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1 Introduction

A central question in the perturbative quantization of gauge field theories is to what extent
the gauge symmetry is preserved by renormalization. Intuition tells that in the absence of
anomalies, i.e. when the measure in the path integral is gauge invariant, the counterterms
required to cancel the ultraviolet divergences should be gauge invariant as well. A rigorous
proof of this assertion, however, is highly non-trivial due to the breaking of the gauge



symmetry required to quantize gauge theories (gauge-fixing procedure). The original gauge
invariance still survives in the Becchi-Rouet-Stora-Tyutin (BRST) [1-3] structure of the
gauge-fixed action Y) which remains invariant under infinitesimal variations generated by
the nilpotent BRST operator. At tree level, X' is a sum of a BRST exact part responsible
for the gauge fixing and the classical gauge invariant action which depends only on the
physical fields (gauge fields and matter) and is independent of the Faddeev-Popov ghosts.
The physical content of gauge invariance will be retained if this BRST structure persists
under renormalization. In particular, it will guarantee that the partition function obeys
Slavnov-Taylor identities at all orders of the perturbative expansion.

In addition, to preserve the key properties of quantum field theory, the BRST structure
must be compatible with locality. Namely, starting from a gauge theory with a locall
Lagrangian, both the BRST-exact and the gauge-invariant parts of the renormalized action
must be given by integrals of local Lagrange densities.

In the textbook examples of renormalizable relativistic theories, such as quantum elec-
trodynamics or Yang-Mills (YM) theory, the previous properties can be proven by “brute
force”: one first writes down all possible counterterms allowed by power counting and then
solves the equations for their coefficients following from the Slavnov-Taylor identities. The
last step required to bring the renormalized action into the BRST form is a field redefini-
tion. Positive canonical dimensions of the fields and the absence of any coupling constants
with negative dimensionality imply in these simple cases that the field redefinition must
have the form of a multiplicative wavefunction renormalization, whose coefficient is easy
to find, see e.g. [4].

In general the situation is much more involved. This is the case, for example, in
non-renormalizable theories (understood as effective field theories, EFTs) where one en-
counters coupling constants of negative dimension. In these cases an explicit solution of
the Slavnov-Taylor identities appears infeasible. Even if such solution were available, the
field redefinition bringing it to the BRST form could be nonlinear and arbitrarily compli-
cated, rendering a brute-force search for it hopeless. The same is true for renormalizable
higher-derivative gravity [5] where the canonical dimension of the metric is zero, implying
that its renormalization can be, and actually is, nonlinear. To study the consistency of
the BRST structure with renormalization in this type of theories one needs more powerful
methods.

It is well-known that the classification of possible counterterms arising in general gauge
theories requires computing the cohomology of an extended BRST operator [6-10] (see
also [4]). To be compatible with the BRST structure, the latter must consist of local?
gauge-invariant functionals of physical fields only. This was indeed demonstrated in [11-13]
for the EFT consisting of general relativity coupled to YM with semisimple gauge group
extended by arbitrary gauge invariant higher-order operators. These references use the

!That is represented as a sum of terms depending on fields and their derivatives at a point. This sum
can, in principle, be infinite provided terms with higher number of derivatives are treated perturbatively,
as it happens in effective field theories.

2The requirement of locality is crucial. Refs. [7-9] studying the BRST cohomology in general gauge
theories do not guarantee its locality and have to postulate it as an additional assumption.



advanced mathematical apparatus of local cohomology theory. Notably, for gauge groups
with Abelian factors they still leave room for non-trivial cohomologies different from gauge
invariant functionals which, if generated by divergences, would imply deformations of the
original gauge symmetry. Additional arguments must be invoked to forbid the appearance
of such counterterms in the studied cases [10].

The purpose of our work is to address the BRST structure of renormalized actions in
general gauge field theories admitting background field gauges. Our motivation is twofold.
First, we will provide a new, and we believe simpler, derivation of the results concerning
the renormalization of Einstein-YM theories and strengthen them for the case of theories
with Abelian subgroups. Second, our analysis covers a broader class of gauge theories not
considered in the classic papers [11-13]. This includes, in particular, the higher-derivative
gravity and gauge/gravity theories without relativistic invariance.

Non-relativistic gauge theories play a prominent role in condensed matter
physics [14-17] (see also references therein), investigations of non-relativistic Weyl invari-
ance and holography [18, 19], and may be relevant for particle model building [20-22]
(see [23] for a summary of extra motivations and results in non-relativistic gauge theories).
Furthermore, abandoning relativistic invariance (while keeping the gauge group of time-
dependent spatial diffeomorphisms) allows one to construct power-counting renormalizable
models of gravity in arbitrary spacetime dimensions including the phenomenologically in-
teresting case of (34 1) dimensions [24, 25]. The renormalizability beyond power counting
was established in [26] for a large subset of these gravity models, the so-called projectable
Horava gravities. It was assumed in [26] that renormalization preserves gauge invariance,
which was explicitly demonstrated only at one loop. One of the goals of the present paper
is to demonstrate the validity of this assumption to all loop orders and thereby complete
the proof of renormalizability of projectable Hotava gravity.

Our approach is based on the background field method [27-29] (see also [30, 31]), a
powerful tool for calculating the quantum effective action in gauge theories and gravity.
The main virtue of this method is that it preserves the gauge invariance of the calculations
even after gauge fixing. This is achieved by the introduction of additional external sources
— background fields — in such a way that the partition function remains invariant under
simultaneous gauge transformations of the variables in the path integral (“quantum fields”)
and the background fields. We denote this transformation “background-gauge transforma-
tion”. At the same time the quantum gauge transformations acting only on the quantum
fields are broken by gauge fixing and the path integral is well defined (at least perturba-
tively). The construction of background-covariant gauge fixing conditions is straightforward
in theories containing fields in linear representations of gauge groups with linear generators.
These conditions imply that the background-gauge symmetry is preserved by renormaliza-
tion which serves as a strong selection criterion for possible counterterms. This method
greatly simplifies the renormalization of coupling constants in the one-loop approximation
after the background fields are identified with the mean value of the quantum fields [32-34].
In this case the counterterms take a manifestly gauge invariant form.

Beyond one-loop the situation becomes more complicated. The subtraction of sub-
divergences necessary to eliminate the nonlocal infinities requires counterterms where the
quantum fields are distinct from the background fields. Background-gauge invariance is



not sufficient to completely fix the structure of such counterterms and the BRST struc-
ture associated to the quantum gauge transformations must be exploited, as is done in the
cases of gauges without background fields [35-39]. In practical calculations these coun-
terterms can sometimes be avoided by subtle methods that have been developed for YM
and relativistic gravity. However, these techniques generically feature nonlocal divergences
at intermediate steps of the calculations, that cancel only in the final quantities evaluated
on-shell [40-44]. The presence of nonlocal divergences makes these methods inappropriate
for a general analysis of renormalizability. More recently it has been advocated [45] that
the use of a background gauge combined with the standard subtraction scheme provides a
valuable tool for such analysis (see also [46, 47]). This reference uses the Batalin-Vilkovisky
formalism [48-51] to prove the existence of a canonical transformation bringing the renor-
malized action to the BRST form. However, this requires introducing background field
counterparts for all quantum fields of the theory including Faddeev-Popov ghosts and,
moreover, the addition of Batalin-Vilkovisky antifields for all background fields. Such pro-
liferation of objects makes the construction rather baroque and obscures the subtleties of
the derivation.

In this paper we adopt a different strategy and proceed along the lines of traditional
cohomology analysis. Our key finding is that the background-gauge invariance greatly
facilitates the computation of the local BRST cohomology. The latter reduces to coho-
mologies of a few simpler nilpotent operators that are readily computed using elementary
algebraic techniques. The resulting constraints on the form of the renormalized action
imply that, upon an appropriate field redefinition, it acquires the desired BRST form (a
local gauge-invariant functional plus a BRST-exact piece). The argument does not involve
any power-counting considerations. When available, such considerations lead to further
refinements which we discuss. We keep track of locality at all steps of the derivation.

Our proof applies to theories characterized by the following properties: the gauge
algebra is irreducible and closes off-shell; the gauge generators depend on the fields at most
linearly; the structure functions are field independent. These conditions ensure that the
theory admits a convenient background-covariant gauge fixing. Additionally, we assume the
absence of anomalies and locality of the leading ultraviolet divergences (ones that remain
after subtraction of subdivergences). The latter requirement should not be confused with
locality of the BRST decomposition, which is not postulated a priori, but is derived from
the previous assumptions.

The above class is quite broad. It encompasses renormalizable and non-renormalizable
(effective) theories with Abelian and non-Abelian gauge groups, general relativity and
higher-derivative gravity. In addition to the standard relativistic versions of these theories,
it also includes their non-relativistic generalizations [24, 25, 52-54]. As a corollary of our
general result we establish for the first time the compatibility of the BRST structure with
renormalization in projectable Horava gravity [24, 25] which completes the proof of its
renormalizability. A notable example that is not covered by our study is supergravity
where the gauge algebra closes only on-shell.

3For N = 1 supergravity in four spacetime dimensions, the off-shell closure of the algebra can be achieved
by introduction of auxiliary fields, but then the generators become nonlinear in the fields [55].



While various ingredients of our analysis have already appeared in the literature, to
the best of our knowledge, they have never been put together. To make the presentation
self-contained we review these ingredients in the relevant sections. Several concrete exam-
ples aim to illustrate the physical content of the general result. For simplicity we focus
throughout the paper on theories with bosonic gauge parameters.

The paper is organized as follows. In section 2 we describe our assumptions, introduce
the background gauge fixing and formulate our main result (section 2.4). In section 3 we
illustrate its implications on several examples. We discuss explicitly the standard renormal-
izable YM in (3+1) dimensions, relativistic higher-derivative gravity in (3+1) dimensions,
projectable Hotava gravity in general dimensions and general relativity in (3 4+ 1) dimen-
sions (understood as an effective theory). In section 4 we turn to the proof of our general
result and derive the equations satisfied by the effective action as a consequence of the back-
ground and quantum gauge invariances. These equations are used to analyze the structure
of the divergent counterterms in section 5, which is the central part of the paper. Here
we formulate the cohomology problem and use the background-gauge invariance to split it
into several subproblems. Solving them we fix the structure of the renormalized action and
demonstrate existence of a field redefinition that casts it into the BRST form advocated
in section 2.4. This completes the formal proof. Section 6 is devoted to one more example
— the O(N) vector model in (1 + 1) spacetime dimensions written as an Abelian gauge
theory. This example is interesting as it features nonlinear wavefunction renormalization,
being at the same time simple enough to admit an explicit treatment. We verify at one
loop that the counterterms in this theory have the structure determined by the general
argument. We conclude in section 7. Appendix A contains the derivation of the Slavnov-
Taylor and Ward identities for the partition function. In appendix B we prove a lemma
about the cohomology of an operator appearing in our analysis. Some formulae used in
the computation of the effective action of the O(N) model are summarized in appendix C.

2 Assumptions and proposition

2.1 Gauge algebra

We consider a theory with local gauge and matter fields %, where a is a collective notation
for all indices and the coordinates. The theory is described by the action S[¢] which
is an integral of a local Lagrangian density L£(y). The latter is expanded as a sum of
terms depending on the fields ¢® and their finite-order derivatives at a given point.* The
action S[p] is invariant under gauge transformations with local bosonic parameters . The
transformations are assumed to have at most linear dependence on the fields,

6S[¢]

5.0 = R () e®, R%(p) = P%+ R%.¢", R%(¢) 500

=0, (2.1)

4Throughout the text the dependence of local functions on the fields and their finite-order derivatives
will be denoted by round brackets, while square brackets will denote the functional dependence of integral
quantities with local or nonlocal integrands.



We further assume that the gauge algebra closes off-shell,

[0c, 8y] " = 0", (2.2)

where
B

«

¢t =C%e"n7, (2.3)

and C’O‘ﬁy are field-independent structure functions. The closure condition implies the
relations,

R%, Ph% — R4, P", = PLC7 o, (2.4a)
R%, R’.5 — RYs R’ = R .CT. 5. (2.4b)
In addition, C’O‘m obey the Jacobi identities,

o g _
3 C v =05 (2.5)

where the square brackets mean anisymmetrization over the respective indices.
Next, we require that the set of gauge generators R% () is locally complete and irre-
ducible. These properties are defined as follows:

i) Local completeness [51, 56]: any local operator X () satisfying the equation
«

08
e X% =0, (2.6)
is represented as a linear combination of the gauge generators and equations of
motion,
08
X =RV + ) el (2.7)

where Yaﬁ and L[f ol are local and Ig’ al is antisymmetric in its indices. The locality
condition means that YO’? and Ig) 9l are non-zero only if the coordinates corresponding
to B and « or a, b and « coincide.

(1) Irreducibility [48-50]: let ¢§ be a solution of the equations of motion, so that

S
Ot

(#0) = 0. (2.8)
If a gauge parameter £* satisfies the relations
R, (po)e* =0, (2.9)

then €% = 0. In other words, gauge transformations act non-trivially on on-shell
configurations.



The class of theories described above is quite broad. It includes, in particular, rela-
tivistic Abelian and non-Abelian gauge theories together with their extensions by higher-
derivative operators, general relativity and relativistic higher-derivative gravity, e.g. [5].
Moreover, it contains non-relativistic generalizations of these theories. Some examples are
discussed in section 3 and in section 6. As we mentioned, a notable exception from this
class is supergravity, both due to the fermionic nature of the gauge parameter and openness
of the gauge algebra.

For the sake of clarity, we focus in what follows on theories where all fields ¢ are
bosonic. The inclusion of fermionic matter fields is straightforward, but would complicate
the formulae by additional (—1) factors.

2.2 Background gauge

To quantize the theory we need to fix the gauge. We introduce the background fields® ¢®
and choose the gauge fixing function x*(¢, ¢) in such a way that it transforms covariantly
under simultaneous local gauge transformation of ¢® and ¢® with the same parameter
but their own generators R%, () and R%,(¢) respectively,

0o = R, (p) €%, 0:0" = R, (4)e™ . (2.10)
Covariance of x* under the transformations (2.10) implies,
ox®
dp®
We will refer to (2.10) as “background-gauge transformations” and to x“(p, ¢) as “back-

o _ Ox*
=3

% 0ep” + 00" = —C% X e . (2.11)

ground-covariant gauge conditions”. We further choose x“ to be linear in the difference
(" = 9),
X (0, 0) = X3 (8) (¢* — ¢%) . (2.12)

The gauge-fixing function is assumed to be local in space-time, i.e. it depends only on the
values of the fields and their derivatives of finite order at a point.

The gauge fixing is implemented by the BRST procedure [1-3] (see also [4]). Labelling
anticommuting ghosts w®, antighosts i, and the Lagrange multiplier b, with the condensed
gauge index «, we define the standard action of the BRST operator s

sp® = R (p)w™, (2.13a)
1
o o B
swt = §C’ gy W W (2.13b)
80 = ba (2.13¢)
sby = 0. (2.13d)

The closure conditions (2.4), (2.5) imply that s is nilpotent. The background fields ¢
are invariant under the action of s. Next, we introduce two sets of anticommuting aux-
iliary fields 7., 2% and a commuting field {,. They are also invariant under the BRST

SFor bosonic gauge algebras that we consider in this paper, it is sufficient to introduce background
counterparts to bosonic fields only, even if the theory contains fermionic matter.



transformations generated by s. We define the gauge fermion as
1
olp0,, 07,61 = @ (XN = 0% = J07(0)83 ) = (6" = 6) 4 Gos® . (2:14)

Here Oaﬂ((b) is an invertible local operator that can, in general, depend on the background
fields® and transforms covariantly under the background-gauge transformations. Finally,
we construct the gauge-fixed action,

20[4,0,(4),(.:),[), (bv’ya ga ‘Q] = S[SD] + QWO ’ (215)

with
1)
doo

Following [35-39] we have extended the usual BRST operator in such a way that it controls

Q=s+0" (2.16)

not only the field BRST transformations but also the variation of the gauge-fixing term
under the changes of ¢. Clearly, @ is nilpotent due to the anticommuting nature of 2°.
Explicitly, the action (2.15) reads,

Solr0,,b,6,71:¢, 2] = 5101+ bax@(8) (" — 6) = 20°(9) babs — B X3(6) Ri(i0) ?

1 508
2 5¢c

Xy
Yo

1 ~
+ YR (0) w* + ) Ca aﬁy wlw? + %, (o — ¢)b - X — bg| + 2% .

(2.17)

One recognizes the gauge fixing part (second and third terms in the first line)” and the
Faddeev-Popov action for the ghost-antighost pair (last term in the first line). The second
line collects the dependence on the auxiliary fields v,, (, and 2. Notice that v, and (,
couple as sources to the BRST variations of ¢p® and w® respectively.

In view of the nilpotency of @ the gauge-fixed action is BRST-invariant,

QX =0. (2.18)

This equation will be used below to derive the Slavnov-Taylor identities constraining the
ultraviolet divergences. Also, for background-covariant gauges of the above type, ¥, and
Yo have an additional symmetry: they are invariant under background-gauge transforma-
tions (2.10),

0¥ =0, 6:20=0, (2.19)

if simultaneously with % and ¢* we transform all fields in the appropriate linear represen-
tations:

0cYa = =R uat®, 6w = —C%, wPe, 6.0 = (3Ch 7, 0.02% = R%, 2%, (2.20)

5This dependence is, in fact, inevitable in gravity (see section 3).
"Gaussian integration over the Lagrange multiplier b, gives a familiar gauge breaking term % X"‘O;ﬁl x°
with the weighting factor inverse to O%%.



and similarly for w, and b,. Note that for theories with diffeomorphism invariance w®
transforms as a contravariant vector, whereas @y, by, Va, (o are vector/tensor densities.
Finally, the action (2.17) possesses a global U(1) symmetry corresponding to the ghost
number with the following assignment of charges:

gh(p) =gh(¢) =gh(b) =0,  gh(w) =gh($2) =+1,

-8 (2.21)
gh(w) = gh(y) = -1, gh(¢) = —2.

Using (2.17) as the tree-level action and introducing sources coupled to the “quantum”
fields (¢, w,w,b) we write the “bare” generating functional for connected graphs,

WolJ, &, &,y,0,7,(, 2] = —hlog/qu exp [— %(Zo + Jo (" — ¢%) + Eqw® + £ + yo‘ba)] .

(2.22)
Here we have collectively denoted all quantum fields by @ in the integration measure and
explicitly included the Planck constant A as a counting parameter for the order of the loop

expansion.®

2.3 Absence of anomalies and locality of divergences

We impose two more conditions on the theory. First, we postulate the absence of gauge
anomalies, i.e. the existence of a regularization prescription that preserves the gauge invari-
ance of the functional integration measure. This is achieved by dimensional regularization
in many cases.

Second, we require that a variant of the standard subtraction scheme (e.g. minimal
subtraction) [57] eliminates all nonlocal divergences. Let us expand on this point. In the
standard scheme the counterterms are constructed inductively in the number of loops L
or, equivalently, in the powers of h. Let us assume that at order O(h%~1) we have already
constructed the renormalized action

L—1
Sp=Y0+ Y K, (2.23)
=1

where X is the tree-level action (2.17) and Zlc are divergent local counterterms. This ac-
tion is such that the generating functional W, defined by the formula analogous to (2.22)
with the replacement Xy — Y71 produces Green’s functions that are finite at (L—1) loops.

Next, we introduce the mean fields? as functional derivatives of the generating func-

tional with respect to the sources,'”

SW W, W SW

=5 (wo‘>_E, <wa>:6§7a’ <ba>:@, (2.24)

8Throughout the paper we work with Euclidean field theory and use the corresponding definition of the
generating functional. As the operator O%# in (2.17) is usually chosen positive-definite, the convergence of
the path integral requires that the integration in b, runs along the imaginary axis. This subtlety does not
affect our analysis.

9These should not be confused with the background fields ¢°.

10We fix the sign of the derivatives with respect to the anticommuting variables by placing the differential
on the left, df = dff’(0).



and define the effective action I" as the Legendre transform of W,

L[{e)s (), (@), (8), 6,7, ¢, 2] = W = Jo({9?) = ¢7) = Ealw®) — €¥(@a) — y*(ba) . (2.25)
Clearly, it satisfies,

or or _
— _Ja , — =€&a = £« s o 226
5% < ¢ (2:26)

S {w®)
The (L — 1)-th order effective action has the form

Ipy=%g+ Y WY, (2.27)
=1

where FSZI is the contribution of diagrams with [ loops. By the assumption of the induction

step, all terms I” gzl with [ < L — 1 are finite and the divergence of the L-th term,

I = Tooclle), (), (@), (8), 6,7, ¢, 2] (2.28)

is local. Then the counterterm Zg is identified with —I o, where the mean fields are
replaced by the quantum fields,

EL[QDa w, W, ba Qb, 7> Ca Q] = EL—I - hLFL,OO[Soa w, W, b> (Z)v e g> Q} . (229)

According to the standard theorems [57] (see [58] for the generalization to theories with-
out Lorentz invariance), this subtraction removes the L-loop divergences, as well as all
subdivergences in (L + 1)-loop diagrams.

In relativistic gauge theories with Lorentz-covariant gauge fixing, this guarantees that
the remaining divergence of order O(A*1!) in the effective action Iy, is local and the sub-
traction can be repeated at the (L + 1)-th loop order. The situation is less straightforward
in the absence of Lorentz invariance [26] and the locality of the remaining divergences must
be verified in every given theory. It was shown to hold for non-relativistic YM theories with
anisotropic (Lifshitz) scaling and projectable Hofava gravity [26]. In the present paper we
postulate it as a property of the class of theories under study.

To avoid cluttered notations, we will omit the averaging symbols on the arguments of
the effective action I" in what follows.

2.4 Proposition: BRST structure of the renormalized action

We will show that a slight modification of the subtraction prescription by the inclusion
of additional local terms of order O(AF*1) on the r.h.s. of (2.29) leads to a renormalized
action X, that preserves the BRST structure. More precisely, our result is formulated as
follows.

Let us denote the fields coupled to the external sources J, ¢ by ¢, @ and consider local
field reparameterizations of the form,

()5& = @%(@)wafbaﬁlv(’g) w* = LD%(Q0,0),QZS,’S/, ¢, 'Q) 5 (230)

,10,



where we have introduced the combination

ﬁ/a = Ya — (Daxg(qb) (2'31)

that will play an important role below. Upon the field redefinition the L-th order generating
functional reads,!!

WL[‘L §>£7y3¢577<7 Q] = _hlog/déexp |:_711<2L+Ja(@%_¢a)+gaw%+£awa+yaba>:| .

(2.32)
We will demonstrate the existence of a field redefinition (2.30) such that Xy, takes the form,
EL[<)07 w,w, ba ¢7 Vs <7 ‘Q] = SL[SD} + Q vy, [307 w, W, ba (Z)v Y, Ca ‘Q] ’ (233)

where S [p] is a gauge invariant local functional and the BRST operator @ has been defined
in (2.16). The gauge fermion ¥y, is a local functional with ghost number (—1) which is
invariant under background-gauge transformations (2.10), (2.20) and has the form,

. X 1
lADL - wL[‘Pa w, ¢?’Y7 Ca Q] - 5 won /B((b)bﬁ ) (234)
where
U, = —Ya(¢" — ¢%) + Caw™ + O(h) . (2.35)
Further, the reparameterization (2.30) itself is generated by the gauge fermion,
- o, - ovr,
a _ ga a_ "4 2.36
SDL ¢ 570‘ Y wL 6<a ( )

Together with (2.35) this implies that at tree level ¢, @ coincide with ¢,w and the gauge
fermion ¥, coincides with the expression (2.14). Thus, we recover (2.22) at tree level.

Egs. (2.32)(2.36) represent a generalization of the construction described in section 2.2
that is forced on us by renormalization. Notice that the sources .J,, & now couple to
composite local operators that in general depend not only on the quantum fields, but also
on the external backgrounds ¢%, 7., (s, 2%. Nevertheless, this is not problematic due to
the property (2.35), (2.36) that ensures linearity of the coupling at leading order in .

We will see in section 3 and section 6 that in many interesting theories, that are
typically renormalizable, power counting considerations strongly restrict the dependence
of the renormalized gauge fermion ¥ on the auxiliary fields. Namely, in these cases Uy is
independent of 2 and can depend on 4,, (, only linearly,

Uy, = —3.U" (¢, 8) + Caw Vi3 (0, 8) | (2.37)
with
L
U =" — ¢+ Z hluza(% ®), (2.38a)
=1
L
Vig =05+ Nvude0). (2.38D)

=1

"'We disregard the functional Jacobian \5@/ 0®| which gives a contribution to the Lagrangian of the form
> On0...006(0) with some local operators O,. Such contributions vanish in dimensional regularization.
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Correspondingly, the field redefinition (2.36) bringing the counterterms into the BRST-
invariant form simplifies to

G ="+ U (0, 0), @F =Vi5(p,0)w’. (2.39)

In this case it does not involve the auxiliary sources 7,, o, 2%

3 BRST structure for selected gauge theories

In this section we illustrate the notions and results described above on several gauge theories
and discuss restrictions imposed on the structure of divergences by power counting in
renormalizable cases. Together with a few well-known examples we consider the case of
projectable Hotava gravity whose BRST structure is studied here for the first time. Readers
interested in the general proof can skip this section and proceed directly to section 4.

3.1 Relativistic Yang-Mills in (3+1) dimensions

As a first example, we consider the standard YM theory in (3 + 1) spacetime dimensions.

It has been already studied using an approach similar to ours in [35-39]. Let us start by

expanding the condensed notations,'?

ot = Az(m) , €% el(z) (3.1a)
RY, s fiok 6, 0(x —x1) 0(x — x2), P s 5% 0uo(x — 1), (3.1b)
By IR 5(x — x1) 6(z — x3) | (3.1¢)

where AL(J:‘) is the usual Yang-Mills field, i is the color index and f“* are the totally
antisymmetric coordinate independent structure constants of the gauge group. We next
introduce the background field BL(:C) and the gauge-fixing function,

X® > O(A], = By) + [UEBI(AL — Bj) = Dy (A, = By,) - (3.2)

Introducing the Faddeev-Popov ghosts w’(x), antighosts @'(x), the Lagrange multiplier
bi(x) and the BRST sources
Yo =AM (), (o CHz), 2% QZL(x) , (3.3)

we obtain the gauge-fixed action,

4 i TV 7 7 A i1 —1 7
by :/d xLWFWF# + VDl (4], = B) — 5V + Difp @' Dy
(3.4)

+ YD 4w’ + 5(’ fikIigk 4 QLD?A)W + Q2

12Where no confusion is possible, we keep a condensed notation for space-time coordinates as  and their
delta functions as §(z).
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The constant g is the gauge coupling and « is the gauge-fixing parameter. The field strength
and covariant derivatives are defined in the standard way,

F., =0,A, - 9,A, + f@'jkA{LA’; , (3.5a)
D(A)Mwi = auwi + fijkAZka , (3.5b)

and similarly for D A)Haﬂ'. The B-covariant derivative D( B)#aﬂ' is given by an expression
analogous to (3.2). Clearly, the action (3.4) is invariant under gauge rotations of all fields
accompanied by simultaneous gauge transformations of AL and BL: these are precisely the
background-gauge transformations introduced in section 2.2.

An important property of the YM theory is renormalizability. Its key prerequisite are
restrictions imposed on divergences by power counting. The scaling transformations,

i AL — aAL , (3.6)

where a is an arbitrary positive constant, leave the classical YM action invariant. We
will say that A7 has scaling dimension (+1), whereas the dimension of z# is (—1). The
rest of (3.4) will be also invariant if we simultaneously scale all fields with the following
dimensions,

[4]=[B=w]=1=1, W=h"=[(1=2]=2. (3.7)

The textbook analysis of divergent Feynman diagrams shows that the scaling dimensions
of local counterterms needed to cancel the divergences do not exceed 4. Comparing with
the BRST form (2.33) and taking into account that the generalized BRST operator Q
increases the scaling dimension by 1, we conclude that the dimensions of local operators
entering into the renormalized gauge fermion ¥ do not exceed 3. Recalling further that
the ghost number of 7 is (—1) we write down the most general expression compatible with
these requirements,

P[A.w, B.4,(] = / dlz (— 4 UL(A, B) + Cwl V) | (3.8)

where V% are dimensionless constants, while Uﬁ depends on AL and BL at most linearly.
We observe that ¥ does not depend on (2 and is linear in 7 and ('. As discussed in
section 2.4, this implies that the field redefinition needed to bring the counterterms into the
BRST form is independent of the auxiliary BRST sources, see (2.39). Positive dimensions
of the YM field and ghosts further constrain this reparameterization to be linear.

3.2 Higher-derivative relativistic gravity in (341) dimensions
The fields describing relativistic gravitational theories are identified as follows:
" = gw(x), & = e(a), (3.9)

where g, (z) is the spacetime metric and e#(z) is a vector field generating infinitesimal
diffeomorphisms. The gauge transformations read,

OeGuv = 5’\8,\9#,, + g,M&,e’\ + g,,,\é?ue’\ =Viguer +Vigueu, (3.10)
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where in the last equality we have lowered the indices using the metric g, and introduced
the covariant derivative V(,y constructed using this metric. The expression (3.10) implies,

R, =060 [67 (Oa6(x—1)) 6(z—x2) + 656 (x—21) D0 (x—x2) |+ 60056 (2 — 1) 8,0 (2 —12),
(3.11a)

Pt =0, %y = O8O(x — 1) D6 (x — x2) — 68 (0 (2 — 21)) 6(x — x2) . (3.11b)

We focus on the theory in (3 + 1) dimensions including up to 4-th order derivatives of the
metric. The classical action reads
1 A
S = /d4a: lg] {f%RWR’“'—i-

2= sR+ 5 (3.12)

f22 2K
where |g| is the determinant of the metric, R, is the corresponding Ricci tensor and
R = R,,g" is the Ricci scalar; f£, f2, k? and A are coupling constants. The quantum
properties of this theory were first analyzed in [5]. The fact that the action contains fourth
derivatives of the metric entails well-known problems with the physical interpretation of
the theory [59]. However, this issue is irrelevant for our purposes.

Introducing the background metric g, () we consider the gauge fixing function,

Xa = XM - gu)\gyplj(g)v(g)u(g/\p - gx\p) ) (3'13)

where V(g) and D(g) stand for the covariant derivatives and d’Alembertian constructed
from the background metric. Introducing the fields of the BRST sector,

w* = wh (), @Wo = wu(r), bo—bu(x), Yo Y"(2), (o Culz), 29 Qu(x),
(3.14)

and the operator O®?,
g

Vel

Oaﬁ — — D(g)é(.%' — xl) R (3.15)

we arrive at the gauge-fixed action,

gh
Vel

+ (V(g)/twv+v(g)ku) +C#w)‘8,\w“ + A"

5 * S0 (70 )}
+ 2,0 [ + — O b . 3.16
e 09 208w g @) (310)

We have not expanded the variational derivatives in the last term as the corresponding

«
>0 = Slowl + / d4x{b“xu + 5 b= =0y b + (V@) 80" D) (V ()20 + ¥ (g)p0)

expressions are rather lengthy and not informative. The background-gauge transformations
correspond to diffeomorphisms,
ot — ot + et (x) (3.17)

under which g,., 9., w*, £2,, transform as tensors, whereas @, b,, Y*¥, ¢, transform as
vector/tensor densities. For example,

Sowh = W — wrdre! | (3.18a)

ey = £20rwy, + WO + w00 (3.18b)
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and similarly for the rest of the fields. It is straightforward to see that this is a symmetry
of the action (3.16). The fact that b, is a covariant vector density explains the unusual
placement of \/@ in the denominator of the operator (3.15).

The four-derivative terms in the classical action (3.12) are invariant under rescaling

zh s a et
with the metric g,, kept intact. The same is true for the BRST-exact part of (3.16) if we

assign the following scaling dimensions,

9] = o] = W' = [0, =0, [b)=[Qu]=1, [¥W]=I[l=3. (3.19)

As in the case of YM, it can be shown'? [5] that the power-counting restricts the scaling
dimensions of counterterms in the Lagrangian to be less than or equal to 4. This again
constrains the dependence of the gauge fermion on the auxiliary fields. We observe that
the BRST transformations increase the scaling dimension of all fields'4 by 1. This implies
that ¥ should contain local operators of dimensions not higher than 3. Also, their ghost
number must be equal to (—1). Taking into account the scaling dimensions (3.19) and the
ghost charges (2.21) we obtain the most general expression,

~

Flg,w,9,4, (] = / Az (= 4 Uy (g,9) + G V2 (g,9)), (3.20)

where Uy, V' are dimensionless functions of the quantum and background metric fields
that transform covariantly under background diffeomorphisms. We observe that, similarly
to YM, ¥ is linear in the BRST sources ~v and (. However, since the scaling dimension
of both metrics is zero, the coefficients in (3.20) can depend nonlinearly on g, and g, .
This implies that the field redefinition (2.39) required to restore the BRST structure of the
renormalized action is genuinely nonlinear, cf. [5].

It is worth noting that the original proof of renormalizability of the theory (3.12)
presented in [5] is tied to specific gauges where the structure of divergences is particularly
simple due to some special features of the action. For more general gauges, ref. [5] took
the cohomological structure of divergences as an assumption. Our results provide a proof
of this structure for a general background gauge and, in this respect, complement the
analysis of [5].

3.3 Projectable Hofava gravity in (d + 1) dimensions

Consider a (d + 1)-dimensional spacetime with Arnowitt-Deser-Misner (ADM) decomposi-
tion of the metric,

ds? = N?dt? + g;;(dx" + N'dt)(dx? + N7dt) , (3.21)

13The choice of gauge (3.13) is important for the argument. Tt ensures that the propagators of the metric
perturbations and ghosts fall off as the fourth power of momentum and as a consequence the degree of
divergence of Feynman diagrams is consistent with the naive power counting.

1n this case it is due to the presence of derivatives acting on the transformed field, rather than the
non-zero dimension of ghosts as it happens for YM.
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where the indices i,j = 1,...,d denote spatial directions;'® they are raised and lowered
using the spatial metric g;;. Let us impose the so-called “projectability” constraint that the
lapse N is not dynamical and fix N = 1. This constraint is compatible with a subgroup
of time-dependent diffeomorphisms along spatial directions. Thus, the fields and gauge
parameters are identified as follows,

o = gi;(t, x), Ni(t,x) , e = 5i(t,x) . (3.22)

The gauge generators and the structure constants are given by the corresponding reduction
of egs. (3.11). The classical action is taken in the form [24, 25],

1 -
5= / dtdx/Jg] (KK — AK? + V(giy)) | (3.23)
where 1
Kij = 5(%’ = V()ilNj = V(g); Ni) (3.24)

is the extrinsic curvature on the constant-time slices and K = Kj; g% is its trace. Here dot
denotes derivative with respect to time and covariant derivatives V) are constructed using
the spatial metric g;;; x and A are coupling constants. The potential V contains all local
terms invariant under spatial diffeomorphisms that can be constructed from the spatial
metric g;; using no more than 2d spatial derivatives; generically, it is a finite polynomial of
the d-dimensional Riemann tensor and its covariant derivatives. Clearly, the action (3.23)
does not possess Lorentz symmetry. On the other hand, its highest-derivative part is
invariant under anisotropic (Lifshitz) scaling transformations,

x—a 'x, t—a %t (3.25)

with the scaling dimensions of the fields,
l9i]=0, [N]=d-1. (3.26)

Note that different components of the gauge fields (the components of the ADM met-
ric (3.21) in this case) have different dimensions which is a common situation in theories
with Lifshitz scaling.

A background-gauge fixing procedure compatible with the scaling symmetry (3.25)
was constructed in [26]. We introduce the background fields g;;(t,x), (¢, x) and the

combinations

hij = gij —6ij, n'=N -0, (3.27)
Then the gauge-fixing function reads,
& =yt = Dt + %O’jgkl (V(g)khlj — Av(g)jhkl) , (3.28a)
where
Dy’ =i — MV (gpn’ + Vg n® (3.28b)

5We do not use color YM indices in this subsection, so there should be no confusion with the notations
of section 3.1.
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and the operator O% has the form,'%

07 = (=1)"'VE VR (A g)e” + EV(n Vi ) Vigkss - Vg - (3.28c¢)

Here the covariant spatial Laplacian A, and all covariant derivatives V(4 are defined
using the background metric g;; with their indices raised and lowered using the same
metric; the constants « and & are gauge parameters. This gauge fixing term satisfies
all the requirements formulated in section 2.2: it is linear in the difference between the
quantum and background fields, and covariant under simultaneous gauge transformations
of these fields.

We now introduce the rest of objects entering in the BRST construction,

W = W (X)), Da = @i(t,X), by = bi(t,x) 0% \/OéﬁOijé(t —to(x —x'),
g

(3.29a)

Ya = {’Yij(mx)u Yz<t7x>} ) CO& = <Z(t,X) ) 2% — {Q'L](tvx)v Ql<t7x)} . (329b)
The full gauge-fixed action is lengthy and we do not write it explicitly. Importantly, with
an appropriate assignment of dimensions to the fields it is invariant under the scaling
transformations (3.25). By inspection of the gauge-fixing and the Faddeev-Popov ghost

terms we find,

w]=l@]=0, [b]=1. (3.30a)
The background fields inherit the dimensions from their dynamical counterparts,
[0 =0, [M]=d-1. (3.30b)

To determine the dimensions of the auxiliary fields v, v;, (; recall that they couple to
the BRST variations sg;;, sN%, sw' respectively. The latter have the same form as in
relativistic gravity and thus contain one spatial derivative acting on the fields. This yields,

[sgij] = [sw'] =1, [sN']=d. (3.30c)
Then, the scale invariance of the terms 7,sp%, (,sw® in the action requires
vil=d, hY]=[Gl=2d-1. (3.30d)
Finally, the coupling {2%7, present in the action fixes the dimensions of (2;;, 0,
(24]=1, [Q]=d. (3.30¢)

The results of [26] imply that in this theory the ultraviolet divergences consist of local
operators with scaling dimensions not higher than 2d. Thus, all assumptions of section 2
are satisfied and according to section 2.4 the renormalizad action has the form (2.33). As the
BRST transformations increase the dimensionality of the fields by unity, the renormalized
gauge fermion v appearing in (2.33) contains operators with dimensions less or equal to

%Note that O corresponds to the operator denoted by O[jl in ref. [26].
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(2d — 1). The general expression satisfying this property and having the ghost number
(—1) reads,

where Uj;, ij are dimensionless functions of g;;, g;j, whereas U’ can also linearly depend
on N%, 9. Once more we observe that ¥ is independent of 2;;, Q' and depends linearly
on the rest of BRST sources.

Establishing the BRST structure of counterterms in the projectable Hotava gravity
together with the results of ref. [26] completes the proof of renormalizability of this theory.

3.4 General relativity as effective field theory in (34+1) dimensions

As an example of a non-renormalizable theory we consider Einstein’s general relativity
in (3 4+ 1) dimensions. The field content and gauge transformations are the same as in
section 3.2. What differs is the structure of the classical action which now reads,

1 4
=_— 2A—R+... 32
S 252/dx g/ QA =R +...), (3.32)

where dots stand for an infinite sum of various local scalar operators constructed from the
Riemann tensor and its derivatives. They can be ordered according to the total number
of derivatives n they contain.!” At each fixed order, the number of possible terms is
finite (though it grows quickly with n). In the spirit of effective field theory, the higher
derivative contributions are treated as corrections to the terms explicitly shown in (3.32).
In particular, the graviton propagator is determined from the Einstein-Hilbert part and
falls off as p~2 at large momenta p.

The background-covariant gauge-fixing function can be chosen as in eq. (3.13). A yet
simpler choice is provided by

X = XH = 00"V (10 (92 — B20) 5 (3.33)

where g,,, is the background metric. The rest of the gauge fixing construction proceeds
in complete analogy with section 3.2. In the present case there are no power-counting
arguments constraining the dependence of divergences on auxiliary fields. Still, the propo-
sition formulated in section 2.4 ensures that they are compatible with the BRST structure.
The field renormalization required to recover this structure is expected to have the general
form (2.30) and involve ghosts and auxiliary fields in a nonlinear manner.

4 Equations for the effective action

We now derive the equations obeyed by the effective action I'y defined in (2.25) corre-
sponding to the generating functional of the form (2.32). We will omit the loop index L in
this section.

'"Thus, the terms R,., R*" and R? contain 4 derivatives (n = 4), Ry )\pR)"J °TR,."'" contains 6 derivatives
(n = 6), etc.
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As shown in appendix A, the closure of X under the action of the extended BRST
operator, QX = 0, together with the absence of anomalies, implies the Slavnov-Taylor
identity for the partition function,

5 I P I
[—JM +§Q5Ca+g QW}W_O. (4.1)

Whereas the invariance of 3 and ¥ under background gauge transformations leads to the
Ward identities,

5 V£ ¥ 6 v_o J
o 0 ) o (42)
R R, — +CP (g + RY2"— |W=0.
+ a(¢) 50° - aaé* + acﬁ 5C’y + g 5_QCL:|
In addition, the equations of motion for the Lagrange multiplier b, imply,
0 0 2% 508§
%P — 4y W =0. 4.3
{X“ A 50F 2 ogn 08 TV ] (4.3)

Let us stress that the derivation of egs. (4.2), (4.3) essentially relies on the property that
the gauge generators and the gauge-fixing condition are linear in the quantum field.

Turning to the effective action, we use the relations (2.24), (2.26) and rewrite the
identities (4.1), (4.2) and (4.3) in the following form,'®

gt 5 g e 5 =0, (4.4a)

R, () ;;; - C”ﬂawﬁ% +wgC” ;_F bﬁcﬂwgi
+R,(¢) (ga — % baaévr +(sC7, gf + RY Qb% =0, (4.4b)
Xa (" = ¢*) — 0*bg — @60 O _ 0. (4.4c)

2 000 P Sby
It is convenient to consider a reduced effective action I" obtained from I’ by subtracting

the gauge-fixing term and its derivatives with respect to the background fields,

. 1 dx 1508
I'=1 —b, <XS(§0 - ¢)a - 2Oaﬂbﬁ> - Qawa<6¢a (QD ¢) 3 5 5¢a bﬂ) : (45)

Substituting this expression into (4.4c) yields that I'is independent of b,

o0

or 4.

5o (4.6)

Then the identity (4.4a) splits into two equations,
s oo
4.
Xa, 570‘ + 5wa 0 Y ( 73‘)

s s oI 6T I oxyor
570 b G 0 (&;sa T m) e

18Recall that we omit averaging symbols on the mean fields.
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The first one implies that I depends on the antighost only through the combination (2.31),
so that

I'=T[¢,w ¢,4,¢ 2] . (4.8)
Next, we use the relation
b 5 )
= T e 4.
L P A M P (4.9)

where the index on the right of the vertical line means that the ¢-derivative is taken at
fixed 4 or 7. Consequently, eq. (4.7b) takes the form,
sr o oI or or
— 1+ N =0. 4.10
570 007 0Ca0an 1 b (4.10a)

The Ward identities (4.4b) also simplify to,

SI A A A A
wﬁi"i_Raa((b)(s(ﬁa aaé‘ﬁ/ +C50,6 7+Raba“(2

A
b _
oz 0. (4.10b)

_ A, Rb —
YR 504

Finally, I" has zero ghost number, i.e. it is invariant under phase rotations of the fields w,
4, ¢, £2 with charges (2.21). Together with eqs. (4.10) this will be used in the next section
to constrain the structure of ultraviolet divergences.

Clearly, the identities (4.10) are satisfied by the reduced tree-level action ZA’O, which is
related to (2.17) by a formula analogous to (4.5). Explicitly, we have,

- 2 pa o 1 e
Yo =S[e] + AR () w* + §Ca waﬁoﬂ . (4.11)

Note that 3, does not have any explicit dependence on 2% and ¢® Consequently,
the last term in (4.10a) and the third term in (4.10b) are absent in the corresponding
identities for ﬁ’g.

5 Structure of divergences

We return to the renormalization procedure. Let us assume that at the order of (L — 1)
loops we have already shown that the renormalized generating functional Wy _; has the
form (2.32)-(2.36). The first divergence of the effective action I',_; appears at order h*
and is local, see egs. (2.27), (2.28). The standard procedure prescribes to subtract it from
Y);,—1 in order to obtain the action renormalized at L loops. Our task is to work out the
structure of this divergence. To avoid cluttered notations we will omit the indices related
to the induction step and will denote the relevant divergent part I o simply as I'.

First, we observe that the transformation (4.5) involves only finite quantities, so that
the divergent parts of I" and I coincide,

Foo:f‘oo[(paw7¢>’%g70]' (51)

YOnly an implicit dependence of 3y on ¢* through the combination (2.31) remains.
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Due to the linearity of the Ward identities (4.10b), they are obeyed separately by each
term in the expansion of I" in % in particular, they hold for the divergent part I’». Next,
we consider eq. (4.10a). The first divergent contribution into it appears at the order A.
Equation (4.10a) at this order then implies

A~

Q. I.=0, (5.2)
where we have introduced an operator @, that acts on a functional X of the fields ¢, w,

o, v, €, 2 as follows,
_0X00X | 0%p0X | 0%y 0X | 055 0X a0X

T 33 00% | 500 63 | 3Gy 0w | 6w 5Cs T 54
. 5X
= X a .
(X0, X) + £2 50

Here X is the reduced tree-level action (4.11) and in the second line we defined the

Q.X
(5.3)

antibracket (2, X). A straightforward calculation using the structural relations (2.4), (2.5)
shows that the latter is nilpotent,

(2o, (20, X)) =0, (5.4a)

and anticommutes with the operator 246/d¢,

N> & WY R
(20,9 6¢“> =05 (50, X). (5.4b)

The properties (5.4) imply nilpotency of @, . Note that using the explicit form of Xy and
the BRST transformations (2.13), @, can be written as

57X + a 0X
dw™ @

The first three terms here resemble the action of the operator @ introduced in section 2.2.

L 050X | a%hoX
B IR S

QX = (sp) (5.5)

o + (8%)

However, there are a few differences. @ is defined on functionals of all quantum fields
¢,w,w,b and external backgrounds ¢,~,(, {2. On the other hand, @, acts on functionals
that are restricted to the minimal sector of quantum fields ¢, w and, instead of v, depend
on the combination 4 (see (2.31)) treated as a free variable.

We now use eq. (5.2) to determine the dependence of I on the background fields ¢®.

5.1 Separating the background field dependence

We expand I, in powers of the auxiliary source §2,

ﬁoo = Z ﬁoo,{k:} ) ﬁoo,{k:} =0 .. Qakﬁoo,{k},[al,...,ak] [(pv w, ¢, 7, C] : (56)
k

We assume that this sum is finite, & < K, which will be justified shortly. Substituting (5.6)
into (5.2) we obtain

6 s 11y
[ i CL g :
5o 0, (5.7a)
Y AN S
0 + (0, Lo pp1y) =0, 0<k<K-1. (5.7b)

5

— 921 —



As shown in appendix B, the cohomology of the operator 2§/d¢ on the space of local
functionals vanishing at {2 = 0 is trivial. In other words, eq. (5.7a) implies that I o (K} 18
represented as

. L6
Ty =92 WT{K—l} : (5.8)

where T 1) is a local functional of ghost number (—1) invariant under background-gauge
transformations. Inserting this representation into (5.7b) for k = K — 1 yields

o - R
‘W@QU&MGH—KEﬂﬁKAQ)ZO, (5.9)

where we have used the property (5.4b). Again, this implies

) . o
T qr—1y = (X0, Tig—1)) + 2 WT{K—% : (5.10)

By continuing this reasoning and using the properties (5.4) we obtain a representation of
the type (5.10) for all 1%007{,6}, 1<k < K-1. For k =0 an additional contribution appears,

ﬁOO,{O} = (207T{0}) + r ) (511)

where I'[¢,w, ¥, (] is independent of {2 and the background field ¢. Collecting all contri-
butions together we arrive at

K-1 K
) ) . s
Io = Tlp,w, %+ D (20, Ypy) + )2 Wf{kq}
k=0 =1
= 1—'[307 W, ’AYa C] + QJrT 9 (512)

where in the second line we have defined
K—1
T[@aw)QS?’%C) Q] - Z T{k} . (513)
k=0

We can now appreciate the power of the background-field approach. The pieces de-
pendent on the background fields have separated into a @, -exact contribution leaving
behind the part I' that depends only on the quantum fields. The original invariance un-
der background-gauge transformations implies that I'" is gauge-invariant on its own. More
precisely, we write

I = S[p] + Alp,w, 7, ¢] (5.14)

where A vanishes at w = 0. The ghost-independent part S[p| cannot depend on 4 or ¢ as
the latter have negative ghost charges (see (2.21)), whereas the ghost number of I" is zero.
Then, due to the Ward identities (4.10b), the local functional S[y] satisfies

) R
Jpr

() =0. (5.15)

We will see in section 5.3 that in the subtraction procedure it combines with the classical
action S[p] and corresponds to the renormalization of the couplings in the classical gauge
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invariant Lagrangian. The rest of the terms in (5.12), (5.14) generates a renormalization
of the gauge fermion and the corresponding field redefinition.

We still have to justify the assumption that the sum (5.6) can be truncated at finite
k. We do it using the notion of derivative expansion. Being local, the functional I is
a spacetime integral of a Lagrangian which can be written as a series of terms, each of
them containing a finite number of derivatives. Let us introduce a formal book-keeping
parameter [, of dimension of length counting the number of derivatives in a given term,
and convert the derivative expansion into a Taylor series?® in I,. We denote by I N the
part of I containing all terms of order I}, n < N, i.e. all terms with up to NV derivatives.
Now, {2 is an anticommuting local field. With a finite number of derivatives at disposal,
one can construct only a finite number of local operators out of it. Therefore I'Y is a finite
polynomial?! in £2.

Next, we observe that Y, is also a local functional and hence contains derivatives in
non-negative powers. Thus, it is represented as a series with non-negative powers of [, so
that the antibracket (f]o, ...) acting on a given operator cannot decrease its order in [,.
In addition, the operator £26/d¢ does not contain [, at all. We conclude that I N satisfies
eq. (5.2), up to corrections of order [N+,

Q. I% =00, (5.16)

Splitting 'Y into monomials in 2 one can repeat the derivation leading to (5.12), up to

corrections of order O(IN¥*+1) on the r.h.s. As this representation holds for any N, we can

send the latter to infinity?? and recover (5.12) for the full divergent part I, without any
corrections.

5.2 Ghost-dependent contribution

It remains to fix the structure of the term A in (5.14). It satisfies the equation,
(20,4)=0. (5.17)

Using the explicit form of the reduced tree-level action (4.11) and the definition of the
antibracket, we obtain

" I\ 6S o a4 1, 5 04
R (¢)w 6<p‘l+ <5goa+7bR oW >6%+2C’5ﬂyw Wi o

1 _
6o

20Tn theories with Lifshitz scaling it would be natural to assign different weights to derivatives along

(5.18)

+ (_ ﬁ’aRaa((P) + Cﬁcﬁa’y ’y) 0.

different spacetime directions, cf. section 3.3. However, the argument presented below does not depend on
whether one introduces such weighting or not, so for simplicity we treat all derivatives on equal footing.
2INote that its highest power is not directly related to N and can depend on the specifics of the theory
such as number of internal indices and spacetime dimensions, power-counting considerations, etc. The only
property which is important for us here is that this power is finite.
221n renormalizable theories with finite number of coupling constants the derivative expansion usually
terminates at a finite order in N.
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In addition, the invariance of A with respect to background-gauge transformations implies
the Ward identities (cf. (4.10b)),

5/17 2l Bﬁ

oA 5 oA
w =
o Ba™ §w

i g T

R, (p) — 4R’ 0. (5.19)

Multiplying the latter expression by w® and subtracting it from (5.18), we arrive at the
equation
(@0 +a)A=0, (5.20)

where the operators g ; are defined as

08 oA oA
A= —— —4F,R* — 21
G4 = o p — aRa(e) 5 (521a)
L !
Both operators are nilpotent and anticommute with each other,
(90)* = (41)* = 4oq1 + 4190 = 0. (5.22)

The operator g is known in the mathematical literature as Koszul-Tate differential [56].
Let us expand A in powers of the ghost fields w®,

A=A A = e e al) (6,4, (5.23)
k=1

Note that the sum starts at & = 1 as, by definition, A vanishes at w = 0. The conservation of
the ghost number and the ghost charges (2.21) imply that each term At} in the expansion
is a finite polynomial in 4 and ¢ that vanishes at ¥ = ( = 0. Thus A} satisfies,

AW = At 0. (5.24)

4=¢=0 —

We now substitute (5.23) into (5.20) and obtain a chain of equations,

qOA{l} =0, (5.25a)
g A g Attt =0, k>2. (5.25Db)

The Koszul-Tate differential g, has trivial cohomology on functionals satisfying (5.24) if
the gauge algebra obeys the conditions 2.1, 2.1 from section 2.1 [51]:

qQX =0, X| _,=X]| 0 = X=gq). (5.26)

F=¢=0 —

Moreover, under natural assumptions about the regularity of the equations of motion, the
functional Y can be chosen to be local [56, 60], provided X itself is local. Finally, one
can show along the lines of [60] that there exists a choice of Y which inherits all linearly
realized symmetries commuting with gq. In particular, we can take Y[p,w,%,(] to be
invariant under background-gauge transformations if so is X.
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Thus we write,

Al = g, =0 (5.27)

where 21} is local and background-gauge invariant. Substituting this into eq. (5.25b) for
k = 2 and interchanging the order of g, and g; we obtain,

qo(A® — q,51) =0, (5.28)

whence
A2 — qlg{l} + qOE{Q} ) (5.29)

Continuing by induction, we obtain analogous representations for all At} Collected to-
gether they give,

A=(go+q)=, == 5", (5.30)
k=1

To make the last step, we notice that =, due its invariance under background-gauge trans-
formations, obeys a Ward identity analogous to (5.19). Combining this with (5.30) we get,

A= (X, 2). (5.31)
This is our final expression for A.

Putting together the contributions (5.12), (5.14), (5.31) and reintroducing the loop
index L, we obtain the desired form of the L-loop divergence

FL,oo = SL[(p] + Q+TL , (5.32)
where ', =17 + =1, and we have used that =7, is independent of ¢.

5.3 Subtraction and field redefinition

We now define the L-th order renormalized action as?® (compare with (2.29)),
EL[907 w, W, b7 ¢7 v C7 “Q} =X 1- hLFL,OO[(Pv W, ¢7 ’AY? <7 “Q] + O(hL+1) ) (533)

where the last term on the r.h.s. stands for local operators multiplied by at least At that
will be specified shortly. The presence of these operators does not spoil the key property
of the subtraction prescription, namely that it removes all subdivergences at (L + 1)-loop
order. Thus, according to the assumption stated in section 2.3, the (L + 1)-loop divergence
will be local.

We now show that X7 can be brought to the form (2.33) by a reparameterization of
the fields ¢, w. Substituting the expression (5.32) in (5.33) and expanding explicitly the

ZStrictly speaking, according to the standard scheme one should take ¢* — 0¥1_1/8v, and 6%1_1/8a
instead of ¢ and w® as arguments of I'L,o. However, due to the representation (2.35) valid for ¥z,_1, the
difference produced by this replacement is of higher order in h. Tt is included in the O(h* ™) term in (5.33).
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operator Q, we obtain,

L—1 - -
Yo% Y6
EL:EO+ZhlElC—hLSL—hL5AL5 0 4 proTL0%0
g O 0Co W™
=1 R (5.34)
53060 5306 5T
_ $L9<0 L 51940 L  3LHat L L+1
h 5. 50 5. 3 e, 5o &+O(h ).

As before, the index 4 on the partial derivative with respect to the background field in the
last significant term emphasizes that it is taken at fixed 4. The first two terms in the last

line have the form,
0 0L

— hlsp" — R . 5.35
o 5 dw® ( )
This suggests to define the L-th order gauge fermion,
U, =w,_ — kT, (5.36a)
and the L-th order counterterm
oY
5¢ = —8S1lp] - s — 02° 5¢5 =-Silel - QYr . (5.36b)
v
To proceed, we notice that the expressions (2.17) and (4.11) imply
8%y 0% b- OXa
= baXo 4 %0, 5% . .37
T +baxy + 27w Sob (5.37a)
Further, as a consequence of the definition (2.31) we have
oYy, Y, YL
Y = s @ —baxy — . .37b
sY = sy 50 + sw o0 Xo 55, (5.37b)

Finally, the ¢-derivatives at fixed v and 4 are related by (4.9). Collecting all the previous
expressions together, we find that eq. (5.34) simplifies to

L6865, 0065,

L+1
S 5 g0 T OB (5.38)

L
TL=So+ Y KHEP—h
=1

The first two terms already have the desired BRST form (2.33),

L L
So+ Y I =Slp]-> WSl + Q¥ . (5.39)
=1 =1

The remaining contributions are absorbed by a field redefinition, as we now demonstrate.
First we perform the change of variables p,w — ¢/, w’ given by

T

ot ="+ hL(;VL(go’, W)+ O (5.40a)
a
T

w® =W — K (;CL (¢, o,...) + ORLTY) (5.40Db)
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where we again allow for possible local contributions of higher order in A. Next, we Taylor
expands all quantities in the differences (¢ — ¢’), (w — w’). Then, the third and fourth
terms in (5.38) are cancelled by the linear contribution in the series for Xy. Other terms
generated by the expansion are of higher powers in h. Notice that they are local. Thus,
by properly adjusting the O(h**!) contribution in (5.38) they can be cancelled as well.

To complete the argument we need to verify that the operators coupled to sources in
the path integral have the right form (2.36) in terms of the new variables. This is done
through the following chain of relations,

a ; o
¢L,1(¢,w,...)—¢ = - 5,[): 1(()070‘)7"‘)
L—1
5
= ="+ Y W pw, ..
—~ 07
Lo 5T
_ o __ ga l l L L, 1 L+1
= ¢+Zh Ma(so,w,---)Jrh 5%(s0,w,---)+0(7i )
=1
LT
— T p 4 ﬁl—l /,w/’”.
¢ —¢ ; 57&(@ )
6w ~a a
=G ) = B ) =0 (5.41)

where in passing to the fourth line we have assumed that the O(hR**!) terms in (5.40a)
are adjusted to absorb the (local) contributions produced by the change of variables in 17,
1 <1< L —1. Exactly the same reasoning applies to 0¥r,_1/0C,.

In the last step, we erase primes on the new variables. Thus, we have found the choice
of variables in the path integral, such that eqs. (2.32)—(2.36) are satisfied at the L-th loop
order. This statement extends to all loops by induction. This completes the proof of the
proposition formulated in section 2.4 and is the main result of this work.

6 Counterterms and nonlinear field renormalization in O(/N) model: ex-
plicit one-loop calculation

As an illustration of the above formalism we study one-loop counterterms in the (1+1)-
dimensional O(N )-invariant sigma model. In particular, we will see the necessity of a
nonlinear field renormalization to restore the BRST structure. We start with the action,

1 ,

S = 27 /d2x Oun;0t'n' (6.1)
where i = 1,..., N; g is the coupling constant and the scalar fields n‘(z) are subject to the
constraint,

n*=gn'nt =1. (6.2)

The latter can be solved by expressing

nt = ; (6.3)
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where the fields ¢’(z) are unconstrained. The price to pay is the appearance of a gauge
symmetry corresponding to the pointwise rescaling of ¢,

0ep'(z) = @' (x) e(2), (6.4)

where €(z) is an arbitrary function. Clearly, the transformation (6.4) leaves n‘(z), and
hence the action, invariant. In terms of ¢ the action reads,

1 1 i iou

The gauge generator is linear in the fields,

RY,, — 5;» 0z —m1)d(x —z2), P9 =0, (6.6)
so this model belongs to the class of theories subject to our renormalization procedure. For
the sake of convenience we set the coupling constant g to one in what follows.

The local background-covariant gauge condition x%(¢, ), the gauge fixing matrix
O“8($) and its (nonlocal) inverse can be conveniently chosen in the form

oo x =0 (4 () - o) ) =0 (M), (6.78)
1

0% (¢) = O(z,2') = —06(x — 2), Ogﬁl(gb) = O Yz, 2') = -5 §(x —2'), (6.7b)

where we have introduced the notation for the O(N)-invariant scalar product,
A-B=0,;A'B"= A;B". (6.8)

The corresponding anticommuting ghost w® and antighost w,, as well as the Lagrange
multiplier b,, are scalars with respect to the (1 + 1)-dimensional Lorentz transformations
and do not carry any O(N) indices, w® — w(x), Wq — @(x), by — b(x). The theory is
Abelian, C’O‘ﬂ7 = 0, so that the BRST transform of the ghost field w(x) vanishes and the
source (, does not appear in the gauge-fixed action. Nevertheless, we have to keep the
source (, in the gauge fermion to fulfil the requirement (2.35). Therefore, the tree level
reduced gauge fermion equals

Py = —Fa(0" = ¢%) + Caw® = / &z (=4 (¢ = ¢") +(w) (6.9a)
Vi =% — z;Dw- (6.9b)

The background field independent choice (6.7b) of O considerably simplifies the form of
the BRST action (2.17) and moreover simplifies the result of integrating over the Lagrange
multiplier b,. The effect of this integration is the replacement of the b,-dependent terms
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by the gauge breaking term quadratic in the gauge condition, after which the BRST ac-

tion (2.17) takes the form (in condensed notations)?*

Dolp,w, @, 9,7, 2] = S[p] + %x‘“(% ) O3 X (0, 6) — @a X3 () R3(0)

X, @)

+ Ya Rg(@) wa + Qa (DQW

+ 2%, . (6.10)

Explicitly, the previous action reads

_ 1 i - ]. . ¢) : ¢ : ¢ _
20[907(*)7“)7(257’77 Q] = /d2$ {2 G’L] 8[“10 8NSOJ - 5 90¢2 . <S0¢2 ) - SOQSQ (DW)LU
(6.11)
2. B (2-9)\
+(’y-<p)w+( ¢2¢—2(¢ (;2()2 )) Dw—i—Q-’y}.
Here G;; denotes the metric of the target manifold,
Pij Pip;
Gij = —2, Py =6 — 221 6.12
J <,02 J J ()02 ( )

and Pj; is a projector along the directions orthogonal to (7. All terms in the Lagrangian
have mass dimension 2 if the dimensions of the fields are chosen as,

[Pl =[¢] =Wl =@l =[2]=0, []=2. (6.13)

The theory is renormalizable, hence all divergences also have dimension 2. This implies that
the renormalized gauge fermion ¥ should remain linear in 4; and independent?® of §2¢, as
in other renormalizable examples encountered in section 3. On the other hand, due to the
zero mass dimension of the gauge fields, we expect that it will have nonlinear dependence
on ¢' and ¢'. These expectations are confirmed below by an explicit calculation.

The one-loop effective action of the model is given by the functional supertrace,

1
I = 3 STr (log Fry) , (6.14)

where Fyj is the inverse propagator of the theory. The latter is given by the second order
mixed (left and right) functional derivatives of the action with respect to the full set of
boson-fermion fields of the theory ¢! (z) = (¢(z), w(x), w(x))

- —
J ~
FIJ 5(x - ml) = m20[307w7w7 ¢7 Vs ‘Q] 5¢J(x/) : (615)

This second order differential operator acting in the space of perturbations of the fields
5@’ has the form,

FU:DUD+2FI“J8M+H”. (616)

24We disregard the one-loop functional determinant (Det O)~/2

originating from this integration, because
it is a trivial field-independent normalization constant.
% Recall that ¥ has ghost number (—1), whereas the fields have ghost charges (2.21). Note also that the

contribution involving ¢ in ¥ does not get renormalized since ¢ does not appear in the action.

— 29 —



The expressions for the matrix valued coefficients Dy, IV ; and II;; are given in ap-
pendix C.

The divergent part of (6.14) for a general operator of the form (6.16) is easily obtained
by the heat kernel method as a local functional of the operator coefficients [27, 28, 30, 44].
First, the inverse propagator is converted into the form of a covariant d’Alembertian,

F', = —(D,D")!, + P}, (6.17)

built in terms of covariant derivatives D,, with some generic connection I'y, = I",, g These
covariant derivatives act in the linear space of fields @ = &!(x) and field matrices X =
XL () as

Db =09,6+I',d, D,X =08,X+[T,,X] (6.18)

In the case of a (1 + 1)-dimensional flat spacetime the one-loop divergence takes a partic-
ularly simple form: it depends only on the potential term P of this operator

1 1
—STrlogF| =-—— [ d%zstr P. 1
2S ogF|__ 47r(2—d)/d x str (6.19)

Here str is the matrix supertrace over indices I,

strP =Y (—1)P, (6.20)
I

where €; = 0,1 is the Grassmann parity of the matrix entry labeled by the index I. We
used dimensional regularization to capture the divergence in the limit d — 2.

We convert (6.16) into the form (6.17) by canonically normalizing the second-order
derivative term of the inverse propagator, Fry = —Djp KFIZ. Then

F=—(01+2r"o,+1), (r'*,=p'*ry, 1, =D"IIy,, (6.21)

where D'¥ is the inverse of the matrix Dy, D' Dy ;= 6§. Next, the first-order derivative
term of (6.21) is absorbed into the covariant derivative (6.18) with the connection I',. As
a result, the operator (6.21) takes the form (6.17) with P = —IT 4+ 0, I'"* + I'"T",,, so that
finally the one-loop divergence reads

1

Mep=———
b Ar(2 — d)

/de str (IT — I'"T",,), (6.22)

where we have dropped the total derivative term?® 9, (str I'*). The matrices I'* and IT are

26We also disregard the ultralocal contribution of the transition from Fj; to F,
STrlog Fr; = STrlog F + STrlog(—Dzs) = STrlog F + 6(0)(...),

which might be canceled by an appropriate local contribution of the measure in the path integral and
anyway vanishes in dimensional regularization.
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evaluated in appendix C. Substituting the corresponding expressions into (6.22) we obtain,

h N -2 P $?)? X
hFl,oo: — 27_(_(2d)/d2$ {2 Gijf)ugo 8‘“(,0] + (Q(O : ;)2 ((,0 . ’)/) w (623)
Oij o 9ipj Pid; > i g ( Oij  9ipj ) Y
- <<P2 @ 02 T op Oue 0" (p-9)  (p-9)? Oue' 0!
0* ¢? i o i i P*(o? + %) } kx
_ 5i— - PN ) i, | k3,
[«o«m b 20 g O T g e ) T

If we set ¢! = ¢!, 2" = 4, = w = 0, only the first term in this expression will survive
corresponding to the well-known expression for the 1-loop divergence in the O(N)-model
(see e.g. [61]).

Let us look at the terms in the last line of (6.23) bilinear in £2¥ and 4;. According to
eq. (5.32), they originate from the action of the operator §26/d¢ on the one-loop (L = 1)
quantum dressing 7 of the gauge fermion in (5.36a). Clearly, we are in the situation when
this dressing is independent of (2 and linear in %,

Tl = ’A)/au{ll(gpv ¢> *

Therefore, the terms bilinear in 2% and 4; should be identified with £2%4; du}/6¢%, or

oui(p,d) 1 ©* 207
ok am—d) [90 3% T et ™
2 . , 20,2 1 42\
- (¢S~0¢)2 (¢'or + ') + WSOZS%} : (6.24)

One can check that a nontrivial integrability condition for this equation is satisfied, and
the solution reads

1 |:¢2((P2+¢2)i 2?

4(2 — d) (¢ - $)2 v - (©-0) Gﬂ . (6.25)

According to (2.37), (2.38a) this function generates the one-loop field renormalization,
' @1 = ¢!+ hui (0, 9) - (6.26)

Notice that this renormalization is essentially nonlinear. Still, it is covariant with re-
spect to simultaneous gauge transformations of both quantum and background fields, as it
should be.

It remains to be shown that the rest of the terms in (6.23) recover the correct BRST
structure of the renormalized action after the field redefinition (6.26). We observe that
the first term of (6.23) is the gauge invariant counterterm — proportional to the classical
action,

N =2

51 = T 4n(2—d)

/ A%z Gij0,0" 0" . (6.27)
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The second term bilinear in 4; and w can be represented as the sum of two terms:

L ORY o [ s _ 1 o [ PP+ . 20 ]
’Yanb’lhw —/d x(V'ul)w—w/d CU[—W(’Y'SO)+ (cp'd))(,y‘(b)_w’
(6.28a)
Coud o Joul o, P*(*—9%) . 20 ]
A e - e T A e R e
(6.28b)

Finally, the second line of (6.23) coincides with the change of the classical action under the
field reparametrization (6.26),

5S 1 i bipj Gidj ; ‘
a__ _ = d2 [ <j — J J > Opp' oM’
5ot T T o2 —a) / TN T 0 T (pe2) MY (6.29)
(% P ) o Lok j] |
<(<p-¢) (o-op2) 87|

With the field reparametrization (6.26) we therefore have

a

68 a o a _0R o a(sXa -
2 ‘cpﬁswhul =5+Q¥ +h <Wu1 + ba XS uf +’7aﬁul{w +0 5¢Z ul{wa>
+O(m), (6.30)
08 a aj duf 2 6Raa a2 ouf o
hFLOO‘ p—rpthuy =" (Sl + Wu’l + 2 Vo 5¢i + PYGTQOI) ul{w — Ya 58011) Rbaw )+ O(hZ)
(6.31)

Thus, the renormalized action reads

D= [ S0~ hll] = S[¢] — 1 S1le] + Q (Yo — IY 1) + O(R?) (6.32)

pe—p+hu;

where in the expression for Q 7" we took into account the dependence of 4, = v, —wa x5 ()
on w and ¢. This BRST structure of the one-loop renormalization is in full agreement
with (2.33) — the renormalized gauge invariant action Si[p] = Slp] — hS1[¢] plus the
BRST exact term with the gauge fermion dressed by a local quantum correction inducing
the field reparameterization.

7 Conclusions and discussion

In this paper we have demonstrated the local BRST structure of renormalization in a wide
class of gauge field theories admitting background-covariant gauges. Simply stated, we have
shown that, for theories of this class, the renormalization procedure does not spoil gauge
invariance. This class encompasses all standard Einstein-YM-Maxwell theories, whether
renormalizable or not. In this way we reproduce the classical results concerning renormal-
ization of Einstein-YM theories and strengthen them for the case of theories with Abelian
subgroups. Other representatives of the class covered by our analysis are non-relativistic
YM-Maxwell theories and projectable Horava gravity. This offers the first demonstration
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of the BRST structure of projectable Hotava gravity which completes the proof of its renor-
malizability. The previous list of applications of our results is certainly not exhaustive. As
suggested by the example considered in section 6, they can be useful for studying various
o-models and other theories where gauge invariance is introduced as a tool to resolve the
complicated structure of the field configuration space.

Our argument makes essential use of the background fields ¢. With a suitable choice
of the gauge condition they allowed us to introduce an additional gauge invariance with re-
spect to background gauge transformations. We then extended the BRST construction with
an auxiliary anticommuting source §2 controlling the dependence of the gauge-fixing term
on the background fields. The counterterms generated by renormalization were shown to
belong to the local cohomology of the extended BRST operators on the space of functionals
polynomial in {2 and the Faddeev-Popov ghosts. Our key observation is that the presence
of linearly realized background-gauge invariance allows one to split the computation of
this cohomology into several steps involving cohomologies of a few simpler operators. By
completing these steps we have concluded that the counterterms split into a BRST exact
piece and a local gauge invariant functional S[¢] depending only on the dynamical —
“quantum” — fields which renormalizes the physical action of the system. Our derivation
is self-contained and does not rely on any power counting considerations. We have dis-
cussed the simplifications that appear if such considerations apply. Our results agree with
those of [45] whenever they overlap.

We have discussed in detail the local field redefinition bringing the renormalized action
into the BRST form. This field redefinition, which in simple models has a multiplicative
linear nature, becomes essentially nonlinear in generic theories, as we illustrated with an
explicit example (section 6). Despite this complication, it preserves a universal structure:
at any order in the loop expansion, the renormalized quantum fields are generated by
eq. (2.36) with the local generating functional ¥. The latter is identical to the gauge
fermion appearing in the exact part Q¥ of the full BRST action X' = S[¢ ]+ Q¥ dressed
by loop corrections. This property provides a systematic algorithm to construct the field
redefinition order by order in perturbation theory. What one needs to do is just to deter-
mine ¥ from the part of the counterterm containing the BRST sources and background
fields. This procedure becomes particularly efficient when there are additional constraints,
e.g. due to power counting, that prevent ¥ from depending on the BRST source {2 associ-
ated to background fields. In that case, our results imply that the {2-dependent part of the
counterterm has the form §20¥/§¢ (see the definition of Q in (2.16)). Therefore, ¥ can be
found by simply integrating the coefficient in front of {2 with respect to the background
fields. In terms of renormalized fields, the physical part S[¢]| of the renormalized action
becomes gauge invariant. Thus, the divergences contained in S| ¢ | have the same structure
as the terms in the tree-level action and are absorbed by renormalization of the physical
coupling constants.

It is worth reviewing the various assumptions about the gauge algebra that entered
into our derivation. An essential assumption is the linearity of the gauge generators in
the gauge fields which allows one to easily construct background-covariant gauge condi-
tions. Moreover, the linearity of the resulting background-gauge covariance is crucial for
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its preservation at the quantum level. Another essential requirement is local completeness
of the gauge generators expressed by eqs. (2.6), (2.7). This plays an important role in
the homological analysis of the Koszul-Tate differential performed in [56, 60] and whose
results we used in section 5.2. On the other hand, it appears likely that the irreducibility
condition 2.1 from section 2.1 can be relaxed at the price of considerably complicating
the ghost sector. Indeed, the main steps in the proof in section 5 would be unchanged,
including the results of [56, 60] that are straightforwardly generalized to the reducible
case. Finally, we assumed the gauge algebra to close off-shell which allowed us to use the
standard BRST construction for the gauge fixing. It would be interesting to extend our
analysis to gauge theories with open algebras. The close connection between our approach
and the Batalin-Vilkovisky generalization of the BRST formalism to open algebras [48-51]
makes the existence of such extension quite plausible.

Though we have not addressed this topic in the present paper, we believe that our
method can be efficiently applied to renormalization of composite operators in gauge the-
ories. Another aspect of renormalization that has been left outside the scope of this paper
is that of quantum gauge anomalies. These are known to be related to BRST cohomologies
with non-vanishing ghost number. It would be interesting to see if the background-field
approach along the lines developed here can shed new light on this topic. We leave this
study for future.
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A Derivation of Slavnov-Taylor and Ward identities

To obtain the Slavnov-Taylor identity (4.1), note that the total action including the source
term in the exponential of (2.32) can be written in a BRST invariant form. For this purpose
we introduce the “doubly extended” BRST operator

) 9
Qext S+Q%*J57 f C+€ Qext—O, (Al)

and notice that the source term in the non-minimal sector can also be rewritten as a
BRST-exact expression,

1)
§w+yb = <S + €(5y) Yyw = Qext (ya)) ) (A2)

where for brevity we omit the condensed indices of all quantities. Therefore, the total
BRST action including all sources takes a compact form in terms of the extended gauge
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fermion Wyyy,

o
Eext - Ji + f 5< + éa) + yb = S + Qext!pexta Lpext =V + y@, (A3)
and the path integral for the generating functional (2.32) reads
W/ = / 0 e/, (A4)
Clearly,
Qext eizeXt/h =0, (A5)
or
o 4] )
J—+ +&— + Q) e~ Tt/ — _ g g Fext/h, A6
(-r7 +E +em + 25 (A0)
whence
Ji +E0 4 ff i) e = /d%e_zm/ﬁ' (A7)
¢ 5¢
The path integral here has the form,
o o
n_9 _—Flo] _ Y ! —I[2]
/dgzs (s07) 57 € /d@ (5@1 & (@)) e~ Tl (A.8)

where the expression in brackets on the r.h.s. is the variation of the integration measure
d® under the BRST variation of the fields. It vanishes according to the assumption of
anomaly-free regularization and we arrive at eq. (4.1).

For the derivation of the Ward identity (4.2), we introduce, together with the quantum
fields @ and background fields ¢, also the collective notations for all the sources

J = Ja7ga7§a7yaa7a7<a70a' (Ag)

Then, in view of our choice of background-covariant gauge conditions, Yey|[®P, ¢, T ] is
invariant with respect to the background-gauge transformations®? (2.10), (2.20) supple-
mented by

beda = —JyR0y0e™, 0:8a = &3C0L 7, 6.6% = —C% 07, 6.y” = —C%,yPe7 . (A.10)

We have,

Oe Xext = <5 D — 0 + 0e ¢> + 0.7 j> ext = 0. (A.11)

0P 00

2"Note that the invariance of the source term —Jo0W /070 = Jau(Pr — ¢)® relies on the homogeneity of the

linear transformation law for (¢ — ¢)® contragredient to the transformation of J, in (2.20).
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Next, we perform the change of integration variables @ — &+, in the path integral (A.4).
If, as we did before, we disregard the gauge variation of the integration measure, we obtain
the following integral identity,

/déﬁ 0P % e~ Fext/h — ), (A.12)

On account of eq. (A.11), its L.h.s. equals

/ <5¢5¢+5J >Em/ﬁ:(5¢5¢+5j )W/h, (A.13)

because the operator 6.¢0/0¢ + §:J0/0T is independent of the integration fields ¢ and
can be commuted with the integration sign. Therefore,

(8¢5¢+5J ) =0, (A.14)

which in view of the expressions (2.10), (2.20) and (A.10) for d.¢ and 6.7 is just the
expression (4.2).

B Homology of the operator £26/d¢

In this appendix we prove the statement used in section 5.1 that the cohomology of the
operator £20/0¢ on the space of local functionals vanishing at 2 = 0 is trivial.

Lemma. Let X, ¢, $2,...] be a local functional of the gauge fields ¢®, background
fields ¢%, anticommuting BRST sources 2% and, possibly, other fields represented by dots.
Assume that X vanishes at 2% = 0,

X|Q:O =0, (B.1)

that it is invariant under background-gauge transformations and satisfies the equation

90X _
@
Then there exists a local functional Y, invariant under background-gauge transformations,
such that

(B.2)

oY
X =0 . B.3
o (B.3)
Proof. The functional Y is constructed explicitly as,
o a0 Ldz
Y =(¢"—¢") 55z | —Xloptz(d—9)202,..], (B.4)
59 0o <

where the arguments of X represented by dots are left untouched. According to the as-
sumption (B.1), this expression indeed provides a regular functional. Notice that if X is
local, so is (B.4). Moreover, Y inherits background gauge invariance from X due to the
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linearity of background-gauge transformations. It remains to demonstrate (B.3). Using
the anticommutator

5 5 5 5 5 5
o @ = (O~ g W = Xt (-5 (B)
we find
d
WY / Z( X[, o+ 2(6 — @), 202,. ]>:X[<p,¢,(2,...], (B.6)

where we again used (B.1). W

C Quadratic form for perturbations in the O(IN) model

Here we summarize the expressions for the coefficients of the operator (6.16) appearing
in the quadratic action for the perturbations 6@ = (§¢°,dw,dw) of the O(N) model.
We write these coefficients as matrices with 3 x 3 block structure. The coefficient of the
d’Alembertian is the (super)symmetric matrix

Dy = o o0 C |, (C.1)
—B; —C 0

with the following boson-boson A;;, boson-fermion B; and fermion-fermion C' entries

¢i¢j 1 80290] ¢z¢g
Aij= — Gy — =—— |0ij — + 2 , C.2
’ T e Y ¢2 ¢? (©2)
B; = W+ —5 — i C = . C.3
Ft e e v 7 ©3
The other two matrix coefficients have the form,
r, 0 0 Iy % 0
Iy, = 0 0 0], Iyy=1 - 0 01, (C4)
—0'B;—0"C 0 —-0B; -0OC 0
1 (bz ¢j
Il = =5(Gjik + Grij — Gjra) 0% ~ 2 <¢2> : (C.5)
. = — | G, ._1(; Vo okorst — G 0 k_ﬂm ¢J C6
ij = ik,jl 9 klij P 2 ki, P ¢2 ¢2 ( . )
where
Giip = _ 0Gij _ 20i5pk + dikpj + Ojkpi L Xeio;k
VET 9k (02)? COL
G = 0%Gij _ 20ii0u + 0wl + Grdu 24010001
T agkagl (¥2) (0?)*

4
+ GE (252‘]‘9%801 + 0irpor + ik + Sjnpipr + Opipr + 5k190i90j) .
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For the computation of the one-loop divergence of the effective action, we need the
matrices IT and I'* defined in (6.21). This, in turn, requires the inverse D!’ of the
matrix (C.1), which reads

Al —A*B/C 0
DY = | —B,A JC B,LAMB,/C? —1/C |, (C.7)
0 1/C 0

where B; and C' are given by (C.3) and

747 1,7 2 2 2
4 0o 2 (p-o2 *Y

(C.8)

is the inverse of the matrix A;; defined by (C.2), A;AY = (55 . Using these expressions we

obtain,
ATl 0 0
= | ("B, — BA™I" )/C o*C/C 0 |. (C.9)
0 0 0

The diagonal blocks of Fi equal

1€l

7 7 m w 1
(I2)5 = AT A Ty, (I2)8 = @(6#0)2, (I’)s =0. (C.10)

For the matrix of the potential term IT we need only its diagonal block elements which read

1 . 1 _
5A”Bﬁj, H“:—a(BkA“%—DC), 7% = 0. (C.11)

w

o = A" IT; +

Substituting the above results and expressions for AY, B; and C into the supertrace of
eq. (6.22), str IT = IT: — IT® — ITZ and similarly for tr Fi, we arrive at eq. (6.23).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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