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1 Introduction

The last few years have seen significant progress on massless scattering amplitudes of string
and gauge theories with less than maximal supersymmetry. As an example, open-string
4-point 1-loop amplitudes with minimal supersymmetry were discussed in [2, 3|, and the
closed-string counterparts for half-maximal supergravity amplitudes can be found in [4, 5].
In a companion paper [1] we simplified and generalized these results, using an infrared
regularization procedure due to Minahan [6] to maintain manifest gauge invariance.

In this paper, we will present novel representations for 1-loop 3- and 4-point ampli-
tudes in 6-dimensional gauge theories with 8 supercharges, inspired by their string-theory
ancestors from the companion paper [1]. In contrast to the 4-dimensional string-theory
expressions in other work [3-5], we maintain 6-dimensional Lorentz-covariance (the max-
imum allowed by half-maximal supersymmetry) as we did in [1]. We use 4-dimensional
spinor helicity variables only for specific checks.

The general philosophy of our calculational strategy will be:

e String theory motivates a generic “alphabet” of kinematic building blocks for field-
theory amplitudes. As we will see in examples, imposing locality and gauge invariance
on a suitable ansatz drawn from this alphabet fixes the amplitudes we consider.
Building blocks with up to two loop momenta and the systematics of their gauge
variations will be discussed at general multiplicity.

e In general, there is a tension between manifest locality and manifest gauge invariance.
We begin from a local representation, with crucial input from the cancellation of gauge
variations of different diagrams. Then, by manipulating integrands, we rearrange
kinematic factors into gauge-invariants of the same form as in the string amplitudes
from the companion paper [1].



e In the pure-spinor description of 10-dimensional super Yang-Mills (SYM) [7-9], gauge
invariance and supersymmetry are unified to BRST invariance [10]. Along with
locality, this has been used to determine multiparticle amplitudes in pure-spinor
superspace up to and including two loops [11-13]. To extend this approach below
maximal supersymmetry, we consider half-maximal SYM in the maximal spacetime

dimension D = 6 where 8 supercharges can be realized.

e A useful check is provided by comparison with [12]: the n-point 1-loop amplitudes in
our half-maximal setup follow the same structure as the corresponding (n+2)-point

amplitudes with maximal supersymmetry.

This last feature is inherited from the structure of the string integrands, where comparison
of the pure-spinor superspace results in [14] with the orbifold amplitudes in [1] reveals the
same +2 offset in multiplicity. The counting is uniform with the relevant string compact-
ifications: at complex dimension 2, we find the first nontrivial Calabi-Yau manifold (K3),
that breaks half the supersymmetry. At complex dimension 3, supersymmetry is broken to
a quarter (N = 1 in 4-dimensional counting), and the multiplicity offset in 1-loop ampli-
tudes is 4+2 in the parity-even and +3 in the parity-odd sector, respectively. This means
the parity-even part of our results, written in dimension-agnostic variables, applies univer-
sally to gauge-theory amplitudes with A/ =2 and N’ = 1 supersymmetry. The parity-odd
contributions to 4-dimensional AN/ = 1 amplitudes, on the other hand, are quite different
from the present 6-dimensional results with half-maximal supersymmetry. The methods of
this work could be applied there too, but we postpone this to the future.

This paper is mostly about gauge-theory amplitudes, but it is of great interest to
pursue the analogous calculations for supergravity. In particular, it is interesting to test
to what extent the Bern-Carrasco-Johansson (BCJ) duality [15] holds in our calculations,
and whether the requisite supergravity (1-loop) amplitudes with 16 supercharges can be
obtained from the double-copy construction [16]. We report our results on this in section 4,
where we find that the 3-point function in half-maximal gauge theory satisfies the BCJ
duality, but — in contrast to the 4-dimensional expressions in [17, 18] — our representation
of the 4-point function does not naturally lend itself to the duality.

For comparison with the literature, we consider compactification on 72 from 6 to 4
dimensions, and specialize to a 4-dimensional helicity basis, finding a perfect match with
known results. The match involves a single free numerical factor that depends on the
field content of the specific model. Many consistent string models contain exotic matter,
whereas much of the work on field-theory amplitudes does not, so a completely general
match goes beyond the scope of this work. Instead, in appendix E we describe simplified
string models that are by themselves inconsistent (in particular when restoring couplings
to a gravitational sector), but can usefully be compared to existing work on amplitudes.

2 Kinematic building blocks for 1-loop

In this section, we introduce a system of kinematic building blocks for 1-loop amplitudes
of half-maximal SYM. The overall guiding principle is invariance under linearized gauge



transformations, that can be compactly implemented through the Grassmann (and thereby
nilpotent) operator

LZW” am’ (2.1)

with vector index m = 0,1,...,D—1 and n being the number of external legs. The
fermionic bookkeeping variables w; keep track of unphysical longitudinal polarizations
e; — k; in the ¢! external leg:

del™

i = k;n Wy . (2.2)
We will follow the ideas of Berends and Giele [19] to construct multiparticle generalizations
of the polarization vector €™ and its gauge-invariant linearized field strength,

M =kel — kjtel” of" =0. (2.3)

K3 Z )

The multiparticle variables of this section are designed to represent tree-level subdiagrams
with an off-shell leg and therefore transform covariantly under (2.1). They provide a
suitable starting point to obtain both local and gauge-invariant expressions for the 1-loop
amplitudes under investigation.

2.1 Local multiparticle polarizations

In order to attach the tree-level subdiagrams in figure 1 to a graph of arbitrary loop order,
we define local 2- and 3-particle generalizations of polarizations and field strengths. In the
conventions for multiparticle momenta and Mandelstam invariants where

(k1. p)?, ki, , = kD + kS + .+ k), (2.4)

N

s12 = (k1 - k2), 512..p =

the 2-particle polarization and field strength

1
el = e (ko -e1) —ef' (k1 - ea) + i(k‘{” — k5" (eq - e2) (2.5)
S5 = kisely — kiyels — s1a(el'el — efeh’) (2.6)

can be used to relate the factorization limit of n-point amplitudes on a 2-particle channel
~ (ki+kj)~2 to an (n—1)-point amplitude with one gluon polarization replaced by e

Their 3-particle counterparts read

— km
6717123 = egn(k‘;g . 612) — e%(k‘m . 63) + 9 3 (612 . 63)
S
+ 2(65’1(61 . 63) — e{”(eg . 63)) (27)

2

f153 = kiseTas — kiazelss — (513 + s23) (e’l’éeg - 6?26?)
— s12(e’esy — efeby — (1422)) , (2.8)

and the combinations of e, g and " that we will encounter in the next section capture

ijl
the polarization dependence of 3-particle factorization channels ~ (k;+k;j+k;) >
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Figure 1. Cubic-vertex subdiagrams with an off-shell leg --- can be represented by local multi-

particle polarizations e}, fi5™ and efhs, fi5%, respectively.

These definitions can be motivated by a resummation of Feynman diagrams [19] or through
OPEs of vertex operators in string theory — see [20] for a supersymmetric derivation in
the pure-spinor formalism and appendix A for the bosonic RNS counterpart. The propa-
gators of the diagrams in figure 1 are cancelled by numerators containing the Mandelstam
invariants (2.4). They appear in both the definition of f{3", f{5% and in the action of the
gauge variation (2.1),

dely, = kjwia + s12(wiey’ — wael")
S = sua(wi f — wa fI), (2.9)

delss = klhswiag + (813 + s23)(wi2el’ — wsels) + s12(w1ehy — wase]” — waels + wizel’)

0f195 = (s13 + s23) (w12 f3"" — w3 f15") + s12(w1 fag" — was fI™" — wa f13" + wizf3™"),

which will play a central role in this work. Given that the right-hand side is entirely
furnished by multiparticle polarizations and multiparticle gauge scalars

1 1
w2 = 5 [wa(ka - €1) — wi(kr - e2)], w2 = 5 (w3(ks - e12) — wia(kiz - e3)],  (2.10)

the gauge algebra of the e ,, fi5", and w12, is said to be covariant. Nilpotency of the
gauge variation (2.1) can be checked from the covariant transformation of the fermionic
gauge scalars wia.. p,

dwiz = S12wWi1wa , dwigz = (513 + s23)wiaws + S12(wWiweg — wWawi3) - (2.11)

Note that the gauge algebra (2.11) of multiparticle gauge scalars resembles the BRST
variation! of multiparticle vertex operators Vi2..p in the pure-spinor superstring [20].
2.2 Berends-Giele currents

In order to simplify the recursive definition and the gauge algebra of the above multi-
particle polarizations ej; ,, and f{g_’f'p, it is convenient to change basis to Berends-Giele

I'BRST invariance in pure-spinor superspace powerfully combines the supersymmetry of 10-dimensional
SYM with gauge invariance of the bosonic superfield components [10].
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Figure 2. Berends-Giele currents ¢f3 , and f{3" , combine multiparticle polarizations with appro-
priate propagators so as to reproduce the cubic-vertex subdiagrams in a color-ordered (p+1)-point
tree amplitude with an off-shell leg - - -.

currents? [19],

em mn
em — 12 fmn — J12
12= " > 12 =
S12 S12
m m
€12 €321
ey = 3 43 (2.12)
S$128123  $235123
mn mn
mn _ _J123 321
123 =

5125123 5235123

As one can see from the 3-particle instances e¢%5 and 753, the cubic graphs in figure 1 are
combined according to a color-ordered 4-point amplitude with one off-shell leg, see figure 2.
The 2- and 3-particle instances (2.12) can be reproduced from the compact recursion [19, 21]

M = 55m S [E )+l R - (X 0 Y)] (2.13)
Xy=pP
P =kpep — ke — > (Rel — kel) (2.14)
XY=pP
with multiparticle labels P = 12...p and initial conditions ¢}* = e", f'" = f{"". The
summation ) yy-_ p means to deconcatenate (i.e. split up) the word P = 12...p referring
to external particles 1,2,...p into non-empty words X = 12...57 and Y = j+1...p with
j = 1,2,...,p—1. As an example, for p = 4 (four letters), the deconcatenation parts
of (2.14) include ) yy 1934 e'vey = e]ehs, + efbel, + efhsel.
The same kind of deconcatenation pattern arises when translating the gauge varia-
tions (2.9) and (2.11) to the Berends-Giele framework,

SeB =kpQp+ > [Qxef — (X & V)] (2.15)
XY=P
St =Y [OxFP - (X V)], (2.16)
XY=P
for instance
ety = koo + (Quey’ — Qoel’), o3 = Dufas" + Quofy™ — Qoafi™ — Qaffy" . (2.17)

2We use the Frattur typeface to distinguish the non-local Berends-Giele currents e1h py flop ~ st=p

from the local multiparticle polarizations efs, fi5",... in egs. (2.5) to (2.8).



We have introduced Berends-Giele currents (2p associated with the multiparticle gauge
scalars (2.10),

w12 w123 w321

M =w, M= —, Qg = + ; (2.18)
512 5125123  $235123
which are reproduced from the recursion
1
Qp=— Qy (ky - — (X < Y), 2.19
P50 Xyzp [Qy (ky - ex) — ( )] (2.19)

and translate the gauge variations (2.11) into the simple form

0p= Y QxQy. (2.20)
XY=P

As exemplified by d f5% in (2.9) and 6§73 in (2.17), the absence of additional Mandelstam
variables (2.4) on the right-hand side simplifies the gauge variation of Berends-Giele cur-
rents as compared to their local constituents. Nevertheless, the all-multiplicity pattern of
local gauge variations def; ,,0f13",, and dwiz.p is well-understood from [20, 22].

2.3 Tree-level building blocks

Based on arguments in pure-spinor superspace [23], tree-level amplitudes of YM theories
in arbitrary dimension have been expressed in terms of the kinematic structure [21]

1
Mapc = 5{2%"% + cyc(A, B,C) . (2.21)
These building blocks are totally antisymmetric in A, B, C' and represent cubic diagrams
where Berends-Giele currents labelled by A, B and C are connected through a cubic vertex.
By the gauge-variations (2.15) and (2.16) as well as

KETE" = ) (eRFY" — %™, (2.22)
XY=P

they transform covariantly in terms of multiparticle gauge scalars (2.19),

Mapc = Z (QxMy,pc — WMy g+ My y,c — QeMxy.p) + cye(4,B,C),
Xy=4
(2.23)

for instance 593?127374 = (2193227374 - Qggﬁ17374 + ng17274 - 942)311,273 in a 4-point context.

As shown in [21], the Berends-Giele formula [19] for color-ordered tree amplitudes,

Atree(l’ 27 s ,TL) = 812‘..n71(212...n71 : en) (224)

3The same gauge algebra holds in presence of fermions, see [21] for the supersymmetric completion of
Ma,B,c via 10-dimensional gauginos.
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Figure 3. Cubic diagrams of bubble topology with kinematic numerator T4 g at A = 12...p and
B =n,n—1...p+1, where £ denotes the loop momentum.

is supersymmetrized by the pure-spinor superspace formula of [11]. Based on efficient
manipulations in pure-spinor superspace,* the expression in (2.24) can be converted to
manifestly cyclic formulae for n-point amplitudes such as

1
A'ree(1,2,3,4) = 5(93?12,3,4 + Mag a1 + Msa 1,2 + Mar23)
Atree(l, 2,3,4, 5) = 9)?12’3,45 —+ Cyc(l, 2,3,4, 5) (2.25)
1 1
A™°(1,2,3,4,5,6) = §m12,34,56 + 5(9ﬁ123,45,6 + Mi23,4,56) + cye(1,2,3,4,5,6),

which only require currents of multiplicity < |4 ] as anticipated in [24]. It is easy to check
gauge invariance of (2.25) via (2.23), and manifestly cyclic expressions at higher multiplicity
can be found in [11] in pure-spinor superspace.

2.4 Parity-even 1-loop building blocks

The Berends-Giele organization also applies to loop amplitudes: the uplifts of ¢’7 and j£"
to pure-spinor superspace [23] have been used to construct BRST invariant and local ex-
pressions for 5- and 6-point 1-loop amplitudes [12] as well as 2-loop 5-point amplitudes [13]
in 10-dimensional SYM. To extend the method beyond maximal supersymmetry, we shall
now introduce kinematic building blocks for 1-loop amplitudes in 6 dimensions with half-
maximal supersymmetry. In absence of the no-triangle property of maximal SYM [25], we
expect loop integrals of bubble and triangle topology in the half-maximal setup.

Since we will be interested in both local and gauge-invariant amplitude representations,
we start by introducing local 1-loop building blocks before giving their Berends-Giele coun-
terparts based on ¢5 and 5" in section 2.6. As motivated by the string-theory discussion
of [1], suitable kinematic numerators for bubble diagrams as in figure 3 are given by

1
Tap= —§fzm gm =Tpa . (2.26)

The multiparticle labels A and B in the subscripts of the multiparticle field strengths
fi5" s see (2.6) and (2.8), refer to the tree-level subdiagrams seen in figure 3. Their gauge

4BRST integration by parts of their 10-dimensional ancestors in pure-spinor superspace straightforwardly
relates

E Mx,v,Q = g Mp.xy, €8 M2za=M3g12, Mi2szas=Mi2345+ M1 2345.
Xy=pP XY=Q



variations in (2.9) imply covariant transformation for T4 g in (2.26) such as

0T12 =0, 0Th23 = si2(wiTs3 — woT13)
0T12,34 = s12(w1T234 — waT1 34) + s34 (w3T124 — waT123) (2.27)

0T123.4 = (513 + s23) (W12T3.4 — w3T12.4) + s12(w1To34 — wosTh 4 — woT134 + wi13Th4) .

As will become clearer from the examples in sections 3.1 and 3.4, loop momenta ¢, in the
numerators of triangle diagrams and higher n-gons require vectorial and tensorial kinematic
building blocks to contract with. This leads us to define generalizations of (2.26),

TXTB,C = QZLTB,C + (A — B, C) ,
T o p = 2e5" e Te,p + (AB < AC, AD, BC, BD,CD), (2.28)

with (anti-)symmetrization conventions determined by Ze(Ame%) = elfe’y + eie’s. Again,
the covariant gauge variations (2.9) of local multiparticle polarizations propagate to the

transformation of (2.28), e.g.

5T1m,2,3 = (Ul]{{nng + WQkS’LTl,Z& + CU3]{7§RT1’2
0175 3 4 = wi2k(5T34 + wsks Ti2 4 + waky"Ti23 + s12(w1 155 4 — w2TT'54) (2.29)

TSl o = 201k " Ty} 4 + 202k T1'% 4 + 2wk T} 4 + 2wak{" T 5 -

In section 3, we will identify combinations of scalar, vector and tensor building blocks
whose gauge variation cancels ¢-dependent propagators (¢ — klgmp)2, i.e. which qualify as
triangle- and box numerators.

2.5 Parity-odd 1-loop building blocks

The running of chiral fermions in the loop introduces Levi-Civita tensors into the integrands
of multiplicity > 3. This requires a parity-odd completion of the above building blocks
whose form is inspired by the contribution of worldsheet fermions with odd spin structures
in the RNS superstring [26, 27]

fmnpqrsei}}fgqfrs = EZL\C,B . (2.30)

YRS

m
Eyip.c

The lack of symmetry under A <+ B or A +» C' (represented by the vertical bar A|... in the
subscript) is an artifact of the asymmetric superghost pictures in the string computation [1].
Throughout this work, we will choose reference leg 1 to be part of A in each term.

In contrast to the variations (2.26) and (2.29) of the parity-even building blocks, the
gauge algebra of (2.30) now relies on momentum conservation: only by imposing &'} +k7% +
k& =0, one can show that

(5E?|1273 B O, (5Eg|3,4 = 812(W1Eg|1374 — (A.)QE{,‘L374) (2.31)

m _ m m m m
5E1\23,4 = 523(W2E1|3,4 - W3E1|2,4 + W1E3\2,4 - W1E2\3,4) .



In analogy to the parity-even building blocks (2.28), the parity-odd vector (2.30) allows for
tensorial generalizations such as

)

o+ 26 By (2.32)

E;ﬁ%,c,D = Qe(mEn) + 268”E D By -

B Y A|lc,D

Once the gauge variation of this tensor building block is simplified via
Qnmneabcdef — nmaenbcdef + nnaembcdef _ nmbenacdef o nnbemacdef + (CLb o ed ef) (233)

based on “overantisymmetrization” el®cdefpgln — (0 in 6 dimensions, the trace component
contributes to an anomalous gauge variation:

OB 4 = 0" w1 Vaga + 2[K" (woEly , — w1 By ) + (2 3,4)] . (2.34)

The scalar building block

1
YA,B,C = Zemnpqrslen gq 68 (235)

represents the chiral box anomaly specific to 6 dimensions [28], that we will encounter in
the 4-point 1-loop amplitude.

2.6 Berends-Giele building blocks at 1-loop

Recombining the local multiparticle polarizations into Berends-Giele currents e, 5"
in (2.13) and (2.14) leads to simplified gauge variations (2.15) and (2.16). Accordingly,
the Berends-Giele versions

1
Tan=—5f""  Tipe =iTec+e5Tac +Tan
Ti'%.cp = 24" Te.p + (AB + AC, AD, BC, BD,CD) (2.36)

of the local 1-loop building blocks in (2.26) and (2.28) obey a gauge algebra with decon-
catenation rules and multiparticle gauge scalars Qp defined in (2.19),

0TaB = E: QxTyp — Uy Tx.B) + (A< B)

XY=A
0TA'sc = QakyTec + E:(QXﬂ%uj—QYTQBC)+(A¢*BJ% (2.37)
Xy=4
5TT§CIﬁEQQAkaE;£D‘+ 2: QxTYgcep—WTXBep) + (A« B,C,D),
XyY=A

bypassing the Mandelstam invariants in (2.27) and (2.29). Similarly, adjusting the local
parity-odd building blocks in (2.30) and (2.32) to Berends-Giele currents,

')
Elnec = 7€ uparsaTHTE = Ellcs (2.38)
ERy o0 = 265 ERl p + 265 EMp p + 25 EM (2.39)



translates the gauge variations in (2.31) and (2.34) into the following deconcatenation rules:

58EBC:: EZ(ngﬁBLV‘QYg%BC)

XY=A
+ > [2%ERyo — WERx o+ Qu(Efx 0 — EXive)]
XY=B
+ E: [QXgme”‘QngBJ(+‘LﬂgﬁBx”‘a%Byﬂ
XY=C
&4 B.cp =n""QaYB,c0 + Z (xEBep — QvEXB.c,D) (2.40)
XY=A
+ E:(QXEQ?QD_fhgﬁ&cp)+QA E:(Sﬁ}pgr—f%?ap)
XY=B XY=B

+ 2k (BN p — Qe p) + (B 4 C, D)

with the obvious Berends-Giele version of the anomaly building block (2.35):

7
Yac = Zemnpqugnfg]fg‘s . (2.41)

We recall that the gauge algebra (2.40) relies on momentum conservation. Note that the
above gauge variations take a similar form as seen in the BRST algebra of maximally
supersymmetric 1-loop building blocks in [20] and [29]. In particular, the generalization
of the BRST covariant building blocks to tensors of arbitrary rank [29] can be easily
adapted to the half-maximal framework, and the resulting definition and gauge algebra of

1ma...my Mmimso... My : :
A1 Ag i Ar iy OT 5A1|A2,.4.,AT+2 will be explored in the future.

2.7 Gauge-invariant and pseudo-invariant 1-loop building blocks

The covariant transformations (2.37) and (2.40) are suitable to construct gauge-invariant
combinations of Berends-Giele building blocks. The simplest parity-even examples

0Ti2=06(Th23+ T2z — Tiz2) =0 (2.42)

turn out to exhibit the same pattern of combining different multiparticle labels as seen in
the parity-odd sector:

55{?2,3 = §( 1"\L23,4 + 5g|3,4 - 5&2,4) =0. (2.43)

While the parity-even gauge algebra (2.37) along with momentum conservation allows for
invariants with additional free vector indices,

6(T"55 + k3" Tizs + k3" Tiz2) = 0, (2.44)

the anomalous term 1n™"Q4YpB c,p in the variation (2.40) of EXT% ¢ p complicates the con-
struction of tensor invariants in the parity-odd sector. Hence, we follow the terminology
of [29] to relax the requirement of gauge invariance such that anomaly kinematics (2.41)

~10 -



is admitted: kinematic factors whose gauge variation can be expressed in terms of {24 and
YB.c,p ~ Gmnpqrsfgnfg]fg will be referred to as pseudo-invariant. Then, one can view the
combination of different tensor ranks in

+2kmEn)

S(ES 4 + 2k €L Ton.d

12[3,4 + 2]{5{715?4)‘273) =n"" N2 34 (2.45)

as following the same pattern to achieve pseudo-invariance as seen in (2.44). Even though
the special role of the first slot A in Sfﬁ B.C and Eﬁ%ya p causes the parity-even and parity-
odd gauge algebras (2.37) and (2.40) to differ in their details, the examples in (2.42)
and (2.43) as well as (2.44) and (2.45) suggest that the construction of gauge-(pseudo-
)invariants follows the same rules. Accordingly, we introduce a unifying notation for com-
binations of parity-even and parity-odd building blocks

1
Map=Tap= —§fsz7§n
i
Migo=Tise+Epo = [AMpc+ (A< B,O)] + Zemnpqmegflgfgs (2.46)

mn J— n mn moen n m n
NBop =Tibenp +EMBop = [¢BELNcp +e5Miicp + (B« C.D)| + 4T e p

whose relative coeflicients are part of the string-theory input and which yield a compact
form for the gauge-(pseudo-)invariants which have been identified in the string computa-
tions of [1]: the scalar invariants

Ciig = My (2.47)
Clie3 = Mi o3 + Mz 3 — Mz 2 (2.48)
Chj23a = My 234 + Migg 4 + Myi23 + M3zar2 + Mi2,34 + My 23 (2.49)

and vector invariants

o3 = Mijy 3 + k3" Mg + ky' Mg o (2.50)
Cllaga = Mijyg 4 + Miss 4 — Mi59 4 — k3" Mizpa + k3" Mizsa
— ky"(Ma1,23 + Mu12,3 — Mars2) (2.51)

are constructed from the same combinations of multiparticle labels as the maximally super-
symmetric BRST invariants C1j3 3 4, C123.4,5, C1[234,5,6 as well as C’WQ 3455 C’fr% 15 defined

in section 5 of [20]. The tensor pseudo-invariant

+ (24 3,4)] — 2[kS" kY Mays 4 + (23 ¢ 24,34)]
(2.52)

mn — mn (m 4 rn)
12,34 — 112,3,4 + 2[k2 M12\3,4

on the other hand, resembles the 6-point tensor Cﬁlzng 456 I pure-spinor superspace defined
in (3.14) of [29] — see [14] for its appearance in closed-string amplitudes. From the gauge
algebras (2.37) and (2.40), it is straightforward to check that

501|A = 0, 5C{TA,B = 0, 50{?27173’4 = 2iwmm”e(k2,eg,k3,63,k4,e4) = wmm”y27374,
(2.53)

- 11 -



using momentum conservation for the vectors and the tensor. In addition to the ten-
sor (2.52), one can construct scalar pseudo-invariants from the additional building block

1
j1|2‘374 = (62)m(61inM374 + g{?374) + 5 [(62 . 63)M174 + (3 Ad 4)] (254)

5-71|2\3,4 = Q13}2,374 + kén(Q2Mﬁ374 - Q1M27?374) + [823(923M174 — QlM2374) + (3 < 4)] .

(2.55)
Its covariant gauge variation (2.55) based on momentum conservation® implies that
Pipgiza = Jipppza + ky Mi53 4 + 523 Moz a + s2aMi2a 3 (2.56)
is pseudo-invariant as well:
OPyjgj34 = 2iwre(ka, e, k3, e3,ka,e4) = w134 - (2.57)

Its composition from My p and M;‘”‘ B.C follows the patterns of the BRST pseudo-invariant
Pyjg3,4.56 0 (5.22) of [29]. More generally, the recursion introduced in [20, 29] allows to
construct BRST (pseudo-)invariants at arbitrary multiplicity and tensor rank, including
comparable generalizations of Pyjpj34 in (2.56). The master recursion for an arbitrary
number of multiparticle slots in section 8 of [29] can be used to obtain (pseudo-)invariants
of higher multiplicity n > 5 in the half-maximal setup.

3 Constructing 1-loop field-theory amplitudes

In this section, we propose manifestly local expressions for the 3- and 4-point amplitudes of
half-maximal SYM in D = 6. The kinematic factors of individual diagrams are constructed
from the string-theory motivated family of building blocks introduced in the previous sec-
tion, and designed to produce cancellations between their gauge variations when assembling
the overall amplitude. To manifest gauge invariance at the level of the integrand, we pick
the convention for shifting the loop momentum ¢ such that the only ¢-dependent propa-
gators are inverse to £2, ({—k1)?, ({—k12)?, ..., ({—k12.n_1)?, i.e. they refer to momenta of
the form

bio p=C0—Fkia. p, p=0,1,2,...,n—1, (3.1)

where kj2._p is defined in (2.4). Locality is implemented by drawing all cubic-vertex di-
agrams that are compatible with color-ordering of the external legs and free of tadpole
subgraphs.® Following the spirit of the duality between color and kinematics [15], the
quartic vertices of the SYM Feynman rules are absorbed into the kinematic factors of

®Note that the derivation of (2.55) is based on (kss - €2)T3,4 = k5" T3 4 + 523T23,4 + 524 T24,3.

STadpole subgraphs are incompatible with the string prescription that motivates our choice of build-
ing blocks: the tadpoles have n—1 propagators with external momenta only, that cannot arise from the
maximum number of n—2 kinematic poles s; 1 ,; admitted by the singularity structure of the string-theory
integrands in [1]. We note that this is not directly related to the general consistency relations known as
tadpole cancellation in string theory (see e.g. the textbooks [26, 30]) — we have not (yet) demanded tadpole
cancellation in the models of appendix E.
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the cubic graphs. Since quartic vertices arise from the gauge-invariant completion of the
SYM Lagrangian, checking gauge invariance of the amplitudes is sufficient to make sure
the quartic-vertex kinematics is appropriately captured. The general structure of a D-
dimensional n-point 1-loop amplitude in the cubic-graph expansion reads [16]

1loop n dD[
AFOP(1,2,...,n) = / > Ha 11%”() (3.2)

z€F12

The summation range I'1o , selects cubic 1-loop graphs ¢ that are compatible with
the cyclic ordering 1,2,...,n of the color-stripped single-trace amplitude in (3.2). Any
graph 4 is associated with (possibly loop-momentum dependent) internal momenta
p1,i(€),p2,i(0), ... ,pni(f) from its edges o, and the design of their kinematic numerators
N;(¢) is guided by the gauge variation (2.1):

FEach term of 0N;(¢) must cancel a propagator, 53
i.e. contain a factor of pi’i(ﬁ), a=12,...,n (3.3)

By locality of the numerators, this is a necessary condition for gauge invariance of the
overall integrand. To ensure it is also sufficient, it remains to check that all the contributions
from dN;(¢) with fewer propagators cancel between diagrams. The global delta function
imposing momentum conservation k1 + ka2 + ... + k, in (3.2) is left implicit. Finally, in
slight abuse of notation, the specification of 4N supercharges through the subscript N of
A/l\'/b()p(. ..) follows the 4-dimensional counting of supersymmetries although the amplitudes
constructed in this section live in 6 dimensions.

3.1 The local form of the 3-point amplitude

At the 3-point level, our ansatz for a cubic-graph expansion for half-maximal 1-loop am-
plitudes without tadpoles involves three bubble-diagrams and one triangle:

(3.4)

D N 14
e loop(l 2,3) = /(d 14 { T1 23 Ti23 T31,2 112,3( )}7

27T)D 823625% 512€2f%2 5135%5%2 625%5%2

see (3.1) for the ¢-dependent propagators. The bubble numerators in (3.4) have already
been identified with the scalar building blocks T4 g in (2.26). By their gauge algebra (2.27)
and the absence of tadpoles, this is a canonical choice compatible with the general princi-
ple (3.3). The triangle numerator Ny 3(¢) is initially left undetermined, but the require-
ment to cancel the gauge variation of the bubbles,

5( T 23 n Ti23 T312 ) _ wW1To 3(02 — 02) + woTh 5(035 —03) + w3 Ty 2 (02 —£3,)
823€2€% 812€2£%2 513€%£%2 £2€%f%2 s
(3.5)
with 63, =% = 2(0 - k12._p) + ki, fixes its gauge variation to be
(5N1|2,3(€) = 2(6 . kl)wlTQ,g + 2(€ . kz)u)gTLg + 2(6 . kB)W3T1,2 , (36)
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using the vanishing of Mandelstam invariants (2.4) in 3-particle momentum phase space’

1
s12 = o [(k1 + ho)® =k — B3] = S [k5 — ki — k3] = 0. (3.7)

DN | =

In view of the gauge algebra (2.29), the minimal solution to (3.6) is 2¢,, 17" 3. However,
we are led to the nonminimal solution

N1‘273(£) = 2€m(T{n273 + E{TQB) + T1273 + T1372 + T1,23 , (3.8)

which will appear in 4-point gauge variations and play out with the BCJ duality. More-
over, (3.8) resembles the structure of the maximally supersymmetric pentagon numerator
in (4.5) of [12]. We have allowed for the parity-odd term b BTy 5 ~ €(l, e, ka, e, ks, e3)
defined by (2.30), for chiral fermions to run in the triangular loop.

The freedom to choose nonminimal solutions might seem to be at odds with the “fix-
ing” of the amplitudes claimed in the introduction. In fact, the parity-even extensions
of the triangle numerator by T;;; in (3.8) vanish as detailed in section 3.2 below, but
their inclusion parallels certain non-vanishing contributions to the triangle numerators in
the 4-point amplitude, see egs. (3.24) to (3.27). The parity-odd term EmEﬂLQ,g is local
and gauge-invariant by itself, but the string-motivated combination EmM;‘”‘B’C, defined
in (2.46) at generic multiplicity, tells us that £,,77" 5 should appear only in the combina-
tion £y, (177 5 + E717|L273). As a check, this term can be directly calculated from string theory
as in [1].

3.2 Infrared regularization

In (3.7), we see the usual vanishing s;; = 0 of 3-particle Mandelstam invariants for massless
external states. This threatens to introduce singular propagators of the form “1/0” in the
bubble terms in (3.4). Fortunately, their numerators are

1
Tho3 = —5 13" f§™" = (kizety — sizeq’es) (kyel’ — ki'el)
= —(s13 + s23)(e12 - e3) — s12(e1 - e3) (k3 - e2) + s12(e2 - e3) (k3 - €1) (3.9)

= s12|(e2-e3)(k2-e1) — (e1-e3)(k1-e2) + %(61'62)(%" — k3" ey’

— (e1-e3)(ks-e2) + (e2-e3)(k3-€1)
= 312(61 . 62)(1{71 . 63)

using transversality (ks - e3) = —(k12 - e3) = 0 and no Mandelstam identity other than
$12 + 813 + S23 = 0. This identifies the bubble contribution T1122’3 as a “0/0” indeterminate,

S
that requires an infrared regularization procedure to resolve.

"We keep kinematic identities covariant and dimension-agnostic (except in section 5, for checks in D = 4).
Hence, we will not use the common strategy of factorizing s12 = %(k% — k3 — kf) = 0 into 4-dimensional
spinor brackets (12) and [12], one of which is taken to be non-zero for complex momenta [31]. Instead, in
the next section 3.2 we will introduce a D-dimensional infrared regularization to track the cancellation of
the vanishing 3-particle s;; in intermediate steps.
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Ti2,3 = s12(e1 - e2) (k1 - €3) Moz = (e1-e2)(k1 - e3)

512

Figure 4. The singular propagator 31_21 in the one-mass bubble diagram is compensated by the
formally vanishing numerator Th2 3 = si2(e; - e2)(ky1 - e3). If the diagram on the left is a “snail”,
then the diagram on the right is a “shy snail”. All our snails are shy.

The problem of singularities ~ 51_21”.7%1 in the phase space of n massless particles also
arises in string amplitudes in orbifolds with half-maximal supersymmetry. In [1], where
we constructed the string-theory input for the SYM amplitudes in this paper, we used the
following proposal by Minahan in 1987 [6], that we referred to as minahaning. Infrared
singularities are regularized by a lightlike “deformation” momentum p™ perpendicular to
all the polarization vectors, that deforms 3-particle momentum conservation to

B B4k =p™,  pt=0. (3.10)

This allows the Mandelstam invariants in the 3-point function to be nonzero in intermediate
steps. For instance, we have

k3-p=k3-(/€1+/€2+k3):kl-k3—|—k2-k3:—3127 (3.11)

so s12 is linear in the deformation p. (In string theory, the virtue of this particular regular-
ization procedure is that it preserves modular invariance of 1-loop amplitudes while keeping
the external states on-shell.) Then, by (3.9), the dependence on p™ automatically drops
out from the bubble contributions, and the singular propagator is cancelled as visualized

in figure 4,

Moz = 1;1122’3 = (ks p)(f;:;; e;;(kl ) = (e1-e2)(k1 - e3) . (3.12)

This casts the 3-point amplitude (3.4) into the following form,

AN25P(1,2,3)

APl f(er-ex)kz-e)) (&1 “ez)(k1-e3) | (e1-e3)(ks - e2)
- / (2m)D { ee T e, T en (3.13)
2£m [671”(1432 - ey,)(k‘g . 62) —+ e%”(/fg . 61)(l€1 - 63) —+ egn(kl . 62)(]{32 . 61) + iem(el, kg, €2, k)g, 63)]
" ez, |

where we have dropped any term ~ s;; in the triangle numerator (3.8). Note that at the
level of the integrand, we are treating the one-mass bubbles (“shy snails” of figure 4) on
equal footing with triangle diagrams. (This could also be natural for computing effec-
tive actions: wavefunction renormalization and gauge coupling corrections are related by
Ward identities.)

One might worry whether the deformation (3.10) of the kinematic phase space inter-
feres with the gauge algebra, since we used momentum conservation in section 2.6 and 2.7
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to identify gauge-invariants. This worry is unfounded — indeed we used momentum con-
servation for our vectorial and tensorial building blocks, but only scalar building blocks
are minahaned. For instance, we use m-particle momentum conservation to cast 6E’17‘L237 4
in (2.31) into covariant form and to rewrite 677" 5 in (2.44) as k3" (waT1,3—w1Th3)+(2 <> 3)
where the gauge-invariant completion is more evident. The gauge algebra for the scalars
Map ~ fA"fE", where minahaning is required in case of single-particle slots A or B, is
not tied to any phase-space constraints.

In more general terms, the vector and tensor building blocks seen in section 2 are
built from products of at least 3 Berends-Giele currents, see (2.36) and (2.38). Hence, the
associated external propagators contain at most n—2 massless momenta, and the naively
singular propagators of the scalars Mi2. ,—1,, are bypassed. To summarize: in the sector
of the gauge algebra that relies on momentum conservation, we are in fact free to set the
deformation vector p in (3.10) to zero from the outset.

As expected, the representation (3.13) of the 3-point amplitude integrates to zero in
dimensional regularization: the scale-free bubble integral vanishes by cancellation between
infrared and ultraviolet divergences, and the triangle contributions with tensor structure
[ — kzjm vanish upon integration, on kinematic grounds. While the main emphasis of this
work is on integrands and their systematic construction via gauge invariance and locality,
we will also study the integrated expressions as consistency checks.

3.3 The gauge-invariant form of the 3-point amplitude

By the minahaning prescription (3.10) explained in the previous section, the bubble con-

L. T
tributions —232

are well-defined expressions (3.12) in the 3-particle phase space. With the
choice of triangle numerator in (3.8), the 3-point integrand in (3.4) is gauge-invariant due
to interplay of the triangle with the bubbles. Alternatively, we can make gauge invariance
manifest at the level of individual diagrams, as follows. Eliminate the second and third
bubble in (3.4) by adding

T12 3 2 2 T13 2 2 2
0=—7"35- {1/ QE-IC] —— QE-IC] 3.14
to the integrand, setting s12 = 0 in the brackets [...]. With the definitions (2.48) and (2.50)

of the scalar and vectorial gauge-invariants Cj3 and C{TQ 4, We arrive at the alternative

representation

Alloop (1 9 ) _/ dPe [ Chpps | 2bmCify s + 52301 23 (3.15)
N=2 302 | 2m)D | 262 20303, ‘
with manifest gauge invariance. (We also included the vanishing scalar triangle 523C1 23
to make contact with the maximally supersymmetric pentagon in (5.5) of [12].) To com-
pare (3.15) with the manifestly local expression (3.13), we write out polarizations and mo-

~16 —



menta:

AP (1 9 3) / dPl [ (e2-es)(ka-e1)+ (e1-es3)(ks - e2) + (e1-e2) (k1 - e3)
N=2 0 (2m)P 0203
n 2lm [eT(kQ . 63)(l€3 . 62) + 67271(1433 . 61)(]{31 . 63) + egn(kl . 62)(1€2 . 61)]
(2020,
2€m [k:g”(el . 62)(k1 . 63)+k§n(61 . 63)(k}1 . 62)+i6m(61, kQ, €9, ]{73, 63)]
* TR '
1*12

(3.16)

We see that the gauge-invariant form (3.16) of the 3-point amplitude happens to also have
manifest locality, but as emphasized earlier, amplitudes at higher multiplicity generically
exhibit a tension between locality and gauge invariance. At 4 points, for instance, the
gauge-invariant triangle “numerators” such as KmC’{’l”LQ& 4, that will appear in section 3.5 in-

volve kinematic poles (say 31_21) that do not match the propagator structure of the triangle

m
1]23,4

of the amplitude (3.2) are assembled, those superficially non-local contributions will col-

diagram under discussion (say (s2302¢3(355)! along with ¢,,C ). When all diagrams

lapse to local expressions, as is guaranteed from the manifestly local starting point of
our construction.
The gauge-invariant bubble coefficient in (3.16) can be recognized as the 3-point tree,

Chios = (e2 - e3) (kg - e1) + (e1 - e3) (ks - ea) + (e1 - ea) (k1 - e3) = A™°(1,2,3) . (3.17)

It arises as the leading UV-divergence of (3.15) when performing the d”¢-integral in (3.16)
in D > 4 dimensions, for which we introduce the shorthand |yy, as in

ANOP(1,2,3 = Cjo3 = A™(1,2,3) . (3.18)

) oy
3.4 The local form of the 4-point amplitude

The 4-point analogue of the ansatz (3.4) in terms of cubic diagrams without tadpoles reads

A/l\}ligp(l,2,3,4):/ dPe¢ {M12,34 My123  Miozs  Migzs Mz
(2m)P | 24, (il (g 0207 (307
My123 Nig3.4(£) Nyja3.4(£) Nyj2,34(0)
6%24%23 312%5%2@23 523(25%@23 5340277,
Nyyjo,3(¢) Nﬂgi‘?”zl(é) }
514(%8%2@23 52@@2@23

—+

- -

+

(3.19)

The propagators in the first line are associated with bubble diagrams, and the numerators

Ny p,c(f) and Nﬁg’})’ 4(£) of the triangles and the box, respectively, will be inferred from

gauge invariance.

3.4.1 Bubbles

Our ansatz for the bubbles in the 4-point amplitude (3.19) is again based on the scalar
building block T4 p in (2.26). At 4 points, the tree-level subgraphs connected to an external
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_ Thoza e .
5 Migga = 5 5=+ (1 2 3) ; s12 ) 3 523
2 4)—@— 4 4 + 4
. 2 1

Figure 5. The kinematic factors T7234 and ]T321,4 of an external bubble compensate the singu-
lar propagator sf21:5 upon minahaning. The leftover poles in s15 and so3 correspond to tree-level
subdiagrams whose local numerators in the ellipsis can be assembled from (3.20).

bubble as depicted in figure 5 involve 3 external legs and 2 propagators. There are two
pole channels ~ (s125123) "1 and ~ (s235123) " admitted by the cyclic ordering, that are
combined into the Berends-Giele current fi3% — 745 in (2.12). This is why the bubble
kinematics in (3.19) is chosen as T4 p = Ma g, see (2.46).

Similarly to our previous discussion around (3.12), the propagators of an external
bubble include a 3-particle Mandelstam invariant sjo3 that naively vanishes in 4-particle
phase space, but this is compensated by a zero of the numerators 77234 and 7321 4. In
more detail, we extend the minahaning procedure from section 3.2 to 4 points: a lightlike

deformation momentum $°%_. k™ = p™ amounts to using no Mandelstam identity other
j=1% =P y
than ) h -s;; = 0. Given the cancellation of S128134893 — | — _ 51445249534 §p) jptermediate
1<) S123 123

steps (which can also be found in [18] in the context of the same diagrams), we ultimately
arrive at finite expressions like [1]

M = (- exea-e0) - s -ene e - M-
¥ (e1 - e2) :(k2 : 63)25—12(;€1 8) 1y gy — L 645)2(;2 : 63)]
+ (es-e3) :(k:2 : 61)28—23(k3 1) ey = 2 613)1(2k3 _ 64)]
+ (e1- €3) :(kl ' 623)1<2k3 e | G 648)2(3’“3 ' 62)] ’ (3.20)

that still exhibit the 2-particle propagators 81_21, 52_31 and can be visualized through the col-
lapsed propagators in figure 5. The same kind of regularization procedure was instrumental
for the 4-point 4-loop amplitude of A" =4 SYM [32].%

The remaining bubble topology with 2 external legs on each side and propagators of
the form ~ (s12534) ! does not need regularization. Still, one can identify a global prefactor
of s12 = s34 in the numerator T2 34, cancelling one of the propagators [1],

Mg 34 = 3112 [812(61 -eq)(e2 - e3) — s12(e1 - e3)(e2 - eq) + (513 — s23)(e1 - e2)(e3 - e4)
+ (61 . 62)((1€1 . 63)(k2 . 64) - (kQ . 63)(k1 . 64)) (3.21)

+ (ea ea) ((ka - e2) (kg - e1) = (k- e1) (kg - 2)) |

8 Another related topic is the “cancelled propagator argument” in string theory (see for example figure
9.9 in [33]): an external bubble in a gauge-boson amplitude at 1-loop could cause a mass shift in the
effective action, which would naively interfere with gauge invariance. For recent related work, see e.g. [34]
and references therein.
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Upon insertion into (3.19), this pinpoints the bubble contributions to the 4-point amplitude
in its local form. Their gauge variation

6<M12’34 My123  Mioza  Mioza  Msg2 M412,3>

+ + + +

203 (il Py, 207 oy (Galla
= w12T3,4(6 — 0%) + w3Ti2,4(Fog — £15) + waTr23(0% — £oy)
s120263 (3
+ wasT1a(Ggs — 03) + w1 Ths 4 (63 — €2) + wyTas 1 (02 — 3,53) (3.22)
525262 .
523L7L747 03
w3aTh 2(0? — 03) + w12 34(03 — 02) 4+ woTy 34(035 — £3)
" 834€2£2£2
1612
L wTos(oy = ) + woTuns(By — ) +wsTur o(Gyy — )
s140202,02 )
14%1%12%123

is compatible with (3.3) and takes the right form to conspire with the triangle diagrams.

3.4.2 Parity-even triangles

By analogy with the 3-point expression (3.8), the numerators of the 4 triangle diagrams
n (3.19) will have both parity-even and parity-odd contributions, to be denoted by

Nf;’%“4(€) and Nfggﬁﬁ), respectively:
Nap.c(0) = NG o(0) + N5 o (0) (3.23)

The requirement (3.3) on the triangle numerators’ gauge variation interlocks the scalar and
vectorial parts. For instance, the parity-even expressions (with T{'p - defined by (2.28))

1234(0) = 20TV 34 + Tr234 + Ti243 + Th2,34 (3.24)
1123.4(0) = 26 T3 4 — Ta31,4 + T 234 + Tha23 (3.25)
1e|\§e,§4(£) 20,17 34 + Ti2,30 — Ta1,2 — Tha21 (3.26)
1) =2(y + ki ) Tit 9.3 + Tarz,s + Taisz + Taros — s1a[ef T3 + (e1 - €4) T3]
(3.27)

extending the pattern of (3.8), provide the right interplay between scalar and vector
contributions to produce differences of the inverse propagators 6%2.“ j and s;; in their
gauge variation:
ONaiz4(0) = s12 (W1 NS 5R(0) + wiaToa +wiaTo3 — waNT54 () — w234 — waaTh 3]
+wiaTs 4 (02 — €75) + w3Tioa(lly — £o3) + waTr23(Has — £7),
OGN 3.4 (€) = s23 [waNTER(0) + wioTs 4 + woaTh 3 — wsNT5 5 (0) — wisThy — w3aTh 2]
+wosT1a (6 — a3) + w1 Toz a (€% — £) + waTos 1 (Fas — £7) (3.28)
OGN 34(0) = s34 [w3NTHA(0) + wiTh g + wasTh g — waNT53(0) — wiaTh 3 — w2 Tl 3]

+ w3a T 2(By — ) + w1 To 34 (02 — 03) 4+ woTy 34(62 — £3,) .

~19 —



1 0 —ky
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Figure 6. The “special” triangle diagram where the vector part ~ T} 5 5 of the numerator contracts
with the shifted loop-momentum ¢ — £ + k4.

The shorthand N f}’ekr‘(f) on the right-hand sides refers to the parity-even triangle numerator
in (3.8):
e 0) = 20,17+ Tij + Tije + Tk j - (3.29)

The exceptional terms 2KkJ"T}} 55 — s1ae' 17 3 — s1a(e1 - eq)Ta3 in the fourth triangle
numerator (3.27) without any counterparts in Nyi'(£), Nyjy3'y(€) and Ny5s, (€) can be
justified as follows: the gauge variation of the naive ansatz 2€mTH,273+T41273 +Ty132+T41 23
for ja’g})(ﬁ),

§[20mTiY 0.3+ T3 + Turz2 + T 23]
= 2w To3[(0- k1a) — s14] + 2weTu1 3[(€ - k2) + s14] + 2ws T 2(¢ - k3)
+ s14[wseT1 3 + wisTh 2 — wioTs4 — wisTh s + waNTHR(0) —wiNSHR(0)]  (3.30)

does not satisfy the necessary condition (3.3) for gauge invariance. However, the addition of
2k"T1} 5 5 s easily seen to complete the first line of (3.30) to be expressible via differences of
0, ; and can be motivated by a diagrammatic argument: in our conventions for the shifts
of the integration variable, ¢ is the momentum in the n-gon edge between the external legs
1 and n. For the “special” triangle graph with legs 1 and 4 forming a tree-level subdiagram,
the momentum in the analogous adjacent edge is £ 4 k4 rather than ¢, see figure 6. Hence,
it is not surprising that our analysis driven by gauge invariance points towards a numerator
of the form lev‘ez‘jg(ﬁ) =2l + K2) 1123+ ... The remaining terms of the ellipsis —
specifically the subtraction of s14 [eTT{”’m + (e1 - 64)T273] — can be inferred by demanding

the variation to follow the structure of (3.28),

SN (0) = s41 [waNT55(0) — wiN554(0) + w2aTh 3 + wsa T o — wi2Ts4 — wisTh ]

+ w41T273(€%23 — E%) + WQT4173(£% — 5%2> + LU3T4172(£%2 — 5%23) . (3.31)

The appearance of £3, ; in the triangles’ gauge variation cancels the contribution (3.22)
from the bubbles. The remaining terms ~ s;; in the above 5Nj“’eBrtC need to conspire with
the box graph. In particular, the sign change of w4773 + w3471 2 and the conversion
Ni%3(0) — N5$i(€) going from (3.30) to (3.31) is essential to render the desired gauge
variation of the box numerator linear in ¢: only the relative minus sign in ¢2, i A, -1
makes the quadratic piece ~ ¢? disappear.
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3.4.3 Parity-odd triangles

The parity-odd part of the triangles can be reconstructed by demanding all the Ny B,c(f)
to be expressible in terms of the string-theory motivated “parity-(odd+even)” building
blocks Mty - and Jij;);k defined in (2.46) and (2.54), respectively,

dd dd dd
Nf2\3,4(£) = %mEgBAv Nf|23,4(€) = %mEI’\LzSAv Nf|2,34(€) = %mEWQ,M
Nfﬁ%ﬁ(ﬁ) =2(lm + kﬁz)Eﬁp,?, —2sq1e)' EYly 5, (3.32)

see (2.30) for the definition of E'ip o For example, combining (3.32) with (3.27) leads to
the following expression for the special triangle numerator,

Nyijp3(€) = 2(m + kfn)541MH|273 = 2ss1 42,3 + Tur2,3 + Taiz 2 + 1123 (3.33)

which shares its structure with the maximally supersymmetric pentagon numerator in
section 4.4.2 of [12], where the tree-level subdiagram involving legs 1 and 6 singles out
¢+ kg in the same manner. The overall parity-odd gauge variation of the triangles (3.32)
is given by

<Nf§|§,4(€) Nigsal)  Nigh,(0) Nif‘%,g(@)

51252(%2@23 52352@@23 334@5%@2 314@@2@23

2 m m m m
= 222 2 S gm(W1E2|3,4 - W2E1|3,4)(£% - @2) + gm(W1E3|2,4 - W3E1|2,4)(€%2 - 5%23)
1*12%123
+ (@1 By — 1By o) (Ghag — 0%) — 2021 K Bl (3.34)

where the last term ~ —2€2w1kTEZ|123 will be seen to play an important role for the
6-dimensional gauge anomaly.
3.4.4 The box numerator

The /-dependent part of the box numerator can be readily written down by promoting the
constituents of the triangle in (3.8) to have another free vector index (while extending the
combinatorics to 4 legs),

Nﬂg’f374(£) = 2l by M55 4 + 20, [312Mg|3,4 + 593 M{lp5 4 + cyc(2, 3, 4)] + N15|C2a,13,4 , (3.35)

see (2.46) for the tensor building block. Assuming that the scalar contributions ler;% 4 to

the box numerator are parity-even, we can extract the entire parity-odd gauge variation
from (3.35) and find

5NF|3>,(3,4(£) loaa = 2Cw1Y234 + 2 (w2 B3 4 — leg\lm)(f% — £3) (3.36)
+ 2 (W3 By 4 — w1 B3 ) (65 — fa)
+ 20 (wa BTy 3 — WlEZfz,:;)(@zs -0,

using (2.34) and (2.30) for 0BT 4 and OET ; o, respectively. With the relation

Y34 = 2ie(k, e, ks, €3, ku, e4) = 2k} E}s 5, (3.37)
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it is easy to verify that (3.36) naively cancels the entire parity-odd variation of the trian-
gles in (3.34), but in the next section we will see the expected box anomaly. It remains to

find a scalar completion NV sf;g 4 of the {-dependent parity-even building blocks £, T%"s

and £ 0,17y 4 in (3.35). The expression for N

scal
1]2,3,4

variations (3.28) and (3.31) of the triangles which are not yet accounted for by the bub-
bles (3.22):

will be designed to cancel the gauge

INTSS () | oven = WINSKA(O (7 = £3) + wa NPXH (O (4] — £2) + waNPR(0) (415 — £ia3)
+ W4Nie,‘§§(£)(f123 ) + (w13Ths — waaT13) (6% — €5 + (39 — (Fo3)

+ (w12T54 — w3aT12) (2 — £35) + (wosTha — wiaToz) (65 — £393) .
(3.38)

One can check that this is accomplished by the following local expression for the scalar box
n (3.35):

foilgA = Ti234 + T1324 + T14.23
[T123,4 + T301,4 + 12341 + Ty321 + Th342 + Tu31,2 + Th2a3 + T421,3}
(k5 —kT)TTS 5 4 + (K5 =k ) T3 4 + cyc(2,3,4)]

Ty 4 [FUED 4 (1 2,3,4)] . (3.39)

@\HW\)—‘W\[\D

In analogy with the maximally supersymmetric hexagon numerator in section 4.4.3 of [12],

the scalar part (3.39) of the box N b|°X (¢) involves a combination of T4 g which depends

9

on the ordering i, j, k. The second line,” on the other hand, is permutation invariant in

2,3,4, and the parity-odd contributions cancel When representing the last line via T{'if ik
building blocks (2.46).

1‘ o in terms of the “parity-(odd+even)”

3.4.5 The box anomaly

The anomaly kinematics Ya34 = = 2ie(kz,e2,k3,e3,ks,e4) from both Ny 3(¢)
and (5N{’|3X3 4() deserves particular attention since this is where the tensor trace
St Mﬁlzng L) = w1 Ys34 + ... conspires with the special triangle with ks in a mas-
sive corner (i.e. where the /=2 propagator is absent):

dPe 1 AL A
SANP(1,2,3,4) = 2w1Y234/ { - + = } . (3.40)
(2m)P 5%5%25%23 525%@2@23

Naively, one would be tempted to set (3.40) to zero since the integrand appears to vanish.
As is well known, dimensional regularization reveals a logarithmic divergence that requires

9Note that the gauge variation of the second line of (3.39) is given by

1
g [T12,4w3(523 — 813) + T12,3(U4(824 — 814)] + (12 <~ 137 147 23, 247 34) .
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a refined analysis. One can show with conventional (see e.g. [35] or section 5.1 of [28]) or
worldline techniques (see e.g. section 4.5 of [12]) that tensor n-gon integrals in D = 2n — 2
dimensions give rise to the following rational terms

/dDé { Tpg "4 _ 1 }‘ _ "t
52(6 — k1)2 . (6 — k12_._n_1)2 (f — k1)2 A (E — k12,,,n_1)2 D=2n—-2 (n — 1)' ’
(3.41)
when combined with an appropriate scalar (n—1)-gon. Hence, we identify the following
anomalous gauge variation in the above 4-point amplitude,

]

1-loop . .
ALP0.2,3], Ly, = 5 Vi =

ﬁ €(ka, e, ks, e3,kq,€4) . (3.42)
As can be “discovered” from the field-theory perspective (see e.g. [28]), this anomaly can
be cancelled by contributions due to additional fields in the gravitational sector, once the
relations between couplings in the gauge and gravitational sectors are suitably tuned. From
the string-theory point of view, this is the Green-Schwarz mechanism generalized to D = 6
(see e.g. [36]). The additional states are p-form fields, possibly on collapsed cycles of the
K3 orbifold, but in string theory no couplings need to be adjusted: the coupling relations
suitable for anomaly cancellation arise from the same open-string loop diagrams as those
that gave rise to the anomaly (e.g. diagrams discussed in [1], but in the long-cylinder limit
instead of the field-theory limit discussed later in this paper).

3.5 The gauge-invariant form of the 4-point amplitude

To make pseudo-invariance of the 4-point amplitude (3.19) manifest, one can repeat the
procedure of section 3.3 and perform algebraic rearrangements of the integrand similar
to (3.14). The guiding principle is to eliminate those cubic diagrams where the reference

leg 1 is involved in a non-trivial tree-level subdiagram,'’

i.e. where either ¢2 or /2 is absent.
However, the above discussion of the box anomaly suggests that the special triangle with
propagators (3£3,(2,, is an exception. In the process of these rearrangements, the kinematic
building blocks T'4 B, Mfﬁ B.C MQT%,C, p and Jpg34 are assembled into the gauge (pseudo-
)invariants C4, CITA,B’ C?&"B’C and Pjjg34 introduced in section 2.7. By tedious but

straightforward manipulations, one can show that the integrand of (3.19) agrees with

Alloop(y 9 3 4)_/ AP0 [ Cipsa 2tmCilyg 41534011230 —524C1 304
N=2 5“9 9y - (2ﬂjl)

0202 (275,
2mClly 54 +523C11a32—524C1 342 2Pyyp03 (3.43)
0203203, (3035605 ‘
2 lnCS.4 + 2m(523C1]5g 4 + 5240y 5 + 53107 50) + Ciffas
+ TN ’ ,
¢ 51612€123

10This scheme of eliminating cubic diagrams descends from string theory, where integration by parts
allows to eliminate the worldsheet origin of the associated propagator structures, see e.g. [1, 14].
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upon insertion of all the numerators, with the following shorthand for the gauge-invariant

scalar box:
scal 1 1 mn - mi.n
Cligjsja = 5(482353401@34 — 2593524C1 324 — 2524834C1)243) — 612,34 > kK]
i=1
1
+ 5 [s23(k5 — k5 Cllog 4 + soa (k" — k3")Clyy 5 + s34(K" — K5) Oy 0] -

3
(3.44)

This representation generalizes the form (3.15) of the 3-point amplitude and confines
the leading UV contribution to the single bubble in the first term such that, in analogy
with (3.18),

ANFOP(1,2,3,4) |y = Cujass = AT(1,2,3,4) (3.45)

see (5.13) below for the tree amplitude expressed in momenta and polarization vectors.

mn
1]2,3,4°

immediately reproduce the anomaly (3.40) from the representation in (3.43). However, the

The anomalous gauge variation is carried by Pyjyj2 3 and 4,6, C see (2.53), so one can

latter obscures locality through the propagators ~ si_j1 that were absorbed into numerators,
such as EmC’fl"‘QSA present in the box and one triangle. For a complete picture of the
4-point amplitude and its symmetry properties, one should consider both the manifestly
local representation (3.19) and the manifestly gauge pseudo-invariant representation (3.43).
Note that the latter form of the 4-point amplitude shares the structure of the maximally
supersymmetric 6-point amplitude in (5.10) of [12]. Accordingly, cyclic symmetry of the
integrated expression under (1,2,3,4) — (4, 1,2,3) modulo anomaly can be verified along
the lines of section 5.4 of [12].

3.5.1 An empirical invariantization map

Following the same steps as for the maximally supersymmetric setup explained in section
5.1 of [12], there is a systematic and intuitive mapping from the above local representa-
tions to the manifestly gauge (pseudo-)invariant expressions in (3.15), (3.43) and (3.44).
Whenever the reference leg 1 enters a kinematic building block through a single-particle
slot A =1, it signals a (pseudo-)invariant according to

Map — d41C B, Mg e — 041050

Mﬁ%w,D - 5A,1C{Y|L§,C,D ) Jija23 = Praps - (3.46)
Building blocks with leg 1 in a multiparticle slot (say A = 12 or A = 123), on the other
hand, are absorbed into the (pseudo-)invariant completions of the cases with A = 1 and
therefore mapped to zero through the Kronecker delta 4,1 in the empirical “invariantiza-
tion” prescription (3.46). This formal map is checked to reproduce the above manifestly
gauge (pseudo-)invariant amplitude representations from the local ones in (3.4) and (3.19).
3.5.2 A simplified representation

In contrast to the maximally supersymmetric 6-point amplitude in [12], the present 4-
point context turns out to admit additional simplifications. The BCJ relations [15] among
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different permutations of Cyjp34 ~ Atree(1,2.3,4) imply the vanishing of the scalar triangle
numerators, and additional on-shell relations detailed in appendix C cast the scalar box
numerator into a compact form:

1
_ _ scal  __
534C11234 — 52401324 = $23C 11432 — 524C1 302 = 0, Cliajsja = —5823534C1|234 . (347)

Upon insertion into (3.43), we arrive at the following simplified and manifestly pseudo-

invariant form of the 4-point amplitude with half-maximal supersymmetry,

A}\}IOOP(l 5 3 4):/ dPe Chj234 %mcﬁgs,zx %moﬂbz,sz; B 2Py 42,3 (3.48)
=2 (2m)P 62@ g%%@% 62@@2 6%6%2@23
N 2UmnC15'3,4+20m (5230 3 4 +524C1 3+534CT 3) — £523534C1 234
(U363,

Its integrand can be regarded as the main result of this work, and the integrated expression
in D = 4 dimensions is discussed in section 5.3 to demonstrate agreement with results in
the literature. Note that from the above construction via locality and gauge invariance, we
are free to add any multiple of the maximally supersymmetric amplitude A/l\}liip(l, 2,3,4)
made of a box diagram with permutation invariant and local numerator s23534C1j234- In
section 5.2, we will see explicitly that this freedom is equivalent to the freedom of adjusting
the field content of the theory, i.e. the number of supermultiplets that run in the loop and
their gauge-group representations.

The diversity of gauge theories increases rapidly when reducing from maximal to half-
maximal supersymmetry (running of gauge couplings, variety of supermultiplets and rep-
resentations). We would like to highlight that all this additional complexity of the 4-point
1-loop amplitude in general dimensions is compactly captured by the kinematic building
blocks in (3.48). As we discuss further in the conclusions, upon dimensional reduction of
this theory to D = 4, the parity-even part of minimally supersymmetric gauge theory is
also given by this expression.

4 Supergravity from the duality between color and kinematics

A major virtue of the cubic-graph organization of gauge-theory amplitudes is that it of-
ten admits the construction of supergravity amplitudes at various loop orders by double-
copy [16]. For this to work, the kinematic constituents must mirror all the properties of
the color factors [15], in other words they should satisfy the BCJ duality between color
and kinematics.!! In this section, it will be demonstrated that the 3-point gauge-theory
amplitude presented in sections 3.1 and 3.3 obeys the BCJ duality, so we can infer the
related half-maximal supergravity amplitude. However, in the formulation of the 4-point
amplitude we gave in sections 3.4 and 3.5, the duality is not manifest and further work
is needed.

"See [37] for a recent pedagogical account.
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Ci Cj Ck

Figure 7. Jacobi identities imply the vanishing of the color factors associated to the above triplet
of cubic graphs, ¢; +¢; + ¢, = 0. The legs a, b, c and d may represent arbitrary subdiagrams with
the same momenta in the external edges of the graphs i, j, and k. According to the BCJ duality,
their corresponding kinematic numerators N; can be chosen such that N; + N; + Nj = 0.

4.1 Review of the BCJ duality and double-copy construction

The BCJ duality between color and kinematics is based on the dictionary between cubic
graphs and structure constants f*¢ of an arbitrary gauge group. The color representative ¢;
of a graph is obtained by dressing each cubic vertex with a factor of f2¢ and by contracting
the color indices a, b, ¢ across the internal lines. Then, the Jacobi identity

fabefcde + fbcefade + fcaefbde =0 (41)

universal to any Lie algebra relates triplets of graphs depicted in figure 7 in the sense that
their color factors add up to zero, ¢;+c;j+c, = 0. According to the BCJ conjecture,'? gauge-
theory amplitudes can be represented!'® such that for each such triplet of graphs (4, j, k), the
corresponding triplets of kinematic weights N;, N;, Nj, (or numerators for short) depending
on polarizations and (external and internal) momenta sum to zero as well, N;+N;+ N}, = 0.
At loop level where the numerators may depend on loop momenta ¢, such kinematic Jacobi
identities are understood to hold for any value of £. A gauge-theory amplitude is said to
obey BCJ duality if the numerators N; of all the cubic graphs ¢ are antisymmetric under
flips of their vertices and if they satisfy all the kinematic Jacobi identities.

According to the double-copy conjecture, the integrands of gauge-theory amplitudes
that obey the BCJ duality are converted to supergravity integrands once the color factors
¢; are replaced by another copy of the kinematic numerators N; for each cubic graph 1,
i.e. [16]

g-loop _ 4g-loop
Miix = Ay

(4.2)

Ci—ﬂv '
The additional kinematic numerators N; do not need to come from the same theory, in fact
they can even violate the kinematic Jacobi relations. As indicated by the subscripts in (4.2),

the supersymmetries A/ and N of the gauge theories with numerators N; and N; add up
to yield the amount of supersymmetry of the supergravity amplitude Mi}lij\ﬁ;. As for the

12 Although the most general form of BCJ duality and the double copy construction remain conjectures,
they are supported by a steadily growing list of examples up to and including 4 loops [32, 38, 39]. Also
there are examples without any supersymmetry such as [18, 40-44], and the 4-dimensional version of the
half-maximal 1-loop amplitudes under investigation has been cast into BCJ form in [17, 18].

13 Ambiguities for local cubic-graph representations of gauge-theory amplitudes arise from the freedom to
assign the contributions from quartic gluon vertices to different cubic diagrams. Redistributions as required
by the BCJ duality are often referred to as “generalized gauge freedom” [15, 16, 45], and a concrete non-
linear gauge transformation to implement such rearrangements of tree-level diagrams was identified in [23].
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1 1

Figure 8. Kinematic Jacobi relation 7123 — 71512 = 0 relating the antisymmetrization of bubbles
to a tadpole diagram with vanishing numerator.

2 3

3 2

Figure 9. Kinematic Jacobi relation Ny|s 3(¢) — Nyj32(f) = 2771 23 relating the antisymmetrization
of two triangles to a bubble diagram.

state dependence of N; and Nj, the supergravity spectrum emerges as the tensor product
of the gauge-theory states, e.g. graviton polarization tensors follow from the traceless parts
of the gluon polarizations e(™&™, and the N = 8 supergravity multiplet arises as a double
copy of the N'=4 SYM multiplet.

The standard double-copy realization of pure N = 4 supergravity is as (N = 0) x (N =
4) SYM, an asymmetric (“heterotic”) realization (see e.g. [46]). In this work, we have in
mind the symmetric double copy (N = 2) x (N = 2) SYM, that gives N' = 4 supergravity
coupled to N' = 4 matter multiplets with maximum spin 1 and %, respectively. String
constructions of these matter-coupled supergravities leave some freedom to tune the matter

content, see e.g. [4] and references therein.

4.2 BCJ duality and double copy of the 3-point amplitude

The local representation (3.4) of the 3-point amplitude will now be shown to obey the BCJ
duality. There are 3 inequivalent classes of kinematic Jacobi relations N; + N; + Nj, = 0
to check:

e Symmetry of the bubbles versus absence of tadpoles: as depicted in figure 8, the
symmetry of bubble numerators T4 p = Tp, 4 and the absence of tadpoles is consistent
with the BCJ duality.

e The formally vanishing scalar admixtures to the triangle numerators Ny 3(£) in (3.8)
yield bubble numerators upon antisymmetrization in 2,3, consistent with the triplet
of diagrams in figure 9.

e Antisymmetrizing a triangle numerator in legs 1,2 is also is consistent with the bubble
numerators under the BCJ duality. Since our shift conventions for the loop momen-
tum fix ¢ to reside in the edge next to leg 1, the momentum routing in figure 10
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Figure 10. Kinematic Jacobi relation Nyj33(¢) — Nyjz2(f—k2) = 27123 relating the antisym-
metrization of triangles involving the reference leg 1 to a bubble diagram.

requires particular care, and the numerator of the second triangle takes ¢ — ko instead
of £ as its argument.

Given that the representation (3.4) of the gauge-theory amplitude satisfies all these Jacobi
identities, it is qualified to enter the double-copy construction. By converting the color
factors of the bubble- and triangle diagrams to additional kinematics, see (4.2), one obtains

dPe (|12Ty 9312  |2Tia3|? 251 9|
Jqlloop (17273):/ \ 1,23!2 \ 12,3\2 | 312,2!2
N+N=4 (27T)D 28236261 2812£2£12 2813£1€12
IN1ps (O [Ny 2(0)?
20307, (20303

(4.3)

after combining both orientations of the triangle. However, by the formally vanishing
bubble numerator T2 3 = si2(e1 - e2)(es - k1) derived in (3.9), the (-independent part of the
bubble contributions yields

Ti23> | = (p-ks)(er - e2)(es - k)|?

s12 —(p - k3) = —(p- ks)l(e1 - e2)(e3 - k1)|* =0 (4.4)

upon minahaning (3.11) with a deformation momentum p™ in intermediate steps. Likewise,
the scalar parts ~ Tj; of the triangle numerator Nyjp3(£) in (3.8) vanish by the same
argument, whereas (4.3) simplifies to

dP¢ . - 1 1
1-1 m m mn n
MNick};ﬂ(l, 2,3) = 4/ @2 Cnln (T2 3+ ETjy 3)(T12 31+ Bl 3) {62@@2 + 626%6%3} :

(4.5)

Given that all of 777 5, %73, ~i’f2’3, E?I273 are perpendicular to the external momenta, the
only contribution to the integrated expression has tensor structure £™¢" — n™" and leaves
a no-scale integral.

Of course, the same discussion applies to the manifestly gauge-invariant representation
of the SYM numerators given in section 3.3, i.e. to the image of the numerators under the
invariantization map (3.46). In the alternative form

dPe . 1 1
1-loop o are m n
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the UV-divergence due to the trace component ¢,,,¢,, — My, of the tensor integral

Ml—loop (1’ 2’

N+N=4 = C{TQ,S ITQ,S (4.7)

3) lov

manifestly agrees with the low-energy limit of the corresponding string computation [1],
see [1, 47| for a discussion of the components with different numbers of gravitons, B-fields
and dilatons. For 3 gravitons, the counterterm associated with (4.7) is an operator R? which
is on-shell equivalent to the Gauss-Bonnet term, and therefore yields vanishing amplitudes
in strictly 4 dimensions. Likewise, the parity-odd contribution to (4.7) obviously drops out
in D = 4 for any state configuration.

4.3 Deviations from the duality in the 4-point amplitude

Since the 4-point gauge-theory amplitude (3.48) has been constructed from the same princi-
ples as its BCJ-satisfying 3-point counterpart, it is tempting to hope for the duality to hold
also at 4 points. However, in our representation one can identify a simple counterexam-
ple among the kinematic Jacobi identities that renders the 4-point supergravity amplitude
inaccessible to naive!? double copy of the present building blocks. Just like the 3-point
BCJ discussion was identical for the manifestly local and the manifestly gauge-invariant
representation, for our 4-point arguments we could choose either (3.19) or (3.48). For
convenience we pick the latter.

As depicted in figure 11, the antisymmetrization of two triangles with massive mo-
mentum ks + k3 in one corner should reproduce a bubble numerator that vanishes in the
parametrization of (3.48). However, we obtain

€ Cilyg 4 — (b — k) o34 = k;?r?CﬁL%A = Plg34 — Pizpa # 0 (4.8)

instead of the vanishing bubble numerator from the analogous antisymmetrization in fig-
ure 11. This is an obstacle to BCJ duality and prevents us from immediately writing down
a double-copy expression for the supergravity amplitude.

This obstacle was anticipated from the analogous closed-string amplitude in our com-
panion paper [1]. It closely parallels the obstacle observed in the representation of the
maximally supersymmetric 6-point amplitude in section 6.3 of [12]. Both here and there,
the mismatch in kinematic Jacobi identities boils down to pseudo-invariant kinematic fac-
tors as seen in (4.8). It is tempting to speculate that there is a tension between anomalies
and the BCJ duality [12], but ongoing work [50] and the recent results of [51] indicate that
there is no direct connection.

5 Comparison with 4-dimensional results

So far, we have discussed half-maximal SYM amplitudes in the highest dimensions D =
6 where 8 supercharges can be consistently realized. This section is devoted to their

1YWe note that two new approaches to double-copy constructions of gravity amplitudes have been devel-
oped since the first preprint version of this article [48, 49] which do not require a BCJ representation of the
gauge-theory input.
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3

Figure 11. Kinematic Jacobi relation between the antisymmetrization of triangles involving the
reference leg 1 to a bubble diagram. The vector part of the second triangle numerator is contracted
into the momentum ¢ — ko3 of the edge adjacent to leg 1. The numerator representation in (3.48)
fails to obey this kinematic Jacobi relation.

dimensional reduction to D = 4, where the parity-odd sector of gluon amplitudes including
their box anomaly drops out and their dimension-agnostic parity-even integrands'® are
expressed in terms of (D = 4) spinor-helicity variables. In the manifestly gauge-invariant
framework of section 3, the initially 6-dimensional kinematic factors will be specialized as

D=4
even °

C = Cr=Cn [t (5.1)

Pujijr = Prijr = Pujifje|

with explicit spinor-helicity expressions for the 4-dimensional objects C- and P.. The
resulting 4-dimensional 4-point amplitudes with N/ = 2 supersymmetry will be shown to
match the expressions in the literature [17, 18, 35, 52].

5.1 Spinor-helicity expressions versus polarization vectors

In this section, we collect spinor-helicity expressions for the parity-even gauge-invariant
building blocks (5.1) in D = 4. Conventions for the relevant momentum spinors and
o-matrices are summarized in appendix B. As expected from supersymmetric Ward iden-
tities [53, 54], only the MHV components of the scalar, vectorial and tensorial kinematic
factors in (5.1) are non-zero, e.g.

617\2*3* - 7)1*2*\3*4+ = Cinf\gfngf = 6?3727,3147 =0. (5-2)

In the MHYV sector, one obtains 3-point helicity components such as

c 1 (12)3 c 1 (23)3 c 1 2P
CRTET s asyesy TP T aagasy TP T A NsRs)
(5.3)
as well as
2 3
o0 = 375 BT gy = 5t (Blo™3) = [20m12)

(5.4)

15We explicitly recall this feature in section 6 by performing the field-theory limit on the string-theory
results of [1].
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At 4 points, we have the following inequivalent cases for scalar kinematic factors:

1 (12)%[34]? (12)3
—9— = —— = 2 .
N R R CTETI TV >
1(12)2[34]2
P1-o-|3+4+ = —2<>51[2], Pr-2+3-4+ = P1-2+344- =0, (5.6)

for vector kinematic factors we have:

m _ 1 (14)° m (14)° m
C1—|2+3+74— - 2<<23><24><34>[1’U |4> + WH‘U |1>> ’ (57)
m _ 1 (12)° m (12)° m (12)° m
P wavar = 5 (2~ B )
(5.8)
and for tensor kinematic factors:
(12)?

2
v = 5 g Bl DIOMD +

1 (12)3
T 223y (24) (34)

@wggmdﬂmuwmm) (5.9

(131013) — [4lo™}4) ) [1]0™)[2)

Note that the expressions in (5.3) and (5.5) can be reproduced from the Parke-Taylor
formula [55] for the corresponding tree-level amplitudes (3.18) and (3.45). Moreover, the
spinor-helicity results in (5.6) identify s;;P;;; with the gluon components of the kinematic
variables r;j + Ky in [18].

It is worth stressing the crucial difference between the helicity-agnostic expressions
underlying the above components of Cyj234 and those underlying Pipj34. Using Lorentz

traces over linearized field strengths f/"" = k["e}' — kl'el",

t(l, 2) = (61 . k‘z)(eg . k?l) — (61 . 62)(k‘1 . k‘g) (5.10)
t(1,2,3,4) = (e1 - k2)(e2 - k3)(es - ka)(es - k1) — antisymmetrization in all (k; <> e;),

it was found in the string-theory companion paper [1] that

C1|234 = |:t(172)t(354) - t(1525334) +CyC(2,3,4)] (511)
512523
1
Projas = — [HL 32 4) + 1L )1(2,3) —1(1,2)13,4) —1(1,4,2,3) |, (5.12)
512
where only Cjjg34 is expressible in terms of the famous ¢s-tensor from maximal supersym-
metry,
1 1
tS(]-a 2,3, 4) = 5 |:t(1v 2)t(3a 4) - t(]-a 2,3, 4) + CyC(2, 3, 4)] = 5 81252301|234 . (513)

By contrast, the object Pig34 of (5.12) only preserves 8 supercharges.'® In (5.12), the
dependence of P934 on the polarization vectors involves tensor structures ~ H?Zl(ei -kj,),

'®This can be seen by relating Pioj34 to the kij-variables in (4.8) and (4.9) of [18], for example.
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i.e. terms without any contraction of the type'” (e; - €;). An important difference between
P1j34 and the tg-tensor (5.13) is that expressions of the form Hj‘zl(ei +kj,) in Pygj34 cannot
be eliminated via momentum conservation and transversality (e; - k;) = 0. Note also that
the symmetries

P12134 = Po1j3a = Pr2ja3 = P12 (5.14)

are manifest in (5.12). Certain helicity configurations lead to identical expressions for
$23C1-|2-3+4+ and Py-g-j3+4+ — see (5.5) and (5.6) — but the vanishing of the MHV
component Pj-g+3-4+ shows that there can be no helicity-independent proportionality
between Cyja34 in (5.11) and Pjg34 in (5.12).

5.2 Disentangling the supermultiplets in the loop

As emphasized below (3.48), in section 3.4 we constructed a particular 4-point solution
to locality and gauge invariance in the presence of bubble and triangle diagrams, but this
particular solution admits the freedom of adding the maximally supersymmetric 1-loop
amplitude A1 IOOP with arbitrary coefficient. With this in mind, we want to compare our
results to the Well known N = 2 supersymmetric 1-loop amplitudes in D = 4 field theory
(see for example [35, 52]). We focus on the recent work [18], that discusses the contribution
of the hypermultiplet running in the loop. In general, the single-trace part of the color-
ordered 1-loop amplitude in an N' = 2 theory can be written schematically as

Ajl\[lozp - CVGCA.X‘/S'C:Q =+ ChypA/}gi2 ) (5'15)

where A3, and A /\}'p2 denote the contributions from one N = 2 vector multiplet and
one hypermultiplet running in the loop, respectively. The model-dependent coefficients
Cvec and cpyp depend on the gauge groups and the numbers of hypermultiplets. Then, the

on-shell helicity content (+1, +%, 0, —%, —1) of the supersymmetry multiplets'®

N = vec © (1,2,2,2,1), (N = 2uyp ¢ (0,1,2,1,0)
(N =4) < (1,4,6,4,1) = (N = 2)vec © 2N = 2)pyp (5.16)

translates into the following amplitude contributions from these multiplets in the loop:

AX‘}C o = Al loop _ 2A'/}3_’22 7 (517)

which is meaningful in both D = 6 and D = 4. Hence, one can write the generic one-loop
amplitude (5.15) as

Ajlelogp = Cvec AN + ChypA/\f 2 = = Crec Ay loop + (enyp — 2CVGC)AN 20 (5.18)

'"The absence of tensor structures [[/_, (e; - kj,), i.e. the omnipresence of at least one factor of (e; - e;)
in n-point tree-level amplitudes of the open superstring has been stressed and exploited in [56, 57]. An
investigation of (possibly non-supersymmetric) gauge-invariant scalar kinematic factors including [}, (e: -
k;,) can be found in [58].

8 A hypermultiplet has two complex scalars. Following the references we are using in this section, we
write 2(N = 2)nyp, where the factor of 2 means that what we call “hypermultiplet” here is actually a
“half-hypermultiplet” with two real scalars. See also the conclusions for comments on supersymmetry
decomposition with other multiplets.
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and normalizing the hypermultiplet contribution to unity, we have

AL loop (Chyp chec)_l‘il_ligp = $A1 100p + A (5'19)

It is now evident that if we can match A Np2 to [18] with unit normalization, the detailed
model-dependence of the original (5.15) (for example, on the field content) is confined
to the coefficient of the scalar-box contribution Al'lizp. We need to compare the generic
form (5.19) with the 4-point amplitude (3.48) shifted by any multiple ¢ of A3/°%(1,2,3,4),

A- loop(1 2,3,4;¢) = / dPe Cljoza +€ C’1|234 +£ 01\234 Piigjo3 (5.20)
(27T)D 20203 00y (P36, 6?5%2@23 '
Eménc{’,gfw + gm(5230?|12374 + 82401?24#3 + 83401?2734) (C + )tg(l 2 3 4)
020203, 03 ’
112%723

where we used the explicit form of the maximally supersymmetric contribution

ANOP(1,2,3,4) = 2/(

dPe t5(1,2,3,4) _/ dPr s19593A%¢(1,2,3,4)
(

= 5.21
2m)D R20202,02,, om0 REEE, (5.21)

and the representation of the scalar box as s12523C1 234 = 2t5(1,2,3,4). As we will see
in section 6, the field-theory limit of string amplitudes in 4- and 6-dimensional orbifold
compactifications identifies the hypermultiplet contribution with (5.20) at ¢ = —% where
ts(1,2,3,4) drops out,

1
ANP,(1,2,3,4) = ——Al oop <1 2,3,4;¢ = —3> : (5.22)

In the next section, we will check that this recreates the D = 4 expressions of [18].

5.3 Matching 4-dimensional spinor-helicity expressions

Now we use the 4-dimensional MHV components of section 5.1 to simplify the hypermul-
tiplet contribution to the 4-point amplitude, and match our result to [18]. In D =4 — 2¢
dimensions,'” performing the integrals in dimensional regularization, from eq. (5.22)

and (5.20) we have

) I5(s23)
ADP (12,34 = m (T 4 2k
( T )D=4726 4(47T)2 523 1|23’4( 23+ 4)
I(s12 kT
+ (o) 12,34 <1 + k3 | — 2P1ajo3l3(s14)
512 €
4
— 2(523C 23,4+ 524C1 o4 31534C 2 34) Z L[]k
i—2
ID 6 mn
+ 20254 2214 PRIIS T Al S T , (5.23)
7-]

19The expressions in this section are valid for 4-dimensional external gluons. For other external states,
we would use D-dimensional expressions to resolve subtleties with dimensional regularization.
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where the explicit expressions for the integrals Io(s;j), I3(si;j), 17=°, Is]a;] and Ii[a;a;]
(with Feynman parameters a;) are given in appendix D. Then, in the helicity configu-
ration (17,27,3%,47), we find the nonvanishing kinematic factor to be proportional to
(12)2[34)% ~ tg(17,27,3T,4T),

e, (1 2, 3% 4ty = L (2B { Iy(s23)

— Iyfag] + Is[Y3_a;] + 1423 sa;]

(47’[‘)2 4 2812523
! | | 2 o A | p=s
=D _hlSiemSinal = — D suli[Sn acsie] — = } :
=2 127=3 12
(5.24)
Up to and including order €, we arrive at the simple result
 (12)%[34)% I
AR, (1 2 3+, ) = L PR o) (5.25)

(47[‘)2 2 4512823 '

Analogously, in the (17,2%,37,47) helicity configuration we can factor out (13)2[24]?, and
find

_ _ ) 13)2[24]2 12(812) 12(823) ID:6
AP = ot g gty = | S 5.26
N:2( ’ ’ ’ ) (471’)2 2 4812813 + 4823813 2813 ( )

The amplitudes (5.25) and (5.26) perfectly match known results [18, 35, 52].2°

As is well-known, the maximally supersymmetric 4-point amplitude (5.21) is propor-
tional to the corresponding tree amplitude, by a supersymmetry Ward identity. Here
in half-maximal supersymmetry, we have the additional 8-supercharge tensor struc-
ture Pig34 in (5.12). This leads to the situation that even though the two helic-
ity components (5.25) and (5.26) are separately proportional to the corresponding tree
—2512893 AT (17,2 37 4F) = (13)2[24]% and —2s12803AT¢(17,27, 3% 47) = (12)2[34)?,
we cannot relate Ak}’iQ(l, 2,3,4) to A"®(1,2,3,4) with a helicity-independent prefactor.

Finally, a comment about anomalies. We have dimensionally reduced from D = 6 to
D = 4 on a torus, maintaining half-maximal supersymmetry, leaving no parity-odd sector
at all. If we would instead consider minimal supersymmetry in D = 4, one expects to
see the triangle anomaly in the 3-point function. For a nice general discussion, including
N = 2 subsectors of N/ = 1 gauge theories in D = 4, and the triangle anomaly from a
minahaned 3-point function, see [36].

6 1-loop SYM amplitudes from orbifolds of the superstring

In this section we reproduce the above 1-loop SYM amplitudes from the field-theory limit
of open-string amplitudes in orbifold compactifications of the 10-dimensional RNS string.
Denoting d-dimensional Minkowski spacetimes and tori by M, and T¢, respectively, we
consider toroidal orbifold compactifications of the form Mg x (T2 x T?)/Zy and My x T? x
(T? x T?)/Zy, yielding effective theories with half-maximal supersymmetry in 6 and 4

2ONote that these references normalize their Mandelstam invariants differently, we have s;; = k; - k;.
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dimensions, respectively (see e.g. the textbooks [30, 59] or the review [60]). It is convenient
to use complexified coordinates on the two twisted 2-tori, i.e. z; = R ) jx2j+5, with
Jj = 1,2 and U, denoting the complex structure of the 4§ 2-torus. The generator © of the
cyclic group Zy acts on the tori (and on the string spectrum) as a discrete rotation,

OFz; = iy, ke{0,1,...N -1}, je{1,2}. (6.1)

The rational numbers v; are chosen such that O =1 and collected in the twist vector
U}, = k(v1,v9) with k = 0,1,..., N—1. For the half-maximal models we consider we have?!
U = (k/N,—k/N). The rank N of the cyclic group determines the gauge groups and the
number of hypermultiplets of the D-dimensional effective theory.

Strictly speaking, toroidal orbifold compactifications lead to fully consistent open-
string models only when the string spectrum is quotiented out by worldsheet parity, to
create an orientifold (see e.g. [30, 59]), where one also computes unoriented string diagrams
like the Mobius strip. Although doing so is straightforward, it is possible to extract partial
amplitudes for a large class of gauge theories by performing the field-theory limit of just
the oriented-string worldsheet topologies. (We should warn the reader that such truncated
theories may contain spurious divergences that are cancelled in the complete theory, but
we have not seen any indication that this should affect the discussion here.)

We will now reproduce the 1-loop color-ordered single-trace amplitudes computed in
the previous sections from the field-theory limit of the planar cylinder diagram.

6.1 1-loop open-string amplitudes with half~-maximal supersymmetry

Extending previous work in [2-5], 1-loop open-string amplitudes with external gluons in
the context of orbifold compactifications were studied and simplified in [1]. In particu-
lar, toroidal orbifolds preserving half-maximal supersymmetry give rise to the following
decomposition of the planar cylinder diagram for n-point 1-loop amplitudes:

N-1
AlD/Q(lv 27 s 7”) = /dlu’lDQn {F(CIO_D)CO In,max + F(cﬁ_D) Z Ck )Zk In,l/?(ﬁk)} . (62)
k=1

In this expression, D is the number of non-compact spacetime dimensions (here D = 6 or
D = 4), the F((j' ) denote lattice sums over momenta in the remaining compact dimensions,
and ¢g and ¢ are constants determined by the action of the orbifold group on the Chan-
Paton (gauge-group) factors. The constants

Xk = — (Sm(ﬂkv)y (6.3)

™

depend solely on the orbifold sector labelled by k£ = 1,2,..., N—1, and the integrands
Lnmax and I, 4 /2(17k) are determined by the external states and the partition function.

)

The subscripts “max” or “1/2” distinguish orbifold sectors that preserve all or half the

supersymmetries, respectively. While the maximally supersymmetric integrand Z,, max is

2'We consider only Za models, in the language of [61], except that we will not implement worldsheet
parity constraints, see below and appendix E.
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parity-even and independent of the dimension D, the half-maximal integrand Z, ; /(7)) has
both parity-even and parity-odd parts. The parity-odd part vanishes in D < 6. Finally,
the integration measure in eq. (6.2) is given by

D _ (a/)nVD o0 d7'2
/dum...n =T8N )y (8r2aim)DP2 dzydzg ... dz, 6(21) I,
0<Im (z1)<Im (22)<...<Im (2 ) <72

(6.4)
where 75 is the modular parameter of the cylinder worldsheet whose non-empty boundary
is parametrized by purely imaginary coordinates z; with 0 < Im (z;) < 79. In the mea-
sure (6.4) we have also incorporated the regularized external volume Vp, the order N of
the orbifold Zy, as well as the ubiquitous Koba-Nielsen factor II,, which arises from the
plane-wave factors of the vertex operators; with the conventions of reference [1] we have

B 2 m2(s
o) b (09

G o V1 (zi5,7) |2
M= [ e, GijEG(ZijaT):Z{log‘ 193((0]7))

with z;; = z; — z;, the Jacobi theta function ¥, and G(z,7) denotes the bosonic Green’s
function on a genus-one worldsheet with modular parameter 7.

6.1.1 The worldsheet integrands

The maximally supersymmetric integrands in the 3- and 4-point amplitudes (6.2) are well-
known [62],

IS,max = 0) I4,max = _2t8(17 27 37 4) ) (66)

see (5.13) for the tg-tensor. The half-maximal integrands Z, ;/5(v%) at n = 3,4 were
expressed in terms of a basis of worldsheet functions?? in [1],

Z3,1/2(?7/14:) = 523f2(;1:,)C1|23a (6'7)
Tyiyo(Uh) = — QFS%(k?U)ts(L 2,3,4) + [Slz(fl(? + féi))P1|2\3,4 + (245 3,4)]
+ [823f2(§)(824f2(i) + 834f:§i))01\234 +(3+4)]. (6.8)

The underlying correlation functions of RNS vertex operators have been organized in terms
of Berends-Giele currents?® introduced in section 2, and total derivatives with respect to
the worldsheet variables have been discarded to render all the kinematic factors manifestly
gauge-invariant. The worldsheet coordinates enter through the modular functions f(™ of

22 A similar reduction to a basis of integrals was performed in [3]. The 4-dimensional spinor-helicity setup
of this reference departs from the infrared regularization of this work (section 3.2), leading to different final
expressions for the simplified integrands. In [3], the field-theory limit was performed for the integrands of
particular orientifold string models, and it would be interesting to compare those results in greater detail
to the results in this section.

23G8ee appendix A for an intuitive motivation.
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weight n [63],

Im (z;
fz(Jl) = f(l)(zij,’i') =0ln 191(25]',7') + 271 IHI((ZT])) , (6.9)
2 "
@ _ (@, 1L ) -1m (z4) > 970, 1)
fm = Yz, T) 2{ (8111191(21],7') + 271 T (7) + 0°In (25, 7) 7319,1(0’7_) ,
(6.10)

which are evaluated at purely imaginary coordinates z; and purely imaginary modular
parameters of the cylinder, 7 = ity with 7 real. Note that f (1)(2, 7) has a simple pole at
the origin z — 0, and the combination

FO) kv, 7) = 2f® (kv,7) — O (kv, )’ (6.11)

is the Weierstrass p-function, that encodes the entire dependence of (6.8) on the orbifold
twists (6.1). (See also [2] for the role of p in string-theory setups with half- and quarter
maximal supersymmetry.)

6.2 The field-theory limit of the open-string amplitudes

It is well-known how to perform the field-theory limit of 1-loop string amplitudes to obtain
the corresponding Feynman diagrams in Schwinger parametrization, see e.g. [62, 64-66]
and references therein. The limit is o/ — 0 while simultaneously degenerating the genus-
one surface to a worldline by sending 79 — oo. The limits are taken such that o/7 is
kept finite and reduces to the worldline length o/7o — ¢ in the Schwinger parametrization
of the corresponding field-theory diagrams. The finite parts v of the cylinder coordinates
Im(z) = mv are then identified with proper times on the worldline. In this limit, the
bosonic Green’s function in eq. (6.5) reduces to

Gij — —7Tt(l/i2j — |I/¢j|) . (6.12)

Then, the limit of the Koba-Nielsen factor is

n

I, — eiﬂ-th[kl’kQ’m’kn}: Qn[kAmkAQv ce 7kAn] = Z(kAz ’ kAj)(ViZj - ‘Vij’) ) (613)
1<j

and the measure in eq. (6.2) reduces to**

o dt
/ dpry, 0 — /0 — P / vy ... duy, e @Rz Bl (6.14)

v1=0
0<rp<r3<...<rn<l
see [67] for an extension of these techniques to higher loops. Note that the definition of @,
in (6.13) admits massive external legs with composite momenta k4 = kq, + Koy + - - - + ka,,
for A =aqas...am.

240n the right-hand side of eq. (6.14) we have suppressed the overall constant factor from

\%
SN@ER2) D72
eq. (6.4). In this section, we will suppress all such overall prefactors that do not depend on the kinematic

variables.
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In the above limit, the worldsheet functions (6.9) and (6.10) involved in the half-
maximal integrands of the 3- and 4-point functions reduce to

1 1 1 1
fz.(jl) — 27 |:Z/Z‘j - 2sgn(1/ij)] , fi(jz) — (2mi)? [2%2]- —3 iisgn(vi;) + 12] , (6.15)
while the function Fl(?%(k:v) of the orbifold twists in the 4-point integrand degenerates as
follows:
(2) 2(2) 1y = 2 | L 1
Fl/Q(kv) — Fl/Q(kv) =T |:3 — SH12(7T]{;U):| . (616)

We would like to highlight the following two additional aspects in performing the field-
theory limit of string amplitudes:

e The quantized momenta in the internal dimensions need to decouple, this is obtained
by shrinking the size of the internal dimensions at the same rate as the string-length
goes to zero [62, 66] so that lattice sums become unity?

ri) - 1. (6.17)

e The worldsheet functions fi(jl) have simple poles when vertex operators collide, fi(jl) ~
1/z;j as z; = z;. These regions of the integration domain require separate treatment
and yield kinematic poles through interplay of the singular functions fz(Jl) with the
Koba-Nielsen factor (6.5):

1 n
fi('l) Ty ~ = H eSkGRl (6.18)
Zig 7| 1<k S
{ki}#{ij}
For example, the regime of zo — 23 in the 3-point integrand (6.7) gives rise to
1 23 22 (1 1 1
/ ng/ dzg/ dz16(z1) f23) 3 = ——, / dzg el#127513)C1s + 0(a).
0 0 0 a’S23 Jo z1=0
(6.19)

The ubiquitous combinations s;; fi(jl) which accompany the gauge-invariant kinematic
factors in the half-maximal correlators of section 6.1 cancel these kinematic poles.
For example, the factor of sy on the right-hand side of (6.19) (due to the integration

Z5For toroidal compactifications, given the Kéhler moduli 7%, the internal momenta decouple when T4 —
0, such that Tf/o/ stays finite. In this limit, with the conventions adopted in [1], we have

m i i (2
(2m) T —7Ty [n1 + naU*|
r = | | — g . — 1.
¢ {0/7'2 exp( a'To U;

i=1 ni,mo€”Z

Often in the literature on maximal supersymmetry, e.g. in [66], the F(CQ"L) differ from ours by a factor
of (a/72)™. This is because in these papers F(C2m) are prefactors in non-compact amplitudes, where the

integration measure has an overall factor 1/(a/72)°, unlike our 1/(a/72)P/2.
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region where zo — z3) cancels in

lim [ dub, , sosfS) (6.20)

29—23
o0
Z”/ %t—D/%-n—l / duvy ... dv,_q e TtQn—1[k1,k23,k4,....kn]
0

0<vo<..<vp_1<1

v1=0 '

To make contact with the momentum-space construction in section 3, it remains to translate
the resulting Schwinger parametrization of field-theory amplitudes into Feynman integrals.
The following map will be sufficient for the 3- and 4-point amplitudes to trade the inte-
gration over worldlines with length ¢ and proper times v; for the integration over the loop
momentum £:

D m m pp 00
Lo ) [y -
52 f— kl ﬁ klg) (f k1o n—1)2 0 t
mp
dVQ d]/3 o d <Oé+ﬁmL +7mp |:LmLp+ :|>e—7Tth[k17k‘27---,kn] ,
27Tt v1=0

0<r2<p3<..<rn<l

where a, 3, and 7, are arbitrary scalars, vectors and tensors, respectively, and

_ i KMy (6.22)
i=1

In the following, we will apply these techniques to compute the field-theory limit of the
above 3- and 4-point functions, taking the manifestly gauge-invariant integrands in (6.7)
and (6.8) as a starting point.

6.2.1 The 3-point amplitude

At 3 points, the maximally supersymmetric integrand vanishes, and the half-maximal open-
string amplitude reads

N 1
A1/2(172>3) = /dM123F Z ¢k X L3,1/2(Vk) - (6.23)
k=1

Starting from the half-maximal integrand in (6.7) and formally equating the vanishing

expressions kJ'C™ . = —s93C |23, we have (up to irrelevant global prefactors
p 2 1/23 p

1)2,3
AD5(1,2,3) —>/ - tZ—D/Q/ dl/g{Cl‘23e_”tQ2[k1’k23]} (6.24)
0 0
> dt
+m / s 3-D/2 / dVQdI/g{SQgC”Qg +2L,, Cl|2 3} —mtQsk ko ks]
° 0<r2<r3<1

By virtue of (6.21), this is easily seen to reproduce (3.15).
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6.2.2 The 4-point amplitude

The 4-point string amplitude reads

N-1
A?/2(1727374) = /dﬂg:ﬂ {FQOD)CO Ty max + FéﬁfD) Z Ck XkI4,1/2(17k)} , (6.25)
k=1

with the gauge-invariant form of the integrand Z, ;/»(v%) given in eq. (6.8). It is conve-
nient to organize the field-theory limit according to the configurations of colliding vertex
operators:

e Simultaneous contact of 3 vertex operators occurs for products of two fi(jl),

N-1

> dt 1
L %X%/ ﬂlwi/dWCMMem%kah
0 0

D
A1/2(1727374) t

224$>234>24 k=1

(6.26)

reproducing the bubble integral in (3.48). We take the compactification dependent
coefficients Zév:_ll ¢ Xk into account to combine the resulting contributions with the
maximally supersymmetric sector of (6.25).

e From worldsheet regions where only one pair of z; and z;41 collides, we instead have

AD)(1,2,3,4) (6.27)
%285
= o ¢ 1
— =27 Z Ck Xk /0 - 3=D/2 / dvedrs [1/23 + 2} (6.28)
k=1

0<r2<r3<1

—7tQslk1,ka3,k
X [(83401\234 - 52401|324)€ miQslk1 kas.kal

+ (82301\234 - 32401|243)6_7rtQ3[k17k27k34]:| .

The vanishing kinematic combinations in the second line translate into the spurious
scalar triangles in eq. (3.43), and the vector triangles in (3.48) will be traced back to
the irreducible part of the worldsheet integrand, that we consider next.

e In the absence of collisions among vertex operators, the worldsheet functions fi(jn) may
be replaced by their worldline degenerations (6.15), giving the following irreducible
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contributions to the field-theory limit:

AD)(1,2,3,4)

irred
N-1
% 4t )
N / &t ya-pre / dvadvsduy {—2t8(1,2,3,4) o+ Y. ckxkpﬁg(m)]
° 0<va<r3<iy<1 k=1
N-1
2 S Cscal 2L, om om om
7'(' Z Ck Xk 1]2|3]4 + m(SQS 1]23,4 + S24 1]24,3 + S34 1|3472)
k=1

Timn, mn
+2 <Lan + m) g — 4 <P1|4273V14 <L Tt 27rt1/14>

) (6.29)

+ Pyj3p2,4713 <L k3 + s34+ 5
7Ttl/13

1
+ Prgizaviz| L - kg + s23 + s24 + e TtQalk1 k2, ks k]
7 27Ttl/12

The coefficient Cffza\lm 4= —%t8(1,2,3,4) is obtained by simplifying a collection of

scalar blocks using appendix C and the BCJ relations among permutations of C1jg34.
Using (6.21), we see that the second line in (6.29) reproduces the box numerator

in (3.43). Recalling that Fl(?;(kv) ~ % — m, we see that the scalar coefficient
C’f&aﬂg' , cancels due to the 1/3 in Al(?%(kv) This cancellation is essentially the reason

why the field-theory amplitude (3.48) constructed from locality and gauge invariance
is not a pure hypermultiplet contribution Ajh\}/'zQ.

e The integrands in last two lines of (6.29) can be identified as total derivatives in v;

and can be easily evaluated as boundary terms,?6

1
dl/de3dl/4{P1|4|2,3V14 (L kg + 5 >
7Ttl/14
0<v2<r3<14<1

+ Pyjgpavi3| L - kg + sga +
27Ttl/13

+ Pyjgi3.4v12 <L “ k2 + s23 + S24 +

—mtQalk1,k2,k3.ka] (6 30
2mtryo > }e ( |

1

—rtQs ka1 ko k
= dvadusq — Pyjyjg ge ™ @slkan k]
2t
Osvaspasl it Qs[k ko k
+ v13(Pyzje — Prjae,3)e Qslkr ko ksl

—rtQs[k1,kos
+v12( P2z — Prspale " Qslk1 k2 4]} )

26To identify the total derivatives note that

4
1 —xtQulk1 k2, k3, k4] 1 —xtQulk1 k2, k3, k4] ;
ALk i alkrkoskskal = g i 4[k1,k2,k3,ka , =2,34.
1/1< +jz,;1sj+27m’h’>e 57 L (viie ) i
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where the relations in eq. (C.1) yield

v13(Prizj2.a — Prjajes) = L Cl5 | (6.31)

v3=vy’
_ m
vi2(Pijgjsa — Prjsjza) = L™ Cflag 4 |

vo=v3 "

Therefore, by use of (6.30) and (6.31) as well as the massive-leg generalization

of (6.21)
/ d2¢ Bt (6.32)
(0 —ka)2(f —ka — kp)?
= 7r3 / %tg_D/Q / dl/2 dl/g 6m(V12kgL -+ V13k6n)e_ﬂtQ3[kA’kB’kC] 0 5
0 V1=

0<wr2<w3<1

we see that the last two lines of (6.29) reproduce the triangles in eq. (3.48). In
eq. (6.32), the combination v12k} + v13k{% generalizes L™ in (6.22) to incorporate
massive legs.

6.2.3 Streamlining the model dependence in the 4-point amplitude

Collecting the above results, and using the expression (6.16) for F (2 )(k:v) as well as xx =

1/2
—(sin(rkv) /7)?, we can finally write the field-theory limit of the 4-point amplitude as

N-1

"41/2( 2,3,4) {co + Z Ck }Al loop _ 4 Z ¢k sin(mkv) Ahyp2 (6.33)

k=1

with A1 IOOP and A , given by (5.21) and (5.22), respectively. In eq. (6.33), the unambigu-
ous 1dent1ﬁcat10n of the hypermultiplet contribution (and of its normalization relative to
the N' = 4 multiplet) is possible because the coefficients arising from Chan-Paton factors,
cp and ¢, are related to the numbers of multiplets, cyec, Chyp, as

N-1
co + Zk:l CL - Cvec
— . - Y
—4 Zévzll cr sin(mkv)2  Chyp — 2Cvec

(6.34)

see (5.19) and (6.33). In appendix E we explicitly check this relation in simple 4-dimensional
models arising from orbifold compactifications of oriented open strings.

7 Conclusions

In this work, we have presented a method to construct 1-loop amplitudes of 6-dimensional
gauge theories with half-maximal supersymmetry from first principles: starting from a
string-theory inspired ansatz of kinematic building blocks, imposing locality and gauge in-
variance led us to unique answers for 3 and 4 external gauge bosons, respectively, see (3.16)
and (3.48) for the manifestly gauge-invariant results. We have checked that, when dimen-
sionally reducing the integrands to D = 4, these expressions integrate to results known from
the field-theory literature, and also emerge from the field-theory limit of the corresponding
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open-string amplitudes [1] (also see [2-5] for earlier work). Most of the building blocks
are introduced in generality for any number of legs, so it appears feasible to construct
higher-multiplicity amplitudes along the same lines.

A similar strategy has been applied to tree and loop amplitudes of 10-dimensional
SYM [11-13] where supersymmetry is imposed along with gauge invariance and the kine-
matic ansatz is inspired by the pure-spinor superstring [10]. Accordingly, the 1-loop ampli-
tudes of this work inherit their structure from their maximally supersymmetric counterparts
in pure-spinor superspace [12] with two additional legs. It would be desirable to reexpress
and supersymmetrize the present results in a comparable superspace setup and to derive
their superstring ancestors from the hybrid formalism [68, 69].

The structural similarities between loop amplitudes with n legs and 16 supercharges
and n+2 legs and 8 supercharges naturally lead to questions about further supersymmetry
breaking to 4 supercharges. For N/ = 1 supersymmetric amplitudes in 4 dimensions,
the parity-even part is a straightforward dimensional reduction of the parity-even N = 2
contributions in our results. This is due to the enhanced supersymmetry when summing
over the fundamental and antifundamental chiral multiplets in the loop [18]. However, it
remains an open challenge to construct parity-odd parts of SYM amplitudes with quarter-
maximal supersymmetry and pure Yang-Mills amplitudes from the principles we used here.
It would be equally interesting to extend this to minimal supergravity; as reviewed in [1],
only minimal supersymmetry allows for 1-loop corrections to the Einstein-Hilbert term in
the low-energy effective action. There can also be interesting couplings of open- and closed-
string sectors, for example one could investigate loop amplitudes of gauge bosons coupled
to 6-dimensional tensor multiplets, that we did not include in our decomposition (5.17) in
the context of that section.

While the 3-point amplitude of this work obeys the BCJ duality between color and
kinematics and thereby yields the half-maximal supergravity amplitude (4.6) as a byprod-
uct, we encounter an obstacle at the 4-point level to satisfy kinematic Jacobi identities.
This ties in with the findings of [12] on maximally supersymmetric 5- and 6-point am-
plitudes. It is a particularly burning question how to reconcile the present approach to
D-dimensional 1-loop n-point amplitudes with the BCJ duality and the double-copy con-
struction.?” As a rewarding first step forward, it would be helpful to directly compute the
6-dimensional 1-loop supergravity amplitudes beyond the current reach of the double copy,
based on the field-theory limit of the closed-string amplitudes in [1, 14] and comparison
with the 4-dimensional BCJ analysis of [5].
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A RNS approach to Berends-Giele currents

In units 2/ = 1, the color-stripped vertex operator for the gluon in the RNS formalism is
given by

Ve k,z) = (€"0Xm(2) + % P (2) b (2)) ") (A1)

We have chosen its integrated representative of conformal weight A = 1 in the superghost
picture zero. The embedding coordinates X™(z) of the superstring and their worldsheet
superpartners 1" (z) depend on the worldsheet coordinate z, and their short-distance be-
haviour is captured by the operator product expansion (OPE)

nmn

OX™()X"(0) ~ T+ O(E0), () (0) ~ L

mn

+0(2°) (A.2)

with no mutual singularities between X and ¢™. When assembling all contractions of the
form (A.2), the OPE of two vertex operators (A.1) yields

oo | 1—s 0Xm(22) [ m
V(er, ki, 21)V (e2, ko, 22) ~ 2152{ s (e1e2) + OXmiz) [ (e1 - ko) — e (e2 - k1)]
12 12
+ W [(61 . kg)k{%eg — (62 . kl)k’f;e’f — (61 . eg)k{”kg
— (k1 - ko)ef'ely — (m <> n)] } , (A.3)

where the overall power of 23* stems from the plane waves ekre(z) ghaa(z2)

ek12:2(22) 2512 (1 + O(212)). After absorbing the double pole in the first line of (A.3) into
total derivatives such as

i(zféz—lekz-r(zz)) — 2’%2_1@!”'1(22){]{:2 . 8X(22) + 1—s12 } : (A.4)
029 Z12

one can identify the 2-particle polarizations e} and f{4" in (2.5) and (2.6) along with 0.X,,
and Ymn,

— m 1 mn T2
Vier, k1, 21)V (e2, k2, z0) ~ 2552 1(6128Xm(22)+2 fm ¢m¢n(zz))ek12 (22) (A.5)

1 9 9 s12—1 _ki-x(z1) k2-x(22)
* 2(61 ¢2) <822 8zl> iz © ‘ 7

— 44 —



in formal analogy to (A.1). A supersymmetric identification of Berends-Giele currents in
the OPE of integrated vertex operators has been performed in the pure-spinor formal-
ism [20], also see [70, 71] for their emergence from the OPE between an integrated vertex
and an unintegrated one.

Since string amplitudes at any genus are obtained from integrating correlation func-
tions of vertex operators over z;, the contributions from the total derivatives in (A.5) ulti-
mately drop out. The overall correlator is largely?® determined by summing OPEs among
the vertex operators, so the appearance of the 2-particle currents ef} and 4" in (A.5)
identifies Berends-Giele currents as a suitable language to describe the kinematic depen-
dence of string amplitudes. In the same way as multiparticle correlators give rise to nested
OPEs with the same 2-point contractions among X" and ™ at each step, the iteration
of the Berends-Giele recursion (2.13) and (2.14) yields currents 3 and f5™ of arbitrary
multiplicity.

B Spinor-helicity conventions

In this appendix we summarize the spinor-helicity conventions used in this paper. Given
solutions to the Weyl equations

0" kmu_(k) =0 " kmuy (k) =0 (B.1)
u_(k)o"ky =0 ug(k)o"ky =0,

where 0™ = (1,0%) and 6™ = (1, —¢*), with Pauli matrices o’ such that
o™me" +o"d™ = =2n™"1, "o + "™ = =2n""1,
we use the following conventions and notation

i = vy (k) = s (k) il = @ (k) = o_(ky) (B.2)

The computations in section 5.1 are performed by choosing the following expressions for
the polarization vectors €' of gluons with helicity +1,

[ilo™|q:) o — _Lailo™]7)
V2(gii) T V2lga) (B3)

where ¢; are arbitrary massless reference momenta that cancel in gauge-

m
Cit

invariant expressions.
With the above choices, by use of completeness

Kom=—liil,  K'owm =il (B4)

28Gtarting from genus one, multiparticle correlators involve additional worldsheet functions without any
singularities as z; — z;, see e.g. the function f(*)(z) defined by (6.10) in the 6- and 4-point amplitudes
of [14] and [1]. The analysis of the OPE in this section does not constrain the kinematics along with such
non-singular functions.
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Fierz identities

[ilo™ |5} (kloml|l] = 2[il](jk) , (B.5)
as well as 1
ki = Slile™[i) (B.6)
we have the following useful formulae
oy Sad)l] oy laidl{ae)
(ez+ k]) ﬂ(qn) 3 ( ) kj) \/i[qzz] (B7)
ol ) i)
Core) =i ) Tl ) T g Y

these are used to derive the spinor-helicity expressions in section 5.1.

C Relations for the kinematic building blocks

In this appendix we summarize a series of on-shell identities relating the scalar blocks to the
vector and tensor blocks introduced in section 2. These identities are used in the main text,
in particular to make contact between the Schwinger parametrization of the field-theory
amplitudes, which naturally comes in terms of just scalar blocks, and the corresponding
Feynman-integral representations. While contractions with external momenta give rise to

k1" Cllog 4 = Prgjza — Pipzpsa
kéncﬁlm,z; = Pijg3.4 — Priaj2,3 + 524C1 34
ki'Cllasa = $34C1j234 — 524C1324 = 0 (C.1)
k'Cllasa = — k3 Prjgjza + (2 < 3,4)]
k3'Cllas.a = k3 Prygjza — 523CT 05 4 — $24CT(0a 3 5
the trace of the tensor pseudo-invariant can be expanded as
MmnCllas a = 2(Pr2i3a + Prgjza + Prapps) - (C.2)

In addition, the scalar pseudo-invariants P93 4 satisfy

s12P1 1934 + $13P1312,4 + 514 P1j4j2,3 = 523534C1 234 (C.3)

that is, this combination is gauge-invariant because the parity-odd part cancels.
The following corollaries of (C.1) and (C.3) are useful to simplify the expressions after
solving the integrals in section 5.3:
k35C 934 = Prpjza — Prgj2a
k§”(3230ﬁ2374 + 3240{724,3 + 33401734,2) = 523524C1 324
k5" (523C o34 + 524C oy 3 + $34C 54 0) = s14P1ap23 — S12P1)213.4 + (512 — $14) Prjap2a

ké”kénc?fg’ng = —52352401\324 (C4)

m 1. m ymn _
k3 ks 1)2,3,4 — —513P1\2|3,4 - 812P1|3\2,4~
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D Feynman integral “basis”

We use the following “basis” of Feynman integrals for the computations in D = 4 — 2¢
dimensions in section 5.3 (though the result will ultimately be expressed only in terms of
IQ(SZ‘J') and LP:G):

Iy(sij) = e(lr_irm(—?sz‘j)_g (D.1)
I(si) = 5 (~2s5) 7 (D2)

2
D=6 _ IT —512 9
= 4513 <ln <—823) o ) (D:3)

L =rrln <_812) (D.4)

—S523

where
T +er%(1—e)

T )
We express our generic integrals in terms of these basis integrals as follows. First, integrals

(D.5)

I4]a;] with a single Feynman parameter in the numerator decompose as

1—2e¢ 12(512) 1 D=6
I = Iy~ D.6
4la2] € 4512893 + 2593 4 ( )

1—2¢ 12(823) 1 D=6
I = Iy=. D.7
4[&3] € 4812823 + 2812 4 ( )

Due to the symmetry 1 <> 3 and 2 <> 4, we only give two out of the four I4[a;] integrals.
As for the integrals I4]a;a;] with two Feynman parameters in the numerator, using the
symmetry I4[a;a;] = Is[aja;] and again 1 <+ 3 and 2 <> 4, we only give five of the I4[a;a;],

Tafod] = 468112823 Ia(s12) - 2822823 == 431i823L (D-8)
L[asas] — —46811252312(512) - 23113 D=6 | 431;23 (D.9)
Liasay) = _251131526 — 481;23L (D.10)

Tafos] = 468112823 Ia(s23) - 28?2213 = 4812813L (D-11)
Lijasay) = —451152312(512) — 2;314?:6 — 481;13L . (D.12)

This is sufficient to perform the check in the main text. As we see there, the “bare”
logarithms L all cancel. In intermediate steps, they are required by the symmetries of the
Feynman parameter integrals.

E Explicit 4-dimensional models from oriented-string orbifolds

In this appendix we show that eq. (6.34), which relates Chan-Paton traces in string theory
to the gauge group and supermultiplet content of the effective theory, is satisfied in ex-
plicit string models. As emphasized in the main text, the oriented-string orbifold models
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we consider here are not full-fledged string models, but if taken by themselves suffer from
inconsistencies, especially when coupled to gravity. It would be straightforward to gener-
alize them to consistent string models, e.g. as orientifolds, but they suffice as they are for
our purposes here: to compare specific coefficients in specific amplitudes.

The spectrum of effective gauge theories with half-maximal supersymmetry arising
from Zpy orbifold compactifications of the RNS string can be obtained by projecting the

spectrum of the maximally supersymmetric open string as follows??
| V-l L Nl
- = k - = 2mikv(J1—J2) k ky—1
Po (jw) ® \) = kZ_O@ (Jw) ® ) = + kZ_O ) @A) (B)

We denote color-stripped string states by |w) and Chan-Paton matrices by A. The rotation
operators J1, Jo act on the twisted tori TZ and T, and the matrices AR fork =0,1,...,N—1
represent the orbifold group Zy on Chan-Paton factors. If we wanted to build fully con-
sistent string models, e.g. free of closed-string tadpoles and gauge anomalies, certain con-
straints would arise on the number of Chan-Paton factors and the allowed representations
spanned by the v¥ matrices (see e.g. [61, 72]).

E.1 Simplest models without hypermultiplets

For our purposes, the simplest effective models that can be built by orbifold projection
of the maximally supersymmetric open string are the ones where the v* are in the trivial
representation of Zy. That is, given open strings with M x M Chan-Paton factors, we
obtain simple gauge-theory models by setting 7% = 15752 for all k € {0,1,... N—1}. In
this case, all the massless excitations in untwisted directions (m = 0,1,...,5) are kept
in the effective theory, while all the massless excitations in internal (compact) twisted
directions (i = 6,...,9) are projected out. For instance, from eq. (E.1) for the massless
NS states, we have

P®(¢T%|0>®>\) :¢7_n%|0>®)‘a P@(W_%@@)\) =0. (E.2)

More generally, the spectrum of the D-dimensional effective theory of these simple string
models consists of a half-maximal vector multiplet with U(M) gauge symmetry, and no
hypermultiplets. Referring to eq. (5.19), in these models we then have ¢y = M and
chyp = 0. We now wish to verify eq. (6.34), i.e. we want to show that in this class of models
(where v = 1/N),

o+ Yhs o _ Cvec 1

— =__, E.3
45V e sin(mkv)2 Chyp — 2Cvec 2 (£3)

The coefficients ¢y and ¢, are determined by traces of the 4* matrices acting on the Chan-
Paton factors. In models with just one U(M) gauge group, we have3°

e = (try¥)? = M2, k e{0,1,... N—1}, (E.4)

29As in the main text, we consider the class of Z4 models in the language of [61] but without imposing
the worldsheet parity projection and considering only D9-branes.

39Tn models with just one gauge group, the identification cx = (tr’yk)2 arises straight from the partition
function, see e.g. [61] and appendix A of [1].
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i.e. ¢ clearly does not depend on k when 4* are in the trivial representation, and we obtain

co + ZiV:—ll Ck _ M?N 1

a =75 E.5
_422\;—11 ¢k sin(mkv)? —2M2N 2 (E.5)

as desired, where we wused the elementary finite sum Zi\;l sin(rkv)? =
SV sin(nk/N)? = N/2.

E.2 Simplest models with hypermultiplets

To obtain models with hypermultiplets, the matrices v¥ should form a non-trivial repre-
sentation of Zy. Without loss of generality, for the Zx models under consideration, we
can choose a Chan-Paton basis where

Al = diag(Limgxmos @Lmy xmys - - - ,aNfllmelmefl) ) o= 2N (E.6)

with mg+mi1+---+mpy_1 = M, the total Chan-Paton degeneracy at each string endpoint.
In the Zg case, eq. (E.6) specializes to

*yl = diag(Limgxmg, —Lmyxmy) » (E.7)

and the massless NS states that survive the Zsy projection have the following block structure

Po (w% 0) @A) = ¢T% |0) ® diag (Amoxmo» Amy xm, ) (E.8)
. 4 0 X

Po (¢ 1]0) @A) =4 1|0 o

o (¥1110) @A) =94 | >®<Am1m0 0 )

where 7 denotes any of the four directions of the twisted tori, and the matrices A xm
denote sub-blocks of A € U(M) of dimension m; x m;. More generally, the effective
spectrum in these Zy models consists of two vector multiplets with U(mg) and U(m;) gauge
symmetry, and two (half-)hypermultiplets transforming in the bifundamental [([J,,, Oy )+
(Oimg> Oy )] Therefore, for external gluons belonging to e.g. U(my), we have the field-
theory parameters

= (E.9)
hyp Cvec mq 2mo
From the string-theory perspective, for external gluons in the U(mg) we have
1
ck = Z tr’yfjni]trv[;i] =md + (=1 2mem, k=0,1, (E.10)
i,j=0
(i=0jV(j=0)
where v[ljn y denotes the m; x m; sub-block of v¥; therefore,
co +C1 mo (E.11)

—4 ¢ sin(7w/2)? " 4my — 2my

is equal to (E.9) and confirms eq. (6.34) that we wanted to check.
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The Zy models for N = 3,4,6 can be treated together. In these cases we find
vector multiplets with gauge symmetry U(mg) x U(my) X --- x U(my—1) and one (half-
Yhypermultiplet for each of the following representations: [(Dpmg, Oma_1) + (T, Dma_1 )]s
[(Omes Omegr) + O Oy )] for @ € {0,1,..., N=1}. Therefore, in Z3, Zs and Zg
orbifolds, for external gluons belonging to e.g. the U(myg), we have field-theory parameters

Cvec mo

= . E.12
Chyp — 2Cvec 2(m1 +my_1) — 2myg ( )
This ties in with the string-theory quantities
N-1
ok = Z tr*y[’fm]trfy[v_n’?] =mo(mo + (* +a Fymy + -+ (@ VE o= N=DRy 1),
=0
(=00 (j=0)
(E.13)
and we find N
Ot Vi _ o (E.14)
—4 Zg:_ll cp sin(rkv)2  2(m1 +my_1 —mo)’
where we used Zév:_ol o® = 0 to see that Zév:_ol ce, = Nm3. Also note that

S sin(wkv) 2 (@F 4ok takes the value N for n = 0, the value —N/2 for n € {1, N—1}
and vanishes for 1 < n < N—1. The equality of (E.12) and (E.14) completes our check of
eq. (6.34) for these classes of models.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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