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1 Introduction and notation

In this paper we use the type-I seesaw mechanism [1-5] for suppressing the light-neutrino
masses. Let £, and ¢ be 3 x 1 column matrices that subsume the three left-handed and the
three right-handed, respectively, charged-lepton fields; let v, and v analogously subsume
the three left-handed and the three right-handed neutrino fields. The lepton mass terms
are given by

_ 1
Lonass = =L Mplr — VrMpry, — QWMRCWT + H.c., (1.1)

where C' is the charge-conjugation matrix in Dirac space. We have added to the Standard
Model three right-handed neutrinos with Majorana mass terms subsumed by the 3 x 3
symmetric matrix (in flavour space) Mp. In all the models in this paper the charged-
lepton mass matrix M, is diagonal:

M, = diag (ae, au, ar) , (1.2)

where |a,| = mq for @ = e, p, 7. The neutrino Dirac mass matrix Mp is also diagonal in
all our models:
Mp = diag (b, by, br). (1.3)

The seesaw mechanism takes place when the matrix Mg is invertible and its eigenvalues
are much larger than the |b,|. One then obtains an effective light-neutrino Majorana
mass matrix

My =MD + MP 4. (1.4)



where [6]

MW = —MEMZ*Mp, (1.5a)

MpMI MY + MY M MT
1 MpMpMp ‘; & MDMD pripgg,. (1.5D)

MP = MEM;,

We shall use the approximation M, = M,(}). Therefore, defining N' = M !, one has in

v

our models ( )
MR of
= 1.
Nag babs (1.6)

Suppose the |by| are at the Fermi mass scale mpermi and the eigenvalues of Mp are at

the much larger mass scale Mgeesaw. 1hen, neglecting Ml(,z) as compared to Ml(,l) is an

approximation of order (Mpermi /Mscesaw )2. The diagonalization of M, proceeds as

UTM,U = diag (my, mg, ms), (1.7)

o 1 1 1
N =U x diag ( —, > x U7, (1.8)

m1 Mg M3

where mq 23 are the light-neutrino masses; they are non-negative real. Since the charged-
lepton mass matrix is diagonal from the start, U in equation (1.7) is the lepton mixing
matrix. We use the parameterization in ref. [7]:

€12€13 s12¢13€'021/2 e*etst/2
U= | —s12c23 — c1a823¢ (c1aca3 — S12823€) €921/ s93¢13€31/2 || (1.9)

i1 /2 g1 /2
512593 — C1aCa3€ (—C1a823 — S12C23€) €921/ cozcp3€i31/

where € = sjgexp (id), ¢;; = cosb;;, and s;; = sinb;; for ij = 12, 23, 13. Three differ-
ent groups of phenomenologists [8-11] have derived, from the data provided by various
neutrino-oscillation experiments, values for the mixing angles 012 23 13, for the phase §, and
for the neutrino squared-mass differences.

In general the matrix M, determines nine observables: the three neutrino masses, the
three mixing angles, the Dirac phase d, and the Majorana phases as; and as;. If M,
contains less than nine independent rephasing-invariant parameters — i.e., quantities that
are invariant under (M,),s — (My),5exp [i (§a + &p)], where the three phases & - are
arbitrary — then there will be some relations (sometimes called ‘sum rules’) among the
nine observables. This happens in particular when M,, has two ‘texture zeroes’: if two out
of the six independent matrix elements of M, vanish, then there are four sum rules among
the nine observables (because each vanishing matrix element is in general complex). Seven

L Other viable cases — or

viable two-texture-zero cases have been identified in ref. [12].
sometimes full models — in which there are four sum rules among the observables have
been discovered, for instance, in refs. [13] and [14].

In this paper we want to present new models with four sum rules that agree, at the

1o level, with the phenomenological data in at least one of the three refs. [8-11]. We

1One of those seven cases (case C) is now excluded by the cosmological upper bound on mi + msa + ms.



emphasize that ours are renormalizable models stabilized by well-defined symmetries; they
are not just “cases” or Ansdtze. We shall present models that predict

model 1: Ny =0 and  Nee (Npur)® = =Ny (NVer)?, (1.10a)
model 2: N, =0 and N (Nyr)? = —Nor (Nep)?, (1.10Db)
model 3: N =0 and Nee (Nor)? = =Ny (Ner)?, (1.10c)
model 4: N, =0 and Nee (Nour)? = Nor (Nop)?, (1.10d)
model 5: N, =0 and ‘NT, (/\/GM)Z‘2 - (Nee (/\/M)Q(2 (1.10¢)
= 2 (el N Ner NE NG, = W P NeeNGur NN )
model 6: Nee =0 and N, (Nor)? = Nor (NMop)?, (1.10f)
model 7: N,e =0 and ’NTT (/\/6,1)2‘2 - ‘N,m (/\/67)2‘2 (1.10g)

= 2 (Wl N NerNE NG = Wor P N Ner N N, )

Equations (1.10) may be cast in the simpler form

model 1: N =0 and A, = %; (1.11a)
model 2: N, =0 and A, = %; (1.11b)
model 3: M, =0 and A, =1; (1.11c)
model 4: N, =0 and A = Arr; (1.11d)
model 5: N, =0 and A. = Al_; (1.11e)
model 6: Nee =0 and Ay, = A-r; (1.11f)
model 7: M, =0 and A,,=A}, (1.11g)
where the matrix A is defined through [15]
Aap = Nag (N1 5 = (M) (M) (1.12)

(no summation over o and f is understood). In our models, because of equation (1.6),

Aas = (MR) oz (Mg") .5 (1.13)

In section 2 we shall present models 1 and 3. In section 3 we shall present models 4
and 5. Since equations (1.10b) are the same as equations (1.10a) after a u—r interchange,
and since equations (1.10f) and (1.10g) are the same as equations (1.10d) and (1.10e),
respectively, after an e—p interchange, our models 1, 4, and 5 can also be identified as
models 2, 6, and 7, respectively, if one labels the charged leptons in a different manner.



An analysis of the practical consequences of our sum rules is deferred to section 4; it turns
out that models 1-5 agree with the data at the 1o level when the neutrino mass ordering
is normal (‘NO’), viz. m; < mg < mg, while models 6 and 7 agree with the data at the
1o level when the neutrino mass ordering is inverted (‘10’), viz. mg < mj < mg. A short
summary of our findings is attempted in section 5.

2 Models 1 and 3

The models in this section are inspired by those in ref. [16], viz. they are based on the idea
of a (leading-order) antisymmetry of Mz under an e—u interchange.

All the models in this paper have gauge group SU(2) x U(1). There are three left-
handed-lepton gauge-SU(2) doublets Dy = (vor, ar)’, three right-handed charged-lepton
SU(2) singlets ag, and three right-handed-neutrino gauge singlets v,g. In all the models
in this paper we use two scalar gauge-SU(2) doublets ¢; and ¢2.2 Let v, (a = 1,2) denote
the vacuum expectation values (VEVs) of the neutral components ¢ of ¢, = ( i gbg)T.
We define ¢, = 1T, = (¢2*, —gb;).

In the models in this section there is one complex scalar gauge singlet S. We introduce
the flavour-lepton-number symmetries L,; the dimension-four terms in the Lagrangian
respect those symmetries but lower-dimension terms are allowed to break them. Thus, in
these models there is soft symmetry breaking (besides spontaneous symmetry breaking).?
The multiplets Dy, ar, and v, have U(1) charge +1 under L, and U(1) charges 0 under
the Lg with 8 # a. We also enforce a Z4 symmetry that interchanges e and it

D, —iD,, D, — iD,, D, —iD,, (2.3a)

GR—>i,LLR, ;LR—>Z'€R, TR—>iTR, (2.3b)

>The models in ref. [16] had three scalar doublets. In the models of this paper we need only two.

3S0ft (super)symmetry breaking is widely used in model-buiding — notably, it is always used in super-
symmetric model building. Soft breaking consists in a symmetry holding in all the Lagrangian terms of
dimension higher than some value, but not holding for the Lagrangian terms of dimension smaller than, or
equal to, that value. In our case, the family-lepton-number symmetries hold for terms of dimension four but
are broken by terms of dimension three, viz. the terms in equation (2.6). In principle, a model with a softly
broken symmetry should eventually be justified through an ultraviolet completion, viz. a more complete
model, with extra fields active at higher energies, which effectively mimics at lower energy scales the model
with the softly-broken symmetry. Unfortunately, an ultraviolet completion may be difficult to construct
explicitely. In its absence, a softly broken (super)symmetry constitutes a non-trivial assumption. This may
be considered to be a weakness of models 1-3 in this paper.

“The full symmetry group of the model is G = {[U(1)
subgroup of G is formed by the matrices

x U(1)r,| xZs} x U(1)r,. Here, the Z4

e

(19). (28). (798). (38) 21
001 001 0 01 001
The normal subgroup N = U(1)r, x U(1)z, x U(1)z, of G is formed by the matrices
ei(pa+aqB) 0 0
< o cilratsp) ) , (2.2)
0 0 ety

where p, g, r, s, and ¢ are integers and «, §, and v are the phases that generate U(1)r,, U(1)r,, and
U(1)L., respectively. Every matrix g € G may be written in a unique way as g = nh, where n € N and
h € Zs. The multiplication rule is (nh, n’h') = (nhn'h™", hh'); notice that hn'h~' € N because N is a
normal subgroup, hence nhn'h~! is also in N.



VeR — iVuR, VuR — VeR, Vrr — IUsR, (2.3c)
Po — — 2, S — —8S. (2.3(1)

The Yukawa Lagrangian coupling the leptons to the scalar doublets is therefore

Lyy = —y1D;7rP1 — Y2 (Deer + Dyupir) d1 (2.4a)
—y3 (Deer — Dyupir) ¢2 (2.4b)
~yaDrvrrr — ys (Dever + Dyuvur) o1 (2.4c)
~y6 (Dever — Dpvur) ¢2 + Hec. (2.4d)

Therefore, the charged-lepton mass matrix and the neutrino Dirac mass matrix are diagonal
as anticipated in equations (1.2) and (1.3), respectively, with®

ar = Y101, Qe = Y201 +Y3v2, ayu = Y201 — Y3v2,

(2.5)
br = yjv1, be = yfv1 +ysv2, by = yzv1 — Yygva.

The doublet ¢y and its Yukawa couplings in lines (2.4b) and (2.4d) are needed so that
me # my, and be # by,
There are right-handed-neutrino Majorana mass terms

m*

b =5 (verC ™ ver = vurC ™ vur) +m" viRC™" (ver — vur) + Hee. (2.6)

The terms in Ly, violate the family-lepton-number symmetries L ; this is allowed because
those terms have mass dimension three. However, Ly, is not allowed to break 7,4, which
is broken spontaneously but not softly.

Model 1: in this model the singlet S has L, = L, = +1 and L, = 0. There is then a
coupling
Ls=ysSTRCVR +He, (2.7)

where y; is a Yukawa coupling constant. The Majorana mass matrix of the right-handed

neutrinos is
m ysw m'

Mg = | ysw —m —m’ |, (2.8)
m' —m’ 0

where w is the VEV of S.° Using equation (1.6), it is now obvious that equa-
tions (1.10a) hold.

Because the family-lepton-number symmetries are softly broken, terms proportional to
S?, qu{ ®25, and gf)i $25™ (and their Hermitian conjugates) are present in the scalar potential
even while S carries family lepton numbers. Those terms eliminate the Goldstone boson
that would appear if the (continuous) family-lepton-number symmetries were broken solely
through w # 0.

5Since |ae| = me < |au| = my, a finetuning is necessary to make ysv2 ~ —yov1. This finetuning may be
justified through an additional symmetry [17]. We shall not pursue that idea here.
6We assume that ysw, m, and m’ are all of the same order of magnitude Mseesaw-



Model 3: in this model the singlet S has L, = L, = 0 and L; = +2. There is a coupling

S
Ls= yST -rCU:R! +H.c. (2.9)

Then,

m 0 m

Mp=1 0 —m —m/ |. (2.10)

m' —m' ysw

The matrix N then satisfies equations (1.10c).

3 Models 4 and 5

The models in this section use two complex scalar gauge singlets S1 and Sy and one real
singlet Ss; thus, their scalar sector is larger than the one of the models of the previous
section. In this section we do not employ soft symmetry breaking. We use a symmetry

Zfll) X Zf), where
(er, Ver, De) — i(€eRr, Ver, De),
z\V . { (g, vig, D2) — —i(tR, veg, D:), (3.1a)
Sl — iSl, Sz — —iSQ, Sg — —53,

Y Y D —> ‘ ) ) D )
Zf)i {(NR VuRr, Dyp) = i (ur, vur, Dy) (3.1b)

Sl — iSl, SQ — iSQ.

This symmetry allows for the Yukawa Lagrangian

Ly = — (11 Dupr + y2Deer + y3Dr7R) ¢1
— (yaDppr + ysDeer + ye D-Tr) ¢2
- (?ﬁﬁ%R + ysDever + yQEVTR) <131
- (yloﬁuny + y11Dever + leEVTR) b
~7RC (V137er’ S1 + y1aTrR' Sa)

Y15 Y16 _
- 7erCTeR' S — > 7rRCT-R' S + Hec. (3.2)

The charged-lepton mass matrix and the neutrino Dirac mass matrix are given by equa-
tions (1.2) and (1.3), respectively, with

Gy = Y1v1 +Yav2, Ge = YaU1 + Y502, Gy = Y3U1 + YeV2,

(3.3)
bu = y7v1 +Yigv2, be = Ygv1 + Y1102, br = Ygui + yiava.
The symmetry (3.1) also allows a bare Majorana mass term
-~ mUrCTR + H.e. (3.4)

The Majorana mass matrix of the right-handed neutrinos is then

Yi5ws3 Yyi3wi m
Mp = | yizwi 0  wyraws |, (3.5)
m Y14wW2 Y16W3



where wy, = (0|Sk|0) for k = 1,2,3. Note that ws is real because S is a real scalar field.
The matrix element (Mpg),, is zero because of the symmetry Zf). We assume |yj3wi],
ly1awa|, |y15wsl, |y16ws|, and m to be all at the same order of magnitude Mgeesaw-

3.1 Model 4

In model 4 there is an additional Zs symmetry
Zo: eR<> TR, VeR <> VR, De <> Dz, S1 43 52, 9 — —a. (3.6)

This symmetry does not constrain the bare mass term (3.4); in the Yukawa Lagrangian (3.2)

it makes
Y3 = Y2, ys =0, Y6 = —Ys, (3.7a)
Yo =Yg, y10 = 0, Y12 = —Y11, (3.7b)
Y14 = Y13, Y16 = Y15, (3.7¢)
so that
my = |y1v1|,  me = |y2v1 +ysv2|, mr = [y2v1 — Y502 (3.8)

recquires a finetuning to make ysve ~ —ysv1. Because of equations (3.7¢), we now have

Y15W3 Yyi3wi m
Mgr = | yiz3wi 0 yi3ws (3.9)
m  Yi13w2 Yi5ws3

instead of equation (3.5). Then assuming w? = w2, one recovers equation (1.10d) as desired.

)
non-Abelian group Dg (the dihedral group with eight elements). The symmetry Zf) of

The symmetries ZS of equation (3.1a) and Zs of equation (3.6) together generate the
equation (3.1b) commutes with both ZS) and Zo, i.e. it commutes with Dg. The group Dsg
has five irreducible representations: the 2 and the 1,,, where both p and ¢ may be either
41 or —1. The Clebsch-Gordan series are

2 ® 2 == 1++ @ 1,7 @ 1+, @ 17+, 2 ® lpq - 2, lpq ® ]_p/q/ = 1pp’,qq" (310)
Under Dsg,

HRs VuR, D/J) ¢1 are 1++7 (3113‘)

¢y is 1y_, (3.11D)

Sy is 1_4, (3.11c)

€eR VeR De Sl
(). () (2): () -



In order to justify the assumption w% = w%, one must look at the potential of the

scalar singlets, which is

2
Vs = m (|51\2 + |52\2) T S (\5112 + \52|2) St s (\5112 + 152|2) 52
FAA |18l + S (STSy + S581) + 245 |(5152)” + (5551)’]

+ [AG (S2+ S8 + 277 (5152)% + H.c.] : (3.12)

where A\g and A7 are complex and all the other couplings are real. We write
wp = w cosg eX/t o= W/2, (3.13a)
wy = w sing X/ /2 (3.13b)

where w is positive and 0 < 6 < m. Defining Vy = (0|Vs| 0), we then have

Vo = mw? + pawi + \w + Xows + Agww; ( )
+Mqw? sin? 0 + mawsw? sin 6 cos 1 + Asw sin? 6 cos (21)) (3.14b)
+w cos x [(1+ cos? 0) cos (2¢0) RAg + 2 cos fsin (2¢) SAg + sin? @ RA7]  (3.14c)
+w* sin x [2cos fsin (2¢)) RAg — (1 + cos? 0) cos (2¢) S — sin? @ SA7] . (3.14d)

This may be minimized relative to the phase x, yielding
Vo = lines (3.14a) and (3.14b)
—lw* {[4 cos® f + sin 6 cos? (2¢)] cos® a + sin? fsin® o
+ (1 + cos? ) sin” § cos (21)) sin (2a) cos A
+2 cos fsin2 0 sin (24) sin (2a) sin A}'/? (3.15)

where the square root is non-negative and we have defined [ > 0, a € [0, 7/2], and the
phase A through

|X6| = lcosa, (3.16a)
|A7] = lsinc, (3.16b)
2X6\5 = [ sin (20) €. (3.16¢)

In order to justify w} = w3, we want the minimum of Vj in equation (3.15) to lie either
at @ = m/2 or 6 = 31/2, together with either ) = 0 or ¢ = 7, without necessitating the
parameters of the potential to obey any constraining equation. We have therefore looked
for the minimum of the function

f(6,9) = Asin® 6 + Bsinf cos 1 + C'sin? 0 cos (21))
—{[4 cos® f + sin 0 cos? (2¢)] cos® a + sin? fsin® o
+ (1 + cos? ) sin 0 cos (21)) sin (2a) cos A
2 cos Osin” 0sin (2¢9) sin (2a) sin A}/ (3.17)



for various values of the parameters A = \y/l, B = mws/l, C = \5/l, a = arctan|A7/Ag],
and A = arg(A¢A\3). We have discovered that, for instance in the continuous domain
—-025 < A< —-010, -7T<B< -3, 6<(C< -2 02<a<06,and 7 < A < 27 the
minimum of f (0,v) always lies at the desired point § = 7/2,9 = 0. Thus, w; = wy is a
possible absolute minimum of the potential and does not require its parameters to obey
any constraint equation.

At low energy, the minimum with w? = w3 will be perturbed by the term in the
potential (;SJ{qbg (|Sl|2 — |82|2>, which is invariant under Dg X Zf). However, that term is
of order (Mpermi /mseesaw)2 < 1 relative to the potential in equation (3.12). We neglect
that term just as we neglect M,(jz) when compared to M 1(,1) in equation (1.5); we consistently
work in the approximation (Mpermi /Mseesaw )2 — 0.

2
Terms in the scalar potential like gzﬂgbl (S3)? and gbiqbg <|5’1]2 - \5’2|2) tend to draw
Mpermi (the mass scale of the VEVs v and vg) to the vicinity of mgeesaw (the mass scale
of w and ws). This problem arises in any model with two very distinct mass scales in the

scalar sector; we have no cure to offer to it.

3.2 Model 5

Instead of the Zs symmetry (3.6), in model 5 we employ the CP symmetry”’
pr(x) = i0CER' (),  er(x) = inCTR' (Z),  Tr(z) = inCer" (2),

)
vur (2) = i70CTR" (2), ver (2) = i0CTR' (Z), vrr () = iv0CTeR" (7)),

)

)

¢1(z) — 97 (2), ¢2 (z) = —¢3 (2),

() (
(x) (
D, (z) = i7CD, (%), D.(z)—inCD, (&), D:(x)—inCD. (z), (3.18)
(x) (
S1(x) < 53 (2), Sz () — S3(2),

where z = (¢, ) and = (¢, —7). This CP symmetry is compatible with the symmetries
Zil) and Zf) in equations (3.1). Indeed, it may easily be verified that the C'P transforma-
tion (3.18) followed by the ZS) transformation and followed by the transformation (C'P)~"

is identical to Zgl); while the successive application of CP, Zf), and (C'P)_1 is equivalent

to the successive application of Zf) three times.® This demonstrates the compatibility [18].

In the Lagrangian (3.2), the C'P symmetry (3.18) enforces

Y1 = Y1, Y3 = v, Yi = —Ya, Y6 = —Ys, (3.19a)
Y7 =y, Yo = Ys» Yo = —¥10, Yio = —¥11, (3.19D)
Y14 = Y13, Y16 = Y15, (3.19¢)
hence
my, = ly1v1 + yav2|,  me = [ypv1 + ysv2|,  mr = |ysvr — yzv2l. (3.20)

"The C'P symmetry must be extended to the quark sector. It must be spontaneously broken, since we
know that C'P is not a symmetry of Nature. The detailed treatment of those important issues is beyond
the scope of this paper.

®Note that (CP)~" = CP for bosons but (CP)~' = —CP for fermions.



Moreover, in equation (3.4) m becomes real. Because of equation (3.19¢) one has
Y15w3 Yyizwi M
Mp=| yiswr 0 yiswe |, (3:21)
m Yisw2 Yisws
with real m. If one assumes |w1| = |ws|,” then one recovers equations (1.11e).

With the CP symmetry (3.18) instead of the Zs symmetry (3.6), the potential of the
scalar singlets is

2
Vs =g (ISP +1827) + 1283 + M (1912 4+ 182) "+ A5+ g (1912 + 190 ) S5
AN |S1S? + [m5353*52 205 (ST52)2 + Ae (Sf + 554) n H.c.]
+ 27 [(5152)2 + H.C.] , (3.22)
with complex m, A5, and Ag but real A;. Hence,
Vo = mw? 4 powi + Mw* + Aaws + Agw?w3
+ wzw? sin O (Rm cos 1 + Im sin )
+ whsin? O [Ag + RA5 cos (210) + X5 sin (20)]
+ w* (1 + cos® §) cos x [sin (2¢) Sg + cos (219) RAg]
+ 2w? cos O sin y [sin (2¢) RAg — cos (2¢) IAg]
+ Aw? sin? 6 cos . (3.23)
This is minimized relative to the vacuum phase y, producing
Vo = piw? + pow3 + Aw* + Xows + Azw?w}
+wzw? sin O (Rm cos 1 + Im sin )
+wsin® 0 Ay + RA5 cos (21) + X5 sin (2¢)]
—w? {4 |X6|? cos? 6 + [RXg cos (2¢)) + SAg sin (20))? sin? 6 + A2 sin 0

1/2

+2X7sin? 0 (1 + cos® 0) [RAg cos (21)) + IAg sin (2¢)] } (3.24)

We require |w;i| = |ws], i.e. either § = 7/2 or § = 37/2 at the minimum of Vj in equa-
tion (3.24). We have examined the function

g(0) = Asin®6 + Bsinf — \/0082 0+ (C2 + D2)sin* 0 + 2CDsin? 0 (1 + cos20)  (3.25)

for various values of the input parameters A, B, C, and D and we have found that, for
instance when'® -9 < 4 < -3, -4 < B < -2, =02 < C < —0.1, and 0.5 < D < 1.2
the minimum of g (6) always is at the desired value § = 7/2. Thus, there is a non-
zero-dimension domain of the parameters of the potential for which its minimum is the
desired one.

?One does not need to assume wi = w3; indeed, |w1| = |we| suffices.

10VWe only give explicitly a continuous range of the parameters of the potential for which the wished-for
minimum obtains; but, of course, there is a much vaster range of parameters where the same minimim also
occurs.

~10 -



4 Confrontation with the phenomenological data

4.1 Introduction

We have tested the four sets of conditions (a # 5 # v # «)

(a) (M;1) o, =0 and Ag, =1/2, (4.1a)
(b) Aaa=1 and (M), =0, (4.1b)
() M1, =0 and Ags=A,, (4.1c)
d) (M;"),, =0 and Agg=A% (4.1d)

against the phenomenological data [8-11], both for the three choices of a (e, p, or 7)
and for the two choices of neutrino mass ordering (NO or 10). Thus, we have tested 12
different models and, for each of them, two mass orderings. We have found that, out of the
24 possibilities, seven models and mass orderings are viable — in the sense that we shall
explain below — wviz. models 1-5 for NO and models 6 and 7 for 10, cf. the listing (1.11).
In this section we study in some detail the predictions of each of those models for the
Dirac phase ¢ and for the neutrino mass observables, viz. the mass of the lightest neutrino
Muinimum  (Mminimum = M1 for NO and mpyinimum = m3 for 10), the total mass of the
light neutrinos

Zmy = mj + mg + mg, (4.2)
the mass relevant for neutrinoless double-beta decay
mgg = ‘mlc%2c%3 +masiacise’® 4 mysiye’( ) (4.3)
and the mass relevant for standard S decay
Musiom = \/michels +mishcl + mist, (1.49)
We recall the cosmological bound [19, 20]
> m, <0.12eV, (4.5)

which turns out to be relevant in constraining models 4 and 5, but not the other five models.
We have used as input the nine observables §, as1, asi, 8%2, 3%3, 8%3, Mminimum s

Am? . =m3—m}, and AmZtmospheric' (Following ref. [10, 11], we define Amgtmospheric =
m% —m? > 0 for NO and Amitmospheric = m3 —m3 < 0 for 10.) For each set of input ob-

servables, we have computed firstly the matrix N by using equation (1.8) and secondly the
A-matrix elements A,p = N, (N _l)a 5 We have numerically generated thousands of sets
of input observables that reproduce each of our constraint equations (4.1) with extremely
great accumcy.11

1 Our method differs from the one suggested in a recent paper [21], where the constraint equations are
enforced only up to some allowed deviation. We use Lagrange multipliers just as ref. [21] did, but in our case
their values are much smaller than in ref. [21] and therefore the model’s constraints are enforced to much
greater precision. Explicitly, the constraints (M;l)aﬁ = 0 become in our fits (M;l)aﬁ‘ < 107%eVTH,

where ‘<’ stands for “smaller than and sometimes even some orders of magnitude smaller than”; the

constraints involving the matrix A are realized with errors < 1077,
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We have firstly tested our models in the following way. We have searched for sets of
input observables such that all six observables s%,, s33, s33, 6, Am2 . and Amgtmospheric
are inside their respective 1o Confidence Level (CL) intervals for any one of the three
phenomenological fits [8-11]. If we were able to satisfy the constraints of one of our
models and mass orderings through observables fully inside the 1o ranges of one of the
phenomenological fits, then we have classified that model and mass ordering as viable. To
be explicit, we have found that both models 1 and 3 for NO and models 6 and 7 for 10
can be met through input observables inside the 1o intervals of either ref. [8], ref. [9], or
ref. [10, 11]; while models 2, 4, and 5 with NO can be satisfied within the 1o domains of
both ref. [8] and ref. [9]. All other models and mass orderings cannot be reproduced with
lo CL input through any of the three phenomenological fits; therefore we have discarded
them.

After this choice of viable models, we have proceeded to analyze each model in more
detail. We have followed in this endeavour ref. [21] and we have used exclusively the
phenomenological fit of ref. [10, 11].12 In ref. [10, 11], the x? profiles of s3; and J are not
symmetrical relative to the best-fit values; moreover, those two observables are correlated
with each other much more strongly than (with) the other four oscillation observables. It
makes therefore sense to treat 5%3 and J differently from the remaining input.

The input values of the observables never coincide exactly with the best-fit values; in
order to measure the agreement with phenomenology of each of our ‘points’, i.e. sets of
input observables, we have used a function y? = Xgl) + X%Z) + X%3). Here,

0 for NO
2
_ 4,
X(3) {4.71254 for 10 (46)

accounts for the fact that the overall quality of the phenomenological fit is poorer
for IO than for NO. The number 4.71254 is the minimum value of the quantities
Ax?(X) (where X is successively s35, s75, AmZ . and Amitmospheric) depicted in
the blue curves of figure 1 of ref. [10, 11]. Because of X%:s)v most fits with IO are of
much worse absolute quality than fits with NO, in particular our models 6 and 7 fit

the data much worse than models 1-5.

X%l) = AXQ (8%2) + AX2 (8%3) + AXQ (Amgolar) + AXQ (Amitmospheric) - 4X%3) (47)

is computed from the relevant four panels'? of figure 1 of ref. [10, 11]. In those four
panels, each Ax? (X) has been minimized relative to all the observables except X. In
practice, we let 5%2, 8%3, Amzolar, and Amitmospheric vary in their allowed 30 ranges,

i.e. we allow Ax? (X) <9 for each X.

12YWe have used the fit that does not include the Super-Kamiokande atmospheric data, i.e. the fit in the
upper part of table 1 of ref. [10, 11].
BBAN? (5%2) is displayed in the top-left panel, Ax? (5%3) is in the bottom-left panel, Ax? (Amsom) is in

the top-right panel, and Ax? (Amitmospheric) is shown in the middle-right panel of figure 1 of ref. [10, 11].
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e We have computed X%g) = Ay? (333, 5) — X%:;) by making a two-dimensional interpo-
lation of the values of Ax? (533, 5) that were explicitly given for discrete values of
s34 and § in ref. [10, 11].

For a more efficient sampling of the space of input parameters, we have used global min-
imization algorithms and we have performed the minimization of y? for each input point.
Specifically, we have minimized X%1) for various fixed s3; and 6. (This minimization, just
as all others, is performed while keeping the conditions of each respective model obeyed
to an extremely high accuracy, see footnote 11.) In this way, at each point in the 3337(5
plane we have the minimum relative to all the other oscillation parameters. In order to
find the exact value of x2. . = we have added Ax? (533) and Ax? (§) to X%l)’ because
it is much easier to include one-dimensional interpolations of Ax? (s35) and of Ax? () in
a FORTRAN code than to include a two-dimensional interpolation of Ax? (333, 6). Later,
we have recalculated all the discovered input parameters by using Mathematica with a
two-dimensional interpolation of Ax? (533, 6).

4.2 Models 1-5

Now look at figure 1. Each row of that figure corresponds to the model that is defined
by the conditions that are written in the top-left corner of the left panel of the row, wiz.
to models 1, 2, 3, and 4, respectively. All these models are for a normal ordering of the
neutrino masses, thus Mminimum = Mm1. In figure 1, just as in figures 3 and 4, we do not
display any panels corresponding to model 5, because the predictions of models 4 and 5
are almost identical to each other.

In the left panels of figure 1 one sees, in different shades of blue, the 1o, 20, and 30 CL
regions in the 5337(5 plane that are allowed by the phenomenological data of ref. [10, 11].
The stars mark the best-fit value of (553, 6). The blue regions in the left panels are identical
in all four rows of figure 1. The red regions in those panels are specific to each model; they
consist of points that

(a) perfectly obey each model’s constraints,
(b) satisfy the cosmological bound (4.5),

(c) and have X%l) — X?l),minimum < 11.83, where X%l),minimum is the smallest value of X%l)
in each region of red points; X%1) — X%l),minimum < 11.83 corresponds to the 30 CL for

a Gaussian distribution with two degrees of freedom (in this case, s3; and §).

Comparing the red regions in the top-two left panels of figure 1 one observes the effects
of pu—7 interchange; the red bands in the second panel are identical to the ones in the first
panel after the transformation s33 — 1 — 835, 6 — 180° + 4. In model 4 (the same is valid
for model 5) there is a strong correlation between s3; and >~ m,,, which is depicted in the
left panel of figure 2. Because of that correlation and of the upper bound (4.5), s3; cannot
be lower than 0.548, as depicted through the pink-shaded area in the bottom-left panel of
figure 1. If it were not for the bound (4.5), s3; would be able to be much lower, as shown
by the dashed red lines in that panel. Another interesting feature of model 4 is a large
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Figure 1. Left panels: the predictions of each model with normal ordering (NO) of the neutrino
masses, and the phenomenologically allowed areas for NO, are displayed in pink and blue colours,
respectively. In the fourth row, the conditions of model 4 are obeyed in the whole area surrounded
by the red line (which might be further extended to lower values of sin?fy3), but > m, obeys
the cosmological bound (4.5) only in the pink area. Right panels: in different shades of blue, the
lo, 20, and 30 regions defined by the simultaneous compliance with the model conditions and the
phenomenological data. In the fourth row, only the region satisfying the cosmological bound has
been depicted. The stars mark the best-fit points. Dashed lines at § = 7 and s2; = 1/2 have been
drawn just for orientation. More details are given in subsection 4.2.
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forbidden zone in the s?,—s3; plane; that zone, with low s, and high s2,, can be observed
in the right panel of figure 2.

In the right panels of figure 1 one sees, for each model 1-4, the points that have
X2 = X2 inimum SMaller than 2.3 (1o or 68.27% CL), 6.18 (20 or 95.45% CL), and 11.83 (30 or
99.73% CL). In drawing the right panels we have used the full function x? = X?I) + X%z) + X%?))
instead of just X%1) like in the left panels — this is the reason why the areas in the right
panels of figure 1 are not equal to the intersection of the pink and blue areas in the left
panels; the pink areas in the left panels were drawn by using only X%1) in equation (4.7),
while the areas in the right panels were drawn by using X%l) + Ay? (353, 5). It should be
stressed that, even though all four right panels of figure 1 have a light-blue-coloured zone
corresponding to y? — X?ninimum < 2.3, that does not mean that all four models 1-4 fit the
data equally well, because aninimum is different for the four models. The values of aninimum
are given in the last row of table 1; they make clear that models 1 and 3 agree with the
data almost perfectly, while model 2 is not quite as good and model 4 (and also model 5) is
even worse. For instance, all the points with 2 —x2. . < 2.3 for model 1 have x? < 2.7
and are therefore better than even the best point of model 4.

One sees in figure 1 that both models 1 and 3 display two different ‘solutions’, one of
them with § ~ —120° and the other one with § ~ 120°. Under complex conjugation of the
lepton mixing matrix, i.e. under § — —9, as; — —awe1, and ag; — —ag; the conditions
defining each model remain invariant, but the phenomenological bounds on § do not; this
is the reason why, for instance for model 1, there are two solutions with symmetric values
For
model 3 all the points of the second solution have x? — Xfmnimum > 9 and therefore that

of the phases — but one of those solutions has much higher values of y? — X?ninimum‘
solution does not appear in table 1.

Comparing the left and right panels of figure 1, one sees that all models 1-3 severely
constrain the phase §, but they do not constrain 333 by themselves alone. Model 4 has
s34 correlated with Y m, and, even when Y m, becomes very large (i.e. when the light
neutrinos are almost degenerate), s3; > 0.418 is constrained; after the addition of the
cosmological bound (4.5) the constraint becomes much stronger. Model 4 also restricts

s2,, see the right panel of figure 2.

~15 —



-90 -120 -150 -180 0 30 60 90 120 10 11 12 13

-110

-130

6 [degree]

-150

130

110 . = . . ,
90 120 150 180 0 -30 -60 -90

a,, [degree] a3, [degree]

/

100 110 120 130 140 150 -100 -90 -80 -70 -60
a,; [degree] as; [degree]

6 [degree]

-20 -25 -30 -35 -5 -10 -15

(M;!)ew =0
114l Y

-116

-118

O [degree]

20 25 30 35 5 10 15
a,; [degree] as; [degree]
T
-140 | ]
|
|
— —160 \ ]
) |
] |
) |
5 £180 ( (i
° : :
160 } } 4
1 1
140k L I L L 1 b L I L . 4t . . L | L 4140
160 170 +180 -170 -160 -40 -20 0 20 40 60 20 22 24 26 28 30

a, [degree] a3 [degree] m; [meV]

Figure 3. The same regions as in the right panels of figure 1 are now depicted in the d—as; plane
(left panels), d—a3; plane (central panels), and d—m; plane (right panels) for models 1, 2, 3, and 4,
respectively, from top to bottom. For model 4, only the points obeying the cosmological bound are

displayed.

~ 16 —



model 1 (1% sol.) | 1 (2 sol.) 2 3 4
my (meV) 99131 | 11.7-12.1 | 86 -13.0 | 23.9-29.5 | 20.6 - 30.4
S m, (meV) | 74.0 - 81.2 | 77.7 - 78.7 | 71.4 —80.9 | 104.7 - 118.6 | 97.2 — 120.0
mgp (meV) 5.4 - 8.0 60-64 | 65-80 | 220280 | 68116
Mizitium (MeV) | 13.3 — 15.9 | 14.7 - 15.0 | 12.3 - 15.8 | 25.5 -30.8 | 22.5-31.6
10 x 52, 417 - 6.25 | 5.88 ~6.03 | 4.17 - 6.26 | 4.17-6.25 | 549 - 6.14
§(°) 216 — 268 | 125132 | 263 — 309 242 — 246 149 — 224
a1 (°) 204 — 250 | 143 - 148 | 103 - 144 327 - 339 163 — 203
as1 (%) 39 — 94 300 — 308 | 260 — 303 341 — 350 —37 - 51
X2 imimum 0.39 8.99 1.68 0.67 3.58

Table 1. The 30 bounds for various observables in the models with normal neutrino mass ordering.
These bounds correspond to x? — xZ; .. <9, which is equivalent to 3¢ CL for one degree of
freedom; they take into account the cosmological bound > m, < 0.12eV [19, 20]. For model 5 the
values are the same as for model 4, with the exceptions 10 x s3; (5.48 to 6.14), § (154° to 213°),
as1 (—36° to 46°), and X2 i num (3-82).

Next look at figure 3. There, one sees the same regions as in the right panels of
figure 1, but now displaying the Majorana phases as; and asi, and also the smallest
neutrino mass mq, against §. Only points that comply with the cosmological bound on
> m,, are displayed; this is not an effective constraint for models 1-3, but it severely
constrains model 4 (and model 5).

In figure 4 one observes the predictions of each model 1-4 for the mass parameters
>.m, and mgg. The pink areas in figure 4 are the same for all models and they are
allowed by the phenomenological constraints only; the areas in various shades of blue are
allowed at the 10, 20, and 30 CL by the phenomenological constraints together with each
model’s conditions. One sees that each model strongly constrains the mass parameters,
restricting them to a much smaller range than the one allowed by phenomenology only. It
was already clear from the right panels of figure 3 that models 1 and 2 work for much lower
values of the neutrino masses than models 3 and 4; mq ~ 10 meV for models 1 and 2 while
mi ~ 25 meV for models 3 and 4. This same fact is observed in figure 4, where » m, —
but not mgg, which includes some interference effects — is much higher in models 3 and 4
than in models 1 and 2. Notice that a large otherwise-allowed range of model 4 has been
eliminated by the cosmological bound on ) m,; the same may soon happen to model 3,
which predicts > m, 2 105 meV.

We have summarized in table 1 the predictions of each of the models with NO. In that

— X nimum < 9, therefore the ranges are somewhat

table we only display points with 2
narrower than the ones observed in the figures, where the 3¢ regions have y? — x?ninimum <

11.83. For the same reason, the second solution for model 3 does not appear in table 1.

The observables s%,, 575, Am2 | and Am?

olars atmospheric 1€ 1Ot constrained by models 1—

5, with the exception 5%2 € [0.320, 0.350] in models 4 and 5; this is not, however, because
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of the models themselves, but rather because of the cosmological bound, that leads those
models to necessitate both a rather high s3; and a rather high s%,.

4.3 Junction of models 4 and 5

Models 4 and 5 have almost the same predictions and, as a matter of fact, we may join
them in only one model, defined by

(M1),, =0 and A=A = AL (4.8)

o
This model agrees with experiment and has x2, . = 4.22, which is not much worse than
either model 4 or model 5 separately. The CP-violating phases are eliminated: § = ag; =7
and as; = 0, rendering this model CP-conserving in the leptonic sector. The predictions
for the mass observables and for s3; are exactly the same as the ones displayed in table 1
for model 4.

The plus of this model is that it provides a clear-cut correlation among s2,, s35, and
> > m,. That correlation is displayed in figure 5. On the other hand, this model requires
both s2, and s3; to be quite above their best-fit values; that is the reason why x2. . is
rather high for this model.
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Figure 6. Left panels: the predictions of each model with inverted ordering (IO) of the neutrino
masses, and the phenomenologically allowed areas for 10, are displayed in pink and blue colours,
respectively. The panels in the top row respect model 6 and the ones in the bottom row are for
model 7. Right panels: in different shades of blue, the 1o, 20, and 30 regions defined by the
simultaneous compliance with the each model’s conditions and the phenomenological data. The
stars mark the best-fit points. Dashed horizontal lines at various values of d, and a vertical dashed
line at s3; = 1/2, have been drawn for orientation. More details are given in the text.

4.4 Models 6 and 7

Figure 6 is analogous to figure 1. It features model 6 in its top row and model 7 in its
bottom row. In the pink bands of the left panels one clearly sees the effect of the u—
T interchange symmetry in the models’ defining conditions: those bands are symmetric
under s3; — 1 — s3;, § — 180° + §. In the right panels one sees that both model 6
and model 7 have two different solutions. Those two solutions are more clearly visible in
figure 7, wherein the first row displays both solutions of model 6 simultaneously and each
of the two lower rows is devoted to one of the solutions of model 7. One of the two solutions
of model 6 has much higher X?ninimum than the other one. The two solutions of model 7
are quite distinct, with the preferred one having ao; =~ 0 and Muyinimum ~ 1.15 meV, while
the other one has as; ~ 180° and Muminimum twice as large. Also note, in the top central
panel, that in model 6 there is an almost perfect linear relation between «3; and §; that
relation may be expressed by the (approximate) equation ag; = 178.007° 4 1.98254 4.

In figure 8 one sees the predictions of the two IO models for the mass parameters. One
observes once again the great difference between the two solutions of model 7, with one of
them producing a much lower mgg than the other one. It is interesting to observe that
both models admit mgg ~ 49 meV, which is much higher than in the models with NO.
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Figure 7. The same regions as in the right panels of figure 6 are now depicted in the §—as;
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model 6; the central and bottom rows are for each of the two solutions of model 7.

5 Summary and conclusions

In this paper we have shown that four new types of constraints on the lepton mass ma-
trices, given in equations (4.1), can be derived through adequate symmetries imposed on
renormalizable models furnished with three right-handed neutrinos and a type-1 seesaw
mechanism. Fach of those constraints leads to predictive power for the CP-violating phase
¢ and for various neutrino-mass quantities. That predictive power has been studied in some
detail in section 4 of the paper, especially taking into account the correlations between §
and the mixing anle 53 displayed by the phenomenological data of ref. [10, 11]. We have
found that a total of seven models are able to fit the data at the 1o level for at least one
of the three phenomenological papers [8-11]. The predictions of each of our models have
been given in tables 1 and 2.
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Figure 8. The predictions of models 6 (top row) and 7 (the other two rows) for the sum of the
light-neutrino masses and for the mass parameter responsible for neutrinoless 25 decay. The pink
areas are the ones allowed by phenomenology alone, for an inverted ordering of the neutrino masses;
the blue areas include the constraints of each model. The right panels are zooms of the marked
areas in the left panels.
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model 6 (1% solution) | 6 (2" solution) | 7 (1% solution) | 7 (2" solution)
ms (meV) 1.05 - 1.25 1.11 - 1.18 1.05 - 1.25 1.99 - 3.39
> m, (meV) 98.7 - 102.7 99.9 - 101.4 98.6 — 102.6 101.2 - 103.8
mgs (meV) AT5 — 49.4 48.1 - 48.8 AT5 - 49.4 16.0 - 27.5
Mirigiam (meV) | 48.1 - 50.0 487 — 49.4 481~ 50.0 48.6 — 49.7
10 x 52, 5.27 - 6.27 429 - 461 423~ 6.27 487~ 5.18
5 (°) 279 - 326 233 - 251 259.0 - 270.6 234 — 323
o1 (7) 355.2 — 359.4 1.2-25 —4.9-2.9 148 — 233
as (°) 17 113 287 323 34 19 5280
o 476 12.38 5.11 11.02

Table 2. The 30 bounds for various observables in the models with inverted neutrino mass ordering.
These bounds correspond t0 X* —Xinimum < 9- We have included the value x7;) = 4.71254, obtained
by the NuFIT collaboration, in the computation of x2. . therefore all the x2, . are higher
than the corresponding values for models with NO in table 1.
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