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1 Introduction

The interpretation of the black hole entropy is one of the central problems in theoretical
physics. The celebrated AdS/CFT correspondence [1] provides us with a new insight
into the problem of the black hole entropy. Based on this principle, the conformal field
theory defined on the boundary of an AdS space should capture all features of the gravity
theory in the bulk. Hence, it is really tempting to identify the black hole entropy in the
bulk and the entanglement entropy of the conformal field theory on the boundary [2].
When the boundary conformal field theory and the bulk gravity both have certain amount
of supersymmetries, the technique of supersymmetric localization allows to compute the



entropy on both sides and test the identification precisely. In this paper, we would like to
study a concrete example towards this direction, i.e. the ABJM theory via the supergravity
localization, to test this proposal.

As a generalization of entanglement entropy, supersymmetric Rényi entropy S, was first
defined on a g-branched three-sphere [3]. It can be computed exactly using the technique
of supersymmetric localization, and the result can be expressed in terms of the partition
function of the 3D superconformal field theory defined on a squashed sphere Sg’ with the
squashing parameter b [3]. Using the technique of supersymmetric localization on curved
manifolds [4], one can further express this partition function into a matrix integral [5-9].
In some cases, one can even evaluate the matrix integral to obtain a relatively simple
result. For instance, neglecting the nonperturbative effects at large N, the matrix integral
for the ABJM theory on some compact manifolds can be evaluated using the Fermi gas
approach [10, 11].

Since it can be computed exactly, the supersymmetric Rényi entropy provides a new
quantitiy to test various dualities. For instance, one can use it to test the AdS/CFT
correspondence more precisely. Before doing it, one has to first find the holographic way
of computing the supersymmetric Rényi entropy. As explained in ref. [3], the technical
problem is the conical singularity caused by the branched sphere. To resolve the conical
singularity, it was proposed in refs. [12, 13] to perform a conformal transformation, which
maps the branched three-sphere into S x H?, i.e.,

ds? = db?* + ¢° sin0 dr? + cos?6 d¢?
= sin®0 [d7? + du® + sinh®u d¢?] | (1.1)

where 7 € [0, 27), T = ¢q7 € [0, 2¢7), and
sinhu = —cot 6. (1.2)

After the conformal transformation, one finds that S' x H? can be viewed as the boundary
of the AdS, topological black hole (TBH). Hence, in principle the supersymmetric Rényi
entropy can be computed in the topological black hole holographically. The free energy
and the Killing spinor equations can also be evaluated in the bulk gravity theory, which
supports the holographic interpretation [12, 13]. In particular, the parameter ¢ coming
from the branched sphere can be viewed as a deformation parameter of the original theory,
related to the mass and the charge of the topological black hole. This relation was called
the TBH/qSCFT correspondence [12, 14], where it provides another precise test of the
AdS/CFT correspondence. Later, these works were generalized to other dimensions, and
similar results were found [14-21].

The partition functions and consequently the supersymmetric Rényi entropies of some
superconformal field theories can be computed exactly using the technique of supersymmet-
ric localization. In fact, this technique can also be applied to some supergravity theories.
Different backgrounds (AdSs x S, AdS4) have been studied [22-24]. In particular, the lo-
calization of the 4D N = 2 off-shell supergravity on AdS, corresponds to the ABJM theory
on the boundary S* [24], and the partition functions of both theories can be expressed in



terms of Airy function. From the partition function, we can compute the entanglement en-
tropy of the ABJM theory across a circle S! on the boundary, which matches the previous
results [3].

It is then natural to consider the supergravity localization on 4D topological black
holes, whose boundaries are S' x H2. From the supergravity localization we should be
able to compute holographically the supersymmetric Rényi entropies of the corresponding
superconformal field theories on the boundary. Comparing the results from the bulk and the
known results from the boundary provides an exact test of the AdS/CFT correspondence,
and at the same time one can also check the proposal of identifying these entropies as the
black hole entropies in this framework concretely.

As a starting point, in this paper we study the localization of the 4D N = 2 off-shell
gauged supergravity on the neutral topological black hole, which corresponds to the entan-
glement entropy of the superconformal ABJM theory across a circle S* on the boundary.
The logic of our computation is as follows. The gravity dual of the ABJM theory is the
11-dimensional M-theory on AdS; x S7/Z; [25]. We neglect all the stringy effects and
consistently truncate the 11-dimensional supergravity to a 4-dimensional N' = 2 gauged
supergravity theory, which has an off-shell formalism using superconformal gauged su-
pergravity. We fix the values of fields in the Weyl multiplet, and apply the localization
method to evaluate the supersymmetric partition function by integrating over the vector
multiplets and the hypermultiplets. Our localization calculation is similar to the standard
field theory localization, except that the background spacetime is noncompact. We find
that the entropy of the AdS, neutral topological black hole and the entanglement entropy
of the ABJM theory on the boundary coincide in the large- N expansion up to some stringy
effects. More precisely,

2 1
Sgp " = Seu = _\/;Tkl/QNg/z — 4los(NV) + O(N?). (1.3)

Meanwhile, using the supergravity localization we obtain the logarithmic correction to the
classical result of the black hole entropy given by the Bekenstein-Hawking formula [26-28],
and this correction is consistent with the on-shell 1-loop computation from the Euclidean
11-dimensional supergravity on AdS; x X7 [29].

This paper is organized as follows. In section 2 we review some facts about the super-
symmetric Rényi entropy and the ABJM theory. The gravity dual of the supersymmetric
Rényi entropy will be reviewed in section 3. In section 4 we discuss the localization of
the 4D N = 2 off-shell supergravity on the AdS; neutral topological black hole with the
boundary S' x H2. The bulk black hole entropy and the boundary entanglement entropy of
the ABJM theory can be read off from the results of the supergravity localization, which is
presented in section 5. Some further discussions will be made in section 6. We also present
some details of the calculations in a few appendices. In appendix A we review the 4D
N = 2 off-shell supergravity, while in appendix B the Killing spinors and the convenction
of the Gamma matrices are discussed. For the supergravity localization, the explicit form
of the localization action will be presented in appendix C, and we will evaluate the action
along the localization locus in appendix D.



2 Supersymmetric Rényi entropy of ABJM theory

2.1 Supersymmetric Rényi entropy

We start with the well-known definitions of entanglement entropy and Rényi entropy. Sup-
pose the space on which the theory is defined can be divided into a piece A and its com-
plement A = B, and correspondingly the Hilbert space factorizes into a tensor product
Ha®Hp. If the density matrix over the whole Hilbert space is p, then the reduced density
matrix is defined as

pa =trep. (2.1)

The entanglement entropy is the von Neumann entropy of p4,

Sg = —trpalogpa, (2.2)

while the Rényi entropies are defined to be

1
1—n

Sn =

logtr(pa)™ . (2.3)

Assuming an analytic continuation of S, can be obtained, the entanglement entropy can
alternately be expressed as a limit of the Rényi entropy:

lim S, = Sg. (2.4)
n—1
The Rényi entropy can be calculated using the so-called “replica trick”:

Sy, = linlog<(ZZIn)n>, (2.5)

where 7, is the Euclidean partition function on a n-covering space branched along A.

The concept of the supersymmetric Rényi entropy is a generalization of Rényi entropy.
It was first introduced in ref. [3] for the 3-dimensional supersymmetric field theories as

1 Zsin ular s ace(Q)
SSUSY = 1 g P 2.6
T T [P (Zgs ’ 20

follows:

where Zgs is the partition function of a supersymmetric theory on a three-sphere S3, while

Zgingular space(q) 18 the partition function on the g-covering of a three-sphere, SZ’, which is
also called the g-branched sphere given by the metric
ds® = L*(d0* + ¢*sin6 dr* 4 cos®0 d¢?) (2.7)

with 6 € [0,7/2], 7 € [0,27) and ¢ € [0,27). In the limit ¢ — 1, the ¢g-branched sphere
returns to the round sphere, and the supersymmetric Rényi entropy becomes the entan-
glement entropy. Initially, the supersymmetric Rényi entropy was defined for 3D N = 2
superconformal field theories [3], and later it was generalized to other dimensions [14-21].



Using the supersymmetric localization, it was derived explicitly in ref. [3] that in
the definition of the supersymmetric Rényi entropy of 3D superconformal field theories
Zsingular space(q) can be written as:

1 rank G N 1
. - . mikTr (o) .
Zsmgular space(q) = ‘W‘ / H do; e H 7Fh(0&(0’)) H H Iy (p(O') + ’LwA[)
i=1 @ I peRy
(2.8)
ith
w1 w_w1+LU2 w_\/a w_i (29)
2 3 1 5 2 \/a 5 .
and
I'n(2) = Th(z; iw, iwe) , (2.10)
where
T (2: wr, wo) = H (n1 4+ Dwy + (ng 4+ 1wy — 2
Pz W 2 niwi + nowg + 2
ni,n2>0
o0 _ : 2 _
= exp 2/ do(zzw _sinQo(z —w)) (2.11)
0 T \wiwex 2sin(wix)sin(wsx)
defined for

0 <Im(z) < Im(wy + w2) (2.12)

is a hyperbolic gamma function [30]. o; parametrize the localization locus of the Coulomb
branch. k stands for the Chern-Simons level, and I is the index for the chiral multiplets. «
and p denote the root of the adjoint representation and the weight of the representation R
of the gauge group G respectively. Ay is the R-charge of the scalar in the chiral multiplet.
It turns out that the partition function Zgngular space(q) €quals the partition function of the
same theory on a squashed three-sphere S‘Z’ with b = ,/q.

2.2 Results for ABJM theory

As an example of the 3D superconformal field theory, the ABJM theory has been intensively
studied. As first discussed by Aharony, Bergman, Jafferis and Maldacena in ref. [25], the
ABJM theory is a 3D N = 6 supersymmetric Chern-Simons-matter theory with the gauge
group U(N)g x U(N)_g, where k stands for the Chern-Simons level. The theory describes
the low-energy dynamics of N M2-branes on C*/Zy, and it has 4 bi-fundamental chiral
multiplets, two of them in the (N, N) representation and the other two in the (N, N)
representation. The matter content of the ABJM theory can be illustrated using the
quiver diagram in figure 1.

With the development of the supersymmetric localization on curved manifolds [4], the
partition functions of some 3D supersymmetric gauge theories including the ABJM theory
were studied in ref. [31], and they can be expressed as matrix integrals. In particular, the
partition function of the ABJM theory is reduced to the following matrix model:

; ~ . (4sinh(ro;;) sinh(75;,))?
ZABIM —/Hdai do; e~ tkm(o7=57) HKJ( (maij) ~( 32))

: (2.13)
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Figure 1. The quiver diagram for the ABJM theory.

where 0;; = 0; — 0; and 0;; = 7; — 0; are the roots of U(N); and U(N)_j, respectively,
and the weights in the representations (N, N) and (N, N) are

(Nvﬁ) =

Pij — =995,
N,N ~
PN = ;455 (2.14)

To evaluate these integrals, one still has to solve the matrix model, which sometimes
can be nontrivial. To proceed the computation, on the one hand the matrix integral
were evaluated directly under some approximations for the 3D superconformal field the-
ories [32, 33], while on the other hand using the Fermi gas approach one can obtain the
final results of the perturbative contributions, which was done in ref. [10]. The result for
the partition function of the ABJM theory from the Fermi gas approach was obtained by
Marino and Putrov, which can be written in terms of the Airy function [10]:

@f)“ (N_i_glk)] | 2.15)

As discussed above, the supersymmetric Rényi entropies of some 3D superconformal

ZABJM o Ai

field theories can be expressed in terms of partition functions of these theories on squashed
three sphere Sg, and these partition functions can still be written as matrix models using
the technique of localization. For the ABJM theory, the partition function on a squashed
three-sphere can be written as

1 ; 2_=2 :
ABJM ~ —ik “—0; bi-fund
Zys N = (N!)Q/lildaidaie ihn(07=57) gy zpifund (2.16)
where

= H 4sinh(mbay;) sinh(mb~ o) 4 sinh(7b5;;) sinh(7b~15;;)

1<j

: 5 iQ/4)?
Zé);-fund _ H Sb (UZ ZJ + ZQ/ )2 , (217)
i sv(oi =0 —iQ[4)
where @ = b+ 1/b, and sp(z) is the double sine function. In the limit b — 1,
35y = | [ 4sinh(roy) sinh(753))
1<j

| 1
Zbifund _ ’ e
b=t l_JI (2 cosh(m(o; — 7;)))? o




which reproduce the partition function of the ABJM theory on the round three-sphere
found in ref. [31].

Recently, Hatsuda studied the partition function of the ABJM theory on a squashed
three-spheres S [11], and found that for some cases the matrix model can be greatly
simplified and evaluated analytically at large IV using the Fermi gas approach. For instance,
when k£ = 1 and b? = 3, the leading contribution to the partition function is

Z[éli%M _ 03—1/3 A3 Aj C;l/S(N —B3)| +---, (2.19)
where (3 1
3 og 3 1 9
A—_W—i_ 6 B3—§7 C3—@- (2.20)

With these results, one can study the supersymmetric Rényi entropy at large N beyond
the leading order.

3 Gravity dual of supersymmetric Rényi entropy

The gravity dual of the supersymmetric Rényi entropies of 3D superconformal field theories
(including the ABJM theory) has been constructed in refs. [12, 13]. Later, it was generalized
to other dimensions [14-21]. In this section, we briefly review the gravity dual theory found
in refs. [12, 13].

As discussed in ref. [3], due to the conical singularity one has to turn on a R-symmetry
gauge field in order to preserve supersymmetry. In the spirit of the AdS/CFT correspon-
dence, instead of finding an AdS space with the branched sphere as the boundary, one can
first perform the conformal transformation introduced in section 1 to the branched sphere,
which maps the branched three-sphere into S x H?, i.e.

ds? = db?* + ¢°sin0 dr? + cos?6 d¢?
= sin?f [d%z + du? 4 sinh?u d(Z)Q] , (3.1)

where 7 € [0, 27), T = q7 € [0, 2¢7), and
sinhu = —cot 6. (3.2)

Next, one can find an AdS, topological black hole with the metric [34]:

1

ds® = —f(r) dt* + dr? + 2 dx(H?), (3.3)
f(r)
whose boundary is R! x H?, where
r? 2m  Q?
fr)=43-1-—+75, (3-4)
and
d¥(H?) = du? + sinh?u d¢? . (3.5)



This metric can be viewed as solutions to the 4D N = 2 gauged supergravity given by the
effective action [35], whose bosonic part is

1 1
I=—— /d4m V=g <2A +R- gZFWF“”) : (3.6)

202,

The gauge field is given by
A= (Q - Q) i (3.7)

r Th

where 7y, is the horizon radius of the black hole determined by f(rp) = 0.
As explained in refs. [12, 36], to preserve the supersymmetry, the condition

m?+Q*=0 (3.8)

holds for both the charged case (@) # 0) and the neutral case (Q) = 0).
For Q% = —m? # 0,
m

f(r)zﬁ—(u—)z, (3.9)

r
the metric (3.3) corresponds to a charged topological black hole. As shown in refs. [12, 13],
the Bekenstein-Hawking entropy of the charged topological black hole equals the Rényi
entropy of the superconformal field theory on the boundary. In particular, the result from
the gravity dual recovers the relation between the Rényi entropy S, and the entanglement
entropy S for the 3D superconformal field theories:

3g+1
Sq = 1q St. (3.10)
For @ =m =0,
2
fr) =13 -1, (3.11)

and r, = L. The gravity solution is dual to a 3D superconformal field theory on S' x H?
with ¢ = 1. Correspondingly, the black hole entropy in this case equals the entanglement
entropy of the boundary superconformal field theory. The evaluation of the gravity free
energy at classical level supports this identification.

As we know, the Bekenstein-Hawking entropy corresponds to the classical result of
the gravity. Using supersymmetric localization, we can obtain more precise result and
go beyond the classical result. Hence, in this way we can test the gravity dual and the
AdS/CFT correspondence more precisely.

In this paper, we consider the neutral topological black hole, whose entropy gives the
entanglement entropy of the superconformal field theory on the boundary. For this case,
the branching parameter ¢ = 1, which corresponds to the round three sphere. One can nev-
ertheless perform the conformal transformation (3.2). The hyperbolic AdS, space becomes
an AdS,4 neutral topological black hole. The entanglement entropy of the superconformal
field theory on the boundary is supposed to be equal to the bulk black hole entropy. The
equality can be tested more precisely using the results of the localization of supergravity.



4 4D N = 2 off-shell gauged supergravity and its localization

In this section, we discuss the localization of the 4D N = 2 off-shell supergravity on AdS,
topological black hole with the boundary S' x H2. The steps are similar to the ones in
ref. [24], however, there are some subtle differences which consequently lead to different
final results.

4.1 4D N = 2 off-shell gauged supergravity

The 4D N = 2 off-shell supergravity theory can be obtained as a consistent truncation

of M-theory on a Sasaki-Einstein manifold X7. The theory was originally constructed in

ref. [37] and also reviwed in ref. [24]. We also briefly summarize the theory in appendix A.
The N = 2 superconformal algebra has the generators:

Pa, Maba D: Ktla in Sia UZ]7 (41)

which correspond to the generators of translations, Lorentz rotations, dilatations, special
conformal transformations, usual supersymmetry transformations, special conformal super-
symmetry transformations and the 4D SU(2) R-symmetry respectively. The gauge fields
corresponding to these generators are

a ab a 7 ) i
ep,? wy, ? bu7 oo ,l/]’u,? W Vy, (42)

respectively.
To construct a 4D off-shell N' = 2 supergravity, one needs the Weyl multiplet W:

W = (%, ¥, by, Ay, Viy, Tid, X', D) (4.3)
the vector multiplet X':
X' = (xT of wl vl (4.4)

and the hypermultiplet (A; %, (¢). More details about these multiplets and their super-
symmetric transformations can be found in appendix A.
Given a prepotential F'(X), the two-derivative off-shell action for the bosonic fields is

given by
4 Iy (B ~l oy L igIy,J
S = dx\/§ Ny X X E—i-D + Njj0X 0X —gN[JYJ Yij
i « R D ) «a i «a 2 41 O 1)
+ | —VA'3VA;* - ) A" gA; * + F'gF; ™ +4g7A' g X 7X"Y(;Ai
4 gAl ,B(ij)v aAk’YEZ'j> d,? 7 (4.5)
where 1
Nij = % (Fry—Fry), Frj=0/0,F(X), (4.6)
and F;“ is related to the field 4; **) discussed in appendix A in the following way:
F,* =aA;*®) . (4.7)

The term ~ RA? provides a negative cosmological constant for the AdS, space.



4.2 Localization of supergravity

As discussed before, to find the gravity dual of the supersymmetric Rényi entropy, one
can perform a conformal transformation (3.2) on the boundary, which maps the branched
three-sphere into S! x H2. Correspondingly, the metric in the bulk now should be the AdS,
topological black hole given by the metric (3.3) to match the boundary.

In this section, we discuss the localization of the 4D N = 2 off-shell gauged supergravity
on the background of the AdS4 neutral topological black hole (3.3). In other words, we focus
on the case with the branching parameter ¢ = 1, which corresponds to the entanglement
entropy of the ABJM theory across a circle S! on the boundary. The discussions are similar
to the supergravity localization on the hyperbolic AdSy in ref. [24].

4.2.1 BPS equations

Let us first consider the BPS equations for various supergravity multiplets. For the Weyl
multiplet, by setting (wui = 0 one obtains the Killing spinor equation:

N .
2V €' + 1A et — gTab ”fy“bfy#ej =", (4.8)
where we set the background b, =V, =0, and

. 1 4
Ve = 0ue' + Zw“ Wby e (4.9)
For ¢ = 1, one can further set A, = Tj; U =0 in eq. (4.8), and the Killing spinor equation
becomes

1.
V€ = 5')’#772 . (4.10)

The upper and the lower indices for € denote the positive and the negative chirality
respectively, and the opposite for 7. We can use the Dirac notation to combine different
components into Dirac spinors

E=L €, n=0,n"), (4.11)

where
i

=6, =it , mi=—em,, 0= (4.12)

Using these notations, we can rewrite the Killing spinor equation (4.10) for ¢ = 1 as follows:
i

V#§:2

’Y/Wi : (4.13)

We would like to recover the Killing spinor equation for the topological black hole
discussed in ref. [12] for ¢ = 1. To do so, let us first consider the general Killing spinor
equation for the AdS, topological black hole [12]:

. ) 1
V€ —igA,e+ %Fab’y“b’me = = 59ue, (4.14)
where
A= (Q - Q) dt (4.15)
r Th

~10 -



with 7, denoting the position of the horizon, and consequently only the components F.
and Fj, are nonvanishing. For the branching paramter ¢ = 1 considered in this paper, the
black hole is neutral, i.e. Q = 0, hence both A, and F},,, vanish for this case. As discussed
in appendix B, using the charge conjugation matrix B one can define the charge conjugate
spinor satisfying another Killing spinor equation:

1

7
Ve +igAuet + ZFaw“bvuec = §g'yuec : (4.16)
The coupling constant g is related to the AdS radius [12]:

1
L=—-. 4.17
p (4.17)

For ¢ = 1, the two Killing spinor equations are

1 C 1 C

vuﬁ = —E’YMG, VUE = ﬁ’}/uﬁ s (418)

which can be written into a more compact form using the Dirac notation:

V& = solon) 58 (419)
with N N
=, E=c. (4.20)
Defining
=1 2”5 & (4.21)

one can further obtain an equivalent expression for the Killing spinor equation at ¢ = 1:

?

= ﬁ’}/5’yu<03)i jfj . (4.22)

V&

Comparing this equation with eq. (4.13), we should identify

' = —%%(U@%ﬁj : (4.23)

eq. (4.22) will be the Killing spinor equation used throughout the rest of this paper.
Next, for the vector multiplet, the BPS equations are obtained from §{2; = 0. Setting
F,, =T, =0 and distinguishing different chiralities, we obtain

. 1 ,
o, = —i@xXe — iY’jéi +Xn, =0,
. N
60 = —id X — §Y’ .+ Xnt =0, (4.24)
which can be combined into

—B(H — ing )€~ SV — L (H + i )ys(03) 560 = 0, (4.25)

- 11 -



where we have parametrized X = H + iJ and used the expression for ¢ given above. For
constant H and J, the BPS equations above have the solution:

H=0, Y'1=-Y?*=-"J, Yy=-Y?,=0. (4.26)

The BPS equation for the hypermultiplet can be obtained by setting the modified
supersymmetric transformation ¢ = 0 (see appendix A), which leads to
0Cay = iVA  aeij€ + 29X 0P A geis€ — Al qein’, + F' aeiél =0,
0C% = VA; %€, —2giX" g A; € +iA; %0t —iF,%¢" =0, (4.27)
where F, @ = qA; ) satisfying F; ¢ = (FZQ)* = eijeo‘ﬁFj[g. One can combine these two
equations using the Dirac notation in the following way:
VA; 6 — 2gi(H' —inysJT)(t1)* gA; PE +iA; o0’ —iF; € =0, (4.28)
We consider the model with the charges

t[Ai ¢ = P[(i()’g)a IBAl B 5 (429)

where Py are moment maps on the hyperkéahler manifold with the scalars in the hypermul-
tiplet as sections. In the gauge A®, x &%, using the relation (4.23) one can express the
BPS equation for the hypermultiplet as

. { « 7 j . ¢t
29(H - P) = 2gins(J - P) — 75| Ai%(03)" ;& —iF; ¢ =0, (4.30)

which leads to the solution

. « 7 1
Fy® = —2igAi%(03)"j(H - P), 29(J-P)=—+. (4.31)

4.2.2 Attractor solution

As we discussed before, given a prepotential F'(X), the two-derivative off-shell action for
the bosonic fields is given by eq. (4.5). Now let us take a closer look at the theory and
analyze its attractor solution. Later in the localization procedure, the localization locus
will fluctuate around the attractor solution discussed in this subsection.

First, the field D plays the role of a Lagrange multiplier, which imposes the condition:

_ 1 .
N X X7+ SA pA a7 = 0. (4.32)

By requiring that the terms containing the Ricci scalar reproduce the Einstein-Hilbert

action, we obtain

1 Iy 1 1
SN X X7 - 2 AN A%, = 4.33
6 " 67 P T T 16rG (4.33)
where G is the Newton’s constant. The two equations above lead to
N X X2 =——, A'3A;%d." = ——. 4.34
J 8tG’ peilt Ca 4G (4.34)
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In the gauge A; * o< 65, the second equation above implies

1
A% = o, 4.35
Q3 7G [ ( )
where we have used d, ? = —6,? discussed in appendix A.

By analyzing the field equations of various fields in the action (4.5), we arrive at the
same solution that we found before from the BPS equations (4.31):

1
29(J-P) = A (4.36)
more precisely,
1 3
8gJ°Py = ——, 8gJ'P =->. (4.37)

L L
For the prepotential F/(X) = 1/ X9(X1)3, the first one of eq. (4.34) becomes

— 3
1 /X1 /X1 1
44 | ( X0 X0 887G’ (4.38)

which consequently leads to
1

0\1/2( 71\3/2 _
()2 =

(4.39)

where we choose v/—1 = —i.

4.2.3 Localization action

As in the standard localization procedure, we can add a SUSY-exact term to the action
without changing the partition function of the theory. The SUSY-exact term is called the
localization action. In our case, we choose the following localization action for the vector
multiplet:

AS = 5((60)1Q), (4.40)

where ) denotes the gaugino field in the vector multiplet. The bosonic part of the local-
ization action is

(AS)pos = (6160 (4.41)

We can solve (AS)pos = 0 to find the localization locus. Some details are presented in
appendix C.

When expanding the localization action, we choose the Killing spinor found in ref. [12]
for the topological black hole with ¢ = 1:

€ = ¢ TWLTE iFUMI2 o572 é(r) (4.42)

)= (1 + VIm - - Vi) (52 . (4.43)

with
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where €, is an arbitrary constant spinor, and f(r) is the factor appearing in the metric of
the topological black hole (3.3):

1
f(r)

In principle, there are 8 independent Killing spinors €. Moreover, € and €¢ = Be* satisfy

ds* = —f(r)dt* + ——dr* + r* d(H?).

the Killing spinor equations (4.18):

1 1
V€= AL V€€ = ﬁfyuec.
As we discussed in subsection 4.2.1, it is more convenient to work with the Killing spinors

1+ iy5 ~
z%g, (4.44)

51’
with
f=e, Z=e. (4.45)

and they satisfy the equivalent Killing spinor equation (4.22):
V€' = 5757u(03)" 3¢
The Killing spinors & generate the Killing vector

v=EW1Ed, = Luyqy (4.46)

which is a linear combination of the compact U(1)’s along the compact directions 7 and ¢
in the metric (B.1).

Using the Killing spinor discussed above with the special choice of the constant spinor
€y = (1,0,i,0)T, we can compute various Killing spinor bilinears, and expand the localiza-
tion action (4.41) explicitly. The localization action (4.41) can be expressed as a sum of
some squares (C.5). By requiring these squares vanish, we obtain the following solutions:

C 2C
H= ., Yl =—"—" foru=0; (4.47)
cosh(n) cosh®(n)
J = const, FaVP=0, (4.48)

where C' is an arbitrary constant, and the constant value of J is fixed by the attractor
solutions (4.37) (4.39). Together with the BPS solutions found in subsection 4.2.1, these
form the localization locus:

C] JIhI
X' =g +iJl=—  +iJ = ——  +iJ!
T cosh(n) o cosh(n) e
201 2i 2JIn! 2i
vy, = —(vI)2y= " g = gl 4.49
() (¥7)" cosh®(n) L cosh?(n) L 49

where we have written the gauge index I explicitly and used the parametrization C = J/h!,
and again the values of J! are fixed to be the attractor solutions given by eq. (4.37) and
eq. (4.39).
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For the hypermultiplet, as discussed in appendix C, we require 6¢ = 0 for all 8 Killing
spinors, which leads to the solutions

249 1
FY=— 03)*;(H-P), 2¢9(J-P)=—— 4.50
with F; ® and P; given by
Fia = CLAZ' a(z) y t[AZ‘ * = P](iO’g)a gAi'B . (4.51)

These solutions coincide with the solutions (4.31) to the BPS equations under the attractor
solution (4.35).

4.2.4 Action on localization locus

Now we would like to evaluate the action (4.5) at the localization locus (4.49) obtained in
the previous subsection. We distinguish the action for the vector multiplet and the action
for the hypermultiplet:

Svec = /d41’\/§ [N]JXIXJg + NU&YI(?X‘] — éN[JYijI}/;}-] , (452)
4 R i a i «a 2 41 v ~ )
Shyp = [ d'z\/g _EA gA; “+ F' g + 49" A" g X X7 5A;
+ g AT 5 (Y7F), Ay, 76@') da ﬂ] - (4.53)

However, there is a subtle difference between the AdSy case considered in ref. [24] and the
case considered in this paper. In ref. [24], the AdSs metric is given by

ds® = L?(dn? + sinh?(n) dQ3), (4.54)

which leads to d'z /g = L*dQsdr(r? — 1) with r = cosh(n). In our case, the Euclidean
AdS, neutral topological black hole is given by the metric (see appendix B):

ds* = f(r)dr® + f(lr) dr® + r? dX(H?), (4.55)
where )
f(r) = % -1, (4.56)

2. Besides the volume form, we see

therefore, the measure becomes d4a:\/§ = drdXodrr
that the measure for the integral dr differs for the two cases.

Although in our case the integrand evaluated at the localization locus is the same as
the AdSy case discussed in ref. [24], the final result is not the same due to the difference

in the measure. Some details of the computation are presented in appendix D. The final
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results for Syec and Sy, are

Qz*L? 3, 70 171042 Loy, 1 0(0; 1
Svec = 397G _4To+5((h) —3h (4Z+h)—2h (21+3h))
o 2(h1 o ,L-)3/2(h0 o i)1/2 + 6(h1 + 7;)3/2(]10 + i)1/2
— 6i(ht+i) V2 (WO +0) Y2 —2i (R +i)> 2 (WO +i) V2101 /ro) |, (4.57)
iQE L2
Shyp = ]ETG(TO — ].) (ho + 3h1) s (4_58)

where 79 and Q3® are the cutoff and the regularized volume of the boundary St x H?
respectively, and we have used the attractor solutions given by eq. (4.37):

1
80P = —7, 89T Pi=—,

and eq. (4.39): .

i
167G
Altogether, the action evaluated at the localization locus is

(JO)l/Q(Jl)iS/Q —

S = Syec + Shyp
o],
To320G |0 2
+2(ht = )32(h0 — i)Y/2 —6(ht 4 0)3/2(R0 + )Y/ 4 2i(h° 4 3h1)

((h0)2 o 3(]’L1)2 o 6h0h1)

+6i(h' 4+ i) 2 (WY + D)Y2 + 2i(R + )32 (W0 + )7V 4 o<1/r0)] . (4.59)

4.2.5 Holographic renormalization

To remove the divergence depending on the cutoff 7 in the action (4.59), which is

Q3L | 5 10 042 1)2 071
— —— ((h)*=3(h")* —6h"h 4.

s |70~ 5 (007 =3(1)* —6h"1) |, (4.60)
we apply the standard holographic renormalization by adding some boundary counter-
terms: 1

Set = Scu + 5532 : (4.61)
Sau is the Gibbons-Hawking term given by
San = / B /g5 N X X7 g

re 2 ~!
= QS gl}2 (Tg — 37’0) (N[J.X .X J)
0

B QgegLQ T3_2T - (h0)2*3(h1)2*6h0h1
srG \'" 3" 812

+0(rgh |, (4.62)
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where £ is the extrinsic curvature, which for the metric (B.1) has the value:

1) 2T

K= + (4.63)
23/ f(r) r
Spo is the boundary term proportional to the boundary scalar curvature:
— 2L
Spy = — / B /BN X X7 3R
4 _
— Qe (37‘0 + (9(r01)> (VX' X7)
To
Q3812 (4 _1 (h%)? — 3(h')? — 6hOR! 4
= = @) 1— @) 4.64
e 37"0 +O(rg ) ST(Q) +O0(rg )| ( )
where the boundary scalar curvature is R = —2/72 for the boundary S' x H2. Therefore,
1
Set = Sau + 5532
QL% 15 10 (00 142 07,1 —1
= 2 [ = 2 (02 = 3?2 = 6h%Y) + O3] (4.65)

which cancels exactly the divergnce (4.60) depending on the cutoff r¢ in the action (4.59).
However, like in the AdS, case, the coupling between the boundary curvatures and the
hypermultiplet introduces new divergence depending on 7g:

K LR> %

S = /d% V93(—A?) <3 - e e+ 0(ryt), (4.66)

where we have used A% = 1/(47G). To cancel this divergence, we have to take into account
a boundary term for the flux:

. N

i C 4.67
Z37r2 St xH2 i ( )

Sﬁux =

where C3 has the following form:
Cs = g(r3 —1)dQ; (4.68)

with a constant a, such that C3 vanishes at the horizon and the field strength Fy = dCjs
satisfies
Fy = awags, , (4.69)

where waqs, is the volume form of the AdS4 neutral topological black hole in our case.
As discussed in ref. [25], for ABJM theory, X7 = S7/Zs, which is a Hopf fibration over
Mg = CP3. Integrating F, over X7 gives

/ xFy = 6iL° Vol(X7), (4.70)
X7

!Compared to ref. [24], in this paper there is an extra factor 4 in Sp2, because for the AdSs case
considered in ref. [24] the boundary scalar curvature is 24/(L? sinh?(n)), which is 6/(L? sinh?(n)) according
to our convention.
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which can also be related to the flux N through [25, 29]

~ 6L°Vol(X7)
N = TS (4.71)

The condition (4.70) consequently fixes the constant a = 3iL3/8.

From the dimensional reduction of the 11-dimensional M-theory to 4 dimensions, we
obtain
L"Vol(X7) 1
647G11 167Gy’

(4.72)

where 167G1; = (27)% in the unit ¢p = 1. Moreover, using the relation Vol(X7) ~
Vol(Ms)/k as well as the relation between N and Vol(X7) discussed above, one can express
Q38 L%/(47Gy) in terms of k and N. After choosing an appropriate normalization factor,
we have

_ QgegLQ _ \/iﬂ-k‘l/zN?)/Q '

4.
871Gy 3 (4.73)

Altogether, the divergence appearing in S’ (4.66) is canceled by the flux term
Sfux (4.67), and a finite contribution from S, remains:

. Qgegl? _ 2ﬁ7k1/2N3/2 _
4Gy 3

Sux D (4.74)

Finally, after the holographic renormalization the remaining finite part of the action is
Shinte = \/?Tkl/QN?’/Q [(h1 —i)32(R0 — )2 4 i(h° + 3h1) + 4
— 3Rt + )32 (WY + )2 4+ 3i(h + )2 (W0 + )2 +i(ht +0)32(h° + 2')_1/2]
= \/?rkl/QN?’/Q [ — (L+h")*2 (1 +ih%)Y2 +i(h° + 3h') + 4

+3(1—ih1)3/2(1—ih0)1/2—3(1—z’h1)1/2(1—z’h0)1/2—(1—ih1)3/2(1—ih0)_1/2] .
(4.75)

As a check, we can also turn off all the fluctuations h° and h' in eq. (4.75), which gives us

Q812 L2 Vor
Stnite(h® = 0,h! =0) = -2 = — = *—/2N?/2 4.76
where we have used the regularized volume for S' x H? [38, 39], Q3® = —4x2. This

expression of the finite action is exactly equal to the on-shell action of the AdS4 neutral
topological black hole [12, 13].
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4.2.6 Evaluation of the integral

Finally, let us evaluate the path integral with the finte part of the action Sgnte after holo-
graphic renormalization given by eq. (4.75). Unlike the AdS, case discussed in ref. [24], the
result of the path integral in this case is not an Airy function. Instead, we can apply the
steepest descent method (see e.g. [40]) to obtain the asymptotic expression, which suffices
for our purpose of computing the entanglement entropy in the large-N expansion.

We first find that Sgpe in eq. (4.75) has only one critical point (hY, h') = (0, 0), hence
there are no Stokes phenomena in this case. Sgpite €valuated at this critical point is equal
to the on-shell value shown above in eq. (4.76). Next, we can expand Sgpite around this
critical pont and perform the integration over h%! to obtain the asymptotic expression for
the partition function Z, which is given by

Z= / DhO Dht e Stnite | (4.77)

In principle, there can also be some nontrivial Jacobian for A%! in the path integral.
Around the critical point (k°, h') = (0, 0), for h® ~ €, h! ~ ¢ the expansion to the

order O(e?) is given by

3

Z(hh)? + 0(62)] , (4.78)

\@771/2 3/2 Loz 3,051
Sﬁnite—Tk N |:2+4(h) —§hh —4

where the constant 2 in the brackets gives the on-shell contribution. Let us compare this
expansion with the one for the AdSs case. For the AdSs case discussed in ref. [24], the
finite part of the action after holographic renormalization is given by

Sren = —W;@klﬂN?’/Q [(1 —ihM)32\/1 —in0 + %(3h1 +10) — 2} . (479)

It has also only one critical point (h°, h') = (0, 0). We can similarly expand S;e, around
its critical point and obtain the expansion

3

V21 1 3
o= — J2N3/2 | 1 L Z(p0)2 — 2p0pt
5 3 T =g =g

(h)? + 0(62)} : (4.80)
We see that the expansion (4.80) for the AdS, case has exactly the same on-shell con-
tribution as the expansion (4.78) for the topological black hole case, while at the order
O(€?) they only differ by a sign, which can be compensated by rotating the contours in
the integrals. The true discrepancy takes place at higher orders ~ o(e?), which is not just
a sign difference.

Although the partition function for the AdS, neutral topological black hole is not
exactly given by an Airy function as in the AdS4 case, based on the comparison above,
we expect that the asymptotic expressions of the partition function for both cases should
coincide at leading orders up to a phase factor. However, assuming a flat measure for h0!
in the path integral (4.77), a direct computation of the partition function Z by integrating
R%! in Sgnite (4.78) does not give the result that we expect. Instead, if we adopt the
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assumptions made in ref. [24] and perform the same procedure by dropping some constants
from the Jacobian and the Gaussian integral, due to the same expansion of the renormalized
action around the critical point, for the AdS4 neutral topological black hole the partition
function of the supergravity has the expected asymptotic expansion for z — oc:
—2,3/2
7 ~ m (1 + 0(2—3/2)) , (4.81)
where z = N(n2k/2)1/3.

Therefore, we find the partition function (4.81) of the 4D N = 2 off-shell gauged
supergravity on the background of the AdSy neutral topological black hole. Although this
result is not exactly the same as the partition function for the ABJM theory on round S? [10]
or the partition function of the 4D N = 2 off-shell gauged supergravity on AdS, [24], which
are equal to Ai(z) perturbatively and have the asymptotic expansion for —7 < arg(z) < =

S )T DT ) ()
NZﬁz1/4 Z 271 n! z31/2 ’
n=0

Ai(z) (4.82)

all these theories share the same asymptotic expansion at the leading order up to a phase
given by eq. (4.81), which consequently leads to the free energy:

F=—logZ = \/?Tkl/QN?’/Q + %log(N) + O(NY), (4.83)

where we single out the logarithmic term, whose coefficient is universal and has some
physical meaning that we will briefly discuss in the next section.

5 Black hole entropy and entanglement entropy

After computing the partition function and the free energy of the 4D N = 2 off-shell gauged
supergravity on the background of the AdS4 neutral topological black hole, we can relate
them to the black hole entropy according to refs. [12, 13]:

Sp = —F =logZ = _\/?kl/QN?’/Q - ilog(N) + O(NY). (5.1)

The leading term in the expression above corresponds to the contribution from the
Bekenstein-Hawking entropy formula of the black hole [26-28], i.e. A/(4G), while the sec-
ond term is the logarithmic correction. Therefore, the supergravity localization indeed
provides a way of computing the logarithmic corrections of the black hole entropy.

Based on the AdS/CFT correspondence or more precisely the gravity dual of super-
symmetric Rényi entropy discussed in refs. [12, 13|, we can interpret the entropy of the
AdSy4 neutral topological black hole obtained above from the supergravity localization as
the entanglement entropy of the ABJM theory across a circle S' on the boundary, i.e.,

2 1
SpBIM — Gpy = —\gﬂkl/QN‘gm - Zlog(N) +O(NY). (5.2)
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This interpretation is also consistent with the Ryu-Takayanagi formula [2, 41] of the en-
tanglement entropy for the boundary conformal field theory.

The entanglement entropy of the ABJM theory can also be obtained directly from the
field theory side by evaluating the S3-partition function of the ABJM theory [10, 31] and
expanding it at large IV:

2
gt = —Xam ey YO i Loy +o). (63)

In particular, we can consider a special case k = 1:

Vor 3v2r 1

This result also coincides with the ¢ — 1 limit of the supersymmetric Rényi entropy for
k = 1, which was discussed in refs. [3, 11].

Comparing the results eq. (5.2) and eq. (5.3), we see that they differ in two places.
First, the result from supergravity localization (5.2) does not have the contribution of the
order ~ N/2. This is due to the fact that this term corresponds to the stringy corrections,
which cannot be taken into account within supergravity, as discussed in ref. [24]. More
precisely, the resulf of supergravity localization on AdS, differs by a shift in IV compared to
the one from field theory localization, i.e., instead of N/k the field theory localization has

N 1k 11 N o
—l-==—-— ) ~=(1 — 2 .
k:( 24N 3Nk:> k(+C1L4+C”4>’ (5:5)
where N g
1 2
?Nﬁ7 m”947 (5.6)

with g4, L and g4¢ denoting the 4D string coupling, the AdSy radius and the 4D Planck
length respectively. Hence, these shifts correspond to some stringy effects, and to repro-
duce them requires some stringy computation in the bulk. The similar thing happens in
our calculations, i.e., the supergravity localization on the AdS4 neutral topological black
hole cannot reproduce some stringy corrections, which includes the term ~ N1/2,

Second difference between eq. (5.2) and eq. (5.3) is that the expression (5.3) comes from
the expansion of the Airy function, while eq. (5.2) does not. Although they have the same
leading-order expression and the logarithmic correction, the discrepancy emerges at higher
orders, since the result from supergravity localization (5.2) does not exactly reproduce an
Airy function. This fact is closely related to the recent works of field theory localization
on noncompact manifolds [42-44], whose results depend on the boundary conditions. In
particular, ref. [44] has discussed the localization of the ABJM theory on S' x H?, which
is precisely the field theory dual of the gravity considered in this paper. Instead of the
untwisted partition function, in ref. [44] the authors focused on the topologically twisted
index of the ABJM theory on S! x H? similar to ref. [45] and evaluated it at the leading
order in N. We expect that the large-N result of the topologically twisted index in a
special limit could match exactly our result obtained from the gravity side, which requires
an analysis of the matrix integral beyond the leading order of N.
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Concerning the black hole entropy, there have already been some works devoted to
this topic using the supergravity localization technique (e.g. [22, 23, 46-49]). Our work
provides a concrete example and relates the bulk black hole entropy to the entanglement
entropy of the boundary conformal field theory. In particular, the near-horizon geometry
of the AdS, neutral topological black hole (3.3) that we discussed is AdSs x H2. According
to ref. [47], the quantum black hole entropy has the general form:

w A
S%sz—i-aologA—i—'-‘ , (5.7)

where ag is the coefficient that can be computed by the supergravity localization for each
multiplet on the black hole background or by direct evaluation of the 1-loop determinant
around the classical attractor background [50-53]. We can compare the general expres-
sion (5.7) with our result (5.1). The identification of the leading terms implies that

A~ N3/2. (5.8)

Together with the identification of the logarithmic terms, we deduce that in our case

1
apg = _6 s (59)
which is twice the contribution of one vector multiplet af® = —1/12 [47]. This is consistent
with the fact in our case only (n, + 1) = 2 vector multiplets have fluctuations, while the
metric and the hypermultiplet are fixed to be the attractor solutions.

Moreover, the logarithmic correction to the black hole entropy was also obtained
on-shell from the 1-loop computation in the Euclidean 11-dimensional supergravity on
AdS4 x X7, and the result coincides with the logarithmic term in the large-N expansion
of the partition function of the ABJM theory on S3 [29], which is also consistent with our
result from the localization of the 4D N = 2 off-shell supergravity on the AdS4 neutral
topological black hole.

6 Conclusion and discussion

In this paper we have calculated the partition function of the 4D N = 2 off-shell gauged
supergravity in the background of the AdS, neutral topological black hole via supersym-
metric localization. The free energy of the theory is related to the black hole entropy, and
using the localization we obtain the logarithmic correction to the leading order result given
by the Bekenstein-Hawking formula. Moreover, we compare the black hole entropy with
the entanglement entropy of the ABJM theory across a circle S! on the boundary and find
an exact match up to some stringy effects, which provides a precise test of the AdS/CFT
correspondence beyond the leading order.

There are many more interesting extensions of this work for the future research. For
instance, one can compute supersymmetric Rényi entropy of the boundary ABJM theory
via supergravity localization on backgrounds of charged topological black holes, which
generalizes the classical results of refs. [12, 13] on the gravity side and can also be compared
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with the exact results on the field theory side discussed in ref. [11]. Another possible
extension is to compute the supersymmetric Wilson loop via supergravity localization.
The result can be compared with the exact result on the field theory side [31], and also
generalizes the classical result of ref. [13].

Related to the recent works on the supersymmetric localization of field theories on
noncompact manifolds [42, 43] and in particular the topologically twisted index of the
ABJM theory on S' x H? discussed in ref. [44], we expect that the localization result
from the field theory side can reproduce our result obtained from the supergravity side
beyond the leading order in N. In general, the study of the field theory localization on
noncompact manifolds is very important, not only because it provides another precise
test of the AdS/CFT correspondence, also because it is directly related to some exact
computations of entanglement entropy, supersymmetric Rényi entropy as well as the bulk
black hole entropy.

Recently, in ref. [45] Benini, Hristov and Zaffaroni have found a new relation between
the topologically twisted index of the ABJM theory on S? x S and the entropy of the 4D
STU black hole, which in principle allows one to count the microstates of the black hole in
the dual field theory. As we mentioned earlier, this work has also been generalized to the
ABJM theory on S! x H? and correspondingly the AdS, hyperbolic black hole [44]. Using
the technique of localization of supergravity to the near-horizon geometry of the 4D STU
black hole, we should be able to test this new correspondence beyond the leading order
and compare the results also to the supersymmetric Rényi entropy.

Finally, supergravity localization itself still needs more study. As we have seen from
the text, the metric is fixed as a background, i.e., we have not taken into account the
fluctuations of the Weyl multiplet. Although some indirect result can be deduced [47], as
far as we know, there is still no direct computation of the localization of the Weyl multiplet
in the literature. In some sense, we are studying supergravity as a special kind of quantum
field theory on a curved manifold, which shares the same spirit of the work by Festuccia and
Seiberg [54]. More detailed study is definitedly required to truly understand the behavior
of supergravity. We would like to investigate this open problem in the future research.
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A  Review of 4D N = 2 off-shell gauged supergravity

We review the 4D N = 2 off-shell gauged supergravity theory in this appendix. It can be
obtained as a consistent truncation of M-theory on a Sasaki-Einstein manifold X7. The
theory was originally constructed in ref. [37] and also reviwed in ref. [24]. We follow these
references closely.
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The nearly massless fields consist of the supergravity multiplet, a single vector multiplet
and a universal hypermultiplet (the dualized tensor multiplet). To obtain an off-shell super-
Poincaré gravity theory, one can start with a superconformal gravity theory and then use
gauge fixing to reduce it to the super-Poincaré gravity theory.

The N = 2 superconformal algebra has the generators:

Pa7 Maba Da Kaa Qia Sia U’L]7 (Al)

where {P,, M, D, K,} are the generators of translations, Lorentz rotations, dilatations,
special conformal transformations respectively, whlie ); and S* are the usual supersymme-
try and the special conformal supersymmetry generator respectively, and U;; is the gener-
ator of the 4D SU(2) R-symmetry. The gauge fields corresponding to these generators are

a ab a 7 i 1%
eu? w,u, ) b,UJ J72 wr wr VM (AQ)

respectively.
Let us review different N' = 2 supersymmetry multiplets in the following:

o Weyl multiplet.
The Weyl multiplet, denoted by W, contains the following field components:

W = (efu ¢Lv b}ﬂ A,Un VZ[,]? Téga Xia D) ) (A3)

where e} is the vielbein, 1% is the (left-handed) gravitino doublet, b, and A, are the
gauge fields of dilatations and chiral U(1) R-symmetry transformations repectively,
while VZLj is the gauge field of the SU(2) R-symmetry. The auxiliary fields include the
antisymmetric anti-selfdual field T ;i, the SU(2) doublet Majorana spinor x; and the
real scalar D. Altogether, there are 24 bosonic degrees of freedom and 24 fermionic
degrees of freedom in the Weyl multiplet. They satisfy the following supersymmetric
transformations:

dey, ¢ = Ei'yawui + €i7a7/}ui )
, 1 A
5w,u =2 DHEZ - éTab Zj7ab7u6j - 7#771 )

1. 3 1_.
5bﬂ = §Ez¢l”' — ZEZ’Y,LLX@ - 57717!};” + h.c. + A%{B#a 3

&hz%ﬁ@m+%ﬁmm+%ﬁ%n+ho,

V' = 280," — 3€7,x" + 2090, — (hee.),

6Tap " = 8" R(Q)a !,
dxi = _%'}/aleTab ijEj—i-éR(V),w ‘ jv””ej - %RW(A)’y“”ei+Dei+%’yabTabijnj ,
5D =& Dy, + &Ipx’ (A.4)

where €, n and A% denote the parameters of @, S and K|, respectively, and

. 1 1 7 . 1 .
qu(@+4wwwﬁﬁm+24aa+2wga. (A.5)
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e Vector multiplet.

The vector multiplet, denoted by X! with the index I labelling the gauge group
generators, contains the following field components:

XI = (XI7 Qzla Wl{a Yvé) ) (Aﬁ)

where X7 is a complex scalar, Q2 is the gaugino that are the SU(2) doublet of chiral
fermions, and W/f is the vector field. The auxiliary field ng is an SU(2) triplet with

Y=Y, Yij=exenY™. (A7)

Altogether, there are 8 bosonic degrees of freedom and 8 fermionic degrees of freedom
in the vector multiplet for each index I. They have the following supersymmetric
transformations:

0X = EiQZ‘,
1 . .
§Q; =2 Xe; + ieij]:w/y’“’ej +Yie! +2Xn;,

Wy = €& (1, + 205 X) + €5€ (1S + 29,7 X)

5)/1‘]‘ = QE(ilDQj) + 2€ij€jl€(leQl) R (AS)
where 1
Fuw = Fuy — 1 (Xeij Ty Uy h.c.) + (fermionic terms), (A.9)

and F), = o0,W, — 0, W,.

e Hypermultiplet.

The hypermultiplet of the 4D N = 2 supersymmetry is a little special, because
it is well-known that for this multiplet the off-shell closure of the supersymmetry
algebra cannot be achieved with finite number of fields. One can start from one
hypermultiplet, and then add infinite sequence of fields to obtain the off-shell closure
of the supersymmetry algebra.

A single hypermultiplet contains scalars A; ¢ and spinors (%, where the scalars are
doublets of the SU(2) R-symmetry, and all the fields transform in the fundamental
representation of Sp(2r), i.e. the index « runs from 1 to 2r. Moreover, the scalars
satisfy the reality condition

Al = (AY)* = € pog AT (A.10)

with
pas 71 = =67 (A11)

The supersymmetric transformations are given by

0A; ¢ =26C* + 2paﬁ6ij€jgg ,
8¢ = DA % 4+ 29X sA; ﬁeijej + A; “nt, (A.12)
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where g is the coupling constant,
XQBEXI(t[)aﬁ, Y BEY (t[)aﬁ (A.13)

with £, 5,05,7 = paﬁtﬁ ~, and

« « 1 « « « " « (o' 77
DA =0,A4;“ + ivaiAj — b A — gW A P — i — p*Pelils. (AL14)
As discussed in refs. [24, 37], to realized the off-shell supersymmetry for the hy-
permultiplet, one needs to introduce an infinite tower of hypermultiplets (A4; ¢, (%),
(A;, ¢, (A4;@, ¢*)#2) ... The closure of the superconformal algebra will then
impose an infinite set of constraints, and in the end only (A4;?, ¢*, A4; **)) are in-

dependent. Consequently, the supersymmetric transformation (A.12) for ¢* will be
modified to

00" = DA "€ + 29X g A Pee; + A0’ + a A P (A.15)

where a is the scalar field in the vector multiplet associated with the central charge
translation, which can be set to @ = 1. In the main text, we also denote A4; *(*) by
F; @ using

F® =ad;*® (A.16)

After constructing a linear multiplet coupled to (4; %, ¢%), (4; %, ¢*)*) and impos-
ing the constraints, one can find the supersymmetric Lagrangian for the hypermulti-
plet [24, 37]:

4 1. . 1 . .
Lrgp = | = DyA' gDF A * = RA' g A, "+ 2D AT 5 A+ (|af*+ WEIWH) AT (2) 4, 2(2)

+ 4% A BYO‘ X7 5 A; 04 gAl 5(Y"j)7 YA V€ij | da By (fermionic terms),

(A.17)
where d,, ? satisfies
do B =dg®, (A.18)
do® = €,06%Pd5 7, (A.19)
1% 0dy P+ dy 7P = 0. (A.20)

As discussed in refs. [24, 37], one can set d, ® = —5, 7.

B Killing spinors and gamma matrices

To localize the 4D N = 2 off-shell gauged supergravity on the neutral topological black
hole, we need to find the Killing spinors in this space. They are explicitly constructed in
ref. [12], and we review the results in this and next appendix.
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The metric of the Euclidean AdS, topological black hole is

ds® = f(r)drz—i—f(lr)er—i—erE(Hz) = f(r)d72+f,(lﬂdrur?(du%smh?udﬁ), (B.1)
where ) ) )
f0)= 75+ —7m+%7 (B.2)

and 2k is the constant curvature of the 2-dimensional Riemann surface, which implies that
k= —1 for H2.
Near the boundary (r — o0), we keep the terms ~ O(1) in f(r), and the metric
approaches
ds® = dn? + sinh®n dr? + cosh®n(du® + sinh?u d¢?), (B.3)

where
r = coshn, (B.4)

and for simplicity we set L = 1. The ranges of the variables are
T7€|0,2mq), nel0,o0), ¢e€]0,2n). (B.5)

Hence, at 7 — oo or 7 — oo the boundary of the Fuclidean AdS, topological black hole is
St x H? as expected.

In this paper, we adopt the convention of the y-matrices used in ref. [12]. For the
Lorentz signature:

000-1 -10 00
0010 0100
= , = , B.6
= lo-100 =1 o0oo0-10 (B-6)
1000 0001
0 00-1 0100
0010 1000
= , Y3 = B.7
2= 0100 B 10001 (B.7)
—-100 0 0010
For the Euclidean signature, one can choose v4 = —ivg with the same ~;’s. The charge
conjugation matrix B satisfies
B~ 'y,B=—,, BB =-I. (B.8)

More explicitly, in this paper we choose B = 7.
The Killing spinor equation for the AdS, topological black hole is [12]

1

i
zFaw“b'me = =50 (B.9)

Using the charge conjugation matrix B, one can construct the charge conjugate spinor

V€ —igAue+

€“ = Be*, which satisfies a different Killing spinor equation:
1

. 1
V€€ +igAyue + ZFab'y“b'yﬂec = 59’)/“66 : (B.10)
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C Localization action

As discussed in subsection 4.2.3, we choose the Killing spinor found in ref. [12]:

¢ = ¢ TLTE IS TN2 52 é(r) (C.1)

) = (/1 + VIO - i[5 - Vi) (52 ) &, (©2)

where €, is an arbitrary constant spinor, and in this paper we choose €, = (1, 0, 1, 0)7. We
define

with

_ 144y

§=—08 (C.3)

with

=, E=c. (C4)

and use & = (¢!, €%)T as the Killing spinor in the expansion of the localization action.
With the Killing spinor chosen above, we can work out all the Killing spinor bilinears

explicitly, and use them to expand the localization action. After some steps, we found that

the localization action in this case can be written into a sum of some squares as follows:

1 1 2
Ot =——(F,cosh — = eapedF =2 €apeq O°TVE—20Oy J
(6€2)T0 3 cosh(n 1) < b cosh(1+u) = S €aped €abed b
T A T amY) (J cosh(n-+u)) 2+74 (V20,J)?
— —€gbe a COS u a
cosh(n+u) g abed K cosh(n+u)

bt (EaV-20,7) 48 coshintu) (i)
cosh(n+u) ab ¢ ’

sinh(n+u) _\? 1 2H 2
i S LY 2 cosh Y 1 —F
+ 8 cosh(n+u) (377H+ cosh(n+u) H) +2 cosh(n+u) ! cosh(n+u)

1 2
— | Fypcosh(n—u)—=€upedFC—2 €apeq T VE—20, J
+ 2 cosh(n—u) ( bcosh(n—u) 26 bed Cabed b >

1 1 2 4
7_*achCd2a hin— 7aa2
+ cosh(n—u) < 5 Cabed V@420, (J cosh(n u))) +cosh(n—u)(v 0qJ)
1 b 2 2
+ —- (FabV -2 an) +8cosh(n—u) (0;H)
cosh(n—u)
sinh(n—u) . \? 1 2H 2
h(n— H+——H 2 cosh(n— Y ' -
+8cosh(n—u) (8,7 +Cosh(n—u) ) F2cosh(n—u) ! cosh(n—u) ) ’
(C.5)
where 7 is defined by r = cosh(n), and V, and O, are defined as
Lo vt i
Vo= 1) g, ()
i i
Oy = =7 (€N ap5n" (C.7)
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By requiring all the squares in the sum of the localization action to vanish, we obtain the
localization locus of the theory. We see that there is nonvanishing localization locus only

tu=0:
at u=20 c X 50

) Y = T 9, >
cosh(n) ! cosh?(n)

where C'is an arbitrary constant, and in section 4 we also use the parametrization C' = Jh.

(C.8)

We make the gauge choice A; = 0, and in this gauge the field J and Fy; satisfy
J =const, FuV’=0, (C.9)

where the constant value of J is fixed by the attractor solutions (4.37) (4.39).

For the hypermultiplet, as discussed in appendix A, in principle we need an infinite
tower (A4; %, €%), (4; %, ¢, (4;%, ¢*)##), ... with constraints to realize the off-shell
supersymmetry. To look for the BPS solutions, we should require

6¢c=0, 63 =0, 6¢*=) =0, ... (C.10)

with respect to the constraints, which is rather involved. Instead we follow the approach
applied in ref. [24] by requiring 6¢ = 0 for all 8 Killing spinors, which consequently leads
to the solutions

219 1
FY=— 03)*;(H-P), 29(J-P)=—— C.11
with F; ¢ and P; given by
F,% = aA; a(z) , 1A ¢ = P](iO‘g)a /BAi B (0.12)

These solutions coincide with the solutions (4.31) to the BPS equations under the attractor
solution (4.35).

D Evaluation of the action

In this appendix, we evaluate the action (4.5) along the localization locus found in
appendix C. As we explained in subsection 4.2.4, up to the volume of the boundary man-
ifolds, the integrals over the radial direction have the same integrand for the AdS, case
discussed in ref. [24] and the AdS, neutral topological black hole considered in this paper.
However, the discrepancy comes from the measure d*x /9, which differs for the hyperbolic
AdS, and the AdS4 neutral topological black hole.

Let us briefly list the results in the following. For the choice of the prepotential
F(X)=+/X%X")3, one can compute the tensor Ny; defined by

1 _
Nis =5 (Frg—Fry), Frj=0/0,F(X). (D.1)
The explicit expressions are
(T2 3i (JN\ (1 1
i i
Noo=<(5) (#+7 Ny == 5 — 4= D.2
3i (T2
No1 =—N10——§ <J0> (t+1) (D.3)
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Plugging these expressions into Syec, we obtain the following integral:

0 1\3 0\2 1 1 2_1

z r? 4 t t) r

T2

3 1 1 P2-1 3/1 1 A1\ 2
“hRO(t + 1 — (W (B + 8 —S (22 ) (1+i=
*y (t+1) ré 4< (e +7) ré i\t "1 i

3 ! RO\ 1,4 hO\?
2(t+f)(1+zr2> <1+zﬂ)+4(t +t)<1+z7a>

where Q3 is the regularized volume of the boundary S' x H2. As we have seen in
appendix C, the nontrivial localization locus is only supported by u = 0, while the unregu-
larized volume of the noncompact manifold H? is divergent. Combining these two factors,
we assume that the regularized volume Q5™ of the boundary manifold St x H2 is finite.

The integral appearing in Sye. can be evaluated explicitly without the integration
limits, and the result is

(/)" m(ir(hl(—?)—i—r)—i—QirQ)—h0(2h1(—2+r)+ir(1+r)))

, (D4)

0
1= oyer2? 2i

n \/W (ir(=h' (3 + 1) + 2ir%) = K2k} (2 +7) — ir(~1 4 1)) (B-)
1—3dh0/r | |

Taking the integration limits into account, we will consider r € [1, ry] in subsection 4.2.4,
where r¢ is a cutoff, i.e.,

Svee =I(r =ro) —I(r=1)
= QgegLQﬂg‘;l)g [ —4rg + %0 ((h°)* — 3n' (4i + n') — 2h°(2i + 3h'))
—2(h' —i)?2 (W0 — )Y2 4 6(h' +0)3/2(h° + i) '/?
—6i(h' + )2 (W0 + i)V/2 — 2i(h' + 0320 + ) "V2| . (D.6)

Similar to the vector multiplet, for the hypermultiplet action Syyp,, up to the volume
of the boundary manifold, the integral in the radial direction has the same integrand as
the AdSy case, but with a different measure from ,/g. In the end, for the AdS, neutral
topological black hole considered in this paper, Spy;, can be expressed as

T0 1
Shyp = —iQ5EL? / drr®— =9 (WOJ°Py + h' J' Py)

1 7’2 2rGL
Qreg L3
= —i%(ro —1) (R°J°Py + h' T Py)
iQ® L
= Tig =1 (h”+3n'), (D.7)

where again ry is a cutoff, and we have used the attractor solutions eq. (4.37):

1
8gJP = —7 8gJ P, = —%.
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