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1 Introduction

Conformal field theories (CFTs) have many interesting properties and applications to vari-
ous physical systems. The extension of Lorentz symmetry to conformal symmetry provides
quite stringent constraints on CFTs. The quantities of interest in CFTs are the spectrum
of operators and their correlation functions. Symmetries restrict the form of two- and
three-point correlation functions, such that the information about the dynamics is encoded
in purely numerical coefficients. Because the operator product expansion (OPE) is conver-
gent in CFTs, the OPE can be used to systematically reduce higher-point functions until
only two- and three-point functions remain [1].

Moreover, it was observed in the seventies that crossing symmetry of four-point func-
tions can be used to constrain the possible values of operator dimensions and coeflicients
of three-point functions [2, 3]. That observation proved to be very fruitful when applied
to two-dimensional CFTs. When a four-point function is reduced by applying the OPE to
pairs of points, symmetries reduce the problem to a sum over operators that are exchanged
in either the s, ¢, or u channels. The expression for an individual operator exchange is
governed by conformal symmetry and is called the conformal block. In larger number of
dimensions, similar techniques have been used with much success only more recently [4].
In part, it took a lot longer to adopt bootstrap techniques beyond two dimensions because
analytic information about conformal blocks has been rather limited with some of the first
results obtained in [5, 6].

Conformal blocks are fully determined by symmetries. Yet, conformal symmetry acts
non-linearly on the coordinates, which obscures consequences of the symmetry group. The
most natural, linear, action of conformal symmetry in d dimensions is on a d+2-dimensional
space called the embedding space [7]. While many results on CFTs were obtained using the



embedding space, see for example [8-10], the advantage of embedding space formulation
has not been fully harnessed (articles in [11-14] contain early important work on the OPE).

In [15], we outlined a program of deriving conformal blocks in the embedding space
and showed how to obtain some already known results using our method. Here, we provide
further ingredients that are necessary to implement conformal block calculations and the
bootstrap program in the embedding space. There are two main parts of this article.
In the next section, we investigate the differential operators that are consistent with the
light-cone constraint of the embedding space and could appear on the right-hand side of
the OPE. We show that all such operators can be generated from a single operator. We
then investigate how this differential operator acts on the conformal cross ratios. In the
following section, we show that the most general conformal block can be obtained from the
action of the differential operator. We are concerned only with conformal blocks without
any uncontracted Lorentz indices. Conformal blocks containing free Lorentz indices can
be obtained by acting with more derivatives on the expression presented in this article.
We also point out that the expression from which conformal blocks can be constructed is
invariant under the dihedral group with 12 elements.

2 Differential operator

a1 nd+2). The

embedding space is a projective space with 7t and An? identified for A > 0, and it is

We denote the embedding space coordinate as n?, where n* = (n,n

restricted to the light cone 7% = nnys = 0.

The OPE expresses the product of two quasi-primary operators in terms of a series
of quasi-primary operators and their descendants. To generate the descendants, the OPE
must thus include differential operators which act on the quasi-primary operators. The
only consistent differential operators with one derivative which are well defined on the
light cone are

0 . 0 0

© is the homogeneity operator, while £4p are the Lorentz generators in the (d + 2)-
dimensional embedding space, thus they satisfy the conformal algebra in d dimensions.
With two derivatives, the only consistent differential operator which is not built from (2.1)
is the Thomas-Todorov operator [16-18]

0 d\ 9 1 a 0
Ka = B 4= T — 2.2

A (77 87’]B 2) anA 277A8773 87]3 ( )
Moreover, the non-vanishing commutation relations satisfied by the homogeneity operator,

the conformal generators, and the Thomas-Todorov operator are

[Lag,Lcp] = —i(9acLlBp — 9pcLap + gapLcer — gppLca) ,
[©,K4] = —Ka, [Lag,Kc|=1(9BcKa — gacKB).



Neither ©, £ 45 nor K 4 involve derivatives with respect to n? and are therefore well de-

fined on the light cone. This can be seen by changing coordinates from 7 = (n#, nd+1, nd+2)
to 74 = (z#, k,n?), where
= kat 77d+1 _ n? — k2(1+ a?) 77d+2 _ n? + k*(1 — 2?)
’ 2k ’ 2k ’
or equivalently
i
= k=™ et R =, — () ()2

In the new variables, one obtains
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which can still be simplified on the light cone. Hence
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which shows that ©, L4 and K4 are well defined on the light cone.!

Note that, due to the homogeneity condition of quasi-primary operators in embedding
space, the differential operator © acts trivially. Indeed, it does not generate descendants
from the quasi-primary operators and can be discarded as a genuine differential operator.
Therefore, the only non-trivial differential operators which are well defined on the light
cone must be made out of partial derivatives in the specific combinations £4p or K4.

2.1 Elementary operator

We now show that all non-trivial differential operators in the embedding space relevant
for the OPE (i.e. with two embedding space coordinates) can be obtained from a sin-
gle operator.

! Another way to ensure that a differential operator is well defined on the light cone is to check that its

effect on n? = 0 is consistent. For example, =2rn? = 294 # 0 thus By -9 is not a well defined differential

? 9n
operator on the light cone. On the other hand, ©7*> = 21*> = 0 and Lapn® = 2i(nans — nena) = 0

are consistent.



Because the Casimir operators cannot generate descendant operators it is straightfor-
ward to conclude that all possible non-trivial differential operators can be written as com-
binations of (L") ap for n > 0 and K4 (since 4KAK 4 = n?0%0? vanishes on the light cone).

It turns out that (£")4p can be written in the following form (£™)ap = n4n50%S, +
Na0BTn+nB0aUy+gapVy, where the derivatives act to the right and the operators S, T,
Uy, and V,, only depend on the homogeneity operator ©. The form of (£") 4p is preserved
when n is increased by one

(LM ap = g%PLac(L™) D5
= nanp0?li(dg — 24 ©)Sy, + iUp] + nadpli(dg — 2 + ©)T,, + iUy + iV,
+np0Ali(1 — ©)Uy, — iVy] + gap(—iOU,),

which gives the following relations

Spi1 = i(dp — 2+ ©)S,, +iU,,

Tpi1 = i(dg — 2 + O)T,, + iUy, + iV,
Unir = i(1 — ©)U, — iV,

Vi1 = —iOU,,

where dg = d 4 2 is the dimension of the embedding space. One can then show that the
differential operators (L") ap = (£L?)aAn + LA Bn + gapChy, where A,, B, and C,, are
again functions of the homogeneity operator ©. Indeed, for n = 1 one obtains Lap by
setting S1 = 0, Ty = 4, Uy = —i, and V4 = 0. Given these initial values the recursion
relations are satisfied by

—i"[(140)(dg—2+0)"+(dp—3+06)(—0)"— (dp—2+20)]

Sn = (14+0)(dp—3+0)(dp—2+20) ’
o _ "[(14+0)(dp—4+20)(dp—2+0)" ~2(dp—3+0)(~6)"+(1-0)(dr—2+20)]
" (1+0)(dp—3+0)(dp—2+20) ’
g "= (-0)"]
" 140 ’

"O1—(-6)""]
V= 1+0 '

Therefore, (L") 4p is simply given by

(L") ap = 14n50*Sy + 1405Tn + 150AU, + gaBVa
T, + U, —(1-0)S,
S( ) +nB0a(1 —0O) +gap(—0)| Sy
- (nAaB - nBaA)[Un - (1 - G)Sn] + gAB(Vn + @Sn)
= [77A77382 —na0p(dg — 3+ 0) +npda(l — O) + gap(—0)]S,
+ i(nAGB — nB(?A)[iUn — i(l — @)Sn] + gAB(Vn + @Sn)
= (‘CQ)ABAn + LapBy, + gABCna

= |nanpd* + na0p



where A,, = S,, B, = iU, —i(1 — ©)S,,, and C, = V,, + ©S,,. Since the homogeneity
operator commutes with the conformal generator, all non-trivial differential operators can
be expressed in terms of linear combinations of £ap, (£?)4p and K4. Indeed, since

LapkP = —iOka + %nma?,

(L) apk? = —0*Ka +1° (/CA d ; 28A> 0,
on the light cone 7?2 = 0, all remaining products are linear combinations of Lap, (£?)ap
and K 4 with different factors which are functions of ©. An analog result has been obtained
in [18] by studying the symmetries of the Laplacian operator.

The OPE involves operators at two points on the light cone, n; and 75. We use
the convention that the operators on the right-hand side of the OPE are located at 12,
therefore the differential operators present in the OPE must act at 1. There are then
three differential operators without contractions given by

Loap = i(n24028 — N28024),
(L£3) a5 = M24m2805 — N2adap(dE — 3+ ©2) + napdaa(l — O2) — gapOa,

d 1
Koa = (92 + 2) Ooa — 5772143%-

There are also five simple differential operators which can be constructed with one con-
traction from the conformal generators,

(m - L2)* = i(n1 - 112) 05" — imj s - Dy,
(m - £3)* = (n1 - 12)115' 05 — (11~ 12) 05\ (dp = 3+ ©2) + 1311 - Da(1 — ©2) — 117" O,
(2 - £5)* =5 (—i©2)",

d 1
m-Ke = <92 + 2> n - Oz — 5(771 - 12) 03,

d
772'/C2=@2<@2—1+2>.

The third and last operators can be disregarded since they depend on the homogeneity
operator only. Due to the antisymmetry of the conformal generators, there are only two
differential operators with two contractions which are given by

m- L3 m = ning (£3) .5 = (- 12)%03 — (- n2)m - 02 (dp — 4+ 203)
m L3 =iy (£3) 0p = miny [(£3) pu — i (de — 2) (L2) pa]
= —(m - m2) [©3 + (di — 2)©s] .

Once again, the second operator is trivial because it is expressed in terms of the homo-
geneity operator only.

There remain seven operators that could be useful: three with no contractions, three
with one contraction, and one with two contractions. Of those seven, only one is indepen-



dent since

1
Loap = m[nm(m - Lo)p —n2p(m - L2) 4],
(L2)aB = LoacLsC g,
1 .
Koa = —m[(m LA +i(n - L2)a(Og — 1) 4+ 11463),
A
(m - L3)* = 7772771 L3+ i - L2)A(dp — 3+ ©2) — 1} O,
(771 : 772)

m - L3-m = —(m - La) (1 - La)a.

Therefore, there is only one non-trivial differential operator which plays a significant role
in the OPE, and it is chosen to be

1 . A 1 A
DfQ = ( ); [*1(771 ’ LZ)A - @2 = 7( >l [(Th '772)85‘ - 772A771 '82 — MmN 82}
m-12)2 m-n2)2
1 1
= (m-12)7 AR 0o, where A = ) [(771 -12)g*? —niny — 77137754} :

(2.3)
The prefactor (n; ~172)% is introduced for future convenience. All remaining differential oper-
ators built from (2.1) and (2.2) can be expressed in terms of the differential operator (2.3),
thanks to the extra embedding space coordinate ;.

Because A7} is transverse in each of its indices, the differential operator in (2.3) has a
special status and satisfies several interesting identities. The most important ones, which
can all be proven by induction, are given below. First, note that A = ABA = AP =
ABA and

771A¢4142B = 772Av4f2B =0, AﬁCAlQCB = Af‘2B~

Therefore, Di}, trivially satisfies
771A7912A = 77§47)12A =0 and APDiyp = DY,

which imply that

Diy(m - 112)* — (m - m2)*Dih = 0. (2.4)
The non-trivial commutation relations between DfQ and ©1 2 are given by
1 1
A B
[Dg,pg] = 1 (771 Dl% - Dﬁ)a [61,2)142] = ipfb [62,1)142] = _§D{127
(m - m2)?
A A 1

T2 Dl% - Dﬁnz =—(m '772)2«4142B- (2.5)

The second and third equations of (2.5) imply that Df‘Q has well defined degrees of homo-
geneity in n; and n9.
Squaring Df‘g gives the scalar differential operator

DI, = DiyDioa = m-L3m = (n1-n2)05 — 1 - a(dp — 4+ 203)

1
(m - m2)
= (1 -1m2)05 — (dE — 2+ 202)n; - Oa,



for which

2
7771417%27 [@th%ﬂ = D%Q) [627D%2] = _D%%

1
(m - me)? (2.6)
A 1 A
U5 DI, — D%QU? = —2(n - m2)2 D1y + (dp — 2)n; -

[D{‘Q? D%Q] =

With the help of fractional calculus, the scalar differential operator can naturally be applied
h/2 times to a quasi-primary operator, where h € R. This generalization will be needed
because conformal dimensions are real numbers. Commutation relations in (2.6) can be
generalized to arbitrary h as follows

h h
7;?7?9?27 [91,73?2] = 59?2’ [@2»1)?2] = —§D{L2,
(11 - m2)2 (2.7)

1 B h _
77547)?2 - D?QU? = —h(mn 772)2731429?2 Y- §(dE +h— 4)77147){12 2

[Dga D{L2] =

Finally, the commutation relations for the conformal generators with the embedding space
coordinates and the differential operators are

Lapn® —n°Lap = —(San)’pn?,
[L1ap + Loap, D) = —(Sap)° p D, (2.8)

[L14B + Loap, D) =0,
where (Sap)®p are the SO(d, 2) generators in the vector representation.
2.2 Change of variables
It will obviously be useful to express the operator Df‘Q in terms of the conformal ratios

uo mom)soma) () (02 78)

(1 - m3) (N2 - na) (m-n3)(n2-na)

(2.9)

o

Since D}, commutes with (1) - 72)®, as shown in (2.4), the differential operator acts non-

trivially only on (72 - n3) and (72 - n4) and one obtains

1 1 1B
Dihu® — u®Diy = (1 - 12) 2 AP (Bapu®) = —au® (1 - ma) 2 AfP—1E__
(n2 - M)
1 1 3B 4B
Dy’ — oDy = (m - 12) 2 AP (B2p0®) = BoP (1 - mp) P ARP | BB THE |

(m2-m3)  (n2-ma)

The conformal ratios have vanishing degrees of homogeneity, so it is of interest to redefine
the differential operator DfQ such that it is homogenous with respect to all four coordinates.
The rescaled operator is defined as

A (m-m)
(uw) —
(m1-m3)

Nl=[ N=

1
Uis M2 nd Dy = DD = I )
(M1 -m4)2 (m - m3) (M1 - Ma)

The scalar operator D, ,) is more suited to act on functions of the conformal ratios since

its action results in other functions of the conformal ratios only. When Dé v) and Dy )



act on functions of conformal ratios only, one can change variables such that the derivatives
are with respect to v and v only

Dfiy) = (D@w“) Ou + (D(Au,w”) Oy,
Diww) = Plaey [(Pluya) O + (D) av) 0]
= (Dé,v)u> (D(u,v)Au) az + 2 ('Dé“])u) (D(u,v)AU) 0u Oy

+ <’Dé’v)v> (D(uﬂ,)Av) 83 + (D(Quw)u) Oy + (D(Quyv)v) Oy-

It is then straightforward to verify that

1
A (m-m2)(n3-na)?  ap [ s 038 4B
Diuy =~ I T Al ) O S T o [
(n1-13) % (171174 2 (12-14) n2-m3)  (m2:1ma4)
D) = (—2) {u38§—|—u2(u+v— 1)0,0, +uvd? — (g —2) u?0y+u [u—i— (g — 1) (1 —v)] au} .
(2.10)
Because of transversality of AfQB , Dé vy can only be contracted with either 134 or 744.
These contractions give the following new operators, where their respective pre-factors were
chosen for homogeneity,

1
Dy = = (. '23)2774‘4 lpét,v) = —2u0y — (u+v —1)0y,
(- ma)2 (M3 - M4)2
1
(m - ma)2n3a DA

(1 m3)3 (3 - )3

Dy = - o = (= v = 1)y + v(u — v+ 1)d,.

Their algebra is

D), D)l = D) — D),
(D D?W)] = —ZhDéLuvy),
[,D(Uﬁp?u,v)] = _2hD€Lu,U)7

and it can be obtained from (2.5), (2.6) and (2.7). Moreover, they satisfy several important
properties, for example

Dyu® —uDiyy = (

P () - (2) -
(

(

v v
D(uﬂ,)ua — ua'D(UW) = (—2« ua+1 (a +1-— g — D(u)) ,

Du) (E)ﬁ - (g)ﬁpw,v) = (=25 (Z)BH (B+1-§-Dg)).

v v

A further generalization of these properties can be obtained using the general Leibniz rule



and recursion

«@ h i, aqmyh—1
Diyu® = Z; (2> (—2a)'u D(u) ,
ho(\F_ — (h opyi (%) ph—i
D) (U) N prt (2>( 26) (U) D(“) ’
h . . _ _i
élu’v)uo‘ = Z <z> (—2)"(a)u™*" (a —h+i+1- g — D(u))iD?u’v),
i>0

(5) 2 () - nrit1-§-py), Dl

where (...); denotes the Pochhammer symbol. With a slight abuse of notation, the argu-
ments of the Pochhammer symbols contain not just pure numbers, but sometimes operators
as well. The terms with no derivatives on the right-hand sides of the equations above give
the action of the derivative operators on the powers of v and u/v alone

Dfiyu® = (~20)"u?,
Dfy) (%)6 = (—28)" (%)6
D?u,v)“a = (—Q)h(a)h(a +1-— d/2)hua+h’ (2.11)
?u,v) (%)6 = (=2)"(B)n(B+1—d/2) (%)B+h’

which we quote for future reference.

3 Master function

We now turn to constructing the most general form of a conformal block and show how to
apply the derivatives developed in the previous section. We assume that the OPE is used
once at points 1 and 2 and another time at points 3 and 4. The most general conformal block
will depend on the Lorentz representations of both the external and exchange operators.
The OPE will contain two types of derivatives: scalar derivatives raised to real powers,
that correspond to scaling dimensions, and vector derivatives with integer powers that
account for the operator spin. In this section we are concerned with the most general
action of the scalar derivatives. Obtaining general conformal blocks will require proper
accounting for the spins of the operators, but the answer can be expressed in terms of the
function Fy described below and derivatives acting on it. The details will be presented in
a future publication.

The numbers of embedding space positions and derivatives Df‘Q and Dg’ﬁl that are not
contracted are finite integer numbers that depend on the Lorentz representations of external
operators. Such positions and derivatives with free Lorentz indices can be commuted to
the left of the derivatives D}, and D3, with the help of the commutation relations (2.7).
Therefore, the most general contribution to any conformal block without free embedding



space vector indices is
F(p»q;r;57t) .. . _ D2pD2q . —r . s . t
d (i - ;) = D15 Dsi(n2 - na) ™" (02 - m3)" (M1 - Ma)
() TPy )OS (E)t—s—q - (u)r—t o (3.1)
- (wv) (u,v) :

(1 - 12)" 5T (3 - ) 5P v

From its definition and the fact that the derivatives D%, and D3, commute, it is clear that

chp’q?r;s’t) (n; - mj) can also be expressed as

N HEtN -
ngpq D, - ;) = DD (n2 - na) " (m2 - m3)° (1 - ma)
B (771 . 773)7»+p+q(772 . ng)S*p*t‘i’q q (u)S*t*p Dp ('U,)T*S UT (
= (u,v) (u,v) ’

(1 - m2)" =4 (13 - 1a) 7= v

3.2)

(Y

The two forms for chp’q;”s’t)(m -m;) (3.1) and (3.2) and the behavior (2.11) of the
derivative D, ,y as u — 0 and v — 1 suggest writing chp’qms’t) (mi - m;) as
P mg) = (<2079 = s)y(r = )y(r = s+ 1= d/2)y(r =t +1-d/2),
(11 - m3)" TP (y - my)tOHP (E)H“’ Hparsd
(m-m2)"=**P(n3 - ma)" 5P \w ¢
= (=2)PT(r — 8),(r —t)y(r —s+1—d/2),(r —t+1—4d/2),

X u,v)

(11 - 13)" TP (1 - 3)® P (E)T_tﬂ Pt ()
(1 - m2)" 403 - ma)™ 19 o I T
where the function Hc(lp’q;r;s’t) (u,v) is given by

(87D ()L, () e

v (u,w) \v

(p,g;T;s,t)
B ) = a2 Dlr —s ¥ 1= d/2)(r — 51— d/2),

u,v) =

(3.3)

The power of 7 and the normalization are chosen such that ng’q”?s’t)(o, 1) = 1. Note that
the equivalence of the two forms (3.1) and (3.2) for the function chp i) (ms - m;) implies
Hc(lnq;v“;s,t) (u,v) = Hc(lq,p;r;t,S)(

To proceed, it is convenient to introduce another function,

the symmetry u,v).

(g)—(T—Hq) q (u)r—t o

(g5r3t) v (u,) \v

= A4
Co ) = i i — t+ 1= dj2)y’ (3:4)
in addition to function H(gp’q;r;s’t) (u,v). Again, from the behavior of Dy, ,) as u — 0 and

v — 1 one concludes that Gﬁf”?“(o, 1) = 1. Having defined Gglqmt) (u,v), we can re-express

Hc(lp’qms’t) (u,v) as the derivative operator acting on Gglw;t) (u,v)

( u ) —(r—s+p) DP

v (u,v)

(=2)P(r —s)p(r—s+1—4d/2),

. u)’e G(q;r;t)(u,v)
Hc(lp1quvsvt) (u’ 'U) — (’U) d

(3.5)

~10 -



It turns out that G&q;r;t)(u,v) and Hép’q;r;s’t) (u,v) have several simple limits. These
are obtained using (2.11) and are valid for arbitrary values of the remaining parameters.
: (g5st)

First, G, (u,v) obeys
G&O;T;t) (u,v) =",
G&q;O;t) (u,v) =1,
Gglq;r;o) (u,v) = 0",

while Hc(lp’q;r;s’t) (u,v) satisfies

HC(lO,q;T;s,t) (u,v) = Géq;r;t) (u,v),

(%)_(T_Hp) Dfu,v) (%)T_S v —_ o)
(=2)P(r —s)p(r—s+1—4d/2),

Hc(lp,O;T;&t) (u,v) = (u,v),

(=s+p) w)—$
(p,q;0;5,t) _ (v) (u v) ( ) B
Hd (va) - (_2)])(_ ) ( s+1— d/2)p -5

(r+p) u (g;mst)
H(P#lﬂ’%()ﬂf)(u U) _ ’U) D?u v)( ) Gd (uvv)
’ ’ (=2p(r)p(r+1-d/2),
()" Dy () e

_ G(p;r+q;s+q)(

Hc(lpvq;r;svo) (u u,v).

)= sy — s+ 1= /2,

The symmetry H(pqr’s’t) (u,v) = Hc(lq’p;r;t’s) (u,v) then implies the following identity for

G&q’r’t) (u,v)

(57D (2 6

(=2)2(r)q(r +1—=d/2)q
GEIJD;TJrq;Q)(u7 v) = Gglq;ﬂrp;p)(

Gfip;r+q;s+q) (

u,v) =

Setting s = 0, the identity above leads to u,v). Renaming the
(qmt)(u’ V) = G&t;r—tJrq;q)(

Several other special cases can be obtained from the definition (3.3) and the symmetry.

parameters gives G u,v).

For example, one has
H(gsft,q;r;s,t) (u,v) = G&qﬂft;r;S) (u, v).

(gsst) (u,v) = GEr—t+a.q)

d (u,v) implies for H(pq rist)

Moreover, the relation G|

(5) " Dl () G ()
(=2)P(r —s)p(r —s+1—4d/2),
(U) (r—s+p) Dp ( )T—s G(t;r—t+q;q) (u, )
- ( )(r—s) (r—s+1-4d/2),
? o, ( )r t+q—(s—t+q) G((it;r—t-l-q;fﬁ(
—2)P(r — s)p(r —s+1—-d/2),
_H(ptr t+qs t+q, q)( v).

Hc(lpvq;"';szt) (u’ ,U> —

u,v)

This transformation is consistent with the special cases already mentioned and allows other
relations to be found.
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From their definitions, (3.4) and (3.3), G(q’r’t) (u,v) and H(pqr’s’t) (u,v) satisfy the

following recurrence relations

)—(r—t+q+k) éfujy) (%)T—Hq G&q;r;t) (u,v)

2)k(r—t+q) (r—t+q+1—d/2) °
) (r— s+p+kz) ( )r s+pH(pq,rst)(

(3.6)

SEIS /-\ SHIS

(

U, v)

(u v)

H(erk,q;r;s,t) (
¢ (=2)k(r —s+ph(r—s+p+1—d/2)i

u,v) =

The recurrence relations (3.6) are exactly the same, but the two functions are differ-
ent because of the initial conditions. Indeed, G(Omt) (u,v) = v" while H(O’q;r;s’t) (u,v) =

Gglq;r;t)( v). Consequently, H (p airiert) (u,v) is expressible in terms of G(q’T’t)(

u,v) as will
be shown below.

It is possible to use the algebra of differential operators to derive the action of the
derivatives on the functions G( )(u v) and H(p airi:t) (u,v). One obtains

- 1 - o 1iie
Doy G (w,0) = = |(r =+ 4) T 1] G ) + 4GS w,0)

Ctr—t+qQ(r—t+q+1-d/2u
(r—t)(r—t+1—-4d/2)

D(U)Gglq;r;t)(u’ V) = rG&q;T;t)(u, v) — rG&q;Hl;tH)(u,v)

T(’I” -1+ Q)(r —l+qg+1- d/2) EG(q;r-l-l;t)

G(q rit=1) (u,v)

-t —t+1-d/2) v ¢ (u,0),
and
Dy BP0 (u,0) = = | (r=s+p) o Fsq| BP0 (u,0) 4t BP0 (0,0)

tr—s+p)(r—t+q)(r— s+p+1 d)2)(r—t+q+1—d/2) u 1 (p,giris—1,t—1)
B (r—s)(r—t)(r—s+1—d/2)(r—t+1—d/2) SH (u,v)
qt(qg+s—t)(r—s+p)(r—s+p+1—d/2) EH(p,q—l;r;sfl,tfl)(
(r—s)(r—t)(r—s+1-d/2)(r—t+1—-d/2) v
(gts—t)(r=s+p)(r—s+p+1-d/2) u ;1 (p,gr;s—1,)

B (r—s)(r—s+1—d/2) S (u,v)
(g+s—t)(r—t—1)(r—t—d/2) . (p,gr—1;5—1,t)
(r—t+q—1)(r—t+q—d/2) Hy™ (u,v)
q(g+s—t)(2r—t+q—1-d/2) , (p,g—1;r;s,t)
(r—t+q—1)(r—t+q—d/2) a" (u,v)

—+

u,v)

+

qt(g+s—t) (p g—1;r—1;5—1,t—1)
T r—ttq-1)(r—t+q—d/2) (u, ),
D(v)H(pqr,s,t (u,0) pqrst) (u,v)—rH(gp q,r+1;s+1,t+1)(u’v)

G 3+p)(T*t+Q)(7‘*S+p+1*d/2)(r—t+q+17d/2)u (g +1s.0)
(r—s)(r—t)(r—s+1—d/2)(r—t+1—-d/2) ;Hdpq (u,v)

- 12 —



By using the knowledge of the derivatives and their actions on powers of u and w/v, it is
also possible to obtain several contiguous relations like

G((qurl;r;t) (’LL, U) _ _%Géqw;tfl) (u,v) _,_%GE;;TJA;IS) (u,v)
rt(r—t+q+1)(r—t+q+2—d/2) 7G(q,r+l t— 1)(
(r—=t)(r—t+1)(r—t+1-d/2)(r—t+2—-d/2) v

(g;r—15t) _ (r=t+q-1)(r—t4q— d/2)7 (g;ms3t)
G (W) =" e—i—a)  oCd (V)

+

U,’U),

qt (g—1;r—1;t-1) q(2r—t+q—1-d/2) ~(q—1;r;t)
o e Cd (w0) = a2 Cd (W)
B gt(r—t+q—1)(r—t+q—d/2) U ~(g—Lirit— 1)( )
(r—t—1)(r—t)(r—t—d/2)(r—t—|—1—d/2) v wv)

(g;r;t+1) _ (r—t+q—1)(r—t+q—d/2) (g;rst) q(r—2t+q—1-d/2) (g—1;m;5t)
Ga (V) =" i) i (u’v)_(rftfl)(rftfd/Q)Gq (u,v)
rq (g—L;r+1;t41)
- (rftfl)(rftfd/2)G ! (u,v)
rq(r—t+q—1)(r—t+q—d/2) (g—1;r+15t)
T =) (=) (r—t—d)2) (r—t 41— d/z)*Gq (u,0).

Analogously,
T3S, +s—t)(r—t+qg—s+1—d/2 ,q;r;s—1,
H(ngrlq t)(u’v):_(q (rf)s()(rfsilfd/Q) / )Hu(lpq 10 (4, 0)
r(g+s—t)(r—s+p+1)(r—t+q)(r—s+p+2—d/2)(r—t+q+1—d/2))
(r—s)(r—s+1)(r—t)(r—s+1—d/2)(r—s+2—d/2)(r—t+1—-d/2)

U sr+1s—1,t
X 7H(§p7qyr+ ;S ’ )(
v

+

’LL,U),
r(g+s—t) (psgsr+1;s,t+1)
N (T—s)(r—s+1—d/2)H (u,v)
(r—t+q)(r—t+q+1—d/2) . (pg+1lirss—1,1)

A s s e R (u,v)

H(gp7q+1;r;svt) (u,v) = _%Hc(lpw;svt—l)(uw)_i_%Hépmr-H;erl,t) (u,v)
rt(r—s+p)(r—t+q+1)(r—s+p+1-d/2)(r—t+q+2-d/2)

(r=s)(r—=t)(r—t+1)(r—s+1-d/2)(r—t+1-d/2)(r—t+2—d/2)
% EH(p,q;r—l-l;s,t—l)( ,U),

(r—s+p—1)(r—s+p—d/2) ; (p,g;r;s,t)
s D(r—s—d2) d (u,v)

_ p(r—2s+p—1— d/2) 1 (p—1,q;7;s,t)
C(r—s—1)(r—s— d/2)H (u,v)
pr(r—s+p—1)(r—t+q)(r—s+p—d/2)(r—t+q+1-d/2)
(r—s)(r—s=1)(r—t)(r—s+1-d/2)(r—s—d/2)(r—t+1-d/2)
% %Hc(lp—l,qw—i-l;s,t)(u’U) _ (T_S_l);z):_s_d/Q)H(p—l,q;r+1;s+1,t+1)(u7v)7
(r—t+q—1)(r—t+q—d/2) ., (p,q;r;s,t)
(r—t—1)(r—t—d/2) Hy" " (u,0)
q(r—2t+q—1-d/2)  (p,gq—1;r;s,t)
T r—t—1)(r—t—d/2) H™ (u,v)
gr(r—s+p)(r—t+q—1)(r—s+p+1—d/2)(r—t+q—d/2)
(r—=s)(r=t)(r—t=1)(r—s+1-d/2)(r—t+1—d/2)(r—t—d/2)

_|_

Hép,q;r;s-ﬁ-li)(

u,v) =

(pg;mss,t+1)
H; (

u,v) =

_l’_

U rr(p,q—1;m+1;s,t) qr (p,g—1sr+1;5+1,t+1)
xS Hd (wv) = e ==z M (u,v),
where the contiguous relation for H (pgir—1Lis,t) (u,v) is omitted since it is quite complicated.
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3.1 Power series

Functional form of Gglq;r;t) (u,v) and H(gp’q;r;s’t) (u,v) can be obtained by expressing them
as multiple sums over powers of the variables x = u/v and y = 1 — 1/v. First, using the
recurrence relation (3.6) with k = 1, it is easy to verify that

G&Q;T;t) (u7 U) — Z ( (_Q)m(_t)m (T)ern( —t+ Q)m+n xmyn (37)

m,n>0 r—t+l- d/2)mm' (r - t)2m+nn'

In terms of the hypergeometric function G(a, 3,7, d;x,y) of Exton [6, 19], (3.7) can be
expressed as
Géqmt)(u,v) =G(rr—t+qr—t+1—d/2,r —t;x,y).

To obtain Ht(lp’q;r;s’t) (u,v), we start from (3.5) using G(a, 8,7, d; x,y) in (3.7) rewritten
in terms of the fourth Appell hypergeometric function. Then we apply the derivatives D, .,

as done for G(qrt)(

u,v). The result is given in terms of four infinite sums: two sums of
functions Gglq’ ’ )(u, v) that itself is given in terms of a double sum. This expression can be
simplified, with the help of generalizations of Gauss’ identity, to an expression with two

infinite sums and two finite sums given by
(p,gsm3s.t) _ (p,gsT;s.t)
H; (u,v) = Z P, (m,n)
m,n>0

(M) man(r=5+P)min(r—t+@)min 2y
(r—s)2m+n(r—s—|—1—d/2)m('r—t)2m+n(r—t—|—1—d/2)mn! ’

P£p7q;r;s,t Z Z

X

(=p)i(=Om—itj(—s—q+m—i+37)ij(—t)m—i+;

=0 5=0 Z'j

X (r—s+m4n+i)m—i(r—s+p+1—d/2)m—i(r—t+2m+n—i+j)i—;

X(r—t+1—d/24+m—1);. (3.8)
Pép’q;r;s’t) (m,n) is a polynomial of degree m in the variables {p, q,d} when each of these
variables is considered separately and a polynomial of degree 2m in the variables {r,s,t},
again considering each of these variables independently. Moreover, Pép aisit) (m,n) is writ-

ten as a sum over (m + 1)(m + 2)/2 terms, however both sums in chp’qms’t)(

m,n) can be
extended to infinity as the expression vanishes for ¢ > m or j > i. From the recurrence

relation (3.6) with k£ = 1, it satisfies

i s P+ 1L —d/24m pgrisy
P(p+1’q77'757t) — r S P p,q;r;s,
a (m.n) r—s+p+1-—d/2 d
(r—=s—14+2m+n)(r—s—d/24+m)(r—t—1+2m+n)(r —t —d/2+m)
r—s+p+1-d/2

(m,n)

x Pél’v‘];r;s,t) (m _ 1,7’L + 1)
(r+m+n)(r—s—d/2+m)(r—t—d/24+m)(r—t+q+m+n)
r—s+p+1—-d/2

x PPt (1 4 2),

_l’_

by construction.
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It is important to note that (3.7) and (3.8) fulfils all the expected limits. In-
deed, G&q;r;t)(O, 1) = 1 and GgO;r;t)(u,v) = ", while Hép’q;r;s’t)(o, 1) = 1 and
Hc(lo’q;r;s’t)(u, v) = Gglq;r;t) (u,v). Moreover, by examining (3.7) it is straightforward to check
the Gét;r—t-s-q;q) (u,v) = Géqmt) (u,v) symmetry relation. Hence, by construction, (3.8) satis-
fies all the symmetry properties. The symmetry Hc(lp’t;erq;S*Hq’q) (u,v) = H(gp’q;r;s’t) (u,v)

is also straightforward to verify, but the symmetry Hc(lq’pmt’s) (u,v) = Hép’q;r;s’t)(u, v) is not.

3.2 Discrete invariance

N HEER N'HEtR
H{gpqrs )( chpqrs )(

We now point out that u,v), and consequently m,n), are invariant

under the dihedral group Dg of order 12,
H((ip,q;r;sﬂt) (u,v) = Hg-(pvq;r;syt) (u,v),
Pépvq;r;syt) (m,n) = Pj-(p,q;r;syt) (m,n),

where g € Dg, since the two symmetries discussed above generate the dihedral group Ds.

Indeed, defining the action of the group g-(p, ¢; 7; s, t) as standard matrix multiplication
on the five-dimensional vector (p,q,7,s,t)”, the two symmetries are represented by the
following matrices

01000 1000 O
10000 0000 1
t7=100100 |, to=]10110-1
00001 0101 -1
00010 0100 0

Hence, z = t; and y = tot; lead to the presentation (x,y|x? = y® = (2y)? = 1) of the
dihedral group Dg. By defining rotations r; = 3 and reflections s; = xy ™, it is easy to
observe that

Tl = Tityj, TiSj = Sitj, 8iTj = Si—j, 8i8j = Ti—j,
which are the correct multiplication rules of Dg. Since Dg has six conjugacy classes given by

E = {T0}7 CG = {7"1,7”‘5}, 03 - {7"2,7”4}7
02 = {7"3}, Cé = {80782784}7 Cg = {81733335}7

it has six irreducible representations (A; 2, B 2 and Fj 2) of dimensions given by the charac-
ter of the conjugacy class E shown in table 1. The five-dimensional reducible representation
over the space of (p, ¢;7; s,t) decomposes as two one-dimensional irreducible representation
Aj, one one-dimensional irreducible representation Bs, and one two-dimensional irreducible
representation . A possible similarity transformation matrix S is

1110 0
002 -1-1
S=|(0001 —-1],
100-1 0
010 0 -1
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E
A |11 1 1 1 1
Ay | 1| 1 1 | -1]-1
Byj1|-1]1]-1|1] -1
B|1|-1|1]-1|-1|1
Eyl2] 1 |-1]-2|0 0
2

Ey 1| -1] 2 0 0

Table 1. Table of characters for dihedral group Ds.

which makes S7;S~! and Ss;S~! block-diagonal for all i. Therefore, under group trans-
formations, the linear combinations p + ¢ + r and 2r — s — t are invariant, while the
linear combination s — ¢ changes sign under reflections. The remaining linear combina-
tions, p — s and ¢ — t, transform according to the action of E5. From the invariant the-
ory of finite groups, the polynomial Pép’q;r;s’t) (m,n) and the function Hép’qms’t) (u,v) are
thus functions of p+q+7,2r —s —t, (s —t)%, (p—5)2 — (p—s)(g —t) + (¢ — t)? and
[(p—s)+ (¢g—t)][2(p—s) — (¢—1)][(p—s) — 2(q — t)] although it is not straightforward to
verify from (3.8). As will be shown in a forthcoming publication, some of the well-behaved
linear combinations found here have direct links to the conformal blocks while others are
useful to simplify results.

3.3 Relation to conformal blocks

As mentioned before, conformal blocks can be obtained from linear combinations of the

function H (gp Tist) (u,v) with extra vector derivatives (fractional calculus is not needed

anymore). The main purpose in computing the function Hc(lp aris.t) (u,v) is that it has the
proper analytic behavior to generate conformal blocks. Indeed, all scalar derivatives with
real powers have been evaluated correctly.

To connect with the extensive literature on conformal blocks (see e.g. [20-28]), we
give here two linear combinations corresponding to scalar and spin one exchange in
the four-point correlation function of four scalars. Writing the conformal blocks as
Gﬁ}jAQ’AS’A4(u,v) for four scalar quasi-primary operators with conformal dimensions
Aq,. 4 and an exchanged quasi-primary operator with conformal dimension A and spin
J, they are given by

GALA2A30 (u,v) = U(Am‘—A)/?HCS

A,J=0 (U/U),

GA1,A2,A3,A4 (u 7)) _ 4A2U(Aij—A+1)/2
- ’ (Az—A+1)(Azy—A+1)

Aqo+A+1  Agg+A+1
— SRt Sad LA 1L)

><Hd( 2

_Ajot+A+1 — Agq+A+1 A0.0
(%'U)_Hd( ’ ’ >(u,v)
. (A+1)(A+1—d— A1) (A+1—d—Agg)upBi—A-1)/2

4(A+1—d/2)2(A+1—d)
it Al AgatAtlA L0
XHd( 2 2 )(U,U),
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where A;; = A; —Aj. They correspond to the conformal blocks of Dolan and Osborn [5, 6].
To obtain these results, the general strategy is to consider the three-point correlation func-
tions and contract the indices appropriately. By doing so, the remaining derivatives are
all scalar, and they act on linear combinations of products of embedding space coordi-
nates, like in (3.1). It is then straightforward to normalize the results to match known
conformal blocks. It is important to point out here that extra derivatives were not needed
to generate the vector exchange conformal block. However, that is not the case for most
conformal blocks as generalization to any spin is not straightforward. The study of these
more complicated blocks will be discussed elsewhere.

4 Summary

We showed several technical results that are needed to implement the OPE and to calculate
conformal blocks in embedding space. We anticipate that these results are a necessary
step to developing a new method for calculating conformal blocks, but several further
advances are still required. The right-hand side of the OPE contains sums over quasi-
primary operators and their descendants. We were able to reduce all non-trivially acting
differential operators to a single one that can appear in the OPE in order to generate
descendants. When the basic differential operator is used in the four-point function it is
more natural to express all results in terms of the conformal invariants, v and v, therefore
we presented relevant expressions in term of those variables as well.

We demonstrated how the differential operator can be used to obtain a function in
terms of which conformal blocks can be constructed. This follows from the action of
derivative operators in two OPEs that one uses to reduce a four-point function. The most
compact expression that we were able to obtain for the function needed to build conformal
blocks is written as a quadruple sum in (3.8). Two of these sums are infinite and they are
over powers of two combinations of the conformal ratios u/v and 1 — 1/v. The remaining
two sums are finite and involve only numerical constants that depend on the quantum num-
bers of operators. There are many interesting properties that the conformal block master
function satisfies, among those an invariance under the dihedral group Dg. Our expressions
do not yet contain un-contracted Lorentz indices corresponding to Lorentz quantum num-
bers of external fields, but these can be obtained with more derivative operators. Thus,
conformal blocks will be expressed in terms of the master function and its derivatives.

A future publication will address the details of obtaining the OPE in our formalism
and of constructing conformal blocks for arbitrary Lorentz quantum numbers. An in-
teresting followup would be investigating supersymmetric version of this program given
the formalism in [29, 30]. Interestingly, [31] points to a supersymmetric version of the
Casimir equation and their solutions which may be very useful for superconformal field
theories. Finally, from the correspondence found in [31] between conformal blocks and
integrable systems, our master function may be of interest in the analysis of Calogero-
Sutherland Hamiltonians.
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