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1 Introduction

Color-kinematic duality (BCJ duality), which was suggested by Bern Carrasco and Jo-
hansson [1, 2], provides a deep insight into the study of scattering amplitudes. According
to BCJ duality, full color-dressed Yang-Mills amplitudes are expressed by summing over
trivalent (Feynman-like) diagrams, each of which is associated with a color factor and a
kinematic factor (BCJ numerator) sharing the same algebraic properties (i.e., antisymme-
try and Jacobi identity). Once the color factors are replaced by BCJ numerators of another
copy Yang-Mills amplitude, we obtain a gravity amplitude.

A significant consequence of BCJ duality is that tree-level color-ordered Yang-Mills
amplitudes satisfy BCJ relations where the coefficients for amplitudes are functions of
Mandelstam variables. Together with the earlier proposed Kleiss-Kuijf [3] (KK) relations,
BCJ relations reduce the number of independent color-ordered Yang-Mills amplitudes to
(n—3)! (see the field theory proofs [4, 5] and string theory approaches [6, 7]). Though BCJ
relations are first discovered in Yang-Mills theory, they actually hold for amplitudes in many
other theories including: bi-scalar theory, NLSM [8], which can be uniformly described in
the framework of CHY formulation [9-12]. It was pointed out that fundamental BCJ
relation can be regarded as the most elementary one since the minimal basis [4] and a
set of more general BCJ relations [5, 6] are generated by them [13]. Nevertheless, in some
situations, one may encounter BCJ relations which have much more complicated forms than
knowns ones. Such relations can be neither directly understood as a result of fundamental
relations nor straightforwardly proved by Britto-Cachazo-Feng-Witten [14, 15] recursion or
CHY formula. Therefore, a new approach to nontrivial BCJ relations is required.

Apart from the BCJ relations for amplitudes, the construction of BCJ numerators in
various theories is also an important direction. In NLSM, there are three distinct construc-
tions of BCJ numerators, all of which are polynomial functions of Mandelstam variables.
(i) A construction based on off-shell extended BCJ relation (see [8]) was suggested by Fu
and one of the current authors [16] (DF). In DF approach, the set of half-ladder numer-
ators with the first and the last lines fixed (which serves as a basis of BCJ numerators)
are expressed by proper combinations of momentum kernels [17-22]. Since the off-shell ex-
tended BCJ relation [8] was proved by the use of Berends-Giele recursion (Feyman rules),
the DF type BCJ numerators can be essentially regarded as a result of Feyman rules. (ii)
A much more compact construction of BCJ numerators in NLSM, which was based on
Abelian Z theory, was provided by Carrasco, Mafra and Schlotterer (CMS) [23]. A half
ladder numerator of CMS type is elegantly expressed by only one momentum kernel. (iii)
In a more recent work [24], a graphic approach to polynomial BCJ numerators (DT type
numerator) in NLSM, which was based on CHY formula was proposed by Teng and one
current author. All the three distinct constructions given above must produce the same
scattering amplitudes in NLSM, but this equivalence is still not proven explicitly.

In this paper, we derive highly nontrivial generalized BCJ relations (gauge invariance
induced relations) by imposing gauge invariance conditions and CHY-inspired dimensional
reduction on the recent discovered graphic expansion of color-ordered Einstein-Yang-Mills
(EYM) amplitudes [24]. Expansion of EYM amplitudes was first proposed in [25] and fur-



ther studied in [24, 26-32]. In the series work [24, 29, 31, 32|, general recursive expansion
for all tree-level EYM amplitudes and the graphic expansion of EYM amplitudes in terms of
pure Yang-Mills ones were established. When gauge invariance condition for the so-called
fiducial graviton is imposed, the recursive expansion of EYM amplitudes induces relations
between those amplitudes with fewer gravitons. Equivalently, when the graphic expan-
sion [24] is considered, such gauge invariance induced relation implies a relation between
color ordered Yang-Mills amplitudes whose coefficients are functions of both momenta and
polarizations. To induce amplitude relations where all coefficients are functions of Mandel-
stam variables, one should convert all polarizations in the coefficients into momenta. In the
current paper, we propose gauge invariance induced relations based on the following two
crucial observations: (i) One can impose the gauge invariance conditions for several gravi-
tons simultaneously. (ii) The gauge invariance conditions are independent of dimensions.
With these two critical observations in hand and inspired by the dimensional reduction in
CHY formula [12], we define (d+d)-dimensional polarizations and momenta whose nonzero
components are expressed by only d-dimensional momenta. Imposing the gauge invariance
in (d + d) dimensions on the graphic expansion [24] of single-trace EYM amplitudes, we
naturally induce nontrivial amplitude relations where all coefficients are polynomials of
Mandelstam variables (in d dimensions). In the framework of CHY formula, such relations
become nontrivial relations between Parke-Taylor factors. As a consequence, the gauge in-
variance induced relations hold for not only color-ordered Yang-Mills amplitudes but also
color-ordered amplitudes in other theories such as bi-scalar theory and NLSM.

An interesting application of our gauge invariance induced relation is the proof of equiv-
alence between different approaches to NLSM amplitudes. Full color-dressed NLSM am-
plitudes can be spanned in terms of bi-scalar amplitudes via dual Del Duca-Dixon-Maltoni
(DDM) [33] decomposition (The dual DDM decomposition for Yang-Mills amplitudes are
given in [11, 22, 34-41], for NLSM amplitudes are provided in [8, 16, 23, 24]), in which
the coefficients are half-ladder BCJ numerators with fixing the first and the last lines. Al-
though the three distinct approaches: Feyman rules, Abelian Z theory and CHY formula
provide different types of half-ladder BCJ numerators, they must produce the same NLSM
amplitudes through the dual DDM decomposition. This equivalence condition then re-
quires nontrivial relations between color-ordered bi-scalar amplitudes. By using the gauge
invariance induced relations and defining partial momentum kernel, we prove that the three
distinct constructions of BCJ numerators produce the same NLSM amplitudes precisely. In
other words, the equivalence between the three different approaches to NLSM amplitudes
is explicitly proven. The relation between main results of this paper is provided as

gauge invariance
+ = generalized BCJ (3.15) (1.1)
dimensional reduction

relation (5.3) = equivalence between CMS & DT

L/
N\
relation (5.4) = equivalence between DF & CMS



The structure of this paper is given as follows. In section 2, we provide a review of the
background knowledge including CHY formula, the recursive expansion and the graphic
expansion of EYM amplitudes. In section 3, we induce generalized BCJ relations by com-
bining gauge invariance conditions and dimensional reduction. Partial momentum kernel,
which is important for the discussions in this paper, is introduced in section 3. A review
of the three distinct constructions of BCJ numerators in NLSM is provided in section 4.
In section 5, we prove the equivalence between CMS type and DT type numerators by in-
ducing identities expressed by partial momentum kernel. The proof of equivalence between
DF type and CMS type numerators is given in section 6. We summarized this paper in
section 7. Complicated graphs and proofs are included by appendices.

2 A review of CHY formula and the expansion of EYM amplitudes

In this section, we review the CHY formula [9-12, 42] for various theories and the recur-
sive/graphic expansion of EYM amplitudes which will be used in the coming sections.

2.1 CHY formula

CHY formula expresses a tree level on-shell amplitude with n massless particles by inte-
gration over n scattering variables z;

A= / Q0T Tn, (2.1)

where dQ)cyy is MoObius invariant measure which contains the condition that scattering
variables satisfy the following scattering equations

Y =0, (i=1,...,n) (2.2)
— % — Zj
J#

Here k; denotes the momenta of the particle i. The integrand Z;Zgr in (2.1) relies on

theories. An important feature is that the CHY formula is independent of dimensions.

The CHY integrand for BS, YM, EYM and GR amplitudes. The CHY integrands
for color-ordered bi-scalar (BS), Yang-Mills (YM), single-trace EYM amplitudes (EYM) as
well as gravity (GR) amplitudes are given by!

I85(01,0) = (1) "2 PT(o1,), I8 (pra) = (-1)" 2 PT(prs) (23)
M (o1,) = (1) "2 PT(o1,), IYM = PY'[¥] (2.4)
TEM (5 )= (—1) T b0 P DY), TEYM = PR (2.5)

TSR = Pf/[W], TER = Pf'[w]. (2.6)

In (2.3) and (2.4), the boldface Greek letters o1, and p;, denote permutations of all n
external particles 1,2,...,n. The Parke-Taylor factor PT (o) is defined by

1
PT(01,) = s % =% — 2. 2.7
1) 2002 20(2o(3) - - Zo(mo(l) ’ &7)

!The total signs follows from the paper [31].




The reduced Pfaffian Pf'[¥] in (2.4), (2.5) and (2.6) is given by

_ (= i A -CT
Pt (0] = . Pf[\piﬂ, v={. 5 | (2.8)

where \II% means that the 4, j-th (1 <4,j < n) rows and columns are removed. Building
blocks of the 2n x 2n-skew matrix ¥ are

€qkp
kq-kp b €a€p b o a#b
w{ a  a[EL  a

0 a=1b 0 a=0b a=b

in which k, and ¢, are momentum and polarization of the particle a. In the CHY expression
of single-trace EYM amplitude (2.5), PT(01,) denotes the Parke-Taylor factor for r gluons
with the order o(1),0(2),...,0(r). The matrix Uy is the one obtained by removing those

rows and columns with respect to gluons in W.

The CHY integrand for NLSM amplitudes. The CHY integrands for color-ordered
NLSM amplitudes are obtained by dimensional reduction strategy [12]. In particular,
III\IILSM has the same expression with IEM, while IELSM is obtained by extending Z}{M to

(d + d + d)-dimensions and defining momenta and polarizations as follows:

Ky = (ky: 0:0) s _ (0;0;e4) a=1landn (2.10)
¢ “ ] (0;e;0) a=2...n—1" '

with e; - €, = 1. The matrix ¥(@td+d) ig thus written as

A —-CT
s ¥ (211)

where the A, B, C are defined via replacing the polarizations and momenta in (2.9) by the

(d+ d+ d)-dimensional ones £ and K correspondingly. With the explicit components given

in (2.10), we immediately arrive C = 0, A = A and B = B. As a consequence, the reduced
Pfaffian Pf’ [\Il(d+d+d)] is factorized into:

-1 n+1

Pt/ [wldtd+d] — pt'(A)Pf(B) = (Gl

Oln

Pf'(A) PE(ByT) . (2.12)

By a further replacement e, — k., we reduce Pf’ [\I/(d+d+d)] to the final expression of the
NLSM integrand IELSM

Pf/[wld+d+d)] — [Pf'(4)]% = ZNSM. (2.13)

ea—ka
To sum up, NLSM amplitudes are obtained by performing the following replacements
on Yang-Mills amplitudes

6a-k)b — 0

ko by {ab} C{2..n—1}
€ € — 1 {a,b} = {1,n} (2.14)
0 a€{l,n}and be {2...n—1}, or vice versa



2.2 Expansions of EYM amplitudes

Tree level color-ordered EYM amplitude can be expressed recursively by ones with fewer
gravitons and/or fewer traces. One can repeat this expansion until all amplitudes become
pure Yang-Mills ones, then the expansion coefficients are constructed by graphic rules. Now
we review the expansions of single-trace EYM amplitudes. The expansions of multi-trace
amplitudes can be found in [32].

The recursive expansion of single-trace EYM amplitudes. Single-trace EYM am-
plitude A(1,2,...,r||H) with r gluons and s gravitons was shown to satisfy the following
recursive expansion [29]

A(L2,...,7|[H) =) Ch (R)A(L {2, ...,r — 1} wi{h, hi},r| h). (2.15)

h|h
In the above equation, we choose a fiducial graviton h; € H. The summation notation
stands for the sum over all possible splittings of the graviton set H \ A; — h|h and sum
over all permutations of elements in h for a given splitting. For example, if we have three

gravitons H = {hy, ha, h3} and choose hs as the fiducial graviton, then h|ﬁ implies the
following five terms

H \ {hg} — @ ‘ {hl, hg};
HA\ {h3} = {ha1} [ {ha}; HA\ {h3} = {ho} [ {1 };

H\ {hs} = {h1, ha} | 0; HA\ {hs} = {h2, hi} 0. (2.16)

Assuming the permutation of elements of given h is {i1,42,...,4;}, the coefficient Cj, (h)
is defined by

Chi(h) = ep, - Fyy - Fyy - Fy - Yy, (2.17)

where F" is the linearized field strength of particle a
FIY = Eher — el'kl (2.18)

and Y;, denotes the sum of all momenta of gluons in the original gluon set which appear on
the left hand side of ;. An explicit example is given by the expansion of the single-trace
EYM amplitude A(1,2,...,r| h1,ha, h3) with r gluons and three gravitons. By choosing
hs as the fiducial graviton and summing over the five terms in (2.16), we finally express
the single-trace EYM amplitude with three gravitons by those amplitudes with two, one
and no graviton:

A(1,2,....7||h1,ho, hs) = (€ny - Yag)A(1,{2,...,r — 1} w{hs},r| h1, ho) (2.19)
+(€ny - Fy - Yi )AL {2,...,7 = 1} w{hy, ha}, r| ho)
+(€ny - Fry - Yny )AL, {2,...,7 — 1} w {ho, h3}, 7| h1)
(€ng - Frny - Fry - Yy )AL, {2,...,r — 1} w{ho, h1, ha}, 1)
(€ng = Fry - By - Yi )AL {2, ..., — 1} w{hy, ho, hs}, 7).

+ +



Graphic rule for the pure Yang-Mills expansion of single-trace EYM ampli-
tudes. Applying the recursive expansion (2.15) repeatedly until there is no graviton re-
maining in the graviton set, we finally expand the single-trace EYM amplitude in terms of
color-ordered Yang-Mills amplitudes

A(1,2,...,7|H) = > C(1,0,7)A(1,0,7). (2.20)
oc{2,...,r—1}wpermsH

Here, we summed over all possible permutations obtained by merging together the original
gluon set {2,...,7—1} and the set of gluons (‘half gravitons’) which come from the graviton
set H. The relative order of gluons should be preserved, while the ‘perms’ under the summa-
tion notation means that all possible relative orders of elements in H should be considered.
Given order o, the full coefficient C(1,a,r) can be determined by the following graphic rule.?

Graphic rule for the expansion of EYM amplitudes.

(1) Define a reference order p of gravitons, then all gravitons are arranged into an ordered

set
R={hy1), hp@)s - Pps) }- (2.21)
(2) Pick the last graviton hys) in the ordered set R, an arbitrary gluon [ €
{1,2,...,7 — 1} (noting that the gluon r is not considered here) as well as gravi-
tons Ay, hiy, ..., hi; € H s.t. the relative order of them in o satisfies® o~1(I) <
o Hhiy) < 07 Hhiy) < ..o (hi;) < 07 (hys)). Now consider each particle in the
set {1, hiy, Riy,y -+ hiyy hy(s) } as a node, we define a chain starting from the node h ()

and ending at the node [. The graviton h ., here is mentioned as a the starting point

p(s)
of this chain, while the gluon [ is mentioned as a root. All other gravitons on this

chain are mentioned as internal nodes of this chain. The factor associated to this

chain is
€hp(s) . Fhij 'Fhij,1 ----- Fhi1 : kl- (222)
Remove hjy, hiy, ..., hij, hys) from the ordered set R and redefine R
R — R,:R\{hil,hiQ,...,hij,hp(s)}. (223)

(3) Picking I € {1,2,...,7 =1} U{hiy, hig, .- -, hij, hy(s)}, the last element hy (o) in R” as
well as gravitons hy, hy, ..., hz-;/ in R" s.t., o 1(I') < Uﬁl(hill) < Jil(hié) < <
ail(hi;/) < afl(hp/(sl)), we define a chain {l/,higahiga .. .,hl-;/,h

sy and ending at I’. This chain is associated with a factor

o(s)} starting from

€hyory  EFhy - Fny e Fy, - ky. (2.24)
p!(s") 'LJ_, Zj/—l i
Remove hy hy, ..., h,;/j/, hysy from R’ and redefine R — R” = R\

{higshig o, By}

2The interpretation of this rule is different from that given in [24], for the convenience of discussions in
the coming sections.

3In this paper, element in the i-th position of permutation ¢ is denoted by o(i). If o(i) = a, the position
of a in this permutation is denoted by i = ¢~ '(a).



(4) Repeating the above steps until the ordered set R becomes empty, we get a graph

4 For a given graph F, the product of the

(‘forest’) with gluons as roots of trees.
factors accompanied to all chains produces a term C¥)(a) in the coefficient C(1,a,7)
in (2.20). Thus the final expression of C(1,0,7) is given by summing over all possible

graphs defined above

Clor)= Y  cFl,o,r) (2.25)
Fe{Graphs}

The expansions of Pfaffians in the CHY formula of single-trace EYM ampli-
tudes. It is worth closing this section by translating the expansions (2.15), (2.20) of
EYM amplitudes into the language of CHY formulation (see [31]). In CHY formulation,
the recursive expansion (2.15) reflects

(=1

[hl (Ih]+1)

PT(L,2,...,r)Pf[¥y] = Z(fl)fch1 (h)PT(1,{2,...,7 — 1} w{h,h },r)PL [\IIF] ,
hlh

s(s+1)
2

(2.26)
where r and s are the numbers of gluons and gravitons respectively, |h| denotes the number
of elements in the set h. The pure Yang-Mills expansion (2.20) implies

(=1)

s(s+1)
2

PT(1,2,...,r)Pf[¥y] = > C(1,0,7)PT(1,0,7). (2.27)
oe{2,...,r—1}wpermsH

The expansion coefficients Cj, (h) and C(1,0,r) in (2.26) and (2.27) are given by (2.17)

and (2.25) respectively. We emphasize that the relations (2.26) and (2.27) hold for arbitrary

dimensions.

3 (Gauge invariance induced relations

In this section, we induce nontrivial generalized BCJ relations for color-ordered Yang-Mills
amplitudes (also bi-scalar amplitudes and color-ordered NLSM amplitudes) by combining
gauge invariance conditions with CHY inspired dimensional reductions. The coefficients
of amplitudes in the gauge invariance induced relations are polynomials of Mandelstam
variables.

3.1 Inducing generalized BCJ relations by gauge invariance and dimensional
reduction

In the pure Yang-Mills expansion (2.20) of EYM amplitude A(1,2,...,7||H), each term
CYl(1,0,7) (see (2.25)) of the expansion coefficient C(1,0,7) is expressed as a product of
Lorentz invariants € - k, € - € and k - k and constructed by the grapic rule in section 2.2.
The gauge invariance states that the amplitude A(1,2,...,r||H) has to vanish under the
replacement ¢, — kj, for any given graviton h € H. Hence, a relation for pure Yang-Mills
amplitudes [29] follows

0= > C(1,0,r) A(l,0,7). (3.1)

ehﬁkh
o€{2,...,r—1}wperms H

4Note that a starting point of a chain is not necessary a leaf of a tree.



For a given graph in the expansion of C(1,0,r), the graviton h can be either an internal
node or a starting point of a chain. In the former case, the gauge invariance condition
is naturally encoded by F}”|c, k, = 0, thus this contribution has to vanish. The only
nontrivial contributions are those graphs in which the graviton h plays as the starting
point of a chain. The gauge invariance condition is then reduced to

0= c¥l1,a,7 Al,0,7 3.2
06{2,...,7’—¥}wpermsH}'€;ﬁ[h} ( ’ ) en>kn ( o )’ ( )

where Gfj[h] denotes the set of graphs for permutation o, where h plays as starting point of
a chain. As shown by examples in [29, 32] ( similar discussions on the gauge invariance rela-
tions can be found in [25, 26, 30, 43-45]), (3.2) is generated by known BCJ relations, thus it
is not new relation beyond known BCJ relations. Nevertheless, a systematical study on the
connection between (3.2) and the standard KK and BCJ relations still deserves future work.
Coefficients in the relation (3.2) still contain polarizations. To induce a relation where
coefficients are only functions of Mandelstam variables s;; = k; - k;, we should ‘“turn’ all
polarizations in the expansion of coefficients to momenta. One reasonable approach to
realize this point is combining gauge invariance conditions with dimensional reduction
inspired by CHY formulation. Our discussion is based on the following crucial observations:

(1) Gauge invariance conditions for more than one graviton can be imposed simulta-
neously. This can be understood from two different aspects. (i) Since the pure
Yang-Mills expansion (2.20) is obtained by applying the recursive expansion (2.15)
repeatedly, we can take gauge invariance condition for (2.15) instead. If we replace
€n, by kp, for more than one graviton h, € A C H (A consists of at least two gravi-
tons) on the r.h.s. of (2.15), there is at most one graviton plays as the fiducial one.
The polarizations of the rest of the gravitons belonging to A are contained by either
F* or an EYM amplitude with fewer gravitons. When replacing e, by kj, for all
he € A on the r.h.s. of (2.15), every term has to vanish due to the antisymmetry of
FH or/and the gauge invariance condition for EYM amplitudes with fewer gravitons
(as an inductive assumption). (ii) In the language of CHY formula (2.1), polar-
izations are packaged into (reduced) Pffafians. When the replacement e, — kj, for
a given graviton h € H is imposed, the Vi matrix becomes degenerate because two
rows/columns coincide with each other (Noting the diagonal entry C}, 5, for C' matrix
vanishes due to scattering equation (2.2)) as shown by the left matrix in the following

Cknackny o Bhacen, o Fnackny o Kng kR
Zhqhy Zhahy Zhahy, Zhahy,
— (3.3)
Zhahy Zhahy Zhahy, Zhghy,

If we take gauge invariance conditions for more than one graviton, e.g. h, and hy,
the matrix ¥ is also degenerate for the same reason (see the right matrix in (3.3)),
thus the Pfaffian has to vanish.



(2) The gauge invariance conditions are independent of dimensions. This is because the
statements (i) and (ii) in (1) hold for arbitrary dimension space.

Having (1) and (2), we can conveniently carry on our discussions in the framework of
CHY formula. The recursive and graphic expansions for amplitude reflect corresponding
relations for Pfaffians (2.26) and (2.27). Since CHY formula does not depend on the
dimension of space, we can extend the Pfaffian Pf[¥y] in the graphic expansion (2.27)
to (d + d)-dimensions by defining (d + d)-dimensional polarizations &, (all h, € H) and
(d + d)-dimensional momenta /C; for all external particles, so that

r+s
Ehy - Kn, =0, (forall hy e H); ;- K; =0 (for all particles i); ZKi =0 (34)
i=1

are satisfied. According to our observations (1) and (2), the Pfaffian Pf[¥y] in (d + d) di-
mensions on the L.h.s. of (2.27) must vanish under the replacement &,, — Ky, for all b, € A
where A is a nonempty subset of H. Consequently, the r.h.s. of the graphic expansion (2.27)
in d 4 d dimensions has to vanish when &}, are replaced by Kp,, for all h, € A C H:

0= S C(l,a,r)‘ e, L, PT(La,r). (3.5)
oe{2,...,r—1}wpermsH for all ho€A

Once the coefficients C(1, 0, ) in the above equation are expressed by graphs (see eq. (2.25))
and the gauge invariance conditions are imposed, a chain in which any h, € A C H plays
as an internal node vanishes due to the antisymmetry of the (d + d) dimensional strength
tensor F}[{aV = IC,(LJGE,Y“ — IC,‘{@S,Z . Thus only those graphs where all h, € A play as starting
points of chains survive. The relation (3.5) then turns to

0= c¥l,o,7) PT(1,0,7). (3.6)
Z Z Eha—Khq

o€{2,...,r—1}wperms H “FeGg[A] for all hg€A

Here, GP[A] denotes the set of graphs corresponding to the permutation o, where all ele-
ments in the nonempty subset A play as starting points of chains (Note that other elements
in H may also be starting points of chains).

The equation (3.6) does not rely on details of (d 4 d)-dimensional polarizations £ and
momenta K, only the conditions (3.4) are required. Thus, we can assign details of polariza-
tions and momenta in (d + d) dimensions appropriately s.t. (3.4) is satisfied. A reasonable
definition inspired by the dimensional reduction strategy (see (2.10)) in the CHY formula is

Ki; = (k;;0), (for all external particles); &n, = (0;kp,), he€H (3.7)

which satisfies (3.4). With this assignment, the coefficients in the gauge invariance con-
dition (3.6) become polynomial functions of Mandelstam variables. When the coefficients
C(1,0,7) in (d + d) dimensions are expressed by the graphic rules and &, in C(1,0,r) are
replaced by Kp,, (hg € A C H), chains in the graphs are classified into two types:
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(i) Type-1 Chains started by (d + d)-dimensional polarizations &, (a € H\ A) have the
general form
- K. (3.8)

Ea- Fhij . Fhij_1 o Fpy,
A chain of this type has to vanish if its length is odd, because we cannot avoid a factor
of the form &;-IC; which is zero in the definition (3.7). Thus the length of nonvanishing
type-1 chains must be even. When plugging the components (3.7) into an even-length

chain of type-1, we get a chain expressed by d-dimensional Mandelstam variables

Sahi, Shi hi, | -+ Shib (3.9)

Jj+1
2

associated with a factor (—1)"2 , where j is odd. Since the length L of this chain is

j + 1, the prefactor can be given by (—1)%.
(ii) Type-2 Chains started by (d + d)-dimensional momenta X, have the general form

Ka-Fn, -Fn,_ ... Fp,

1 (3

K. (3.10)

A chain of this type vanishes if its length is even, for an even-length type-2 chain
must contain a vanishing factor of the form &; - ;. Thus the length of nonvanishing
type-2 chains are odd. Inserting the choice of (d + d)-dimensional polarizations and
momenta (3.7) into an odd-length chain of this type, we arrive

Sahij Shij hij71 N Shilb (3.11)

associated with a factor (—1)%, where j is even. The prefactor for this chain is further
L—-1
expressed by the length L of the chain as (—1)72 .
Collecting all nonzero chains together, we induce the following relation for PT factors in d

dimensions from the (d + d)-dimensional gauge invariance condition (3.5):

0= > > DYl1,6,1)PT(1,0,7). (3.12)

o€{2,...,r—1}wperms H FeG| g [A]

Here, G[7[A] denotes the set of graphs (constructed by the same rule in section 2.2) where all
elements in A CH (A # () play as starting points of all odd-length chains. Possible chains
of even length must be started by elements in H\ A. For a given permutation o and a given
graph F € GZ[A], D¥1(1,0,7) is obtained by associating chains with factors of the form

Sahij Shz‘jhij,l N Shi1b7 (3.13)

in which a and b are the starting points and ending points of a chain, while h;,, ..., h;; are
internal nodes of this chain. Note that the prefactors of all chains in any given graph in
Gi7 [A] together produce a same total factor (—1)%_%]\7", where s is the number of elements
in the set H and equal to the total length of all chains, N, denotes the number of odd-length
chains and is equal to the order of the set A. The total factor thus does not appear in the

equation (3.12).

- 11 -



{]l-l,hz} i {]i;z._hl}'

hy ho hq ho i hq ha hy ho

{1,...,r—1} {1,...,r =1} E {1,...,r—1} {1,...,r =1}

Figure 1. All possible graphs with H = {hq, ho} and reference order R = {h1, ho}. Graphs (a) and
(b) correspond to the permutations {2,...,r — 1} w{hy, ha}, while graphs (a) and (b) correspond
to the permutations {2,...,7 — 1} w {he, h1}.

To translate the gauge invariance induced relation (3.12) for Parke-Taylor factors into
amplitude relation, we consider the expression

3 3 (_1)‘"“)5””/dQCHYDW(La,r)PT(1,a,r)IR, (3.14)
€{2,...,r—1}wperms H FeG/7[A]

where Zg can be 55, ZTfM or XYM in (2.3), (2.4) or (2.13) correspondingly. Since the
coefficients D] (1,0, 7) are independent of the scattering variables, it can be moved outside
the integration. The relation for Parke-Taylor factors (3.12) then gives the following gauge
invariance induced amplitude relations

0= DY¥l(1,0,7)A(1,0,7), (3.15)
> >

0c{2,....,r—1}wperms H FeG/?[A]

for any nonempty A (A C H).

3.2 Examples for the gauge invariance induced relation (3.15)

Now let us present several examples of the gauge invariance induced amplitude rela-
tion (3.15).

3.2.1 H = {hy,hs}

The first example is given by H = {hy, ho}. If the reference order is fixed as R = {hy, ha},
all graphs given by the graphic rule in section 2.2 are displayed in figure 1. The graphs (a),
(b) in figure 1 contribute to permutations {2,...,r —1}w{hy, ha}, while (¢), (d) contribute
to the relative order {2,...,7 — 1} w{ho, h1}.

In the gauge invariance induced relation (3.15), the nonempty subset A cannot contain
only one element because the total length of all chains is an even number 2. If A contains
for example hq, i.e., there is an odd-length chain started by hi, we must have another odd-
length chain started by hs so that the total length of all chains is even. Thus the nonempty
subset A of H can only be chosen as {hi, ha} while h; and hy are starting points of two
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length-1 chains in this example. The graph (b) which contains a length-2 chain does not
appear in our gauge invariance induced relation. The relation (3.15) for A = {h1, ha} reads

0= Snyx,, Shix, A0 €{2,...,r — 1} w{hy, ha},7)

o

+ > Shyxn, (Smixy, + Smny)A(Le €{2,...,r =1} w{hg, ha},r),  (3.16)

o

where s,x, = > Sai- This relation is in agreement with a fundamental BCJ
ie{1,2,...,r—1}
st.o" (i) <o " (a)
relation.

3.2.2 H = {hq, ha, hs}

We consider the examples with H = {h1, ho, hg}. For the reference order R = {hq, ha, h3},
all possible graphs constructed by the graphic rules are provided by figure 2 in appendix A.
For any graph, the total length of all chains must be 3. As a result, the nonempty subset A
in the relation (3.15) can only contain odd number of elements, i.e., A can be {h1}, {ha},

{hs} or {hi, ha, hs}.

A = {h1}. If A contains only one element h;. Then h; must leads to a length-1 chain
while hg must leads to a length-2 chain sp,p,Sh,, With an internal node hp. Among the
graphs in figure 2, only (a5) (for the relative order {h1, ho, h3}), (¢3), (c4) (for the relative
order {ha, hi, h3}) and (d2), (d4), (d6) (for the relative order {hs, hs, h1}) contribute. Hence
the relation for A = {h} is

0 = Shyxy, ShshaShaxn, A(L,6 €{2,...,r — 1} w{h1, ho, hs},r) (3.17)
o
+ Z(Sthhl + Sh1h2)8h3h28h2Xh2A(170 € {27 ceey T 1} L {h2a hla h3}a T)
o

—i—Z(Sthhl + Shihy + 8h1h3)8h3h28hth214(1,0‘ € {2, N 1} L {hg,hg,hl},r).

o

This relation is consistent with a fundamental BCJ relation.

A = {ha}. If A= {hs}, ho must be the starting point of a length-1 chain under the choice
of reference order R = {hq, ha, hs}, while hs must start a length-2 chain with the internal
node h;. The graphs (a3), (a4), (b2), (b4), (b6) and (c5) have nonvanishing contributions
and the relation (3.15) gives

0 = Shyxy, Shyhy Sy xp, A(L,o €{2,...,r — 1} w{hg, b1, hs},r) (3.18)
o
+ Z(Sh2xh2 + 3h2h1)5h3h13h1Xh1A(1,0' S {2, N 1} L {hl, ho, hg}, 7")
o
+ Z(Sh2Xh2 + Shon, + SthB)ShBhlshIXhlA(l,O' e {2, e, T — 1} L {hl, hs, hQ}, r).
o

Again, the vanish of r.h.s. can be considered as a result of fundamental BCJ relation.
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A = {h3g}. If A = {hs}, the element h3 can start either a length-3 chain or a length-1
chain. In the former case, both h; and he must be internal nodes of the length-3 chain ((a6)
and (¢6) in figure 2), while in the latter case ha must start a length-2 chain with h; as the
internal node ((a2), (b3), (e5) and (e6) in figure 2). All together, the relation (3.15) turns to

0= Z(ShBhQSthlsthhl + ShaXy, Shghlsthhl)A(LU €{2,...,r =1} w{hy, ho, hs},7)

°
+ Z 5h3h15h1h28h2Xh2A(170 €{2,...,r =1} w{ha, h1, h3},r)
o
D ShaXny Shahy Sy X, AL, € {2, — 1w {hy, hg, ho},7) (3.19)
o
+ Z ShBX}L3 Shohy (Sthhl + 3h1h3)A(1aU S {2, e, T — 1} L {hg, hi, hz}, T),
o

which is not as trivial as previous examples. One can check this identity by expanding all
amplitudes in terms of BCJ basis amplitudes.

A = {hi1,ha,h3}. Now we consider the case A = {hq, ha, h3}, for which all elements in
H play as starting points of odd-length chains. The only possibility is that all chains are
of length 1. The relation (3.15) then gives rise

0 =" $h,X, Shoxy, Shyxn, A(L,o €{2,...,r =1} w{hy, hy,hs},7) (3.20)

o

) (h X0, Shiha)Sho X, S xXn, A(Lo €42, r =1} w{ho, ha, hs},r)

o

) (Sh X0, FShihs +Shihs)Shy Xy Shs X, A(Lo €42, ;7 =1} w{hy, hg, b1 },7)

o

—I-Zshlxhl (Shth2 +3h2h3)3h3Xh3 A(l,oe{2,...,r—1}w{hy, h3, ha},7)

o

—I—Z(Shlxhl +5h1h3)(5h2){h2 +5h2h3)3h3Xh3 A(l,o€{2,...,r—1}w{hs, h1,ha},7)

o

+Z(Sh1Xh1 +Shihs +Sh1h2)(8hth2 +Sh2h3)sh3Xh3A<1’U € {2a REPY 1}M{h3,h2,h1}7’r>.

o

The r.h.s. of the above relation gets contributions from eighteen graphs (al), (b1), (b5),
(e1), (c2), (dL), (d3), (d5), (e1), (¢2), (e3), (ed), (F1), (f2), (3), (f4), (f5) and (6).
Both the sum of the first three rows and the sum of the last three rows vanish due to
fundamental BCJ relation.

3.2.3 H = {hy, ha, h3, hs}

We consider a much more nontrivial case with H = {hy, ho, h3, hs} as the last example.
The nonempty subset in (3.15) is chosen as A = {hs, hy} and the reference order is chosen
as R = {hi,ha, hs, ha}. If hy (hs3) is starting point of a length-3 chain, hs (h4) must
be starting point of a length-1 chain. Such graphs contain only two chains; if both hy
and hg are starting points of length-1 chains, we must also have an length-2 chain of the
form Shohy ShiYy, - The coefficients for all possible permutations are displayed as follows
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({h1hahshy} is used to denote the permutation 1,{2,...,7 — 1} w {hy, ho, hs, ha},r for
short)

{hshi1haha}:ShyhyShohy ShyXp, ShsXp, +Shy Xy, ShsXp, Shohy (Shlxhl +Shyihs)s

{h1hshaha}:Shyng Shony Shyxy,, (Shy Xy, +Shahy )F8haX), ShaXy, Shahy ShiXy, »

{hahohsha}t:sniny Shohy Shy Xy, (Sha Xy, FShahy TShsha ) FShaxy,, (Sha Xy, +Shshy)Shahy Shy Xy, s
{h1h2hahs}:Sh,hyShoh,y ShiXp, (Shgxhs +Shshy +Shshs +Sh3h4)+8h4xh4 (Sth,L3 +ShghytShahy )Shoh, ShiXp, s
{hshihaha}:isnyx,,, ShaX,, Shahy (Shyxy,, +Shing),  {hihshaha}isn,x,, Shax), Shohy Shix,, s
{hahahsha}isn,x,, (Shs Xy, +Shaha)Shahy Shixy s {hihahahs}isnyx,,, (ShaXy, TShahatShshy)Shahy Shy Xy,
{hshahiha}:sh,x,, Shs Xy, Shohy (Shixy, FShihs+Shihy),s

{hahshiha}isnyx,,, (Shsx),, TShahy)Shahy (Sh1 Xy, +8hihg+Shiny),

{hahihsha}:sn,x,, (Shy Xy, +Shaha)Shahy (Shy Xy, TShiha)s

{h4h1h2h3}35h4Xh4 (8h3Xh3 +Shshy+Shshs )Shohy ShiXp, s

{hshahiha}:Shyn, ShyhgSho X, Sha X,y {h2hshiha}:Shyn, ShyngShox,, (ShaX), +Shshsa ),
{hah1hsha}:Shyny ShihoShoxy, (ShyXp, +Shaho+Shahi ) +8haxXy, Shahy ShihoShaXy, s

{h2h1hahs}:Sh,hy Shihy ShaXp, (8h3Xh3 +Shshy+Shshy +8h3h4)+5h4xh4 Shah1ShihsSha X,

{hahahihs}:snyx,,, Shahy ShihaShaXp, s {hahahihs}:sn,x,, Shahy Shyns (Shy Xy, FShong). (3.21)

3.3 The boundary case A = H and partial momentum kernel

When we set A = H, every graph in the gauge invariance induced relation (3.15) only
contains length-1 chains (as shown by examples (3.16) and (3.20)). Then the relation (3.15)
becomes

0= D¥l(1,0,7)A(1,0,7). (3.22)
> >

oc{2,...,r—1}wperms H FeG/? [H]

Assuming that the reference order is R = {hp(l), hp2ys -+ hp(s)}, let us analyze the coeffi-
cients in the above equation in more detail. A length-1 chain started by h,(,) can end at any
gluon Iy € {1,...,7 — 1} s.t. 07 (ls) < 07 (h,s)) and is associated with a factor Shp(s)ls-
A length-1 chain started by h,,_1) can end at any element [s_1 € {1,...,7 — 1} U {h,s}

s.t., 071 (Is—1) < 07 (hy(s—1)) and is associated with a factor Shy s This observation

,1>ls_1'
can be extended to arbitrary case: a length-1 chain started by h,:;) in (3.22) can end at
any lj € {1,...,r — 1} U{hy(s1), - by} site, 07 H(l) < 07 (hy)). The coefficient for

given permutation o then reads

]:
Z D[ }(1,0', T) = Z Shp<1)l1 Shp(2)12 RN Shp(s)ls' (323)
FeG{7H Li€{1,2,.,r=130{h(iq1)shp(s) }

st (1) <o () for alli=1,...,s

An interesting observation is that we can reexpress the coefficient (3.23) by defining
‘partial momentum kernel’. Given two permutations ¢ and p of elements in {2,...,m} and
a nonempty subset H of {2,...,m}, the partial momentum kernel Sy[o|p] is defined by

§H[o\p]zn[sa1+ S b (@) = )0 @) = o W)sw |, (3:24)

acH le{2,....m}
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where 0~ !(a) and p~!(a) denote the positions of a in the permutations o and p respectively.
Given a € H and [ € {2,...,m}, the product of two step functions in (3.24) is 1 if both
o~ a) > o7(l) and p~t(a) > p~1(l) are satisfied, otherwise 0. Explicit examples of the
partial momentum kernel are given as
S(21[2345(2543] = so1, S(3}[23455423] = s + s32,  (3.25)
5{275} [2345|4235] = s21(851 + S52 + S53 + S54)5 5{2’3’4} [2345|3542] = $21531(S41 + S43)-

There are many useful properties satisfied by partial momentum kernels:

(i) Partial momentum kernel Syfo|p] is symmetric under exchanging of permutations o

and p, i.e.,
Shlolp] = Sulplo]. (3.26)
(ii) If the subset H is chosen as the full set {2,...,m}, we arrive the usual momentum
kernel
S{2,...,m} [02,m|p2.m] = Slo2.mlp2,m]- (3.27)

(iii) Assuming that pg and pg are two permutations of elements of a set B, while pc
is a permutation of elements of C, the partial momentum kernel Sc [pg,pclos Wwaoc]
satisfies

Sc s, pclog wac] = Sc [P, pcloswoc] . (3.28)

(iv) The following property which relates usual momentum kernel and partial momentum
kernel will be useful in the coming sections:

S[pB,pc|0'B LLIO'(:]:S[pB|0'B]§c[pB,pc‘0'BLLIO'(:]. (329)

Having defined the partial momentum kernel (3.24) and choosing the reference order
as R = {h,1), hp2), - - -» hp(s) }, we naturally write the coefficient (3.23) as

> DL 0,r) = Sulo]2, ... — L gy Bogs—1ys - -5 hog)]. (3.30)
FeG7H]
The relation (3.22) for A = H is then conveniently given by
0= Z §H[0"2,...,7“— 1,hp(5),hp(s_1),...,hp(l)]A(l,O',T’). (331)
oe{2,...,r—1}wperms H

For the cases with H = {h1, ha} and H = {hq, ha, hs}, (3.31) returns to the examples (3.16)
and (3.20) respectively. In fact, the relation (3.31) is consistent with the following funda-
mental BCJ relation for given permutation g € {2,...,7 — 1} wperms {H\ {h,}}

0= Shp(s)lA(]-v hp(s)an(l)an(2)7 cee 777(7""‘5 - 2)7T)
+(Shp(5>1 + Shp(s)n(l))A(Ln(l)v hp(s)an(2)v ) 77(7" +s— 2)>T) (332)
+- (Shp(s)l + Shp(s)n(l) +- Shp(s)r](rJrsz))A(lv 77(1)777(2)7 v 777(T +s5— 2)7 hp(s)’r)‘
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4 Three types of BCJ numerators in NLSM

As an application of the gauge invariance induced relation (3.15), we will prove the equiva-
lence between distinct approaches to scattering amplitudes in NLSM: (i) traditional Feyn-
man diagrams, (ii) the CHY formula and (iii) the Abelian Z theory in the remaining
sections. The starting point of our proof is the fact that all three approaches result dual
DDM formula

M(@1,...,n)= Z NjglnA(l,0,n), (nis even) (4.1)

oES,_2

with distinct (DF, CMS and DT) expressions of BCJ numerators 7y, (as polynomial
functions of Mandelstam variables). The A(1,0,n) in (4.1) are bi-scalar amplitudes. Thus
the three approaches are equivalent to each other if and only if the following relations for
bi-scalar amplitudes are satisfied:

Z n11)|a|n (1,0,n) Z nﬁg/ﬁA (1,0,n) = Z nﬂz‘nA(l,a,n). (4.2)

G‘ESn_Q O‘ESn 2 UESn_Q

We will review the three types of BCJ numerators in this section and prove the equivalence
condition (4.2) by using (3.15) in sections 5 and 6.

4.1 Three distinct constructions of BCJ numerators in NLSM

Now let us review the DF, CMS and DT types of BCJ numerators which correspond to
the Feynman diagram approach, Abelian Z theory and CHY formula.

The DF type numerators. The DF type BCJ numerator was derived by applying
off-shell extended BCJ relation [8, 16], which is based on Berends-Giele recursion (thus
Feynman diagrams). The explicit expression of DF type BCJ numerator is given by a
proper combination of momentum kernel:®

Ml = (=1) Y Slole, (4.3)

pel

where we summed over permutations p in I' which is defined as the collection of permu-
tations satisfying the following conditions. For any a € {2,...,n — 1}, we assume b (c)
is the nearest element on the lLh.s. (r.h.s.) of a in the permutation p, which satisfies
o 1(b) > o7 (a) (c7!(c) > 07!(a)).® The permutations p in the DF type numerator (4.3)
are those satisfying either of the following two conditions: (i) There are odd number of
elements between a, b as well as a, ¢ in the permutation p. (ii) There is no element between

SWe adjust the total sign by (—1) to agree with the CMS type numerators.

SHere 1 and n are correspondingly considered as the first and the last elements in both permutations o
and p. There is always a particle n (maybe not the nearest ) on the r.h.s. and Lh.s. of a in the permutation
pst. o7 (n) =n > o '(a) in the sense of cyclicity, see [16].
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both a, b and a, ¢ in the permutation p. Explicit examples are given as

nhhgs = S[23]32] = —s21831, (4.4)
n]13‘5345|6 = —(5[2345|5243] + S[2345]5342] + S[2345|4352] + S[2345|4253] + S[2345(3254])
= (—1)|s51 (541 + 842) (831 + 532)521 + 551 (541 + 843) S31521
+(851 + 854 + 553)541531521 + (851 + S54 + 552)541(531 + 532) 521
+(s51 + 852 + 553) (541 + S42 + 843)831821] : (4.5)
The CMS type numerators. The CMS type BCJ numerator, which comes from

Abelian Z theory [23], expresses each numerator in dual DDM decomposition by only
one momentum kernel:

nﬁi\f'i = (—1)%5[0(2), 0(3),...,0(n—1)]0(2),0(3),...,0(n—1)]. (4.6)
Explicit expressions for four- and six-point cases are
”%@?4 = S5[23|23] = s21(s31 + 532)
”?\%ﬁmﬁ = 5[2345|2345] = s21(s31 + 532) (541 + Sa2 + S43)(S51 + 552 + S53 + 554). (4.7)

It is worthy emphasizing that both DF and CMS types BCJ numerators manifest the rela-
beling symmetry of n — 2 elements, i.e., ny|5(2),... o(n—1)|n can be obtained from nyja  ,—1jn
by the replacement 2,3,...,n —1 = 0(2),0(3),...,0(n—1).

The DT type numerators. Being different from the previous two constructions, the DT
type numerator which is based on the graphic expansion of amplitudes and the dimensional
reduction in CHY formula is not a symmetric form. This type of BCJ numerators are ex-

panded by graphic rule instead of momentum kernels. The construction of n]ﬂg'n is given by
e Consider 1 as the root of a tree and define a reference order of elements in {2,...,n—

1}, say R={p(1),...,p(s =n—2)}.

e Pick p(s) in {c(2),...,0(n —1)}. Construct a chain C[1] = {l = 1,4y,...,7j,p(s)}
of even length started by p(s) towards 1 with internal nodes i1, 12,...,%; (j is odd)
st. o7l =1) <o l(i1) < o7l(i2) < -+ < 07(i;) < 07 (p(s)). This chain is
associated with a factor

Sp(s)ij Sz'jij,l <o 849915411 (4.8)
Remove this chain from the ordered set R — R = R\ {i1,i2,...,i,p(s)} =

(D), 0 (8"}

e Repeat the previous step: pick p'(s') € R’ and construct a chain C[2] =
{l’,i/l,...,i;»,,p’(s’)} of even length (5" is odd), which starts from p/(s’) towards a
node I’ on C[1] and satisfies o= 1(I') < o71(i}) < --- < 0’71(1';-,) < o 1(p'(s"). The
new chain C[2] is associated with a factor

Sp’(s’)i;,,si;,,i;.ul cee 81'21/1 Si’ll" (49)
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Remove this chain from the ordered set R — R” = R"\ {d},i,...,i%, p'(s)} =

{o"(1), .., o"(s")}.

e Repeat the above steps until the ordered set R becomes empty. Each new even-
length chain is attached to nodes which have been used and associated with a factor.
Collecting the factors corresponding to all chains in a graph and summing over all
possible graphs (noting that the total phase factor is (—1)z '), we finally get the
BCJ numerator n]ﬁz‘n.

By means of the conventions of notations established for the gauge invariance induced

relation (3.15), we can write the numerators of DT type as”
Fegig a0,

where the H set, whose elements serve as starting points or internal nodes of trees, is
chosen as {2,...,n—1}. The empty set () in gg n—1}[®] means that all chains are of even

o« . . . DT DT .
length. The explicit expressions for four-point numerators 72314 and N394 aT€ given by

DT _ DT _
Nyj2314 = 532521, N34 = 0, (4.11)

where the reference order is chosen as R = {2, 3}.

5 The equivalence between DT and CMS constructions of NLSM ampli-
tudes

The DT and the CMS types of numerators produce the same amplitude if and only if
the second equality in (4.2) holds. Substituting (4.10) and (4.6) into (4.2), we arrive the
following relation for bi-scalar amplitudes A(1,0,n)

> SlelolA(lon) = Y > D¥l(1,0,n)A(1,0,n). (for even n) (5.1)

oES,_2 0ESn—2 -Feg/{% n_l}[m,

AAAAA

To prove the equivalence condition (5.1), we carry on our discussions in a more generic
framework:

(i) The momentum kernel S[o|o] is generalized to the partial momentum kernel

Sul{2,....,r—1Yweyl2,...,r — 1,04] (5.2)
where H is an arbitrary nonempty set with s elements. When setting {2,...,7—1} =0
and H = {2,...,n—1}, we return to the original momentum kernel Sfo|o] (6 € S,—2).

(ii) The number of external particles is not limited to be even. Amplitudes with odd
number external particles are also under consideration.

"The prefactor (—I)TLT_2 is adjusted by (—1) to agree with that in CMS type. This adjustment does not
affect our discussions.
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(iii) The amplitude A(1,0,n) can be color-ordered Yang-Mills, bi-scalar or color-ordered
NLSM amplitudes.

Having the above generalizations, we will prove the following two relations

Z Z Shlel2,...,r =104 A(l,a,7)

oH a€{2,.,r—1}
woy

= Z Z D¥1(1,a,7)A(1, 0, 7) (for even s) (5.3)

Q€ (2,1} FEGLR(0)

wperms H
and
> Y Sulel2,....r =104 A(l,e,1) = 0 (for odd s) (5.4)
oH ac{2,.,r—1}
WoH

corresponding to whether the number of elements in the set H is even or odd. Coefficients

of amplitudes therein are expressed by partial momentum kernels, while the summation
oH
means that we sum over all possible permutations of elements in H. Consequences of the

relations (5.3) and (5.4) are deduced:
e When we set r = n (for even n), H = {2,...,n — 1} and {2,...,r — 1} — 0, the
relation (5.3) naturally returns to the equivalence condition (5.1) for even n. Thus
the equivalence condition (5.1) between DT and CMS constructions is proven.

e When we set {2,...,7 — 1} = {p(2),...,p(r — 1)} in the partial momentum kernel
S in (5.4) and apply the property (3.28) and (3.26), the relation (5.4) then becomes
> > Sulel2,...,r —1,04] A(La,7) = 0 (for odd s). (5.5)
oy aEpuioy
Multiplying a momentum kernel S[p(2), p(3),...,p(r—1)|2,3,...,7—1] to both sides
of the above relation and applying the relation (3.29) between usual momentum kernel
and partial momentum kernel, we arrive an amplitude relation expressed by usual
momentum kernels

> Y Slaf2,...,r—1Loul A(La,r) =0 (for odd s), (5.6)

oy axE€pULoy

where p is an arbitrary permutation of elements in {2,...,7 — 1}. The boundary
case with H={2,...,n— 1}, {1,...,7} = {1,n} shows very interesting relation for
amplitudes with odd number of external particles
Y Slolo] A(1,6,n) = 0 (for odd n). (5.7)
oESy—_2

Although the relation (5.4) for odd s is not used in the proof of the equivalence con-
dition (5.1) between the DT and the CMS constructions of NLSM amplitudes, the re-
lation (5.6) as a result of (5.4), plays a crucial role in the proof of the equivalence
between the DF and CMS constructions in the next section. In the remaining discus-
sions of this section, we establish the graphic expansion of the partial momentum kernel
Su[{2,...,7 —1}won|2,...,r — 1,o4] and prove the relations (5.3) and (5.4).
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5.1 Expressing partial momentum kernel by graphs

The partial momentum kernel Sy [@€{2,...,r—1}woy|2,...,7—1,04] can be conveniently
expanded by the graphic rule in section (2.2), when replacing the factors €, 'Fhil e ”Fhij Ky
for each chain by Shahiy Shiyhiy -+ Shib- The reference order R = {h,1), hp2),- - sy} 18
chosen arbitrarily. We demonstrate this expansion by examples first.

Example-1: H = {hj,h2}. The oy in the partial momentum kernel §{h1,h2}[a €
{2,...,7r—=1}won|2,...,7—1,04] can be either {hy, ha} or {hg, hi}. If we define reference
order R = {hq, ha}, the partial momentum kernel with oy = {hq, ha} is expressed by the
sum of (a) and (b) in figure 1, while the partial momentum kernel with oy = {ho, h1}
is expressed by the sum of (¢) and (d) in figure 1. If we change the reference order to
R = {hg, h1}, graphs contributing to oy = {h1, ho} (o4 = {he, h1}) become the graphs (c)
and (d) ((a) and (b)) in figure 1 with exchanging h; and hy. Though the chain structures are
different for different choices of reference order, the expression of each partial momentum
kernel §{h1,h2}[a €{2,...,r—1}woyl|2,...,r — 1,04] is not changed.

Example-2: H = {hq, ha, h3}. We now consider the partial momentum kernel
Sthhansyl@ € {2, r = 1y w{hy, ha, ho}|2,... .7 — 1, {h1, hs, ho}] (5.8)

where H contains three elements and oy in this example is chosen as oy = {hq, h3, ha}.
From the definition (3.24), (5.8) is given by the product of three factors

Shi1+ Z Shli] Shs1t Shghy + Z Shgi] Shal Tt Shyhy + Shaohs + Z Shai | -
i€{2,...,r—1} ie€{2,...,r—1} ie{2,...,r—1}
a (i)<a ! (h1) a~'(i)<a"'(hs) a~'(i)<a " (h2)

(5.9)

This partial momentum kernel can be obtained as follows:
e Define a reference order of elements in H, e.g., R = {hq, ho, h3}.

e Pick the last element h3 in the ordered set R = {hi, ha, hs} and pick a term from the
factor corresponding to hsz in (5.9). Such a term has the form sj,;, where j can be
any element in {h1}U{1,2,...,7 — 1} s.t., a7 1(j) < a~!(h3). If j is an element in
{1,2,...,r — 1}, we get a length-1 chain started from h3 towards {1,2,...,r — 1}.
Else, if j = h1, we further pick a factor sp,i for k& € {1,2,...,r — 1} satisfying
al(k) < a7l(hy), then a chain sp,p, 55,k started from hs towards k have been
constructed. We take the j = h; case for instance and continue our discussion.

e Remove the starting node h3 and the internal node hy of the chain which have been
already constructed, from the ordered set R = {hi, ho, h3} and redefine R as R —
R’ = {ha}. Construct a chain started from the element hs in R’ towards | € {hq, h3}U
{1,2,...,7 —1}. Then we have a factor sp,;. For example, we choose | = hj.

e Remove hs from R’, then the set R’ becomes empty. Putting the chains obtained
together, we arrive a term Sp,p, ShykShoh, corresponding to the graph (b4) of figure 2.
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e The full partial momentum kernel in this example is obtained by summing over all
possible graphs constructed by the above steps (displayed by the graphs (b1) ~ (b6)
in figure 2).

Again, we emphasize that the reference order R can be chosen arbitrarily. If we change
the reference order, only the chains are changed, the structure of graphs and the final
expression of partial momentum kernel are not changed.

Now we extend our discussions to the graphic expansion of any partial momentum
kernel with the form:

Sul{2,...,r —1}won2,...,r — 1,04]

= [%(1)1 + Z SaH(m] [%(2)1 + Son@ou(1) + Z SaH(fz)i]

i€{2,..,r—1} i€{2,....r—1}
a” (i) <a" ona)) a” (i) <a T (one))

XKoo X [SUH(S)l + Sou(s)on(1) +.. Son(s)ou(s—1) + Z SUH(S)i] : (510)

i€{2,...,r—1}
a~l(@)<a " (on())

e Define a reference order R = {h,1), hp2),---,hpys)} for elements in the set H (as-

sume there are s elements in the set H). Pick h,) and an arbitrary term Sh‘p(s)hij

(07 (hi;) < 07 (hy()) from the factor corresponding to h Then pick an ar-

p(s):

(07 (hi,_,) < o '(hi;)) from the factor corresponding to
hi;. Next, pick a term of the form sp, s, (07 hi;_,) < o (hi;_,)) from
and so on. This procedure is terminated at a

bitrary term sp, p,. )
J I

’L'j,2
the factor corresponding to h;;_,,

factor sp, ; where [ belongs to the set {1,2,...,r — 1}. Putting all factors to-
- Shy 1 Redefine R by removing the in-

gether, we get a chain Shﬂ<5)hz‘j Shi hi,_, -

ternal nodes and the starting point of the chain which was already constructed:
R—R =R \ {hil, ce 7hij7hp(s)} = {hp’(1)7 hp/(Q), cey hpl(sl)}.

e We construct a chain from h,(y) towards an element I' € {1,2,...,7} U
{hiyy- .- ,hij,hp(s)} by picking Shyranyhy s Shy hy s e Shi’ll/ (o'—l(l/) < U_l(hi’l) <
3 ST

< o Yhy,) < o7 hy))) from the factors corresponding to hyyy, hy,,
J J
.-, hy in the partial momentum kernel (5.10). The we get another chain

Sh ;. h.t Sh. h. o Sh, U Redefine R by R—R'=FR \ {hi/ sy hi’, h ’(s’)}-
ol (s!) z]_, il 1l i 1 3 P

=1

o Repeat the above steps until the R set becomes empty. Then putting all chains
together, we get a graph. The sum of all possible graphs gives the partial momentum
kernel (5.10).

Obviously, if we define a unique reference order R for permutations & € {2,...,r —1}woy
with all possible oy, the above graphic expansions of partial momentum kernels Sy @ €
{2,...,7 = 1} woy|2,...,r — 1,04] are related with the graphic expansion of C(1,0,7)
(see (2.25)) in section (2.2) via replacing the factor e, - Fiyy oo By

7

| - kb for every chain

by Shahij Shz'jhij,l e shz‘lb'
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5.2 Proof of the relations (5.3) and (5.4)

We have already shown that the equivalence condition (5.1) is a special case of the rela-
tion (5.3) with even s. In addition, we also have the relation (5.4) with odd s. Now let
us prove both relations (5.3) and (5.4) by expanding the partial momentum kernels into
graphs.

5.2.1 The proof of (5.3)

To prove the relation (5.3) for even s, we first investigate two examples.

Example-1: H = {hy,h2}. The simplest example for even s is the case H = {hy, ho}
(hence s = 2). If we choose reference order as R = {hy, ha}, the graphs corresponding to
oy = {h1,ha} (on = {ha, h1}) are explicitly given by (a) and (b) ((c) and (d))in figure 1.
The Lh.s. of (5.3) for this case reads

Z g{hl,hg} [0‘27---#”—1,h1,h2]z4(1,a,7“)
aE{Q,...,r—l}w{hl,hg}

+ Z S{h17h2} [a
ac{2,...,r—1}w{ho,h1}

2,...,7—1,hg, ] A(1,e, 7). (5.11)

Expanding the partial momentum kernels into graphs (see figure 1), we rewrite the above

expression as

- [Dﬁaﬂ(m, r) + D[(b)](l,a,r)]A(l,a,r)
ac{2,...,r—1}w{h1,ha}

+ 3 [D[(C)](l,a,r) +DlD(1, q, T)}A(l,a,r), (5.12)
ae{?,...,r—l}w{hg,hl}

where D[(“)}(l,a, ), D[(b)](l,a, ), D[(C)}(l,a, r) and D[(d)](l,a, r) are coefficients associat-
ing to the graphs (a), (b), (¢) and (d) in figure 1. The graphs (a), (¢) and (d) in the above
equation contain two length-1 chains. They together contribute

S DL Alar)+ Y [DKCH(La,r)+D[<d>1(1,a,r) A(1,a,r)

ac{2,...,r—1}u{h1,h2} ac{2,...,r—1}w{ho,h1}
= > > D¥l(1,a,r)A(1,a,r), (5.13)
ac{2,...,r—1huperms{hi,ho} }‘egﬁl’hﬁ [{h1,h2}]

which is nothing but the r.h.s. of the example (3.16), thus have to vanish. The only term
that survives is the graph (b) which contains no odd length chain

Z D[(b)]ﬂ,a,T’)A(l,a,r) = Z Z D[]:](l,a,r)A(l,a,r),
ac{2,....,r—1}w{h1,ho} ac{2,....,r—1}wperms {h1,h2} fegg;;l’hz} )
(5.14)

agrees with the r.h.s. of (5.3) with H = {hy, ho}.
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Example-2: H = {hy,ha,hs, hs}. Inspired by the previous example with s = 2, one
can expand all partial momentum kernels on the Lh.s. of (5.3) in terms of graphs for a
given reference order R. For the case H = {hq, ha, h3, ha}, the total length of all chains of
each expansion graph should equal to 4. On the other hand, the total length L%l of all
chains is given by

Ltotal — Lodd + Leven’ (5‘15)
where L°4 and LeV*" denote the total lengths of all odd- and even-length chains, respec-
tively. If a graph contains odd number of odd-length chains, the total length must be odd
according to the above equation. This conflicts with the fact L%l = 4. Therefore, the

number of odd-length chains must be even. In this example, each graph can contain 0, 2
or 4 odd-length chains. Thus for H = {hq, ha, h3, ha}, the Lh.s. of (5.3) is expanded as

> S DL, )AL @)

ac{2,...,r—1}wpermsH Fegix|0

LD >t D> )

ac{2,...,r—1hupermsH LFeG/*[{h1,ha}] FeG/*[{h1,hs}] FeG*[{h1,ha}]

+ Y+ D> Y DF(1,a,7)A(1, e, 7)

FeG®[{ha,hs}]  FeG[{ha,ha}]  FeG®[{h3,ha}]

+ > 3 DF(1,0,7)A(L,a, 7). (5.16)

ac{2,...,r—1}uperms H FE€G/*[{h1,h2,h3,hs}]

The last three lines vanishes due to the gauge invariance induced relation (3.15) with
A = {hs,h;} (hi,h; € H) and A = {hy, ho, h3, hsy} (the case with A = {h3,hy} and R =
{h1, ha, hs, hy} is explicitly given by the example (3.21)), while the first line is the r.h.s.
of (5.3) for s = 4.

General proof of (5.3). If H contains an arbitrary even number of elements (i.e., s is
even), the number of odd-length chains in any graph has to be even, as analyzed in the
s = 4 example. Thus the partial momentum kernel can be written as

SH[ae{z,...,r—umaH 2,...,r—1,aH] (5.17)
= > DMan+ Y S L)+
FeGi (o] {hiy hiy YCH FEGE [{hiy shin}]
+ Z D¥1(1,a,r). (for even s)

FegiHl
Then the combination of amplitudes on the L.h.s. of (5.3) turns to

> [Z PYl(Ler)+ > > DYI(1, 0, 7)
0]

ac{2,.,r—1} LFeg/® {hiy hiy yCH FeG®[{hi, ,hiy }]
wperms H

NI Z D[F](l,a,'r) A(L,a,r) (5.18)
FeGixH]

— 94 —



Every term in the above expression have the general form

E Z DY1(1,a,7)A(1,a,7). (for even s and j) (5.19)
[ A= {2,...,’/‘—1} ]_-eg{_‘a [{hzl hi27-~'7hi]’ }]
wperms H

If j # 0, the set {hj hiy,...,hi;} € H is nonempty. Such a term has to vanish due to the
gauge invariance induced relation (3.15) for the nonempty subset A with even number of
elements. The first term in (5.18) (the case j = 0) is given by summing over all graphs
consisting of only even length chains, which is the r.h.s. of (5.3).

5.2.2 The proof of (5.4)

The first nontrivial example of (5.4) for odd s is given by H = {hy, ha, h3}. Let us study
this case before the general proof of (5.4).

Example: H = {hq,h2,hg}. We expand the partial momentum kernels on the Lh.s.
of (5.4) in terms of graphs for a fixed reference order R = {h,(1), hy2), hp3)}- For a given
graph, the total length of all chains must be 3. As a consequence, the number of odd length
chains in each graph must be odd (in this example it can be 1 or 3). Thus the Lh.s. of (5.4)
for s = 3 is decomposed into

> [ oo+ + ]Dm(l,a,r)A(l,a,r)

ac{2,...,r—1}wpermsH “FeG/*[{h1}] FeG/¥[{h2}] FeG/[{hs}]

+ > 3 D1, e, 1) A(L, e, 1), (5.20)

ac{2,...,r—1}wperms H F€G/¥[{ h1,h2,h3}]

where each term on the first line vanishes due to the gauge invariance induced relation (3.15)
with A = {h;} (i = 1,2,3) (see the examples (3.17), (3.18) and (3.19) for R = {hq, ho, h3}),
while the last line vanishes because of the relation (3.15) with A = {hq, ha, hg} (see the
example (3.20) for R = {hq, ha, hs}). Hence all terms of the Lh.s. of (5.4) for s = 3 vanish
and the equation (5.4) for s = 3 is proven.

General proof of (5.4). If H contains an arbitrary odd number of elements (i.e., s is
odd), the number of odd length chains in any graph must be odd as shown in the s = 3
example. The graphic expansions of partial momentum kernels then read

SH[ae{Q,...,r—l}maH 2,...,r—1,aH}

=y S e+ Y > D (1,a,7) + ...

{hil }CH ng{f [{h’il }] {h’il ,hi2 7his}CH ]:E(J,’_Ia[{hil ,hl‘2 7hi3 }]
+ Z D1, a,r) (for odd s). (5.21)
FeG/FH]
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The combination of amplitudes in the L.h.s. of (5.4) leads to

> X tMen+ Y S pFan

aE{Q,...,T—l} {hil}CH }'egﬁ"[{hil}} {hi17hi27hi3}CH .Fegﬁ"[{hil,hh,hig}]
wperms H
4ot Z D[}—](La,r) A(l,a,n), (5.22)
Feg{fH]

in which, all terms must vanish due to the gauge invariance induced relation (3.15) for A
with odd number of elements. Thus the relation (5.4) is proven.

6 The equivalence between DF and CMS constructions of NLSM ampli-
tudes

The equivalence between DF and CMS constructions of NLSM amplitudes, i.e., the first
equality of (4.2) can be explicitly expressed by the following amplitude relation

S S SlplALen) = (-1)"2 Y Slolo]A(L,e,n), (forevenn)  (6.1)
ocSy_2 pel ocSy_2
where I is defined in section 4. In this section, we will prove the relation (6.1). The
identity (5.6) (as a consequence (5.4)) with odd s is crucial for the proof. To show the
pattern, let us first discuss the four- and six-point examples as a warmup.

6.1 Warm-up examples

Now we take the cases with n =4 and n = 6 as examples.

Four-point example. The simplest example is the four-point case, which have already
been discussed in [23] and [24]. The Lh.s. of the relation (6.1) for n = 4 is explicitly
written as

S[23|32]A(1,2,3,4) 4 S[32(23] A(1, 3,2, 4). (6.2)

Applying the relation (5.6) with H = {2} and H = {3} on the first and the second terms
respectively, we immediately get

— S[32]32]A(1,3,2,4) — S[23|23]A(1,2,3,4), (6.3)
which is the r.h.s. of (6.1) for four-point case.

Six-point example. The relation (6.1) for six-point amplitudes is much more nontrivial.
By substituting the six-point numerators of DF type (4.5) into the Lh.s. of (6.1), we get

> (5 lolp ={0(5),0(2),0(4),0B3)}] + Slolp = {o(5),0(3),0(4),(2)}]

oc€Sy
+S[olp={0(4),0(3),0(5),02)}] + Slolp = {o(4),0(2),0(5),7(3)}]
+ Slolp={0(3),0(2),0(5),0(4)} )A(1,0,n). (6.4)

To prove this expression equals to the r.h.s. of (6.1) with n = 6, we perform our discussions
by the following steps.
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Step-1.  Collect those terms with a same p. For example, if p = {2,3,4,5}, one finds that
the corresponding o in (6.4) can be

{5,3,4,2}, {5,3,2,4}, {3,5,4,2}, {3,5,2,4}, {3,2,5,4}. (6.5)

An interesting observation is that above permutations are those satisfying the ‘zigzag pat-
tern’: 0~ 1(5) < 071(4), 071(4) > 071(3) and 07 1(3) < 0~ !(2). For convenience, we define
the collection of such permutations by Z{2|3|4/5}:

Z{2[3[4]5} = {0 |0 € Sy s.t o t5) <o 4), o7 4) > 071(3), 0 71(3) < 0_1(2)} . (6.6)
Under this definition, terms with p = {2,3,4,5} in (6.4) then give rise

T(23[45) = Y S[o2,3,4,5]A(1,0,6). (6.7)
ocz{2|3/4/5}

Terms corresponding to arbitrary p can be obtained by relabeling the above expression

T(p(2)lp3)lp(4)[p(5)) = > SlalplA(1,0,6). (6.8)
o€Z{p(2)|p(3)|p(4)]p(5)}

All together, (6.4) becomes

> T(p(2)p(3)]p(4)|p(5)). (6.9)

PESy

Step-2. For a given p, we collect terms corresponding to those permutations o (o €
Z{p(2)|p(3)|p(4)|p(5)}) in which p(2), p(3) and p(4) have a same relative order. For in-
stance, in the case p = {2,3,4,5}, T(2|3|4]|5) then becomes

T(2|3]4]5) = [S[5,3,4,2|2,3,4, 5A(1,5,3,4,2,6) + S[3,5,4,2(2,3,4,5]A(1,3,5, 4,2, 6)
+ [5[5, 3,2,4/2,3,4,5]A(1,5,3,2,4,6) + S[3,5,2,4/2,3,4,5A(1,3, 5,2, 4,6)
+5[3,2,5,4]2,3,4,5A(1,3,2, 5,4, 6)}, (6.10)

where the first line gets contribution from permutations o € Z{2|3|4|5} with the relative
order {3,4,2}; the second and the third lines get contributions from o € Z{2|3|4|5} with
the relative order {3,2,4}. By means of the property (5.6) with (H = {5}), we write the
first line in the above expression as

—S5[3,4,5,2|2,3,4,5]A(1,3,4,5,2,6) — S[3,4,2,5|2,3,4,5]A(1, 3,4, 2,5,6). (6.11)
Similarly, the second and the third lines sum to
—5[3,2,4,5|2,3,4,5]A(1,3,2,4,5,6). (6.12)
If we define

Z{213,4,5} ={o|c € Syst o '(3) <o '(4) <o '(5), 07 '(3) <o (2)}, (6.13)
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the sum of (6.11) and (6.12) are further expressed by

T(2[34]5) = (-1)T(2)3,4,5) = (1) Y. S[o2,3,4,5/A(1,0,6). (6.14)
0€Z{2|3,4,5}

For the same reason, T'(p(2)|p(3)|p(4)|p(5)) for arbitrary p is written as

T(p(2)p(3)lp(4)lp(5)) = (=1)T(p(2)p(3) p(4), p(5)) (6.15)

= (-1 Slolp(2),p(3), p(4), p(5)]A(1, 0,6).
o€Z{p(2)|p(3),p(4),p(5)}

Therefore (6.9) turns to
(=1) > T(p(2)1p(3), p(4), p(5)). (6.16)
p€S4
Step-3.  Now we collect terms in the combination of amplitudes (6.16) for a given element
p(2) € {2,3,4,5}. In the case of p(2) = 2, we have

(-1 Y TRle)=(-1) > Y Slaf2,0(3),0(4),0(5)A(1, @, 6).
ocperms {3,4,5} ocperms {3,4,5} acZ{2|c(3),0(4),0(5)}
(6.17)

For each relative order o € perms {3,4,5}, the sum over a € Z{2|0(3),0(4),0(5)} means
summing over all possible permutations a € {2} w {0(3),0(4),0(5)} with a=(2) >
a™1(0(3)). When all possible ¢ € perms {3,4,5} are taken into account, according to
the relation (5.6) with H = {3,4,5}, the above equation converts to the sum of all terms
with a@ € {2} w{o(3),0(4),0(5)} st. a 1(2) < a~!(o(3)) for all ¢ € perms {3,4,5},
accompanied by a total minus. Hence, we arrive

(~1) Y T(20) (6.18)

ocperms {3,4,5}

= > T(2,0)

ocperms {3,4,5}

Z S12,0(3),0(4),0(5)|2,0(3),0(4),0(5)]A(1,2,0(3),0(4),0(5),6).

ocperms {3,4,5}

The cases p(2) = 3,4, 5 are obtained similarly. Finally, (6.16) becomes

Yo TRe)+ Y. TBe)+ Y. THAoe)+ Y. T(50)

ocperms {3,4,5} ocperms {2,4,5} ocperms {2,3,5} ocperms {2,3,4}
=Y Slolo]A(1,0,6), (6.19)
oES,

which is the r.h.s. of the equivalence condition (6.1) for n = 6.
To summarize the above steps, the six-point example for (6.1) is proved by

[Lhs. of (6.1) (for n=6)] = > T(p(2)|p(3)lp(4) p(5)) =(~1) D T(p(2)lp(3).p(4),(5))
pPESs PESs
=3 T (p(2),0(3),p(4),p(5)) = [r.h.s. of (6.1) (for n:ﬁ)}. (6.20)
pPES,
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6.2 General proof of the relation (6.1)

Now let us extend the six-point example to a general proof of (6.1). As in six-point example,
we introduce zigzag permutations for any given p € S,,_o by

Z{p(2)p(3)]---1p(27)p(2j +1),...,p(n—=1)} (6.21)
={olocS, 2,5t. 0 Hpn—1))>c"p(n—-2))>...0 7 (p(2j+2)) > 1 (p(2j +1)),
o Hp(2j+1)) <o N (p(2))),0 (p(24)) >0 (p(25 = 1))s---0H(p(3)) <o (p(2))}
(for j >0 and even n),

where the j = 0 case is understood as Z{p(2), p(3),...,p(n — 1)} = p. We further define a
linear combination of amplitudes

T(p2)]...[p(25)|p(2] +1),...,p(n — 1)) = > SlelplA(1,0,n),
€Z{p(2)]..|p(2)|p(2j4+1),-.sp(n—1)}
(6.22)

in which, the coefficients are momentum kernels. The six-point example (see (6.20)) implies
the following recursive relation between T'(p(2)|...[p(25)|p(2j +1),...,p(n —1)):

D T 1p(2)|p(2j + 1), pn — 1)) (6.23)

pESn—Q

=(=1) Y T(p@)l...1p(2j — 2)|p(2j — 1),...,p(n — 1)) (0 =Js n;Q> ’

PGSn_Q

The proof of (6.23) is provided in appendix B. We consider two boundaries of this relation:

(i) The upper boundary is j = 252, for which the Lhs. of (6.23) is

> pes, L (p(2)[p(3)[ ... |p(n —1)). In appendix C, we show that the collection of
all o corresponding to a same p on the Lh.s. of (6 1) is Z{p(2)|p(3)] ... |p(n—1)} (i.e.,

j = 252). Thus the Lh.s. of (6.23) for j = 252 is
S T(p@)IpB)] . Io(n — 1)) Z S SlalplA(1,0,m), (6.24)
PES,_2 €S, _2 pel

which is the Lh.s. of the equivalence condition (6.1).

(ii) The lower boundary is j = 0. In this case, the sum on the r.h.s. of (6.23) is given by

> T(p(2),p3),....,p(n=1)) = Y Slole]A(1,0,n) (6.25)

PESn—_2 ocSn—_2
which is nothing but (upto a factor (—1)%2) the r.h.s. of (6.1).

When we start from the upper boundary and apply the relation (6.23) by - 2 times, we
arrive the lower boundary with the correct factor (—1)%2. Thus the equlvalence condi-
tion (6.1) is proven.
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7 Conclusions

In this paper, we derived highly-nontrivial generalized BCJ relation (3.15) by imposing
gauge invariance and dimensional reduction on the graphic expansion of EYM amplitudes.
Two additional relations (5.3) and (5.4) expressed by partial momentum kernels are con-
sequent results of the gauge invariance induced relation (3.15). As an application, we
proved the equivalence between amplitudes constructed by three different types of BCJ
numerators. Thus the three approaches (Feynman rules, Abelian Z theory and CHY for-
mula) to NLSM amplitudes are equivalent to each other. This way we prove the CHY
formula of NLSM directly instead of relying on incomplete evidence, like the enhanced soft
behavior [46].

There are several further directions. (i) First, generalized BCJ relations induced from
the gauge invariance of multi-trace amplitudes deserves further consideration. (ii) Second,
it seems that the CHY-inspired dimensional reduction is not the unique way to reduce the
Lorentz invariants to pure Mandelstam variables. Along the line of unifying relation [47],
one can also turn the polarizations to momenta. In addition, other formulations of gauge
invariance identities were depicted in [26, 30, 43-45]. Thus it will be interesting to give a
more comprehensive understanding of the gauge invariance induced relations by consider-
ing [47] and [26, 30, 43-45].% (iii) As we have seen, the gauge invariance induced relations
bridge the DF type BCJ numerators of NLSM amplitudes and the compact CMS type ones.
Maybe they will help us to find compact polynomial BCJ numerators of YM amplitudes
which are independent of any reference ordering from that of DF type. We know the sum of
BCJ numerators of all possible reference orderings satisfy this requirement, but how about
more compact ones? (iv) Last but not least, gauge invariance induced relations can also
be considered in string theory, which may lead to new applications for string amplitudes.
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A All graphs for H = {hq, ho, h3}

When we choose the relative order R = {hq, ha, hs}, all possible graphs are given by figure 2.
The correspondence of graphs and the relative permutations oy is given by

{h1,ha,hs} : (al) ~ (a6); {h1,hs,he}: (bl) ~ (b6); {heo,h1,hs}: (cl)~ (c6);
{hg,hg,hl} : (dl) ~ (d6); {hg, hl, hg} : (61) ~ (66); {hg, hg, hl} : (fl) ~ (fﬁ)

8We thank Rutger Boels for helpful comments on this point.
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|{1 ..... r71]| ‘{1,..,,“1}‘ ‘{1 ..... rfl}‘ |{1 r—I}‘
(al) (a2) (a3) (ad)
hy ha hy hy ha hiy h ha Iy hy ha ha
|{1 ..... ,‘—1}| ‘{1,.“-—;}} [{1 ..... ,—1}‘ |{1 r—l}‘
(b1) (62) (83) (b4)
hy ha Ry By Ry hy By ks by hy ks
|{1 ..... ,,_1}| ‘{1...,,7-—1}‘ ‘{1 ..... 7—1}‘ |{1 7-1}‘
(e1) (c2) (e3) (c4)

I ho hy h ho hy h ha Iy hy ha hs
|{|,_.A,f71}| ’{1;..4,,-71}} M,...,rq}‘ |{1,..,.r71}‘
{d1) (d2) (d3) (d4)

I hy hs iﬂ>f13 I hy hy by hs
|{1,...,r 1}| ‘{1,...,T 1}‘ ‘{1‘...,7“ 1]‘ |{1 ..,r—l}‘
(el) (e2) (e3) (ed)
hy ha hia hy ha hs hy ha frs
|{1 AAAAA r—1}| ‘{1,4. f—i}‘ ‘{1 ..... r—l}‘
(f1) (f2) (f3)

Figure 2. All possible graphs with H = {hq, ha, h3}. Graphs in each row contribute to permutations
{2,...,7 — 1} w oy for a given relative order oy.

B Proof of (6.23)

To prove the relation (6.23), we consider the Lh.s. for a given j:

ST T 1p(2)]p(2] + 1), pln — 1), (B.1)
PESH_2

Assuming lyj—1 = {ia,i3,...,19;} with 2j — 1 elements is a subset of {2,...,n — 1}, we
can divide the set {2,...,n —1} into two parts {i2,43,...,42;} and its complement ly;_; =



{2,...,n—1}\{ia,13,...,425}. Then (B.1) can be arranged as

Y. T 1p2N)lp(2j +1),....p(n 1)) (B.2)
pPESH_2

- 3 > S T(a@)]--IpaC)lon(2i+ 1), pp(n—1) |

I2j71Q{2,...,n71} P AEPerms |2j71p36perms |2]._1

in which, the first summation is over all possible choices of the subset l5;_1 for fixed j, the
second and the third summations are given by summing over all possible permutations of
elements in lp;_1 and Igji For given ly;_1 and given p4 € perms lp;_1, we write the sum
over pp explicitly

> T(pa@)l..1pa(2i = 2)lpa(2i — Dlpa(2i)lps(2j +1),..., pr(n — 1))

ppEperms la;_1

- > > Slelpa, pplA(1,0,n). (B.3)

pBEperms laj_1 o€Z{pa(2)|...lpa(2j)lpB}

According to the definition of zigzag pattern (6.21), the sum over o in the above equa-
tion can be realized by the following two steps: (i) first fix a relative order o4 of

pa(2),pa(3), ..., pa(2]), s.t.,

oA {perms past.oy (pa(2i—1)) <o (pa(24)), 04 (pa(2) —2)) > 04 (pa(2j - 1)),

071 (pa(3) <03 (pa(2) (B.4)

and sum over all possible permutations & € o4 wpp s.t. o 1 (pp(25 + 1)) < o7 (pa(29)),
(ii) sum over all possible o 4 satisfying (B.4). Since pp and o 4 are permutations of elements
from two disjointed sets, the sums over them commute with each other. Therefore, (B.3)
becomes

Z[ Z Z S[apA,pB]A(l,a,n)], (B.5)

oA Lppeperms loj_; ocoAULpR, s.t.
T o pp(2j+1)) <o (pa(24))

where the first summation is taken over all o4 satisfying (B.4). For a given o4 satisfy-
ing (B.4), one can apply the relation (5.6) to the expression in the square brackets. Thus
the above expression evaluates to

S Y)Y ) Sialpa.pslA(1,0.1)]

ppEpPerms la;_1 oA 3 ”ef’A“Pf’ s.t. 4
o~ pa(2§)) <o (pr(2j+1))

HES 3 Slopa.pulA(L.am)

pp€perms la;—1 0€Z{pa(2)|--1pa(2i—1),04(25),pB}

=(=1) > T(pa@)..-1pa(2i = 2)|pa(2j — 1), pa(2j), p5),  (B.6)

ppEperms la;_1
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in which the second equality is obtained by considering the definition of zigzag permuta-
tions (6.21):
Z{pa(2)].--|pa(2i—1),pa(2j), p5} (B.7)
={olo € Sn-z,s.t. 07 (pp(n—1))>--- >0 (pp(2j+1)) >0 (pa(2§)) >0 (pa(2j - 1)),
o H(pa(2j=2)) >0 (pa(2—1)),0 " (pa(2i=3)) <o (pa(2j=2)),...,0 (pa(3)) <o '(pa(2))}
={olocoawpn,stoy (pa(2i—1)) <oi' (pa(2),04' (pa(25—2)) > 04 (pa(2i—1)),
03 (pa(3)) <03 (pa(2) and o (pa(25)) < o (ps (25 + 1))}

Consequently, (B.2) becomes

S T(p@)]1p@DIp(2j +1),... p(n— 1)) (B.8)
PESn—2
-y Y X S T(pa@)-lpa(2i=2)lpa(2i - 1), pa(24), p)|.

l2j—1C{2,....,n—1} pa€perms laj_1ppcperms l;_1

Now let us understand the summations on the r.h.s. of (B.8). Given ly;_1, we collect
terms with pa(25 — 1) = a, pa(25) = b, (for given a,b, € lyj_1) then obtain a term

) S Tl (2 - 2a, b, pp), (B.9)

parEperms lzj—3 ppcperms lg;—1

where we define lpj_3 = ly;_1 \ {a,b}. Correspondingly, we also have other terms in (B.8)
with distinct lo;_1 (identical loj_1 for the special case with pa(2j—1) = b, pa(2j) = a) but
a same loj_3 = loj_1 \ {z,y}, where pa(2j — 1) =z, pa(2j) = y for an ordered pair (z,y)
satisfying x,y € {a,b} Ulyj—1 = lgj_3. The sum of all such terms gives rise

> |z > )3

p s €Eperms la;_3 x,y€la;_3 {pa(2j-1),p4(27) }eperms {z,y} ppeperms la;_3\ {z,y}

Tloa ()] lpa (2] — 2)lpa(2) - 1), pA<2j>,pB>} . (B.10)

Defining pa(2j — 1) = ppi(2) — 1), pa(2) = pp(2), pp(2i +1) = pp(2j + 1), ...,
pp(n — 1) = pp(n — 1) and noting that for given ps € perms ly;_3 the other three

summations becomes ) | 0 i, 5+ We reformulate the above expression as
i

B’/ €perms
> > T(par(2)] .- lpa (27 —2)lppr)- (B.11)
P 4’ €perms IQj—3 P Eperms |2j,3
Summing over all possible choices of lpj_3 C {2,...,n — 1}, we finally express the r.h.s.
of (B.8) by

-1 > > Yo Tloa@)l-..lpar(2j —2)lps)

l2—3C{2,...,n—1} paseperms laj—3 p., cperms Ip;_3

— () S TG 10— DIp(2i — 1.9, (). (B.12)
PESH—2

Hence the relation (B.1) is proven.
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C Understanding the zigzag pattern of o for given p in (6.1)

We first show that, if a given p = {p(2),p(3),...,p(n — 1)} on the Lh.s. of (6.1) can be
considered as a permutation in (o) for some permutation o, the o must satisfy the zigzag

pattern, i.e., o € Z{p(2)|p(3)|...|p(n — 1)}. This can be understood as follows:

As defined in section 4.1, the element n is always considered as the last element in
both o and p, thus we have 0~ !(p(n—1)) < 0~!(n). Since there is no element between
p(n — 1) and n in the permutation p, according to the rule given in section 4.1 (see
the point (ii) below (4.3)), we deduce o1 (p(n —2)) > o~ (p(n — 1));

We now consider p(n — 2). In the permutation p, there is one element p(n — 1),
which satisfies o1 (p(n — 1)) < o~ (p(n — 2)), between p(n — 2) and n (note that
o1 (p(n —2)) < 07(n)). According to the rule given in section 4.1 (see the point
(i) below (4.3)), we deduce that o~ !(p(n — 3)) < o~ 1(p(n — 2)).

We further consider p(n — 3). Since o~ (p(n — 3)) < o= (p(n — 2)) and there is
no element between p(n — 3) and p(n — 2) in the permutation p, we must have
o (p(n—4)) > o (p(n — 3)), in accordance to the point (ii) below (4.3).

We turn to p(n —4). Since o1 (p(n—4)) > o= (p(n —3)), we should have o=*(p(n —
5)) < o~ (p(n —4)) due to the point (i) below (4.3)).

Repeat the above discussions, we find the general condition
p(2i+2) > 0N (p(25+1)), oM (p(2j+1)) <o N (p(24)), (for j>1). (C.1)

Thus the permutation ¢ must be in Z{p(2)|p(3)]...|p(n — 1)} for given p.

Conversely, we show that p must be in ['(¢) for any permutation a € Z{p(2)|p(3)|...|p(n—
1)}. This is because:

For any o € Z{p(2)|p(3)|...|p(n — 1)}, if o(a) = p(2j + 1) (0(a) € ), we must have
some b > a and ¢ > a s.t. o(b) = p(2j + 2) and o(c) = p(27). In the permutation
p, p(25 + 2) and p(2j) are the nearest elements on the r.h.s. and Lh.s. satisfying
a=012+1)<b=0c"12j) and a = o7 (p(2j + 1)) < c =0 (p(2j +2)). In
addition, there is no element between p(2j + 2), p(25 + 1) and p(2j), p(25 + 1) in the
permutation p. Thus the condition (ii) below (4.3) in section 4.1 is satisfied.

For any o € Z{p(2)|p(3)|...|p(n — 1)}, if o(a) = p(2j) (c(a) € o), we have two
possibilities.

— If the nearest element o(b) (and o(c)) on the LSH (and r.h.s.) to p(2j) in
permutation p s.t. b > a (and ¢ > a) has the form o(b) = p(2k) (and o(c) =
= p(2k) (and

o(c) = p(2k')) and o(a) = p(27) in p (because there must be odd numbers

p(2k")), we must have odd number of elements between o(b)

between two even numbers). Thus the condition (i) in section 4.1 is satisfied;
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— Assuming the nearest element o(b) (or o(c)) on the LSH (or r.h.s.) to p(2))
in p, which satisfies b > a (or ¢ > a) has the form o(b) = p(2k + 1) (or
o(c) = p(2k' + 1)), we always have p(2k + 2) (or p(2k’)), which is more nearer
to o(a) = p(27) in p and satisfies o= (p(2k +2)) > o 1 (p(2k + 1)) = o(b) >
o(a) = p(2) (or o= (p(2K")) > oL (p(2K + 1)) = a(c) > o(a) = p(27)). Thus
we return to the previous case.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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