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1 Introduction

Much attention has been paid to the quantum entanglement entropy for pure states. The

entanglement entropy is easy to define while is typically difficult to compute. In AdS/CFT

the gravity dual of this quantity is the Ryu-Takayanagi formula [1], a simple computation

of a minimal area of a bulk surface anchored on a boundary region of interest. The RT

formula has passed several nontrivial tests and it is interesting to ask if one can extend

the holographic vantage point to computing other even more difficult information theoretic

quantities for interacting QFTs.

In recent years we have witnessed several attempts in understanding the entanglement

entropy of mixed states using holographic methods. In particular, the entanglement of

purification EP [2] and negativity E [3] have gathered lots of recent attention. A candidate

holographic counterpart is the entanglement wedge cross section EW [4], the minimal cross

section of the entanglement wedge. Since sparse examples exist for which this can be com-

puted on the field theory side, it is currently far from clear in which cases the conjectured

relationship between EW and EP or E holds.

One of the complications to interpret EW as the entanglement of purification or neg-

ativity, is that EW is UV finite by construction while the entanglement measures are
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divergent and subject to regularization, thus leading to subtleties. Nevertheless, these en-

tanglement measures quantify certain correlations between subsystems and their behavior is

known. For example, they should be continuous and monotonic under local operations [2],

while they need not be convex [5]. Therefore, one can similarly investigate the properties

of the entanglement wedge cross section and test whether it satisfies the same inequalities

as the correlation measures. An inequality of this sort EP (ρAB) ≥ 1
2I(A,B) represents a

particularly clean example. By replacing for the entanglement wedge cross section on the

left-hand-side brings us to:

EW (ρAB) ≥ 1

2
I(A,B) (1.1)

and thus instructs us to test if EW always at least exceeds half the mutual information

I(A,B), which is also a UV finite quantity by construction. This inequality has been

proven in holography [4]. Inequalities for several boundary regions for entanglement of

purification are also known (see, e.g., [6]), but such analogous inequalities for EW have

not been exhaustingly tested (see, however, [7]). In all of the cases we study in this paper

we found that the inequality (1.1) is satisfied. However, this is more exciting than it

sounds: I(A,B) can have very non-trivial features if conformal symmetry is broken [8],

thus drawing attention to EW in same geometries. Moreover, the advances put forward in

this paper enable one to test if EW could also satisfy further inequalities known to hold

for EP involving three or more regions. We plan to return to these interesting questions in

the future.

Let us remark that in [9–11] it was suggested that in holographic framework the mutual

information, multiplied by a constant, could be a dual to the entanglement negativity E .

This was revised by a suggestion [14] that the entanglement wedge cross section EW ,

supplemented by the backreaction of the hanging minimal (cosmological) surfaces to the

geometry, is actually a gravity dual of entanglement negativity. While lots of important

work [4, 6, 7, 9–29] has been carried out and most obvious inequalities tested, we feel that

it is premature to identify EW one way or the other. In particular, as we will discuss in the

following, EW can be discontinuous and non-monotonous, unlike EP or E in gauge theories

at finite N .

In this paper we do not resolve the interpretational issues of the entanglement wedge

cross section. However, we will make important headway towards reaching this goal by

making several non-trivial technical advances in computing EW is various settings. We

note, that almost all explicit computations of EW have been performed in asymptotically

AdS3 in global coordinates, where the boundary regions A and B are segments of a circle so

that the region anchoring the entanglement wedge is the rest of the boundary spacetime.

One of our results is to generalize the computation of EW to any number of spacetime

dimensions, where the boundary regions A,B generalize to caps of hyperspheres. We find

this computation most straightforward by first solving a related problem in Poincaré patch

and then mapping the results to global coordinates, as detailed in appendix A.

Our primary goal is to extend the notion EW and computations thereof to Poincaré

coordinates. We will consider several different bulk spacetimes, starting with AdS in ar-

bitrary dimension. One important result is that we are able to obtain EW analytically
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for many different entangling surfaces. We have organized the paper in different sections

according to boundary entangling geometries as follows: slabs in section 3, spheres in sec-

tion 4, and creases in section 5. In the case of slabs, in addition to pure AdS in arbitrary

dimension, we furthermore work out EW in the presence of a black brane, i.e., duals of

conformal field theories at finite temperature. In addition to this, we also consider general

confining geometries, where the phase diagram for the two entangling surfaces is quite rich.

As an illustration of a novel effect in this scenario we will portray EW in a configuration

where it can suddenly jump upwards at larger distances.

As an extension to a more complicated situation, we also display some results in

section 3.4 in the full 10d string theory background, which represents the gravity dual to a

Chern-Simons matter theory flowing between two different RG fixed points. We find that

the entanglement wedge cross section is not monotonic under RG flow, or equivalently, at

different length scales in the following sense. Given the field theory at zero temperature

and considering two strip regions which initially share mutual information, the system can

undergo a purification just due expansion or reduction. In terms of entanglement wedge

cross section this corresponds to vanishing values both at large and small distances, but not

at intermediate length scales. This is in sharp contrast to conformal field theories, where

the system either shares mutual information or not at any length scale. If the number of

fundamentals is not too large, our results assume analytic forms (see appendix B), yielding

good geometric understanding behind this phenomenon.

Note added: while this paper was in the final stages [24, 27, 29] appeared, which have

partial overlap with our results.

2 Definitions

Consider two subsystems of the boundary, A and B with no non-zero overlap. Let Γmin
AB

denote the minimal RT-surface associated with the union AB. The entanglement wedge

MAB is the bulk region whose boundary is

∂MAB = A ∪B ∪ Γmin
AB . (2.1)

Note that if A and B are small enough or there is enough separation, MAB will become

disconnected. Also note that actually the entanglement wedge is the bulk codimension-0

region which is the domain of dependence of MAB but since we are working on time slices

of static backgrounds this distinction is not relevant at this moment.

Now split ∂MAB into two pieces

∂MAB = Γ̃A ∪ Γ̃B (2.2)

such that A ⊂ Γ̃A and B ⊂ Γ̃B.

Then we search for a minimal surface Σmin
AB subject to

(i) ∂Σmin
AB = ∂Γ̃A = ∂Γ̃B (2.3)

(ii) Σmin
AB is homologous to Γ̃A . (2.4)
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A B∂AdS A B∂AdS

Γ

Figure 1. Sketch of the different entanglement entropy phases available for parallel strip configura-

tions of width l and separated by a distance s. The disconnected phase (left) has zero entanglement

wedge cross section. The connected phase (right) does have a non-zero EW , given by the area of

Γ, the surface with the minimal area out of the infinite set of surfaces Σmin
AB .

There is an infinite set of possible splits and thus infinite set of possible Σmin
AB . The en-

tanglement wedge cross section is given by the volume of Σmin
AB minimized over all possible

splits of the entanglement wedge

EW (ρAB) = min
Γ̃A⊂∂MAB

(
A(Σmin

AB )

4GN

)
. (2.5)

In other words, EW (ρAB) is the minimal area surface that splits the entanglement wedge

MAB into two regions, one for A and another for B.

3 Slabs

In this section we will start computing the entanglement wedge cross sections in various

bulk geometries. The configurations that we will consider are1 pure AdSd+1, planar AdSd+1

black brane, AdSd+1 soliton, massless ABJM at finite temperature, and massive ABJM at

zero temperature. For simplicity, we will only consider symmetric configurations of strips,

that is, two parallel strips with equal widths l, separated by a distance s. We have sketched

this configuration in figure 1. All the computations presented in this section can be easily

extended to non-symmetric situations.

3.1 Pure AdSd+1

We start with the case of pure AdSd+1 in the Poincaré patch. The bulk metric reads

g =
L2

AdS

z2

(
−dt2 + dz2 + dx2 + d~x2

d−2

)
. (3.1)

The boundary is at z = 0 and all strip boundaries lie on lines of constant x.

In pure AdSd+1, the dominant phase is determined by a single number, the ratio

between the separation and the width of the strips s/l. When the strips are close enough

to each other, the system is in the connected phase. Otherwise the strips are too far apart

1We work in dimensions d > 2.
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and the corresponding RT-surfaces disconnect. The s/l at which the transition happens is

given by the real, positive root of [30]

1

(2 + s/l)d−2
+

1

(s/l)d−2
= 2 . (3.2)

Assuming s/l is such that the system is in its connected phase, the entanglement wedge

cross section can be calculated as follows. The bulk turning point of a strip of width l is

z∗(l) =
Γ
(

1
2(d−1)

)
2
√
πΓ
(

d
2(d−1)

) l . (3.3)

The surface which splits the entanglement wedge into two parts associated with A and B

and does so with minimal area, Γ, can be identified by symmetry to be a vertical, flat

surface which splits the entanglement wedge at its symmetry axis. The induced metric on

Γ, see figure 1, is

gΓ =
L2

AdS

z2
(dz2 + d~x2

d−2) , (3.4)

where d~x2
d−2 contains the transverse directions. The entanglement wedge cross section

then reads

EW =
A(Γ)

4G
(d+1)
N

=
1

4G
(d+1)
N

∫
Γ

volΓ

=
V Ld−1

AdS

4G
(d+1)
N (d− 2)

(
1

z∗(s)d−2
− 1

z∗(2l + s)d−2

)
(3.5)

=
V Ld−1

AdS

4G
(d+1)
N (d− 2)

2d−2π
d−2
2 Γ

(
d

2(d−1)

)d−2

Γ
(

1
2(d−1)

)d−2

(
1

sd−2
− 1

(2l + s)d−2

)
, (3.6)

where V = LyLz . . . is the volume of transverse directions.

In figure 2 we have depicted EW and I/2 for parallel strips of equal widths in pure

AdS4. The ratio of strip separation and width (s/l) is fixed to a constant value. As long

as the separation is less than that of (conjugate) golden ratio s/l <
√

5−1
2 , different values

of s/l yield qualitatively similar curves: monotonically decreasing curves with EW > I/2.

If separation is greater than the critical value s/l =
√

5−1
2 , the RT-surface for S(AB)

disconnects resulting in EW = I = 0.

3.2 AdSd+1 black brane

Let us now generalize the previous case in field theories at finite temperature. This corre-

sponds to focusing on AdS-Schwarzschild geometries. The metric reads

g =
L2

AdS

z2

(
−b(z)dt2 +

dz2

b(z)
+ dx2 + d~x2

d−2

)
, (3.7)

where the blackening factor is b(z) = 1− zd

zdh
.
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EW

I/2

0.0 0.5 1.0 1.5 2.0
l/LAdS

2

4

6

8

10

Figure 2. Comparison of EW and I/2 in pure AdS4. Entanglement regions are parallel strips with

width l and separation s fixed such that s/l = 0.4. In both quantities we have omitted a prefactor

of
V L2

AdS

4G
(4)
N

.

Symmetry of the strip configuration and bulk metric still impose that, assuming that

the entanglement wedge is connected, the entanglement wedge cross section is given by the

area of a constant-x hypersurface, Γ, located in the middle of the strips. This time the

induced metric on Γ is

gΓ =
L2

AdS

z2

(
dz2

b(z)
+ dx2 + d~x2

d−2

)
. (3.8)

The area of Γ, and thus EW is determined by the z-coordinates of ∂Γ, z∗(s), and z∗(2l+s),

which are in turn determined by l and s. The entanglement wedge cross section, in terms

of z∗(s) and z∗(2l + s) is

EW =
1

4G
(d+1)
N

∫
volΓ (3.9)

=
V Ld−1

AdSz
2−d
h

4G
(d+1)
N (d− 2)

((
z

zh

)2−d

2F1

(
1

2
,

2− d
d

,
2

d
,
zd

zdh

))z∗(s)

z∗(2l+s)

, (3.10)

where z∗(l) is the function giving the strip turning point for a given width l. The width of

a strip can be expressed as a series [31, 32]

l = 2
√
πz∗

∞∑
m=0

1

m!(1 +md)

(
1

2

)
m

Γ
(
d(m+1)
2(d−1)

)
Γ
(

1+md
2(d−1)

) (z∗
zh

)md
, (3.11)

where (a)n is the Pochhammer symbol. Notice that the zero temperature limit zh → 0

picks the first term in the series, thus reducing to (3.3). This series can be reverted for z∗(l).

One important difference between this black hole background and the pure AdSd+1 of

previous section is that there exists a critical separation sc such that if s > sc, no connected

phase exists for any l [26]. This also means that EW = 0 if s > sc. Now we work out an
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0th order

1st order
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d
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0.2

0.3

0.4

0.5

0.6

scrit

zh

Figure 3. Critical separation between parallel strips in AdSd − BH for d = 2, . . . , 10. Circles

denote numerical results. Green and orange crosses correspond to analytical approximations (3.15)

and (3.16), respectively.

analytical approximation for sc. The phase transition between connected and disconnected

phases happens when the corresponding mutual information vanishes

I(l, s) = SA + SB − SAB
= 2S(l)− S(2l + s)− S(s) = 0 . (3.12)

Since we should consider the limit l/zh →∞, all terms involving l are well represented by

an IR-formula for the entanglement entropy. We will calculate the remaining term, S(s),

in an UV-expansion. In the UV, we have

S(l) =
Ld−1

AdSV

2(d− 2)G
(d+1)
N

 1

εd−2
−

2d−2π
d−1
2 Γ

(
d

2(d−1)

)d−1

Γ
(

1
2(d−1)

)d−1
ld−2


+

Ld−1
AdSV z

−d
h

32(d+ 1)G
(d+1)
N

Γ
(

1
2(d−1)

)2
Γ
(

1
d−1

)
√
πΓ
(

1
2 + 1

d−1

)
Γ
(

d
2(d−1)

)2 l
2 , (3.13)

where ε stands for UV cut-off. In the IR, on the other hand [31, 32],

S(l) =
Ld−1

AdSV

2(d− 2)G
(d+1)
N

1

εd−2
+

Ld−1
AdSV

4G
(d+1)
N z

(d−2)
h

(
l

zh
+ 2C(zh)

)
, (3.14)

where C(zh) is an O(1) numerical constant whose values can be found in, e.g., [32]. By

considering only the leading order UV contribution to S(s), (3.12) is equivalent to

(
2C(zh)− s

zh

)
+

2d−1π
d−1
2 Γ

(
d

2(d−1)

)d−1

(d− 2)Γ
(

1
2(d−1)

)d−1

(
s

zh

)2−d
= 0 . (3.15)
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Figure 4. Comparison of EW and I/2 in an asymptotically AdS4 black brane geometry. We have

again fixed s/l = 0.4 and omitted a common prefactor of V L2
AdSzh/4G

(4)
N . A qualitative difference

to the pure AdS4 (figure 2) is the appearance of a phase transition of S(AB) to the disconnected

phase marked by the point where both EW and I/2 become zero.

This gives a first approximation for the critical s/zh. We can systematically improve the

approximation by taking more UV-terms in the calculation. Taking the subleading UV-

term in (3.13) into account, we find

(
2C(zh)− s

zh

)
+

2d−1π
d−1
2 Γ

(
d

2(d−1)

)d−1

(d− 2)Γ
(

1
2(d−1)

)d−1

(
s

zh

)2−d

− 1

8(d+ 1)

Γ
(

1
2(d−1)

)2
Γ
(

1
d−1

)
√
πΓ
(

1
2 + 1

d−1

)
Γ
(

d
2(d−1)

)2

(
s

zh

)2

= 0 . (3.16)

Already at this level of approximation, the agreement with numerics is remarkably good.

In figure 3 we have compared the numerical results with both the leading and to next-to-

leading order approximations.

In figure 4 we show the same quantities in the same setup that in figure 2 except in

an asymptotically AdS4 black brane geometry. The different quantities EW and I become

zero when the RT-surface prefers the disconnected phase. They do this in a different way

though: I(A,B) becomes zero continuously since the phase transition point is determined

by I(A,B) = S(A) + S(B) − S(AB) = 0. The terms are continuous and thus I(A,B) is

also. The entanglement wedge cross section EW , on the other hand, jumps discontinuously

at the phase transition because on the other side the entanglement wedge is disconnected

and on the side where it is connected it has a finite cross section as can be easily seen in

the sketch in figure 1: there is no need for Γ to pinch to zero at the phase transition.

Having discussed the simple AdS and AdS-BH geometries in various dimensions, now

we will turn to cases that have a non-trivial length scale associated with them. First, we

will discuss confining geometries, again, in all dimensions at once. Later, we will focus on

a specific top-down construction that is dual to a Chern-Simons gauge theory coupled with

– 8 –
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fundamental matter. The important difference relative to previous ones is that in both

of these examples the RT-surfaces are sensitive to the underlying scale, leading to drastic

effects for the information quantities. For example, we will find that, in general, neither

the mutual information I nor the entanglement wedge cross section EW are monotonic,

but show structure at the underlying length scales.

3.3 Confining backgrounds

We will continue computing EW and I for two-strip configurations in confining geometries;

for studies of holographic entanglement entropy in this context, see, e.g., [30, 33–37]. A

family of confining geometries are easily obtained from the AdS-Schwarzschild metric via

double Wick rotation. Note, however, as in the previous cases, we do not consider non-

trivial dilaton profiles. The metrics we consider are

g =
L2

AdS

z2

(
−dt2 +

dz2

b(z)
+ dx2 + d~x2

d−3 + b(z)dx2
circle

)
, (3.17)

where b(z) = 1− zd

zdh
and the radius of the circle is related to zh. For example, the case d = 4

is the AdS-soliton solution [38], whose gauge theory dual is the N = 4 super Yang-Mills

theory on R1,2 × S1.

Induced metric on Γ, a surface with t = const, x = const, is

gΓ =
L2

AdS

z2

(
dz2

b(z)
+ d~x2

d−3 + b(z)dx2
circle

)
. (3.18)

The entanglement wedge cross section is

EW =
V Ld−1

AdS

4G
(d+1)
N

∫ z∗(2l+s)

z∗(s)

dz

zd−1
(3.19)

=
V Ld−1

AdSz
2−d
h

4G
(d+1)
N (d− 2)

[(
zh

z∗(2l + s)

)d−2

−
(

zh
z∗(s)

)d−2
]
. (3.20)

One can notice that upon calculating the determinant of gΓ, the factors of b(z) cancel out

leaving behind the same expression as we encountered in section 3.1 for pure AdSd+1. In

terms of strip widths EW still differs from the pure AdSd+1 result since in this confining

geometry, the function z∗(l), is quite different.

For a single strip, the width/entropy integrals are

l(z∗) = 2

∫ (
z

zs

)d−1
√
b(z∗)

b(z)

1√
1−

(
z
z∗

)2(d−1)
b(z∗)
b(z)

dz (3.21)

S(z∗) =
Ld−1

AdSV

2(d− 2)G
(d+1)
N

1

εd−2

+
Ld−1

AdSV

2G
(d+1)
N

∫ z∗

0

(
1

zd−1

1√
1−

(
z
z∗

)2(d−1)
b(z∗)
b(z)

− 1

zd−1

)
dz − 1

(d− 2)zd−2
∗

. (3.22)
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0.5

1.0

1.5

2.0

l/zh

s
/z

h

a b c d

Figure 5. Phase diagram for a bipartite system composed out of two parallel, infinitely long strips

for d = 3 [30]. There are four possible bulk surfaces for S(AB), where A and B have widths l

and are separated by s. Only two of these give rise to a connected entanglement wedge and thus

a non-zero EW , denoted by a red line in the sketches. The black dashed line shows the parameter

space of figure 6.

These integrals are needed in order to find the function z∗(l) appearing in eq. (3.20) and

for finding the phase of the bipartite system.

For a bipartite entanglement region comprised of two parallel strips, there exists four

possible phases of S(AB). These four phases, that we call a, b, c, d, are sketched in figure 5

along with a phase diagram for a system where strips have widths l and are separated by

a distance s [30].2 Notice that the slope of the phase diagram between the phases a and b,

close to the UV, is given by the (conjugate) golden ratio ϕ−1 = (
√

5− 1)/2 in d = 3 [8]; in

general d via the root of (3.2) [30].

In order to show results for the information measures, we will pick units in terms of

zh. In figure 6 we depict EW as a function of l/zh for fixed s/l. The ratio s/l is chosen

such that we will pass through both phases with EW > 0, indicated as a thick dashed

black line in figure 5. There are non-trivial features appearing each time a phase transition

between different phases for the strips occur. In figure 6 we show results for the mutual

information, again bounded from above by EW as expected. In this confining background

also the mutual information has some non-trivial features. Close to the IR, the strips are in

a “disconnected” phase, i.e., they go all the way to the tip of the cigar in which point they

connect due to pinching of the circle direction. For large values of the strip widths then

both EW and I/2 vanish, with the former discontinuously. In the UV region, on the other

hand, both EW and I/2 follow the trend of a typical AdS background, being also in the b

configuration. In between the two extremes we have a phase transition b→ c intrinsic to a

confining background. For the EW this shows up as a jump upwards: all of the sudden the

wedge cross section grows, as is clear from the sketches in figure 5. The mutual information

is continuous across this phase transition but has a cusp. Later, but when S(AB) is still

in the c phase, the I/2 has another cusp. This is because the individual terms S(A) and

S(B) undergo a phase transition to the “disconnected” phases.

2Interestingly, a similar four-zone phase diagram occurs also in an anisotropic system [39].
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Figure 6. Entanglement wedge cross section for parallel strips in d = 3, where we have fixed

s/l = 0.5. Plotting EW with this s/l corresponds to moving along the black dashed line in figure 5.

Vertical black dashed lines correspond to phase transitions in S(AB). The leftmost transition

happens when 2l + s = l
(d)
crit and is interesting because in this situation EW jumps discontinuously

to a larger positive value when strips increase in size. The rightmost transition corresponds to

s = l
(d)
crit, where the entanglement wedge becomes disconnected. Note that the mutual information

has an additional phase transition corresponding to the connected-disconnected transition of S(A)

which occurs at l = l
(d)
crit and is responsible for the cusp of I(A,B).

3.4 Chern-Simons theory coupled with fundamentals in 2 + 1 dimensions

Let us now focus on a top-down construction and consider the gravity dual to a known

quantum field theory. We will consider the ABJM Chern-Simons matter theory [40] coupled

with fundamental matter in 2 + 1 dimensions in the Veneziano limit [41]. The entangle-

ment entropies for this system have been considered in previous works [8, 42] and here we

will comment on results for the entanglement wedge cross section. The background with

fundamental matter we consider here are of two-fold:3 either masses of the fundamentals

are zero [43] or they are massive but at vanishing temperature [42].

In the former case, i.e., for massless fundamental matter coupled to ABJM Chern-

Simons theory, the results of the preceding subsections go through almost unchanged. This

is because the inclusion of fundamental matter keeps the field theory conformal, while the

number of degrees of freedom increase, a fact which is reflected in adjustment of the AdS

radius. While the area functional is eight-dimensional, in the case of massless fundamentals,

the internal space simply integrates into a prefactor holding its volume. The dynamical

problem of solving for the embedding of the surfaces it equivalent to those discussed in

previous subsections of AdS4 and AdS4-BH. The only difference comes from the overall

prefactor of the area functional, which depends on the number of flavors. Explicitly, the

prefactors of the surface functionals, e.g., in (3.5) map to

Ly

4G
(4)
N

→ Ly

4G
(10)
N

V6q
2

b6
e−2φ =

Ly

4G
(10)
N

8π3k2

3(5− 4b)2(b− 2)2
. (3.23)

3Generalizations of the current work to the cases with parity breaking [44] or to noncommutativity at

the UV [45] could also lead to potentially interesting surprises.
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Figure 7. The information measures for the massive ABJM for ε̂ ≡ (3/4)(Nf/k) = 0.1 [8]. The

dots are numerical results, while the continuous curves represent our analytical results, see the

corresponding formulas in appendix B. The dashed vertical line corresponds to the mass scale

rq/(2πα
′) of the fundamental matter, i.e., the width of a single strip just touching the bulk position

x = 1 where the sources stop contributing, see [8, 42]. Notice that due to chosen small ε̂ we needed

to multiply I by a large number to make it visible.

Here b is a quantity depending on the numbers of flavors, taking values from 1 to 5/4 as Nf

changes between 0 to ∞: the deviation from unity is the mass anomalous dimension of the

fundamentals [8, 46]. The constant k is the Chern-Simons level and φ is a constant dilaton

that we replaced for in terms of flavors. Thus, all the previous plots apply in this case too

as we omitted a constant prefactor (which here depends on the numbers of flavors).

The background with massive fundamentals, on the contrary, is very interesting since

the entanglement surface explores the intrinsic space in a non-trivial manner. In this

case there is an intrinsic scale in the system, there are several thermodynamic as well

as information theoretic quantities that show non-monotonous behavior. For example,

in [8] it was demonstrated that the mutual information is non-monotonic. This is easiest

to understand through the non-trivial behavior of the critical separation of the strips to

undergo a phase transition between connected and disconnected phases; see figure 4 in [8].

Both UV and IR in this theory possess conformal symmetry and the critical s/l is therefore

set by the conformal value ϕ−1 = (
√

5− 1)/2 (golden ratio). At intermediate energy scales

the conformal symmetry is broken and the critical separation to the width ratio s/l is

larger in comparison to ϕ−1. In other words, the information is more non-locally shared

away from the conformal fixed points.

Furthermore, this has an interesting implication. If one chooses s/l judiciously, the

mutual information can be zero both in the UV and IR regions and non-vanishing only at

intermediate scales. Per inequality (1.1), we therefore expect the entanglement wedge cross

section to show similar non-trivial behavior. Indeed, the EW also shares the same charac-

teristics, see figure 7. This is striking behavior which is absent in theories with conformal

symmetry. An entangled system of two strips at fixed s/l sharing mutual information can

undergo a purification just due expansion (reduction) since EW → 0 as the strip widths
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increase (decrease). We note that in figure 7 we have only shown numerical results in the

case when the numbers of flavors is small relative to the Chern-Simons level. We have

also included the analytic results that one can obtain in this limit (see appendix B) [8, 47]

which very nicely match the numerics. When the numbers of flavors increase, the numerical

results are qualitatively the same to those in figure 7.

4 Spheres

In this and in the following section we will be content in discussions at zero temperature

T = 0. We therefore do not break the discussion in separate subsections as in section 3.

We note that our computations can be generalized to, e.g., geometries which accommodate

black holes in the interior or to confining geometries, but then one needs to resort to

numerics. Here we focus on obtaining analytic results for EW .

Let us consider a situation where the boundaries of the entanglement regions are

concentric spheres with different radii, R± such that R− < R+ (see figure 8). In this

section we mostly follow [48]. We adopt spherical coordinates on the boundary. Thus the

bulk metric takes the form

g =
L2

AdS

z2

(
−dt2 + dz2 + dρ2 + ρ2dΩ2

d−2

)
. (4.1)

Before writing down the area functional to be minimized, it is very useful to transform

to coordinates in which the dilatation symmetry of the system is explicit. Dilatations are

generated by the Killing vector kD = (t, z, ρ,~0)/LAdS. Parameterizing the integral curves of

this isometry in these coordinates are such that all (t, z, ρ) are multiplied by some eλ/LAdS .

Now we can solve for the coordinates in which this symmetry looks like a translation in

only one of the new coordinates. That is, we want coordinates in which kD = (0, 0, 1,~0).

This coordinate transformation is given by

(t, z, ρ) 7→ (t̃, z̃, u) =

(
t

ρ
,
z

ρ
, log

ρ

LAdS

)
. (4.2)

Now the bulk metric reads

g =
L2

AdS

z̃2

(
−dt̃2 − 2t̃dt̃du+ dz̃2 + 2z̃dz̃du+

(
−t̃2 + z̃2 + 1

)
du2 + dΩ2

d−2

)
, (4.3)

in which form shift symmetry in u is manifest. We consider a minimal surface on a time

slice parameterized as z̃ = z̃(u). The area functional to minimize is

A = Ld−1
AdSVol(Sd−2)

∫
1

z̃d−1

√
1 + (z̃ + z̃′)2du . (4.4)

The above coordinate transformation is highly useful since now the existence and form of

a first integral is explicit. This conserved quantity is found through Legendre transform

and reads:

− 1 + z̃(z̃ + z̃′)

z̃d−1
√

1 + (z̃ + z̃′)2
=

1√
K
, (4.5)
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Figure 8. Left: entanglement regions in the annulus case are bounded by two concentric spheres.

First region is the interior of the smaller sphere and the other region is the exterior of the larger

sphere. Right: two competing minimal surfaces corresponding to the annulus. Disconnected con-

figuration is composed of two half spheres and connected phase is a deformed half torus. The red

line denotes the surface corresponding to the entanglement wedge cross section.

for K > 0. The above expression can be solved for z̃′(u),

z̃′ = −1 + z̃2

z̃

(
1± z̃d−2√

K(1 + z̃2)− z̃2(d−1)

)−1

. (4.6)

Upon integration this becomes∫ log ρ/LAdS

logR±/LAdS

du = −
∫ z̃

0

λ

1 + λ2

(
1± λd−2√

K(1 + λ2)− λ2(d−1)

)
dλ , (4.7)

where the R± in the lower limit of integration expresses the boundary condition that this

branch of the minimal surface should end at ρ = R± at the boundary. The z̃ variable

takes values in range 0 ≤ z̃ ≤ z̃m, where z̃m is the first positive root of the square root in

the expression above. In the first few lowest dimensions one can solve for z̃m explicitly, for

example, in d = 3 we have z̃2
m = (K+

√
K(K + 4))/2. The above equation implies that the

branches of the solution, determined by the constant of integration K, can be written as{
ρ = R− exp(−f−,K(z̃))

ρ = R+ exp(−f+,K(z̃))
, (4.8)

where

f±,K(z̃) =

∫ z̃

0

λ

1 + λ2

(
1± λd−2√

K(1 + λ2)− λ2(d−1)

)
dλ . (4.9)

Note that the radii R± in (4.8) are not independent. We have to glue both branches

together at z̃ = z̃m which gives us the following relation between R− and R+:

− log
R−
R+

=

∫ z̃m

0

2λd−1

(1 + λ2)
√
K(1 + λ2)− λ2(d−1)

dλ . (4.10)
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For each possible R−/R+, there are two different values of K corresponding to two local

minima of the bulk surface. It turns out that out of these two surfaces, the one with a

lower value of K has always the smaller area [48]. One should also note that there is a

positive minimum for R−/R+ as a function of K. It means that connected surfaces only

exist if the inner radius is not too small compared to the outer radius. If a connected

surface does not exist, then the global minimum is easily found to be a union of disjoint

coordinate half-spheres in the bulk with radii R− and R+.

As our primary interest is d = 3, we will quote the explicit form of the above expres-

sion here4

f±,K(z̃) =
1

2
log
(
1 + z̃2

)
± κ√

2κ2 − 1

(
F
(

arcsin

(
z̃

z̃m

)
,

κ2

κ2 − 1

)

+ Π

(
2κ2 − 1

κ2 − 1
, arcsin

(
z̃

z̃m
,

κ2

κ2 − 1

)
,

κ2

κ2 − 1

))
(4.11)

− log
R−
R+

∣∣∣∣∣
d=3

=

√
z̃2
m + 1

z̃m

(
Π(−z̃2

m,−z̃2
m − 1)−K(−z̃2

m − 1)
)
, (4.12)

where K(a) and Π(a, b) are the complete elliptic integrals of first and third kinds, respec-

tively. F(a, b) and Π(a, b, c) are the incomplete versions of the same elliptic integrals.

Before finding the actual entanglement wedge cross section we must compute the en-

tanglement entropy in order to determine the correct phase for the system. To find the

minimal area, we substitute the solution (4.8) to the area functional. This results in

A±

Ld−1
AdSVol(Sd−2)

=

∫
1

z̃d−1

√
1 +

(
z̃ +

ρ±
ρ′±

)2 ρ′±
ρ±
dz̃ (4.13)

=

∫
1

z̃d−1

√√√√1 +

(
z̃ − 1

f ′±,K(z̃)

)
f ′±,K(z̃)dz̃ (4.14)

=

∫ z̃m

0

1

z̃d−1
√

1 + z̃2 − z̃2(d−1)/K
dz̃ . (4.15)

The integrals are the same for both branches. Note though, that as usual, there is an

UV-divergence at z̃ = 0 we must subtract. The UV-cutoff introduces dependence on

the boundary radius, making the integrals of different branches unequal. The divergent

contribution we subtract depends on d:

Adiv
±

Ld−1
AdSVol(Sd−2)

=

∫ z̃m

ε/R±

dz̃

(
1

z̃d−1
+
Cd−3

z̃d−3
+
Cd−5

z̃d−5
+ . . .+

{
C−1

z̃ +O(z̃) odd d

C0 +O(z̃2) even d

)
,

(4.16)

where ε is the UV-cutoff and R± is the boundary value of ρ in the corresponding branch.

We need to subtract two of these divergences since there are two branches in the solution.

4Notice that the expression (4.12) differs from the one in [48], but the difference does not alter their

later analysis, since (4.14) only depends on the derivative of f±,K(z̃).
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For completeness, we will again state explicitly the case d = 3. In this dimension, the

connected phase of the annulus has the following area

Aconnected

2πL2
AdS

∣∣∣∣∣
d=3

=
R− +R+

ε
− 2

z̃m
+ 2

∫ z̃m

0

1

z̃2

(
1√

1 + z̃2 − z̃4/K
− 1

)
dz̃ (4.17)

=
R− +R+

ε
+

2

z̃m

(
K(−z̃2

m − 1)− E(−z̃2
m − 1)

)
, (4.18)

where E is the complete elliptic integral of the second kind.

The disconnected phase is simply a pair of half spheres, R2
± = ρ2 + z2. Their area is

given by

Adisconnected

Vol(Sd−2)Ld−1
AdS

=

∫ 1

ε/R−

(1− y2)(d−3)/2

yd−1
+

∫ 1

ε/R+

(1− y2)(d−3)/2

yd−1
. (4.19)

This integral has the same UV-divergences as the connected configuration discussed previ-

ously. In d = 3, explicitly,

Adisconnected

2πL2
AdS

∣∣∣∣∣
d=3

=
R− +R+

ε
− 2 . (4.20)

The phase of the system can be determined by the sign of the following finite quantity

∆A = Adisconnected −Aconnected (4.21)

= Vol(Sd−2)Ld−1
AdS

(∫ ∞
0

1

z̃d−1
√

1 + z̃2
dz̃ −

∫ z̃m

0

1

z̃d−1
√

1 + z̃2 − z̃2(d−1)/K
dz̃

)
.

(4.22)

Both integrals have UV-divergences but in the subtraction, they cancel each other out.

Again, we write the d = 3 case explicitly

∆A|d=3 = 4πL2
AdS

(
E(−z̃2

m − 1)−K(−z̃2
m − 1)

z̃m
− 1

)
. (4.23)

Note that ∆A is closely related to the mutual information I(A,B). When ∆A is

positive, that is, S(AB) is in its connected phase, we have

I(A,B) =
1

4G
(d+1)
N

∆A . (4.24)

In order to find the entanglement wedge cross section, we must find the minimal

surface which splits the wedge in regions associated with A and B. Since the area of this

surface must be minimized, the surface must be a section of a coordinate half-sphere with

a boundary radius R such that R− < R < R+. The area of this surface can be written as

Vol(Sd−2)Ld−1
AdS

∫ ∞
z̃∗

dz̃

z̃d−1
√

1 + z̃2
, (4.25)
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Figure 9. Entanglement wedge cross section and mutual information for an annulus in AdS4. We

have omitted the common prefactor L2
AdS/4G

(4)
N from both quantities.

where the upper limit corresponds to ρ = 0 and the lower limit is determined by the point

where this surface meets the minimal surface of the connected configuration of S(AB). This

area is a monotonically decreasing function of z̃∗, meaning that the area is minimized when

z̃∗ = z̃m. Thus, assuming R± are such that the connected configuration exists and (4.22)

is positive, the entanglement wedge cross section is

EW =
Vol(Sd−2)Ld−1

AdS

4G
(d+1)
N

∫ ∞
z̃m

dz̃

z̃d−1
√

1 + z̃2
. (4.26)

These integrals are easy to calculate and as previously, we explicitly quote the result for

d = 3:

EW =
2πLd−1

AdS

4G
(d+1)
N

(√
1 +

1

z̃2
m

− 1

)
. (4.27)

The final result for EW = EW (R−/R+) is obtained via substituting z̃m = z̃m(R−/R+)

from (4.10) in general or from (4.11) in d = 3. In figure 9 we plot EW and I/2 as functions

of R−/R+ in d = 3.

5 Creases

In this section we will consider surfaces that are not smooth. The simplest configurations

to consider are entangling regions that have a string-like singularity, those that are denoted

by k × Rd−3 in [49]; see figure 1c in that paper for visualization. These configurations are

interesting to study as the corner contribution is universal and carries a physical interpre-

tation: in [49–52] it was shown that they can be related to the central charge of the UV

conformal field theory.

Let us thus follow [49] and prepare the calculation of the EW for two entangling creases

in generic dimension. We start by writing the bulk metric as follows

g =
L2

AdS

z2

(
−dt2 + dz2 + dρ2 + ρ2dφ2 + d~x2

d−3

)
, (5.1)
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where ρ ≥ 0, φ ∈ (0, 2π) and ~xd−3 is the space contained in the singular locus of the crease.

With the same coordinate transformation we used for the spheres, eq. (4.2), the metric

takes the following more useful form

g =
L2

AdS

z2

(
− dt̃2 − 2t̃dt̃du+ dz̃2 + 2z̃dz̃du+

(
−t̃2 + z̃2 + 1

)
du2 + dφ2 +

d~x2
d−3

L2
AdSe

2u

)
.

(5.2)

The minimal surface we are looking for lies at the time slice t̃ = 0 and is parameterized by

φ = φ(z̃). The functional giving the area of this surface is

A = V Ld−1
AdS

∫
dρ

ρd−2

∫
1

z̃d−1

√
1 + (1 + z̃2)φ′(z̃)2dz̃ , (5.3)

where V =
∫
d~xd−3. The equation of motion governing φ(z̃) has a conserved quantity

which can be written as [49](
1 + z̃2

)(d−1)/2

z̃d−1
√

1 + (1 + z̃2)φ′(z̃)2
=

1√
K

(5.4)

→ φ′(z̃) = ± z̃d−1√
(1 + z̃2)

(
K (1 + z̃2)d−2 − z̃2(d−1)

) . (5.5)

The minimal embedding is given as the integral of the above expression

φ(z̃) =

∫ z̃

0

λd−1√
(1 + λ2)

(
K (1 + λ2)d−2 − λ2(d−1)

)dλ . (5.6)

A qualitative difference with the sphere section is that this time, we have only one extremal

surface for each crease. Again, z̃ takes values between zero (corresponds to the boundary)

and some z̃m which is given by the first positive root of the expression in the square root

in (5.5).

The opening angle of the crease is related to z̃m by

Ω = 2φ(z̃m) . (5.7)

This function Ω = Ω(z̃m) is such that it maps positive numbers monotonically to the

range (0, π).

The area of a crease is found by plugging (5.5) into (5.3)

A

2V Ld−1
AdS

=

∫ R

δ

dρ

ρd−2

∫ z̃m

ε/ρ

1

z̃d−1

√
1− 1

1−K (1 + z̃2)d−2 z̃2(1−d)
dz̃ (5.8)

=

∫ R

δ

dρ

ρd−2

[
(ε/ρ)2−d

d− 2
− z̃2−d

m

d− 2

+

∫ z̃m

0

1

z̃d−1

(√
1− 1

1−K (1 + z̃2)d−2 z̃2(1−d)
− 1

)
dz̃

]
(5.9)

=
R− δ

(d− 2)εd−2
+

1

(d− 3)δd−3
Fd(z̃m) +O

(
1

Rd−3

)
, (5.10)
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Figure 10. Connected crease configurations for S(AB). Associated wedge cross sections are

marked in red. The left configuration corresponds to the case of symmetric creases, Ω1 = Ω2 = Ω,

which is the one where we present our explicit calculations. The right configuration represents the

more general situation where the creases need not have the same size.

where

F(z̃m) =

∫ z̃m

0

1

z̃d−1

(√
1− 1

1−K (1 + z̃2)d−2 z̃2(1−d)
− 1

)
dz̃ − z̃2−d

m

d− 2
. (5.11)

Although now written as a function of z̃m, we consider A and F functions of Ω through

inverting (5.7), z̃m = z̃m(Ω). These functions are only defined on Ω ∈ (0, π). Since we are

working on a pure state, observables will have the symmetry Ω → 2π−Ω, for example, we

define A(π < Ω < 2π) = A(2π−Ω). Entanglement entropy is then simply S = A/4G
(d+1)
N ,

S =
V Ld−1

AdS

2G
(d+1)
N

(
R− δ

(d− 2)εd−2
+

Fd(z̃m)

(d− 3)δd−3

)
. (5.12)

The divergence structure is modified in d = 3 to

S(d=3) =
L2

AdS

2G
(4)
N

(
R

ε
− δ

ε
+ log

(
R

δ

)
F3(z̃m)

)
. (5.13)

Notice that the cutoff ε is the usual UV-divergence originating from the conformal boundary

z = ε and the other divergence, δ, cutting off the singular locus is only present due to the

singularity of the surface and is associated with the IR, as can be seen through mapping

the singularity to the IR singularity of an infinite slab [51].5

5Notice, that a crease on Rd maps to a slab on flat Rd only when the opening angle is small. However,

without any restrictions on the opening angle, the crease maps to a slab on Rd−2 × S2 in such a way that

the cutoffs δ and R are equivalent to cutting off the infinite length of the slabs.
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Consider two creases with no non-zero overlap and opening angles Ω1 and Ω2, separated

by ϕ. The corresponding mutual information is (see also [53])

I = S(Ω1) + S(Ω2)− S(Ω1 + Ω2 + ϕ)− S(ϕ) (5.14)

=
V Ld−1

AdS

2G
(d+1)
N

1

(d− 3)δd−3
(Fd(Ω1) + Fd(Ω2)−Fd(Ω1 + Ω2 + ϕ)−F(ϕ)) . (5.15)

We will now consider symmetric crease configurations (Ω1 = Ω2 = Ω) because they have

a particularly simple entanglement wedge cross section (left configuration in figure 10).

The minimal surface extends between z̃ = z̃m(ϕ) and z̃ = z̃m(2Ω + ϕ) and lie along a

constant φ. The exact form of EW depends on the values of ϕ and 2Ω +ϕ. First assuming

0 < ϕ < 2Ω + ϕ < π we have

EW =
V Ld−1

AdS

4G
(d+1)
N

1

(d− 3)δd−3

∫ z̃m(2Ω+ϕ)

z̃m(ϕ)

dz̃

z̃d−1
(5.16)

=
V Ld−1

AdS

4G
(d+1)
N

1

(d− 2)(d− 3)δd−3

(
1

z̃m(ϕ)d−2
− 1

z̃m(2Ω + ϕ)d−2

)
. (5.17)

On the other hand, if 0 < ϕ < π < 2Ω + ϕ < 2π,

EW =
V Ld−1

AdS

4G
(d+1)
N

1

(d− 3)δd−3

(∫ ∞
z̃m(ϕ)

dz̃

z̃d−1
+

∫ ∞
z̃m(2π−2Ω−ϕ)

dz̃

z̃d−1

)
(5.18)

=
V Ld−1

AdS

4G
(d+1)
N

1

(d− 2)(d− 3)δd−3

(
1

z̃m(ϕ)d−2
+

1

z̃m(2π − 2Ω− ϕ)d−2

)
. (5.19)

In the last case, π < ϕ < 2Ω + ϕ, we have

EW =
V Ld−1

AdS

4G
(d+1)
N

1

(d− 3)δd−3

∫ z̃m(2π−ϕ)

z̃m(2π−2Ω−ϕ)

dz̃

z̃d−1
(5.20)

=
V Ld−1

AdS

4G
(d+1)
N

1

(d− 2)(d− 3)δd−3

(
1

z̃m(2π − 2Ω− ϕ)d−2
− 1

z̃m(2π − ϕ)d−2

)
. (5.21)

Again, in d = 3 the divergence becomes logarithmic.

In figure 11 we have depicted the case d = 3. Again, we find that EW is always

greater than half the mutual information. In the left panel of figure 11 we find that

EW is not monotonically increasing as a function of Ω, however, as we are increasing

the opening angle Ω, we are simultaneously scaling ϕ. The qualitative features of EW
can be understood directly from the geometry: EW reaches its global minimum for some

2Ω + ϕ > π (depending on ϕ) beyond which EW begins to grow again and eventually

diverging when 2Ω + π → 2π as bulk surfaces approach the conformal boundary. In the

right panel of figure 11 we are instead keeping ϕ fixed and dialing the opening angles Ω.

The EW has the expected behavior: for small Ω the configuration is in the disconnected

phase, EW = 0, and at some point EW jumps to a positive value and keeps monotonically

increasing due to transitioning to the ever-expanding connected phase.
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Figure 11. Left: EW and I/2 for a symmetric configuration Ω1 = Ω2 = Ω and the separation

fixed to ϕ = 0.4Ω. For small Ω, both quantities decrease as the corresponding surfaces are lowered

deeper into the bulk. At some point when 2Ω+ϕ starts to approach 2π, the bulk surfaces are pulled

back towards the conformal boundary, causing a divergence in both EW and I/2. Right: crease

configuration is still symmetric Ω1 = Ω2 = Ω but now the separation is fixed to ϕ = π/4. When

Ω is too small, the entanglement wedge is disconnected and EW = I = 0. When increasing Ω over

some point, the entanglement wedge becomes connected and both quantities become positive and

increase monotonically towards a divergence which is caused by 2Ω + ϕ approaching 2π. In both

panels we have set d = 3.

We now briefly consider more general configurations (right panel in figure 10) which

correspond to connected entanglement wedges and thus positive EW . Since the opening

angles of the two creases are no longer required to be equal, the cross section surface need

not be flat. Still, since the cross section should have minimal area, this surface must be

a subset of the same minimal bulk surface that corresponds to a single boundary crease.

The cross section area is

EW =
V Ld−1

AdS

4G
(d+1)
N

1

(d− 3)δd−3

(∫ z̃∗

z̃1

1

z̃d−1

√
1− 1

1−K (1 + z̃2)d−2 z̃2(1−d)
dz̃

+

∫ z̃∗

z̃2

1

z̃d−1

√
1− 1

1−K (1 + z̃2)d−2 z̃2(1−d)
dz̃

)
,

(5.22)

where z̃∗ is the turning point of the surface in z̃ and z̃1 (z̃2) is the point where the left

(right) branch of the minimal surface ends on the edge of the entanglement wedge. There

is one constraint equation on (z̃∗, z̃1, z̃2), so the parameter space is two dimensional. The

problem of finding the minimum in this parameter space cannot be solved analytically, but

one can efficiently find numerical solutions using gradient descent based methods.

6 Conclusions

The entanglement of purification has been the topic of many recent works. The holographic

candidate for this quantity is the entanglement wedge cross section. We feel that there is

still lots to establish until this relationship has been satisfactorily shown. In this paper we

made important progress towards this goal.
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The entanglement wedge cross section has been computed primarily for global asymp-

totically AdS3 spacetimes, where the entangling regions sharing mutual information are

two line segments. We computed EW in various other higher dimensional geometries, in

Poincaré coordinates, where the entangling regions were slabs, concentric spheres, and

creases. We also point out in appendix A that the latter two can be mapped to global

coordinates, so our results are then directly applicable to systems, where the regions of

interest are caps and orange slices on hyperspheres, respectively.

We demonstrated that both the mutual information and the entangling wedge cross

section are generically not monotonous functions of the scales in the problem if the con-

formal invariance is broken in the background. In particular, in the large-N limit, the EW
can feature discontinuous jumps upwards when the system size is taken larger.
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A Mapping results to global coordinates

Let us now write down a coordinate transformation between the Poincaré and global coor-

dinate charts of AdSd+1. This will enable us to transfer some of our Poincaré patch results

derived in previous sections to associated problems in global AdSd+1.

We denote the Poincaré coordinates by (t, z, xi, . . . , xd−1) and global coordinates by

(τ, r, θ, φi, . . . , φd−2). The mapping between the charts is

t =
LAdS

√
(r/LAdS)2 + 1 sin(τ/LAdS)√

(r/LAdS)2 + 1 cos(τ/LAdS) + (r/LAdS) cos θ
(A.1)

z =
LAdS√

(r/LAdS)2 + 1 cos(τ/LAdS) + (r/LAdS) cos θ
(A.2)

xi =
r sin θ cosφi

∏i−1
j=1 sinφj√

(r/LAdS)2 + 1 cos(τ/LAdS) + (r/LAdS) cos θ
i = 1, . . . , d− 2 (A.3)

xd−1 =
r sin θ

∏d−2
j=1 sinφj√

(r/LAdS)2 + 1 cos(τ/LAdS) + (r/LAdS) cos θ
. (A.4)

The above mapping brings the Poincaré metric to

g = −
(

1 +
r2

L2
AdS

)
dt2 +

dr2

1 + r2

L2
AdS

+ r2dΩ2
d−1 . (A.5)

In order to map results to global AdS, it is important to understand how the boundaries

map to each other since this tells us which entanglement regions correspond to each other

on different sides of the mapping.
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We first consider spheres of section 4. The entanglement regions are defined by√∑d−1
i x2

i = R. Translating this constraint to global coordinates gives

d−1∑
i

x2
i = LAdS tan

θ

2
, (A.6)

implying that a sphere in Poincaré coordinates corresponds to an entanglement region

defined by θ = θ0 for some θ0 ∈ (0, π). We will call these regions polar caps. All calculations

of section 4 can be readily applied to find the entanglement entropy of a polar cap, S(θ0), or

the mutual information I(θA, θB) and entanglement wedge cross section EW (θA, θB) of two

concentric polar cap regions simply by substituting R = LAdS tan(θ0/2) into appropriate

formulas. The relation between R and θ0 implies that disks of radii R < LAdS are mapped

to the northern hemisphere θ < π/2 and radii R > LAdS are mapped to the southern

hemisphere of the compact target space. Bulk surfaces can be converted by using

z̃ = LAdS
csc θ

r
. (A.7)

Similar substitutions can be done for the crease of section 5 by noting that if one

takes the polar coordinates to correspond to xd−2 and xd−1, then we have the boundary

coordinate relation φ = φd−2. The Poincaré patch entanglement region defined by −Ω/2 ≤
φ ≤ Ω/2 transforms to −Ω/2 ≤ φd−2 ≤ Ω/2 in the global patch.

B Analytic formulas: massive ABJM

In this appendix we simply list the analytic formulas needed for generating the figure 7.

We refer the reader to section 3.1 of [8] for detailed derivations of the entanglement entropy

S(x∗) as a function of strip width l(x∗), where x∗ is the tip position of the hanging strip

in radial coordinate x. The reversion between x∗ and l is involved, which leads to quite

convoluted formulas. The results for the entanglement wedge cross section and the mutual

information, however, simply follows from the construction of S(l) with meticulously paying

attention on reverting x∗ ↔ l.

The relevant formulas are as follows:

EW =
LyV6

4G
(10)
N

∫ x
(2)
∗

x
(1)
∗

√
G(x)H(x)dx (B.1)

S(x∗) =
LyV6

2G
(10)
N

∫ ∞
x∗

( √
G(x)H(x)√

H(x)−H(x∗)
−
√
G∞H∞x

1
b
−1

)
dx

+
LyV6

2G
(10)
N

b
√
G∞H∞

(
x

1
b
max − x

1
b
∗

)
(B.2)

l(x∗) = 2

∫ ∞
x∗

G(x)√
H(x)
H(x∗) − 1

dx , (B.3)
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where

G(x) =
L4
ABM

r2
q

1

x4

(
1 + ε̂

25− 28x2 − 189x4 + 140x4 log x

280x4
+O(ε̂2)

)
(B.4)

H(x) =
k4r4

qL
4
ABJM

16
x4

(
1− ε̂5 + 84x2 − 329x4 + 140x4 log x

140x4
+O(ε̂2)

)
(B.5)

plugged back in to (B.1) casts EW in the following explicit form

EW
k2L4

ABJMrq
=

1

4

(
x

(2)
∗ − x(1)

∗

)
+

ε̂

2240


A(x

(1)
∗ , x

(2)
∗ ) , 1 ≤ x(1)

∗ < x
(2)
∗

B(x
(1)
∗ , x

(2)
∗ ) , 0 < x

(1)
∗ < 1 ≤ x(2)

∗

C(x
(1)
∗ , x

(2)
∗ ) , 0 < x

(1)
∗ < x

(2)
∗ < 1 ,

(B.6)

where

A =
5(

x
(1)
∗

)3 − 609x
(1)
∗ −

196

x
(1)
∗

+ 140x
(1)
∗ log x

(1)
∗

− 5(
x

(2)
∗

)3 + 609x
(2)
∗ +

196

x
(2)
∗
− 140x

(2)
∗ log x

(2)
∗

B = −16

[(
x

(1)
∗

)4
+ 14x

(1)
∗ + 35

]
− 5(

x
(2)
∗

)3 + 609x
(2)
∗ +

196

x
(2)
∗
− 140x

(2)
∗ log x

(2)
∗

C = 16

((
x

(2)
∗

)4
−
(
x

(1)
∗

)4
+ 14

[
x

(2)
∗ − x(2)

∗

])
. (B.7)

For the sake of compactness, in the above formulas we have defined x
(1)
∗ = x∗(s) and

x
(2)
∗ = x∗(2l + s), where l is the width of the slabs and s is the distance separating them.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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