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ABSTRACT: The entropy of a class of asymptotically AdSs magnetically charged BPS
black holes can be obtained by extremizing the topologically twisted index of the dual
three-dimensional field theory. This principle is known as Z-extremization. A gravitational
dual of Z-extremization for a class of theories obtained by twisted compactifications of
M2-branes living at a Calabi-Yau four-fold has been recently proposed. In this paper we
investigate the relation between the two extremization principles. We show that the two
extremization procedures are equivalent for theories without baryonic symmetries, which
include ABJM and the theory dual to the non-toric Sasaki-Einstein manifold V2. We then
consider a class of quivers dual to M2-branes at toric Calabi-Yau four-folds for which the
Z-functional can be computed in the large N limit, and depends on three mesonic fluxes.
We propose a gravitational dual for this construction, that we call mesonic twist, and we
show that the gravitational extremization problem and Z-extremization are equivalent. We
comment on more general cases.
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1 Introduction

In this paper we are interested in theories living on M2-branes sitting at the tip of a Calabi-
Yau four-fold cone and the relation of their twisted compactifications on a Riemann surface
to AdS black holes physics. There are some interesting extremization problems that can
be formulated for such theories. The theory on M2-branes at a Calabi-Yau cone C(Y7),
where Y7 is a seven-dimensional Sasaki-Einstein manifold, is a three-dimensional N' = 2



superconformal field theory (SCFT) dual to AdSy x Y7. In supersymmetric gauge theories
the R-symmetry current is not necessarily unique and mixes with the global symmetry cur-
rents. It is known that the exact R-symmetry of the three-dimensional theory is obtained
by extremizing the free energy on S3, Fgs(A,), as a function of the R-charges of fields and,
possibly, monopole operators [1]. The gravity dual of F-maximization is the volume mini-
mization principle discovered in [2, 3]. The equivalence of the two extremization principles
has been checked in many examples [4-10], although there is no general proof, since the
large N limit of the S free energy is currently available only for a restricted class of theories.

On the other hand, twisted compactifications of M2-brane theories are IR dual to
AdS, x Yy backgrounds in M-theory, where Yy is a fibration of Y7 over a Riemann surface
¥4, depending on a choice of magnetic fluxes n,. These backgrounds can be interpreted as
the horizon of asymptotically AdS, x Y7 magnetically charged BPS black holes. An extrem-
ization principle for finding the entropy of magnetically charged black holes in AdSy x Y7 has
been proposed in [11, 12]. It involves extremizing the logarithm of the topologically twisted
index, i.e. Z = log Zy, x g1, the partition function of the three-dimensional SCFT on ¥4 x St
with a A-twist along ¥4 [13]. This principle, dubbed Z-extremization, has been success-
fully applied to the microscopic counting of the entropy of black holes in AdSy x S” [11, 12]
and in many other situations [14-21].! A gravity dual for Z-extremization was recently
proposed in a series of interesting papers [41, 42]. It is the purpose of this paper to investi-
gate the relation between the two extremization principles. The analogous construction for
D3-branes at Calabi-Yau three-fold toric cones has been recently proved to be equivalent
to c-extremization for two-dimensional (0,2) conformal field theories in full generality [41-
43]. We already proved in [43] that the construction in [41, 42] is equivalent off-shell to
T-extremization for the class of magnetically charged BPS black holes in AdSy x S7 stud-
ied in [11, 12], where the dual field theory is ABJM [44]. In this paper, we extend this
observation in various directions.

We will compare the construction of [41, 42] with the field theory result in [14] which
shows that, for the very same theories for which we can compute the S? free energy in the

a) )y

large N limit, the Z-functional can be written as

ny

Z(Ar,ng) = *%(1 ) <2FS3(A1) + Z <1
J;

where Aj are the R-charges of a set of fields and monopoles, and n; the corresponding
magnetic fluxes (which can be set in relation to the magnetic charges n, of the black hole).
If we choose an R-charge parameterization such that Fgs(Aj) is homogeneous of degree
two, which is generally possible, (1.1) simplifies to

1 OFgs(A
I(Apnr) == angl([f) : (1.2)
I

As we will review in details, the R-charges A; and the fluxes n; parameterize the mixing
of R-symmetry with the abelian global symmetries of the theory. It will be important for

!See also [22-40] for related works in a similar context or other dimensions.



us to distinguish between mesonic and baryonic symmetries. According to the holographic
dictionary, the first are associated with the isometries of the internal manifold Y7, while
the second come from the reduction of the M-theory form on non-trivial five-cycles in Y7.

For manifolds Y7 with no non-trivial five cycles, we will show that the construction
in [41, 42] is completely equivalent to the extremization of the Z-functional given in (1.2),
and that this equivalence holds off-shell. This class of manifolds is somehow limited but
it contains Y7 = S7, whose dual is the ABJM theory [44], and the non-toric manifold
V52 = 80(5)/S0(3), whose dual field theory has been found in [45]. For manifolds without
five-cycles we can turn on magnetic charges only for the mesonic symmetries associated
with the isometry of Y7. We will discuss in detail the V5?2 example as a prototype of
this class of compactifications. In particular, we obtain a prediction for the entropy of
the general two-parameter family of asymptotically AdS, x V%2 black holes with arbitrary
magnetic charges under the Cartan subgroup of the internal isometry SO(5). It would be
interesting to find these solutions explicitly.

We then consider the general case of toric Calabi-Yau cones C(Y7), for which we can
use the master volume construction defined in [42]. In addition to the mesonic charges
associated to the three U(1) isometries of Y7, we can have a baryonic charge for every non-
trivial five-cycle S, C Y7. Here the situation is more complicated. We want to compare
the former construction with the existing results for the large N limit of the topologically
twisted index, which only depend on a linear combination of the available magnetic charges,
corresponding to the mesonic directions only [14, 15]. Correspondingly, we identify a three-
parameter family of twisted compactifications, which we dub mesonic twist, where the
extremization is performed along the mesonic directions only. We will show that, for such
compactifications, the construction in [41, 42] is equivalent off-shell to the extremization of
the Z-functional (1.2). This result is general and it can be proved for all toric Calabi-Yau
cones C(Y7) for which the equivalence between F-maximization and volume minimization
is valid. In particular, all the existing field theory computations to date have a counterpart
in the framework of [41, 42].

Our results for toric Calabi-Yau cones are restricted to a particular class of twisted
compactifications. This should be contrasted with the equivalence of the construction
in [41, 42] with c-extremization, which can be proved for an arbitrary toric Y7 and an
arbitrary choice of fluxes [43]. The reason for such restriction lies in our incomplete under-
standing of the large N limit of the S free energy and the topologically twisted index for
quivers with a holographic dual. It is known, for example, that the computation performed
in [5] and [14, 15] only works for quivers with vector-like matter fields.?®> Moreover, there
are accidental flat directions at large N and the R-charges parameterizing the baryonic
symmetries disappear from the free energy functional Fgs(Aj) [5]. Correspondingly, the
topologically twisted index (1.2) only depends on a combination of magnetic charges cor-
responding to the mesonic directions [14, 15]. It is not clear to us if this is just due to
our ignorance about more general saddle points in the large N limit or it is the signal of

2More precisely, the bi-fundamental fields must transform in a real representation of the gauge group
and the total number of fundamentals must be equal to the total number of anti-fundamentals.
3For an attempt to circumvent this problem see [8, 46, 47].



something deeper. The construction in [41, 42] seems to work for a generic twist. This
does not necessarily guarantee that a corresponding supergravity solution really exists.
Nevertheless, there are certainly examples of consistent supergravity solutions with only
baryonic charges [17, 48]. A field theory computation for such solutions is still missing.

In our analysis of the mesonic twist we uncover some general geometric relations on the
Sasakian volumes of cycles in Y7 that deserve attention in their own right and are discussed
in section 4.4 and demonstrated with examples in section 5.

The paper is organized as follows. In section 2 we discuss general features of three-
dimensional toric quivers and their twisted compactifications. We review the equivalence
between F-maximization and volume minimization, and the construction in [41, 42]. In
section 3 we show that the formalism [41, 42] for manifolds Y7 without five-cycles (theories
without baryonic symmetries) is equivalent off-shell to the Z-extremization principle for
black holes in AdS4 x Y7. We consider in details the example of V°2. In section 4, we focus
on the case of toric Y7. We discuss explicitly the case of the so-called universal twist [49]
and we define a three-parameter generalization, the mesonic twist, where again we can show
that the formalism [41, 42] is equivalent off-shell to Z-extremization. For the convenience of
the reader, the technical aspects of the proof are deferred to appendix A. In section 4.4 we
discuss some geometrical aspects and the field theory interpretation underlying the mesonic
twist. In section 5 we present several examples based on quivers for toric Y7 that have been
discussed in the literature. We conclude with discussions and comments in section 6.

Note added. While we were writing this work, we became aware of [50] which has some
overlaps with the results presented here.

2 Extremization principles and their geometric duals

In this section we first review the construction of [2] for computing the volume of a toric
Sasaki-Einstein seven-manifold. We then discuss its relation to the R-symmetry and the
free energy of the holographic dual SCFT on a three-sphere, as shown in [4-6]. In the
second part of this section we give an overview of the geometric dual of the Z-extremization
principle [11] obtained recently in [41, 42].

2.1 F-maximization from geometry

We are interested in gauge theories that are holographically dual to AdS4 x Y7 backgrounds
in M-theory, where Y7 is a Sasaki-Einstein manifold. The holographic dictionary relates
the volume of the Sasaki-Einsten manifold to the S free energy of the dual CFT [4]

(2.1)

Many N = 2 quivers describing such theories have been proposed in the literature. Most
of them are obtained by dimensionally reducing a parent four-dimensional quiver gauge

“Examples of possible obstructions are discussed in [41].



theory with bi-fundamentals and adjoints with an AdSs x Y5 dual, and then adding Chern-
Simons terms (whose levels sum to zero) and flavoring with fundamentals.

The value of Fgs and the exact R-symmetry of a three-dimensional N' = 2 theory
can be found by extremizing the S free energy as a function of the R-charges A; of
the chiral elementary fields and monopoles [1]. This procedure is called F-maximization.
The R-charges A; parameterize the mixing of the R-symmetry with the abelian global
symmetries of the theory. We will distinguish between mesonic and baryonic symmetries.
For theories dual to AdS4 X Y7, mesonic symmetries are associated with the isometries of
Y7, which we take to be U(1)®, with s > 1. We will be mostly interested in the toric case
where s = 4, but we will also consider non-toric examples. One of the mesonic symmetries
is the exact R-symmetry and the other s — 1 are global symmetries. In addition, we have a
baryonic symmetry for each non-trivial five-cycle S, of Y7. They are holographically dual
to the gauge fields that we obtain by reducing the M-theory six-form potential on the five-
cycles S, [51-53]. In supergravity language, the corresponding vector multiplets are called
Betti multiplets.” In most of the known examples, the three-dimensional ' = 2 theories
are quiver gauge theories that can have U(N)“ or U(1) x SU(N)% gauge groups, where G
is the number of nodes, depending on the choice of quantization [44, 54]. When the gauge
group is U(1) x SU(N )G we have baryonic operators obtained by wrapping Mb5-branes on
the five-cycles and this is the case we will be mostly interested in.”

The gravitational dual of F-maximization is the volume minimization found in [2, 3],
which works as follows. One can relax the Einstein condition on the metric and write
the volumes of a generic Sasaki manifold Y7(b;) and of its five-cycles S, (b;) as functions
of the Reeb vector b = (b1, ba,...,bs). Supersymmetry requires by = 4. In general, the
cone C(Y7) is a Calabi-Yau three-fold. As shown in [2], the extremization of the function
Volg(Y7(b;)) reproduces the Reeb vector b = (b1, by, .. .,bs) and the volumes of the Sasaki-
Einstein manifold Y7. Remarkably, for a large class of examples, the volume functional
agrees off-shell with the S® free energy [5, 6]
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Fos(A7) = N3/2 TN AT (Vo (B ))
53(Ar) 27Volg (Yz(b;))’

(2.2)

with a suitable parameterization of the R-charges Aj(b;) of fields and monopoles. In order
to find the right parameterization, one considers all baryonic operators made with ele-
mentary fields and basic monopoles. These correspond to M5-branes wrapped on linear
combinations of the five-cycles and their dimension can be computed from the correspond-

5Notice that what we call baryonic not always reflects the field theory notion of baryonic symmetry for
the parent four-dimensional quiver. For example, the ABJM theory is dual to AdSs x S7 and there are
no nontrivial five-cycles and therefore no baryonic symmetries in our sense. The baryonic symmetry of the
parent four-dimensional quiver, which is the well-known Klebanov-Witten theory [51], corresponds to an
isometry of S7 and it is a mesonic symmetry in our language.

5There are also quivers with orthogonal and symplectic gauge groups, see for example [55].

"The number of global symmetries is the same for both choices of gauge group, U(N)€ or U(1) x
SU(N) [44, 54]. In the case of U(N)Y, there are no baryons but we have instead monopole operators
obtained by wrapping M2-branes.



ing volumes.® In all known examples, the R-charges A; of fields and monopoles can be
computed as linear integer combinations of basic R-charges, corresponding to M5-branes
wrapped over U(1)® invariant five-cycles S, and expressed in terms of the Sasaki vol-
umes [52, 53]

2 Vols(Sa(b)
- 3b1 VOls(Y7(bZ)) '

In the toric case there are quite explicit expressions for these volumes, which are associated

Aa(bi) (23)

with the vectors v,, a = 1,...,d, of the toric diagram [2, 57|

d
Volg (Y7 (b)) = 311)1 > Vols(Sa(b:)) .
a=1

= (Va, Wg—1, W, Wit1) (Vay Wk, w1, Wy, ) 24
Volg(S,(b;)) = 72 a) Wk—1, Wk We+t1) Vg, Wk, W1, Wy, 7
( a( Z)) 12 (Uaabawkvwk—‘rl)(va,b,wk_l,wk)(’l}a’b’ ’U]17’u}€a)
where w,, k =1,...,4,, is a counterclockwise ordered sequence of vectors adjacent to v,.

There is also an alternative way of computing the volumes using the Hilbert series, for
which we refer to [3, 8, 57]. This method can be used also for non-toric manifolds. We will
see an example in section 3.1.

Notice that, in the large N limit, the free energy Fgs only depends on a set of linear
combinations of the Ay equal to the number of independent parameters b; and correspond-
ing to the mixing of the R-symmetry with the mesonic symmetries. Indeed, as shown in [5],
there are accidental flat directions at large N in Fgs(Aj) and the R-charges parameterizing
the baryonic symmetries disappear from the free energy functional. This should be con-
trasted with the case of a-maximization and its relation to volume minimization [61], where
the baryonic symmetries explicitly enter in the trial a-charge. Extremizing Fgs(Ar), we
can only predict the exact R-charges of the mesonic operators of the theory. However, when
the gauge group is U(1) x SU(N)%, consistency of the solution allows to derive constraints
expressing some of the remaining R-charges in terms of those appearing in Fgs(Aj) [5].
This can be used to compute the exact R-charge of some baryonic operators in the theory.
We will see examples of such constraints in section 5.

2.2 ZT-extremization from geometry

We are actually interested in twisted compactifications of the three-dimensional N = 2
theories discussed in the previous section on a Riemann surface X; of genus g. The holo-
graphic dual is an M-theory background AdSs x Yy, where topologically Yy is a fibration of
Y7 over ¥y, and can be interpreted as the horizon of magnetically charged BPS AdS, black
holes. As in the original computation in [11, 12] for AdS4 x S7 black holes, the entropy of
magnetically charged BPS black holes should be obtained by extremizing the functional

I(Ar,ng) =log Zy w51 (Ar,np) (2.5)

8 Although there is no general prescription for arbitrary Y7, not even for toric manifolds, this can be done
in general for a large class of models including those in [56-60], using perfect matchings and the symplectic
quotient descriptions of Y7.



where Zy , 51 (A, ny) is the topologically twisted index [13], ny denote the magnetic charges
and A are chemical potentials associated with elementary fields and monopoles. We refer
to this principle as Z-extremization. A field theory computation, valid for a large class of
theories, shows that, in the large N limit, the Z-functional can be parameterized in terms
of the R-charges of the fields and reads [14]

1 0Fgs (A
I(A[,nj) = —2211];;1(11). (2.6)
1

This formula (2.6) is only valid for an R-charge parameterization that makes Fgs(A) homo-
geneous.” The same accidental symmetry that affects the large N limit of the S® free energy
appears in the computation of the topologically twisted index at large N, and, therefore,
the Z-functional only depends on R-charges and fluxes along the mesonic directions [14].
The gravitational dual of Z-extremization has been found in [41, 42]. The authors
of [41, 42] considered a class of off-shell backgrounds by imposing supersymmetry but
relaxing the equations of motion. More precisely, they considered M-theory backgrounds

of the form ) o 9B/3 /o )
ds?, = L2 2B/ (dsRqg, + dsg) 2.7)
G = L*Volpgs, A F, '
where F' is a closed two-form on Yg and
ds? = n* + eBds?. (2.8)

Here, n = (dz + P)/b;, where p = dP is the transverse Ricci form, and ds? is a Kihler
metric. The Reeb vector field associated with the R-symmetry reads

=010, =) bid,,, s>1, (2.9)
=1

where 0, are real holomorphic vector fields generating the U(1)® action on Y7. When Y7
is toric, s = 4. Finally, the closed two-form F' is given by

F=-bJ+d(e"n), (2.10)

where J is the transverse Kéahler form. Supersymmetry requires b1 = 1.
For the background of interest, the transverse Kéhler cohomology class decomposes as

J = AVols,, +w, (2.11)

where w is a transverse Kéhler form on Y7 and A > 0 is a constant parameterizing the
Kahler class of Y;. We normalize fzg Voly, = 1. The fibration of Y7 over ¥ is specified by
s integer magnetic fluxes n;. We can introduce them through s U(1) gauge fields A; on 3

1

o ZBFizniez, i=1,...,s, (2.12)

%For an arbitrary parameterization one can use (1.1). The expression (1.1) can be used also for
parameterizations of fluxes and R-charges, where a set of Ar satisfies some linear constraint, provided that
the corresponding n;/(1 — g) satisfy the same constraint. See [14, 15, 22, 43] for details.



where F; = dA;. Supersymmetry requires
ny=2-—2g, (2.13)

that we refer to as the twisting condition.
As shown in [41, 42], the on-shell background and the exact R-symmetry vector can
be found by extremizing the supersymmetric action

Ssusy (& [J]) = é/y nApAJ?, (2.14)

which is a function of the Reeb vector and the cohomology class of .J, with the constraint

/ nAp AJE=0. (2.15)
Yo

The flux quantization conditions also require!”

/n/\p/\J2:2N, (2.16)
Y7
where N is the total number of M2-branes and

/ nApAJE=—-20,N, (2.17)
SaxXg

where n,, is an integer, for all five-cycles S, C Y7, and a = 1,...,dim H5(Y7,Z). The integer
numbers n; and n, are interpreted as the magnetic fluxes of the twisted compactification
on Y4. The n, are associated with the baryonic symmetries and the n; associated with the
mesonic ones. Finally, the R-charge of an operator obtained by wrapping a Mb5-branes on
a five-cycle S, C Y7 is given by [41, 62]

R[S.] = 277/ nAw?, (2.18)

where w is the restriction of J to Y7. Since this is the R-charge of a baryonic operator,
RI[S,] is proportional to N.

As noticed in [41, 42] in the specific example of the magnetically charged AdS, black
holes of [63], the on-shell value of Ssygy reproduces the entropy. This is also true for all
magnetically charged black holes in AdS; x S, as indirectly checked in [43] by comparing
with Z-extremization. Since Ssusy is related to the holographic free energy of the horizon
solution, and the latter to the entropy by general arguments [17, 26, 27], we may expect
this to be true in general. If this is the case, the construction in [41, 42] gives an efficient
method to write the entropy of a class of black holes from few geometrical data, even
without knowing the explicit metric on Y7.

0Comparing with [41, 42], we set for simplicity L° = (27lp)® and M, = —Nn,.



3 Theories with no baryonic symmetries

In this section we consider the case of manifolds Y7 with no non-trivial five-cycles and there-
fore dual field theories with no baryonic symmetries. Examples include Y7 = S7, whose dual
is the ABJM theory [44], and the non-toric V52 = SO(5)/SO(3), whose dual field theory
has been found in [45].1' For the ABJM theory, we already checked in [43] that S(b;, n,) is
equal off-shell to the Z-functional (2.6). In this section we will check that this is also true for
the case of V52 and, in general, for all manifolds Y7 with a U(1)* action and no five-cycles.

It is convenient to first rewrite the conditions of supersymmetry as follows [41, 42].
The supersymmetric action can be written as [42]

A T
SSUsyZ; YTI/\ﬂ/\WZ_gblv Y77/\W37 (3.1)
7 7

where we defined the operator
S
V= Zni({)bi . (3.2)
i=1

We can also write the constraints (2.15) and (2.16) as

1
N =— / nApAw?,
2 Jy,
(3.3)
A/ 17/\p2/\w:—7m1/ NApAW?+70V [ nApAw?.
Y7 Yz Y7
The derivation of (3.1) and (3.3) is given in [42] for toric Y5 but extends with little modi-
fications to seven dimensions and to the non-toric case.

We are interested in manifolds Y7 with no five-cycles. The supersymmetry condi-
tions (3.1) and (3.3) only depend on the cohomology classes of w and p on the foliation
transverse to the Reeb vector action. Focusing, for simplicity, on the quasi regular case we
can take the quotient with respect to the Reeb action, and consider the base V = Y7/U(1).12
The manifold V' has only one two-cycle and, therefore, w and p are proportional in coho-

mology b
1= 324, (3.4

where A(b) is a function to be found. Using (3.4) and the first equation in (3.3), we then

A(b) = £2by, /fyij\/f\p‘g . (3.5)

Using the last equation in (3.3) we find

obtain

=z Ap®=— A 2mb1 VN 3.6
%% /Y777 p o Y777 p” + 211 VN, (3.6)

HGee [60] for an alternative model with fundamental chiral multiplets.
12For example, as a complex manifold, V' can be identified with P? for Y7 = S7 and with the Grassmannian
Gr2(R®) of two-planes in R®, which admits a complex structure, for Y7 = V>2,



and therefore, since VN = 0,
TNAA

2by

Now we are in a position to evaluate the functional (3.1). We may write, using the plus

A=— (3.7)

sign in (3.5),

AN b A3 IN)3/2 b3/
SSUSY:/ 77/\P3—7T1V</ 77/\;03>:—7T( ) \4 ! . (3.8)
Y7

8[)% 3\/E /fY7 nA P3

We now notice that the expression

1
1 7

is formally identical to the volume of a Sasakian manifold Y7(b;) with Reeb vector b. Indeed,
this expression can be evaluated using a fixed point theorem which only depends on the
local complex geometry of C(Y7) near the fixed points [41]. Hence it formally coincides
with the expression for the Sasakian volume of Y7(b;) computed in [2, 3] and given in (2.4)
in the toric case. Form now on, we will understand the explicit dependence on b; in (2.4)
and just use the subscript S to indicate that the volumes are computed using the Sasaki
metric on Y7(b;).
We conclude that the entropy functional S(b;, n;) is given by
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N2, (3.10)

4
S(b;,n;) = 87 Ssusy = *\/Ev 27Vols(Y7)

Notice that, since the equations involve derivatives with respect to b1, we can set by = 1,
as required by supersymmetry, only at the end of the computation.

We are considering manifolds with no five-cycles. However, in analogy with the toric
case that we will discuss in the next section, we can consider the set S, C Y7 of U(1)*
invariant submanifolds of dimension five and formally extend the quantization condition
to these cycles. We then also impose [42]

nZN=—-A] nApAw+1hV nAw?, (3.11)
Sa Sa

where n, are integers. Notice that, since there are no baryonic symmetries, the n, must be
linear combinations of the mesonic fluxes n;. Using (3.5) and (3.7) we find

A p? A p?
B = 2N (38700 Ly g ds TP (312
Sy e Jznnp
Defining normalized R-charges (see (2.18))
2 Ap?
A, = - nAw? :47rfSLp3, (3.13)
N Sa fY7 77 /\ p

,10,



we can therefore rewrite (3.12) as
1 1
ha =g (nAg + 01 VA,) = §V(b1Aa) . (3.14)

In many quivers, including those for ABJM and V2, the elementary fields can be associated
with linear combinations of invariant five-cycles S, and their R-charges can be computed
using (3.13).

3.1 Example: the manifold V52

The non-toric Sasaki manifold V52 = SO(5)/SO(3) possesses an SO(5) x U(1)r D U(1)3
isometry, where U(1)p is identified with the R-symmetry on the SCFT side. The base V' is
the Grassmannian Gra(R®), which admits a complex structure, and has only one two-cycle.
The dual gauge theory is given by the quiver [45]

Az

o1 m ¢2
@ Bo @ (3.15)

with superpotential
W =Tr [¢] + ¢35 + ¢1(A1 B2 + AaB1) + ¢2(Ba Ay + B1As)] . (3.16)

We will focus on the quiver with k& = 1 which is dual to AdS4 x V>2. The Calabi-Yau cone
C(V52) is described by the equation

4
>z =0, (3.17)

=0

which has a manifest SO(5) invariance. This arises as the solution to the F-term equation
for the adjoint fields

3¢% + A1By + A3 By = 0, o1 = —2, (3.18)
using the variables
1 7
20 = V31, 2155(141—&-32), 225—5(141—32),
1 ; (3.19)
ZgE§(A2+Bl), Z4E—§(A2—Bl).

The R-charges of the adjoint fields are constrained by the superpotential to be Ay, = 2/3
while those of the bi-fundamental fields must satisfy

4
AA1+ABQZAA2+ABIZ§' (3.20)
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There are five obvious U(1)3 invariant divisors in C(V>?2) that are obtained by setting

¢1 =0, A1 =0, Ao =0, By = 0 and By = 0, respectively; and can be associated in a

one-to-one way to the fields. The restriction to V2 gives five invariant five-cycles S,.
The S? free energy was derived in [5-7, 15] from localization and reads

4w N3/2
3

Fgs(A,) = VAL ALAR AR, . (3.21)

In order to compute the volume (3.9) we can use the Hilbert series method [3, 8, 57,
64].'3 The Hilbert series is just the generating function of holomorphic functions on the
cone C(V>?), graded under U(1)3. We assign fugacities to the fields

a1 ol

€b
¢1—>6_T1A¢1 =t, Al — e 1A =t/y, Ag — e~ 7 B4 =t/x,
eblA eblA (322)
By —e 178 =tx, By e 1582 =ty,

where t corresponds to the R-symmetry, = and y are fugacities for the Cartan of SO(5),
and € is just a rescaling parameter that we will send to zero at the end of the computation.
Since C'(V?) is a complete intersection, its Hilbert series is simply given by

1—¢t2
(L=t —tx)(1 —t/x)(1 —ty)(1 = t/y)

H(t,z,y) = (3.23)

The volume (3.9) of V52 can be extracted as the coefficient of the leading pole in H (¢, z, )
when € — 0 [3], i.e.

4 1 5,2
H(t,x,y)w—iwy), ase— 0. (3.24)
T €
Hence, we obtain
4Nt 1
Volg (V52 :W<> . 3.25
s =510 Aa A, Ap Ap, (3:25)

Comparing (3.21) with (3.25), we see that (2.2) is satisfied, when we set b; = 4, as ap-
propriate for three-dimensional computations. We thus see that volume minimization is
equivalent to F-maximization off-shell.!4

The action of the Reeb vector on the fields is the linearization of the U(1)r x SO(5)
action, namely (by,be,bs) ~ log(t, z,y), and, therefore, from (3.22) we read

A 2 A _2bi—bs _2bi—by _2bitb _ 2b1+b3
T3 SAMT R TR Ty 0 SBRT Ty SR Tyt
(3.26)

where we normalized the R-charges by requiring that Ay, = 2/3. The same expression
can be derived by evaluating the volumes (3.13) as a limit of the Hilbert series for divisors,
using the method discussed in [57]. The volume (3.25) then reads

5474
(bl — bz)(bl + bg)(bl — b3)(b1 + bg) )

Volg(V5?) = (3.27)

13We refer to these papers for more details on the method.
'“The on-shell equivalence was proved in [5-7].
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From (3.14) we also find

ni _nip—ng Ny —n2 _n1—|—n2 _n1+n3

_ M - = = 3.28
n 3 n2 3 , N3 3 y g 3 y N5 3 ) ( )
where we associate a = 1,2,3,4,5 to (¢1, A1, A2, B1, Bs) in this order.
At this point it is straightforward to check that
2776 1<~ 0Fgs(Ag)
S(b;,n; = AV = N3/2 =—— S8 Fae) 3.29
( [ nz) by=1 27VOIS(V572> b1 2 az:lna aAa ( )

where, this time, we set by = 1 at the end of the computation. To obtain the correct
normalization it is important to remember that, for black hole solutions, supersymmetry
requires by = 1, while, for volume minimization, we impose by = 4. We learn that the
construction in [41, 42] is equivalent off-shell to Z-extremization

S(bi, 1) = Z(Ag, a) (3.30)

The same analysis can be applied to other Sasaki-Einsten manifolds Y7 without five-
cycles. In particular, it applies to some of the models recently discussed in [10]. We can
also provide a very general argument that applies to many different theories and it is based
on very few assumptions.

3.2 A general argument

On general grounds, the entropy functional (3.10) coincides with the Z-functional (2.6) for
all quivers with no baryonic symmetries where the off-shell equivalence of F-maximization
and volume minimization (2.2) is valid. Indeed, for any quiver gauge theory with superpo-
tential W =" W,, the R-charges of the fields must satisfy

Yo Ar=2, (3.31)
IeW,

for each superpotential monomial W,, where the sum is restricted to the fields that appear
in W,. Similarly, the fluxes are constrained to satisfy

d np=2-2g, (3.32)
IeW,

for each superpotential term. This is just the twisting condition (2.13). In theories with no
baryonic symmetries, there is the same number of independent A; and n; as the number of
independent components of the Reeb vector. There must be then a linear relation among
the A; and the b;,

s bz
A[:ZO(HE, (333)
i=1

that parameterizes the U(1)® action on the R-charges. By consistency, a similar linear
relation exists between the n; and the n;

S
.
ny=> g (3.34)
=1
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where the normalization is determined by comparing (3.31) and (3.32), and recalling that
ny = 2 — 2g. These expressions generalize (3.26) and (3.28). We now assume that, for our
theory, F-maximization is equivalent to volume minimization, i.e.

276

Fas(Ap) = N3/2, | ="
s3(A1) 27Volg(Y7) '

(3.35)
when substituting (3.33) and imposing b; = 4. We also assume that there exists a param-
eterization of R-charges such that Fgs(Aj) is a homogeneous function of degree two. This
is generally the case. We can then write

2
Fgs(Ap) = 4< > AI) f(Ar), (3.36)
I1eW,
for some choice of a term W, in the superpotential and a function f(A;) homogeneous of
degree zero. Since Volg(Y7) is homogeneous of degree minus four in b;, we must also have

i () (). o
=1

for the same function f. Setting b; = 4 and using (3.33) and (3.31) we find indeed (3.35).
It takes then a short computation to show that (3.36) and (3.37) imply

s

6
- 2n 3/2 72 8F53 = T(Ag,ng), (3.38)

bi, ni =4V oo
SOl = =4V srvels vy

bi1=1

using (3.34) and setting by = 1 after taking derivatives. This confirms the off-shell equiva-
lence of the entropy functional with the Z-functional.

In quivers where the elementary fields can be associated with linear combinations of
invariant five-cycles S,, their R-charge can be computed using (3.13). By consistency, the
result must reproduce (3.33). Formula (3.14) is then clearly consistent with (3.34).

4 Extremization for toric manifolds

In this section we consider the F-maximization and Z-extremization principles in the case
of toric manifolds. We will first review the construction of [42] for the toric case. We
will then see that for the class of compactifications with a particular mesonic twist, the
construction in [42] is equivalent to Z-extremization. We will also comment about the
general case.

Recall that the Sasaki-Einstein manifold Y7 is toric when it has isometry U(1)*. In this
case, the cone over Y7, C(Y7) is a toric Calabi-Yau four-fold, which can be characterized
in terms of combinatorial data associated with a toric diagram. Indeed, C'(Y7) can be
described by a fan generated by d four-dimensional vectors v, = (1, 9,). The toric diagram
is the three-dimensional polytope in R?® with vertices the integer points @,. The toric four-
fold C(Y7) has exactly d U(1)* invariant divisors D,,, one for each vertex #,. The restriction
to the base Y7 gives rise to U(1)*-invariant five-cycles Sy, a = 1,...d. Since dimHs5(Y7,Z) =
dimHs(Y7,7Z) = d — 4, only d — 4 of these cycles are inequivalent in cohomology.
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4.1 The conditions of supersymmetry for toric manifolds

The off-shell family of supersymmetric backgrounds of [41, 42] can be parameterized by the
Reeb vector b = (b1, be, b3, by) with by = 1 and by the cohomology class of the transverse
Kaéhler form. In the toric case, this can be specified as follows [41, 42]. It is useful to restrict
to the quasi regular case where the quotient with respect to the Reeb action, V = Y7/U(1),
is a six-dimensional compact toric orbifold. The restriction of w and p to V' can be written
in cohomology as

d d
[w] = =27 Z AaCa [p] =27 Z Ca (4.1)
a=1 a=1

where ¢, are the Poincaré duals of the restriction of the d toric divisors to V. The pa-
rameters A\, parameterize the cohomology class of the transverse Kéahler form J. Since
dimHy(V,Z) = d — 3, only d — 3 parameters \, are independent. The Sasaki case is
recovered for A, = —1/(2by).

The master volume is then defined as the volume of the dual polytope associated with
the Kéahler parameter A, [42]:

_1 _ (o) -
V= 6/1/777/\“’3— o Vol e HO @ -w0,va) 2 Aasa=1,...4}),  (42)

where H(b) is the hyperplane (y,b) = 1/2 and yo = (1,0,0,0)/(2b1). The master vol-

ume (4.2) is invariant under

4
Ao = Ao+ D Libivl —b), Va=1,....d, (4.3)
i=1
and this leaves indeed d — 3 independent A, since [; does not contribute (vé =1,Va =

1,...,d).

The twisted compactification is specified by four mesonic fluxes n; and d — 4 baryonic
ones n,. They can be conveniently parameterized by d integer magnetic fluxes n,, one for
each toric divisor. The supersymmetry and flux quantization conditions for the off-shell
background can be then written as [42]°

d
BY
N=- = ON,’
d 4
A 92y Y
aN =~ - i ;
" o 2= DX b ;” a0l (44)
d d 4 d
A 92y ) 92V
o a%; Nadry Zl ox, U1 z:: i Z ONa0b;

Notice that n; and n, are not independent. Consistency of the equations above requires
n; = Zgzl ving,. In particular, the twisting condition (2.13) becomes

d
Zna:2—2g. (4.5)
a=1

'®In order to compare with [42] one must set L® = (27p)°, A, = &2 and n, = — 2.
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The total number of independent fluxes is d—1, corresponding to d —4 baryonic symmetries
and three mesonic ones. With n; = 22:1 ving, only d—2 equations in (4.4) are independent
and allow to determine the d — 3 independent A, and the area A as a function of n, and b;.
Notice that, since the equations involve derivatives with respect to by, we can set by = 1
only at the end of the computation.

One can also simplify Ssysy, and define the entropy functional [42]

)Y Loy
S(bi, na) = 87T2SSUSY = —8x? (A + 27hy ’I’Ll) (4.6)
; O z} i) 1natom), Ao
For future reference, we also define the on-shell value of the master volume (4.2):
on-she bia a) = . 4.7
Voush H( " ) 4 Aa(bn), A(b,n) ( )

We can explicitly solve the conditions of supersymmetry for a certain class of twisted
compactifications. In order to simplify the exposition, we summarize the results and refer
to appendix A for the proof.

4.2 The universal twist

The simplest case of twisting is when we twist the theory only along the exact R-symmetry
of the theory, i.e.

Ty, Vi=1,...,4. (4.8)

Recall that n; = 2 —2g. This is the so-called universal twist [49]. According to the general
argument in [17], we expect that the entropy of the black holes is given by

SpH = (g - 1)F53 . (4.9)

This formula indeed follows from the conditions of supersymmetry (4.4). The argument is
analogous to the similar one discussed in [42] in the context of c-extremization.
As shown in appendix A.2, there is a solution to the equations (4.4) where all the A,

are equal'®

Aa=—=A, Va=1,...,d. (4.10)
Consistency of the equations (4.4) then implies that

n, = & (27rV015(S‘1)> = EAa(bi), (4.11)

2\ 3b; Vols(Y7) 2
where we introduced the set of basic R-charges (2.3). Notice that Zizl Aq(bj) = 2. Note
also that Zzzl n, = n; hence (4.5) is correctly satisfied.
The entropy functional (4.6) becomes

6
S(biyng) = — 2 /2 2m

SN 4.12
b/ 27Volg(Y7) ’ (412)

16\We normalize in such a way that A = 1 corresponds to the Sasaki case.
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where Volg(Y7) is the Sasaki volume (2.4). The volume functional Volg(Y7) is extremized at
b; /by = b;/b1, with b = (4,bg, b3, bs) being the Reeb vector of the Calabi-Yau four-fold [2].
In our case supersymmetry requires by = 1 and we obtain b; = b;/4, and thus, using the
homogeneity of the volume function,

Volg(Y7 = 41Vol(Y7), (4.13)

)‘6:5/4

where Vol(Y7) is the volume of the Sasaki-Einstein manifold. The entropy functional (4.12)
at the extremum is then given by

_ M ar3/2 27

S(bi7“a)|b:5/4 — 7 27Vol(Y7)

=(g—1)Fss, (4.14)
where we set by = 1 and used (2.2) and (4.5). This is in agreement with the results

in [14, 17]. Note also that
1

6473

Finally notice that, since volume minimization is the dual of F-maximization, at the
extremum, the R-charges A(b;) becomes the exact R-charges of the fields of the three-
dimensional CFT.!" Therefore, the relation (4.11)

Von—shell - FS3 . (415)

Ng = (1 - g)Aa‘b:l;/4 ) (416)

tells us that all the fluxes are proportional to the corresponding exact R-charges, hence
confirming that we are dealing with the universal twist. Since the fluxes n, must be
integers, the universal twist is defined only for manifolds Y7 where the exact R-charges A,
are rational and for certain values of g. Examples of Sasaki-Einstein manifolds with known
duals admitting the universal twist are discussed in [17].

4.3 Mesonic twist

In this section we perform a particular topological twist that we dub mesonic twist. It
depends on three magnetic fluxes that we can take to be the n; (recall that n; = 2 — 2g).
It is characterized by the d — 4 conditions

d
Y BN =0, Vi=1,...,d-4, (4.17)

a=1

on the Kahler parameters A,. Here B(Si) denotes the baryonic symmetries that can be
defined geometrically by the vector identity

d
Y Biv, =0, Vi=1,..d-4. (4.18)
a=1

The condition (4.17) requires a particular choice for the fluxes n, that are specific functions
of b, n; and g, ng = ng(b;, ni,g). As for the universal twist, the quantization conditions

"More precisely, the R-charges of the fields are integer linear combinations of the A(b;).
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for the fluxes give constraints on the twisted compactification. In particular, the value of
b; at the extremum and g must be such that ng(b;, n;, g) is an integer. The constraint here
is milder than for the universal twist, since the value of b; at the extremum can be tuned
by varying n;, but still it restricts the class of solutions.
To study the mesonic twist, it is convenient to use the freedom (4.3) to fix some of the
Aq and work in the gauge
Al =X =X3=0. (4.19)
Furthermore, we will prove in appendix A that there exists a solution to the set of equa-

tions (4.4), compatible with (4.17), such that

1 (v1,v2,v3,v,)
A=————"""—"2X, Va=1,...,d. 4.2
2 (7)171)271)3,1)) “ ( O)

Notice that (4.17) is satisfied as a consequence of (4.18).
As in [43] we define the normalized R-charges

2 2
Aalbing) =22 [ paw? _ 20V S @2
N Js, Naln), Am) NV OXaly (), A
inspired by (2.18). As a consequence of the first equation in (4.4) they satisfy
d
> Ag(biyng) =2. (4.22)
a=1

Quite remarkably, as shown in appendix A.3, the conditions of supersymmetry (4.4) imply
that the A, are actually independent of the fluxes n, and are given by the Sasakian
parameterization (2.3)

27 Vols(Sa)

Aa(bi) - TMW)

Ya=1,...,d, (4.23)

where the volumes are given in (2.4). They satisfy the useful identity
bk- k
2 => WhAL(bi),  VE=1,....4, (4.24)

The on-shell value of the master volume can be written as

N3/2 276 1
= = Faz(A,), 4.2
1237 \ 27Vols(v7) ~ 6dr® 59(Aa) (4.25)

Von-shell (bz)

where in the last step we set by = 1 and used the equivalence between volume minimization
and F-maximization, see (2.2). More precisely, since Volg(Y7) is a homogeneous function
of the b; of degree —4, and we can choose Fgs(A,) to be homogeneous of degree 2, we can

write
276 b;
N3/2 R b2 e
27Volg(Y7) i/ (bl) ’
(4.26)
d 2 4 viA
FS3(Aa)_4(;Aa> f((; 2 >
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for some function f. Setting b; = 4, as appropriate for F-maximization, we find (2.2).
Setting b; = 1, we find (4.25).
The entropy functional (4.6) is given by

4 276
S(b;,ng) = ———V N3/2, 4.27
( ) Vb1 27Volg(Y7) ( )
where we defined the operator
4
V= an@bi . (4.28)
i=1

Notice that, since V explicitly takes a derivative with respect to b1, we can set by = 1 only
at the end of the computation.

On the other hand, the topologically twisted index of N/ = 2 theories in the large N
limit reads [14]

T(Ay,ny) = —% 3, st Ba). (4.29)

It takes a short computation to show that (4.26) implies

d

1 OFss(Ag
:_22% 8 ( ):I(Amna), (4.30)

— 2 3/2 0l 53(Ra)
0A,

SCumi)], = =4V o)

b1=1

4
where we used n; = >0 v}

functional with the Z-functional.

ng. This confirms the off-shell equivalence of the entropy

As anticipated, the solution is only consistent if we impose the following constraints
on the fluxes 1
ng = §V(61AQ), Va=1,...,d, (4.31)

leaving only the n; as independent fluxes. Notice that, as required by consistency,

d d
1
321 VgNg = B aEZI V(bivaAy) =Vb=n, (4.32)

where we used (4.24).
Note that (4.27) and (4.31) for the mesonic twist are formally identical to the expres-
sions that we found for theories with no baryonic symmetries, (3.10) and (3.14).

4.4 Interpreting the mesonic twist

The condition (4.17) and the constraints (4.31) have a nice geometrical interpretation.
The condition (4.17) is equivalent to requiring that the R-charges A(b;) are parameter-
ized in terms of the Sasaki volumes as in the three-dimensional F-maximization problem.
Since (4.23) only depends on the Reeb vector components b;, there are d — 4 constraints
among the A(b;). In all the examples that we have checked, these constraints can be writ-
ten as cubic polynomials in the A,. Moreover, they can be compactly written in terms
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of derivatives of a single auxiliary quartic polynomial.!® In all known examples, there
exist indeed a quartic polynomial agq(A) that identically coincides with Fgs(A,)? on the
locus parameterized by (4.23) [8, 65]. We have checked that the d — 4 constraints among
R-charges can be written as

d 8(1
ZB 3d =0, Vi=1,...,d—4. (4.33)

Furthermore, we have checked that the constraints (4.31) among fluxes can be written as

d
5 0%azq(A)
(i), 2 2B8\2) P _
GEHB& moA A, =0 Vi=l.o.d-d, (4.34)

which is quadratic in A,. The last statement is equivalent to say that the flux con-
straints (4.31) can be obtained by applying the operator ZZ:I n,0a, to the R-charge
constraints.

There is also some interesting field theory interpretation for some of R-charge con-
straints (4.33). In the available computation for the large N limit of the S® free energy [5]
and the topologically twisted index of N' = 2 quivers [14], they arise when one imposes that
the theory has gauge group U(1) x SU(N)%. The free energy and the index are the same for
U(N) and SU(N) groups and, as already discussed, depend only on a linear combination of
the A, parameterizing the mesonic directions. However, for SU(N) gauge groups one has
to impose that the distribution of eigenvalues of the matrix model is traceless. This gives
some constraints among the A, that allows to fix some of R-charges of baryonic operators,
as already mentioned at the end of section 2.1. In all known examples, the SU(N) con-
straints — when nontrivial — coincide with a subset of the R-charge constraints (4.33).1
We will see explicit examples in section 5.

Finally, we notice that there is a similar story for flows from four-dimensional N' = 1
CFTs to (0,2) two-dimensional CFTs induced by twisted compactifications on ¥4. In this
case, volume minimization [2, 3] is the dual of a-maximization [66] and the construction
n [41, 42] is the dual of c-extremization [49, 67]. A general solution to the equations
in [41, 42] for arbitrary fluxes n, has been provided in [43] together with a general formula
for A,(ng, b;). This solution automatically satisfies

d

802d a4d(A)_ .
BY Z W OA DA, 0, Vi=1,....d—3, (4.35)

Mg

a=1 b=1

where coq(A) is the two-dimensional trial right-moving central charge, and a4q(A) is the
four-dimensional trial a central charge. Physically, this condition guarantees that the two-
dimensional central charge is extremized with respect to the baryonic directions. Moreover,

18We thank Francesco Sala and Yuji Tachikawa for useful discussions on this point and collaboration on
a related project.

19Since not all baryonic symmetries are realized as ungaugings of U(N) gauge groups, not all con-
straints (4.33) arise in this way. It would be very interesting to find the field theory interpretation of
the remaining constraints.
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using the explicit solution in [43], it is not difficult to show that

d d
ZB((I”/\GZ_(?)W;NZBS)&ZSC‘A(A), Vi=1,...,d—3. (4.36)
a=1 a=1 .

Also in four dimensions, we can restrict to the mesonic twist, defined again by the condition
Y B\, = 0. This condition, using (4.36), then becomes

d
 Baga(A
Sope2uld) o iy a-3, (4.37)

o “0A,
and (4.35) becomes a condition that expresses the baryonic fluxes in terms of the mesonic
ones, n, = n4(b;,n;), as in the three-dimensional case. The conditions (4.37) and (4.35)
are the analogue of (4.33) and (4.34). Notice that (4.37) can be interpreted as the extrem-
ization of the four-dimensional a central charge with respect to the baryonic directions.
As such, it enters as a decoupling condition for the baryonic symmetries in the proof of
the equivalence between volume minimization and e-maximization [61]. We see that, in
the four-dimensional context, the mesonic twist corresponds to enforce the decoupling of
baryonic symmetries before flowing from four to two dimensions. This explains the name
and it was our original motivation for studying it.

We expect that, similarly to the case of c-extremization discussed in [43], one can find
a general solution to the equations (4.4) such that it reduces to the mesonic twist when
further imposing the decoupling condition (4.17). Unfortunately, solving (4.4) in general is
hard because the equations are quadratic in A,. It would be very interesting to see if the
quartic function agq(A) plays some role in the general solution, as its counterpart asq(A)
does for c-extremization [43].

5 Toric examples

In this section we consider some examples of the general construction presented in sec-
tion 4.3. We thus perform a mesonic twist of the three-dimensional A = 2 theories. We
will use the results in [5, 6, 57, 59] to which we refer for more details on the parameterization
of R-charges and the large N limit of S® free energy.

5.1 The C x C geometry

Our first example is a flavored ABJM theory (with Chern-Simons levels set to zero), whose
quiver is depicted below [59, 68]

(5.1)
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where a circular node denotes a U(N) gauge group and the square node denotes a U(1)
flavor symmetry. There are bi-fundamental chiral multiplets between the two gauge groups
labeled by (A;, B;), i = 1,2; fundamental and anti-fundamental chiral multiplets labeled
by (g1,q1). The theory has the superpotential

W =Tr (A1B1A2B2 — A1ByAs By + qlAltjl) . (52)

The moduli space of the quiver gauge theory (5.1) can be characterized in terms of the
fields A;, B; and two monopole operators T and T, satisfying 717> = A; [59]. The
mesonic spectrum is generated by the gauge invariant operators x; = T1B1, o = A By,
x3 = T1By, x4 = AsBy, x5 = T [59], subject to the relation zix9 = x3x4. Hence, the
dual geometry is C x C (C the conifold). Denote the R-charges of the chiral bi-fundamental
fields (A1, Aa, By, Bg) and the monopoles (11, T5) by (Aa,, Aa,, Ap,, Ap,) and (Ar,, Ap,),
respectively. We also define the bare monopole R-charges A,,, and A,,, associated with
the topological symmetries [5], satisfying

Ar —Ap =20m,  Ap=Am, + A, (5.3)

That the superpotential (5.2) has R-charge two, imposes the following constraint on the
R-charges

Aa, + Ay +Ap +Ap, =2. (5.4)

We also introduce the magnetic fluxes (n4,,n4,,05,,18,) and (N, , Ny,). Supersymmetry
imposes the constraint

N4, +na, +np, +np, =2—2g. (5.5)

The dual geometry C x C is specified by the vectors
171 = (03030)7 172 = (1’070)> 63 = (03130)5 174 = (0707 1)7 ’(75 = (17170) (56)

Its toric diagram is shown below

by
V4
b3
U3
V9 (%51
b2 (5.7)
We associate R-charges A, and fluxes n,, a = 1,...,5, to the five vertices v, of the

toric diagram (5.7). They are related to the R-charges and fluxes of the chiral fields and
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monopoles by [5, 59]2

1
Ap, =01+ Ay, Apy,=A05, A, =As, Ap, =A3, Amzi(Al_AéL),
. (5.8)
N4, =0 +n4, Ny, =n5, ng =ny, np,=~n3, nm=§(n1—n4),

where n,, = n,,, + nyn,. The S3 free energy of this theory was computed in [5, (6.9)] and
it reads?!

ATV2N32 (A1 + A2) (A1 + Ag)Ay(Ag + As)(As + As)
Fgs(Ag) = ;o (5.9)
3 Ar+As+ A3+ As
In the SU(N) x SU(N) x U(1) theory one has to impose the additional constraint
A1As — AyA3 =0, (5.10)

as discussed in [5]. This arises due the tracelessness condition on the eigenvalues distribu-
tion. Remarkably, this constraint is equivalent to

5
8a3d(Aa) o
;Ba v 0, (5.11)

where asgq(A,) is given by

5
asa(Ag) = i Z |det(va, Vb, Ve, Ve)| AaApAcAe

a,b,c,e=1 (512)
= (A1A2A3 + A1A3A5 + AgA3Ag + A1A2A5) Ay,
and the baryonic symmetry, characterized by (4.18), reads
B =1, By=-1, B3 =-1, By =0, Bs=1. (5.13)

Since Fg3(A,) is homogeneous of degree two, the topologically twisted index of this theory
is simply given by (2.6), i.e.

I(Aaa na) =

CmVRNSZ (AL + Ag) (A1 + A3)Ay(Aa + As) (A + As)
3 A1+ Ay + Az + As

ny 1 1 1
X |5+ - + n
[A4 <A1+A3 AL+ Ay + Ay + Ag A1+A2> !

B S T P
Ao+ As A1 +A+A3+A5 A+ A

1 1 1
+<A3+A5_A1+A2+A3+A5+A1+A3>n3

1 1 1
+ - + ns| .
<A3+A5 AL+ Ao+ Ag + Ay A2+A5> 5]

20The A, can be associated to a parameterization in terms of GLSM fields. See in particular [59, (6.21)].
2'We correct a typo there.
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The dual polytope associated with the Kahler parameters A, is given by

\Y
v

VI

11

I (5.15)
whose vertices can be found by solving for every distinct triple v, vy, v, the equations

(y_y()vva) :Aaa (y_y07vb):)\b7 (y_y[)avC):)\C? (y_y()?b) :0 (516)
They are related to the facets of the toric diagram (5.7) by

I=(321), II=(431), III = (412),

(5.17)
IV =(345), V =(254), VI=(352).

Note, that the facet (3521) in (5.7) corresponds to a pyramid in R* — this is a singularity
on the facet — and we resolved it by blowing up the surface, i.e. we write it as (321) +
(352). The master volume (4.2) is then easily computed by splitting the dual polytope into
tetrahedra and adding the corresponding volumes. It reads

_87T4(b1 — bg — b3 — b4)2)\? _ 871'4 (b% — b3b2 — bg(b1 — bg — b4)) /\g

V= 3babsby 3b3(by — by — by)bs
87t (b3 — biba — (by — ba)bo + b3) A3 87402 (b1 — by) A3
a 3by(by — by — by)by ~ 3bybs(by — by — by)(by — b3 — by)
874 (by — by — by — by)2 A2 874ba A2 A5

3(by — by — ba)(by — bs — ba)bs (b1 — by — by)(by — bs — by)
A s A
4 2 3 4 2
— 8mt(by — by —bs — b A
S (b = bz = by = ba) <b3b4 b T b2b3> 1

1 gt <)\3 (b= by (b1 —bg — b4))\5) \2

by b3(by — b2 —by) a (by — by —by)by ) 72

by 2 2 2\ 2A3\ b2 b2
4 279 3 4 3N\4 4N\ 313
8 <b3b4 b4 b3 ) b2 b2b3 b2b4) !

8ri(bs — by —bs —b)A N 8rt ((b1 —by—b)As (b2 — bg))\4> 2
(by — b3y —by)(by — by —by) by — b3 — by by by 3
L (X2 2050 b2 (by — by — by — by) A2 MM
+ 87T -— — — — )\2
by by b3(b1 — by — ba) (b1 — ba — ba)by by — by — by
g b2 (by — by — by — by)A2

M5 Ay — A3 5.18
bl—bg—b4<bg T edsd by 3 (5.18)
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From now on, we work in the gauge (4.19), i.e. \; = A2 = A3 = 0. Using (4.4) and (4.20),

we may fix the remaining A\, as

VN |babs(by — ba — by)(b1 — b3 — bg)

M= - ,
4 2/272 b1 (b1 — ba)by

A5 =0. (5.19)

Notice that )" B,A, = 0, as it is required by the mesonic twist. The last equation in (4.4)
is easily solved for A. Plugging the solutions for A and A, back into (5.18) we obtain

N3/2 [bobsby(by — by — by)(by — bz — by)
V. n- = . 5.20
on-shell 6\/57‘1’2[?1 \/ bl(bl — b4) ( )
For the entropy functional (4.6) we find that
2/2rN3/2 [babsby(by — by — by) (b — bz — by)
S(bing) = — 5.21
(boma) =5 by (b1 —ba) 21
<n4+ ((bl—b4)2+2b2b3) nm (b%—(b3+2b4)b1—2b2b3—|—b4(b3+b4)) no
by (b1 —by)(by —ba—byg)(by —b3—by) ba (b1 —bg)(by — b3 —by)
(b% — (b2 + 2b4)b1 + bz21 + 52(b4 — ng)) ng (2b2b3 +b1 (bg + bg) — (bz + b3)b4) 115)
b3 (b1 —ba) (b1 — b2 —by) babs (b1 —bs) ‘
Using the expression (4.21) for the R-charges, we also obtain
Alz2(b1—62—174)(b1—bg,—b4)7 A2:2l)g<1_ b3 >
b1(b1 — by) b1 b1 — by (5.22)
A_2b3<1_ by ) A—@ As — 2b2b3 .
P by —by)’ T * 7 by(by — ba)

Let us emphasize again that in the case of the mesonic twist the R-charges are independent
of the magnetic charges and coincide with the Sasakian parameterization (2.3). Notice
that the R-charges (5.22) automatically satisfy (5.10). Finally, the second equation in (4.4)
imposes the following constraint on the magnetic fluxes

5
0
0= Asn; — Asng — Aonzg + Ay = Z n“@T(AlAB - AgAg) . (523)
a=1 a

Notice that the constraint on fluxes can be obtained by applying the operator Zgzl n,0A,
to the R-charge constraint (5.10). This constraint is also equivalent to (4.34). This will
be true for all other examples in this paper. It is easy to see that, using (5.22) and (5.23),
and setting b = 1,

1. OFgs(A)

M) 2 9Aa

_ _2\/§7TN3/2 in 0/ asa(Ay)

- 3 A,

S(bi,ng) = Z(Ag, 1)

Bab) (5.24)

a=1 Aq (bz)
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We thus proved the off-shell equivalence of the Z-extremization principle and its geometric

dual. It is also interesting to observe that

/
L p(a) NV @ . (62s)

Von-shell<bi) — o _al'§3 = = 5
6473 Aab) 24272 Aa(bi)

5.2 The cone over Q11!
Our second example is a gauge theory described by the quiver [59, 68]

(5.26)
where the notation is understood as before. The theory has the superpotential
W =Tr(A1B1AsBy — A1 B2 A By + q1A1G1 + q2A2G2) . (5.27)
The manifold in this case is Y7 = Q1! that is defined by the coset
2 2 2
SU(2) x SU(2) x SU(2) ' (5.28)

U(1) x U(1)

The cone C(Q""!) determines a polytope with six vertices
h =(1,0,0), v =(0,1,0), u3=1(0,0,1),
7= (L0.0), %= 010, &=(0.01) 529
vy =(1,0,1), U5=(1,1,0), v=(0,1,1).

The toric diagram is depicted below

Us

U1
ba (5.30)

Since dimHs(Q1!,Z) = 2, there are two baryonic symmetries U(1)p, x U(1)p, that are

characterized by (4.18). They are given by

BY =1, BV =—1, BM =0, BM=-1, B =0, B =1,
1 2 3 4 5 6 (531)

B® =0, B =-1, B =1,

{ BP =-1, B®P =1, B =0.
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Thus, the symmetries of the model is SU(2)? x U(1)g x U(1)p, x U(1)p,, where SU(2)? x
U(1)g are the isometries of Q"' (mesonic symmetries). The moduli space of the quiver
gauge theory (5.26) can be characterized in terms of the fields A;, B; and two monopole
operators T} and T5 satisfying 717> = A1 Ay [59]. The mesonic spectrum is generated by
the gauge invariants B; A; and B;Tj, transforming as (2, 2,2) of SU(2)3. Using [59, (6.28)],
and assigning R-charges A7, to the monopoles, we find the relation between the chiral
fields R-charges A; and the basic R-charges A, associated with toric geometry

Ap, = Ap, Ap, = Ag, Ap =Az+ Ay, (5.32)
Apy =Ax+ Az, An,=As+ A5, Ap =22+ As5. '
The dual polytope associated with the Kahler parameters )\, is given by
viar . VII
IT1 : 1
R A
v I (5.33)
whose vertices correspond to the facets of the toric diagram (5.30) as follows
I1=(645), II=1(634), III=(431), 1V = (415),
(645) (634) (131) (115) 550

V = (251), VI=(265), VII=(623), VIII=(132).

The master volume can be easily computed from (5.33). Since the resulting expression is
too long we report it in the appendix — see (B.1). As before we work in the gauge (4.19).
Using (4.4) and (4.20) we may fix A, and A. Their explicit expressions are quite long and
we shall not present them here. Employing the parameterization (4.21) for the R-charges,

we obtain
A= 2b2(b1763)(1)17b4)(b3+b4)(2b1*bQ*bg*lM)
b1 (2(b3ba+b2(b3+b4))bF — (b3 +ba)b3 + (b3 +6babs +b3) ba +b3ba (b +ba)) b1 +2b2b3ba (b2 +b3+ba))’
Ay 2(b1—b2)b3(b1—b4)(2b1—bz—bg—b4)(b2+b4)
b1 (2(b3ba+b2(bs+ba))bT — ((bs+ba)b3+ (b3 +6bsbs+b3 ) ba+b3ba(bz+bs)) b1 +2b2b3ba(ba+b3+bs))’
A= 2(b1—b2)(b1—b3)(b2+b3)ba(2b1 —ba—bz—ba)
by (2(b3ba+b2(b3+b4))b3 — ((b3+ba)b3 + (b3 +6babs +b3) ba+b3ba (b +ba)) b1 +2b2b3bs (b2 +b3+b4))’
A 202 (b1 — b3 )ba (2b1 — by —ba) (b —ba —bs —ba)
b1 (2(b3ba+b2(bs+ba))b — ((b3+ba)b3+ (b3 +6babs+b3 ) ba+b3ba(bz+ba)) b1 +2b2b3ba(be+b3+b4))’
N by (21 —bs —bs) (b1 —ba) (b1 — bz —bs —by)
by (2(b3ba+b(b3+ba))b% — ((b3+ba)b3 + (b3 +6bsbs+b3) ba+b3ba(bz+ba)) b1 +2babsba(by+b3+ba))
A (b1 — b2 )bs (2b1 — b — ba) (b — b — b — ba )b _
b1 (2(53b4+b2(b3+b4))bf—((b3+b4)b§+(b§+6b4b3+bﬁ)b2+bsb4(b3+b4))b1+2b2b3b4(b2+b3+(bg)i)))5)
Notice that the R-charges (5.35) are independent of the fluxes and they satisfy
6
S BY a““ ) —0 fori=1,2, (5.36)
a=1
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with [8]

6
Z ’det(vaa Up, Ve, Ue)‘ AgApALA,
a,b,c,e=1 (537)

1
+ §(A2A4 + A3A5 + A1Ag)? — (AgAL)% — (A3A5)? — (A1 Ag)2.

1

asq(Aq) = 51

Explicitly, we only write one of the two constraints that we will use later on, i.e.

(A1Ag — Ao Ay) (A1 + Ay + 2A3 + Ay + Ag)
As + =0. 5.38
b 2(A1A6 — A2A4) + Ag(Al — Ay — Ay + A@) ( )

The associated constraint on the magnetic fluxes follows from the second equation in (4.4)
and it can be written as

6
0
a=1

= — (A 4 2A1 A6 + AsAg + 28306 + AgAg + 28506 — AoAy + AgAs) ny
(A7 + A1 AL+ 200A4 + 28304 + 28504 + AgAy + AgAs — A Ag) no (5.39)
(20004 + AsAy — A A5 + AgAs — 201 A — AsAg) 03

(A3 + A1Ag + 20305 + 284 Ao + 20509 4+ AgAg + AgAs — A1 Ag) ny

— (A1A3 — AgAz — AyAz + AgAz — 209A4 + 21 Ag) 15

— (AT + AoA1 +2A3A7 + AyA; + 20501 4+ 206A1 — AgAy + AzAs) ng.

To compare with the results in [5, 15], using the symmetries of the quiver (5.26), we restrict

1 1
Al=Ag=1-A, A2:A5E§(A—Am), A3:A4E§(A—|—Am),(540)
1-— 1-—
m=n=(1—-g)(1—m), ny=n5= 5 g(nfnm), ng =g = g(n+nm),
where we defined
A — Ap, =20, Ap=Ap, +Any, (5.41)
nr —ng, =20y, Ny, =Ny, 4+ Ny, .
Hence, the constraint (5.38) becomes
2
A= ——. 5.42
= (5.42)
The decoupling condition (5.39) is also simplified to
2A(3 — Apny) + (3—AZ)n—6=0. (5.43)
The S? free energy of this theory was computed in [5, (6.15)] and it is given by
4rN3/2 |1 — A2 |
Fgs(An) = n 5.44
(8w) = T (549
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together with constraint (5.42), that exists in the SU(N) x SU(N) x U(1) theory, see [5,
(6.16)]. The topologically twisted index was also computed in [15, (5.47)] and it reads

_ 2m(1— g)N3/2

T(Ay,, 0y,
( ) 3(3— A2,)%2

(An(5— A2 ), — Aj, 4+ 3A2, —6) . (5.45)

It is easy to evaluate the entropy functional (4.6); using (5.35), (5.40), (5.43) and setting
by =1, we find that
S(bia) = Z( A, t)| (5.46)

It is also interesting to observe that

1
= gam sl

N3/2
Vaza(Am) . (5.47)

Von-she bl NG
hel1 (bi) Any 24272 A (b)

Ap)

Finally, extremizing the index (5.45) with respect to A,,, we obtain

A3 (A2 —9)
m=——ao ot 4
" 15+ A2, (5.48)
Using (5.42) and (5.43), we also find that
2 200
n (5.49)

T 9-3AZ T3(51A2)

As can be seen from the above equations, one can find many twisted compactifications
where the quantization conditions on the fluxes (n,n,,) are fulfilled. In particular, it is
enough to have a rational value for A, at the extremum since then (n, n,,) are also rational.
We then see from (5.40) that we can make all the n, integer by taking the genus g large
enough.

5.3 Flavoring N =8 SYM

We consider the flavored N' = 8 super Yang-Mills whose quiver description is given by [59]

(5.50)
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where the loop around the circular node denotes the adjoint chiral multiplets ¢;, i = 1,2, 3,
and the rest of the notation is understood as before. The theory has the superpotential

T1 T2 T3
W =T («m 02,051+ > V13V + 3 ¢ P2d? + Y q§3)¢3q§3>) . (5.51)
j=1 j=1 j=1

The quantum corrected moduli space of vacua is a toric Calabi-Yau cone, parameterized
by the complex coordinates ¢; and the monopole operators 17, T» fulfilling the constraint

T = ¢ 32 p5° . (5.52)

J
(Th,T3), respectively. We also define the bare monopole R-charge

We assign R-charges (Atvaq(i)aAq(i)) to (¢i7q§i)7q(i)), and (A, Ar,) to the monopoles
j j

Ap — Ap, =2A,,. (5.53)
The superpotential (5.51) and (5.52) impose the constraints
3 3
Z A¢z‘ =2, ATl + AT2 = ZTZ'A@ , Aq(-i) + A[j(-i) + A¢i =2. (554)
i=1 i=1 ! !

Similar constraints exist on the fluxes. The toric cone is determined by the vectors

01 =(0,0,0), vy=(0,1,0), v3=(1,0,0),

. . . (5.55)
Vg4 = (O)O)Tl)a Vs = (0717T2)7 Vg = (1)O)T3)'
The toric diagram is shown below.
by
U5
Vg
V6 :
T I
e
b2 (5.56)
The baryonic symmetries are characterized by (4.18). They read
V=5 pM—_o, BYP=-1, BV="2 B _g, BM=1,
2 ??:; 2 2 2 72 2 2 (5.57)
B =2 P __1, BP=0, BP=-2 BP-1, BY-0.
1 r1
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The dual polytope associated with the Kahler parameters A, is given by

VIII VII
II1 3 1
Ve v
v I (5.58)

whose vertices correspond to the facets of the toric diagram (5.56) as follows

I=(645), II=(634), IIT=(431), IV = (415),

(5.59)
V =(251), VI=(265), VII=(623), VIII=(132).

It is now easy to compute the master volume, whose explicit expression is given in (B.2).
We work in the gauge (4.19). Then, the remaining A\, and A can be found, using the
ansatz (4.20), and solving (4.4) explicitly. In particular,

)\T’i .
% = T 57 > f = 1a 27 5
Ait3 5, or 1 3
5.60
)\ _ \/N be3b4(b1 — b2 — bg) (blTl — b3(7“1 — T’Q) — 62(7’1 — 7“3) — b4) ( )
V272 by (b1 — ba(r1 —12) — ba(r1 —13)) '

Notice that the above solution satisfies (4.17). Plugging these expressions into (B.2), we
find that

Von-shell = N3/2 [bobs(by — by — bg)by (byry — by(ry — r2) — ba(r1 — r3) — by)
on-she 6\/§7T2b1 b1 (bl?"l — b3(1"1 — 7'2) _ b2(7,,1 _ 7"3)) .

(5.61)

For the entropy functional (4.6) we obtain

S(bl, na) =

_2\/§7TN3/2 b2b31)4(bl — bz — bg) (b17“1 — 53(7’1 — ?”2) — b2(7"1 — 7“3) — b4)
3 bl (blTl — b3(7’1 — ?”2) — b2(7"1 - 7'3))
% ( ((bl — b2 — bg)?‘l — 264)111
(b1 — ba = b3)(b1r1 — b3(r1 — 1r2) — ba(r1 — 7r3) — bs)
(1717"1 — b3(7”1 — 27“2) — bQ(’l“l — 7“3))‘[12 (bl’ﬁ — b3(7“1 — 7"2) — 52(7“1 — 27"3))‘(13
b3(bir1 — bg(r1 —r2) —ba(r1 —73) —ba) ~ ba(biri — bs(r1 —r2) — ba(r1 —r3) — ba)
+ (b17"1 — 53(7‘1 — 7”2) — bg(rl — ?”3) — 2()4)‘[14)
(b1 — ba — b3)by '

(5.62)

We assign the R-charge A, and the flux n,, a = 1,...,6, to each vertex of the toric
diagram (5.56). Recall that supersymmetry requires

6

6
dA=2, ) na=2-2g. (5.63)
a=1

a=1
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The R-charges associated to the vertices of the toric diagram are mapped to those of the
chiral fields and the monopoles by [5, (7.10)]

A¢1:A1+A4, A¢2:A2—|—A5, A¢3:A3—|—A6,

3 3 (5.64)
Ap = Z?”z'Az‘, Arp, = ZWAH?,-
i=1 i=1
Using the parameterization (4.21) for the R-charges, we also find
2 (b1 — by — b3)by )
Ar = by —by—b3— ,
"y ( PR T e — b3(r1 —r2) — ba(ry —r3)
2bs ( ba )
Ao =1 :
2Ty biry — b3(ry —re) — ba(ry —r3)
2bs ( by )
A3=—"F(1- ,
STy biry — b3(ry —re) — ba(ry — r3) (5.65)
A, = 2(by — by — by )b
by (biry — b3(r1 —r2) —ba(r1 —13))’
2b3by
AS = )
b1 (bl’l"l — bg(’l‘l — 7“2) — bg(’l”l — 7“3))
2boby
Ag = .
by (bir1 — b3(r1 — r2) — ba(r1 —73))
The R-charges satisfy
AAs —AgAy =0,  AjAg—AzAy =0, (5.66)
These constraints are equivalent to
O, 3 0asa(Ag)
STBMTEASY — 0, fori=1,2, (5.67)
p 0N,
where asq(A,) is given by
1 6
asq(Ag) = 2 bz_l |det(vg, Vp, Ve, Ve )| AaApAcAe
= 11 A1A4(Ag + As) (A + Ag) (5.68)

+ oA A5 (A1 4+ Ag)(As + Ag)
+ 7r3A3A06(A1 + Ay)(Ag + As).

Finally, the second equation in (4.4) imposes the following constraints on the fluxes

6
0
0= Z%TAG(A1A5 — AgAy) = Aing — Aony — Ayng + Asng,
o (5.69)
0
0= ZnaTA(l(AlAﬁ — A3A4) = Aing — Asng — Agnz + Agnyq .
a=1
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These constraints can also be obtained from (4.34). The S free energy of this theory was
computed in [5, (4.10)] and it can be written as

_ 4m/2N3/?2 (Z?:l Tz‘Ai) (Z?:l riAi+3> [T (A + Aiys)
3 Sy ri(Ai + Aiys) '

The topologically twisted index was also computed in [15, (5.56)] and it is given by

Fg3(Aq) (5.70)

6
I(Ag,ng) = —22%%. (5.71)

a=1

It is easy to see that, using (5.65) and (5.69), and setting by = 1,

_ 2VZrN32 26:“ Ov/aza(Ag)

S(bi,ng) =Z(Ag,ng) a
Aa(bi) St 944

)

Aq(by)

(5.72)
Vo (b) = —s Pes (M) AR
n- i) = . =3 a = a a .
on-shell 6473 S3 A 24\/§7T2 3d Autt)
5.4 The SPP theory
We now consider the quiver gauge theory [57]
o
02 @ Al
B (5.73)

describing the dynamics of N M2-branes at a fibration over the suspended pinch point
(SPP) singularity [69]. In the following, we choose Chern-Simons levels (ki, ko, k3) =
(2,—1,—1). The superpotential reads

W ="Tr [d) (AlAQ — C’102) — AyA1B1By + CQClBQBﬂ . (5.74)

Therefore, the R-charges of the chiral fields must satisfy

2 2 2
Ag+d Au =2, Ag+> Ag,=2, > (Mg +Ap)=2. (5.75)
i=1 i=1 i=1
We also introduce the magnetic fluxes (ng,n4,,np;,n¢,) for the chiral fields (¢, A;, B;, C;),
respectively. They satisfy

2 2 2

ng+ Y ma=2-2g, ng+Y ng=2-2g, > (ng,+np)=2-2g. (5.76)
=1 =1 =1
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The toric cone is determined by the vectors

U = (0,0,0), Ty = (1,—1,0), U3 = (27070),

(5.77)
vy = (1,1,0), ¥5=(0,0,1), ¥6=(1,0,1)
The toric diagram is depicted below.
by
Vs
o , b3
V2 Vyg
V3
ba (5.78)
The baryonic symmetries are characterized by (4.18) and they are given by
(1) (1) (1) (1) (1) (1)
YW =1, BWPW—-o, BY=-1, BV =0, BY=_—9 BY=2
1 2 3 4 5 6 (5.79)

B® =—1, BY =1, BY =-1, BP =1, B® =0, B =o0.

The dual polytope associated with the Kahler parameters A,, a = 1,...,6 is given by

VIII VII
II1 3 1
Ve v
v I (5.80)

whose vertices correspond to the facets of the toric diagram (5.78) as follows

I=(645), II=(634), IIT=(431), IV = (415),

(5.81)
V =(251), VI=(265), VII=(623), VIII=(132).

The master volume is then easily computed and its explicit form can be found in (B.3). As
before we work in the gauge (4.19). Using (4.4) and (4.20) we may fix A\, and A. We will
not report the long resulting expressions here. We assign the R-charge A, and the flux n,,
to each vertex of the toric diagram (5.78). Supersymmetry then requires

6
dAi=2, ) na=2-2g. (5.82)
a=1
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The R-charges associated to the vertices of the toric diagram are mapped to those of the
chiral fields by [57]

Apgy =A1+Ay, Ay, =A3+A4, A, =A14+ Ay,

(5.83)
Ac, = A3+ A, Ap = As, Ap, = D¢
Employing the parameterization (4.21) for the R-charges, we obtain
_ 2(()1 —b3—b4)(2bl—bQ—bg—b4)(bl—|—b3—b4)(2b1—62+53—b4)
! bt (41):% — 8646% + (b4 (2bg + 5by) — 417%) b1 — by (b% + bgby — 3b§ + bi)) '
Ay — (bg — bg) (2 (bl + bg) — b4) (bl — by — b4) (2b1 — by — b3 — b4)
by (41):% - 41)?)’1)1 — bi — (bg - 5[)1) bﬁ - (8[)% — 2boby + b% — 3[)%) b4) ’
A 2 (63 - b3) ((b1 —by)® - b%)
5 by (4b§’ — 8645% + (b4 (2[?2 + 5b4) — 4()%) by — by (b% + bgby — 3b% + bi)) ’ (5.84)
A= (bz + b3) (bl + b3 — b4) (2b1 — by + b3 — b4) (2b1 — 2b3 — b4)
by (467 — 4b%by — b3 — (by — 5by) b2 — (8b2 — 2boby + 2 — 313) by)
A = 2 (by + b — by) by (2b1 — b + b3 — by) (2b1 — by — bg — by)
by (467 — 4b%by — b3 — (by — 5by) b2 — (8b2 — 2baby + 2 — 33) by)
2 (b3 — b3) ba (3b1 — by — 2bs4)
Ag

" by (407 — 8b4b? + (b (2by + 5ba) — 4b2) by — by (b3 + baby — 302 +02))

that are independent of the magnetic fluxes (as we are dealing with the mesonic twist). To
compare with the results in [6, 14], using the symmetries of the quiver (5.73), we restrict

. 2(1—A)? L _2=-A)@a-4) .
n=n3=(1-g)(1—nm)—mny, ng=ny, ns =ng = (1—g)n.

This is the consequence of choosing the Reeb vector b = (1,1 — A/2,0,A). The second
equation in (4.4) also imposes the constraint

(1—g)(A(12 — 5A) + (ABA —8) +6)n — 8) + (4 — 3A)*ny = 0. (5.86)

The S? free energy of this theory was computed in [6, (5.20)] and it is given by

. 3/2
Fss(A):8];)[ (2—A)(1—A)1/4_A3A. (5.87)

The topologically twisted index was also computed in [14, (B.19)] and it reads

4m(1 — g)N3/?

HAN == A sa)i

(7A% — 18A% + 12A — (6A® — 19A% + 18A —4) n) . (5.88)

It is easy to evaluate the entropy functional (4.6); using (5.84), (5.85), (5.86), and setting
by = 1, we find that

S(bi,ng) = I(A,n)‘A(bi) . (5.89)
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Notice also that

1 N3/2
Von-shell (bz) F, (A) V a3d (A) ) (590)

T N VIV P AG)
where [§]
6
1 1
asa(Ba) = o > [det(va, vh, e, ve)| AaApAA, — 5 (Bsls — A1Ag)?. (5.91)
a,b,c,e=1

Once again the constraints on the R-charges and the fluxes can be written as in (4.33)
and (4.34), respectively.

5.5 The cone over M1L:1:1

Consider the cone over the Y7 = M5 ie. C(MY5Y). The gauge theory dual to AdSy x
MUY has a chiral quiver (in a four-dimensional sense) [58], and thus the large N limit of
its partition functions on S% and £, x S! are not known [5, 14]. However, it is interesting
to evaluate the entropy functional (4.6) for M5! and provide a prediction for the large
N topologically twisted index of the dual gauge theory.

The C(M1Y1:1) determines a polytope with six vertices

171 :(_17070)7 172: (07_170)7 173: (17170)7

. (5.92)
vy = (0,0,-3), ¥5=(0,0,3), ¥ =(0,0,0),
where U is an internal point. The toric diagram is shown below.
by
Us
U1
() bs
bo N
4 (5.93)
The baryonic symmetry is characterized by (4.18) and it is given by
By =-2, By =-2, B3 =-2, By=3, B;=3 (5.94)

— 36 —



The dual polytope associated with the Kahler parameters A, is given by
V
VI

v

111

I (5.95)
whose vertices correspond to the facets of the toric diagram (5.93) as follows

I=(124), II=(234), III=(134),

(5.96)
IV =(135), V =(235), VI=(125).

Having determined the dual polytope (5.95) it is now straightforward to compute the
master volume, whose explicit expression can be found in (B.4). As before we work in the
gauge (4.19). Using the first equation in (4.4) and (4.20) we can fix the remaining A\, as

3A
M= —A\r = — 5.97
4 5 2b4 ) ( )
where
\ = \/N (9(b1 + by — 2b3)2 — bi)(g(bl — 2by + b3)2 - bi)(g(bl + by + b3)2 — bZ) .
18v/3m2 b1 (27 (b7 — b3 + bsbo — b3) + b3)
(5.98)
The last equation of (4.4) can also be solved for A. Substituting these expressions into (B.4)
we obtain
N3/2
Von-shell = ———=—— 5.99
" 108320, (5.99)

« (9(b1 + by — 2b3)2 — bi)(g(bl — 2by + b3)2 - bi)(g(ln + by + 63)2 — b?l) .
by (27 (b7 — b3 + b3ba — b3) + b3)
For the entropy functional (4.6) we find that
S(bi, Ila) = —2’/T\/§N3/2

y by (9(()1 + by — 263)2 — bi) (9(1)1 — 2by + b3)2 — bi) (9(b1 + by + 53)2 — bi)
27 (b3 — b3 — b3 + bobs) + b3

" < (b2 — b3)no n bang
by (g(bl + by — 2b3)2 — bi) by (9(1)1 + by + b3)2 — b421)
2 (205 — 3(4by — 2bg + bg)by + 27 (20 — 2boby — b3 — b3 + (b + b2
27b1(3(b1 4 bg — 2b3) — ba)(3(by — 2bg + b3) — by)(3(b1 + by + b3
2 (2b7 + 3(4by — 2bg + b3)by + 27 (205 — 2byby — b3 — b3 + (b1 + bo
27b1(3(b1 4 by — 2b3) + bg)(3(by — 2bg + b3) + byg)(3(b1 + by + b3

(5.100)

~—

bg)) ny
— b4)

bs)) n5> ‘

+ b4)

—_

~—
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As usual, we associate the R-charge A, and the flux n, to the vertex vy, a = 1,...,5, of
the toric diagram (5.93) [57]. They satisfy

5 5
dA=2, ) n,=2-2g. (5.101)
a=1 a=1

Note that we did not include the internal point vg. Using the parameterization (4.21) for
the R-charges, we also obtain

A 2(2(by + b2) — b3)(3(by — 2b2 + b3) — ba)(3(by — 2b2 + b3) + by)
1 — )
3b1 (2762 + b3 — 27 (b3 — bgby + b3))
2(2b1 — bg + 2b3)(3(b1 + by — 2b3) — by)(3(by + ba — 2b3) + by)
Ay = ,
3b1 (2762 + b3 — 27 (b3 — bsby + b3))
. 2(2b1 — by — b3)(3(b1 + by + bg) — b4)(3(b1 + by + bg) + b4)
Az = 7 3 3 5 : (5.102)
3by (2763 + b3 — 27 (b3 — bsby + b3))
Ay — (3(b1 + by — 2()3) — b4)(3(b1 — 2by + bg) — b4)(3(b1 + by + bg) — b4)
4= 2 2 2 _ 2 )
3by (2767 + b3 — 27 (b3 — bsby + b3))
A (3(b1 + by — 2b3) + b4)(3(bl — 2by + bg) + b4)(3(b1 + by + bg) + b4)
5 = .

3b1 (2762 + b3 — 27 (b3 — bgby + b3))

Notice that the R-charges (5.102) are independent of the fluxes and they fulfill the following

relation
3A1(9A2A3 — 4A4A5) L YAVVAY; (3(A2 + A3) + 2(A4 + A5)) =0. (5.103)

This constraint can be obtained by looking at

5
Oasq(Aq)
B,—242a4) _ ¢ 5.104
021 A, (5.104)
where asq(A,) is given by [8]

1 < 8

asa(Da) = 5= > |det(va, vy, v, ve)| AaApAA, — Z(A4A;)? (5.105)
24 a,b,c,e=1 3

2
Aq (9A2A3A4 + G(AQ + Ag)A5A4 + 9A2A3A5) + §A4A5(9A2A3 — 4A4A5) .

The second equation in (4.4) also imposes the following constraint on the magnetic fluxes

5
0
0= ZnaaT [3A1(9A2A3 — 4A4A5) —4A4 A5 (S(AQ + Ag) + 2(A4 + A5))]
a=1 a

=3 (4A4A5 — 9A2A3) n;+3 (4A4A5 — 9A1A3) no+3 (4A4A5 — 9A1A2) ns (5106)
+4A5 (3A1 +3A0+3A3+4A,+2A5)ng+4A4 (3A1 +3A2+3A3+24Ay +4A5) ns.
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This is equivalent to (4.34). Finally, defining the quantity,

276
_ Ar3/2
F(Ay) = N/ \/27\/015(M“1) (5.107)

_ 4nN3/2 [T H?=4(3Ai +24;)
3v3 N\ 900 Al + 6(As+ Ag) S0, Ay + 4 (AT + AyA; + A2)

we may rewrite (5.100) as

1L A, W2rN32 Oy 9y/aza (D
S(bi,ng) = -5 ;naagia) ) =— \[7; ;na 6:25 ) ) (5.108)
Also, observe that
Von-shell(bi) = L]:'(Aa) = L/2\/ agd(Aa) (5109)
6473 Aa(bi) 24\@7.‘.2 Aa(bi)

6 Discussion and conclusions

In this paper we investigated the relation between Z-extremization and its gravitational
dual, recently proposed in [41, 42], and, we provided many examples and a large class of
twisted compactifications where the two extremizations agree off-shell. Our analysis also
raises many questions and open problems.

In particular, as noticed in [14, 15, 17], baryonic symmetries disappear in the large
N limit of the topologically twisted index for known three-dimensional quiver gauge theo-
ries with holographic duals and N3/2 scaling. In order to match the existing field theory
computation with the formalism of [41, 42], we restricted to a particular class of twisted
compactifications, characterized by the absence of a twist in the baryonic directions. How-
ever, there certainly exist AdSy solutions with baryonic fluxes [17, 48, 70]. It would be
very interesting to understand if there is a way to introduce baryonic charges in the large
N limit considered in [14, 15, 17] or to find more general saddle points and compare the
result with the construction of [41, 42].

Other obvious questions concern the interpretation of the cubic constraints (4.33).
Notice that the constraints are a consequence of the Sasakian parameterization (2.3).
Therefore they already show up in the three-dimensional aspects of the physics and in
the discussion about the equivalence between F-maximization and volume minimization.
From the physical point of view, Fgs is only function of the mesonic directions, and its
extremization leads to a prediction for the R-charges of the mesonic operators of the theory,
corresponding to the KK modes of the compactification. The d —4 constraints (4.33) allow
to determine the on-shell value of all the R-charges A, and lead to a prediction for the R-
charges and dimensions of the baryonic operators also, since these are usually obtained by
wrapping M5-branes on certain linear combinations of the cycles S,. As we saw in various
examples, some of the constraints arise in the large NV limit of QFT partition functions
when we impose that the theory has gauge group SU(N) and the distribution of eigenvalues
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is traceless. However, not all baryonic symmetries for the known quivers are related to a
U(1) subgroup of a U(N) gauge symmetry. Some of them appear as symmetries rotating
the flavors. In all these cases, a field theory interpretation is still missing.

Similarly, the role of the quartic polynomial agq(A) is still unclear both from the
geometrical and physical point of view. It is a quartic polynomial with the property that,
when restricted to the Sasakian parameterization (2.3), it coincides with F' 33 as a function
of b;. It has been originally found by analyzing examples in [8, 65] but a general formula
is still lacking. It is known to be of the form [8, 65]

d
1
aza(A,) = 2 Z |det (va, v, Ve, Ve )| AgApAcAe + quartic corrections, (6.1)
a,b,c,e=1

where the correction terms are related to internal lines in the toric diagram. Without the
corrections terms, this expression would be the analogue of the well-known expression for
the trial a central charge of the quiver associated to D3-branes at Calabi-Yau toric three-
folds [71]. In this paper, we further noticed that, quite remarkably, the constraints among
R-charges can be written in terms of asq(A) using (4.33). It would be interesting to find
a direct geometric interpretation for asq(A). Even from the physical point of view, the
analogy of aszq(A) with the four-dimensional trial central charge a4q(A) is quite intriguing.
As its four-dimensional analogue [61], agq(A) is automatically extremized with respect to
the baryonic symmetries and it coincides off-shell with the inverse of the volume functional
— which is also F2;(A,) — when imposing the Sasakian parameterization (2.3). Therefore,
F-maximization is also equivalent to the extremization of asq(A) with respect to all the
directions, including the baryonic ones. It would be interesting to see if there is a field
theory interpretation of this observation.

Similar questions arise for the twisted compactifications of the three-dimensional the-
ories on Yy. In particular, it would be nice to find a purely field theory interpretation of
the constraints (4.31), or equivalently (4.34). It would be also interesting to see if azq(A)
plays some role in the solution to the equations in [41, 42] for a generic choice of fluxes. In
particular, in all our examples for the mesonic twist it is true that

72\/§7TN3/2 d 0 agd(Aa)

I(ng, Ag) = =) n, A,

: (6.2)

a=1

It would be interesting to see if there is a similar expression for an arbitrary twist.
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A Simplifying the supersymmetry conditions for toric manifolds

In this appendix we discuss some geometrical aspects of the toric manifolds Y7 considered
in the main text and we prove the results presented in sections 4.2 and 4.3.

A.1 Master and Sasaki volumes

The cone over a Sasaki manifold Y7(b;), C(Y7(b;)), is a Kéhler manifold but it is not in
general Calabi-Yau. Considering the Reeb vector

4
§=010.=> bid,,, (A1)
=1

and the dual one-form 7, ¢¢n = 1, for a Sasaki manifold we have dn = 2wg, where wg
is the Kéhler form transverse to the Reeb foliation. For a Sasaki manifold, we also have
p = 2bjws, where p is the Ricci two-form on Y7(b;). The volumes of Y7(b;) and of its cycles
Sa(b;) are given by the explicit formulae [2, 57]

3 d
w s
Volg(Y7) = / NA== == Vols(Sa),
Yo 6 3b1 ot
(A.2)
2
w U y WE— 1awk7wk+1)(vaawkawlaw€ )
Volg(S,) = / =73 e )
( a) ” z:: UCL, b Wk, wk‘—i—l)(vav b Wg— lywk‘)(vaa b wlawfa)
where wg, Kk =1,...,4,, is a counterclockwise ordered sequence of vectors adjacent to v,.

For the backgrounds in [41, 42],22 it is still true that dny = p/b; but now the restriction
of p and w to Y7 are no more proportional. However, it is still true that

= Vols(Y7),
(A.3)

= Vols(S,),

N"bw @‘b

where the subscript S indicates us that the volume are computed for the Sasaki metric on
Y7(b;). Indeed, the integrals in (A.3) can be computed using the Duistermaat-Heckman
localization formula using a resolution of the complex cone C(Y7) and dn = p/b; [3, 41].
Since we can use a fixed point formula for evaluating the integrals, the result coincides with
the formulae given in [2, 3].

Consider now the master volume (4.2). Using the expression (4.1) for w, we see that
V is a cubic form in A,

d
1 1
Y= / nAwd == JabeAa b Ae ; A4
6 Y7 6(1%::1 ( )

22We use the same symbols, 1, w and p for the forms on the fibration Yy, and their restriction to the
manifold Y7.
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where
Jabe = _(277)3 / nNAca\cpAce. (A5)
Y7

For A\, = —1/(2b;1), the metric becomes Sasaki and the master volume coincides with
Volg(Y7). More generally, using the expression (4.1) for p, we also see that the Sasakian
volumes (A.3) are related to the intersection numbers by*

d d
1 1
Vols(Y7) = T E Jabe » Vols(S,) = " T6m? E Jabe - (A.6)
a,b,c:l b,Czl

A.2 Supersymmetry conditions: universal twist

The universal twist is defined by

where n1 = 2 — 2g. We can solve (4.4) by taking all the A, equal

=—— =1,....d. A.
g 2b1/\, Va=1,....d (A.8)
Using (A.4) and (A.6) we find
B G 5
- }: —= 1« (Y- A.
V 6(2b1)3 e Jabc A*Vo S( 7)7 ( 9)
oV A2 & YY)
= Jabe = —21A*Volg(S,) , = —6b1 \*Volg(Y7),
e 22?2 b TA*Volg(S,) ;6)\& 1A*Volg(Y7)
d d d
0%y A 9%y
Ej :—7§j wbe = 8Th1AVolg(S,) . § = 2462 \Volg(Y7).
et a)\aa)\b 2b]_ bc:ljb 87T 1 OS(S ) — a)\aa)\b 1 OS( 7)

Note that V, Volg(Y7), and Volg(S,) are homogeneous functions of b; of degree —1, —4,
and —3, respectively. The set of equations (4.4) can then be rewritten as

N = 6b1\*Volg(Y7),

n,N = —2(2A4b1 + mn1A\)AVolg(S,) , (A.10)
TN
A=——-)
by
where we used (A.7) and Z?:l biOp,V = —V. Let us emphasize that the above set of

equations depends on the choice of the Reeb vector through Volg(Y7) and Volg(S,). We

thus obtain
N ™1
A=fy o, A=A,
6b1VOls(Y7) b1 (A 11)

ny <27r Vols(Sa)> _

fa = 7 2

3by Volg(Y7)

ZWe used fy777/\ca/\p2:f5 nA p>.
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where we introduced the set of basic R-charges (2.3). Notice that ijzl Ag(b) = 2.
Note also that 22:1 n, = nj hence (4.5) is correctly satisfied. Evaluating the entropy
functional (4.6) and using the plus sign in (A.11), we find

S(biyng) = ——m N2 | o A12
( ’L?na) bi)/Q 27VO]S(Y7) Y ( )
thus reproducing (4.12).
A.3 Supersymmetry conditions: mesonic twist
The mesonic twist is characterized by the condition
d .
> BN =0, Vi=1,..,d-4, (A.13)
a=1

where B are baryonic symmetries satisfying (4.18). We can use the invariance (4.3) to
choose the gauge
AM=X=A3=0. (A.14)

We now prove that there exists a solution to the set of equations (4.4), compatible
with (A.13), such that

1 (’Ul,’UQ,'Ug,'Ua)
Ny = — -2 TR TNy 1 A15
2 (’1)1,’1)2,'1}3,6) “ ( )

We will use repeatedly the identity [42]

d b
b b
Z Jabcvi = a Z Jabe - (A.lﬁ)
b=1 b=1

Hence, for the R-charges (4.21) we find

A

d d

1 2

Aa(biana) = _N § Jabc)‘b)\c = _4Nb2 § Jabc . (A17)
b,c=1 Lpe=1

Imposing 22:1 A, =2 and using (A.6), we fix the value of the Kéhler parameter \

8ND? N

A= — _ 7
Za,b,c Jabc 661\[018 (Y7)

(A.18)

which depends on the choice of the Reeb vector through Volg(Y7). Furthermore, we discover
that the A, are actually independent of the fluxes n, and are given by

25T 2r Vols(Si)

A, (b; — 27 T \Ha)
( ) Za,b,c Jabe 3by VOls(Y7)

(A.19)
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We can also evaluate the on-shell value of the master volume (see (4.7)). It reads

N3/2 276
o 7 A.20
Von-shetl (b 4863 abEC:l ~ amon} | 2TVoI(V2(B1)) A

thus reproducing (4.25). From (A.16), we can also derive the useful identity
b,
2= > whAL(b),  VE=1,....4, (A.21)

which is actually the simplest way of comparing the two sides of (2.2).
Let us now move and solve the equations (4.4). We already used the first equation in
order to find A. The other equations can be written as

d
b
ngN=—_—— Z JabeAe - Z VdabeAbAc
) bc 1 b,czl (A22)
A by
o O Jabede=—Nnj— o Z VabeAbAc
a,b,c=1 a,b,c=1
where we introduced the operator V = Z _1 n;0p,. We can write
d U1,02,03,0) N
VJabee Vb Tape [ 2t T A.23
Svm g L (R 1)) o
where we used the identity [42]
d by d n*  niby d
k
VeVdape = — Y Vidape+ | — — Jabe s Vk=1,...,4, A.24
S = ¢ S Vit (G~ ) 3 (A24)
that follows from (A.16). Thus, we solve the second equation in (A.22) for A
VJabe
A= A (3 Za,b,c b _2(111,@2,113,”) 7 (A.25)
2 bl Za,b,c Jabc (Ula V2, V3, b)

where we used (A.18). Using (A.18) and (A.25) we can now evaluate the entropy func-
tional (4.6). It reads

b 16v2r° b/
S(bs,ng) = 87 (NA ™ Z YV Jabeda XA > NELASNTEN L
a,b,c=1 3\/E A/ _Za,b,c Jabc
(A.26)
Using (A.6), we can finally write
27T6 3/2
S(bi,ng) = N°/=, (A.27)

\F 27Volg (Y+)

thus reproducing (4.27).
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Now let us go back and see what constraints the mesonic twist imposes on the fluxes

(as the equations (A.22) depend on both mesonic and baryonic fluxes). Consider the first

equation in (A.22). Using (A.16), (A.18), (A.23), and (A.25), we find that

Ja c Ja C
Zb,c b 4 BNV Zb,c b

NN =nN—=—"— =
Za,b,c Jabc Za,b,c Jabc

Using (A.19) we then obtain

A +b1VA V(blAa), Va=1,...,d,

thus reproducing (4.31). Notice that, as required by consistency,

d 14
Zvan 52 (b1vaAy) =Vb=n,
a=1 =1
where we used (A.21).

B Explicit expressions of master volumes

(A.28)

(A.29)

(A.30)

In this appendix we collect the expressions for the master volume (4.2) of the toric examples

discussed in section 5.

The cone over QU1:1,

87 (b3 +ba) (b1 — bz — ba)* N3 8% (b2 +ba) (b1 — b2 — ba)? A3
3(b1 —bz)b3b4(b1 —b2 — b3 — b4) 3b2(b1 — b3)b4(b1 _bQ —b3 — b4)
74 (ba+b3) (b1 —ba —b3)?\3 8% (201 — bz — ba) (b1 — b2 — ba)? A}
3bobs (b1 —ba) (b1 —ba —bs —bs)  3(by — ba)bs (b1 — ba)(2b1 — by — bz — by)
74 (2b1 — b2 — b3) (b — b2 —b3)2 A} 871 (2b1 — bz — ba) (b1 — bz —ba)? NG
 3(by —bg) (b1 —b3)ba(2b1 —by —bs —bs)  3ba(b1 — bs)(by —ba)(2b1 — by —bs —by)

VQl,l,l =

+871'4(b1 —bs — b4) ( Ao A3 A As

(871’4(b1—b2—b3))\4 87T4(b1—b2—b3)>\6>)\2
— 3

bs(by —bs) b2(b1 —ba)
+ ( 7T4(b1 —bz—b4))\3 o 87T4(b1 —bz—b4))\5 o 87l'4(b1 —bg —b4))\6) )\2
bo(br —ba — bz —by) (by —b3)bs by (b1 —b3) 2
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Flavoring N =8 SYM.
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