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In the large N ’t Hooft limit with fixed 't Hooft coupling A\ these theories have one (for
Ny = 1) or two (for Ny > 1) exactly marginal deformations in the superpotential. At
finite N these couplings acquire a beta function. We compute the beta function exactly
for A = 0, at leading order in 1/N. For Ny = 1 we find four fixed points, one of which is
triply-degenerate. We show that at large IV there are at most six fixed points for any A,
and conjecture that there are exactly six, with three of them stable (including a point with
enhanced N/ = 2 supersymmetry). The strong-weak coupling dualities of A/ = 1 Chern-
Simons-matter theories map each of these fixed points to a dual one. We show that at large
N the phase structure near each of the three stable fixed points is different. For Ny > 1 we
analyze the fixed points at weak coupling, and we work out the action of the strong-weak
coupling duality on the marginal and relevant superpotential couplings at large N (which
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dualities between them.
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1 Introduction and summary

Gauge theories in 2 + 1 dimensions exhibit rich dynamics, and in many cases flow to
interesting fixed points, some of which appear in condensed matter applications. When
the theories are not parity-invariant, generically the low-energy physics may be described
as a Chern-Simons-matter theory. In recent years it was found that in many cases different
gauge theories flow to the same conformal Chern-Simons-matter (CS-matter) theory at
low energies, so that they are IR-dual. For theories with N' = 2 supersymmetry (SUSY)
this duality [1-4] is similar to Seiberg dualities that were found in other dimensions, and
indeed the duality may be related to the 4d duality by compactification on a circle [3].
However, in 3d dualities of this type appear also with no supersymmetry, or with A/ = 1
supersymmetry.

In this paper we study the dynamics of 3d N’ = 1 supersymmetric CS-matter theories,
with U(N) and SU(NN) gauge groups and with N matter superfields ® in the fundamental
representation. The dynamics of these theories is more subtle than that of N' = 0 CS-
fermion theories, or of N/ = 2 CS-matter theories, because they have classically marginal
deformations corresponding to W = w|®|* terms in their superpotential (there is one such
deformation for Ny = 1, and two for Ny > 1). They are similar in this respect to N' =0



CS-scalar theories recently studied in [5], except that in the CS-scalar case, where there
is a classically marginal ¢% interaction, there is also a ¢* interaction which generically
dominates the renormalization group (RG) flow, so that two fine-tunings are required for
the ¢° interaction to be important in the IR; in our A/ = 1 theories only the mass needs
to be fine-tuned to zero.

When the Chern-Simons level is non-zero, the coupling w is generated even if it is not
present at high energies, and its flow must be analyzed to understand the IR dynamics. For
weak gauge coupling (large CS level) there are non-trivial weakly coupled fixed points for
w near the origin [6, 7], but nothing is known about the behavior when the gauge coupling
or the superpotential couplings are strong. In this paper we analyze the dynamics in the 't
Hooft large N limit, of large IV and large Chern-Simons level with a fixed 't Hooft coupling
A, where many computations can be explicitly performed (using methods developed in [8—
17]). We will see that there are several different fixed points for the marginal couplings at
finite large values of N.

In general, unlike higher supersymmetries, 3d N' = 1 supersymmetry does not enable
any exact computations to be performed, and does not provide many constraints on the
dynamics. In particular the superpotential is not protected from quantum corrections.
The main constraint is that supersymmetric vacua always have zero energy density, so
that phase transitions between them are always of second order rather than first order.
In some special cases, the combination of A/ = 1 supersymmetry with extra symmetries
(in particular time-reversal invariance) may be used to show the existence of exact moduli
spaces of vacua [18, 19], and these will arise also in some of the theories that we will discuss.
See [15, 20-26] for some recent investigations of 3d /' =1 CS-matter theories.

Another motivation for studying 3d N' = 1 CS-matter theories is that these theories can
appear at low energies on BPS domain walls of 4d N' = 1 theories, such as supersymmetric
QCD [27, 28]. A priori it is not clear which value of the marginal superpotential couplings
arises in this context, but in some cases the phase structure near the IR fixed points of the
domain wall theory may be understood from 4d. As we will discuss, this may be enough
to determine which IR fixed point for the marginal couplings arises.

Various dualities have been suggested in the literature for nonabelian AV = 1 CS-
matter theories with matter in the fundamental representation (see, for instance, [14, 21,
22, 25]). At large N their form is precisely known and they are supported by many
computations, at least for Ny =1 [14, 15, 26]. However, at finite N the evidence for them
is mostly circumstantial (identifying symmetries, anomalies and phase structures), and
their formulation is not precise since the flow of the marginal couplings was not discussed.
For infinite IV, these marginal couplings are actually exactly marginal, so there is a large
family of CFTs, and a non-trivial action of duality on this family. For Ny = 1 this was
analyzed in [14], and we generalize this analysis to Ny > 1 here. For finite IV, in order to
specify a duality, one has to specify which fixed point of the marginal couplings it applies
to. For large values of N we will use our large N analysis of the beta function to classify
these fixed points, and to make precise conjectures about their duality relations.

In addition to the simplest CS-matter theories, it is natural to consider also theories
with additional singlet fields H coupled to |®|? through W = H|®|>-type superpotentials;



such descriptions are useful in particular for analyzing the limits where the |®|* coupling
becomes large. We use the formalisms with extra singlet fields to argue that infinite values
for the coupling w are actually at finite distance away, so that the space of couplings of
these theories is naturally compact (for Ny = 1 it is a circle, and for Ny > 1 a torus).
For infinite N the theories with additional singlets are manifestly equivalent to the original
CS-matter theories, but for finite IV they are not, and we conjecture that, at least for large
N, they provide IR-dual descriptions of these theories.

In the first part of this paper we consider theories with a single matter superfield
(N¢ = 1). These theories have a single classically marginal operator, for which we attempt
to calculate the beta function in the ’t Hooft large N limit. We begin in section 2 by
formulating our theories, and describing the general form of correlation functions in N =1
superspace. In section 3 we compute this beta function at order 1/N for A = 0, namely
in a large N W = w|®|* theory, and we show that it has four fixed points. For A # 0
we could not compute the beta function exactly, but we discuss some of the steps towards
computing it in section 4, and we show in section 5 that there are (for large N) six fixed
points for small A, and at most six fixed points for all values of A. Using the duality and
some additional symmetry arguments, we then provide a conjecture for the qualitative form
of the fixed points of these theories for all A (see figure 13). Our results are analogous to
the results recently found for the A/ = 0 CS-scalar theories (‘quasi-bosonic theories’) in [5].

The calculation of the beta function at order 1/N requires the two, three and four-
point functions of the operator J = ®® at leading order in 1/N, as well as its anomalous
dimension (at order 1/N). We calculate the two and three-point functions explicitly at
large N, as a function of A and of the marginal couplings (some of these results were
found independently by the authors of [29]). These are duality-invariant, providing further
evidence for the dualities. In addition, the three-point function allows us to conjecture (in
appendix C) a possible generalization of the results of Maldacena and Zhiboedov [30] to
3d N =1 theories with almost-conserved high-spin symmetries; it would be interesting to
confirm this conjecture by directly generalizing their analysis to the N’ =1 case.

We can relate our results to many ideas appearing in the literature; in particular, we
discuss their relation to previous statements about dualities in N' = 1 CS-matter theories.
Our results provide further evidence for some conjectures of theories with emergent A = 2
SUSY (in particular, in the context of domain walls of 4d N =1 Ny = 1 SQCD [28]).
In addition, we find a series of theories with a fixed point with emergent time-reversal
symmetry, where the fixed point theory has an exact moduli space even at finite N.

In section 6 we discuss theories with Ny > 1. We start by finding the duality trans-
formation at infinite N for these theories (which is a generalization of the duality trans-
formation found in [14] for the case Ny = 1). We then find the beta functions for the two
classically marginal operators for A = 0 at order 1/N. We can generalize some of the fixed
points to finite but small A as well, and the duality then gives some of the fixed points for
A close to 1. Again we find examples of theories with emergent time-reversal symmetry,
some of which have an exact moduli space even at finite V.

There are various open questions left by our analysis. It would be interesting to
complete the computation of the beta function for A # 0 at leading order in 1/N. As we



discuss in the paper, one thing this requires is control of the 4-point function (JJ.JJ) away
from co-linear momenta, along the lines of recent investigations for non-supersymmetric
theories in [31]. It also requires computing some additional correlation function (beyond
the 2-point function), including at least one J, at subleading order in 1/N, which should
be possible (though technically complicated) by generalizing our analysis.

We discuss the phase structure of the fixed points that we find for Ny = 1 (using
known results from [26]), and it should be possible to understand it by similar methods
also for Ny > 1. It should be possible to study other large N theories, such as ones with
orthogonal, symplectic or product gauge groups, by similar methods, and to understand
their dynamics and fixed points.

Last but not least, it would be interesting to find methods to analyze the fixed points
away from the large IV limit, but it is not clear at the moment how to do this. For Ny > 1,
some of the fixed points we discuss can be obtained by an RG flow starting from the
N = 2 theories with the same matter content, so the known N = 2 dualities (which are
well-established also for finite V) imply their validity.! This is known to be true for large
enough NN, and it would be nice to understand if it is true also for small N, or if the
fixed points and the flows between them are modified. For other fixed points, and for the
Ny =1 case, it is not clear how to flow to the A" = 1 fixed points from theories with higher
supersymmetry, and it would be interesting to study this.

1.1 Main results of this paper

This paper presents results which have implications to different areas of research, and since
it is quite long, we now summarize our main results.

e The main result of this paper is the analysis of the RG flows of 3d N’ = 1 CS-matter
theories in the 't Hooft limit at leading order in 1/N. We compute the beta functions
of the marginal couplings exactly for A = 0, in section 3 for Ny = 1, and in section 6
for Ny > 1, and use this to obtain the fixed points at small A\. For Ny = 1 we find
a bound on the number of fixed points for all A, and present a conjecture for the
qualitative form of the RG flows at general X in figure 13.

e For infinite N and Ny > 1 there is for each A a family of CFTs labeled by two
exactly marginal superpotential terms. In section 6.1 we find how duality acts on
these families of CFTs, generalizing the Ny = 1 duality transformation found in [14].

e We compute the two and three-point correlation functions of the operator J = ®&®
at leading order in 1/N in the 't Hooft limit, for all values of the marginal couplings.
The results are presented in section 4.2. The result for the three-point function
leads us to conjecture an extension of the results of Maldacena and Zhiboedov [30]
to supersymmetric three-point functions of approximately-conserved higher-spin cur-
rents. The extension (and a discussion of the evidence for this conjecture) appears
in appendix C.

!The corresponding flow is much simpler than the ones connecting ' = 2 dualities to A’ = 0 dualities [5,
14], since no fields need to acquire a mass. For Ny = 1 the deformations away from the N = 2 fixed point
are irrelevant, at least for large N, so there is no such flow.



e Combining calculations in the large- N limit with finite-IV results, we conjecture that
the CS-matter theories appearing in equation (5.29) all have exact moduli spaces at
a specific fixed point.

2 Background

2.1 Lagrangian and duality

In Euclidean space, the action for 24+-1d N = 1 supersymmetric U(/N) Chern-Simons the-
ory? coupled to Ny fundamental matter fields is [7, 32]

S = /d?’xd29 (ECS + ﬁmatter) . (21)

Our superspace conventions are summarized in appendix A. In terms of AV = 1 superfields,
the Chern-Simons term for the gauge field is given by

K 1 1 1
Los = ———Tr [ == Da TP DT — ~DTP{T,, g} — — {0 TP, Ts} ). 2.2
CS o I'< 4 o B 6 { %] ,8} 24{ ’ }{ s /B} ( )
In components, the action of the gauge field becomes
K 21
Los = —Q—GMVPTI' (AM&,AP - BA#AVAP) , (23)
T

while the gaugino is an auxiliary field with no kinetic term, which we can integrate out.
Our conventions for the Chern-Simons level are summarized in appendix A.

We now discuss the additional matter term Lyaiter. We separate the discussion into
the cases Ny =1 and Ny > 1.

2.1.1 One matter field (Ny = 1)

For Ny = 1, a single matter superfield ®* (a = 1,--- , N) in the fundamental representation
of U(N), the most general renormalizable action takes the form (in superfield notation,
suppressing gauge indices)

1 o _ _
Lunatter = =5 (D°® +i80%) (Da® — iLa®) + mo®% + % (®)°. (2.4)

Note that (@@)2 is classically marginal, and we chose a convenient normalization for its di-
mensionless coefficient w. In components we find that L,a¢ter splits into three contributions
(after integrating out the auxiliary fields):

2,2
Frveon = DHGD0 + miio + T (G0)? 4 T (o), (2.5)
ZLrermion = _1; (Z/@/+ mO) ¥, (26)
27‘(‘(1 +w) 2mw (1

Lo (60)0) — T Goe) + " (Gu)(gw) +he) . (27

2We work at large N, keeping only the leading order and sometimes the first subleading order in the

1/N expansion. Thus, all our results are also applicable to SU(NN) gauge theories, and are independent of
the value of the level of the U(1) factor in U(N).



We suppress gauge indices, and use brackets to denote gauge index contractions. For w =1
the Lagrangian has enhanced N' = 2 SUSY.

In the ’t Hooft large N limit, of large N and x with fixed 't Hooft coupling A = %, w is
exactly marginal so there are consistent QFTs (2.1) for every value of —1 < A <1 and w.
These theories were conjectured to obey a duality under the following transformation [14]:
3w
14w

2m0

N =X —sign()), T

my = — (2.8)

This transformation implies that the gauge-invariant singlet operator J = ®%®, transforms
under the duality as J' = _1+ij . Note that the value w = 1 (where the theory has
enhanced NV = 2 SUSY) is fixed under the duality. Note also that A is parity-odd, while w
is parity-even.

We will mainly be interested in theories with my = 0, and will be working in light-cone
gauge I'_ = 0. The N/ = 1 Lagrangian then becomes
Tr (Ii0-_T7), (2.9)

K

8T
1 - , A
Lunatter = =5 D"®Da® = 217 (BD_@ — D_8) + —=(82)*.

Lcs = —

(2.10)

For A — 0 the gauge fields decouple, but we can still keep the superpotential interacting
by taking A — 0 and w — oo while keeping & = mw fixed. This gives the usual ®* theory
(in N' = 1 superfield notation):

L =D, + %(éacpa)?. (2.11)
2.1.2 Many matter fields (Ny > 1)

We now have Ny superfields in the fundamental representation of U(N), ®;, (i = 1,--- , Ny,
a =1,---,N). The action is still of the form (2.1), with the same Lcg as in (2.2). The
general matter Lagrangian Lyatter, assuming an SU(Ny) global symmetry rotating the
matter superfields, is now:

1 . _ . .
[fmatter = - 5 (Da(I)z + qu)zl—\a) (Da(I)i - Z’FCV(I)Z.) + m()((I)Z(I)Z)

TWo

+ 50 (@) T
K

— (2'®;) (B ®;), (2.12)
where we have again denoted gauge index contractions using brackets. Note the existence
of two classically marginal superpotential couplings (which coincide in the case Ny =1 or
when the gauge group is U(1)). The theory has N'= 2 SUSY for wy =0, wy = 1.

The generalization of the duality transformation (2.8) to Ny > 1 has not yet appeared
in the literature. We propose a generalization in section 6.1, and give some evidence for
our proposal.

Again, we will be mostly interested in light-cone gauge with mg = 0, so that the matter
Lagrangian becomes

1 . ; _. _.
£matter = - §DQ‘I>ZDO¢(I)Z‘ — %Fi ((I)lD_(I)i — D_CI)l(I)i)

TWoA TWIA

_l’_

(Ci)lq)l)Z + ((I)lq)]) ((i)](f'z) . (2.13)



We can again take the limit A — 0, where the Lagrangian becomes a ®* theory:
L=3%D%P,; + %(@%mﬁ + %(@“@,lj)(ci)bj@bi), (2.14)
where @, = wAw,, for n = 0,1 are kept fixed.

2.2 General form of N/ = 1 supersymmetric correlation functions

We review some results from [15], where the general form of an N’ = 1 supersymmetric
n-point correlation function was studied. Consider an n-point function of n scalar super-
fields Z;:

Con(pi, 0:) = (Z1(p1,01) Z2(p2,02) - - - Zn(pn, On)), (2.15)
with p; the momenta and 6; the anticommuting superspace coordinates (note that momen-
tum conservation requires ), p;’ = 0). SUSY imposes the following constraints:

n
Z Qpiﬁirn(pi’ Hi) =0, (2'16)
i=1

where () are the supercharges

QR0 =i ((;Za - H’Bkag) : (2.17)

We now review the results for two and three-point functions.
For the 2-point function I'y(p, 01, 62), the general form of the solution to (2.16) is

Ty = e #Pas® [y (X9, p), (2.18)
where we have defined X;; = 0; — 6;. Iy can be expanded in superspace as
Fy = Ci(p") — Ca(p") (61 — 62)*. (2.19)
Equivalently, we can write
Ta(p,01,02) = (C1(p*) D* + Ca(p))5° (601 — 62), (2.20)

which is the general form of a supersymmetric two-point function.
For the 3-point function I's(p, ¢, —p — q, 61,02, 03), a similar calculation gives

I's = €%X'(p'Xl3+q'X23)F3(X13, X23,p,9), (2.21)

where we have defined X = Z?:l 0;. The expansion of F' now contains eight terms:

Iy = 3% 0XistaXas) (A —iBIXEX 5 — iBaXoh X oy
+ y— X3 2 el S G
+ (X137X13) B X - CX13X13X23X23 ) (2'22)
23

with B, a 2 x 2 matrix.



Given a 3-point function, we can isolate each of these terms. As an example, consider
a free theory of N fields ®, with @ = 1,--- , N. Defining J = ®%®,,, the 3-point function

(J(@)J()J (=1 = q)) is:
N

-9
8lql|lllq + 1|
Bi=By=0
Bos =2 <N(l_q)°‘5 - NT, > 22
or 3 8[qlll[[q + 1] o0
N (I—q)? N IN )
c=2(-— - +50-¢q)-T),
< o Rlallllg +1 8itq 307
where we defined [5]:
lap _ dop
2m)3p2(p—1)2*(p+q)*  16lg+1]  qlll] —q-1

3 The Beta function at A =0 for Ny =1

As explained in section 2.1, at A = 0 the Lagrangian of the theory reduces to that of ®*
theory (with ® a superfield):

L =D, + %(éa%)?, (3.1)

with ¢ = 1,--- , N. In this section we find the § function for & and the ~ functions for ®
and J = ®2®, at large N and at A = 0 (to all orders in @). At leading order for small @,
this was calculated in [7], and we compare the results in this limit at the end of this section.

3.1 Classification of diagrams contributing to ®* at large N

In order to find the beta function, we must study the corrections to the ®* vertex in (3.1).
In this section we classify the diagrams which contribute to the 4-point function at leading
and subleading order in %

A general diagram for the 4-point function <<I>a<1)a<i>b<1>b> includes two external index
lines and various internal index loops. Denote the number of vertices along the two external
index lines by v; and wve, and the number of internal index loops with ¢ vertices by n;
(1 = 2,3,...). Since we will be using dimensional regularization, we have taken n; = 0
since single-vertex index loops will vanish.

In a diagram with V' ®* vertices, each involving two index lines, we have
2V =vi+vy+2no+3ng+4ng +--- (3.2)
and the power of N associated with this diagram is

A=no+ng+ng+---—V. (3.3)



Figure 1. A chain.

Furthermore, we always have
V1, V2 > 1. (3.4)

First, note that in terms of counting powers of N we can just shrink all 2-vertex index
loops to zero, since removing one such loop and one vertex does not change anything (they
have A = 0). Conversely, in each 4-point vertex, we can insert in the middle any number of
index loops (a “chain”, which will be denoted by a red line, see figure 1) without changing
the power of N. So it is enough to classify diagrams with no = 0, and then blow up each
vertex into a chain with any number of index loops.

The leading diagram has V = 1, v; = vy = 1 with all others vanishing, and so has
A = —1. To get other diagrams with A = —1 we must have

ng+ng+...=V—-1=(v1+v2)/24+(3/2)n3 +2n4 + ... — 1, (3.5)
SO
vi+vo+ng+2ng+...—2=0. (3.6)
The only solution is v1 +v2 = 2 and the others vanishing, giving the chains discussed above.
The next order is A = —2. At this order we must have
v1+vy+ng+2ng =4 (3.7)

(all the higher n;’s must clearly vanish). The possible solutions (up to exchanging the
external index lines) are:

So all of the diagrams that contribute at subleading order in N are of one of the types
(a)-(e), where we replace vertices with chains. We draw all of the possible diagrams in
figure 2.

3.2 Calculation of Beta and Gamma functions

We start with the calculation of a chain Ag2g2 (figure 1), which is the leading order (in
1/N) contribution to the ®* vertex. The result at this order can be written as an effective
action term contributing to the 4-point function, of the form

1 2

N((T)a(pa)(p, 91) (ao + a1 %) ((T)bq)b)(—p, 02) (3.8)



Type (d) Type (e)

Figure 2. Diagrams contributing to the beta function at order 1/N.

Figure 3. The leading-order contribution to the gamma function of ®.

(here we take the product of the superfields ®* and ®,, which are at different points, and
denote its momentum by p and its fermionic superspace coordinate by 67, and similarly for
the product of ® and ®;; the D? operator acts on the latter superspace coordinate, and
there is no dependence on other combinations of momenta). Note that each index loop
adds a factor of NV while each vertex adds a factor of %,
chain come with an overall factor of % The chain is given by summing the diagrams of

so that all of the diagrams in a

figure 1:

A 1 ( N D2> 20 = <~D2>” 1 20 1 8 4lp|+wD?
252 = — | a al1—— = — w— = — = — — ,
R N N =\ 4p| Ni-gpr N&*+16 ||

(3.9)
so that )
320 8%

= 5z = . 10

T 26 T 216 (3.10)

Next we discuss the calculation of the diagrams (a)—(e), which are of subleading order
in 1/N. Since we are interested in the 8 function, we calculate only the logarithmically
diverging parts of these diagrams; these must take the same form as (3.8) above, since the
naive divergences must be canceled by the cutoff-dependence of the leading order terms.
The explicit calculation of these terms using dimensional regularization with d = 3 — €
appears in appendix B. The results are summarized in table 1. Note that these are all of
order 1/N?2.

We can now find 3 and v¢. ¢ is obtained from the diagram in figure 3, which gives
the correction at order 1/N to the propagator (®?®,). The contribution is

a [ dk D* @ D?
N J 2n)3|k|(p— k)2  2Nm2¢’

(3.11)

~10 -



Type Result

2
(a) - 4(;126 % ézqﬂ

2
(b) —ﬁ (CLO + 04%) %Aé2¢2
(c) —%ﬁ (ao + a1 %)2 Ag2g2
() — ke

(e) —%;r%tAqﬂ(I,Q

Table 1. The logarithmically diverging parts of the diagrams of figure 2.

We thus find
1 o 1 202
_tla 1 i 3.12
7T Nar? T Na2(@? + 16) (3.12)
B is obtained from the Callan-Symanzik equation
0 0
= oo +4 04 =0, 3.13
(uauw o T v<1>> 4 (3.13)

where Oy is the connected four-point function. Using the 1/N expansion we can write
this as

(Bogg + 410 ) Baaaa + (@) + (8)+ (0 + (@) + () = (3.14)

dropping the e factor from the values of the diagrams given in the table above, where (53
and g are given at leading order in 1/N. We find:

1 16w° (0° — 48)

o= N @ r10)?

(3.15)

Note that equation (3.14) contains two terms, proportional to 1 and to D?/|p|, and both
of them vanish for this value, giving a consistency check for our computation. Also note
that the A/ = 2 point is at @ = 0, and the beta function vanishes there as expected.

3.2.1 Additional correlators

We can actually use the same results to compute also additional correlation functions,
at leading and subleading order in 1/N. Specifically, define the operator J(z) =
+®%(2)®,(z). There are three correlation functions we can study: the 4-point function
((@®)(®®)), the 3-point function (J(®P)), and the 2-point function (JJ), which are all
given by (some of) the same diagrams that we computed in the previous subsection, replac-
ing if necessary two external ®’s emanating from the same vertex (which gives an external
chain) by an insertion of J.
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Start with the leading order in 1/N. For all of these correlators we just have a gener-
alization of the chains discussed above:

(2)(p) (@2)(~p)) [ = Agza (3.16)
(TO)@D)(p)) Ly = Do = 5Bz (3.17)

2
N (3.15)

Note that all terms are of order 1/N. The first line is precisely the chain (3.9), while the
other two are chains with external ®’s replaced by insertions of J. Each of these correlators
has a term going as 1 and another going as %, and naively we can use the logarithmic
corrections to each of these correlators at order 1/N to independently compute the beta
function. However, in the 2-point correlator (J(p)J(—p)) = by + 61%, bo is actually a
contact term (with a value depending on w). At the next order in 1/N, as in a similar
discussion in [5], a part of this can remain a contact term, and a part of this can become the
2-point function of J at separate points (which becomes non-trivial in momentum space
once J has an anomalous dimension at order 1/N), and a priori it is not clear which part
remains a contact term and which part does not. Thus the by part of (JJ) cannot be used
in the following to find the f,~ functions, and so we only use the b; part in the following.
Consider next the subleading order. Denote the contribution of the diagram types
above (without the external leg factors which gave some powers of Agz242 in the table
above) by a,b,c,d,e. We find that the logarithmic terms at order 1/N are given by:

((@D)(p)(2R(—p)) l1/n2 = (a + D) AGog2 + (¢ + €) Ap2g2 + d (3.19)
(J(p)(®®)(—p)) l1/n2 = (a+ b)Ap2p2A jp2 + é(c +e)A g2 (3.20)
(J()J(=p)) l1/n2 = (a+ b)A%ga, (3.21)

where the first line is just a rewriting of the results of the previous subsection.

Now we can calculate the beta and gamma functions. The RG equations for the
correlation functions above depend on f,, on vp (which we already know from other
considerations) and on the anomalous dimension of J, 75 = 2. We have 5 separate RG
equations (the 1 and D?/|p| terms from the first two correlators, and the D?/|p| term from
the second), with two unknowns, so we have an overconstrained system, and the inputs
must satisfy three constraints. Let us write

D2
a+b=0, —i—OQm (3.22)
1 D?
1 D?
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Note that all O;’s are of order 1. Since we have three constraints, it is enough to calculate
three of the O;’s to find the rest (along with the beta and gamma functions). In terms of
01, 03, 05 we find:

Oy = % (3.25)
0,= (3.26)
4
O =0 (3.27)
1 320(2001 + O3) + Os (@* + 16)
= 2
Bo = 5 (3.28)
B 1 64001 + 1603 + ©O0s
W=y 3 (3.29)

Note that both £ and 7 are of order 1/N. Plugging in our results from section 3.2, we
find that our results for Oy, O4 and Og are consistent with these equations, and we obtain
the beta function (3.15), and
1662 (@? — 16) 1
2 (@2 +16)° N

The discussion above explains some properties of the results from the direct calculation;

vy = (3.30)

for instance, it explains why (e) does not have a term that is proportional to %. If (e) had

such a term, it would appear in O4 with one factor of either ag or a; (since the (e)-type
O

-
the (d)-type diagrams, which have two internal chains, so that it only contain terms of the

diagrams have only one internal chain). However, we see that O4 = Os comes from

form a%, apa1 and a%. For generic ag and a; we cannot have that a term linear in a; will

be equal to a term quadratic in a;, and so the % term in O4 must vanish.

3.2.2 Summary
To summarize, at leading order in 1/N we have:

1607 (@* —48) 1

p= 3.31
8 2 (@2 +16)> N (3:31)
1607 (@* —16) 1
_ il 3.32
VTR @162 N (3:32)
20? 1
Vo= (3.33)

- w202+ 16) N

By expanding the results above in @, one can compare the beta and gamma function
found at leading (two-loop) order in @ in [7]. Due to the use of different conventions, we
find Yo us = 2V0 them» Vous = 4V them and Bus = 4Bpem- These factors remain consistent
also in the Ny > 1 result, see section 6.2.

Our results exhibit attractive RG fixed points (where the superpotential is irrelevant
in the IR) at @ = 0 and @ = oo, and repulsive RG fixed points (where the superpotential
is relevant in the IR) at @ = ++/48. We postpone further discussion of the beta function,
and of the meaning of the fixed point at & = oo, until section 5.
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4 First steps towards the Beta function at A # 0

We would like to compute the beta function for w also for non-zero values of the CS
coupling. Unfortunately, we were not able to do this. For A # 0, the correlation functions
of ®’s are not gauge-invariant,® so out of the correlators of the previous section, we can
only compute (J.J), which, as discussed above, gives us just a single equation for /3, and
~.7. Moreover, we were not able to completely compute the 1/N correction to (JJ). In this
section we describe some contributions to this correction (and thus to the beta function)
explicitly. These contributions require computing correlation functions of two and three
J’s, which we compute explicitly, and which are interesting in their own right. In addition,
our considerations will enable us to constrain the form of the beta function at leading order
in 1/N for all A, limiting the number of its zeros, as we will discuss in the next section.

The main results of this section are the two and three-point correlation functions of
J = ®® in the 't Hooft limit. Readers interested in the RG flows can skip this section and
move on to section 5.

4.1 General considerations

In this subsection we present a general method of obtaining some constraints on the beta
function for the full theory (2.1), systematically for all orders in 1/N. We follow the method
described in [5]. Start with the A/ =1 Lagrangian discussed in section 2.1:

Lcs 4 (VO®)? + %(é@)? (4.1)

We use the standard Hubbard-Stratonovich transformation to do large N computations;
first, we rewrite the Lagrangian using auxiliary fields A, X as:

L= Lcs+ (VOD)* + %@@V + A(®PD — NX) + 7AN (w — wp) X2, (4.2)

where we arbitrarily separated the superpotential into a term proportional to wp and an-
other proportional to (w — wp). This choice is arbitrary: we can work with any convenient
value of wp, and the results cannot depend on it. Next, we integrate out the matter fields ®
and the gauge fields; in their path integral A behaves as a source for the operator J = ®®
(note that from here on we use this normalization for J, which differs from the one of the
previous section). This leaves us with an effective action for A, 3:

1 1 1
L=—-NAY 4+ TAN(w — w)X? + FAG2A + §G3A3 + EG4A4 e (4.3)

where the G,, are the n-point functions of J in the CS-matter theory with a superpo-
tential coefficient wy. Here, the notation G3A3 is short-hand for three integrations over
superspace of

Gg(xl, 91, 2, 02, 3, 93)A(.’L‘1, 91)A(.’L’2, 92)A($3, 93) (4.4)

and similarly for the other terms.

3Tt may be possible to extract information from such correlators by computing them in a specific gauge,
but since the gauge we use breaks Lorentz-invariance, non-Lorentz-invariant counter-terms may be needed,
and we do not discuss this here.
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Note that the G, are of order N in the large N limit (though they are generally
corrected at higher orders in 1/N). If we keep only the term of order N, then N appears as
a coefficient in front of the full Lagrangian (4.3), and it does not appear anywhere else, so
the 1/N expansion is the same as a loop expansion with this Lagrangian (the higher order
terms in 1/N give corrections to this). For instance, we can now find the beta function
for w by finding the 1-loop corrections to the ¥2 term. In other words, we must study
the 1-loop correction to the ¥ propagator (together with corrections at order 1/N to the
tree-level result, from the higher order terms in G2). In order to find this to order 1/N,
we need to know Go, G3 and G4 at leading order in 1/N (see figure 4), and Gy also at the
first subleading order, but we do not need to know any of the higher G,,, so we will not
write them from here on (they will be needed in order to obtain higher orders in 1/N).

Let us start by repeating the calculation of the beta function at A = 0 using this
formalism. We rewrite the relevant terms in the Lagrangian (4.3) as

1 1 1
L= §AG2((I)O)A + §C¥'3,((;.~}Q)A:3 + EG4(Q~}0)A4 — NAY + N((:} — (.:)0)22, (45)

and choose wy = 0, so that the correlators GG, are computed in the free field theory with
no superpotential. A direct calculation gives Ga(wp) = %% (with no corrections in 1/N).
Inverting the quadratic terms in the Lagrangian, one can then find the propagators for
A, Y (denoted by Ap, Ay) and the two-point function (AX) (denoted Apy). For instance,
we find

Ap = (4.6)

1 [ 320 8w? D?
N(w2+16+w2+16|m>’
which is just the chain (3.9), and Ay is by construction proportional to (JJ), since ¥ =
J/N. We now find the beta function by finding the (diverging) quantum corrections to these
propagators. The 1-loop corrections to Ay that we need to calculate appear in figure 4,
where the external lines are Apy propagators, and the internal lines are A propagators
(note that these are the same as the (a) and (b)-type diagrams defined in section 3, which
appear in figure 2). Using these diagrams, we can get an equation for 3z and vy = 7 from
the Callan-Symanzik equation* for the two-point function (XX):

(Bogg 205 As + (@) + (1) A3 =0, (@.1)

This is manifestly the same as one of the equations we discussed in the previous section;
because the term proportional to 6(2)(6; — 6;) is a contact term, it gives us a single non-
trivial relation between (3 and ~;. If we denote

(a)+ (b)) =01+ ng; (4.8)

as above, we have

N (@% +16) + 32010 — 40, (&% — 16)

B = NG : (4.9)

4The Callan-Symanzik equation appearing here is obtained using a 1/N expansion of the full Callan-
Symanzik equation, see the discussion around (3.13).
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(@) = (B) =

A

Figure 4. Diagrams contributing to the beta function of & at order 1/N.

Using the results of the computations of the previous section gives the following relation
between Sg,v7:

2~ N (02 +16)° + 25602 (302 — 16
ﬁ~:7r'yj (w + ) + wz( w )7 (4.10)
T2NG (&2 + 16)

in agreement with the direct calculation from section 3. We thus find that while this
method is not enough in order to find both §; and 7, one can still obtain a relation
between them; additional correlators are needed to separate the two.

In the rest of this section we perform the analysis for general A, in the hopes of finding
a similar relation. For any A we can obtain a relation between S,y by calculating loop
corrections to the Y2 term in (4.3). For general A there is nothing special about the point
wo = 0 which is no longer free; in fact, it is convenient to use the value wy = 1, since then
the correlators G, are computed in the theory with enhanced N' = 2 supersymmetry. At
this value we know that J does not have an anomalous dimension, since it is in the same
N = 2 multiplet as the global symmetry current, and we also know that the beta function
for w vanishes, and thus G2 does not have any logarithmic terms at any order in 1/N.
Thus, the beta function at order 1/N can be obtained from the same diagrams as before,
appearing in figure 4. We find the 2 and 3-point functions, GGo and G, in the next section.
We then use them to calculate the (b)-type diagram. However, we will not be able to find
the result for the 4-point function G4 for general A, and so we will not be able to calculate
the (a)-type diagram.

4.2 Correlation functions of J = &®

In this section we compute the two and three-point correlation functions of J = ®® for
all A and w, at leading order in 1/N, generalizing the non-supersymmetric computations
of [10, 13]. We start by calculating the general four-point function <<i><I><T><I>> for colinear
momenta (this was done for the N' = 1 CS-matter theories in [15]). This result is then used
to find the vertex <J <i><I>> for colinear momenta, which is then used to calculate (J.J) and
(JJJ) for general momenta. We will use our results to suggest a possible generalization of
the results of Maldacena-Zhiboedov [30, 33].

In order to perform the various 3d integrals that appear in this section, we use the
standard formalism [10] in which we use a cutoff in the 1-2 plane and dimensional regular-
ization in the 3 direction. In particular, we define ps = +/ p% + p%. For other conventions
see appendix A.
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b

p+q k+q

Figure 5. The leading order four-point function.

4.2.1 Four-point function of ® at large IN

The four-point function of ® in our theories was found, for some values of the momenta,
in [15] (in the light-cone gauge I'_ = 0; note that the result is not gauge-invariant). At
leading order in 1/N, the correction to the four-® vertex in the effective action appears
diagrammatically in figure 5. It can be viewed as coming from a four-point vertex in the
effective Lagrangian:

1 — —
Ly= 5‘/(91’]), q, k)q)a(_p -9, el)q)a(p’ 92)(I)b(k +4q, 93)(I)b(_k7 64) (411)

The authors of [15] found, for ¢ in the x3 direction (¢+ = g— = 0):

1
V =exp <1X (p-Xio+q-Xizg+ k- X43)> F(Xi12,X13, X43,p,¢, k),

(4.12)
F(X12,X137 X433p7 q, k)

= XHh X5 (AX X X5 X + BX 1, X5 + CX X5 + DX X)),
with A, B, C, D functions of the momenta p, k, ¢, which can be computed from a Schwinger-

Dyson equation. Here, X;; = 0; —0; and X = Zf‘zl 0;. In this work we will only need

"2 2
e2z‘>\tan*1(72 eZtm?

the expressions at the A/ = 2 point w = 1. Defining T'(z) = 73’ these are
given by:
2im T(ks) 24
=27 7 B=0, C=D=-—"__, 4.13
r T(ps) *—p)_ (4.13)

4.2.2 Computation of <J<§<I>>

We can now calculate <J <f’<I>> in the colinear limit. Explicitly, we consider a correlation
function of the form

(J(=q,0.)®(p + q,0,)P(—p, 0a)) (4.14)

where we take ¢ = ¢— = 0. Diagramatically, <J<i><I>> is given by the diagrams shown
in figure 6. The first diagram is the contribution from the free theory, while the second
diagram includes all of the interaction terms.

The first diagram is simple, and it contributes

6204 — 0:)6%(0p — 0.). (4.15)
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Figure 6. Diagrams contributing to (J®®). A cross denotes a J insertion, and the shaded area
corresponds to the general ® 4-point function discussed in section 4.2.1.

Figure 7. Interacting contribution to (J®®).

In terms of the decomposition of a general three-point function described in equation (2.22),
this corresponds to C = 1 with all other coeflicients vanishing.

A more detailed version of the second diagram appears in figure 7. This contributes:

] B D25(0, — 65) D25(64 — 6,)
dD) = N [ d?63d> /— o ¢ ¢
<J > /d 93d 04 (27T)3V(9b’0 ,93,94,]9, q, k) (k+q)2 2

. (4.16)

We can now plug in the result (4.12) for the 4-point vertex V in terms of the 0’s, and also
replace D37k52(9 —¢') = e %%% This allows us to do the integrals.

Summing the two contributions, we find the general result (decomposing the 3-point
function according to the general form described in equation (2.22)):

A=0
q3((w — 1)(w + 3) cos(mAsgn(gqs)) — w(w + 2) — 5)
2eimAsen(a3) (1 — 6_21'“&“71 (%))
p— ((w+ 3)eimrsenlas) — o + 1)
Bz = — Ba1 = i3y

By =By = —

Bii =

Boo =0

~ 18 —



@ >

Figure 8. Diagrams contributing to (J.J).

i (2tan~1(228)47)
6((w—1)(w+3)cos(mA) —w(w+2) —5)
X [2 (—1 + 62”)‘) sgn(qs) ((w - 1)62i/\tan71(%> —w— 5)

+(w-1)Bw+T7) (—eQiA(taﬂ_l(%)+ﬂ)> —(w—=1)Bw+ 7)62i)‘tan_1(%>

C=1+

2ps

- 2(w(Bw + 4) + 9)eP T GB)7) _4m (4 4 5) cos(mA) — w + 3)

(4.17)
In particular, we find a relatively simple expression at the N’ = 2 point w = 1:
A=0
7;<1 — ei<7r)‘5gn(QS)*2)\tan—1 (%»)
noRs 2q3
B, — -1+ 6—2i)\tan*1(%)
. (4.18)

Bia = —Ba1 = iy

BQQ =0
- é <62i)\tan_1(2qp;) n gei(m\sgn(qs)*”\tan_l(2535)) + 2)

Due to the symmetry under exchanging the two ® legs together with charge conjugation,
we expect By = By and® Bia = —Ba1, and this is manifest above. The result has the correct
limit as A — 0 (which is C = 1, with all other terms vanishing).

4.2.3 Computation of (JJ)

Next, we calculate the two-point function (J(q)J(—¢q)). The diagram we need to calculate
is shown in figure 8, which can be calculated using the results of the previous section.
Note that the results of the previous section only give us this two-point function when the
momentum ¢ obeys g— = g+ = 0, but the general result can be immediately found using
Lorentz invariance. From the general form of the two-point function in equation (2.20), we

find that the contribution from this diagram should be of the form
D2
(6.017(-4.0)) = (4o(a) + Ar(a) 27 ) %0 -0, (4.19)

®The precise relation is Biz(—q,p + ¢, —p) = —B21(—¢, —p,p + q), but since ¢+ = ¢— = 0 and since B;
depends only on ps, this reduces to the form above.
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Figure 9. Diagrammatic relation between (J.J),,, and (JJ),. Dashed blue lines correspond to

(JJ Yy, solid blue lines to (JJ),, and black vertices to @ (along with the corresponding

(JJ)w
Ty *

symmetry factor). The “chain” A¥° can be defined as 7

so that there are only two unknown functions we must calculate, Ag and A;. We find

A — N(w + 1) sin? (’%‘)
07 A ((w = 1)(w + 3) cos(mA) — w(w + 2) — 5)
N sin(mA)

A ((w— 1) (w =+ 3) cos(mA) — w(w + 2) — 5)

(4.20)

Ay =
We now perform some consistency checks on this result.

1. In the limit of A — 0 with fixed & we reproduce the 2-point function of the previous
section.

2. Aj is duality invariant. Note that Ay is not duality invariant; however, it is a con-
tact term which vanishes at separated points, so this just indicates that the duality
transformation should be accompanied by adding an appropriate contact term (de-
pending on A and w) for this 2-point function. A similar contact term appears in
the 3-point function of scalar operators in the duality map between CS-fermion and
CS-critical-scalar theories [5, 13].

3. We can find (JJ), for general w by starting with (JJ),—., for any value of wy, and

treating @

order in 1/N)

(®@®)? as a perturbation. In this case, we should have (at leading

(1), = (T, A (4.21)

where the “chain” AX° takes us from wy to w, as shown in figure 9. Summing this
series, one finds

A =3 <M <JJ>w0) = gﬂw_io) TR (4.22)

n=0 K
A direct calculation shows that (4.20) indeed satisfies (4.21) for all w and wp (and
for any \).

4. Finally, we can compare our result to the known results in CS-matter theories with
only bosons [10] or only fermions [13]. This is done by noticing that at w = —1, the
term (¢?)(¥?) which mixes fermions and bosons in the Lagrangian (2.7) vanishes.
In this case, the diagram in figure 8 contributing to the top component of (J.J) has
only fermions running in the loop, while the diagram contributing to the bottom
component only has bosons running in the loop. This means that the results for
the two-point functions of these components should agree with the fermion-only and
boson-only calculations. We have verified that this is indeed the case.
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Figure 10. Diagrams contributing to (JJJ).

q

4.2.4 Computation of (JJ.J)

Next we calculate the 3-point function (J(q)J(I)J(—g—1)),, for which the relevant diagram
appears in figure 10. Using the (J®®) vertex calculated in section 4.2.2, one can calculate
(JJJ), for colinear momenta. However, it is not immediately obvious how to generalize
this result to any external momenta, since we do not know the most general form of the 3-
point function of superfields that is allowed by superconformal invariance. We now describe
the method we used to solve this issue.

Given the three-point function (J.J.J), for some wy (for instance, at the N’ = 2 point
wo = 1), one can find the 3-point function at any other w by multiplying each external
leg by the chain (4.22). By performing this calculation for colinear momenta, we find
that there are 3 special values of w (denoted wg\i) with ¢ = 1,2,3) for which <JJJ>0JE\i)

with colinear momenta is proportional to the free theory result (i.e. the result for A = 0).
This fact should also be correct for general momenta,® and so at these wf\i) the full result
for (JJJ >w§\i) for general momenta is just the free result up to an overall factor. Then,
applying the chains (4.22) once again to this result, we can find (JJJ), for general w and
general momenta.

Explicitly, the wg\i) for which the three-point functions are proportional to the free
theory result are given by:

(i) 4
wy =1-— - (4.23)
A 2 cos (M) +1

6One might worry about the possibility of an additional structure which vanishes in the colinear limit but
not in general, but this cannot be the case here. We can show this by using the effective action formalism.
SUSY constrains the effective action giving the 3-point function of J’s, when written in superspace, to have
eight possible terms that couple three J’s (in agreement with the decomposition in section 2.2). These
terms come in two forms; terms whose bottom component has three scalars (JJJ, J(D*J)J, JJ(D?J) or
J(D?J)(D?J)) and terms whose bottom component has one scalar and two fermions (e.g. JDoJDgJ). For
three scalars there is only one possible structure, which we can see in the colinear limit. Similarly, for
scalar-fermion-fermion diagrams there are two possible structures [34] (an odd and an even one), and our
colinear results see two structures, so neither of them can vanish there. This leaves only the possibility of
contact terms, but these depend at most on a single momentum, so they cannot vanish in the colinear limit.
Thus, there cannot be any additional structures that vanish in the colinear limit of the 3-point function
but not in general.
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(1)

for ¢+ = 1,2, 3. Focusing on the simplest one, w,’, we find:

sin (%) + sin (2£2)
A (1—2COS (%))2<Jjj>free (4.24)

(T} 0 =
A

Then, multiplying by the chains (4.22), one can find (JJ.J),, for general w. We will only ex-
plicitly write down the result at the N' = 2 point, (JJJ),=1. In terms of the decomposition
discussed in equation (2.22), we find:

— Sin(zﬂ-)\) free
A= 2w A
N sin?(7)\)
By = —o Y™
T+ g
N sin?(m\)
By = =2 S al 4.25
2T gl + (4.25)
sin(2w\) ¢ N sin?(m)\) 1] + lg] — |l + q|
Bap = 5 Bai 2 0o'lys + Cagllllq
T oy B e il (1) (0 Gl
sin(2wA) ¢
C — 76 ree
2T

As a consistency check, one finds that this has the correct limit when A — 0. Also
note that symmetry under interchanging the ¢, legs demands that Bi(q,l) = Bz(l,q)
and Bi2(q,1) = —Ba1(l, q), as is apparent in the terms above. We have also emphasized the
appearance of the free theory terms Afee, B{ree, ..., Cfree from section 2.2.

There are two more nontrivial checks we can do. The first is to check that the result
is duality invariant, which indeed it is (we have also checked this for the more general case
w # 1, and the result remains duality invariant). Another check is to compare the top
and bottom components of our result to results in theories with only fermions [13] or only
bosons [10] at w = —1, as was done for the two-point function in section 4.2.3. Again, we
find that the results agree.”

As a final comment, we note that there only appear two structures in our result (4.25)
at w = 1: a “free” structure appearing in the terms whose coefficient is proportional to
sin(2wA)/A, and an “odd” structure appearing in the terms whose coefficient is propor-
tional to sin?(wA)/\. Surprisingly, this three-point function is composed of the same two
structures (with coefficients depending on w and \) for all other values of w as well. We
discuss this further in the next section.

4.2.5 Discussion

Above we have calculated the two and three-point correlation functions of J = ®2®, for
an A/ =1 CS-matter theory at leading order in 1/N (these are equations (4.20) and (4.25)
respectively). There are several important properties of these correlation functions that we
now discuss.

"The fermionic result agrees only up to an overall sign, which is due to a different convention than the
one used in [13].
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First, all of the correlation functions above (at separated points) are duality-invariant
under the duality described in section 2.1. We consider this as further evidence for
these dualities.

Second, we emphasize that the three-point function becomes proportional to the free
result for some values of the couplings (denoted wg\i)). This behavior can be traced back
to the fact that the three-point function is made up of only two structures with some
coefficients, and so it is reasonable that one can tune the couplings w and A so that the
coefficient of the “interacting” structure vanishes, leaving only the free structure. This fact
simplifies any calculation which requires the three-point function, since the three-point
function at any w is related to the three-point function at wgi) through the chains (4.22).

Next, we comment on the calculation of the four-point function, which we need in
order to obtain the full one-loop correction to the ¥ propagator as discussed above. For
the Chern-Simons-fermion theory, this was computed in [31] (following [35]) for colinear
momenta, and in principle we can perform a similar computation also in our case. However,
apart from the added technical difficulties in this calculation, there is an additional difficulty
in inferring the result for general momenta from the result for colinear momenta, which
requires additional information. In the CS-fermion theory, the general result for the 4-
point function is determined by the inversion formula [36] (see also [37]), or by large spin
perturbation theory, up to a finite number of coefficients [31, 38], and [31] showed that the
colinear limit is enough to fix these coefficients. A similar analysis may be possible also
in our case, but the inversion analysis is much more complicated (the CS-fermion analysis
was simplified by the fact that all 3-point functions of two J’s with other operators are
proportional to their value in the free theory, which is not true for our theories). We leave
this to future work.

Finally, our results for the 3-point functions above allow us to conjecture a possible
generalization of the results of Maldacena and Zhiboedov [30, 33] to N' = 1 supersym-
metric theories. We review these results and our conjecture for the N’ = 1 generalization
in appendix C. We conjecture there that any three-point function of the approximately-
conserved higher spin superfields J; in these CS-matter theories is of the following form:

<JS1 J82J83> = Qsys983 <J81 JS2J83>free + /8518283 (Jsl JS2JS3>0dd (4'26)

where the first structure is the result in the free theory (A = w = 0) of a single matter
multiplet. Some constraints on the coefficients o, s,s5, 8515055 are discussed in appendix C.
4.3 Beta function for A # 0

We now return to the calculation of the beta function. We use the method described in
section 4.1, for which we are required to find Go,G3,G4. Using our result for (JJ), at
leading order in 1/N we find

Golwo = 1) = 8% ((cos(m 14 sin(w)\)fq‘) . (4.27)
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Figure 11. Simplifying the (b)-type diagram.

This allows us to calculate the > propagator:

Ay = ! <(w + 1) sin? (W—)\> — sin (7A) D—2> .
TAN ((w — 1)(w + 3) cos(mA) —w(w +2) — 5) 2 Ip|
(4.28)
Note that this reduces to the result for the chain (3.9) in the limit A — 0 (when rewriting
the result in terms of @ = ww\).

We need to calculate the two diagrams in figure 4. We can calculate the (b)-type
diagram (which requires only G3 that we computed above), but not the (a)-type diagram
(which requires G4, the J four-point function, which we do not have).

4.3.1 (b)-type diagram

As discussed in section 4.2.4, For any two values of the coupling wi,ws, we can relate the
corresponding three-point functions by multiplying their external legs by the chains (4.22).
Schematically, we write

(JT D)y = (JJ )y (A2)° . (4.29)
Furthermore, we found that for specific values of w = wg\i) given in (4.23), the three-point
function (JJJ) is proportional to the free theory result (JJJ)gee. We thus find that any

three-point function is proportional to the free result, up to multiplication by external legs:

(JJJ)y =C (wf\i)) (T tree (Azﬁ”)S. (4.30)

The exact value for one such proportionality constant C (wg\i)) is given in (4.24), and we
will be using this value from now on. We can now easily calculate the (b)-type diagram,
which appears in figure 11(a). Using the identity (4.30), we can rewrite this diagram as in
figure 11(b). Finally, defining

A= (A1) Ay (4.31)

wo=1

we find that this is equivalent to the diagram in figure 11(c). However, note that this
final diagram is precisely the same as the (b)-type diagram in the A = 0 case appearing in
figure 2, apart from the fact that we have different values for ag, a; on the internal “chain”
(which can be read off from (4.31)).
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We thus find that this diagram is almost identical to the one we calculated for the
A = 0 theory in section 3.2. In the A = 0 theory, the result was (ignoring external leg

1 D2\ ? D2
(b)r=0 = T 397% ( ap + ai P ’> o (4.32)

The result for general A should be identical, up to the following changes:

factors of Ag2g2):

e ag,a; of (3.9) must be changed to the corresponding values coming from A’y.

e The three-point function is not equal to the free value, but only proportional to it,

sin( )+sm(%)
)\(l 2(:05( ;))2.

function by this proportionality constant.

with proportionality constant We must multiply each three-point

e We must multiply the external legs by Awo 1

In summary, we find for the logarithmically diverging parts:

(b) = <S1n( )+sm(?f)2> <—3271T2€ (AA)2D ) (A=), (4.33)

TA (1—2(308 (% ) p|

As a consistency check, this has the correct A — 0 limit and is duality-invariant.

4.4 Summary

Putting together the (a) and (b)-type diagrams, we can solve the Callan-Symanzik equation:

(Bw i 2w> As + ((a) + (B))AZy = 0 (4.34)

The (b) contribution appears in equation (4.33), Ay, appears in equation (4.28), and we
are missing the (a) contribution. As discussed above, only the %j term in the equation
above is physical, meaning that even if we compute this contribution, we also need s at
order 1/N in order to find f, at this order.

5 Qualitative behavior of Ny = 1 fixed points for A # 0

In the previous section we did not manage to find the explicit solution for the beta function
for all \. However, in this section we will show that our results above (with some additional
arguments) are enough in order to conjecture the qualitative behavior of the fixed points
for all \. We start by showing that the beta function must have at most 6 roots for all
values of A. We then discuss all of the exact results one can obtain by combining the
results of section 3, the duality (2.8) and general considerations from the symmetries of
the theories. We then conjecture the qualitative form of the fixed points for general .
Finally, we discuss some interesting consequences of these results.
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5.1 TUpper bound on number of fixed points

We now use the calculation outlined in section 4.1 to show that there are at most 6 fixed
points for all values of A. This is done by showing that the beta function must be of

the form Pa(w. V)
6\W,
w — 9 5.1
%= NQw. Ay o1
where
Q(w,\) = (w—1)(w+3)cos(mA) —w(w +2) — 5. (5.2)
Note that Q(w, ) < 0, and it vanishes only for A = 1 and w = —1; our discussion below is

relevant away from this value. Here and in the rest of this section, P, (w, A) stands for an
arbitrary n-th order polynomial in w, and not any specific polynomial.

First, we show that some combination of 3, and 7 is of the form (5.1). In equa-
tion (4.34) we have found a Callan-Symanzik equation which relates f,,,7.:

(m —ww>AyHWH%WAb=Q (5.3)

where (a),(b) appear in figure 4. We can obtain most of the w dependence of this expression
from the discussion above. We start by writing the propagators explicitly:

2(w +3 — (w— 1) cos(mA)) — 2(w — 1) sin(rA) 2

Apx = NG, ) Zl (5.4)
w + 1) sin? A sin( 71')\
Az:( i N;?%; Bt (5.5)
as cos(mA) —w — A (w — 1)2sin(m ) 2
ay A D= Dooslr) =) HAm - PN B

NQ(w, )

Now, note that the (a)-type diagram has a single A, propagator (4.28), which gives its
full w- dependence while the (b)-type diagram has two such propagators. In total, we find
that the 2 I ‘ component of the Callan-Symanzik equation (5.3) reduces to

0 sin(mA) Ps(w,\)
(ﬁ 00" 27") Q) T NQ o7

which can be simplified to

Buw(w + 1) f(N) +2Q(w, N)ys + 5 =0, (5.8)
and so we have found one combination of 3, and ~y; which is of the form (5.1).

In order to constrain f3,, on its own, we need one more such combination. In analogy to
the non-SUSY version of these CS-matter theories, the N' = 1 CS-matter theories contain
an infinite tower of approximately-conserved higher-spin superfields Js (by which we mean
that their twists differ from 1 by terms of order +). Let us consider the Callan-Symanzik

N
equation for the three-point function (JJjJp), where Jj is the approximately-conserved
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A A A,

AA AA

(a) O3 (b) O, (C) Os

Figure 12. Diagrammatic expressions for O3,04,05. Each external leg can be either a J or a Ji,
with a Apy connected to the J leg.

superfield whose lowest component has spin one (see [39] for a precise definition). An
argument similar to the one made around equation (4.22) shows that at leading order in
1/N we can calculate (JJ;J1),, by calculating (J.J;J1),=1 and then multiplying by a single
chain. Schematically we write

(JJy ) = (JJ1J1) g1 AYTE (5.9)

This chain is just A¥=! = Aé(zog“:))l), which means that we have the entire w-dependence of

this three-point function:
(JJ1J1)w = g\, 0;) Ax(w, A), (5.10)

where we have emphasized the fact that the function g depends on the superspace coor-
dinates. We can now write a Callan-Symanzik equation for this three-point function at
order® 1/N::

0
(@Ua—w + "YJ) <JJ1J1> + (03 + O4 + O5)AA§; =0, (5.11)

where the 1-loop contributions to Os, O4, O5 appear in figure 12. These diagrams are
written as we would compute them using an effective action similar to the one of section 4.1,
with sources also for J; and not just for ¥ oc J. Again, using the w-dependence of the
various propagators (and focusing on any contribution to the 3-point function which at
leading order in 1/N depends only on the % component of Ay, in (5.10)), this Callan-
Symanzik equation reduces to

P7(w, )\)

Bu(w + 1) f(A) +7Q(w, A) + NQ(w, \)? =0,

(5.12)

and so we have another independent combination of 5, and -y which is similar to the
form (5.1).
Comparing the w-dependence of equations (5.8), (5.12) we find that we must have
)

Pr(w, A
Buolw+1) = % (5.13)
or
By = — 1@ (5.14)

Nw+1)Q(w, N2’

8Note that J; is conserved and so its anomalous dimension vanishes.
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As a final step, we will show that the factor of (w+1) in the denominator must cancel with
the numerator. Note that if P; does not have a root at w = —1 for generic A, then for generic
A’s our expression (5.14) has a pole at w = —1. However, the duality transformation (2.8)
relates w = —1 and w = oo, and the beta function (5.14) for the dual coupling has no pole
at w = oo; since @Q is quadratic in w, the right-hand side of (5.14) grows at most as w? for
large w, so the beta function for 1/w grows at most as a constant. We thus find that in
order for the result (5.14) to be duality invariant, the numerator must always have a root

at w = —1. We can then write
P6(w7 )‘)

B = W (5.15)

which agrees with the desired result (5.1). In particular, we learn that the beta function has
at most six roots for every A (for large enough N, when we can ignore higher contributions
in 1/N).

5.2 Exact results and conjecture

We now outline our conjecture for the qualitative behavior of the fixed points. In section 3,
we found six fixed points for A = 0, at

Qe = 0,0,0,v/48, —/48, . (5.16)

We would now like to expand this result as much as possible. We start by finding the fixed
points in terms of the coupling w in the N/ = 1 Lagrangian (2.10). Perturbation theory
and parity considerations will then give us the behavior of the fixed points at leading order
in A. Then, using the duality, we manage to find the fixed points at strong coupling, for
1 — X < 1. We know that the A/ = 2 point w = 1 is always a fixed point. Finally, we find
that the point (A = %,w = —3) has an emergent time-reversal symmetry which forces it
to be a fixed point. These facts allow us to give a conjecture for the behavior of the fixed
points for general \.

We start by finding the fixed points in terms of w instead of @. Using the definition
@ = mAw and our results for the fixed points @, (5.16), we immediately find three fixed

points at w, = %, —g, oo for small A. The fixed points at @ = 0 require a little more

work, and cannot be found just from our results here; but they can be found from a 2-loop
computation at small @ and A, that was performed in [7]. They found three fixed points at
small A and @, which in our normalizations are at w, = —1, —%, 1. We can identify these
with the three fixed points at @ = 0 that we saw for A = 0. To summarize, we find six
fixed points for small A, at
we = —ﬁ, 1, —%, 1, {f 50 (5.17)
We are assuming A > 0 without loss of generality, and in general the fixed points depend
only on |A| by parity. The fixed points at w. = 1, w. = —1 and w. = co are attractive in
the IR, and the other three are repulsive.
Next, let us discuss the meaning of the fixed point at w = co. We can rewrite the
superpotential of our CS-matter theory W = % |®|* by introducing an auxiliary superfield
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H and taking

N
g2
dmdw™
since integrating out H leads back to the original theory. This suggests that also if we

W = H|®* - (5.18)

couple our CS-matter theory with w = 0 to an extra dynamical superfield H with the
superpotential (5.18), then at low energies it would flow to our CS-matter theory with
the parameter w, perhaps with small corrections coming from the dynamics of H (which
are suppressed by 1/N); H is generically very massive and can be integrated out. So we
can describe our theories either in the original language, or in this new language, and
in the new language the natural coupling is 1/w rather than w. This suggests that the
theories with w > 0 and w < 0 are in fact similar, so that the space of couplings w is
actually topologically a circle rather than a line; for large |w| we should use the alternative
parameterization (5.18) of the space of theories in terms of 1/w. The large w behavior of
the beta function is consistent with having at most six fixed points on this circle for large
N, where one of these may be at infinity (as we found for A = 0).

For A = 0 we can write the new parameter as 1/@, and in the language of (5.18) we see
that if we assign odd parity to H then the coupling 1/& breaks parity, so its beta function
has to vanish at & = oo, consistent with what we found above. For A # 0 we have no parity
symmetry, so it seems that there is nothing special about the point w = oo, and the fixed
point there can move to a finite value of 1/w.

Next, let’s discuss how our results (5.17) would change when we slightly increase .
Note that since f3, is invariant under parity, the points —1,—1/3,1 can only be corrected
at order O(\?). Similarly, the points :l:g can only be corrected at order O()). Also note
that the fixed point at w = 1 has N/ = 2 SUSY, and so it is exact to all orders in \ since
the coupling is not renormalized. Perfoming a similar analysis also near w = oo, we can
write the full set of fixed points for small \ as:

We = */EHJ(A), —1+0(\?), fé+0(A2), 1 \/;178+0(A), o@1/x%).  (5.19)

We can now use the duality (2.8) to learn about the behavior near A = 1. The duality
maps® the six fixed points at A = 0 to six fixed points at A = 1:

we=—1, -1, —1, 1, 5, oo. (5.20)

For A close to 1, their leading order behavior can be read off from the behavior of the
corresponding point for A close to zero. We do not have a direct argument explaining why
one of the fixed points for A = 1 is at w = oo (in the language of the previous section, the
existence of a fixed point at infinity depends on whether the w® term in Pg(w, \), which
can only come from the diagram of figure 12(a), is present or not).

Next, let us show that there must be a fixed point at (w,A\) = (—3,1/2). First, note
that at A = 1/2, which maps into itself by a duality transformation followed by a parity
(time-reversal) transformation, the duality must map the set of zeros of the beta function

9More precisely, starting from A > 0 we use a combination of a duality transformation and a parity
transformation to go to A — 1.
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Figure 13. Qualitative RG flows of the N' = 1 Ny = 1 CS-matter theories at large N. The
solid lines (and the point (—3,3)) represent exact results that follow from a direct analysis of
the 8 function for small A\. The dashed lines are the conjectured behavior for all A. There is an
additional fixed point at w = co for A close to zero and close to one, whose behavior for general A
cannot be found using our analysis. The results for negative A can be obtained by using a parity
transformation A — —\, under which the set of roots of the beta function is invariant. Note that
we draw A as a continuous variable, even though for finite N it is discrete.

into itself. Since there is a zero at w = 1, which is a fixed point of the duality, we learn
that there must be at least one more root that sits at a fixed point of the duality. Thus,
at A = 1/2 there must be at least another root either at w = 1 or w = —3. Let us show
that at least one additional root appears at w = —3 by studying the behavior of the point
at (w,\) = (—3,1/2) under time reversal. In addition to the usual definition of the time
reversal transformation 7', we can define another time reversal transformation 7", which is

defined as
T =ToD (5.21)

where T is the standard time reversal transformation, and D is the action of the dual-
ity (2.8). It is easy to see that at the point (w,\) = (—3,1/2), 7" is an emergent symmetry
(this is also true at the self-dual N' = 2 point (w,\) = (1,1/2)). If we deform the theory
at (w,\) = (—3,1/2) by a small deformation dw, we find 7" : dw — —dw, so that it breaks
the 7" symmetry. We conclude that we cannot generate a |®|* term in the superpotential
along the RG flow that starts at this point, since this would break the symmetry 7. This
is thus a fixed point of the RG flow.

We present our exact results for the RG flows discussed above using solid lines in
figure 13. Using these results, we conjecture a qualitative picture of the RG flows points
for general A\ using dashed lines in figure 13, for large values of N. While this conjecture
is the simplest way in which we can connect the RG flows at small A with those at A
close to one, it can fail in a number of ways. However, since we have shown that for large
N there are at most six roots for the beta function, there cannot be additional pairs of
roots which appear for 0 < A < 1 without some other pair annihilating. In the simplest
conjecture there are three stable fixed points for all values of A\. One of these is the N' = 2
point which maps to itself under the duality, and the two other stable fixed points are
exchanged by the duality. Similarly there are three unstable fixed points (which have two
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w=1 w= —% w=—1

O, 2 O, —2 O, 1

o, 2 | 0104 + a205 + az0, + Oy | 2(V3+1) Oy, 3

Oy, 6 | 6104 +b205+b30,+ O | —23(vV3-1) —105+ 20, i
—0,+0s | 2 Oy, -3 —140, + 705 + 1405 + O, | —2

Table 2. Eigenvectors and eigenvalues of the RG flows at each of the fixed points w =1, —%, —1.

N = 1-preserving relevant operators) for all A, one which maps to itself under the duality
(and which includes the point (w,\) = (—3,1/2)) and two which are exchanged by it.

Finally, we can discuss deformations of these fixed points which don’t preserve N = 1
SUSY. For A close to zero, these deformations were studied in [7] for the three fixed points
close to the origin (w = —1, —%, 1). We will follow the notation of this paper. There are
four classically marginal operators:

Op = (V) (¢9),
0, = 1 ((6)("0) + (*3)(63)
On =" (69)" (5.22)
In particular, the combination
Ou = 204 + 205 + 40, + w0, (5.23)

preserves N' = 1 SUSY (at large N). The RG flow eigenvectors and their anomalous
dimensions at the three fixed points appear in table 2. All anomalous dimensions in the
2
table come with an additional factor of %
2 (29v/3 — 27) 4 (V3 +30) 4(31v/3 +33)
a] = —— aos = — g =— 7
' ST B+ 15

, and

5.24
V3 + 15 2 V3 + 15 (5:24)

2 (29v/3 + 27) b 4 (V3 - 30) ) _ 4(31v3-33)
V3 — 15 T B 15 T V3 -15

The first row for each fixed point is the direction in which N/ =1 SUSY is preserved, and
which appears in figure 13. As emphasized in [7], the N’ = 2 fixed point is stable also to

by = — (5.25)

all non-SUSY deformations, but the other ones are not.

5.3 Phase diagram

The theories we discuss all have at least one N = 1-preserving relevant deformation —
a mass term W = pu|®|> — and for the three stable fixed points described above, we
conjecture that this is the only N' = l-preserving relevant deformation. Turning it on,
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Phase  Fermion Boson Low Energy Theory

(+,+) +ve mass UnHiggsed SU(N )k
(—,+) —ve UnHiggsed SU(N) k-1
(+,-) +ve Higgsed SU(N — 1),
(—,—) —ve Higgsed SU(N — 1)x—1

Table 3. Low-energy Phases of SU(N); with one fundamental matter field.

=1 < > < >
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B<0:(— ), (H ) 2N P> 0:(h ), ()
ﬂ_',; : wu<0:(+,-)
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N .
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1=o > =u
1 71/3 1

Figure 14. Superimposing the phase diagram on the RG flow diagram.

with either sign for p, the theory develops a mass gap and flows to a pure CS theory in
the IR; the point p = 0 is generally a point of a second order phase transition between
the p < 0 and p > 0 phases (we study theories which do not break supersymmetry, so
the vacuum energy is always zero and all phase transitions are second order). Starting
from an SU(N), CS-matter theory, there are four phases that can naturally appear. In
our conventions, integrating out the massive matter field leads to an SU(N), or SU(N),_1
pure CS theory at low energies, depending on the sign of y. Classically these are the only
options for pw > 0, but for pw < 0 there are also classical Higgsed vacua where ® obtains
an expectation value, and the low-energy CS theory is SU(N — 1), or SU(N — 1),-1. So
classically there is one type of SUSY vacuum for puw > 0, and two types for puw < 0.
Quantum mechanically this picture is modified as A is turned on, with boundaries between
phases at values of w that depend on A. The precise phase structure at infinite N (for a more
general theory with arbitrary scalar and fermion couplings, not necessarily supersymmetric)
was found in [26], by analyzing the effective potential; we use their notation for the phases,
described in table 3. As in the classical analysis, there is always one sign of y leading to a
single SUSY vacuum, and another leading to vacua in two different phases, but the identity
of the phases changes as w and \ are varied.

The result for the phase diagram, for 0 < A < 1, appears superimposed on the result
for the roots of the beta function in figure 14. The red lines represent lines (found in [26])
across which the phase structure jumps. In between any two red lines, we write down the
phases when p is positive and negative using the notation in table 3. For example, for w
close to 1, we find that for positive mass the only vacuum is SU(N),, while for negative
mass there are two vacua: SU(N — 1), and SU(N)._1.
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We see that in the simplest assumption for the evolution of the fixed points, each of
the three stable fixed points — the one at w = 1, the one near w = —1, and the one
near w = oo — has a different phase structure close to it. Note that in figure 14 it seems
that the phase structure jumps across w = oo, but in fact, as discussed above, near this
point it is better to think of the theory by adding another singlet superfield and using the
superpotential (5.18). In this language, near w = oo the operator |®|? is set to zero by the
equation of motion, so it is better to describe the mass deformation by adding

N

=nH = H 2
W =j 5 (5.26)

which gives the same action upon integrating out H. In terms of this more appropriate
parameterization by /i, the phase structure is continuous as we cross w = oo, with (+,+)
and (—,+) phases for it > 0, and a (4, —) phase for i < 0, consistent with our picture
of the space of couplings as a circle. For non-zero values of A, this circle is divided into
three regions with different phases, and we find one large IV stable fixed point in each of
these phases.

5.4 Discussion of dualities and exact moduli spaces

Let us summarize our results. For large but finite N, we find six fixed points for small
and large A. We find that for any A there are at most six fixed points, and we conjecture
that there are exactly six fixed points for all A (see figure 13). There is a duality between
the six fixed points with A and those with ' = X\ — sign()\), which at leading order in 1/N
relates them according to equation (2.8). From each of the three unstable fixed points we
can flow to the two adjacent stable fixed points, so the duality between the unstable fixed
points implies the duality between the stable ones. In addition, we can describe each theory
both in the original CS-matter language, and in the language of adding an extra singlet
superfield as in (5.18). For large N the two descriptions clearly flow to the same fixed
points, and we conjecture that also for finite IV there is a duality between them, namely
the CS-matter theories with some range of values of w in the UV flow to the same fixed
points as the H|®|? theories with some range of values of the H? superpotential in the UV
(and with the same gauge group and level). All in all, each fixed point thus has four dual
descriptions (with A or with A, and with or without the singlet H).

At finite N the precise values of w, will be corrected, but we conjecture that, at least
for large enough N, the number of fixed points and the dualities between them persist. At
finite N we have several different dualities, whose precise form may be found by demanding
level-rank duality of the low-energy theories resulting after mass deformations: a fixed point
of the SU(N)H¥ theory maps to one of the U(k:)_N_%y_NJF% theory, a fixed point of
the U(N),H%’kf% theory maps to one of the SU(k:)_N_% theory, and a fixed point
of the U(N)kJr%’ki%iN theory maps to one of the U(k)_N_%’_NJF%ij theory. As N
decreases, some of the fixed points may disappear or others may appear, and the various
dualities may or may not persist for small N; it would be interesting to study down to
which value of N the various fixed points and the dualities between them survive.
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The dualities of the stable fixed points have already appeared in the literature before,
but here we clarify which UV theories flow to the corresponding fixed points, and add the
duality between the unstable fixed points as well.

The duality of the AV = 2 point at w = 1 is a special case of U(N) and SU(N) N =2
dualities discussed in [2-4], and is believed to hold for all values of N and k. The N' = 2
fixed point w = 1 is attractive for A close to 0 or 1, and it was shown to be attractive
for finite N and large k as well in [7]. It is thus reasonable to assume that this point is
attractive for all N and k. This is in agreement with comments appearing in [25, 28].

It is natural to assume that also the large N phase structure that we discussed near
this point persists for finite values of NV and k. Note that, at least for large IV, the phase
structure that appears at the AN/ = 2 point is unique to this fixed point — all other fixed
points have a different phase diagram. This phase structure was shown to appear for the
theories studied in [25, 28], and in particular for domain walls of four dimensional ' = 1
Ny =1 SQCD. This is evidence for the fact that the theories studied in these papers do
indeed flow to the A/ = 2 fixed point, and so it is evidence for the various patterns of SUSY
enhancement discussed in these papers.

The authors of [22] proposed the following duality (and related SU — U and U — U
dualities) for the case Ny = 1:

— o (5.27)

The operator H? was added on the right-hand side in order to make the classical phase
structure match on the two sides of the duality as one deforms by a mass pu; this was also
the reason for the choice of sign of the superpotential on the left-hand side (its precise
value plays no role). We recognize that the superpotential on the right-hand side, without
the H? term (which is irrelevant in the IR anyway) is the same as the one we used in (5.18)
to obtain a different description of our CS-matter theories, which is more convenient near
w = oo. Thus, we interpret this duality as a finite N version of the duality we found

connecting the IR-stable fixed point that we found near w = —1, with the fixed point close
to w = o0,
U(k)N+§—%,N—%+(I) SU(N)_k_%+%+(I>
— (5.28)
w~—1 w ~ 00

There is a large range of values of w which flows to each of these fixed points, either in
its original description or in the one with the extra singlet field H (where it is natural to
flow to the large w fixed point if one starts with no H? term in the superpotential at high
energies). All theories in this range are conjectured to be IR-dual. Note that the phases
appearing for these two fixed points in figure 14 exactly match the phases required in the
proposed duality (5.27), without the need to consider the extra H? term in W (which can
be added in the UV, but does not affect the IR).
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Finally, we discuss exact moduli spaces. We argued above that the theories with
(w,A\) = (—3,1/2) are self-dual at large NN, and that this leads to an emergent time-
reversal symmetry, which is a combination of time-reversal with a duality transformation.
Under this emergent time-reversal symmetry the operator |®|?> maps to itself, but the
superpotential has to be odd, so this prevents any superpotential from being generated,
so that there must be an exact moduli space. The corresponding theories for finite values
of N and k were already discussed in [25]; in particular they mentioned the emergent
time-reversal symmetry of the theories

2

UN)an 1y, iy, + N; @

UN)sy_in;on-in, + Ny @ (5.29)

for all values of N, Ny¢; for Ny = 1 these are special cases of the dualities we wrote above,
with £ = N. One can ask whether they all have an exact moduli space. Indeed, the
simplest examples of the theories in (5.29) (given by N = Ny = 1) have been found to
have moduli spaces.'® For all values of N it is natural to assume that the theories (5.29)
discussed in [25] are the finite N versions of the large N (w,A) = (—3,1/2) fixed points,
with the same action of the emergent time-reversal symmetry on |®|2. This implies that
all these theories, at the corresponding fixed point, have an exact moduli space. Since our
arguments depend on the emergent time-reversal symmetry, we do not expect an exact
moduli space in the corresponding Yang-Mills-Chern-Simons theories, which flow to these
fixed points; it is just a property of the fixed point conformal field theories. Note that
according to our discussion we expect these fixed points to be unstable, namely to have
two relevant operators, a |®|2 and a (|®|?)? superpotential (at least for large enough N).
We will perform a similar analysis in the next section for the case Ny > 1, and we will
find a similar result, where there exists a fixed point with an exact moduli space in the
large-N limit.

6 Theories with Ny > 1

In this section we consider the general theory of section 2.1.2 with Ny > 1. We start
by generalizing the duality transformation (2.8). We then calculate the g and ~ func-
tions at A = 0, generalizing our Ny = 1 computation. We manage to map only some of
the fixed points to their value at strong coupling. We discuss various generalizations of
some phenomena that appeared for Ny = 1, like exact moduli spaces and the behavior at
infinite w;.

6.1 Duality

We start by generalizing the large N duality transformation (2.8) to the case Ny > 1; the
action of the duality on A is the same for all Ny < IV, but we need to understand how the

'“The theory U(1)1/2 + ® is dual to a free matter multiplet and so has a moduli space [21]. The theory
U(1)3/2 + ® is dual to U(1)o + ®2 where ®2 has charge 2 under the gauge symmetry, and this was also
shown to have a moduli space [18].
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duality acts on the superpotential couplings. Consider the theory given in (2.13), with an
additional mass term which is not necessarily SU(Ny)-invariant, namely

Wa = moi;(B:0;) + 2 (B'0;) + =1 (Bia;) (B70;) (6.1)

K K
with 4,5 = 1,--- ,Ny. Let us rewrite this in a simpler form. Define J;; = <f>,-<I>j, and
decompose J;; into its trace and adjoint parts:

b
J =Jik, Tij = Jij — F;j’ (6.2)

with Tr(J;;) = 0. Similarly, define

i M, (6.3)

My = Tr(mo;), Moj = mo,ij — Ny

so that Tr(Mp ;) = 0. It is easy to show that the Lagrangian (6.1) can be rewritten as

We = M9 7.+ 9 — 7 2 TA 2 6.4
b O\Z,]+ij+Nwa2L7 +NW1\ZL] ( )

where we have defined ws = Nywg + wi.
We propose that the generalization of the duality (2.8) to Ny > 1 is given by

3—&)2
1—!—(«)2'

045 1—|—w1’

/ QMOJ‘J’ M, . 2M0 ’ 3 — w1

- = 6.5
0 1—|—(.«J2’ w1 1+w17 ( )

wh =
This can be thought of as two copies of the Ny = 1 transformation (2.8), one for the
flavor-singlet and one for the flavor-adjoint sector, where wi,ws transform independently.

Equation (6.5) implies that under the duality Jj; = =527, J' = —45227. For com-

pleteness we write the transformation of wgy as well:

o 4wy
T T U w)(I +w) (6.6)

As an initial consistency check, this transformation is consistent with the fact that w; =
1,wp = 0 has A/ = 2 SUSY and so is a self-dual point.!!

We now perform two independent calculations which test this proposal: the zero-
temperature pole masses in the unHiggsed phase (obtained from the gap equations) and
the two and three-point correlation functions of J;; and J.

HThe full set of self-dual points are
(w1,w2) = (15 1)3 (15 73)5 (737 1)5 (737 73)7 (67)

or equivalently

(w1,w0) = (1,0), (1,—]\%), (-3,]\%), (=3,0). (6.8)
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6.1.1 Gap equations in unHiggsed phase

Using an immediate generalization of the mass gap calculation performed in [15], we can
find the physical masses of the mass-deformed theory for the case Ny > 1. As a reminder,
in [15] the mass gap equations were found by solving the Schwinger-Dyson equation for the
propagator of ® assuming no Higgsing, with the result

2m0
= ) 6.9
"= Neign(m) (w1 — 1) + 2 (6.9)
Under the duality the physical mass transforms as
m' = —m (6.10)

as expected.
We repeat the calculation for the case Ny > 1 in appendix D. The result, when the

mass matrix Mo ;; is diagonal, is

_ 2Mo,q; n 7 Modiy
~ Asign(myg)(wr — 1) + 2 Asign(myj)(we — 1) +2°

myij (6.11)
As an immediate generalization of the Ny = 1 result (6.9), we find that under the proposed

duality transformation (6.5) we have m!

ij = —Mi; as expected.

6.1.2 Correlation functions of J, J;;

The two and three-point correlation functions of J for the case Ny = 1 appear in section 4.2.
These were found by using the general four-point function of ®’s, see [15]. Thus, in order to
find the result for J and J;;, we must generalize the calculation of the four-point function.

Luckily, if the interactions are written as in (6.4), this is relatively simple. We find
that the Schwinger-Dyson equation for the four point function (®:®;)(®/®;) with i # j
is exactly the same as the equation for Ny = 1, with w replaced by w;. Similarly, the
equation for the four point function (®'®;)(®/®;) is the same as the equation for Ny =1,
with w replaced by wy (up to some overall factors of Ny).

As a result, the two and three-point functions are an immediate generalization of the
results of section 4.2 for the two and three-point functions of J when Ny = 1. We find

<k7z§> = <J2>|w%w1v <~72> = Nf<J2>‘w%uJ2

(T8 = (P sy (TP = NI s (6.12)

where the two-point function (J?) is given in equations (4.19), (4.20), and the three-point
function (J3) is given in equation (4.25) for w = 1 (but as discussed above this equation,
the result for general w can be obtained immediately from this result by multiplying it
by chains).

We can now check our proposal for the duality transformation. This check is imme-
diate, since (J?), (J3) are themselves duality-covariant according to the original Ny = 1
duality, and each sector transforms independently.
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Figure 15. The chains for Ny > 1.

6.2 Beta and Gamma functions for A =0

As explained in section 2.1, for Ny > 1 the Lagrangian has two classically marginal
operators:
wo
N

From now on we use brackets to describe a trace over gauge indices, so we can write these as

(7 P7)(D5D5), %(‘T’?@?)@?@?) (6.13)

F@D)(@;8)), 7 (B;0)(2:%;). (6.14)
We can now calculate the leading order beta functions at 1/N. Since the gauge indices are
the same, we have the same diagrams as for the Ny = 1 case, but we must follow the flavor
indices more carefully now.

We have two beta functions to calculate, for &y and @, and three different types of
correlators:

o Op = ((2:;2;)(®;®;)) with i # j
o Oy = ((®;9;)(®;®;)) with i # j
o Oy = ((P:®)(P;®y))

r, g, b stand for red, green, blue in our figures.

We start by calculating the leading order in 1/N contributions to these correlators,
which are just generalizations of the chains (3.9). Next we calculate the contributions at
next order in 1/N, which are generalizations of the (a)-(e) diagrams. This allows us to find
the beta and gamma functions.

6.2.1 Leading order: chains

We now have three types of chains, shown in figure 15. In the red and green chains we
take ¢ # j. In the limit where Ny = 1 and either &y = 0 or w; = 0, the blue chain should
correspond to the chain found in the Ny =1 case (3.9).

The calculation of the various chains is similar to the Ny = 1 case in section 3.2.

We find:
k-1
I+k\ i1~k (D?
A, =2 N =
32 () (5

. 16 — oy + 4(@s + 01) 2 e D2
= W, = _—
O (@2 +16) (@2 + 16) o

(6.15)
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Type Contribution to O, Contribution to O,
(a) _4AgAT(A1+B1Nf)+2A%Nf(A1+B1Nf)+BlAE2] D_2 _Ag(2A1+B1Nf) D_2
q2 Ip| 872 Ip|
) B AJ+2A2ZAZ(NF45)+2AFNF+HAAT ANy +80 ANy D? _ A3(4A+AGNY) p2
6472 Ip| 642 Ip|
() _ AJH6AGAZH2AT AN +2AN; _ AZ(AA+AGNy)
872 82
d 2A0A1+BoB1 2A0B1+2A1 Bo+BoB1 Ny
( ) - 2 - 2
QAT(A1+B1Nf)+BlAg Ag(2A1+Ble)
(6) - 2 - 1z

Table 4. The logarithmically diverging parts of the (a)-(e) diagrams for the case Ny > 1.

n=0
8&)1 4\p| + (Z)1D2 D2
= By+ B1— 6.16
@ +16  |p| T (6.16)
A=A+ Ay (6.17)
Where we have defined @s = Nywg + @;i. So at leading order in 1 /N we find
O, =A,, Og :Ag, Ob:Ab:Ar—i-Ag (618)

6.2.2 Subleading order: (a)—(e) diagrams

We have three types of correlation functions to calculate, corresponding to O,., O4, Op. The
diagrams contributing to these are of the same form as the (a) — (e) diagrams in figure 2, to
which we must add the correct flavor index structure. Thus, each of the (a) — (e) diagrams
contribute to O,, O, and O, according to the structure of the flavor indices on the external
legs. The results for the logarithmically diverging terms are summarized in table 4.

For Oy, a direct calculation shows that the logarithmically diverging terms at order 1/N
obey the relation O, = O, + Oy, as they must for the consistency of the Callan-Symanzik
equation at this order.

6.2.3 Gamma function

The diagrams contributing to ¢ appear in figure 16. Using our result for Ny = 1 and just
adding the flavor index sums, we find the following results for the two diagrams:

A+ B By

D? 1
2m2e 2m2e (6.19)

D*, (Ny-1)

So the total contribution is
A+ NfBl D2

53 (6.20)
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The gamma function is then

(6.21)

14, —|—NfBl 2 (16(1}0(Nf(110+2@1) ~2>
Yo =5 = Nyey

2 2r2 m2N (@} +16) \ (Ngao +@1)? + 16

One can expand 74 in small @, @1, and the result agrees with that of [7] (up to the same
overall factor of 2 discussed in section 3.2.2).

6.2.4 Beta functions

In order to find the beta functions fy, 81, it is enough to consider the Callan-Symanzik
equation for O, (the Callan-Symanzik equations for Oy, O, can be used as consistency
checks). This equation is

0 0
Bro—+Pam—+ 478 | Ar 4 ((a)r + (b)r + (¢)r + (d)r + (€)r) =0, (6.22)
6w1 &ug
where we use Wy = Ny@o+w; as in (6.4). Since each of the terms in the equation once again
has two terms (one proportional to 1 and one proportional to %), this Callan-Symanzik

equation gives us two independent equations for 5; and for 2. Solving these equations

we find
8 e .
B 2 (@3 +48) — N7 (@3 + 16
g 72Ny (@ +16)° (@3 + 16) [wl (2 (@2 +48) = Ny (22 + 16))
+16 (3NF — 10) @F (& + 16) — 2032 + 64fp + 1536512 + 102433|,  (6.23)
= - h [(N?—l)@i’ (@F — 16) (&3 + 16)°

72Ny (% 4 16)° (22 + 16)
— 320, (N7 (5 +16)° — 2 (a5 — 80 + 128))
+ @l (@2 — 48) + 25603 (&2 — 48) ] . (6.24)

As a consistency check, we find that the solutions to the Callan-Symanzik equations for
Oy, Oy agree with the results above. Also, in the limit Ny = 1 with either g — 0 or
@1 — 0, the results agree with our beta function at Ny = 1 (3.31). Next, note that
in (6.23) is proportional to @y, and so it vanishes if @; = 0. Indeed, at @; = 0 the symmetry
of the Lagrangian (2.14) is enhanced from U(Ny) x U(N,) to U(Ny x N,), and so we expect
the value @; = 0 to be preserved under the RG flow. As a final consistency check, we note
that expanding the results for the beta functions (6.23), (6.24) for small &g, @; reproduces
the result from [7] (again, up to the overall factor).

6.2.5 Generalization to finite A and discussion

We have found ¢ (6.21) and the two beta functions (6.23), (6.24). We plot the results in
figure 17. Explicitly, for Ny = 2 the fixed points are:

(G, @1) = (0,0), (i\/f&o), (i\/@,i\/@), (50,0), (0,00), (00, 0). (6.25)
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Figure 17. Fixed points in terms of wy,ws at A = 0.

The only attractive fixed points are (0,0) and (co0,0). For Ny > 2 we have the same fixed
points (6.25), and in addition there are four extra fixed points for finite values of @;, which
are all repulsive.

As for Ny = 1, we were not able to compute the beta functions for general values of
A, but we know some things about them. We first attempt to generalize the results to
small A, that is, we attempt to find the fixed points in terms of the w;. We focus on the
fixed points as a function of (wq,w;) since these are the useful values for the duality. For
the fixed point at (W2,w1) = (0,0) we can use the results of [7] in order to find the fixed
points in terms of w; at small A\, while for the other fixed points we can use the relation
w; = mAw;. This is enough to determine the O(%) contributions to the fixed points, but
when these vanish we cannot determine the O(1) values.

For all Ny > 2, the results of [7] give nine fixed points near the origin (in figure 18(a)
we show the region closest to the origin, containing eight of these fixed points, for Ny = 2,
and in figure 18(b) we show the region near the origin for Ny = 3). In addition, there
are two fixed points at (wa,w1) = (:l: ‘g,:l:‘ﬁ) and one at (w2,w;) = (00,00). There
are four other fixed points for which the finite value of one of the two parameters ws,wq
cannot be determined, which correspond to (&g2,&1) = (£v/48,0), (@9,d1) = (00,0) and
(@2, 1) = (0,00). Finally, for Ny > 2 there are four extra fixed points which are at infinity
for A = 0, and for small A behave as ¢/ for some constant c.

For all Ny > 1 the N' = 2 fixed point is no longer stable, but there are other stable
fixed points with w; of order one. One of these is expected to appear on the domain walls
of 4d SQCD with Ny flavors [28]. The only other stable fixed point at large finite IV is the
one that starts at A = 0 from (@2, @1) = (00, 0).

We can use parity arguments to constrain the leading-order behavior in A of the roots,
just as we did in the Ny = 1 case in section 5. Furthermore, using the duality (6.5) one
can map these fixed points into fixed points near A = 1. One can then try to connect the
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Figure 18. Fixed points in terms of wy,ws for small A near to origin.

fixed points at A = 0 with those at A = 1 in order to try and conjecture the behavior of the
fixed points for general \. However, since we cannot find the w; values of all of the fixed
points, we cannot find all of the fixed points at A = 1, and so it is difficult to connect the
fixed points at weak and strong coupling.

As in the Ny = 1 case, for infinite N we can rewrite the theories using variables that are
more appropriate for large w by adding singlet superfields, and for finite N we conjecture
that the theories with the extra superfields still flow to the same fixed points, at least for
large enough N. The form of the superpotential (6.4) suggests that we can add an SU(Ny)-
singlet superfield H coupled to J, an SU(Ny)-adjoint superfield H;; (Tr(H;;) = 0) coupled
to J;j, or both, giving three extra dual descriptions for each of our CS-matter theories. For
example, the theory with both types of superfields added, which gives a smooth description
of the region near the fixed point at (w2, w;) = (00, ), is

NyN
47r)\w2

N

W=HJ - H2+Hij\7ij_4

e 6.26
7r)\w1 ( )

This makes it natural to view the space of couplings w1, we as a compact space with the
topology of a product of two circles, and with some finite number of fixed points on this
space. The relevant deformations in the description (6.26) are terms in the superpotential
linear in H and in H;;. These alternative descriptions make it clear that for A = 0, the
fixed points at (w2, w01) = (0,00), (00, 0), (00, 00) have time-reversal symmetry, explaining
why the beta functions vanish there.

As a final comment, we note that using time-reversal symmetry, we can once again
find some of the fixed points at the self-dual value A = %, in analogy with the Ny =1 case
in section 5.2. A similar argument to the one there shows that the points

(w17w2) = (_37 _3)7 (17_3)7(_37 1)’ (171) (627)
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all have emergent time-reversal symmetry 7" at A = % (note that the last point is the
N =2 point). Under this symmetry, a small deformation (dwi,dws) around any one of the
four points (6.27) transforms as

T’((Swl, 5(,02) = (—5&)1, —50)2). (6.28)

which means that this deformation breaks the symmetry, and so it cannot be generated
along the RG flow emanating from this point. In other words, the points (6.27) are all
fixed points of the RG flow at A = %

We can also discuss the existence of moduli spaces of the theories (5.29) at large N, as
a generalization of the Ny = 1 result discussed in section 5.4. A similar argument shows
that of the four fixed points (6.27) with emergent time-reversal symmetry, only the point
(w1,we) = (—3,—3) is expected to have a moduli space at large N, because at this point
all the operators that can appear in the superpotential are even under the emergent time-
reversal symmetry. Once again, we expect this moduli space to appear for finite IV in the
corresponding fixed points of the theories (5.29) as well.
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A Conventions
We mostly follow [40], and some additional conventions from [15].

A.1 Lorentzian

The metric signature is 7,, = {—, +,+}. Spinors are 1), and spinor indices are raised and
lowered with

Cop = —C = (02)ap = CapC?® =06."057 — 55°5,. (A1)
Explicitly, for a spinor ¢ we have
1 S
v =C%p , g =9Cap , VP =y =ity (A-2)

Vectors are real and symmetric Vg with V5 = Vufyg 4 with v* the v matrices. We will be
using light-cone coordinates, where

- +ko + k1

ky = , k2 =2k k_ =Kk — k2, k? = k2 + k2 A3
+ \/5 s + 1 0 s z ()
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We choose a basis for the gamma matrices such that a spinor matrix p,g is related to a
vector p, by:

P11 =po+p1 = V2, P22 =po—p1 = —V2p_, P12 = Pz, (A.4)

so that
p* = P+ 2pp- = ply — Pup2 = — det(p), (A.5)
p-k =pk,+ (p+k— +p_ki) = piokia — %(Pnkm + packi1). (A.6)

A.2 Euclidean

The metric signature is 7, = {+,+,+}. This means that we rotate kg — tkg. Corre-
spondingly, we have

ik + k
ke — ngl K2 =9k k. = k2 4+ k2, KE=k2 KD (A7)

As before, we have:
P11 = po+p1 = V2p4, P2 = V2p_, P12 = Pz. (A.8)

A.3 Superspace conventions

The spinor derivatives D, in superspace obey the usual algebra:
{Da, Dg} = 2i044, (A.9)

and again the convention is D? = %DO‘Da. The following identities are very useful:

DoDg =005 — CopD? ,  D®DgDo =0,  D?D,=—DaD?=i0,5D" ,
8°%8.5 = 6,°0 , (D*? =0, = %aaﬁaaﬁ. (410
The free scalar superfield action is
S = ;/dQG (®D?*® + md?) = ;/cﬂe (—;D%Dacp + m®2> . (A.11)
This superfield can be expanded in components as
® = ¢+ 0y — 6°F, (A.12)

with ¢ a real boson, ¥ a real fermion and F' an auxiliary field.
The gauge multiplet is described by covariantizing the spinor and vector derivatives:

{Va, Vﬁ} =2iVag , Vo =Dy —ily (A.13)

where the generators are hermitian (which is why there is an 7 in the definition of the gauge
covariant derivative V). The gauge multiplet I'* can also be expanded in components:

T = \* — 6B +i0° A3 — 62(2A° — i0°Px5) (A.14)

with A the gauge field, \* the gaugino, B an auxiliary scalar and x® an auxiliary fermion.
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A.4 Chern-Simons levels

We now describe our regularization procedure for Chern-Simons levels. We mostly follow
the notation appearing in the literature (for a detailed review see [5]), and consider only
SU(N) gauge theories for simplicity.

We start with the non-supersymmetric Chern-Simons theories. There are two common
regularizations appearing in the literature. One is Yang-Mills regularization, by adding a
Yang-Mills term for the gauge fields, making them free at high energies, for which the
UV level is denoted by k. The other is dimensional regularization, for which the level is
denoted by x. The former is often used when discussing small k, N dualities, while the
latter is common when discussing the large-N ’t Hooft limit. The relation between these
two is the following: a Chern-Simons theory at level x in dimensional regularization is the
same as an identical theory with Yang-Mills regularization at level k, with

k = sign(k)(|k| + N). (A.15)

Next, we describe the case for N' = 1 theories. There is an additional subtlety here due
to the gaugino, which must be integrated out, and the CS level shifts accordingly. If we
start with a pure N' =1 SU(NN);x=1 CS theory, it is equivalent to a non-supersymmetric
SU(N) CS theory with level'?

— - N — 1.V
k = sign(kN=1) (\kN_1| - 2) , k=kV=1 4 sign(kN_l)g. (A.16)
In particular, the 't Hooft coupling X for an N' = 1 theory SU(N)pn=1is A = ¥ = &

Kk~ pN=1p N

Our theories sometimes have enhanced N' = 2 SUSY, and so we view them as N +:22

theories. In this description, there is an extra gaugino that must be integrated out, so that

a pure N' = 2 SU(N)nv=2 CS theory is equivalent to a non-supersymmetric SU(N) CS
theory with level

k=sign(kV=2) (KV=2 = N), k=k""2 (A.17)

Finally, we discuss the result of integrating out massive fundamental matter fields.

Integrating out a massive boson does not shift the level, while each fundamental fermion
sign(m)

5— in the level k of the low-energy

of mass m that is integrated out leads to a shift by
CS theory.

In order to comply with the notation in the literature, in the present paper we use
for dualities in the large-N 't Hooft limit, and ¥V=! for finite-N dualities (dropping the
N =1 superscript when the context is clear).

B Calculating the (a)—(e) diagrams

B.1 Quick introduction to 3d N’ = 1 supergraphs
We study the superspace Lagrangian

w

D0 + (1) (B.1)

12We are assuming here that KN=1 s large enough so that SUSY is not broken [41].
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Figure 19. Integration by parts in superspace.

with a =1,--- , N. The ® propagator is

2
(Ba(p, 6)By(—p, ) = 5“5;5 56— 0. (B.2)

Interaction vertices are taken care of in a similar fashion to the non-SUSY case.

One main part of calculating supergraphs is the D-algebra. Each diagram comes with
some D’s acting on some propagators, but only diagrams with specific configurations of
D’s are non-vanishing. A non-vanishing diagram must have exactly one factor of D? acting
inside each of its loops. This is due to the following identities:

50— 0)5(6' — 0) =0, (B.3)
5(6 — 0)Dad(0' — ) = 0, (B.4)
5(0 —0)D25(0) — 0) = 5(0 — 0'). (B.5)

In other words, having no factors of D in a loop or exactly one factor of D in a loop will
make it vanish (note that using the superspace identities (A.10), 3 factors of D or higher
can always be reduced to either 0,1 or 2 factors of D).

The game is thus to put all of the factors of D acting inside a certain loop on the same
propagator. The diagrams that do not vanish then must have exactly one factor of D?
inside each loop. To get all of the factors of D to act on one propagator, we use integration
by parts. This means that at a specific vertex, we can transfer a factor of D that acts on
one propagator to the other propagators attached to that same vertex. A diagrammatic
version of this operation (for a ®3 interaction) is shown in figure 19 (up to signs). Using
integration by parts we can get to a point where each loop has all of its D factors acting
on a a single propagator (or on external legs), and then we can throw out this diagram
unless each loop has exactly one D?2.

An example of calculating a specific diagram (again using ®3 interactions) is shown
in figure 20. Each (internal) propagator starts with a D? due to (B.2), and we integrate
by parts the top propagator such that all D’s act on exactly one propagator inside the
loop. We find that only the rightmost diagram contributes, since it is the only one with
the correct configuration of D’s inside the loop.

B.2 Comments on the calculations

e For our calculation of log-divergent terms in (®®®®), we only need to calculate
diagrams that have no D’s acting on external ® legs (since these would be corrections
to the Kahler potential and not the superpotential). Note that this does not prohibit
D’s from acting on external chains, since the chains include factors of D’s themselves.

— 46 —



n?
D, D?
D? D? D? D? Do D?

Figure 20. A one-loop diagram in ®3 theory.

D? p? p? D2 D2 D2
— p? D?
’ = o+ g o+ nE “ha
D? DZ p? D? q°

(a)
D? D? D? D? pe p’
DZ--- D2 o D2 ---DB ---D2
(b)

Figure 21. Type (a) diagrams.

o We keep all factors of N implicit.

e Some integrals that appear multiple times in the calculation are:

A3k 1 1
| o Gip? Sl (B:6)

/ (d3l<: 1 1 B.7)

2m)% k2 (k +p1)® (k —ps)®  8Ipallpy + ps| lps|

We encounter only one diverging integral, of the form [ %W. Using dimen-

sional regularization, this is

P’k 1 11
/ e M+ Rz et T O (B.8)

e The numerical factors we find in the following are for diagrams which contribute to
(|®4|?|®p|?) with a # b. In our normalization for @, the tree level result for this is 2G.

B.3 Calculation of the diagrams

B.3.1 Type (a)

There are two types of type (a) diagrams. The D-algebra for the first type appears in

figure 21(a) (here and in the following, we keep only diagrams which may diverge). Ignoring

the external legs, the diverging terms in these diagrams are:

1 1 D?

0, —2a--—
8 or2e p|

(B.9)
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Figure 22. Type (b) diagrams.
The second type appears in figure 21(b). These contribute
1 1 D?
0, 0, —201 < —5 . B.10
NS on2e Ip| ( )
So the full (a)-type contribution (including the external leg factors) is
2
a1 D? ( D2)
- 2= (et =) . B.11
dm2e [p| 7| (51

B.3.2 Type (b)

These appear in figure 22(a). There are 4 types of diagrams, where in each type we choose
either the 1 or the D? from the top and bottom chains. We do each type separately.
The (b)(1,1) appear in figure 22(b) and contribute:

11 D2
—92.2¢2--—— ) B.12
9033 272e|p|’ 0 ( )

The (b)(1,p2y diagrams appear in figure 22(c) and contribute:

py o 111 py o 111
a/ —_——— —_———
09188 o2 0N SR 9r2e’

The (b)(p2,1) Diagrams are the same as the (b)(; p2) diagrams. Finally, the (b)(p2 p2)

(B.13)

diagrams appear in figure 22(d). These contribute

D2 2 D2
22— 0, O o (B.14)
12872¢|p| 12872¢ |p|
So the full (b)-type contribution is (including the two external chains)
1 D2)2 D? ( D2)2
——|ag+a1— ) —ag+a1— | . B.15
32m2e ( pl ) Ipl [p| (319
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Figure 25. Type (e) diagrams.

B.3.3 Type (c)

The diagrams appear in figure 23. The diagrams contribute:

11 1 1 D? 11
2 2
—4dag <=5 —4-2 s ——, B.16
8 or2e WG o2 Ip|’ 8 or2e ( )
so the total contribution (including the external chain) is
1 D*\*
- — — ) . B.17
e (- ) (B0

B.3.4 Type (d)

After doing the D-algebra, the only relevant diagram appears in figure 24. Its contribution is

2&0&1

(B.18)

e
B.3.5 Type (e)

There are two (e)-type diagrams. After doing the D-algebra, the diagram contributing to
the logarithmic terms from the first type appears in figure 25(a). This diagram contributes

_ (B.19)

49 —



The second type appears in figure 25(b). This is a correction to the external ® propagator,
but we include it here since we consider the Callan-Symanzik equation for the full connected
4-point function. These contribute

2&1

0. (B.20)

n2e’
So the total contribution (including the external chain) is

3(11 D2
- — — . B.21
m2e <a0 o Ip| ) (B.21)

C Conjecture for the N/ = 1 version of Maldacena-Zhiboedov

Our results for the 3-point functions in section 4.2.4 suggest a possible generalization of
the results of Maldacena and Zhiboedov [30, 33] to A/ = 1 supersymmetric theories (such
a generalization may be studied directly by their methods, but this was not yet done as far
as we know). The main result of [30] can be stated as follows. Consider a 2+ 1d CFT which
has a large N expansion, and whose large N spectrum of single-trace operators includes:

e a single spin-two conserved current.

e a series of higher spin currents'® j; with even spins s € 2Z which are approximately
conserved (by which we mean that their twists differ from 1 by corrections of order
1/N).

e a single scalar operator jg. Theories in which this operator has dimension 2 at leading
order in 1/N are called quasi-fermion, while theories in which it has dimension 1 are
called quasi-boson.

Then, at leading order in 1/N, the three-point functions of these operators are con-
strained to have a specific form. In particular, these three-point functions are made up of
three structures:

<j51j82j83> =0 <j81j52j53>free,bos + 02<j51j52j53>free,fer + C3 <j81j82j83>0dd (Cl)

where the first two structures are the result in the free theory of a single boson and a single
Majorana fermion respectively, and all the coefficients may be determined up to a single
constant (for quasi-fermion theories) or up to two constants (for quasi-boson theories).
When all s; > 0, the coefficients are independent of the spin.

Our N = 1 theories with Ny = 1 obey only the second assumption (explic-
itly, we have a single higher-spin approximately-conserved supercurrent multiplet Js for
s =0, %, 1,--- [39]). In particular, our theories include two scalar single-trace operators
¢%0a,0)q, and two spin-2 operators which are conserved at large N. We thus might
not expect the three-point functions to have a simple form. However, the results in the

present paper suggest a generalization of the theorem of [30] to theories with N/ =1 SUSY.

13We use lowercase j to denote non-SUSY currents and uppercase J to denote SUSY current multiplets.
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In particular, if we think of J = ®2®, as a supersymmetric generalization of the scalar
single-trace operator jy, then we have found that its large N three-point functions for a
wide range of theories (with Ny = 1 and with different values of w) are made up of only
two structures:

(JJJT) = a(J T )gree + BT T )odd, (C.2)

where the first structure is the result in the free theory (A = w = 0) of a single matter
multiplet. We conjecture a similar form for three-point functions of higher-spin currents
as well:

<=]51=]82<]83> = a815253<<]81 J52J53>free + 6518253<J81 J82J83>odd- (0'3)

In our theories, the coefficients o, sys55 Bs; 5055 are functions of a single parameter A when all
s; > 0, and may also depend on w when at least one s; vanishes. We conjecture that general
arguments of approximately-conserved higher-spin symmetry imply such a dependence on
one or two parameters, that would appear in the non-conservation equations of the high-
spin currents as in [30]. We will present evidence that when all spins s; are even integers, the
coefficients v, sys5, Bsy50s5 are independent of the s;. We conjecture that more generally,
the coefficients are independent of the s; also when all s; > %, but we do not yet have
evidence for this more general claim.

Let us use the non-SUSY results to show that the bottom component of (Js, Js,Js,)
obeys this conjecture when all spins s; are positive even integers (we use A| to denote the
bottom component of A). We can decompose Js| in terms of the corresponding currents in
the bosons-only and fermions-only theories, jg and jg, by Js| = jg —l—ji’. Setting w = —1, a
discussion similar to the one in section 4.2.3 shows that the contributions from the bosons-
only and fermions-only theories detach in planar diagrams,'* and we find

bbb ff
<‘]51 J32J33>| = <]$1]j2]j3> + <]Sfljsf2]sf3> (C4)
Taking the bottom component of our conjecture (C.3) and plugging in this equation, we find
ity ty) + GLLIL) = Csssass (bt Viveo + G50, e
b b b fOF
+ /8515253 (<]sl.752.733>0dd + <jgljs{2]§3>odd) (05)

In order for our conjecture to be correct, this equation for the non-SUSY three-point func-
tion must be obeyed. Using the general form (C.1) and plugging in the correct coefficients
¢; for the bosons-only and fermions-only theories with the same value of A (see [10, 30]), we
find that this equation is indeed obeyed. Apart from giving us a nice consistency check, this
calculation also allows us to find the coefficients o, sys5, 8515055 fOr even spins s; in terms
of the non-SUSY coefficients ¢; in (C.1). In particular, this proves that the coefficients
Qlsy 5955+ Bs1s0s; are independent of the spins s; when the spins are all even integers.
Another consistency check can be performed using correlators of the form (JyJyJs).
In [39] it was shown that superconformal invariance allows just one possible structure

14This is clear at w = —1, but one can show that if all s; > 0 then these correlators do not depend on w,
and so the contributions detach for all w.
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Figure 26. Diagrammatic version of the gap equation. A double line denotes the full matter

propagator P(r,01,05) = —m, and a wiggly line denotes the full gauge field propagator

obtained in [15] (both propagators are at leading order in 1/N).

in this correlator for s an even integer even, which is just the free structure. For s an
odd integer or half-integer, this correlator vanishes. This is in agreement with the con-
jecture above. Similarly, it was shown in [39] that correlators of the form (J;.J;.J;) and
(Jy s2J1/2J1 /2> vanish, which trivially agrees with the conjecture. Finally, note that the
multiplet J3/,5 contains the energy-momentum tensor and is thus conserved (as opposed
to approximately-conserved). This allows for explicit computations, and indeed it was
shown that the three-point function of J3/5 contains only the free structure [42], again in
agreement with the conjecture.
It would be nice to confirm that a general analysis along the lines of [30] indeed leads
o (C.2) and (C.3), with the coefficients fixed in terms of one undetermined constant (two
when one of the spins s; vanishes); our results express these coefficients in terms of A and
w. We note that for exactly conserved higher-spin currents, it was conjectured already
in [39] that only two structures can appear. Our results seem to indicate that this is true
also for approximately-conserved higher spin currents.

D The gap equations for Ny > 1

We solve the gap equations for Ny > 1 with arbitrary masses. This analysis is a gener-
alization of the gap equation solved in [15], and we follow that calculation closely. Our
superpotential is:

_ WO (=i 12
Wa = mo,i; (@) + — (&'d;)” +

7T(/J1
- (@

— (@ ‘D)) (7 9;), (D.1)

and we use the U(Ny) symmetry to diagonalize the mass matrix, so that the bare masses are
mo,ij = diag(m(]’l, mo’g, e ,m07Nf). (D.Q)

It is useful to distinguish the symmetric-traceless part of this matrix and the trace part.
Define
0ij

= Mo, (D.3)

Mo = Tr(mo,ij),  Mo,ij = mo; — Ny

so that Tr(Mp,;) = 0.
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Now we solve the gap equation for the self-energy ¥;;. The diagrammatic version of
the gap equation appears in figure 26. Explicitly, following the derivation in [15], this gives:

d3
Ez‘j (p, 91, 92) = 27r)\w051~j ﬁ(p (91 — 92) Tr [Pkl (T, 91, 02)]
d3r
+ 27T>\(A)1 W(S (9 02) ij (7" 91,92) (D4)

dBT 2
— 277)\(5” W(; (0]_ - 92) Pu (Tv 91’ 02)
dr
=27 Woéij / 735 (91 - 92) Tr [Pkl (T7 917 02)]
(2m)
dr
+ (w1 — 5ZJ) W(s (91 - 02) Pij (r7 01, 92) (D5)

where Pj; is the full matter propagator. Since the final line does not depend on the
momentum p, we guess a solution where ¥;; is constant. Furthermore, note that if we guess
a diagonal solution for Y;;, then F;; becomes diagonal as well. We thus guess a solution
of the form 3;; = diag(mi — mg,1,m2 — mo2,...), which leads to P;; = diag(P1, ... ,PNf)
with P; = 2y =mi 52 (61 — 02). The gap equations (D.5) then reduce to

2+m

m01—27r>\<w02/ T2+m +(w1—1)/(§z3m>. (D.6)

Calculating the integrals using dimensional regularization, we find

A [m;] A2 Imyl
— wo .
2 2

m; — moyi = (1 — wl)

The solution is:

2My %Mo
Asign(m;)(wy — 1) + 2 )\s1gn(m2)(w2 —-1)+2’

m; = (D.S)
where wy = Nywo+wq. Note that the result has split into two separate contributions from
the symmetric-traceless part and the trace part, which are each (almost) identical to the
Ny =1 result (6.9). It is thus immediate to show that this result is invariant under the
proposed duality transformation (6.5).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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