underlie the
bi-YB-WZ model (1.9).

3.3 New method of producing the dressing cosets

One particular way how to obtain the degenerate &-model from non-degenerate one was
studied in [86, 87]. The idea described therein is to let a non-degenerate operator &
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depend on a parameter and study a (singular) limit in which £ becomes an operator &
characterising the degenerate &-model. Here we develop another method, inspired by the
procedure of the isotropic gauging described in ref. [67], that is, we gauge in an isotropic
way a non-degenerate £-model to produce from it a degenerate &-model. The big advantage
of this procedure is its simplicity as well as the rapidity with which the resulting pair of
the dressing cosets o-models is explicitely found. Let us show how it works.

Let (LD,wrp, He) be a non-degenerate £-model. Its first order action can be written
as in (3.3)

Se(l) = %/def(aTlrl,aazrl)D%/d*lf(dzrl A [aazrl,du*l])p—%/dT}{(aalrl,gaazrl)D.

(3.33)
Let F' be an isotropic subgroup of D (the term “isotropic” means that the restriction of the
bilinear form (.,.)p to the Lie algebra F vanishes) and let £ be such that it commutes with
the adjoint action of F' on D. The action (3.33) has then a global F-symmetry, where an
element f € F acts on the loop I(o) by the standard left multiplication fi(c). This global
F-symmetry can be gauged? by introducing an F-valued gauge field A = A,dr + A,do
The gauged action reads

Se(l, A) = % / dr ?{ (O =24, 0,1 )t
+1/d1f(dzz1 A [&,lll,dll1])p—i/d7j{(&,ll1—AU,£(8Jlll—Aa))p.
(3.34)

It is gauge invariant with respect to the following action of the element f(o,7) of the gauge
group F
l— fl, A— fAf~t+dff (3.35)

To verify it, the F-invariance of the operator £ is needed as well as the Polyakov-Wiegmann
formula

W(fl) =w() + 2d7§ ((ftdf, 0,0 )p — (dil™ ", f 105 f)p) (3.36)

where the 2-form W (l) on LD is defined by
W(l) = f(du—l Mo, dil 1)) p. (3.37)

The basic claim of the present section is the statement:

The isotropically gauged non-degenerate E-model (3.34) is the degenerate é-
model.

Of course, the statement is deliberately short in order to encapsulate the message
in the briefest terms, we have therefore explain it in more detail and also to state one

2Due to the fact that F is the isotropic subgroup the gauging is non-anomalous as it was thoroughly
explained in ref. [67].
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more technical condition needed to be verified for the statement to hold. This condition is
actually that the restriction of the non-degenerate bilinear form (.,&.)p to the subalgebra
F remains non-degenerate.

It is not difficult to see that the gauged £-model (3.34) is in fact a degenerate é-
model in a disguise. Indeed, the component A, play the role of the Lagrange multiplier
which restricts the phase space LD of the non-degenerate £-model to the (pre)phase space
LDp = {l € LD,0,ll"" € F*} of the degenerate one. Furthermore, the field A, appears
quadratically in the action (3.34), it can be therefore easily integrated away yleldmg again
a quadratic Hamiltonian of the form §(9,107" ,E(0,1171))p for some operator £. We have
to show then that this operator £ has all the properties to define the degenerate £-model
as described in the previous section 3.2.

We perform the elimination of the field A, by a chain of shortcut arguments, avoiding
any “hardline” computation. We first remark that if it existed a non-vanishing x € F such
that © = €y for some y € F, then we would have £(z £+ y) = y £+ =, and the expressions
(xty,E(x+y))p would both vanish which would contradict the strict positive definiteness
of the bilinear form (., £.)p. We infer that the linear space £F has trivial (zero) intersection
with F and we can therefore set

V=F®EF. (3.38)

Let us now argue that the vector spaces V and V' also intersect trivially. Indeed, if
the intersection V N V- contained a non-zero vector x + £y, =,y € F then every vector
z € F C V would be orthogonal to x + £y, hence to £y which would be contradictory to
the fact that the restriction of the bilinear form (.,£.)p to F be non-degenerate. It follows
that we can write the Lie algebra D as the direct sum V+ @ F @ £F and represent every
element y € D accordingly as

y=1yo+y+ v (3.39)

The action (3.34) can be now rewritten as

= 1/dr%(aTll_l—QAT,aoll_l)p—&—l/d‘l ?f(du—l MO dil )
—7/d7-?{ (Dol )0, E(DUT) —7/d7?§ (01171 )1=Aq) € ((Oll ) 1—Ag)) -

(3.40)

Note that the component (9,117 1)s does not appear in the Hamiltonian part of the action
because it is killed by the Lagrange multiplier A,. Furthermore, the component (9,11~!);
lies in F, it can be therefore absorbed into A,. Integrating away A, thus means simply
the omitting of the last term in eq. (3.40). At the end, we obtain the degenerate £-model
where the operator E: F+ — FLis defined as

E(yo+y1) = Eyo. (3.41)

It is easy to verify that € has all required properties to define the degenerate E-model. Tt
is self-adjoint because & is:

(o + 21, E(yo + y1))p = (20, EY0)p = (E0, Y0)p = (E(w0 + 1), Y0 + Y1) D! (3.42)
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its kernel evidently contains F and it commutes with ady for every ¢ € F because both V'
and V1 are adr invariant:

E[p, x0 + 21] = E[¢, 20] = [b, Exo] = [¢, E (w0 + 21)]. (3.43)

Moreover, it holds

(5’2 — Id)(:llo + 1171) = 52:110 — X9 — X1 = —I1, (3.44)
therefore the image of the operator (52 —1d) is indeed contained in F. Finally, the bilinear
form (.,£.) 7. is semi-positive definite because

(w0 + 21,€(y0 + 11))p = (20, EY0)p (3.45)

and the form (.,&.)p is strictly positive definite.

What is it good for to know that the gauged non-degenerate £-model is in fact the
degenerate E-model? Well, in some important cases, like those studied in the context of
the integrable deformations, it is technically much easier to extract the actions of the dual
pair of o-models from the gauged non-degenerate first order formalism rather than directly
from the degenerate one. We give now an example of this situation for the case when D is
the perfect double and F is a subalgebra of K.

Instead of eliminating the gauge field A from the gauged first order action (3.40), we
first decompose [ as the product of one element k(o) of the loop group LK and one element
h(o) of the loop group LK as in eq. (3.4)

(o) = k(0)h(0), keLK, helLK. (3.46)

Inserting the decomposition (3.46) into (3.34), we obtain easily

Se(k,h, A) = / dr 7{ (Dohh ™ k=Y (9 k™ = AL )k)p

1 . .
-5 / dr }’4 (0o kk ™ = Ag+kOyhh ™ k™ E(O,kk ™ — Ay +kDyhh ™ k1)) p.
(3.47)
It is easy to preform the computation integrating away d,hh~! from Se(k, h, A), because
the only difference with respect to the similar computation leading from (3.7) to (3.8) is the

replacement of 9;kk~! by 0,kk~! — A, and of 0,kk~" by 0,kk~' — A,. The result is there-
fore the following gauged second order action of the standard Poisson-Lie o-model (3.8):

/de{ E+H L0 kY — AL), 0 kk! —A_>D. (3.48)

Here Ay = A; + A, and, as before, the graph {z + EZ,% € I@} of the operator E : K — K
coincides with the image of the operator Id+&. The gauge symmetry k — fk and A —
fAf~Y 4+ df f~! of the action (3.48) is evident.

Remarkably, the integrating away the non-dynamical gauge fields A4 from (3.48) gives
the dressing coset action (3.22)

-1 .
/dfjf < Id+EH k)) E8+k:k1,8_kk1> . (3.49)
D
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We now perform in detail the calculation leading from (3.48) to (3.49) which will permit
us to identify the operator F : K — K in terms of the operator E : K — K. We start by
introducing an C-valued auxiliary 1-form field B = B;dr + B,do and by considering an

auxiliary action

Sg(k, A, B) /deé ((E+T1(k)) By, B-)p /((dkk—l—A)cB)D. (3.50)

The auxiliary action Sg(k, A, B) is dynamically equivalent to the action Sg(k, A) because
the integrating away the field B from the former yields the latter. Now the gauge field A
featuring in the action (3.50) plays the role of the Lagrange multiplier making to vanish
some components of the field B. Let us be more precise about that point.

Let Q : K — K be the projector with the kernel EF N K and the image (F @ V)N K
and let @ : K — K be the projector with the kernel 7 N K and the image (EF @ V+) N K.
Integrating away the gauge field A from the auxiliary action (3.50) then gives

Sp(k, B) = ;/m?{ (Q (E+H(k))QB+,QB)D+/ (dkk—l A QB)D. (3.51)

Finally, integrating away QB from (3.51) yields the dressing coset action (3.49) where

= (QEQ)™'Q. (3.52)

Let us now recover the dual dressing coset (3.23) from the gauged £-model (3.34). We
decompose [ as the product of one element k(o) of the loop group LK and one element
h(o) of the loop group LK as in eq. (3.12)

(o) = k(0)h(0), keLK, helLK. (3.53)

Inserting the decomposition (3.53) into (3.34), we obtain

Se(k,h, A) = / dr 7{ (Dohh™ k(0 kk ™ — AL )k)p— / dr 7{ (Ar, O kk™!

_% / dr }’{ (Opkk ™ = Ag+kOyhh ™ k1 E(O,kk ™ — Ay +kDyhh ™ k™)) p.

(3.54)
We write A, as o
A = Ad; JAd; 1 Ay +11(K)As, (3.55)
and introduce a K-valued field A
A= 0shh™ — JAd;_, A, (3.56)

We can now rewrite (3.54) as
e(k, A, A) /dT]{ (A, k™Y (8 kk~ —TI(k) A, )/E)D—/(Aod/%kl)p+1 /(AGﬁ(l%)A)p

—/de (Do kk 1 —TI(k) A +kAk™Y, E(O, kk™ —TI(K) Ay +EAL™Y))p.
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It is easy to perform the computation integrating away A from S’g(l;:,A,A), because the
only difference with respect to the similar computation leading from (3.7) to (3.13) is
the replacement of d,kk~! by 9, kk~! — f[(/%)AT, of Oykk™! by Oykk™! — I:I(/%)AU and of
O-hh~1 by A. The result is therefore the following gauged second order action of the dual
Poisson-Lie o-model (3.13):

+ % /(A NI(R)A)p — /(A N dkk™)p. (3.58)

Integrating away the gauge field A gives

Sph =5 [ar d <(E i) a+1212—1,a_1212—1> , (3.59)

D

where the operator E is given by eq. (3.52).

We summarize: starting from the gauged non-degenerate £-model (3.34), we have pro-
duced the dressing coset pair (3.49) and (3.59), or equivalently, the pair (3.22) and (3.23).
For completeness, let us check that the operator E given by (3.52) indeed verifies the
relation (3.32), if the operator £ is given by eq. (3.41). First of all we find that

mé+EaF=>01+EViarF. (3.60)
We have to show that
{z+ (QEQ) 'Qz,zc K} =(1+&EVia F, (3.61)
or, equivalently, to show that
{Qr+ (QEQ) 'Qz,z e K} = (1 + &)V (3.62)
The right-hand-side of (3.62) is equal to {Qi’—l—E@i’, T € I@}, we have to show therefore that
{Qr + (QEQ) 'Qz,z € K} = {Q% + EQ#,x € K}. (3.63)

But this is evidently true since EQZ € VL N K, hence EQi = (QEQ)z.

4 DHKM model as the degenerate E-model

The main concern of the present section is to show that the DHKM o-model (1.1) can be
extracted from an appropriate isotropically gauged non-degenerate £-model (3.34) by the
procedure described in section 3.3 (after eq. (3.46)). Said in other words, for an appropriate
choice of the Drinfeld double D, of the non-degenerate operator &, of the gauge group F
and of the maximally isotropic subgroup Kq C D, the DHKM o-model is the dressing
coset [64] living on the double coset target F\D/Kq.
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We start with the description of the relevant Drinfeld double D which is the direct
product K€ x K€, where K€ denotes the complexification of the simple compact group K.
The invariant bilinear form (.,.)p on the Lie algebra D = K€ @ K€ is given by the formula

4k 4k

- i —i C _
(2r@zr, Z,L®Z;%)D "~ sin (pL)%tr (elpLZLZ'L)+Sin (pR)%tr (e7Rz2pzR), za,z, €K", a=L,R.
(4.1)

Here the symbol & means taking the imaginary part of a complex number,  is a positive

integer and the absolute values of the real parameters pr, pr range in the open interval
10, 7[. The positive integer choice of k guarantees the required 27 ambiguity of the WZ
term of the associated £-model action which is needed for the consistent quantization. We
note in this respect that the bilinear form (4.1) can be rewritten as

(20D2R, 21,®2R) = 4k cot (pr)Str (z1.2L ) +4k cot (pr)S tr (zr2R) +4rR tr (2127 ) —4kR tr (2r2R) -
(4.2)
The first part on the right-hand-side, containing & tr, leads to the cohomologically trivial
part of the WZ three-form on the Drinfeld double K€ x KC and it does not require the
discrete normalization. However, the R tr part contributes to the WZ three-form in a coho-
mologically non-trivial way and it must be therefore appropriately discretely normalized.
The next step is to specify the non-degenerate operator £ : D — D. It is given by the
formula

(1—p o L 07 (11— ph o LT 1
E(zr @ zp :1< L. +e 1pLLz*>@1< Zp +ePR—1n ) (4.3
( ) 2pr, 2u, " 2pR 2up (4.3)

where z* stands for the Hermitian conjugation and puy,ur are real parameters having,
respectively, the same signs as the parameters pr,, pg.

We note that the operator € given by eq. (4.3) is the direct some of two copies of the &-
operators used for the construction of the Yang-Baxter o-model with the WZW term [57].
It is straightforward to check that the operator £ defined by eq. (4.3) verifies all three
properties needed to define the non-degenerate £-model, namely, it squares to the identity,
it is self-adjoint with respect to the bilinear form (4.1) and the bilinear form (.,£.)p on D
is strictly positive definite.

The first order action Sg(l) of the non-degenerate £-model defined by the data (D, )
is given by the general expression (3.3). In order to recover the o-model (1.1) out of it,
we have to gauge it isotropically in the sense of section 3.3, that is, to produce the gauge
invariant first order action Sg(l, A) given by eq. (3.34). For the gauge group F' C D, we
choose the diagonal embedding of the simple compact group K into D = K€ x K€. The
elements of F' have therefore the form (f,f) € D, f € K and the elements of the Lie
algebra F have the form =z & x € D, x € K. The gauge group F' is isotropic because it is
easy to check that it holds

(rdz,ydy)p=0, Va,yek. (4.4)

The operator € given by eq. (4.3) commutes with the adjoint action of the Lie group F
on D because it holds (Adsz)* = Ady(z*) for f € K,z € K®. To fit into the general
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gauging procedure of section 3.3, the last thing to check is that the restriction of the non-
degenerate bilinear form (., £.)p onto the subalgebra F remains non-degenerate. But this
is true because this restriction is given by the formula?

(4.5)
We claim that the ingredients D, £ and F' underlie the dressing coset coinciding with

the DHKM o-model (1.1) with the emancipated parameter a.. But if so, why D, € and F' do
not depend on the TsT parameters? It turns out that the 2 TsT parameters are not visible

(@, E(ydY))r=—2kK (,uL cot % +ugt tan% +,uRcotp?R + ug tan%) tr(

at the first order formalism but they appear in the process of the extraction of the second
order o-model from the gauged action (3.34). Speaking more precisely, it is the choice of
the maximally isotropic subgroup Kq of D which depends on the TsT matrix € and this
choice is needed to trigger the procedure starting by eq. (3.46) and permitting to extract
from the first order action (3.34) the second order o-model living on the target F\D/Kq.
Recall at the same time that here we are touching the very core of the Poisson-Lie T-duality
story: every (degenerate) £-model gives rise to as many geometrically non-equivalent o-
models as is the number of maximally isotropic subgroups of the Drinfeld double D which
are not related by an inner automorphism. At the same time, all those geometrically
inequivalent o-models are dynamically equivalent as the Hamiltonian systems possibly up
to the dynamics of a finite number of zero modes determined by the string boundary
conditions (for more details see ref. [63]). In our particular case, a class of maximally
isotropic subgroups is parametrized by the TsT matrix 2 : 7 — 7. Changing of the value
of the matrix € from one to another is thus the Poisson-Lie T-duality transformation; the
first order Hamiltonian dynamics of the o-models remains independent of the choice of (2
(up to the finite number of degrees of freedom), however, their target space geometries do
depend on the choice of €.

Now we describe in detail the maximally isotropic subgroup Ko C D. First of all, it
has the form of the semidirect product Aq x (N x N), where N is the nilpotent subgroup of
KT appearing in the Iwasawa decomposition K€ = K AN and Agq is certain -dependent
r-dimensional isotropic subgroup of the group A€ x AC. Actually, the maximally isotropic
subgroup Kq is fully determined by its Lie algebra K which can be conveniently described
in terms of the Yang-Baxter operator R as the following half-dimensional subspace of the
double D = K€ @ K€

Ko — {e—i”rf ((R—i)uL+,8“Qt(R2+1)uR) ®e F <(R—i)uR—,8“Q(R2+1)uL> . up, UR € /c}.

sin pp sin pr,

(4.6)

Recall that  : T — T is arbitrary and Q! stands for the transposition with respect to the

bilinear form on the Cartan subalgebra 7 defined by the trace. It is the matter of a simple
check that the restriction of the bilinear form (.,.)p on Kq vanishes.

3Note that the trace tr on the compact Lie algebra is negative definite, moreover, in order to obtain a
consistent quantum theory, we normalize it in such a way that the ambiguity in the WZ term in (1.9) is a
multiple of 2.
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It is perhaps interesting to make a small digression and to represent the Lie algebra
structure of ICq as an alternative commutator [, .]g 0 on the vector space K & K

[urL,®uR, vLBVR|R p0 =

8
= (sm (%)R—i—cos %) ([uL’UL]R+sinI;R [QY(R*+1)ug,vp]— [Qt(RZ—l-l)vR,uL]) ®

8 8
@(—sin (p—R>R+cosp—R) r, 0]~ [Q(RZ41)ur, vg]+—r
2 2 sin pr, sin pr,

npR

[Q(R2+1ﬁ¢,uﬂ>.
(4.7)

Here the notation |[.,.]r means
[u,v|r := [Ru,v] + [u, Rv]. (4.8)

Note that for Q = 0, the Lie algebra Kq becomes the direct sum of two Lie algebras
KRr,pr ® KR,y characterized by the commutators

_ 1 pil/ 3 pil/ = [ —si pj S pj
[, V]R,p, = (sm( 5 )R—i—cos 5 ) [u, VR, [U,V]R,ppk ( 5111( 5 )R—i—coa 5 ) [u,v]Rr, u,v e K.
(4.9)
Consider now the first order action (3.34) of the isotropically gauged £-model:

— ;/de(aTzzl—mT,agzzl)ﬁ
+1/ﬁ{%am10@&;Hdulpp—;/ﬁTf@%ul—Amga%u1—Aah>

(4.10)
Following the general procedure described in section 3.3, we write the field [ € K€ x KC as
I = mhg, (4.11)

where m is K x K-valued field and l~m takes values in KQ It is easy to see that the
decomposition (4.11) is global for whatever €. Inserting it into the action (4.10), we
obtain?

Sg(m, h, A) /dT]{ammlamm D—i—/ %dmm N [Oomm ™, dmm ™) p

+[[ar §@haht ™ @Ay m)p= [ dt (4, 0mm ot

1 - -
+§/dT7{(8gmm_1—Ag+m80th51m_l,8(6gmm_1—Ag+m80hgh§1m_1))p.
(4.12)

*Note the presence of three more terms in the action (4.12) which are absent in eq. (3.47). This is
because in (3.47) we have considered the field k taking values in the maximally isotropic subgroup which
is not the case for our field m.
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We wish to integrate away the field 8,,]39551. In the case of absence of the gauge
field A, the result would be given by the general formula (3.15). In the presence of A, the
formula (3.15) has to be modified accordingly:

Sg(m, A)) = —0—% /dT 7{ ((1=2Pq,m(E)) (m718+m—m71A+m),mfla,m—mflA,m)D +

+%/d_l f (m~tdm, [m™'9,m, m_ldm})D—l—%/dT %(A+,B_mm_1)p—%/drj{(A_,&_mm_l)p.,
(4.13)

where Po,n(€) : D — D is the projection with the image Ko and the kernel (Id +
Ad,,-1EAd,,)Kq.

It remains to determine explicitly the projection Pq ,(£). We first note that there is
no dependence of m since the operator Ad,, commutes with the operator £ defined by the
formula (4.3); therefore P, () = Po. Then we find that the kernel (Id + £)Kq is the
half-dimensional subspace of D which can be parametrized by the elements sy, ® s of the
Lie algebra K @ K via

> _ifL
)

(Id+&Kag=e¢ (1+iuL)sL€BeipTR(1+i,uR)sR.

We have to calculate the action of the projection P on the elements xj, @ xgr of the Lie
algebra K @ K; it is determined from the unambiguous decomposition

rLPrR = e_iPTL(1—i,uL)sL@eip7R(1—iuR)sR+

8k
sin pp

8k
sin pr,

ipR

Qt(RZ—I—l)uR) de 2 ((R—i)UR—

ipr,

+e 2 ((R—i)uL—i—

Q(R2+1)uL> :
(4.14)

Said differently: given x, @ xr, we have to find sz, sg,ur,ur € K (they are given unam-
biguously) such that the relation (4.14) holds. Then we have

i 8 irR 8
Po(rp®xR) —e T ((R—i)uL—i- or Qt(Rz—i—l)uR)@eZR <(R—i)uR— or Q(R2+1)uL>.
sin pr sin py,
(4.15)
We find straightforwardly
. sin (1) —prcos (51) i
— . Q 1
up = 8kpr sinpr, Sin pr, sin prt6dgp 200 (R*+1)zr+

. (PL L 1 2 sin pr, sin pr 9 )

Jr(sm( 2 )+ML COS( 2 )) (1—,uLRR sinpr, sinpR+64,uLuRHQQtQ(R +1)> oL
(4.16)

sin (L) +pr cos (8F)
sin pr, sin pr+64pup purk2QEQ

. (PR PR 1 2 sin pg sin pr 2
_sin (PR PR - 1)) zr.
—l—( sm( 5 )+,URCOS( 5 )) <1HRRR oL SinpR+64uLMRHQQtQ(R + )) TR
(4.17)

QR+ 1)xp+

up = 8KUR SN PR
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By inserting z7,:=0 kpk; ' +kpArk; " and g ::3+k:Rk;21 +k:RA+k§1 into egs. (4.16),
(4.17) and in the left-hand-side of eq. (4.15), then by substituting the result into the right-
hand-side of eq. (4.15), we proceed to the straightforward evaluation of the action (4.13).
Indeed, we set m = (k;l, k:]_%l), we change the sign of A and we find that the action (4.13)
becomes

Slkr, kr, A /de[ 3t ((Orkaky ! — kaAasky Y Map(0_koky ' — kyAykyh)) +
a,b=L,R

+ K IWZ kL Iwz(kR))
- ﬁ/dT}l{tr _(k sk — kp'0skR) — Ay (b '0_kr — kp'0_kgr)),
(4.18)

where A = A, = Ap, AL = A, £ A, are the light cone components of A = A,;dr + A,do
and the quantities My, a,b = L, R are given by

B 2uLk PL 42 pL 1+ML t -1 2
MLLisian(l—i-uQL) <1+('LLLCOS g ( ( prsinprsinpr R ur QN Q) (R +1)))’
_ 2pRK 2 2PR_ 2 PR I+uf —1t 2
MRR_sinpR(l—&—uf%) <1+(HRCOS 5 ( ( PRy — UL ONTIQ ) (R +1)))7
16° -
Mag== (sin (55 ) b cos (5 )) (sin (1) bameon (1)) GV (241
= (22 (52)) o (3) o (3)) it iy 4
with ) )
64 ~ 64
N =14 HEERE ot N =14 HLEEE oqr, (4.20)
sin pr, sin pr sin pr, sin pr

It is straightforward to verify that the quantities My, a,b = L, R given by egs. (4.19)
coincide with those defined in egs. (1.4), (1.5) and (1.6) if we make the following identifi-
cations

2% l+pi 26 L4k (4.21)
sin pr, uL  osinpr pr ‘
Q= 7% cos (%) cos (F%R)w, ng = ,ui cos? F;—afsiHQ %1, Ao = lta cos? p—;f,ugl sin? %, a=1L,R.
(4.22)

Assuming those identifications and integrating away Ay from (4.18), we recover the orig-
inal DHKM model (1.1) with k = kzkp'. If we do not constrain the parameters by the
identifications (4.21) and (4.22), then the integrating away of Ay gives the version of the
DHKM model with the emancipated parameter a. In particular, for the vanishing TsT
matrix, we obtain the bi-YB-WZ model (1.9) with the emancipated parameter o. The
reader may ask now: but where we see in the £-model construction the parameter a? Or,
said more precisely, how « is related to the £-model parameters ur, pr, pr, pr and &7
To answer these questions, we have to perform a detailed account of the number and
of the range of the independent parameters featuring in the dressing coset action (1.1). If
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the identifications (4.21) and (4.22) are imposed, then the resulting dressing coset (1.1) is
characterized by 3 + 2 parameters , 7, ng and the TsT matrix w. Recall that x must
be an integer in order that the WZW term ambiguity be the multiple of 27 and must
be positive in order that the Hamiltonian of the model be positive. To insure also the
integrability, the authors of [18] have shown that it must further hold

1+n2>x%*  a=1L,R (4.23)

If the identifications (4.21) and (4.22) are not imposed, we have seemingly 5 + 72
free parameters: the same positive integer x as before, the TsT matrix 2 and the real
parameters jir, jgr, pr, Pr- Why do we say “seemingly”? Because one of those 5 + 72
parameters turns out to be supelfﬂuous5 and there are in reality just 44712 free parameters:
K, &, pr, pr, and the sought parameter o €] — 1, 1] given by

i — tan (%) s tan (%)
- PR

= . . 4.24
pr + tan (B2) pup, + tan (82) (424)

Said in other words, it turns out that in the resulting o-model action (1.1) extracted from
the £-model data D, &, F' the parameters py, and ugr appear only in the combination (4.24)
(this combination can assume any value from the interval | — 1, 1]).

We provide two ways of proving the fact that if we change puy and pp in such a way that
« does not change then we obtain from those changed £-model data the same dressing coset
o-model as from the unchanged ones. The first way uses the result obtained in ref. [64],
where it is stated that the Lagrangian of the dressing cosets o-models depends only on the
parameters characterizing the subspace VJFL @ F of the double D (cf. section 3.3 for the
notation). In our particular case (4.1), (4.3), we find

_ 1 —Cos
_acos(pR) COS(pL)v—i U@U+C¥COS(PR) COb(pL)v—H o v uwekl

2sin (pp) sin (pr) sin (pr) 2sin (pp) sin (pr) sin (pL)
(4.25)

The second method is more straightforward and it amounts to the substitution of the

VieF = {u

formulas (4.19) into egs. (1.3) and then into (1.1). This tedious calculation permits to
extract the formula (4.24) from the explicit form of the obtained o-model Lagrangians. In
particular, for the case of the vanishing TsT matrix 2, the second order action (1.1) of the
dressing coset (4.18), (4.19) becomes simply the action (1.9)

o+ ePLRk PRI

SpivBwz (k) = klwz(k) + & / dr 7{ trk o,k k~lo_k. (4.26)

o — ePL Ry, ePRR
Recall that R is the Yang-Baxter operator and Ry stands for the operator Ad,—1 RAdy. As
we already said in section 1, the action (4.26) may be interpreted as the result of the bi-
Yang-Baxter deformation of the WZW model, because the case o = 0 corresponds exactly
to the WZW model with the level x.

5The suspicion that the superfluity of one of the parameters takes place was brought into our mind by
the numerical analysis of Gleb Kotousov [68], who kindly accepted our request to run the SU(2) case on
the computer.
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Let us say more about the ranges of the original DHKM parameters &, 11, nr and of
the dressing coset ones &, pr, pr and a. We remark, in particular, that the middle formula
of the identification (4.22) implies the inequalities

ol = Jtan 2], g= LR, (4.27)

because otherwise the quantities 77% and 77122 would be negative. We observe also, that if
the inequalities (4.27) are satisfied then the required inequalities (4.23) hold true as they

should. Thus we conclude that in the regime |u,| > ‘tan%“ we can reach the original

DHKM parametrization by imposing the identifications (4.21) and (4.22). In this case, we
find easily that it holds
i tl-knpt+l-k Pa Ky

= ., tantt=—_ "l 4—L R 4.28
"2 +1l+rnh+1+k 2 A(1+n2) (4.28)

Moreover, combining eqs. (4.21) and (4.24), we observe that after the identifications (4.21)
and (4.22) are imposed the parameter « is no longer free because it can be expressed just
in terms of k, pr, and pr. By the way, the inequalities |uq,| > ‘tan%“‘ imply also that «
is non-negative. Is there something wrong with the values of |u,| smaller than ’tan %“‘7
No, there is not. From the point of view of our degenerate £-model construction those
values are perfectly legitimate and, as we are going to show in the next section, they
are also compatible with the integrability. Actually, the strictly negative values of « are
reached when |pz| < |tan 22| and, simultaneously, |ug| > [tan &2 | or vice versa. If either
pr = tan & or pgr = tan £, then a = 0.

Coming back to the case where we do not impose the DHKM identifications (4.21)
and (4.22), we observe that « is a free parameter independent on k, pr, and pr and that
it takes values in the interval | — 1,1[. Note however that once the identifications (4.21)
and (4.22) are applied, a cannot be negative. What happens however in the region ao < 07
Is it so different than the region o > 07 We conjecture that the dynamics of the dressing
coset (1.1) where the DHKM identifications (4.21) and (4.22) are not applied does not
change much when we flip the sign of a because the regions a > 0 and o < 0 are probably
related by some new Poisson-Lie T-duality. The point is that our Drinfeld double D may
have more maximally isotropic subgroups than those described by eq. (4.6), and this fact
would lead to a richer T-duality pattern than just that which amounts to the changing
of the TsT matrix. We would make the present paper too voluminous if we wanted to
give here the full account of the all Poisson-Lie T-dualities of the DHKM model (although
it is the task which should be accomplished in the future), nevertheless we give here an
indication why we believe that the regions o > 0 and o < 0 are related by some new
Poisson-Lie T-duality. It is because it is true in the limiting case p;, — 0.

Taking the limit p;, — 0 at the £-model level is a subtle exercise because of the
singularity of the bilinear form (.,.)p given by eq. (4.1), however, this limit can be easily
considered for the second order action (4.26); we obtain simply

a + ePrE

P ko k. (4.29)

Syp-wz(k) = kIwz(k) +I€/d7’j{ trk‘18+k
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As already the notation indicates, the o-model (4.29) turns out to be nothing but the so
called YB-WZ model introduced in ref. [21]. To see it, we rewrite (4.29) as

Syp_wz(k) = klwyz (k) + K / dr f trk ', k(a+ bR+ cR)k O_k, (4.30)
where
1 2asi 1 1—a?
_ o+ b= asinpgr Cc= a+ n « . (4.31)
a—1 1 —2acos pr + o2 a—1 1-2acosppr+ a2

It can be checked easily, that it holds
b2:§( 2 _ac—1), (4.32)

therefore our o-model (4.29) coincides with the YB-WZ model as described in ref. [27].
Moreover, it was shown it [27], that the model (4.30) supplemented by the constraint (4.32)
is Poisson-Lie T-dual to the model

Syp_wz(k) = klwz (k) + & / dr f trk 10, k(a+ bR+ eRY)k10_k, (4.33)
where )
a= é b=-b, &= —% (4.34)
and -
b2 = g(éz —ac-1). (4.35)

Rewriting the T-dual o-model (4.33) back into our form as

~ A ﬁRR
Sypwz(k) = klwz (k) + & / dr f trk’l&rk%k’l@_k, (4.36)

ePR
we find that the T-duality transformation (4.34) gets translated into

PR
= =, 4.
Tt 1_Qtan2 (4.37)

N 1+ a PR 14+«
a=—aq, t =
Said in other words, the T-duality indeed exchanges the regions a > 0 and « < 0.

What happens if the value of « in the bi-YB-WZ action (4.26) approaches the borders
of the interval | — 1,1[? Consider e.g. the case a — 1. This is a singular limit but it may
give rise to a nontrival structure if we let at the same time x, p;, and pg tend to zero. More
precisely, we set

pr, = 2kbr, pr=2kbr, a=e ' ¢>0 (4.38)

and then consider the limit £ — 0 in the action (4.26). In this way we obtain the bi-Yang-
Baxter deformation of the principal chiral model [53, 54]:

1
_ _ —1 —1
Spi—yB (k) /drfda tr <k 3+ka TORR by k;k 8_16) . (4.39)
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5 Integrability of the DHKM model

The purpose of the present section is to prove the integrability of the DHKM model (4.18),
(4.19) in the case when the DHKM identifications (4.21) and (4.22) are not imposed. Said
in other words, our concern is to study the integrability if the parameter « is emancipated.
For that, we shall work directly in the £-model formalism. Our strategy of proof will
consist in representing the field equations of the model in terms of two K-valued currents
J = J.dt + Jydo and B = B,.dt + B,do as follows

0:B- —0_Bi + By, B_] + €[4, ]

0, (5.1)
4 J- + By, J-] =0,

0_Jy+[B-,Jy] =0. (5.2)
Here By = B; + B, and J+ = J; £ J,. As shown in section 2.1.3 of refs. [22, 23], the
system of the equations (5.1) and (5.2) admits the following Lax pair with the spectral

parameter z

Li(z)=—By — &2y, (5.3)
Indeed, it is straightforward to check that the zero curvature condition
DL (2) = 0Ly (2) — [L1 (), L ()] = 0 (5.4)

is equivalent to the system (5.1) and (5.2).
Coming back to the general dressing coset story described in section 3.3, it is easy to
work out the field equations of the isotropically gauged £-model (3.34). They read

oAl — AL = (0,117 — Ay); (5.5)
(0,171 — Ay)e = 0;
(0,17 = Ar), =0,

where we recall that every element y of the Drinfeld double Lie algebra D can be unam-
biguously written as

Y =1Yo+y1+y2, Y EVE=(FOEF), weF, wpetF (5.8)

In what follows, we shall need a refinement of the decomposition (5.8) which is obtained

by decomposing further gy as

Yo =Y+ + Y-, (5.9)
where
Eyx = Ly (5.10)
We write also
yr €VE,  VE=@0x&VE (5.11)

With this notation, the equations of motion (5.5), (5.6) and (5.7) can be rewritten as

(0L Ny =0, (O£l = Ay, (0217 H: =0. (5.12)
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Indeed, the relations (O+ll7')y = 0 are the direct consequences of the equations (5.6)
and (5.7), because A,, A, € F. Furthermore, the fact that 9,11~ '—A, ¢ F+ = V+@F and,
simultaneously, (9,11~ — A,) € F* means that 0,117 — A, € V1, or, said differently,
that (0,1171); = A,. This is true because EV+ = V+ and F N EF = {0} so that a
non-vanishing component (9,/11~! — A,); would imply the non-vanishing component of
(E(0,1171 — Ay))2. Similarly, using the fact that the operator £ squares to the identity we
can rewrite eq. (5.5) as

E@A—A) = 0,171 — A, (5.13)
and then the changing the roles of ¢ and 7 in the previous chain of arguments leads to the

conclusion that (9,117!); = A,. In this way, we have proved that (9+117!); = AL. Finally,
knowing that (0+1171)y = 0 and (0+1171); = AL permits to rewrite eq. (5.5) as

(017 1) = E(D,11 1), (5.14)

or, equivalently, as
EOHI Y = (8,117 1), (5.15)
Adding and substracting egs. (5.14) and (5.15) gives (91l71)x = 0.

We now specify the equations of motions (5.12) for the gauged £-model constructed
in section 4, which underlies the (4 + 72)-parametric DHKM model (4.18), (4.19) with the
identifications (4.21) and (4.22) not imposed. Recall that the Drinfeld double D is in this
case the direct product K€ x KT, the invariant bilinear form (.,.)p on the Lie algebra
D = K® @ KC is given by the formula

4k
sin (pr)

. 4 .
Str (elpLZLZ,L)+Sin (I;R)%tr (e7PR2p2R),  za 7y € KC, a=L,R,
(5.16)

the isotropic subalgebra F consists of the elements (x @ z), x € K and the eponymous

(zLéBzR, zi@zﬁg)p =

self-adjoint operator £ : D — D commuting with the adjoint action of F is given by the

formula

2 2

(1—p iy L1 (11— % o 1+ 13,
E(z, @ zR) = 1( Loy +e e L% ) gy zp +ePR——L2% ) 0 (517
( ) 2pr, 2u, * 2uR 2up " (5-17)

We want to describe the subspaces Vj C D corresponding to those data. We note that
V4 © (Id + £)D, where the half-dimensional subspaces (Id & £)D can be conveniently
parametrized in terms of the elements uf r of the Lie algebra K as

(Id£&)D = {ei(ijL_%pL)uf ® ei(:FmR"'%pR)uﬁ, “f,R € IC} , (5.18)
where we have traded the parameters pur, g for my g according to the formulas
lq = tan (my), a= L,R. (5.19)

Note that the subspaces ViJ- are formed by the vectors in (Id 4+ £)D perpendicular to F
which gives

. PR : PL
Vi _ ei($ﬂ’LL*%PL) Sin (j:mR + 2 )Ji @ ei(¥mR+%PR) st (:FmL + 2 )Jia Jj: ck\.
sin (pRr) sin (pr)

(5.20)
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The equations of motions (5.12) are then solved by

. PR : o PL
ol = e_i(mL+%pL)—8m (?nR + 2 ) JL @ €_i(mR_%pR) o ( .mL e ) Jr+AL DAL,
sin (pr) sin (pr)
(5.21)
ol 1 = ei(mL—%pL) sin (me + pTR) J_ @ ei(mR-i-%PR)wJ_ +A_@A_,
sin (pr) sin (pr,)
(5.22)
where the IC-valued fields J4, A+ must be such that the Bianchi identity be verified:
O_ (0 ™Y —op (oY + [oLu o ) =o. (5.23)
Inserting the expressions (5.21), (5.22) into the left-hand-side of (5.23), we obtain
(O— (04U ) =0 (-l ") +[oLll™H 0_17 1), =0 (5.24)

(O—(0p U™ Ny —o (-l +[o i 0l 1), =
= (0-A4 =04 A_+[Ay, A48T, J-)B(0-Ap =04 A_+[Ay, A_|+B[J4, J-]); (5.25)
)., =

(O— (0N =y (0t H)+opu—to-u1)

= ¢t 3en) SE (9 T, —[A_tayd_, T ))@e  (Mrm3or) SR (9 T, —[A_vauJ, J.));
(5.26)

(O (0Ll M) =0 (0_UuU Y )+oLu "t 0_u7 ") _ =

= ei(mLiépL)Sf (—6+J7+[A++067J+, Jf])@ei(mRJr%pR)S}_% (—8+J7+[A++O£7J+, J,]) )

(5.27)
where
1 sf st LoL  Ccos(mp) .p L
a4 = m <S':Lt — Si%) s ,8 = S+Sf — @(S+Oé+ + S,oz_) (528)
L sin (j:mR—i—‘%R) r  sin (:FmL+pTL) Sfo
Sy = - , Sy = - , a=—_TaR-
sin (pRr) sin (pr) Syen
(5.29)

Note that the parameter « is the same as the one featuring in eq. (4.24).
The equation (5.23) together with eqs. (5.24), (5.25), (5.26) and (5.27) then imply the
validity of the following system of equations

87J+ — [A, + Oé+<]7, J+] = 0, 8+J, — [A+ + OéfJJr, J,] = 07 (530)
Ay — 0 A +[As, A+ BTy, J_] = 0. (5.31)

The system (5.30) and (5.31) admits the Lax pair (5.3) with spectral parameter because it
is equivalent to the system (5.1) and (5.2) upon the identification

Bi=-Ar—azJy, &€=oara_+p (5.32)

The dressing coset (4.18), (4.19) is therefore integrable also in the case when the DHKM
identifications (4.21) and (4.22) are not imposed.
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6 Renormalization of the DHKM model

6.1 Generalities about the renormalization of the non-degenerate £-models

The fact that a given o-model has the first order dynamics which can be expressed in terms
of a non-degenerate £-model is very useful for the study of its ultraviolet properties, because
such model is automatically renormalizable. Indeed, it was established in [90, 92, 95], that
the renormalization group flow respects the structure of the £-model, just flowing from one
epynomous operator £ to another. This flow is described by an elegant formula derived
in [92] (and used in an different context already in [34, 94]):

d€ap
ds

= (Eac€pr — nacnpr) (EXPERE — nKPpHEY 110 fop” . (6.1)

Here s is the RG flow parameter and the capital Latin indices refer to the choice of a basis
T4 of the Lie algebra D:

Eap = (Ta,ET8)p, Nap = (Ta,Tp)p, [Ta,Ts] = fap“Tc. (6.2)

The indices are lowered and raised with the help of the tensor n4p and its inverse.
Up to an irrelevant normalization constant, the flow formula (6.1) can be cast in the
basis-independent way [51]:

% = P.;_[[P_g., P_HP_ + P—[[P+7 P—HP-‘:-? (63)

where the projections Py are defined as

1
Py = 5(1:&5), (6.4)
and the bracket [[.,.]] : S?D x S?D — S?D is defined on the symmetric product S?D as
A, B] = [A', B @ [4", B"]. (6.5)

Here we use the Sweedler notation A = A’ ® A”, B = B’ ® B"” and we view the self-adjoint
operators P4 as the elements of S?D in the sense of the formula

Pz =P, (P),z)p, =z€D. (6.6)

We give now an equivalent description of the RG flow of the operator £ in terms of
the flow of the half-dimensional subspaces 1 C D constituted by the eigenvectors of £
corresponding to the eigenvalue +1. The formula (6.3) is then equivalent to the following
infinitesimal changes of the vector spaces F.:

)
Ey+0FEL = {Ui + ;Sivi, vy € Ei} , (6.7)
where the operators S+ : E+ — E+ are given by the formulas

Sy = £PL [Py, P_]Px. (6.8)
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The advantage to work with the operators S is technical, because the following simple
formulas can be straightforwardly derived for their matrix elements [85]:

(U:FaSiUi)’D = :Ftr(PiadviP:Fathi), vy € By, (69)

Let us illustrate how the formula (6.9) accounts for the renormalization of the Yang-Baxter
o-model [52], the action of which reads

Syp(k) = _/dfjfda tr <k18+ka jbRkla_k> . (6.10)

Here a > 0 and b > 0 are real parameters, tr is negative definite and R is the Yang-Baxter

operator.

The £-model underlying the Yang-Baxter o-model was first constructed in [52]. The
Drinfeld double D is the complexification KC of the simple compact Lie group K, the
invariant bilinear form (.,.)p on the Lie algebra D is given by the formula

(z,w)p = %%tr(zw), z,we K (6.11)

and the operator £ reads
i a b b a\ ,

(1 T 12) T (6.13)

If x4+ € IC then

Picking u € K, we find easily

1, b RS
73+adp+m+73_adp7w773+u:1 1—1—9 Pradp, ., P_[r_,ul = — 1—&—? Pirles, [z, u]],

16
(6.14)
hence
1 b2\ 2 b2\ >
tr (P+adp+w+73_adp_x_73+) =16 < + a2) tr (admadx_) = % <1 + (12> tr(xqpz_).
(6.15)

Note that ¢k is the double of the dual Coxeter number (for example, Cx = 4 for su(2)).
At the same time, we have for the RG flow

b\ _b(P-z_,izi)p (b _ ~20(P-z—,6(Pyz4))D _ WPz, 84 (Pyzy))p s
5<> = ) 5< > ’

a

tr(xgpz_) tr(zyx_)

tr(zyz_) T 16
The match of this formula with the RG flow of the Yang-Baxter o-model obtained in
the literature is perfect (cf. eq. (4.9) of ref. [89] with the identification of the parametres:

_ b tr (77+adp+x+77_ad7>7x773+) 5 — bey <1 N bz>2 N
a? ’

¢ =0,t=a,tn=>). Note also, that b does not flow, being the kinematical parameter
characterizing the inner product (.,.)p; the flow of the parameter a is therefore

. CK /9 212
a= _16a2(a +b°)°. (6.16)
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6.2 Generalities about the renormalization of the degenerate £-models

The automatic renormalizability of the degenerate £-models (the dressing cosets) was es-
tablished in [85]. As explained in section 3.2, the degenerate &-model is characterized by
the R-linear self-adjoint operator EFLtoF L that commutes with the adjoint action of
the isotropic subalgebra F on F= and verifies few other properties, that is, its kernel must
contain F, the image of the operator £2 —1d has to be contained in F and the bilinear form

(.,€.) 71 has to be positive semi-definite. The description of the RG flow of the operator
£ is done in [85] in terms of the flow of the subspaces E+ C D defined as

Er=Im(&*+&). (6.17)

It is fully sufficient to consider just the flow of the subspace E+ which is

08

E+ + 5E+ = {’[)4_ + ?S+@+, ’IA)+ S E+} , (618)

where the operator $+ : E+ — FE_ is characterized by its matrix elements
(0, Stvs)p = —tr(Prady, Prads Py), 4 € Ey. (6.19)

We denote Py the orthogonal projections on the subspaces E. and 75f; =Idp — 75+. Note
that 75# does not project on the subspace E_| Only in the case F = {0}, that is in the non-
degenerate case, the projections ﬁi and P_ get equal, the non-degenerate formula (6.9) is
then the special case of the general formula (6.19).

Let us now illustrate how the formula (6.9) accounts for the renormalization of the bi-
Yang-Baxter deformation of the principal chiral model introduced in [53, 54]. The action
of this o-model reads

1
yp(k)=— [ dr ¢ do tr [ k7 0.k ko k 2
Suva(t) = - [ar fo o (00k o0 k) (620)

where a > 0, by, > 0 and bg > 0 are real parameters, tr is negative definite, R is the
Yang-Baxter operator and Ry stands for the operator Ad,-i1 RAd;. The RG flow of the
parameters a, by, br has been found previously in ref. [89] and it reads

bp=br, =0, a=— 1?;2 (a2 + (br, — br)?) (a2 + (br, + bRr)?). (6.21)

Thus our aim is to recover the flow (6.21) from the formula (6.19).

Let us first interpret the o-model action (6.20) as the dressing coset. The relevant
Drinfeld double D turns out to be the direct product K€ x K€, the invariant bilinear form
(.,.)p on the Lie algebra D = K® @ K€ is given by the formula

2 2
(20 @ 2R, 2, ® 2R) p = E%tr (zr2L) + @%tr (2RrZR) s Zas 2, € Kt a=L,R (6.22)

and the operator £ : D — D reads

(1—pu2 1+ p2 (1= 1+ p%
& = I R |- 6.23
(21 @ zR) ( S 21 + o zp | @i Sim 2R + Sim Z5 (6.23)
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Moreover, the sign of py must be the same as the sign of by, and the same thing must be
true for pup and bp.

Choosing F = K & K, we follow the procedure described in section 3.3 and obtain
the o-model (6.20) out from the gauged £-model action (3.34). The identification of the
parameters is as follows

a= b—L + b—R.

KL HR

Following the general construction of section 3.3, we identify the subspaces F4 with the
subspaces (Id + &)V*, that is

(6.24)

. b ) +b .
Ey = {H(l Fipr)ve ® (1 Fipg)ve; ve € ’C} : (6.25)
2pr 2(R

Accordingly, it is convenient to parametrize the elements of E. in terms of the Lie algebra
KC by constructing the following bijective maps ¢+ : L — JI
Fbr
) —

+bg
= 7L 5 R x; . 6.26
q+(z 2ML( Fipr)r ® 2MR( Fipr)x (6.26)

Now we pick x+,u € K and we find

Prady, v,y Prady_z_)Pras(u)

L3 51 (b7 (1+p7)
:—17?+adq+(w+)77+ < L 5 L [!L‘_,u}@ )

Blbsd)
KR = ]>

__175 ad (bLbR (at+prbr+urbr) (-, ul®z u])+<b%_b%+bL_lm> (|l UD>_
4 +alg, (z4) AULIR HLOLTHROR —> —> P LL LR q— —>

__ _bibr (a+prbr+urbr) ¢s (24, [z u]])—1 (Mﬁ“—b}z)ﬁ[ (@+), ¢-([z—,u))] =
Tapg g TP RROR) 6 ([T [0y 1 o np np) tIHE+he-UE-
1{ brbg 1<b%b§% b bR>2
S atppbr+prbe)+- [ 4L Ty, o, u]]) =
1 (WLMR( prbrturbr)+ | = o n 4+ (x4, [z, u]])
1
- _@(a2+(bL—bR)2)(a2+(bL+bR)2) 4+ (2, [z, u]).

We infer that

o (@ (b= b)) (0P (b + b)) (). (6:27)

At the same time, we have for the RG-flow

o (e eet (@B)en), o)y (FESe),

= = — = — S =

tr(z_ay) tr(zyx_) tr(zya_)

tr(75+adq+(m+)75iadq7(zi)73+) bri , o e )
- tr(zra) 0s = =153 (@*+(br=b1)*)(@*+(brt+be)*)ds.

tr (Pyady, o Plady )Py ) =

This formula matches perfectly the RG flow (6.21) of the bi-Yang-Baxter deformation of
the principal chiral model as obtained in the literature (cf. eq. (4.9) of ref. [89] with the
identification of the parametres: t = a, t( = by, and tn = bg).
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6.3 Renormalizability of the bi-YB-WZ model

Now we are coming up to the true concern of the present section which is to establish the
renormalization group flow of the bi-YB-WZ model. Thanks to the formula (6.19), we can
do that working directly in the first order £&-model formalism. The great advantage of this
first order approach resides in the fact that it tells us immediately which parameters do
not flow. Indeed, all parameters that characterize the structure of the Drinfeld double are
RG invariant; in the present context, this statement concerns the parameters x, p;, and
pr which enter in the definition (4.1) of the bilinear form (.,.)p. Moreover, the parame-
ters featuring in the o-model action which characterize the embedding of the maximally
isotropic subgroup in the double are not present in the first order £-model data and they
therefore neither flow nor they influence the flow of the £-model parameters. In particular,
the TsT matrix appearing in (4.6) can be safely set to zero without any lack of generality.
The only parameters which can flow are thus those which characterize the operator
&, or, speaking more precisely, those characterizing the subspace VJ} ¢ F in the notation
of section 3.3. In the DHKM context, a quick glance at the formula (4.25) makes us to
conclude that the sole parameter which can flow is «. This is a nontrivial statement!
Indeed, considering the bi-YB-WZ action
o + ePrBreprR

ko k, (6.28)

Sbi_YB_WZ(k') = I{IWZ(k) + /f/dT% tr k_16+km

would we see easily without the £-model insight that the action (6.28) is written in a RG
friendly way, that is, only the parameter a can flow and all other parameters x, pr, and pp
are RG invariant? Of course, this qualitative insight is not enough for us and we are now
going to determine the flow of @ quantitatively.

We start by recalling the DHKM £-model set up introduced in section 4. The Drinfeld
double D is the direct product K€ x K, the invariant bilinear form (.,.)p on the Lie
algebra D = K€ @ KC is given by the formula

. 4K .
/ ! — St ipr, / St —ipRr / " / C - I

(zL@zR, zL®zR)D s (PL)J r (e ZLZL)+7sin (PR)\Y r (e ZRZR) , Za,2, €K%, a , R
(6.29)

and the non-degenerate operator £ : D — D is given by

1—,U2 . 1—|—,U2 1_/'62 . 1+M2
E(zr © zp :i< Loyp+e ir—TL x ) gy Eop+ePr—— TR %) (6.30

( ) 2pr, 2u, * 2uR 2ur " (6.30)

Choosing F = (K @ K)428, performing the isotropic gauging following the recipe of sec-
tion 3.3 and considering the case w = 0, we arrive at the o-model action (6.28) with

e tan (%) pun— tan (%)

= . . 6.31
pr + tan (B2) pp, + tan (55) (6:31)

The subspaces E. needed for the RG calculations are nothing but the subspaces Vf
identified explicitely in eq. (5.20)

. P . 14
by = d el(Fm—gor) 2 (i,mR +4) Jy @ el(Fmation) 20 ($mL %) Jr, JreK,.
sin (pR) sin (pr,)

(6.32)
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Here

fq = tan (mg), a=L,R. (6.33)

As in the previous subsection, it is convenient to introduce certain bijective maps ¢+ : K —
FE4. The following choice is the most convenient one

g (z) = (cot (mL + ;pL> - i) z® (Cot <—mR + ;pR> + i> Zz Ezg azr.  (6.34)

g_(z) = <cot (mL - ;pL> + i) zi EZ;; az @ <cot (—mR - ;pR> - i> z.  (6.35)

Now we pick z4,u € K, we evoke the definitions (5.28), (5.29) of the quantities o, o,

B, Si’R and we calculate the matrix elements of the flow operator S;:

Prady, (o) Prad, o yPrar(u) =

1 - —a?B oo
= sianP-‘—ad[”(z” (m([m_,u]@[x_,u])—l-wq_[x_,u]) =
o*(f+ata)
ST SinpR(SESf)2q+([l+7 [z_,u]]) =

—a | cot {m -I—l B sin pp cot | —m -i—1 S R - ([z4, [z—,u]]) =
LrgPL sin pr, SESE ) \ sinpr LroPL sin ppSLSE el = N

. 2
asinpy, 1 . Qo

= —— cot { mp+—= —l—— Ty [T—, U =
Smpn ( L 2PL) sianSfo 4+ ([z4, [ 1)

@ ((a—1)2+4a sin? pL;”R) ((a—1)2+4a sin? L;‘)R)

- sin py, sin pr(a?—1)2 q+([24, [, u]]).

(6.36)

In the course of this calculation, the following trigonometric identities were particularly

useful
1 SE 1 st s5°
cot (ZFmL + 2pL> sin pp, = S—l& + cos pr, 757 — S—;: — i =2cosp,, a=R,L.
(6.37)
We infer from (6.36) that
tr (7’+adq+(x+)7’iadq_<z_>7’+) a ((a—1)2+4asin? L2522 ((a—1)?4-4asin® LLELR)
=CK - - 33 ;
tr(zyx_) sin pr, sin pr(a?—1)
(6.38)
therefore it holds for the RG variation
(g-(2-),0(q+(21)))p _ (q‘(m‘)"s*(q*(“)))pés _ _tr(ﬁ+adq+(x+)75iadq7<x7)75+)58 _
tr(zyz_) 2tr(zyx_) 2tr(zyx_)
el s ) (0 e o)

2sin pr, sin pr(a?—1)2
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Now we use the identities

1 1
cot <mL + 2pL> sin pr, + a cot <mR — 2,03) sin pp = €OS pr, — @ COS PR, (6.40)
1 ) 1 .
acot | mp, — SPL | sinpr + cot | mp + 5PR ) SitpR = cos pr — ccos py, (6.41)
to write
COS pI, — QL COS PR ) COS pI, — (LCOS PR .sin pg
q+(z4) = ( 54 Ty —iry ®— : +i— a90+> + ¢4 (z4),
sin py, 2sin pr, sin pr,
(6.42)
¢ (n) = <cospR - acospr is'mpL o @ _COSPR - acospr ia?_> bé(z).
2sin pp sin pr 2sin pr
(6.43)

where ¢4 (x4 ) are certain quantities belonging to F that we do not need to know explicitely
for our purposes; we need however the obvious fact that d¢ (z4) belongs to F.
Thanks to (6.42), we obtain

(g-(2z-),0q4(x4))p
tr(zqpz_)
(q,(z,)7 7% COS PR x+®% COS pR T4++isinpr x+)D B

N Ye - =
sin pr, tr(zqz_)

b (%(cos PR—QCOS pr,)T_+iasin pLx,@fé(cos PR—QCOS pr)T_—isinprr_, 7% COS PR x+€a% cos pr x4 +isinpr x+)D

sin pp sin pr, tr(z4z_)

(6.44)
therefore
(q—(w—)75Q+(x+))D = —— 4[4}(50{ ) (645)
tr(xpz_) sin pgsin pr,
Putting together eqs. (6.39) and (6.45), we obtain the RG flow of the parameter a:
do « ((a —1)? + 4arsin® 7’”;"3) ((a — 1) + 4arsin® L;”R)
ds 8k(a? —1)2
If we use the alternative set of parameters given by (cf. eq. (4.38))
k=#k, pL=2kbr, pr=2kbg, a=e " (6.47)
the flow formula (6.46) gets rewritten as
da ({a}% + b — brJ7) ({a}Z + [br + brJR)
ds 16{a}s,
where we have borrowed the notation from the “g-deformed literature”:
sinh (k) sin (k)
{z}, = — [x]x = P (6.49)
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The flow formula (6.48) lends itself perfectly to the study of the limit x — 0 which was
performed at the end of section 4 to show that the bi-Yang-Baxter deformation of the
WZW model tends to the bi-Yang-Baxter deformation of the principal chiral model. Does
the flow formula (6.48) of the former deformation go in this limit to the flow formula (6.21)
of the latter? Yes, it does because it obviously holds
lim{xz}, = z, lim [z], = x. (6.50)
r—0 Kr—0
There are two more special cases, where our flow formulae (6.46) or (6.48) can be
compared with the results already obtained in the literature. First one corresponds to the
single Yang-Baxter deformation where p;, = 0 and pr # 0. Upon the transformation (4.31),
an easy calculation shows that the flow (6.46) matches exactly the flow of the YB-WZ model
as obtained in ref. [27]. The second special case is the Lukyanov flow [72] which should
coincide with our flow (6.46) for the choice K = SU(2). To verify this is technically more
involved, because it is necessary to introduce coordinates on the group manifold, and we
devote an entire next subsection to this task.

6.4 Comparison with the Lukyanov flow

Lukyanov model is a non-linear o-model living on the target of the group SU(2). It was

introduced in ref. [72] and, in the case of the vanishing TsT parameter, its target space

geometry is characterized by the following metric G' and the Kalb-Ramond field B:
(3¢+P)(3+P71) dz? 1 1

G = — X
g° (1—22)(1—%222)+g2 1—22245Q(1—22)

X [(1=52 22+ 5P (1-22))dv* +(1— 5 22 + 5P~ (1-2%) ) dw® —2(1—3%) zdwdv] ,  (6.51)

-t (34+P)(3+P71) (1—2%)z
g2\ Q) eHQ ) 15222 450Q(1-22)

dvAdw. (6.52)

Here z,v,w are appropriate coordinates on the group SU(2) which will be specified in what
follows and s, P, Q, g are real free parameters of the model restricted by Lukyanov to the
values g > 0, » €]0,1[, P > 0 and @ > 0 (actually, P and @ were respectively denoted
in [72] as p? and h?/s and B given by (6.52) differs from Lukyanov’s one by an inessential
total derivative).

The RG flow of the parameters was found in [72] and it is given by

P=0, Q=0 s=-—

g°x(1-52*) . g (=)? | GeAP) AP
Gt P) et P17 7 4Gt P)2(ser P12 ( Q) (+Q7T)
(6.53)
Our goal in this subsection is to compare the Lukyanov target space data (6.51)
and (6.52) with those extracted from the general bi-YB-WZ action (6.28) for the spe-
cial case of the group K = SU(2). We do find the perfect match both of the target space
geometry and of the RG flow provided we carefully adjust the ranges of the Lukyanov
parameters and of the bi-YB-WZ ones. We make this adjusting at the very end of the
present section.
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We now write the bi-YB-WZ action

% + epLRk ePRR

Sbj_YB_WZ(k') = /ﬁifwz(k) —|—/€/de tl"k_la+k k:_l@_k (6.54)

o — ePLBreprR

in the standard coordinates on the SU(2) group manifold

e 0 cosf isinf v o0
k= . . 6.55
(0 eld’) <isin9 cos@) (0 e“") ( )

We find first
1 1(0+1) + cos (20)0+¢) e 2% (1010 — sin (20)0+¢)
2V (1040 + sin (20)0+p)  —i(Ox1p + cos (20)0+¢)
The Yang-Baxter operator R acts on the elements of the Lie algebra K = su(2) as
R 12‘ y—l—‘w: _ O' r—iy :1 —19 7 1z' y—i—'m . my.z€R,
—y+ix —iz —z—iy 0 2 0 i —y+ir —iz
(6.57)

we thus infer that

. . _iPR . . iPR
orR iz y+ir) fe 2z 0 iz y+iz e 2 0
e . . = iPR . . _iPR | - (6-58)
—y+ir —iz 0 e —yt+ix -1z 0 ez

Define elements 7' € SU(2) and x+ € su(2) as follows

T cosf) —isind efipTL 0 cosf isinf eiipTR 0 (6.59)
"\ —isin® cosé 0 7 isin@ cosf 0 et '

(011 + cos (20)0+¢)  10+0 — sin (20)0+¢
X+ = . . . . (6.60)
1046 + sin (20)0+¢  —i(0+9 + cos (20)0+¢)
Then the action (6.54) can be rewritten as
Ad
Sbi—YB—WZ(k) = Iifwz(k) + Ii/dedU tr X.:,.ux_. (6.61)
a — Adr
We associate to the element 7' € SU(2) an angle £ € [0, 7] and an element ¢ € su(2) as
follows . T (cos)1
— (cos
& = arccos <2 tr T>, t= e (6.62)

Here 1 is the unit matrix and we note that the singular values ¢ = 0, m are avoided because
of the non-vanishing parameters pr, pr. Note also that it holds

cos & = cos % cos '(%R — sin % sin %% cos 26. (6.63)

As T varies with 6, the element ¢ sweeps a hyperplane in su(2); indeed, we can check
easily that it holds
tr(rt) =0 (6.64)
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where 7 is the following f-independent element of su(2):

0 iel?
r= ( S ) . (6.65)
ie'2 0

The crucial fact needed to evaluate the action (6.61) is the validity of the following identities

Adrt =t,  Adp(rt+ir) = e (rt £ir), (6.66)

trt* = -2, trr?= -2, tr(rt)?= -2, trtr=0, trr(rt)=0, trt(rt)=0. (6.67)

We then infer from (6.66) and (6.67)
1 1 1
X4+ = D) tr(txs)t — 5 tr(rxe)r — 5 tr(rtxs)rt =

=-3 tr(tye)t — itr((rt +ir)xs)(rt —ir) — itr((rt —ir)x+)(rt +1ir) (6.68)

and, subsequently,

a+Adr ~ la+l 1 a—l—eﬂ25 . . el28 . .

afAdei = 75& tr (txf)t Zm ((Tt*lT‘)Xf)(Ttﬁ’l'}")*Zm tr((?"tﬁ’l'f')Xf)(T‘t*lT').
(6.69)

Putting all together, we find

1
Spi-yB-wz(k) = klwz(k mot 1 /dedU tr(txs) tr(tx—)
20 —
i2¢
_ /ded <O‘+e tr((rt + ir)x_) te((rt — ir)x.)
a+ e 1%

O (e — i >tr<<rt+ir>><+>)=

= klwz(k —/drj[da<

-1
T 1a— 20 cos 2€ (br(rxe) tr(rx—) + tr(rtxy) tr(”X—)))

tr(tx+) tr(tx-)

2
+ K / dr 7{ do po fs—lr;afcos o (tr(rtxy) tr(rx—) — tr(rx4) tr(rtx-)) .

(6.70)
We find easily

tr(ryx+) = —2cos %%@59—2 sin%}”sin 20 04+ ¢, (6.71)

2
tr(rtx+) = — ((cos PL _cos PR cos f) 0 0+sin PL gin20 O0+L1p—sin PR Gin 26 cos £ 8igz$) ,
sin & 2 2 2 2

(6.72)
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PL o PR PR . s PL )
(sm 5 cos 5 +sin 5 cos 5 cos20 ) 0+¢

sin &

(sm PR cos PL 4+ sin PE cos [%R cos 26) 0+1. (6.73)

L2
' 2 2 2

sin &

Combining eqgs. (6.70), (6.71), (6.72) and (6.73), we then find the following background
metric ds? and the Kalb-Ramond field B

Il-a, , 2 2 2 4ovsin? 20 e, _o

I 2 cos 2 - 2
TR L ds® = dO2+dyp?+d¢?+2 cos 20dipdep T (dw +dd cosfdwdqb),
(6.74)

4k sin? 26 ~ o~
B = 20dvAd dypNdao. 6.75
K cos 20dr) ¢+(a—1)2+4a . cos EdPAd g (6.75)
where

d i+ =" p2L ), d a6+ <5 6.76
¢—s1n— ¢+ Y qb—sm— 10) —y; (6.76)

Now we trade the parameters k, a, p;, and pgr for the parameters g, s, P and @) as
follows®

1 1- tan £&
g = —. ¢ p=- 2 Q= tanp—Ltanp—R (6.77)

2k'1+ o’ tan 2227 2 2’

\/(a —1)2 + 4arsin? LL5eR — \/(a —1)? + 4a sin? LLZLE
= : (6.78)
\/(a —1)2 + 4orsin? LLTLR 4 \/(a —1)? + 4a sin? LLSLE

and, at the same time, we change the coordinates on the target K = SU(2) according to
the formulas

o820 + s
1+ 2cos26’
U—Q/)+ftan—ln(1+% +2%00320) w = —gf)—ftan ln(1+% +2%00529)
(6.79)
With these changements of the parameters and of the coordinates on the target, the met-
ric (6.74) becomes exactly the Lukyanov metric (6.51) and the Kalb-Ramond field (6.75)

becomes, up to a total derivative, the Kalb-Ramond field (6.52). The calculation prov-
ing this fact is tedious but straightforward and it is simplified by the repeated use of the

SFor completeness, we list also the reciprocal transformation of the parameters:

oo L PP ai gp e tn_ _gpet o2 VEFDEAGT G PGP

297 \| (+Q)(3+Q71) 2 ' VA Q) e Q=) +/ (e P) e+ P1) |
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following formula (valid for a # 0, 3¢ # 0)

(1— %)2 (1—)? + sin2 PL;PR

_ 4o
de sinpr sinpgr (6.80)

Moreover, it can be checked directly that the transformation of the parameters (6.77), (6.78)
transforms the bi-YB-WZ flow (6.46) into the Lukyanov flow (6.53) (note that cx = 4 for
su(2), the parameters k, pr, pr do not flow and the Lukyanov RG time of ref. [72] runs in
the opposite direction with respects to the conventions of sections 6.2 and 6.3 commonly
used in the Poisson-Lie literature).

It remains to discuss the issue of the possible ranges of the Lukyanov parameters g,
», P and ) and of the bi-YB-WZ parameters «, x, pr, and pr. In the Lukyanov paper,
all parameters are positive or non-negative, more precisely, he considered the case g > 0,
P>0,Q>0and0< s < 1. Looking at eq. (6.77), we observe that this choice is out of
reach” of the bi-YB-WZ model where P has necessarily the opposite sign with respect to
Q. On the other hand, the Lukyanov geometry (6.51) and (6.52) makes perfect sense (in
particular the metric remains positive definite) for a wider range of the parameters than
he considered in ref. [72]. This extended consistent range is given by

g>0, x€]l—1,1, P#0, Q#0, 1+xPT >0, 1+xQ* >0. (6.81)

The bi-YB-WZ model for SU(2) turns out to match the extended range Lukyanov model
without any need of analytical continuation. Indeed, for all admissible values of the bi-
YB-WZ parameters, ie. Kk € N, =1 < o < 1,0 < |p] < mand 0 < |pr| < 7, a
careful analysis shows that the Lukyanov parameters g, s¢, P, QQ given by the ranges of the
functions (6.77), (6.78) always respect the extended range conditions (6.81).

7 Outlook

The present work solves two from the open problems listed in the outlook of ref. [18],
namely, it provides the £-model formulation of the DHKM model and, also, it settles
the issue of the renormalizability. We believe, that the £-model insight should be helpful
also for tackling the remaining open question from the list, which is the status of the
Hamiltonian integrability of the model.

The dressing coset structure of the DHKM model indicates the occurrence of a rich T-
duality story which should go well beyond the simple T-duality corresponding to the chang-
ing of the TsT parameters. In particular, the example of the Poisson-Lie T-duality (4.34)
occurring in the YB-WZ model should generalize to the bi-YB-WZ context. How it happens
precisely remains to be worked out.

"However, if we permitted imaginary values of pr, and pr then by an appropriate analytic continuations
of the target space coordinates we would reach the Lukyanov model within the range of the parameters
that he considered.
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