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1 Introduction

Effective field theories such as Heavy Quark Effective Theory (HQET) and Non Relativis-
tic Quantum Chromo-(Electro-) dynamics NRQCD (NRQED) are indispensable tools in
controlling the effects of the strong interaction in diverse areas such as flavor physics, see
e.g [1-3], and proton structure effects in hydrogen-like systems, see e.g. [4-14]. The in-
creasing experimental precision requires the knowledge of higher dimensional operators.
For example, in extracting |V,| from inclusive B decays, matrix elements of HQET oper-
ators of dimension seven and eight are now used [15]. These operators contain two heavy
quarks fields and four or five covariant derivatives. As was shown in [16], see also [17, 18],
at dimension seven, four spin-independent and five spin-dependent matrix elements are
needed. At dimension eight, seven spin-independent and eleven spin-dependent matrix el-
ements are needed. A natural question arises: are these all the possible operators at each
dimension? In particular it could be that semileptonic decays considered in [16] depend
only on a subset of the possible HQET operators.

The HQET and NRQCD Lagrangians up to and including power 1/M?3, where M is
the mass of of the spin-half field, were given in [19]. These include operators of dimension
seven and below. Although these two theories differ in the their power counting, the
two Lagrangians can be related via field redefinitions. The dimension-seven Lagrangian
contains six spin-independent operators and five spin-dependent operators. For the spin-
dependent operators the number is the same as the numbers of the spin-dependent matrix
elements considered in [16], while the spin independent number of operators is different.
Why is there a difference and what is the relation between these two bases?

More recently, the NRQED Lagrangian up to and including power 1/M* was calcu-
lated in [9]. It includes NRQED operators of dimension eight and below. The Lagrangian
was constructed by considering all the possible rotationally invariant, P and T even, Her-
mitian combinations of iD;, iD, E, B, and o. The analogous construction of the NRQED
Lagrangian up to 1/M? was explicitly demonstrated in [20]. For higher power of 1/M,
corresponding to higher dimensional operators, this construction becomes tedious. There
can be different choices for the form of the operators. It is not immediately clear if a pair of



operators is linearly independent and what is the total number of linearly independent op-
erators. It would be useful to find a simpler way to construct these operators. Furthermore,
the 1/M* NRQED Lagrangian contains four spin-independent and eight spin-dependent
operators. This is less than the number of matrix elements considered in [16]. Presumably
the rest correspond to NRQCD operators that do not exist for NRQED. What are they?

In this paper we address all of these questions. We show that by considering the
general decomposition of the diagonal matrix elements of pseudo-scalar heavy meson H of
the form (H|hiDHt ... iD#n(s))h|H), where iD* is the covariant derivative and s* is the
four-dimensional generalization of the Pauli matrices, into linearly independent tensors, we
can determine the form and number of linearly independent operators at each dimension
(up to some possible color factors). This method was used in [21] for dimension five and
six HQET operators. We improve on [21], by applying constraints from various symmetries
and generalize it to an arbitrary operator dimension.! We will show that one can make one-
to-one correspondence between these HQET operators and NRQCD (NRQED) operators.
This allows in principle to construct the bilinear NRQCD (NRQED) Lagrangian at any
given order in 1/M.

We present several applications of our method. We relate the Manohar [19] and
Mannel-Turczyk-Uraltsev [16] bases for the dimension-seven operators. We relate the
dimension-eight operators of [16] to the NRQED operators of [9]. We analyze the gen-
eral dimension-nine spin-independent HQET matrix element, not considered so far in the
literature, and calculate moments of the leading power shape function up to and including
dimension nine HQET operators. Finally, we will present the bilinear NRQCD Lagrangian
at order 1/M*.

Throughout this paper we will not discuss four-fermion operators. The main rea-
son is that the one heavy fermion sector can be considered as interacting with another
heavy fermion leading to, e.g. higher power NRQCD and NRQED four-fermion operators,
see [9, 23-25], or as interacting with a relativistic fermion leading to the four-fermion op-
erators QED-NRQED operators, see [9, 14]. Each case should be considered separately
depending on the application and is beyond the scope of this paper. Similarly we will not
consider pure gauge operators.

The rest of the paper is structured as follows. We present our notation, the general
method, and a tabulation of the operators up to and including dimension eight in section 2.
We compare our basis to the known dimension seven and eight HQET operators in sec-
tion 3. We compare our basis to the known NRQED and NRQCD operators in section 4.
In section 5 we analyze the general dimension-nine spin-independent HQET matrix ele-
ment, calculate moments of the leading power shape function, and give the 1/M* NRQCD
Lagrangian. We present our conclusions in section 6.

After the first version of this paper appeared on arxiv.org, a paper by Kobach and Pal
appeared on arxiv.org that uses a Hilbert series to construct an operator basis for NRQED
and NRQCD/HQET up to and including dimension eight [26]. As the authors of [26]

'"'While this work was in progress, [22] appeared. The appendix of [22] lists a tensor decomposition for
HQET operators up to dimension eight and relates it to [16].



explain “While the Hilbert series can count the number of operators that are invariant
under the given symmetries, it does not say how the indices within each operator are
contracted. In general, this needs to be done by hand.” While analyzing the color indices
they have pointed out some operators with the same Lorentz structure but different color
structures that were omitted in the first version of this paper. We address the issue of
possible multiple color structures and correct this omission in section 2.1.

2 General method

2.1 General considerations

We begin by presenting the notation we use. We define the metric as ¢g"” =
diag(1,—1,—1,—1). The four velocity v is defined by, v = p/M, where p is the particle mo-
mentum and M its mass. We often take v = (1,0, 0, 0) to simplify the discussion. We follow
the standard HQET notation reviewed in [1-3]. In particular we denote the heavy quark
field as h. We will consider diagonal matrix elements of HQET operators between pseudo-
scalar meson states H containing a heavy quark. Between heavy quark fields the Dirac basis
reduces to four matrices [21]. Following [21] we take the basis to be {1, s*}, where the spin

A are a generalization of the Pauli matrices for a frame moving with velocity v. In

matrices s
particular, (1+%)y*y°(1+¢) = 4s*. The matrices s* are orthogonal to v, i.e. v-s = 0. We
follow [19] and define the covariant derivative as D* = ¥ + igAr*T® = (D°, —D), where
D% = 9/0t +igA%T* and D = V — igA®T®. The (chromo-) electric and magnetic fields
are defined as E = (—i/g)[D°, D] and B* = €7%(i/2¢)[D7, D*]. For the case of HQET
and NRQCD E = E,7* and B = B,T“, where T” is an SU(3) color matrix. As usual,
(X, Y]=XY -YX, {X,Y} = XY +YX denote commutators and anti-commutators.

We analyze matrix element of the form (H|hiD" ... iD"(s*)h|H), where n is a posi-
tive integer. We would like to collect the constraints on them as a result of heavy quark sym-
metry, parity, time-reversal, and Hermitian conjugation before the tensor decomposition.

The equation of motion of HQET imply that iv - Dh = 0. As a result, multiplying the
matrix element by v, gives zero.? Since this is a forward matrix element, we find that if
we multiply the matrix element by v, we will get zero too. Therefore HQET implies that
w1 and g, must be orthogonal to v [21]. An analogous relation holds for the NRQED or
NRQCD operators. By a field redefinition one can always eliminate operators of the form
...iv - Dy or lfiv- D... from the Lagrangian. See [20] for an explicit example. This
property allows us to treat NRQCD operators similar to HQET operators.

The effective field theories we consider are invariant under parity and time-reversal.
As a result the matrix elements have definite transformation properties under these
symmetries. Consider v first. Under parity the meson four-momentum changes as
p= (" p) Lt pp = (p°, —p). As a result v Lt (v, —¥). Under time-reversal the me-
son four momentum changes as p = (p°, ) EN pr = (p°, —p). As a result v EN (00, —7).
Notice that in both cases for the standard choice of v = (1,0,0,0), v does not change. Un-

2More accurately, the 1 /M corrections to this equation give rise to higher dimensional operators, see
e.g. [3]. One can therefore impose this equation order by order in the 1/M expansion.



der the combined operation of parity and time-reversal p = (p®, ) 7 ppr = (p°,p). As a
result v 25 (v°, %), i.e. any choice of v is invariant under PT. Consider next the covariant
derivative iD*. Under parity iD* 5 (—1)#*iD*, where (—1)* = 1for y =0 and (—1)* = —1
for 4 = 1,2,3. Due to presence of i, under time-reversal ¢DH EN (=1)#iD*. Under the
combined operation of parity and time-reversal iD* T ipn, Finally we need to consider
the transformation of hh and hs*h. If v is the full QCD quark field, hh = 1 (1 4 %) /2
and hs*h = (1 + ¥)y °(1 + ) /4. From the known transformation properties of the
Dirac bilinear we find that hh is invariant under parity, time-reversal, and the combined
operation of parity and time-reversal. Similarly hs*h transforms as hs*h L —(=1)*hs*h
under parity, hs*h EN (—=1)* hs*h under time-reversal and hs*h P hs*h under the com-
bined operation of parity and time-reversal. Combining all of these allows us to show that
under the combined operation of parity and time-reversal,

(H|hiD" ... iD*h|H) 2 (H|hiD" ... iD"h|H)*

(H|hiD™ ... iD" s h|H) 2 —(H|hiD" ... iD" s h|H)*, (2.1)

where the complex conjugation arises from the anti-linear 7. As a result, the spin-
independent matrix elements are real, while the spin-dependent matrix elements are
imaginary. Constraints from parity are more transparent for the standard choice of
v = (1,0,0,0), where v does not change under parity. For this case, hh, hs*h, iD° are even
and D" is odd. As a result, regardless of the spin structure, the matrix elements vanish if
they have an odd number of spacelike covariant derivatives.

Hermitian conjugation also restricts the number of linearly independent matrix ele-
ments. Since hh, hs*h, and (D" are hermitian, we find that

(H|hiD™ ... iD" (sMh|H) = (H]| (ﬁ iDL z’D“”(s’\)h)T |HY*
— (H|hiDFn ... iD" (s))h|H)*. (2.2)

Combining this with the PT constraints implies that the spin-independent (spin-
dependent) matrix elements are symmetric (anti-symmetric) under the inversion of the
indices. In the following we refer to it as “inversion symmetry”.

Since H is a pseudo-scalar, the matrix element of (H|hiD"' ... iD*»(s))h|H) can
only depend on v,, and gH#/ and €®Bro  Alternatively, we can follow [16] and define
I = g — v#v”. In general v, II*" = 0 and v, II*” = 0. For the standard choice of
v = (1,0,0,0), T = 0 and 1Y = —§Y. Also, since the indices in €*’?? cannot all be
orthogonal to v, we can replace €77 by e*5r7y,, without loss of generality.

Another constraint to keep in mind is that in four dimensions one can have only four
independent directions. As a result, certain tensors with more than four indices are not
independent. For example, in a tensor of the form I P9y, relevant for the matrix
elements of dimension seven spin-dependent operators, three indices are the same and
not all the tensors obtained by permuting indices between II* and e*??7v,, are linearly
independent. For spin-independent operators a similar constraint arises only starting at
dimension eleven operators where the structure IT#*#2J[H#3H4TIHSHGTIHTHS arises.



The decomposition gives a correspondence between the operators hiDH! ... iDn(sMh
and non-perturbative parameters. Questions such as the linear independence of a given
set of operators, and the number of linearly independent operators of a given dimension
are answered by considering the vector space of non-perturbative parameters of a given
dimension.?

Another issue we need to address is that of possible color factors. The covariant
derivative D* = 0¥ + ig A**T* combines a unit matrix in color space, i.e. a color singlet,
and a product of an octet vector field A** and an octet of SU(3) color matrices. By gauge
invariance the two must appear together, and the covariant derivative does not have an
independent color singlet and color octet parts. Operators constructed from two covariant
derivatives can be expressed in terms of a commutator or an anti-commutator of two
covariant derivatives. A commutator has only an octet part while the anti-commutator has
again both singlet and octet parts that cannot be separated. The case of three covariant
derivatives is analogous to that of two covariant derivatives, see section 4.

When we consider four covariant derivatives the situation changes. We can now have
a product of two commutators of covariant derivatives. Consider for example the NRQCD
operator wTEéT“Egwa [26]. It contains the symmetric product of two different SU(3)
colors matrices: {T“,Tb} = %5“17 + d®eTc. Now the singlet and octet parts are not
connected by gauge invariance and they give rise to two operators with different color
structure. Instead of a singlet and an octet we can choose the basis of {T“, Tb} and 67,
Thus we have two different operators with two chromo-electric fields: dﬂLEéEg {T“, Tb} Y
and wTEéEgéabw. Only the first one is generated by commutator and anti-commutators
of covariant derivatives. The second operator is generated when we consider the one-loop
self-energy corrections to the first operators. Thus a one gluon exchange between ! and
Y in WEZIE}; {T“, Tb} 1) gives the color structures

1Y, {T“,T”}jk TS = {T“,T”}jk (;@lakj _ é&ijakl> - %5@1’5” _ % {T“, T”}il (2.3)
where 4,7, k,l = 1,2,3 and a,b = 1,...,8 and we have used a color identity for T5Tg.
In other words, when calculating observables at tree level only ¢TE2E2 {T“,Tb}¢ ap-
pears [19]. At one loop we need to consider also ﬂJTEéEz(Sabﬂ). The case of five covariant
derivatives is discussed in sections 2.2.6 and 2.3.6.

In applications to power corrections to inclusive B decays, only the contribution of the
dimension five operators are known with O(a,) Wilson coefficients [27-29]. The dimension
six and seven operators are known only with O(a!) Wilson coefficients. This explains
why the dimension seven operator wTEéEgéabl/} and similar dimension eight operators were
not included in [16] as was recently pointed out in [26]. The analysis we perform below
is sensitive only to the possible Lorentz structure of (H|hiD" ... iD"n(s*)h|H) and it
does not distinguish operators that contain {T“, Tb} from §%. These need to be put “by

3 A potential caveat to this argument is that one can imagine an operator that has a zero matrix element.
The only such example is the operator hiv- Dh, which is the first term in the HQET and NRQCD (NRQED)
Lagrangians. This term is unique in the sense that it is the only one that includes iv - D in the HQET
Lagrangian or ¢D; (not in a commutator) in the NRQCD (NRQED) Lagrangian.



hand”. While not ideal, the main complication arises from the Lorentz indices and it is
fairly easy to identify the different colors structures, at least below dimension nine. We
show below how one can identify and enumerate the number of operators that have more
than one color structure. Using the constraints discussed above we can now perform the
tensor decomposition.

2.2 Tabulation of spin-independent operators up to dimension eight

These operators are of the form (H|hiD#t ... iD*nh|H), where n = operator dimension —
3. We decompose the matrix elements of such operators in terms of non-perturbative
parameters multiplying the possible tensors allowed by the symmetries.

2.2.1 Dimension three
For dimension three there are no covariant derivatives and one has, see e.g. [2],

1 _
s, (HIRRH) =1 (2.4)

2.2.2 Dimension four

Since we have only one covariant derivative ¢ D#!, the matrix element must be proportional
to v#t. Since iv - Dh = 0 the matrix element must vanish. Thus

1 B

2.2.3 Dimension five

Since iv - Dh = 0 and hiv - D = 0, the matrix element can only depend on II#'#2 and
we have
L (H|RiDM Db ) = o1, (2.6)
2M g
where a(®) is a non-perturbative parameter. The dimension of the operator appears in the
superscript. Notice that [T#1#2 = [1#2/1 a5 required by the inversion symmetry.

2.2.4 Dimension six

We need to consider (H|hiD*1iDH2iDH3h|H). The tensor e’#1H2H3y , is ruled out by parity.
This is most easily seen by taking v = (1,0,0,0) which requires p1, pa2, 3 to be space-like.
Hence the matrix element has a an odd number of space-like covariant derivatives and is
zero by parity. The only possible tensor combination is a product of a v and II. We must
use I1#1#3 and we find only one possible non-perturbative parameter:

1 _
Si7 (H|hiD"iD*2iD" bl H) = a O s e, (2.7)
H

Under inversion ITF1H3ypH2 — TIH3HIpH2 — TTH1IH3 K2,



2.2.5 Dimension seven

Here we need more than one tensor structure. We can have a product of two II's or a
product of II and two v’s. For products of two II’s we can contract p; with s, us, or py
using II. The other two indices are also contracted by II. In total we have three such
combinations of two II’s. Using two v’s, they can only be contracted with ps and ps giving
us a fourth tensor. In total we have

1 _
gap (HIRiDMiD!iD!i DI b H) = a\DTImmerirens 4 oD pmmsyrens 4
H

_{_aﬁ)nmuzxﬂmm S AG) | (U I ER (2.8)

It is easy to check that each tensor separately is invariant under inversion. Our notation for
the parameters is such that the subscript denotes the first two indices that are contracted
via II’s in numerical order, and the dimension of the operators appears in the superscript.
We also use a different letters for tensors with a different number of v’s.

As was mentioned in the introduction, the NRQED Lagrangian has four spin-
independent operators. We will show in section 4 that these can be related to the four
operators above. It should be clear already though that it is easier to tabulate the opera-
tors as was done here than to construct them from E, D, and B.

As was pointed out in [26] and discussed in section 2.1, there can be more than one
color structure for operators constructed from four covariant derivatives. This is most
easily seen when one constructs NRQCD operators and then consider the possible color
structure, as we do in section 4. But we can anticipate the result by considering structures
of the form h {[iD#i iDHi],[iD** iD*]} h. Tt is a symmetric product of two SU(3) color
matrices that give rise to two possible color structures: a singlet and an octet. There can be
three different structures h {[iD#t,iD#2],[iD#3 iDH4]} h, h{[iD** iD"3], [iDH2,iDH4]} h,
and h {[iD"1,iDH4], [iD"2,iD#3]} h, corresponding to the possible partitions of four indices
into two pairs. In order to form scalar operators, we need to multiply these structures by
one of the four possible tensors on the right hand side of (2.8): TIHH2[IH3K4  TIHIH3[[H2H4
[1#ragIr2ks “and TTHH4pH29H3 . We find only two linearly independent combinations from all
of the contractions, namely, ag? — aﬁ), and b("). We confirm this result in section 4.1.4. We
conclude that we can form only two such operators with two possible color structures each.
Including the possible color structures, there are in total six possible NRQCD (HQET)
operators.

2.2.6 Dimension eight

We have five covariant derivatives, so we must have an odd number of v’s. We cannot
have five v’s and there is only one tensor with 3 v’s: TIH1FSpH2pH3pHe  As a result of the
inversion symmetry, tensors with one v must be of the form v#2II1I + v*4II1I or v*3I11I.



All together we find seven possible tensors:

1 _
g7 (HIRiDMiD!iDsi DM D h| H) =
H

ag) (TTHH2TTH8 15 i TIHIHSTIRARS 2 ) 4
a:([?i) (HN1M3HM2M5UN4 _|_ HM3M5HH‘1N4UM2) _|_ a§85) (HMlMSHM?)MﬁlUH‘Q + HM1H5HH2M3UM4) +
bg)ﬂu:luznmwz)vus + bﬁ)H“W“H“?“E’vW + bg)ﬂm%ﬂuzmvus +

RON ) RISy (2.9)

Our notation is as above, but we use different letters for the v#2I11I + v*4II1I and v*31111
tensors.

We also need to consider the issue of possible color structures. Multiple col-
ors structures for a given operator arise from the anti-commutator of two color
octets.  For five covariant derivatives there are two possibilities of color octets:
[iD#i iDFi] and [iD* | [i D iD#m]]. If we combine them together we get two structures?
h{[iD"i,iDHs], [iD* [iD* iD*m])} h and h{[iD*i iD"i], [iD*m [iD*+ iDM]]} h.  There
are (g) x 2 = 20 such structures. We can also combine {[¢D#¢,iDHi], [i DM+ iDM]} with an
anti-commutator of a fifth covariant derivative:® h {iD#m {[iDHi iDHi], [iD"* iD*]}} h.
There are (?) x 3 = 15 such structures. Contracting each of the possible structure with
the tensors on the left hand side of (2.9), we find only one non-zero linear combination:
ag) - ag? — bgi) + bg? from h {iDFm {[iDMi iD*], [iD** iD*]}} h. We will obtain the
same result in section 4.1.5. Including the two possible color structures there are eight
operators in total.

2.3 Tabulation of spin-dependent operators up to dimension eight

These operators are of the form (H|hiDM' ... iDM*s*h|H), where n =
operator dimension — 3.  Their matrix elements are complex. We decompose the
matrix elements in terms of non-perturbative parameters multiplying the possible tensors
allowed by the symmetries.

2.3.1 Dimension three

For dimension three there are no covariant derivatives. The matrix elements of hs*h can
only be proportional to v*. Since v - s = 0 we find that the matrix element is zero:
L (H|hs*h|H) = 0 (2.10)
S = 0. .
2M g
2.3.2 Dimension four

The matrix element of the operator hiD* s*h can only be proportional to IT#1*, since both
v = 0 and v = 0. But then for the choice v = (1,0,0,0) the matrix element contains

1A third possible structure b {[iD"i,iD"], [iD"®, [iD"™ iD"*]]} h is related to the first two by the Jacobi
identity.

®Using a commutators does not give a new structures since [iD"™ {[iD"i iD"i] [iD"* iD"]}] =
{[iD"i,iD"3], [iD"™ , [iD"* ,iD*||} + {[iD"* ,iD™], [iD"™  [iD"i,iD"I]]}.



one space-like covariant derivative and is zero by parity. Thus

1 _
M<H\hiD“lsAth> = 0. (2.11)

2.3.3 Dimension five

The operator hiD*iDH2s b has three indices, all of which are orthogonal to v. As a
result, we cannot use three v’s or a product of one II and one v. There is only one possible
structure:
1 R A - (5) A
——— (H|hiD"'iD"?s*h|H) = ia‘> e’!'1F2" . (2.12)
2M g

The tensor ep“1”2’\vp is antisymmetric under inversion as required.

2.3.4 Dimension six

There is only one possible tensor, a product of v and €. Thus

1 _
W(mhwmz’m?w%&mm = iaOph2errirsdy (2.13)
H

Again the inversion symmetry is manifest.

2.3.5 Dimension seven

For the matrix elements of dimension seven spin-dependent operators there are five inde-
pendent tensors. One has 2 v’s and € and four that have II and e. Thus

1 _
W(HULz’D“liD“2iD“3iD“4sAh|H) =
H

(7 f ) (7 .
ng) (Huwzﬁpusmz\% _ HN4M360N2N1)\Up) + mg?)) (HM1M3€PM2M4/\UP _ Huwzepusm%p) +

—i—z'&ﬁ)l'[“l““e/’“?“i‘)‘vp + z’dé?l’[m’“ PNy ib(Dyhzyphs cpmnady, (2.14)

where we have imposed the inversion symmetry by combining tensors in the second line
of (2.14) with the same non-perturbative parameters.

Naively it might seem that there are two other possible independent tensors that involve
[T, namely TTH#IAePH2R3Hey | — TTHAAePH3H2ILY | and TTH2AePHLR3Hey | — TH3AePHAR2I1y - But
this would be an over-counting. The tensor II* e8Py, has five indices orthogonal to v,
but in four space-time dimensions there can be only three different indices orthogonal to
v. Since o # [ # p and p = v, it follows that three of the indices in the set {«, 3, p, i, v}
are equal. Therefore if \ is equal to any p; it is also equal to some p; and hence p; = p;
and already included in the tensors of (2.14).

For the dimension seven spin-independent case one can construct operators with the
same Lorentz structure but different color structure. We can check whether this is possible
for the spin-dependent operators by contracting h {[iD*¢,iD"i], [iD"*,iD"]} h with the
tensors on the right hand side of (2.14). We find that all of these vanish, so there are no
such operators. We will find the same result in section 4.2.3.



2.3.6 Dimension eight

For the matrix elements of the dimension eight spin-dependent operators we can have one
tensor with 3 v’s, vH#2uH3pH4 ep“1“5)‘vp, and tensors which are of the form v Il e. Following the
discussion above, the II’s should depend only on ;. Once we fix v to be v#2, vH3, or vH4,
there are four indices left, which gives six pairs {yu;, i} for II. Including the constraints
from inversion symmetry, we find

1 - ) ) ) )
W<H|h iDML D2 D3 DR DHS AR | H) =

H

(8

za&Q) (Uusﬂuwzepmus)\% _ Uu3Hu4u5€pu2u1Avp) n
(8 . 3 TT L5

+Za§4) (v“3H“1“45W2“o/\UP _ v“&HMaN26pN4M1>\UP> +
(8 (8

+za§5)v“3H“1“56p“2“4’\vp+zag4)v“3ﬂ“2“4ep“1“5>‘vp+

.7 (8
—Hbgg) <UH2HM1M3EP#4M5>\UP _ UM4HM5M3€PM2#1)\UP) +

-H'i)gi) (UMH“W“ep‘“S”E’)‘Up _ UMHusuzepusuMUp) +
—H’E%) (vu2Hu1usepusu4>\vp _ 1}“41_1“1“56’)“3“2)‘1)/)) 4
+iggi) (Uuznmmepmus/\% _ Umﬂusuzepusm)\vp) +
+il~)g? (UM2HAL3#5 69#1#4>\vp _ U#4HM3M€P#5#2)\UP) +
+z’l~14(185) <U“2H“4“5ep“1“3>‘vp _ UH4HH2H16PN5P«3)\UP) +
+ié(8)v”2v“3v“4ep“1“5>‘vp. (2.15)

As for the spin-independent case we can check if there are operators
with the same Lorentz structure but different color structure by contract-
ing h{[iDi, iDH], [iD* [iD* iDFn]|} by, h{[iD"i, iD#), [iD*m [iD**, iDM]]} h, and
h{iD#m {[iDMi iDHs], [iD** iD*]}} h with the tensors of the right hand side of (2.15).
We find six linearly-independent combinations, indicating that there will be six operators
with two possible color structures. We will find the same result in section 4.2.4. Including
these possible color structures, there seventeen NRQCD (HQET) operators in total.

3 HQET operators

We can now easily relate the matrix elements analyzed in the previous section to the HQET
parameters listed in [16]. As described in section 2.1, the operators listed [16] relevant to
tree level matching of power corrections to inclusive B-decays have color structure of the
form T°T® and not 6*°. The different color structure is generated via (at least) one gluon
exchange. We list the other operators in section 4.
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3.1 Spin-independent operators

3.1.1 Dimension five

In [21] the spin-independent matrix element is defined as

1 ~ 1
W<H(U)|QU Z.DuliD'uQQ,U’H('U)> == g)\l H“1M2, (31)
H
while [16] defines
1 -
M(BU)U iDMiDF2b, | BYTL,, 1y = — 2. (3.2)

Comparing to (2.6) and using TI*#211,,, ,, = 3 we find that —p2 = \; = 3a(®). One should
keep in mind though that p2 is not defined in the heavy quark limit, but using the full
QCD b fields [16]. Therefore the relation between —u2 and A; has 1/m? corrections.

3.1.2 Dimension six

In [21] the spin-independent matrix element is defined as

| i 1
o HWIQu D D™D QuH(w) = 5ol (3.3)
while [16] defines
1 FolsDHr [, DH2 5 K3 1 3
s (BIh [zD [iD",iD Hh|B)§HMM3vu2 -y (3.4)

Comparing to (2.7) we find that p3 = p; = 3a(%).

3.1.3 Dimension seven

In [16] the four spin-independent matrix element are defined as

2Mpmy = (Blb,iDyiDyiDyiDsb,|B) & (HP"MS + TP H/ﬁna*)

2Mpms = (Blby [iD,,iDy] [iDy,iDs] by| B) 17070

2Mpmg = (B|by [iD,,iD, | [iDy,iDs] by| B) TIP*T17°

2Mpmas = (Blb, {iD,,, [iDJ, [z’DA,z'DC;H } by| B) II7M170 (3.5)

Using the definitions of (2.8) we find

m=s [l +ol] mma

ms = 12 [ag) - agﬂ , my = 12 ag? — 2a§? + aﬁ) . (3.6)

— 11 —



3.1.4 Dimension eight

In [16] seven spin-independent matrix elements are listed® as:

2Mpry = (B|biD, (iv - D)*iD” b| B)

2Mpry = (B|biD, (iv- D)iD”iD,iD’ b|B)

2Mprs = (BJbiD, (iv - D)iD, iD”iD’ b| B)

2Mpry = (B|biD, ( D)iD,iD? iD” b| B)

2Mprs = (BJbiD,iD” (iv - D)iD,iD’ b| B)

2Mpre = (B|biD,iD, (iv - D)iD’ iD” b| B)

2Mpr; = (BJbiD,iD, (iv - D)iD?iD’ b| B) (3.7)

Notice that for ro,r3, and r4 the operators are not Hermitian. In the following we assume
that the contractions of indices is done using I1, i.e. the contracted indices are space-like. If
they are contracted using the regular metric tensor, it slightly changes the relation of r4 and
rg to our basis. As written above, we can relate these matrix elements to the parameters
introduced in (2.9). We find”

T = 30(8),

ry =3 [3ag) + ag? + a&?] , T3 = [ag) + Sa%) + a&?] , =3 [a§2) + a§3) + 3a(8)}

rs =3 305 + 0l + 07 |, ro =3 [bl3 + o) + 3], re =3 [p + 30 + 0] (3.8)
3.2 Spin-dependent operators
Matrix elements of spin dependent operators of dimension three and four are zero. The
first non-vanishing matrix element is of dimension five.
3.2.1 Dimension five

In [21] the spin-dependent matrix element is defined as

1 _ 1
mg{(v)yc)v iDMiDM2 Q| H (v)) = 52 jePrny (3.9)
while [16] defines
1
537 —(Blb, f[zD“l iDF2)(—ig" 2 )by | BY L, 1y = e (3.10)
B

The matrix (—ioc) is related to s* via [21]

1+9

1
(—io") — —;1/(2'0‘”’) = v e P

55. (3.11)

Comparing to (2.12) we find that p2 = 3\y = 6al®). As for p2, there are 1/m? corrections
to the relation between ,u%; and Ag.

5The change b, — b is presumably a typo in [16].
If we use the regular metric tensor for contractions, r4 — 74 + 3¢® and r¢ — re + 3¢®.
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3.2.2 Dimension six

In [21] the spin-dependent matrix element is defined as

1 _ 1
o7 (H @) Qu iDMUDF2i DR Q| H (v)) = 5P i, € P A2 (3.12)
H
while [16] defines
1 .
Ty (B|b, f{zD’” [iDF2,iDF3] }(—ic®P)by| B) I, o1, 500, = pig. (3.13)

Comparing to (2.13) we find that p3 ¢ = 3p2 = 6a(%).

3.2.3 Dimension seven

In [16] the five spin-dependent matrix element are defined as

2Mpms = (Bby [i p,zD |[iDy,iDs) ( — i0ap) by|B) T* I 07 v
2Mpme = (Bby [iD,,iD,| [iDy,iDs] ( — iag) by|B) T*TIPATIP
2Mpmr = (B, {sz,zD b, [iDx,iDs) b ( = ioas) bo| B) A TITI
2MB mg = <

B U{{ZDP,ZD b, [iD2, D5 } (= iag) by|B) P TIOVTTS

2Mpmg = (Blb, |iD,, ZDU, ZD,\,ZD(;H](—Z'O‘aﬁ) by|B) TIPPIIATIO® . (3.14)

Comparing to (2.14) we find
ms = 667, mg =6 [ 2a\7) +a\?) + a§3>] my = 12 [4a§2) —3a{7) + 3a§3)} (3.15)
ms =48 [3a{f) —af} +aff)], mo =12 [5a{}) — 4a{]) — 3a{7) +2a(])| .

3.2.4 Dimension eight

In [16] eleven spin-dependent matrix elements are listed as:

2Mprs = (B|biD,, (iv - D)*iD, (—ioc") b|B)
2Mpryg = (B|biD,, (iv - D)iD, iD zD”( ic") b| B)
2Mprip = (B|biD,, (iv - D) iD"iD,,iD, (—ic*") b| B)
2Mpryy = (B[biD, (iv- D)iD, ZD’D’LD (—ic"") b| B)
2Mpri2 = (B|biD,, (iv - D)iD,iD, iD? (—ic*") b| B)
2Mpri3 = (B[biD, (iv - D)iD,,iD, iD? (—ic"") b| B)
2Mpriy = (B[biD,, (iv - D)iD,iD”iD, (—ic*") b| B)
2Mpris = (B|biD, iD, (iv- D)iD,iD" (—ic"") b| B)
2Mprig = (B|biD,iD,, (iv- D)iD, iD? (—ic*") b| B)
2Mpri7 = (B|biD,iD, (iv - D)iD"iD, (—ic"") b| B)
2Mpris = (B|biD,iD,, (iv- D)iD?iD, (—ioc"") b|B) . (3.16)
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Notice that for rg — r14 the operators are not Hermitian. In the following we assume that
the contractions of indices is done using II, i.e. the contracted indices are space-like. We
can relate these matrix elements to the parameters introduced in (2.15). We find

rys = 65(8)

=(8 7(8 7(8 7(8 7(8 [,7(8 7(8 7(8 (8 +(8
rg = —6 [554) + b§5) - b§4) - b§5) - 3bz(15)} ; To=26 _3b§3) + b§4) - b§5) + b§4) - b:(as)] )
riy =6 [5@ + 308 4 5 L5 Bf)} R T oy R T o Bf)} ,

o = 0[5 5 9 ] = 0[5 5 5+ 8+ ]

ri7 =6 [2&582) +2al®) + 3&&3’] : ris =6 (36 +al® + agi)] . (3.17)

4 NRQED and NRQCD operators

We now relate the known NRQED and NRQCD operators up to dimension eight to the
decomposition of section 2. As we will see, there are dimension eight NRQCD operators
that do not appear in the dimension eight NRQED Lagrangian. These operators were not
considered before in the literature. We will list them in section 5.

The 1/M3 NRQCD Lagrangian that contains operators up to dimension seven was
given in [19]

. D? o-B D-E—E-D o (DxE—ExD)
dim<7 _ _+ ). .
ENII?QCD =9 {ZDt + 250 +crg Y + ¢pyg e +icsg e +
n D* L {Di,(D><B—B><D)i}+ {D? o - B} Dio‘-BDi_i_
Cis—= +ic e Poo-By Do BD
E M9 e w19 NVE wog Ve
c-DB-D+D-Bo-D _,(BiBj~ BiE) 1" BLET'T"
+Cppg YWE + ca19 SVE — CA2g —
' B! | B b i i sab
(BB - BLB) 0" b BB
90+ (Bg X By, — E, % Eb)fabcTC 50+ (E, x Eb)fabcTc
- - 4.1
cB1g 1603 + ¢cB2g 16073 P (4.1)

We follow the notation of [19], but display explicitly the color factors for terms bilinear in
E or B. For terms linear in E or B we have E‘ = E:T® and B* = B.T“. The operators
on the last line of (4.1) appear only for NRQCD and not NRQED. Also, for NRQED the
operators whose coefficients are c41 and cg3 (ca2 and c44) are identical.
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The 1/M* NRQED Lagrangian that contains operators of dimension eight was

given in [9]
dim=8 __ [D27DE+ED] {D27[8E]} [BQBE]
ENRQED = W{Cng M4 + CX2QT + CXSQT
. L{DY\[Ex B’} . Dic- (DxE - ExD)D? ko' DI[9 - E|D*
+1cx49 JVE +1cx59 M +1cx69 M
+cxrg T—chw T‘FCX%] T
E'c-0B' B'oc - OE" o-Ex[0,E—08xB
+ CX1092[M4] + CX1192[M4] + cx129° | ;\44 ] }@Z}- (4.2)

Some of these operators need to be rewritten in a form appropriate for NRQCD operators,
e.g. not assuming that E and B commute. We will do that below.

The general procedure we will follow is to take a general NRQCD (NRQED) operator of
the form ¢TOvy where O is written in terms of D, E, B. We change ¢ — h and /! — h and
write O in terms of covariant derivatives i D* contracted with IT and v. The matrix element
of the resulting operator can be written in terms of the parameters of section 2. The utility
of this method is that given two NRQCD operators we can immediately determine if they
are linearly independent, based on the linear combination of parameters that corresponds
to each operator. Possible multiple color factors for operators with the same Lorentz
structure are considered separately. We will illustrate this procedure in detail below.

4.1 Spin-independent operators
4.1.1 Dimension four

There is one spin-independent operator of dimension four in (4.1). It has one time-like
covariant derivative 1TiD;1). The corresponding HQET operator is hiv - Dh whose matrix

element vanishes.

4.1.2 Dimension five

There is one spin-independent operator of dimension five in (4.1): ¥fD?%. The operator
D? can be written as IL,, u,tDF1eDF2 - Changing ¢ — h and T — h, we get

1 _
WD) — o (H|RiDM iDL, h| H) = 307, (4.3)
H

4.1.3 Dimension six

There is one spin-independent operator of dimension six in (4.1): gyt (D« E — E - D).
It can be written as —vy, 11, 4, [1D, [iD#?,iD#3]]. Changing 1 — h and i — h, we get

1 _
_wTU,quuw:s [iDNl) [iDuzaiDHS]] w - _W<H’hvuznu1u3 [iDm’ [iDMaiDMSH h|H>
H

= —6a'%. (4.4)
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4.1.4 Dimension seven

There are six spin-independent dimension-seven operators in (4.1): I D%,
g0!{DI(D x B — B x D)}y, ¢*! (BiBj— E.E}) T°T", —¢*)!EL,E,T°T",
¢*¢1 (BLB;} — ELE}) 6%, —g*yTELE} 6. Changing ¢ — h and ¢7 — h the matrix
elements of these operators are

YT DYy — M e (H|RAD" DD D4 B H) Ty, Ty, = 3 (303 + ol +af7))

Y g{D', (D x B— B x D)'}¢

2M (H|h {iD",[iD*2,[iD*3,iD**]] }h|H) L, 1y Mgy

7 7 7
=12 (aff — 27 +a{?)

>V (BLB] — ELE}) T°T", ¢*y' (B.B} — E.E}) 5"
1 1 _
— —f—<H]h [iD’“,iD“?] [iD“3,z'D“4] hyH>ng3gmu4
22My

=3 (—2a{7 + 207 +4™)

~V B B T T ), —g*y B} B} 6™y
1 _
— ————(H|h [iD"",iD"2] [iD"®  iD**] h|H) gy, 113 Vpuo Vpry
2My

— 3D (4.5)

These linear combinations of ag), a%), aﬁ) and b(7 are all independent of each other. We
also have two pairs of operators that differ only by their color structure. These indeed

depend on the linear combinations we have identified earlier, namely ag? — agﬂ, and b(7.

4.1.5 Dimension eight

There are four spin-independent dimension-eight operators in the dimension-eight
NRQED Lagrangian (4.2). We rewrite three of them in a form appropriate for
NRQCD. Thus we rewrite gyt {D? [0 - E]}¢ as gopT{D? [D?, E'|}\+, gpT[0%0 - E]y as
g¢T[D!, [D?,[D?, E7]|]p. The operator ¢?¢!{iD? [E x B]'}1 can be generalized for
NRQCD as either g% {iD’, eijkEng {Te, T} or g?yT{iD?, eijkEgB{f 5%}, Replac-
ing ¥ — h and " — h the matrix elements of these operators are

S 1 _
g’ [D? {D', E'}]¢p — —W<H|h [iDF D2 {iDF3 [iDM* i DM Vb H )Y, Ty 1o T g s
H

6 (303 + o) +).
o 1 B
GO D2, (D, B =5 5o (HIR DD, D7, (1D D s T T
= 6 (6at3) + 203 + 2aff) - 365 —b{7 — oY),
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v gD, (D', (D7, B)|]¢ —

1 _
— — o (H[R D", [iD", [iD"*, [iD" i D" ||[JA| B) vy Iy
H

— 6 (8a§82) +4al®) +8alY — 5b(8) — 35 — 7b§85>) ,

oD BB {T T}y, ¢! (D', BB 6}y —

1 1 -
— ———(H|h {iD"* {[iD"?,iD"3], [iD"* i D*>|} Y h| B)v,u, I, g s
22Mpy
8 8 8 8
=6 (ag; — a§5) - 654) + bg )) . (4.6)

Notice that the last line of depends on the linear combination that was anticipated in
section 2.2.6. We anticipated eight dimension eight spin-independent operators in sec-
tion 2.2.6, but we have listed only five so far. It is clear the NRQCD Lagrangian will
contain three extra spin-independent operators. We will list them in section 5.3.

4.2 Spin-dependent operators

0123 _

Our convention for sign of the Levi-Civita tensor is € —1 and €103 = 1. As a result,

the three dimensional contraction eijkAiBj Cck — —€0uva AP BYCH in four dimensions, as-
suming A* — A* etc. The overall minus sign arises from the three space-like contractions.
Since DF = (DO, —D), we have an extra minus sign for each space-like derivative that
appears in the triple product.

4.2.1 Dimension five

There are no dimension four spin-dependent operators. There is one spin-dependent opera-
tor of dimension five in (4.1): gyt - Ba. It can be written as —%wTeijkai [iD7,iD*]¢. As
explained above, €/*g?[iD7 iD*] — —ep,\mwv”s)‘ [iD* iDH2]. Changing ¢ — h, ¥T — h
we get

P(H|h s [iD"iD*2|h|H) = 6a®). (4.7)

4.2.2 Dimension six

There is one dimension six spin-dependent operator in (4.1): igtyfo - (D x E — E x D).
The corresponding HQET matrix element is

1 _
igylo - (D x E—E x D)y — —miewlusv%m (H|h s*iD" | [iD"2 iD"3)}h|H) =

= —12a(%. (4.8)

4.2.3 Dimension seven

There are five spin-dependent operator in (4.1): gy {D? & - B}y, goo' Die- BD"), gito -
DB-D+D-Bo- Dy, ¢?>¢to- (B, x By) f%T), and ¢*¢to - (E, x Ey) f*¢T). The last
two appear in a different linear combination in (4.1). Notice that there are no operators
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with the same Lorentz structure and multiple color structures as we anticipated before.
Changing ¢ — h, ! — h we get

11 _
g¥ D% 0 By = o igupuunt” Wy (I MDD, [iD" D" | }h| H) =
H
= 12(3a) - af} +aff)).
) ) 1 1 _
ngDzo’ : BDlw — WiiEP#Z#BAUPHMMM <H|h S)\iD‘ul [iDuZ, iD“ﬂiD“‘l h‘H> =
H
= 6 (—2a{7 +2a{7 +3a{7)
g'e-DB-D+D-Bo-Dy — 0PIy, (H|h s*i DM [iDF2 D3 ]i DM b H)
1 1
—M§Z€pu4uzu3

G2l (By x By) f2T ) —
~(7 ~(7 ~(7
=6 <2ag3) - a§4) - ag:s)) )
1 _
GVl - (Ey x By) T = i€ pyu a0V Vg (H | B s [iDP1 i DF2][i D#3 i DH4] h| H )

2M g
= —607. (4.9)

oMy 5 Lo pzps
)

VPTly, (H|R s DM [iD"2 i DF]iDM h|HY = —12 (ag) —al+ aﬁ)) :

1 1 -
W iigﬂltluwﬂ)pﬂkus <H|h SA[iDM ) iDuQ} [iDMS ) iDM] h’H>
H

4.2.4 Dimension eight

There are eight spin-dependent dimension-eight operators in the 1/M* NRQED La-
grangian (4.2). For the NRQCD operators we rewrite ¢e?*o'Di[d - E|D*y as
Yleiko DI[D', EY|D*+). The operator ¢g*¢'o - B[@ - E]i corresponds to two possible
NRQCD operators 3¢?¢'{o-B, T, [D', E',T’}¢ and g*¢To - B,[D', E'|,1). The notation
is such that [D?, E'], = V- E, + gf*°Ay,- E, [26]. Similarly ¢>¢![E- 8o - B]y corresponds
to $g*Y{EiT, D', o - B,T"}¢ and g*¢"E![D*, 0 - Blot, g*¢'[B- 90 - E]t) corresponds
to %gsz{BgTa, (D!, o - E|, T}y and g%yt Bl (D", o - E]o%, g*[E'o - B3 corresponds
to sg*Y{E!T, [0 - D, B,T°}¢ and ¢*¢'Ei[o - D, B, and ¢*¢![Bio - 9E|¢ cor-
responds to g2y {BiT%, [o - D, E',T"}y and ¢*¢!Bi[o - D, E'|,1. The last operator
in (4.2) contains two parts: o - E X [0,E] and —o - E x [0 x B]. The second part can be
expressed in terms of other operators in (4.2), so we will not consider it below. The first
part corresponds to two possible NRQCD operators %gQwTeijkaiEg [Dy, E*], {T%, T"}4) and
P2tk g Bl Dy, E*), 1. Changing ¥ — h, T — h we get

ig9' Do - (D x E — E x D)D) —
1 _
= o (D)€ My s Vg (H [ sNiDM {iDF2 [iDM3 D] YiDFSh|H) =
H
—12(2af] — 2y 32y — b3 + 87 + 35 + B — ),
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igTeik o' DI D', EYY D% —
1
oMy

~(8 ~(8) (8 3(8 Z(8)  7(8) 3(8
=12 (2618 + 2a§4) + 3a§4) - b§3) - b§4) - 3b§4) - bgs) - bz(15)) ’

i€ i s VT i Vs (H | 8D [iDF2 [i DF3 i DH4)[i DM h| H) =

1 o o
592¢T{0- ! BaTa [DZ Ez]bTb}wv 2 TO’ : Ba[Dl El]aw —
1
2M 4

~(8 ~(8 ~(8 7(8 7(8 7(8 7(8 7(8
— 6 (3af3 —al) +afy - 6b{3 — 267 + 25T — 263 + 28

Ep/\muzv H#wsvu4<H|hs’\{[sz iDF?] [iDF3  [iDH4 iDFe]|}h|H) =

%g2¢T{EiTG (D, - B,T"Y, ¢*Y'E! D', o - Bl,i) —

1
- — S 46,),\“4“511 Huz“svu1<H|hs’\{[zD“1 iDF2] [iDF3 [iDP4 1 DF)|}h| H) =

— 6 (403 — 485 + B — 2045+ bus )
1 2 1§ pia i b 2 1 i
g ¢ {BaT 7[D 7U'E]bT }1/)7 g 1/) Ba[D 70"E]a¢ —
1
= S geomanst oty (IR M {ID" D], (1D, i 1D/ bl H) =
= o (a8 +al) — ol — 25 + 50 — 5 + 50— 5)
} 2 4§ i a i1 b 2 4 i i
g ,¢ {EaT a[U'DvB]bT }¢, g ¢ Ea[U’D,B]aT/J%
1
2M 46,,”2“4”51) Py 150y (H R sM{[iDM1,iDF2], [iDF, [iDM4 i D3] }h|H) =
) (8 (8 ~(8) 3(8
(bgs) - ng) - b:(>,4) + 251(35) - 5515)> )
} 2 1§ pia i1 b 21 i i
g ¢ {BaT 7[0'D7E]bT }wv g 71[) Ba[U'DaE]a¢ —
1
= o gomians VWiV (HIR(GD D], [iDP, i D]} h| H) =
8 ~(8 ~(8 8 8
= o (i — )+ o 2 Y 6+ B - ),

59 VN By Dy, B, AT, T}, g*y1e o By [Dy, BYotp —

1
2M 26p)‘#2usvpvulvu3vu4<H’h5/\{[ iDM D2 [iDF3 [iDF4 i DS ]| h | H) =

= 6¢®). (4.10)

As in the previous cases, one can check and verify that the matrix elements of operators
that have two color structures depend on linear combinations of parameters calculated
in 2.3.6. This confirms our observation that one can predict how many operators have
multiple color structures using our general method.

We anticipated seventeen operators in section 2.3.6, but generalizing the NRQED to
the NRQCD case gives only fourteen operators. It is clear the NRQCD Lagrangian will
contain three extra operators. We will list them in section 5.3.
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5 Applications

5.1 Dimension nine spin independent HQET operators

Based on the general method, it is easy to parameterize the matrix element of the general
spin-independent dimension nine HQET operators. We have six covariant derivatives and
we can have terms with zero v’s, two v’s, or 4 v’s. Taking into account the various ways
to contract the other indices, we have all together 24 possible tensors:

1 _
gap (HIhiD" DD i DD DF | H) =
H

a592)734 H:U'IHQH#3#4H#5#6 +agg)’35 (HH1#2H#3N5H#4#6 +H#1#3H#2#4HH5H6) +

+ag)736 (ITMH2TPSHO[THAKS | [TH1HAT[H2HSTHHG ) 4

+ag%),25 Hﬂl#SHHQHE)HH‘lNG + ag?’))726 (H#l#SHH2H6HN4H5 + HHIHSH#2H3HH4H6) +

+(1¥225 HN1H4HH2H5HH3;¢L6 + ag?l),26 (H#1N4H/—L2H6HN3H5 + HHIHSH!@H‘IHNSI—%) +

9 9 9
+ag5)726 [T/ 5 TTH216 [THsHe 4 a§6)723 [/t H6 TTH213 [THaks a§6)’24 [TH1H6 TTH21a TTH8H5

+ag%)725 [IH1He TTH2Hs TTH3He bg),% (IT#1 H2TTH3HO a5 4 TTHHATTHS RO 2 )3 ) |
+b§3),46 (ITM1H2TTHAR yHs 5 | TIHIHSTIHOHG 24 ) 4 b§92),56 TIHH2 TTHSH )13 gyl |
—i—bg%),% (ITH1HS TTF216 b 5 |- TIHIHSTTHAHG 25 )

_,_bg%)% [T 13 TTHARG )12 )15 bﬁ)’% (ITH1HATTH2H s 5 | TIHIHSTIHSHG 24 )

9) H1HATTISIG ) 12 ) 5 9) HLHS TTH26 ) 13 ) Hd
by g IIMHHAIIFSHO U2 QS 4 b g TIFIESTIH2HO 3yt 4

9
bgﬁ)% (ITPAHOTTH218 b s |- TIHTHGTIHAMS 215 ) 4

9 , , . 9 , f
+b(16),24 (TTH116 TH2a M3 gy 115 +HM1M(’HM5M5U“2UM4)+b§6)725 TTH1 16 TTH2HS 43 )14

+b§%),34 [IH1H6 TTHBHA 2 15 | (9) TTHLHG )12 g 13 g Ha g 15 (5.1)

Our notation is such that the subscripts denotes the first indices that are contracted via
IT’s in numerical order. We use different letters for different number of v’s in the tensors.

We should in principle consider also the various possible color structures. These can
arise from combining three possible pure color octets: [iDHi iDHi], [iDHi [iDFi,iDH*]],
and [iDHi [iDHi, [iD#& iDM]]]. There are several possibilities for combining them with
each other and/or with other covariant derivatives. We will not consider these multiple
color structure here. For phenomenological applications at the current level of precision,
see e.g. section 5.2, only one color structure is needed, namely, the one that contains 7%T°
and not §%.

5.2 Moments of the leading power shape functions

In analyzing charmless inclusive B decays one often encounters “shape functions” [30-37].
These are Fourier transforms of diagonal matrix elements of non-local HQET operators,
analogous to nucleon parton distribution functions. Moments of these shape functions can
often be related to HQET parameters. The matrix elements decomposition presented above
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makes the calculation of the moments especially easy. We illustrate this by calculating
moments of of the leading power shape.

The leading power shape function can be defined as®

T n n _’U

where is n is a light-like vector, i.e. n?> = 0, and n-v = 1. S, is a Wilson line in the n
direction, see [37] for its definition.

For completeness we review how the moments of S(w) are related to local HQET

operators. The zeroth moment of S(w) is

[ st - /dw / ot (B)IR(0)S, ()} (tn)h(tn)|B(v) _

2Mp

_ 7(0)S(0)Sh(0)h(0)[B(v)) _ (B(v)[R(0)h(0)|B(v)) (5.3)
2Mp 2Mp ’ '

where we have used the unitarity of the Wilson lines, Sn(:c)S,Tl(x) = 1. Using the identity,
in - D Sp(x) = Sy(x)in - 0, the first moment of S(w) is

[awwse) = [a [ 4 <_Z. > <B<v>\ﬁ<o>sn<o2>ﬂsgtn>h<m>\B<v>>:

N it (B()[A(0)S,(0) in - 0 S} (tn)h(tn)|B(v))
B /dt/ 2Mp B
B A o 0)[1(0)S,,(0) S (1) Sy (tn) in - Sk (tn)h(tn)|B(v))
B /dt/ s 2Mp B
A i 0)[1(0)S,,(0) Sk (tn) in - D Sy, (tn) Sk (tn)h(tn)|B(v))
d / o7 € 2Mp o

_ (B( v)lh(O)m Dh( )IB()

(5.4)

Similarly we can show that the k-th moment of the S(w) is

/dwwk S(w) = (B(v)|h (in - D)¥ h|B(v)) Ny - - .nuk<B(v)|7LiD“1 ...iD"+ h|B(v))
2Mp 2Mp '

(5.5)

8There are several equivalent definitions of the leading power shape functions in the literature. The one
presented here can be obtained from [37] by using the translation invariance of the matrix element elements
and changing t — —t in the integration.
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Using (5.5) we can easily calculate the moments. We find that the first six moments are

tﬂmswﬁﬂ, L/mwswy:@ /@w;s —a® = —)/3,

dww® S(w) = —a'® =—p, /3, /dww45( )—a12 +ag3)+ag4)—b( =my /5 —my/3,

8)

dw w° S(w (8) + 2a(8) + 2a( + ng) + b§4) b§85) —c® =

——

(—8’/“1 + 2r9 4+ 2r3 4+ 2r4 + 15 + 16 + 7“7) /15,

9) 9) (9) (9) 9) (9) (9) ©) (9)
dww’ S(w) = —ag, 347 2Q19,35— 2015 36— Q13,95 201396~ Q14,25 201426~ G156~ 316,23

9 9 9 9 9
_a§6),24 - agﬁ),25+ 2b§2),36+ 2b§2)746+ 552),56"‘ 2b§3),26+ b§3),46 + 2b§4),26 + b§4),36

9 9 9 9 9
+b§5),26 + 2556),23 + 2b§6),24 + bgﬁ),25 + bg6),34 — ), (5.6)

—

For all the moments apart from the sixth we have used the relations to previously defined
HQET parameters from section 3. The sixth moment is expressed in terms of the new
HQET parameters of section 5.1. Using the HQET parameters extracted in [15] one can
use the moments up to the fifth one to improve the modeling of the leading power shape
function.

5.3 NRQCD Lagrangian to order 1/M*

From section 4 we learn that the 1/M? NRQCD Lagrangian contains three spin-
independent operators and three spin-dependent operators that cannot be obtained from
simple generalization of the NRQED Lagrangian. Here we list these new operators.

The new NRQCD operators contain commutators of chromoelectric and chromomag-
netic fields, which vanish for NRQED. We can easily test the linear independence of the
possible operators by calculating the matrix elements of the corresponding HQET opera-
tors. For the spin-independent operators we have

G [E", [iDy, E]o T —
———(H|R[[iD",iD"2], [iD"3, [iD"4, i D">|]]h| H )y, 0y Uy g = —6¢®,

2M
ig?y{[B', (D x E + E x D)!|,T%) —
. . . 8 8
> g (I (D" iDP] [iDH [iDH D | H )y Ty g Wy = 1204 = 03),

ig?YI[E, (D x B+ B x D), T%) —

1 _
=5 o (HIR D, 1D, [iDH, [iD, iD ] Y0 Ty T =
H

8 8 8
= 12(a§2) - 2a53) + ag;). (5.7)
It is easy to check that these operators are linearly independent of the operators of (4.6)

and Hermitian and invariant under P and T'.
For the spin-dependent operators we consider the set of spin-dependent NRQED

1 S 1 ) .
operators OX7 = 5921/}1-{0- : Bv[Dszz]}wv OX8 = 592¢T{E15[D150- : B]}¢a OXQ =
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S (B [D 0 El}, Oxio = 30" B oD, B}, Oxur = 300 (B!, [o-D, B}y,
where the notations follows from equation (4.2). We can generate new operators by replac-
ing the commutators by anti-commutators and vice versa. Only three operators will be
linearly independent of the NRQED spin-dependent operators. We can choose to modify

Ox7,0x9,0x10, or Ox7,0x9,0x11, or Oxg,0x9,0x10, or Oxg,Oxg9,0x11. We choose
Ox7, OXg, OXlO- We have

¢*Y'e - B,{D', E}}|,T% —
1 i
- _M§€P>\M1M2

=—12 (3&8) —ays + d24) ,

VPTL g s Vg (H| B sM[iD*,iDH2], {iDH3 | [iD*4 iD*5)}h|H) =

P[B! {D! o E},T% —
1 i B
- M%EPMww:ﬂUPHA%UM (H|h sM[iD",iD"2], {iD"3, [iD"*,iD">]}|h| H) =

=12 (&g) + dﬁ) — Qo4 — 514 + 515 + 534 — 635) )
gV E' {o- D, B}, T —
I
2Mp 2
=12 (513 + 615 — l~)34 + 545> . (5'8)

69#2#4#5”/)H>\u3vu1 <H’B SA[iDm ,iDF2] {iDF8 [iD" i DFS |} h| H) =

It is easy to check that these operators are linearly independent of the operators of (4.10)
and Hermitian and invariant under P and T'.
We can now list the full dimension-eight NRQCD Lagrangian. It is

LVRGeD = W{Cmg[m’{]\z’Em + CXQQW + cx3g D, [Di]’w[fj’ E]]

T icxaa g2 eij’“EéE{i T8 | e 2 20 ejkj\lji Bl 5}

. Dic-(Dx E—E x D)D" ¢kt DI[D!, B!| D*
+1icx59 IV +icxeg 7
+cx1a g’ lo B“T(;’]{ﬁi> E',T"} +exm gt Ba][\ﬁi, E',
+cxsa g’ (BT, [1;;\,43 BlT) + CbeQQIW
+ ¢x94 §° (BT, [12);\’43 BT + cxop QQW

' i1, b ; .

+exin g’ — [ZMIZ’ BLT + cx106 ngZ[UMlZ’BZ]“
+cx11a 9 (BT [OQ-MD4’ E.17) + Cx11b QQW
+ Ex12a 9° o [th}\ik]b .1 +ex12 9 elijZE]g(}szb .
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[E?,[Dy, EY| ,[B', (D x E + E x D)/
M4 M4

, E' (D x B + B x D)’ o-B,{D' E'

+ iy R X B My cyppgplz BADE

[Biv{Divo"E}] Q[Eiv{a'D’Bi}]}w.

+icx139 +icx149

+ cx179° i + cx189 i (5.9)
Notice that we have modified the operators Ox1s as explained in section 4.2.4. We have
introduced extra a and b subscripts for operators that have multiple color structure but
the same Lorentz structure. Explicit color indices are shown for these operators. These

results agree also with [26] that uses a slightly different basis.

6 Conclusions

Effective field theories are an important tool in current research. The effective theory La-
grangian is often written as a series of operators with increasing dimension suppressed by
the inverse powers of the cutoff scale of the theory. As research progresses, higher dimen-
sional operators are receiving more and more attention. For example, the construction of
higher dimension operators in the Standard Model Effective Field Theory (SM EFT) was
shown recently be simpler than one might expect [38].

In this paper we investigated the question of constructing higher dimensional opera-
tors for the HQET and NRQCD (NRQED) Lagrangians. Despite having a different power
counting, the two Lagrangians are closely related. We showed how one can analyze op-
erators that contain two HQET fields or two NRQCD (NRQED) fields with an arbitrary
number of covariant derivatives. The method we use is to consider diagonal matrix elements
of HQET operators between pseudo-scalar meson states. We write such matrix elements
as non-perturbative HQET parameters multiplied by tensors constructed from the heavy
quark velocity, the metric tensor and the Levi-Civita tensor. Imposing constraints from
P and T symmetries, hermitian conjugation, and the fact that we consider theories in
3+1 dimensions, allows the reduce the number of HQET parameters of a given dimension.
The number of possible HQET operators at each dimension corresponds to the number of
HQET parameters. This method allows us to easily determine the number of operators
at each dimension and whether a given set of operators of a given dimension is linearly
independent. NRQCD and NRQED operators can be similarly analyzed by replacing those
fields with HQET fields and considering the matrix elements of these operators.

One drawback of this method is that it does not distinguish operators that have the
same Lorentz structure but different color structure. As was recently pointed out in [26],
operators that contain a symmetric product of two color matrices, e.g. ’(/JTEéTaEgTbl/J, can
be decomposed in terms of a color octet and a color singlet operators, e.g. wTEéEg deT )
and ¢TE2E25‘II’1/J. Since they only differ in their color structure, both will give the same
linear combination of parameters. Alternatively we can use the basis of wTEgEz {T“, Tb} P
and Q/JTE;Egéasz). The operator WLEZLEg {T“, Tb} 1) is generated by commutator and anti-
commutators of covariant derivatives and it is the only of the two that appears when
calculating observables at tree level. The operator WEéE};dabw will be generated when
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considering radiative corrections [19]. For applications to inclusive B decays this operator
arises at only O(ay)/mjg, beyond the current level of precision. This explains why such
operators were not considered in [16]. To address the possibility of multiple color struc-
tures, one has to consider them separately from the general method we presented. But
using the method presented above allows to determine how many linearly independent op-
erators there are for possible different color structures. We showed how this is done for
the dimension seven and eight operators and confirmed the results of [26] for the multiple
color structures.

We presented our general method in section 2. We demonstrated it by relating the
HQET parameters of operators of dimension four, five, six, seven, and eight known from
the literature to our basis in section 3. NRQCD operators up to dimension seven and
NRQED operators up to dimension eight were previously known in the literature. We have
analyzed these operators and related the corresponding HQET matrix elements to our basis
in section 4. This allows to easily relate the known HQET and NRQCD operators to one
another.

Going beyond the known operators, we presented several new results in section 5.
We analyzed the dimension nine spin-independent HQET parameters, finding 24 possible
parameters (not including multiple color structures) see equation (5.1). We calculated
moments of the leading power shape function in terms of HQET parameters up to and
including local matrix elements of dimension nine, see equation (5.6). This will allow to
improve the modeling of the leading power shape function. Similarly, one can use this to
improve modeling of subleading shape functions [39]. Most importantly, we constructed the
dimension eight NRQCD operators that do not appear in the 1/M?* NRQED Lagrangian.
These allow to present for the full 1/M* bilinear NRQCD Lagrangian, see equation (5.9).

We conclude by considering possible extensions of this work. The method we presented
allows in principle to write down all the possible HQET operators of any given dimension.
It would be interesting to automatize the procedure using a computer program to construct
these higher dimensional operators and of the NRQCD Lagrangian. Also, certain multiple
color structures were considered separately from the general method. It would be desirable
to find a method that automatically generate these color structures.

A separate interesting question is what are the Wilson coefficients of the operators.
In particular what are the relations between coefficients of operators of different dimen-
sions. These are known as “reparameterization invariance” [40] or “Lorentz invariance”
constraints® [41]. For NRQED such relations are known for up to dimension eight opera-
tors [9, 41] but not for NRQCD or HQET operators above dimension six. Such relations
allow to determine the contribution of a certain higher dimensional operators based on
the knowledge of lower dimensional operators. This has applications to semileptonic and
radiative B decays, see e.g. [27, 28, 42].

Finally, throughout the paper we have not considered operators with more than two
HQET or NRQCD (NRQED) fields. The reason, as explained in the introduction, is that

9The ansatz for implementing Lorentz invariance via reparametrization invariance breaks down starting
at dimension eight operators, see [41].
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the one non-relativistic fermion sector can be combined with an additional non-relativistic
field or an additional relativistic field. Results for each case were presented in the litera-
ture [9, 14, 23-25], but not for an arbitrary operator dimension.
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