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1 Introduction

Via gauge/string duality, large N 't Hooft expansion of a gauge theory corresponds to
the genus expansion of dual string theory. In general, 1/N expansion is an asymptotic
series and we need to include non-perturbative corrections corresponding to various brane
instantons in the bulk string theory. We expect that we recover the exact result of gauge
theory at finite IV after including such non-perturbative corrections. In other words, the
exact result at finite NV can be thought of as a non-perturbative completion of the genus
expansion. We can also use this relation in the opposite direction: from the exact result at
finite N we can read off the information of non-perturbative corrections either analytically
or numerically. This strategy was successfully applied to the study of instanton corrections
in ABJM theory on S from the exact values of the partition functions [1-3]. It turned out
that the non-perturbative corrections in ABJM theory on S% has an interesting connection



to the refined topological string on a certain local Calabi-Yau [4]. We hope that by studying
exact partition functions of gauge theories or matrix models at finite N, we can reveal
interesting physical/mathematical structure of large N expansion for more general cases.

In this paper, we consider the large N expansion of Gross-Witten-Wadia (GWW)
model [5, 6] as a simple example. The GWW model is a unitary matrix model with the
action Tr(U +UT) and it is well-known that this model has a third order phase transition at
large N. Near the critical point we can take a double scaling limit [7]; the GWW model in
this limit describes a minimal superstring theory [8] and the genus expansion and the non-
perturbative corrections are well-studied in this limit. However, somewhat surprisingly,
the 1/N expansion and non-perturbative corrections in the GWW model in the off-critical
regime have not been understood completely, and the study of such corrections from the
modern viewpoint of resurgent trans-series was initiated only recently [9]. In [10, 11], the
multi-instanton configuration of GWW model was identified as a complex saddle of unitay
matrix integral.

The GWW model is a useful testing ground to study the (non)perturbative corrections
in the large IV expansion since the partition function and the expectation value of Wilson
loops in arbitrary representation can be computed exactly at finite IN. In this paper, we
study the (non)perturbative corrections in GWW model using the exact result at finite
N. It is known that the genus expansion of free energy behaves quite differently in the
two phases separated by the third order phase transition. In the gapped phase where
the eigenvalue density has a gap, the free energy receives all genus corrections, while in
the ungapped phase where the eigenvalue density does not have a gap, the higher genus
corrections vanish beyond genus-zero. The ungapped phase is particularly interesting since
the instanton correction is directly accessible by simply subtracting the genus-zero part
from the exact free energy at finite V. Indeed we find a perfect agreement between the
analytic computation of instanton correction and the exact free energy at finite N.

We can study the expectation value of winding Wilson loops (Tr U¥) with winding
number £k = 1,2, --- in a similar manner. In the gapped phase we compare the exact result
and the genus expansion of matrix model and find a perfect agreement. In the ungapped
phase, (Tr U*) with k > 2 has no perturbative correction and hence the instanton correction
is directly accessible. We determine the coefficient of instanton correction from numerical
fitting using the exact result at finite V.

We also consider the so-called Giant Wilson loops in the large (anti)symmetric repre-
sentation, where the rank of the representation becomes of order N [12-14]. We compute
the one-loop correction to the leading large N result of Giant Wilson loops obtained in [12—
14], and we find that the matching with the exact result is improved by adding the one-loop
correction.

As an interesting by-product of exact result of Wilson loops, we propose a “master
field” of GWW model. The exact form of (TrU) in (3.1) and (det(z —U)) in (4.2) suggests
that the N x N matrix M, ' M, with M}, defined in (3.2), can be thought of as a master
field of GWW model. It turns out that this master field has an interesting distribution of
eigenvalues. In particular, we find numerically that in the ungapped phase the eigenvalues
of master field are distributed along a contour of constant effective potential, and this
contour is located inside the unit circle on a complex plane.



As another example, we study the free energy and (Giant) Wilson loops in a uni-
tary matrix model with a double-trace interaction Tr U Tr UT, which we call the “adjoint
model”. This model naturally appears as a truncation of the thermal partition function
of d = 4 N' = 4 super Yang-Mills (SYM) theory on S3 x S* [15]. This model exhibits
a Hagedorn/deconfinement transition, which is holographically dual to the Hawking-Page
transition on the bulk gravity side [16]. As discussed in [17], we can compute the partition
function and Wilson loops in the adjoint model by a certain integral transformation of the
GWW model. Using this relation to the GWW model, we study numerically the behavior
of partition function and Wilson loops in the adjoint model.

This paper is organized as follows. In section 2 we study the free energy of GWW
model. We find that the exact partition function at finite IV correctly reproduces the ana-
lytic results of the large N expansion of free energy in both gapped phase and the ungapped
phase. In section 3 we study the winding Wilson loops (Tr U*) in GWW model. In the
gapped phase we find that the exact result at finite /N reproduces the analytic result of
genus expansion. In the ungapped phase we determine the coefficients of the first non-trivial
instanton correction by numerical fitting. In section 4 we propose a master field of GWW
model and study its eigenvalue distribution. In the gapped phase eigenvalues of the master
field approaches the known distribution in [5, 6] as N becomes large, while in the ungapped
phase we find that the eigenvalues of the master field are distributed inside the unit circle.
In section 5 using the exact form of the Wilson loops in general representations, we study
the connected part of multi-trace expectation values. In section 6 we study the Wilson
loops in the k-th (anti)symmetric representation in the limit where k, N — oo with k/N
fixed. In section 7 we study the adjoint model with a double-trace interaction Tr U Tr UT.
We consider the free energy, winding Wilson loops, and Giant Wilson loops in the adjoint
model, and study the behavior of these quantities under the Hagedorn/deconfinement tran-
sition. We conclude in section 8 with some discussions and future directions. In addition,
we have four appendices. In appendix A, we review the exact result of the partition func-
tion and Wilson loops in GWW model at finite N. In appendix B, we compute the effective
potential for a probe eigenvalue in the ungapped phase of GWW model. In appendix C, we
study the one-instanton correction in the ungapped phase of GWW model and determine
the overall coefficient of instanton correction by matching the result of double-scaling limit.
In appendix D, we compute the genus-one resolvent of GWW model in the gapped phase
by using the mapping between the unitary matrix model and the hermitian matrix model.

2 Free energy of GWW model

We are interested in the non-perturbative corrections in the large N expansion of the GWW
model defined by!

Z(N,g) = /U . dU exp []\;g Te(U 4 UT )} . (2.3)

!Note that our convention of coupling constant is different from [9]

zz/ dUeXp[ L Tr(U+UT)}, 2.1)
U(N) 2gs



It is well-known that the partition function of GWW model can be evaluated exactly at
finite N [6, 18]?

Z(N, g) = det [Ii,j(Ng)LJ:LMN, (2.4)

where [, (z) denotes the modified Bessel function of the first kind. As we will see below,
we can study perturbative and non-perturbative corrections to the free energy in the large
N expansion from the exact result at finite N (2.4).

In the large N limit with fixed g, the free energy admits the genus expansion
e .
log Z(N,g) = Y  N?72'Fy(g) + Fim) (2.5)
=0

where F(5%) denotes the exponentially suppressed correction
Fnst) — 0(eN). (2.6)

As shown in the seminal papers [5, 6] there is a third order phase transition at g = 1 and
the genus-zero free energy behaves differently below and above the transition point g = 1

Fo(g) _ Z? (g < 1)7

Liogg—3. (g>1) =0
g 9 ogyg 4’ g .

This third order phase transition is associated with the opening/closing of the gap of the
distribution of eigenvalue e of unitary matrix U. The eigenvalue density p(f) has no gap
when g < 1 (ungapped phase) while it has a gap when g > 1 (gapped phase):

1
(14 geost), (61 <m g<1),

o= gcosg L SiHQQ (10| < « > 1) =
T 2\ 2’ =4 g2

Here « is the end-point of eigenvalue distribution given by
o = 2aresin(g~/?). (2.9)

In figure 1, we plot the genus-zero free energy in (2.7) and the exact free energy for
N =100 and find a nice agreement, as expected.

where the string coupling ¢gs and the 't Hooft coupling t = Ngs are related to our coupling g by

9o =~ 9= (2.2)

2See [19] for a review of unitary matrix models.
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Figure 1. Plot of the genus-zero free energy Fy(g). The red dots are the exact value of the free
energy ﬁ log Z(N, g) for N = 100, while the blue curve and the orange curve represent the analytic
form of Fy(g) in (2.7) in the ungapped phase and the gapped phase, respectively.

(a) Fi(g). (b) Fa(g). (c) Fs(g).

Figure 2. Plot of the genus-¢ free energy Fy(g) for £ = 1,2,3 in the gapped phase (g > 1). The
dots are the values obtained from the exact free energy log Z (N, g) for N = 100 using (2.12), while
solid curves represent the analytic form of Fy(g) in (2.10).

Perturbative corrections in the gapped phase. In the gapped phase (g > 1), we can
systematically compute the genus-£ free energy by solving the so-called pre-string equation
obtained from the method of orthogonal polynomials [7, 9, 20]. The first three terms are
given by

1 1
Fi(g) =¢'(-1) - Elog]\f - glog(l —1/g),
1 3
Fyg) = —=—= + ———
29) = 5,5 2803 — 1% (2.10)
1 N 9(59 + 2)
1008 1024(g — 1)6°

Fs(g)

In general, the genus ¢ free energy Fy(g) has a structure

-2
Fy(g) = B + ! Z O gn (2.11)
20(20 —2)  (g—1)3¢3 =

where By denotes the Bernoulli number which comes from the volume of U(N) gauge
group.



One can extract the genus-/ free energy from the exact value of Z(N,g) in (2.4) by
subtracting the lower genus contributions

/—1
Fy(g) ~ N?¢2 <1og Z(N,g)— > NZZZ/Fg/(g)) . (N>1). (2.12)
0'=0

As we can see from figure 2, the exact partition function (2.4) nicely matches the analytic
result of genus-¢ free energy (2.10) as expected.

The instanton correction in the gapped phase has been studied in [9]. The genus
expansion in the gapped phase is Borel non-summable and in order to compare with the
exact result at finite /N we need to add the lateral Borel resummations along the integration
contours below and above the real axis. On the other hand, in the ungapped phase the
perturbative genus expansion stops at first order and we do not need to perform the Borel
resummation of perturbative part. As a consequence, in the ungapped phase we can directly
access to the instanton correction from the exact result at finite IV, as we will see below.

Instanton correction in the ungapped phase. In the ungapped phase (g < 1), the
genus expansion of free energy stops at genus-zero

R)=%.  FRlg=0 (¢>1), (2.13)
and the instanton correction starts from the two-instanton correction®
oo
F(inst) _ 672N511]sc(9) Z fn(g) + 0(674N5inst(g))’ (214)

n=1

where the instanton action is given by [21, 22]

Sinst (9) = cosh™(1/g) — /1 — ¢2. (2.15)
One can extract the instanton action numerically from the exact partition function

Z(N, g) by subtracting the perturbative part

1
Sinst(9) = — 53 log|log Z(N, g) = N*Fo(g)|, (N> 1) (2.16)

As shown in figure 3, the exact Z(N, g) correctly reproduces the analytic result of instanton
action (2.15).

As explained in appendix C, we can systematically compute the instanton coefficient
fn in (2.14)

9*(26+9¢%) 1 92(297g4+2484gg—|—964)+

F(2—inst): i —
1-g2)2 N 12(1-¢%)3 N2 288(1 — ¢2)3

e~ 2N Sinst(9) 92
8TN l_(

(2.17)

Instanton coefficient in the ungapped phase has been studied in [9] but the overall fac-

tor was not determined in [9]. We have fixed the overall factor (1/87N in (2.17)) by

matching the Hastings-McLeod solution of Painlevé II equation in the double scaling limit

(see appendix C for details). Also, we have checked numerically that the instanton correc-

tion (2.17) to the free energy correctly reproduces the exact value of log Z(N, g) — N2 Fy(g).

3As explained in appendix C, the expectation value of detU receives one-instanton correction

O(e™N S‘“S‘(g>), while the instanton correction to the free energy starts from the two-instanton
O(e_zNSinst(g)).
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Figure 3. Plot of the instanton action Siyst(g) in the range 0 < g < 1. The red dots are the
numerical values extracted from the exact free energy using (2.16) with N = 400, while the solid
curve represent the analytic form of Sinst(g) in (2.15).

3 Winding Wilson loops

In this section, we consider the expectation value of winding Wilson loop (Tr U*) with
winding number k € Z~g. One can show that (Tr U¥) can be computed exactly at finite N
(see appendix A for a derivation)

(Tr U*) = Tr(My ' My,), (3.1)

where M}, is an N x N matrix whose (7, j) element is given by

(My)ij = Ik+i—j(Ng), (i,j=1,---,N). (3.2)
For k = 1 the expectation value is related to the derivative of free energy
1 1
In the planar limit we find
| . (9 <),
N(Tr U) = 04F0(g) = 1 (3.4)
1—-— (g>1).

29’
For k£ > 2 the expectation value in the planar limit is obtained using the eigenvalue den-
sity (2.8) as

0, (g <1),

%<Tr U*) = /d9p(9)€”“9 = ﬁ (1 B ;)2]3(1,2) (1 B 3) (0> 1), (3:5)

where P () denotes the Jacobi polynomial.

Again, we can compare the analytic expression of 3 (TrU*) in the planar limit (3.5)
and the exact value at finite N (3.1). In figure 4 and figure 5, we show the plot of 3 (Tr U*)
for k =1, 2,3,4. We find perfect agreement between the analytic result and the exact value
at finite IV, as expected.
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Figure 4. Plot of the expectation value of Wilson loop u; = %(Tr U). The red dots are the exact
value for N = 100, while the blue curve and the orange curve are the planar limit (3.4) in the
ungapped phase and the gapped phase, respectively.

(a) us. (b) us. (c) ug.

Figure 5. Plot of the expectation value of the winding Wilson loops uy = %(Tr UF) for k = 2,3, 4.
The red dots are the exact values at N = 100, while solid curves represent the planar limit in (3.5).

Genus expansion in the gapped phase. From the exact value of winding Wilson
loops at finite N (3.1), one can determine the higher genus correction to the winding
Wilson loops by numerical fitting. In the gapped phase, winding Wilson loops receives
all-order corrections in the 1/N expansion. For winding numbers £ = 1,--- 5, we find
numerically the genus expansion in the gapped phase:

1 111 1 9 1 9(25g + 17)

Uy =1 . S, (36
N< ) 2g N28(g—1)g N*128(9—1)* N61024(9—1)7 , (36)
1 -1 1 1 1 9 1 4519°+297g+23

Lo = ¥ 2) N d(a—D2 T NA -t 36 T09are izt

N g N24(g—1)g> N%*64(9—1)*g NO 1024(g —1)7g

i<Tr ) — (9—1)*(29—5) | 1 10-28¢g+154° 1 3(20—90g+96g°>—35¢°) o
N 2g3 N2 8(g—1)g3 N* 128(g — 1)4¢3 ’
i<Tr Uy = (9-1)%(9* —69+7) 1 —35+90g— 70g* + 164
N g* N? 2(g—1)g*

1 —154 + 5619 — 624> + 2264°

Nt 32(g — 1)ig? A



1 5 (9—1)% (29°—21¢g*+569—42) 1 5(359*—260g°+630g>—616g+210)
NI = 25 Tz 8(9 —1)g°
1 26460¢° — 130688¢* + 241751¢g% — 209326¢g% + 843929 — 12772
Nt 512(g — 1)4g° +

The planar part of (3.6) agrees with (3.4) for £ = 1 and (3.5) for £ > 2. One can in principle
compute the higher genus corrections of winding Wilson loops analytically and compare
our numerical result (3.6). For instance, the genus-one resolvent can be easily found by
mapping the unitary matrix model to ordinary Hermitian matrix model by a change of
variable [23]. As explained in appendix D, we have checked that the genus-one correction
in (3.6) is correctly reproduced from the analytic form of the genus-one resolvent. It would
be interesting to analytically compute the higher genus corrections to the winding Wilson
loops and compare our numerical result (3.6).

Instanton correction in the ungapped phase. In the ungapped phase (g < 1), the
perturbative 1/N correction to the winding Wilson loops stops at the first few orders. For
k = 1, the instanton correction is readily obtained by taking the derivative of free energy
with respect to g (3.3)

1 q e_QNSinst(g) —g 1 g(14+3g2

)
—(mU) - = _
A 1= " Nia(1_g2)8

1 g(340+8049°+81g")
N2 288(1 — g2)4

+O(N3)| .

(3.7)
For k > 2, there is no perturbative piece and the non-zero contribution starts from the
two-instanton correction. From the exact value of (Tr U¥) in (3.1), we can determine the
instanton coefficients numerically. Although we do not know a priori the analytic structure
of the instanton coefficients in (Tr U*) for k > 2, it is natural to expect that the instanton
correction for k& > 2 is similar to that of £ = 1 in (3.7). Then we can make an ansatz
similar to (3.7) and fix the coefficients by numerical fitting assuming that the unknown
coefficients are rational numbers. In this way we find

1 e—QNSinst(g) [ 2 1 28 + 592

—(TrU?) = N N7

N< rU%) AT N2 _1—92 N12(1—92)%+0( )

1 e 2NSinsi(9) [ —4 4 g2

1, e N1 (3.8)
U AT N? _(1—92)g+0( )]’

1 e*QNSinst(g) [ 8 — 492

—(TrU* = NH].

N< rU%) 47T N2 _(1—92)92 o )}

As far as we know, no systematic method to compute instanton corrections for general
Wilson loops is known in the literature. It would be interesting to develop a technique to
compute instanton corrections to the Wilson loops and see if our numerical results (3.8)
are reproduced.

4 Master field of GWW model and its eigenvalue distribution

In this section we propose a “master field” of GWW model and study its eigenvalue dis-
tribution.



Master field of GWW model. From the relation (TrU) = Tr(My ' M) in (3.1), it is
natural to conjecture that the N x N matrix Mg LM, can be thought of as a “master field”
of GWW model

U < My'M. (4.1)

In fact, we can prove more general correspondence: expectation value of the characteristic
polynomial of U is given by the characteristic polynomial of master field (see appendix A)

(det(z — U)) = det(z — My " My). (4.2)

Moreover, we have checked numerically that the expectation values of winding Wilson loops
are also reproduced from the trace of master field in the large N limit

(TrU*y = Te(Mg ' My)F, (N> 1). (4.3)

Note that for £ = 1 the relation (4.3) is exact at finite N, while for k£ > 2 this relation (4.3)
holds only in the planar limit.

From the explicit form of the matrix My (3.2), One can easily show that the master
field M(;lMl has the form?*

ai 10...0
a 01...0
My 'Mi=| S (4.4)
aN_100... 1
ay 00...0

where a; appears as the coefficient of characteristic polynomial
N
(det(z = U)) =™ = " aia™ (4.5)
i=1

In other words, a; is the expectation value of Wilson loops in the i-th anti-symmetric
representation up to a sign (—1)"1.
Eigenvalue distribution of master field. It is interesting to consider the eigenvalue
distribution of the master field for large but finite NV and compare it with the known planar
eigenvalue distribution of GWW model. First of all, the master field M, LMy is not a
unitary matrix at finite IV, hence it is not clear whether such a comparison is meaningful.
Nevertheless, we find numerically that in the gapped phase the eigenvalues of M Lan
approaches the large N distribution p(#) in (2.8) on the unit circle as N becomes large (see
figure 6).

On the other hand, in the ungapped phase the eigenvalues of master field are dis-
tributed inside the unit circle (see figure 7). Interestingly, those eigenvalues are distributed
along a constant potential contour ®(z) = —Sj,s(g) on the complex z-plane, where Singt(9)

4We would like to thank Pavel Buividovich for pointing out this structure.

~10 -
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Figure 6. Plot of the eigenvalues of the matrix My 'M; for N = 200 at (a) ¢ = 1.1 and (b)

g = 1.5. The red dots represent the end-point e of the cut in the large N limit.
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(a) g =0.3. (b) g =0.5.

Figure 7. Plot of the eigenvalues of the matrix My 'M; for N = 200 at (a) g = 0.3 and (b)
g = 0.5. The dots are the eigenvalues of matrix Mo_lMl, while the orange curves represent the
equi-potential contour ®(z) = —Sinst(9g)-

is the instanton action in the ungapped phase (2.15) and the effective potential ®(z) for
the probe eigenvalue is given by (see appendix B)

—Re[g(z—zl)%—logz}, (Iz| > 1),
D(z2) = ; (4.6)
Re[z(z—zl)—&—logz}, (Iz| < 1).

One can show that, in analogy with an electrostatic problem, in the large N limit the
eigenvalues are distributed along the loci of constant effective potential.
As shown in figure 8, this potential has minimum at z = z4 on the negative real z-axis

—1++/1—-¢2
= LEVIZS (4.7)
g
and the values of the potential at z = z4+ and z = —1 are found to be
O(z1) = —Sinst(9), P(—1)=0. (4.8)

- 11 -
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Figure 8. Effective potential ®(z) along the negative real z-axis for g = 0.7.

Note that the potential is constant along the unit circle
®(z) =0 for |z] =1, (4.9)

and this is higher than the potential at z = z1 (4.8).%> This seems to suggest that the eigen-
value distribution along the contour ®(z) = —Sinst(g) is more stable than the distribution
along the unit circle.

It is tempting to identify the one-instanton correction O(e=NSnst(9)) as the effect of
eigenvalue tunneling from z = z_ to z = —1. However, it is not clear to us whether the
eigenvalue distribution along the contour ®(z) = —Sinst(g) is realized as a complex saddle
of the GWW matrix integral.’ It would be very interesting to clarify this point further.

5 Wilson loops in various representations

We can compute the expectation value of Wilson loops in general representation exactly at
finite V. One can show that the expectation value of the Wilson loop labeled by a Young
diagram A is given by (see appendix A)

det |:I>\j+i—j(Ng)}

(TrpU) =
det [Ii_j(Ng)}

(5.1)

In this section we consider Wilson loops in “small representations” where the number of
boxes in the corresponding Young diagram is small compared to N. For small representa-
tions, it is convenient to use multi-trace basis rather than irreducible representations since
the connected part of multi-trace expectation value has a well-defined 1/N expansion in

®This is different from the claim in [11]. In our notation, eq. (89) in [11] reads ®(z+) = +Sinst(g), but
we believe that eq. (89) in [11] has a sign error.
5We would like to thank P. Buividovich, G. Dunne, and S. Valgushev for discussion on this point.

- 12 —



the gapped phase

h 00
<H Tr U’“> = N MWy, ). (5.2)
=1 conn

=0

In the next section, we will consider Wilson loops in large representations.
For instance, using the relations

(TrU)?* =4 +m,
TTUTtU? =om -, (5.3)
(rU)* =om +f +20°,

we can compute the expectation values of the left-hand-side of (5.3) by a combination
of (5.1) and find the (non)perturbative corrections numerically. As in the case of winding
Wilson loops considered in section 3, we do not know the analytic structure of such correc-
tions a priori, but we can make an appropriate ansatz similar to the known results of free
energy and (TrU), and fix the unknown coefficients by numerical fitting. In this manner
we find the genus expansion in the gapped phase

g—1 1 —-2+3¢

TI'U2conn:_ Y Tty
(U5 & TNRg - 2R
209-1(g=2) 1 4-5g
Tr U Tr 2 conn — — AT2 o :
< U U > g3 +N2 4(9—1)293 + (5 4)
1 -4+3g 1 —8+21g— 154?
TrU)? conn — 7T 3 T 373 BN
() N g N3 8(g—1)g?
while in the ungapped phase we find the leading non-trivial instanton coefficients
*2Nsinst (g) I _2
2 _¢ -1
<(TI' U) >Conn — Ar N 11— 92 + O(N )] )
e*ZNSinst (g) I 4
TrU Tr U2 conn = +O(N Y, (5.5)
< ) 4N | 94 /1— g2 ( )
S_QNSinst(g) —_4
T 3 conn — — A7 | N_l .
(T Uy | oW ]

It is would be interesting to compute the genus expansion analytically in the gapped
phase (5.4) by using the relation between unitary matrix model and hermitian matrix
model as discussed in appendix D.

6 Giant Wilson loops

In this section we consider Wilson loops in large representations, which are also dubbed
“Giant Wilson loops”. Ind = 4 N' = 4 SYM, Giant Wilson loops are particularly interesting
since they are holographically dual to some D-brane configurations in AdSs x S° [24-26].
In [12-14], Giant Wilson loops in unitary matrix models were studied in the large N limit.
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For large symmetric representation, it was found that the there is a first order phase
transition as we increase the rank of representation.

In this section, we consider the one-loop correction to the Giant Wilson loops in GWW
model in the 1/N expansion and find a perfect match with the exact finite N result.

6.1 Symmetric representation

In this subsection, we consider the Wilson loops Wg, = (Trg, U) in the k-th symmetric
representation Si. We are interested in the regime where k scales as N with the ratio
x = k/N fixed

k,N — oo, x = % . fixed. (6.1)

It is convenient to consider the generating function of Wy,
oo
NS =N " g, = (det(1 —tU) ), (6.2)
k=0

and Wg, is extracted by

_ dt NEg(t)
W, = J{o NS, (6.3)

In the large N limit, Fg(t) is given by the integral with the eigenvalue density p(f) in (2.8)
as a weight

Fs(t) = — / dfp(0)log(1 — tel?). (6.4)

Gapped phase. Let us consider the generating function Fs(t) (6.4) in the gapped phase.
As shown in [13], the derivative of Fg(t) in the planar limit can be written in a closed form

4t

teld 1 t+1
c - G} PR A
g

l—tei(’__§+ 4t

10, Fs = / d0p(6) (6.5)

In the limit (6.1), the integral (6.3) can be evaluated by the saddle point approximation,
where the saddle point equation reads

t@tFS =, (66)

and the solution of saddle point equation is given by

(1+22)% =29+ (1+2z)y/(1 + 27)2 + 4g(g — 1)

te = . 6.7
49(1 + ) (6.7)
The saddle point value is evaluated as
1
Fs(ty) — zlogt, = 5 (1 — 29+ /(1 +22)% +4g(g — 1))
(6.8)

1422+ 29 — /(1 +27)2 + 4g(g — 1)
2

+ log — xlogt..
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Figure 9. Plot of log W, in the gapped phase (¢ = 1.5, N = 100). The red dots are the exact val-
ues, while the blue curve and the orange curve represent the leading term and the leading+one-loop
correction in (6.9), respectively. One can see that the one-loop correction improves the matching
with the exact result.

One can also compute the one-loop correction from the Gaussian fluctuation around the
saddle point. At this order we do not need the genus-one correction to p(#). Finally, we find

1
log Ws, = N [Fs(t*) — zlog t*} — 5 log [%Npg(t*)}, (6.9)

where F§(t.) denotes the second derivative of Fg with respect to logt

(1+22)2+2(g—1)— /(1 +22)2 +4g(g — 1)
2(1+22)2+8(g—1)

FU(t,) = V(A +22)2 +4g(g—1). (6.10)

In figure 9, we show the plot of log Ws, as a function of z = k/N for g = 1.5. One
can see that including the one-loop correction (i.e. the second term in (6.9)) improves the
matching with the exact value of log W, at finite N.

Ungapped phase. In the ungapped phase, Wg, is dominated by the (Tr U)* term since
higher traces Tr U™ (m > 2) are exponentially suppressed in the large N limit [12]

1 1 /Ng\"*

Using the Stirling’s formula

we find
1
eg) ~ 5 log(2mNa). (6.13)

logWs, = Nx log<2$

The second term can be thought of as the “one-loop” correction to the result in [12]. Again,
as shown in figure 10, the one-loop correction improves the matching with the exact result
at finite V.
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Figure 10. Plot of logWs, in the ungapped phase (¢ = 0.5,N = 100). The red dots are
the exact values, while the blue curve and the orange curve represent the leading term and the
leading+one-loop correction in (6.13), respectively. Again, one can see that the inclusion of the
one-loop correction improves the matching.

6.2 Anti-symmetric representation

In this section we consider the Wilson loops W4, = (Tra, U) of GWW model in the
k-th anti-symmetric representation Ay in the limit (6.1). As in the case of symmetric
representation, it is convenient to consider the generating function of Wy,

N
VA0 = 5™ F W, = (det(1 + tU)). (6.14)
k=0

In the large N limit, F4(t) is given by an integral with weight p(0)

Fa(t) = / dfp(0) log(1 + te?) (6.15)
and the Wy, is given by
_ dt  NE.)
Wa, = f e . (6.16)

Gapped phase. Let us consider Wy, in the gapped phase. Again, in the limit (6.1)
the integral (6.16) can be evaluated by the saddle point approximation. The saddle point
equation is

tatFA =, (617)

where the left-hand-side is computed as

tel? 1 n g(t—1)
1+tel? 2 4t

4t

10,y = / d0p(9) t41— [t +1)2— g]. (6.18)

There are two solutions of saddle point equation, but the solution corresponding to the
dominant saddle turns out to be [14]
2g — (1 —2x)% — (1 — 2z)/(1 — 22)2 — 4g(1 — g)

ty = o0-2) : (6.19)
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Figure 11. Plot of the log of Wilson loop in the anti-symmetric representation log W4, as a
function of k/N for g = 1.5, N = 100. The red dots are the exact values while the blue curve and
the orange curve are the leading term and the leading+one-loop correction in (6.21), respectively.
One can clearly see that the inclusion of the one-loop correction improves the matching with the
exact value.

and the saddle point value is

Fa(ts) —zlogt, = %(29 —1—/(1—22)2 —49(1 - 9))

1 2g—1 1—2x)% —49(1 —
L Ly +/(1—22)2 —49(1 - g) (6.20)
2 dgx(1 — z)
1—
- glogt*(x) < logt.(1 — x).

Note that (6.20) is symmetric under the exchange = <> 1 — z. One can also compute the
one-loop correction by performing the Gaussian integral around the saddle point

log Wi, = N[FA(t*) ~zlog t*} - %log [QWNFZ(L‘*)}, (6.21)
where
P = 4= 20)° +2(g = 1) + /(1 = 20)° — 49(1 — g) VO =202 —4g(1 —g). (6.22)

2(1 —22)2 +8(g— 1)

As one can see from figure 11, matching with the exact value at finite N is improved by
including the one-loop correction.

Ungapped phase. In [13], it was found that in the ungapped phase the symmetry
k' — N — k of Wy, is realized by a first order phase transition for the model with gauge
group SU(N). In our case of U(/N) matrix model, there is no such symmetry at finite N,
although we have an approximate symmetry £ — N —k in the gapped phase in the large NV
limit (see figure 11). As shown in figure 12, we indeed find that the Wy, is not symmetric
under £k — N — k in the ungapped phase. It would be interesting to find the exact form of
Wy, for SU(N) theory at finite NV and confirm the result of [13].
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Figure 12. Plot of log Wy, in the ungapped phase (¢ = 0.5, N = 100). We do not have a symmetry
k <+ N — k in the U(N) theory.
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(a) n=2. (b) n=3.

Figure 13. Plot of the log W) in the representation A\ = [n*] for (a) n = 2 and (b) n = 3 as a
function of /N with N = 100. The red dots are the exact values of log W/, ), while the solid curves
represent nlog Wy, .

6.3 Rectangular Young diagram

In the case of N' =4 SYM, Giant Wilson loops in the representation associated with the
rectangular Young diagram are holographically dual to multiple D5 or D3-branes [27, 28].
In the GWW model we also expect that Giant Wilson loops associated with rectangular
Young diagram have a simple relation to the (anti-)symmetric Wilson loops. In particular,
we expect that the Wilson loop W), for the Young diagram \ = [n*] is related to the n-th
power of the anti-symmetric Wilson loop Wy, = W[lk]

Wiy ~ (Wigs))™ (6.23)

However, we find numerically that the relation (6.23) holds only approximately and in
general we have an inequality (see figure 13)

log W[nk] < nlog W[lk] . (624)

The difference nlog Wk —log W/,x might be physically interpreted as the binding energy
between multiple Giant loops in GWW model.
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7 Adjoint model

In this section we consider a unitary matrix model with double trace interaction
Z(N,a) = / dU exp(a TeU Tr UT>. (7.1)
U(N)

We call this model the “adjoint model” since Tr U Tr Ut = Tr,q; U is the trace in the adjoint
representation of U(NN). This model can be thought of as a truncation of the thermal
partition function of free AV =4 SYM on S2 x S1,7 and it is known that this model exhibits
a Hagedorn/deconfinement transition at @ = 1. In the low temperature regime (a < 1) this
model is in the confined phase and the free energy is O(N?) while in the high temperature
regime (a > 1) this model is in the deconfined phase and the free energy is O(N?).

As discussed in [17], the partition function of the adjoint model Z(N,a) and that of
the GWW model Z(N, g) are related by a certain integral transformation

N2 00 2,2

Z(N,a) = / gdge_%Z(N, q9). (7.3)
2a 0

Using the exact result of Z(N, ¢) in (2.4), one can compute Z(N, a) at finite N by evaluating

the integral (7.3) numerically.

Free energy of the adjoint model. Now let us consider the free energy of adjoint
model. As emphasized in [17], the partition function of the adjoint model in (7.3) can be
naturally written as a sum of two contributions

Z(N,a) = Zin-aas(N,a) + Zpu(N, a), (7.4)
where )
N? _NZ%g?
Zaass(Noa) = o [ gdge” " Z(N.)
a Jo
(7.5)
N2 0o 7@
ZBBH(N,CL) = 2@/ gdg€ da Z(N7g)7
1

and Ziy aqs(V,a) and Zppu(N, a) are interpreted as the contributions of the thermal AdS
and the AdS-Schwarzchild black hole (big black hole), respectively. On the bulk gravity
side, the deconfinement transition at a = 1 corresponds to the Hawking-Page transition
where the thermal AdS and the big black hole exchange dominance [16].

In the large N limit, the partition function of GWW model Z(N,g) can be replaced
by its planer limit Z(N,g) ~ eN?Fo9) in (2.7), and it turns out that the g-integral (7.3)

"If we turn on the interaction, the thermal partition function can be described by an effective model
with one more parameter b [29, 30]

Z(N,a,b) = /

b
dUexp(aTrU2 + N2TrU4). (7.2)
U(N)

In this paper we only consider the special case b = 0.
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Figure 14. Plot of free energy log Z(N,a) for N = 30 in the range 1/2 < a < 2. In (a), we show
the plot in the whole region 1/2 < a < 2, while in (b) and (¢) we magnify the region a < 1 and
a > 1, respectively. The red dots are the numerical value of the free energy. The solid curves in (b)
and (c) represent —log(1 — a) and N2Fy(a) in (7.6), respectively.

is dominated by Zin_aqs(N,a) in the confined phase (¢ < 1) and by Zppu(N,a) in the
deconfined phase (a > 1). The free energy of the adjoint model is computed as

_logl-a),  (a<1),
log Z(N,a) ~ ) (7.6)
N ]:0(61), ((1 > 1)7
where the genus-zero free energy Fy(a) in the deconfined phase is given by
2
g; 1 3
=4+ g,— =logg. — — .
Fola) = =7+ g« — 5 loggu — 7 (7.7)
with g, being the saddle point value of g
g« =a++/ala—1). (7.8)

As shown in figure 14, the free energy for N = 30 evaluated numerically by (7.3) nicely
reproduces the analytic result (7.6) at the leading order in the large N expansion. One
can proceed to study subleading corrections in the large N expansion. In the deconfined
phase a > 1, the free energy has a standard genus expansion

log Z(N,a) = f: N2 Fy(a). (7.9)
=0

In particular, the genus-one free energy is given by

Fi(a) = Fi(g«) + log (7.10)

ﬁNg* ]
ay/1/a—1/g2 |’

where Fj(g) is the genus-one free energy of GWW model in (2.10). The second term
of (7.10) comes from the Gaussian integral around the saddle point g = g.. As one can see
from figure 15, after subtracting the genus-zero part the free energy for N = 30 exhibits a
nice agreement with the analytic form of one-loop correction (7.10). It would be interesting
study the higher genus corrections Fy(a) in (7.9).
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Figure 15. Plot of the genus-one free energy Fi(a) in the deconfined phase a > 1. The red dots
are the numerical value of log Z(N,a) — N2Fy(a) for N = 30, while the solid curve is the plot of
the analytic form of Fy(a) in (7.10).

In the confined phase, it is expected that there is a non-perturbative correction to the
leading result (7.6) and the apparent singularity at the transition point a = 1 is smoothed
out [17]. It would be very interesting to study such non-perturbative corrections in detail
and find a possible bulk string theory interpretation. We leave this as an interesting future
problem.

Winding loops in the adjoint model. The expectation value of Wilson loops in the
adjoint model® can also be written as a certain integral transform of that of the GWW
model. For general operator O, its expectation value (O), in the adjoint model is given by

2

2
_ [dUOexp(aTrUTrUT)  [° dgge™ "1 [dUO exp[X¢ Te(U + U]

(O)a = = 73
JdU exp(aTr U Tr UT) I dgge™ T~ [ dU exp[%¢ Te(U + U')]

(7.11)

In the case of expectation value of winding loops, the integral in the GWW model can
be performed in a closed form
0o _NZg? _1
(T %y, — Jo dgge™ " det(My) Tr(My ~ My,)
“ [d _N2g2
o dgge” 3 det(Mp)

. (7.12)

At the leading order in the large N limit, we observed that the integral over g can be
replaced by its saddle point value
1

1
T U%), = (T U’“)‘ . (@>1, N>1) (7.13)

9=gx

In figure 16, we plot the expectation value of winding Wilson loops in the adjoint model.
One can see that the leading result (7.13) is reproduced from the numerical evaluation

8In the context of A/ = 4 SYM on 83 x S*, Wilson loops in the adjoint model are interpreted as Polyakov
loops wrapping the thermal S*.

9This can be thought of as a disorder average over the random coupling g, which is reminiscent of the
Sachdev-Ye-Kitaev model [31, 32].
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(a) ug. (b) ua. (c) us.

Figure 16. Plot of the expectation value of the winding Wilson loops uy; = %(Tr U*), in the
adjoint model for kK = 1,2,3. The red dots are the numerical values at N = 30, while solid curves
represent the large N result in (7.13).

of (7.12) for N = 30. As expected, the winding loops are suppressed in the confined phase
a<l1 1
lim = (Tr UMa=0  (VE>1), (7.14)

N—00
which is consistent with the absence of non-contractible 1-cycle in the thermal AdS [16].
It would be interesting to study the (non)perturbative correction to the winding loops in
the large N expansion.

Giant loops in the adjoint model. Using the integral transformation (7.11), one can
compute the expectation value of Wilson loops in the adjoint model in arbitrary represen-
tation using the exact result of GWW model

2

00 _NZg?
J5® dgge™ 5" det| Iy, i 5(Ng)]

<TI‘)\ U>tl = o N2g2
fo dgge™ da det {Ii,j (Ng)}

(7.15)

In particular, we can study Giant Wilson loops of adjoint model in the k-th (anti)symmetric
representation in the limit (6.1). At the leading order in the large N limit, the g-integral
is approximated by the saddle point value g = g.. We have checked numerically that the
result of [12] is reproduced. As we can see from figure 17, the expectation values of Giant
loops are suppressed in the confined phase a < 1. In the deconfined phase, Giant loop in the
symmetric representation Wg, is exponentially suppressed when x = k/N becomes larger
than some critical value z;, as observed in [12]. It is argued that this is consistent with the
absence of D3-brane solution corresponding to Wg, in the black hole background [12, 26].
It would be interesting to study the critical value x.. as a function of a and see if it has
some physical interpretation on the dual black hole side.

8 Discussion

In this paper we have studied the free energy and Wilson loops in the GWW model and the
adjoint model using the exact result at finite N. For the GWW model the exact finite N
result correctly reproduces the known large N expansion of free energy and Wilson loops.
We have also seen that one can extract the (non)perturbative corrections in the large N
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(a)  Anti-symmetric representation (b) Symmetric representation Wi, .
Wa,.

Figure 17. Plot of the expectation value of Wilson loops in (a) the anti-symmetric representation
and (b) the symmetric representation, as functions of a and x = k/N for N = 30.

expansion from the exact finite N result by numerical fitting, and some of the results in
this paper are new. It would be interesting to develop an analytic method to compute such
(non)perturbative corrections and see if our numerical results are reproduced from analytic
computation.

We have seen that the large IV expansion of free energy and Wilson loops behaves quite
differently between the gapped phase and the ungapped phase of GWW model. In the
gapped phase the genus expansion is Borel non-summable and the perturbative and non-
perturbative corrections are related by resurgence [9]. On the other hand, in the ungapped
phase, the perturbative corrections stop at first order. Although the instanton coefficient
in the ungapped phase has an all order expansion in 1/N, this series is Borel summable
and the each instanton sector seems to be closed by itself (see appendix C for details). This
is in stark contrast to the situation in the gapped phase and it would be interesting to see
how these two expansions are connected as we cross the transition point g = 1.

We proposed a master field of GWW model from the exact result of characteristic
polynomial at finite N. We found that this master field has an interesting eigenvalue
distribution. In the gapped phase the eigenvalue distribution approaches the known gapped
distribution on the unit circle as N becomes large. On the other hand, in the ungapped
phase we observed that the eigenvalues are distributed inside the unit circle and we find
numerically that the eigenvalues are located along the contour ®(z) = —Sinst(g) of constant
effective potential. We do not have a proof of the last statement and it would be interesting
to show this analytically. Also, it is not clear whether the distribution on the contour
®(z) = —Sinst(g) satisfies the saddle point equation of GWW model or not. It would be
very interesting to clarify the physical interpretation, if any, of this distribution further.

We have also studied Giant Wilson loops in both the GWW model and the adjoint
model. In particular, in the adjoint model Giant Wilson loops are expected to be holo-
graphically dual to some configuration of D-branes. We hope that our finite N analysis
will shed light on the behavior of D-branes in black hole background or the black hole itself
beyond the supergravity approximation.
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A Exact result of GWW model

In this appendix we review the exact result of partition function and Wilson loops in GWW
model at finite N.
Let us first consider the following integral with some function f

If:/ dU det [f(U)]e 2" TrU+UD), (A.1)
U(N)

This can be rewritten as an integral over the eigenvalues {¢% }i=1,. n of unitary matrix U

f 1 o 2 A dej Ngcosb; i0;
I =N ; A ng 7 f(€7), (A.2)
! e}

where A denotes the Vandermonde determinant
N . .
A= (-1 [N e, (A.3)
cESN J=1

Plugging (A.3) into (A.2), we get a double sum over Sy. Since the integrand is symmetric
under the permutation of variables 6;, one can show that this sum can be reduced to a
single sum over Sy

N 2m
o d0j i(o(j)—i)0; cos b, i0;
=Y (1) H/o SN Noeosty 1) = det [IL ], L s (A)
j=1

cESN

where we defined )
If :/ ﬁeimGeNgcosﬁf(eiQ)' (A5)
0

m 2
For the computation of partition function, we set f = 1. Then the integral (A.5) is
nothing but the modified Bessel function of the first kind I,,,(Ng), and we recover the exact
result of partition function at finite N in (2.4).
For the computation of winding Wilson loop Tr U*, we set

fU)=1+tU" (A.6)
and pick up the linear term of ¢ in the small ¢ expansion

det [f(U)] =1+t TeU" + O(?). (A7)

— 24 —



For this choice of f, the integral I3, in (A.5) becomes

I}, = In(Ng) + tIim(Ng), (A.8)
and we find
IF = det [I,_;(Ng) + tIkH,j(Ng)} — det(Mp + tMy). (A.9)

Here the N x N matrix M} has been defined in (3.2). Picking up the linear term in ¢ and
normalizing by the partition function Z (N, g) = det My, we find that the expectation value
of winding Wilson loop (Tr U*) is given by (3.1). In a similar manner, one can show the
relation (4.2)

1 Ng T
det(z — U :/dUdet:B—Ue2Tr(U+U)
(detfe ~U) = 53— (e~ )

_ det(:rMO — Ml)
N det MO

(A.10)
= det(x — My ' My).

Lastly, let us consider the expectation value of the character Try U = xx(U) of U(N)
group

N
w0 =5 3 (-1 H AN =00 (A11)

geSN

Again, the factor |A|?x(U) becomes a double sum over the permutation group Sy, but
this sum can be reduced to a single sum upon integration and we find

2m
/dUX)\(U)GJ\;g Te(U+U) _ Z H/ d9] 1 Aj—j+0(4))0; NgcosGJ_deJD |:I)\ i J(Ng)]

c€ESN

(A.12)
After dividing by the partition function, we recover the result of (Try U) in (5.1).

B Effective potential in the ungapped phase

In this appendix, we explain the computation of the effective potential ®(z) in (4.6) fol-
lowing the argument in [11]. As discussed in [11], the eigenvalue integral (A.2) can be
i6;

rewritten as a holomorphic integral with complex variable z; = e For the partition

function we find
dZ] fNW(z 2
2.9 = / H R Rt (B.1)

where the potential W (z) is given by

W(z) = —g(z + 271 +log 2. (B.2)
The integral (B.1) has the same form as the hermitian matrix model, although the integral
contour is different: in the unitary matrix model the integral contour is along the unit circle

|zj| = 1 while in the hermitian matrix model the integral is along the real axis z; € R. At
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least formally, the saddle point equation for the eigenvalue integral (B.1) takes the same
form as that of the hermitian matrix model

W%Q—%Ej L o (B.3)

G T

Then one can show that the resolvent defined by

1 os 1
=< ; p— (B.4)
satisfies the loop equation
w(z)? + %w’(z) —W'(2)w(z) + f(2) =0, (B.5)
where f(z) is given by
/( '
NE:W-Z_ZZJ (B.6)

In the planar limit, the second term of (B.5) can be omitted and the loop equation can be
written as an algebraic equation defining a spectral curve

y?=W'(2)? — 4f(2) (B.7)

with y being
y=W'(z) —2w(z). (B.8)

As emphasized in [33], the quantity y has an elegant physical interpretation as the force
acting on an eigenvalue if it tries to move away from its stationary position. This suggests
that it is natural to define an effective potential as the integral of force: U(z f ydz.
However, as discussed in [11], it is more appropriate to take the real part of f ydz and
define the effective potential as

®(z) = Re /Z ydz, (B.9)

since the dominance to the eigenvalue integral (B.1) is dictated by the real part of potential.
One can show that the potential ®(z) is constant on each cut made by the condensation
of eigenvalues in the large N limit.

Now let us compute the effective potential in the ungapped phase of GWW model. To
do this, we notice that the planar resolvent in the gapped phase has a simple expansion in
the large 2z region
% TrU*) —— L 1, 9 (B.10)

1
N< Sk+1 2 9,27

WE

w(z)=—-+

i

1
since winding Wilson loops (Tr U*) vanish except for & = 1 (see (3.4) and (3.5)). Then the

quantity y in (B.8) is given by
1 1
T B
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and the spectral curve (B.7) becomes
2
g 1 1
y: = {2 (1 + ZQ) + Z] : (B.12)

This curve has two branches and we should be careful about the sign of y. Assuming that
the eigenvalues are distributed along the unit circle |z| = 1, the sign of y should change as
we cross the line |z| =1

g 1 1
—=l14+=])-- 1
(1+2)-2 >0,

y= (B.13)
hie D) el <
Z2 = ) )
One can show that the eigenvalue density p(6) (2.8) is reproduced from the discontinuity
along |z| = 1. Finally, the effective potential ®(z) is given by the integral (B.9) and we

arrive at the result (4.6).

C Instanton correction in the ungapped phase

In this appendix, we consider the instanton correction of free energy in the ungapped phase
of GWW model. Here (and only in this appendix) we use the convention of string coupling
gs and 't Hooft coupling ¢ in footnote 1:

Te(U + UT)} = det [Ii_j(l/gs)] . (C.1)

1
Z(N, :/ dU ex [
( gs) U p 9 il N

9s

We are interested in the instanton corrections in the 't Hooft limit
N — 00, gs—0, t = Ng,: fixed. (C.2)

Instanton corrections to the free energy in the gapped phase ¢ < 1 have been studied ex-
tensively in [9]. Here we would like to point out that the first non-zero instanton correction
to the free energy in the ungapped phase ¢ > 1 can be written in a closed form.

To study the (non)perturbative corrections to the free energy, it is convenient to use
the method of orthogonal polynomial p,(z) obeying

d 1 _
fze%lw (242 1)pn(z)pm(zfl) = hplnm- (C.3)

2miz

The partition function of GWW model is written in terms of the norm h,, as
N—-1
Z(N,gs) = [] bn. (C.4)
n=0

From the constant term f,, of p,(2)!°

Jn = (_1)npn(o) (C5)

!Note that we have shifted the index n of f,, by one as compared to the definition of [9].
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we can compute the ratio of the norm h,,

hn,

_ 1 _ £2
=11 (C.6)

From (C.4) and (C.6) one can show that

Z(N + 1,gs)Z(N B 1ags)

2N g =1-f%. (C.7)
Furthermore, using the recursion relation
pn(2) = 2pp-1(2) + (=1)" fr2" " paoa (27, (C.8)
one can show that f, satisfies
2gsnfn = (1= f3)(fas1 + fa1)- (C.9)

Note that this is known as a discrete Painlevé equation [34, 35]. From Heine’s formula the
orthogonal polynomial p,(z) with n = N is simply given by the expectation value of the
characteristic polynomial in the U(N) GWW model

pn(z) = (det(z — U)). (C.10)
This also implies that f,, (C.5) with n = N is given by the expectation value of det U

det [Il-&-i—j(l/gs)}
det [Ii_ju /gs)} '

fn = (detU) = (C.11)

In the 't Hooft limit (C.2), fx becomes a function f(¢,gs) of the 't Hooft coupling ¢
and the string coupling gs. Then f(¢,gs) satisfies the continuum version of the recursion
relation (C.9)

20£(t9.) = (1= F(8.9)%) (£t + 90, 95) + F(t = 95.95))- (C.12)

This is called the pre-string equation. Once we know the function f(¢,gs), we can compute
the free energy F'(t, gs) from the continuum limit of (C.7)

F(tvgs) = log R(tvgs)v (0'13)

4 ginh? 22 528t

where R(t,gs) is defined by
R(t,gs) = 1= f(t,gs)*. (C.14)

In the ungapped phase, f(t,gs) is exponentially small. Thus the relation (C.12) is
approximated by

Qtf(l)(t7gs) = f(l)(t + Gs; gs) + f(l)(t — Gs, 95)7 (015)
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where we have introduced the notation f) (t, gs) for the one-instanton correction to f(t, gs).
We notice that this is exactly the recursion relation of Bessel function J,(x)

2NgsJIn(1/gs) = Int1(1/gs) + In—1(1/gs). (C.16)

Thus we expect that f(¢,gs) is proportional to Jy(1/gs) = Jn(N/t), which is consistent
with the large N behavior of (det U) studied in [22].

As discussed in [9], we can fix the proportionality constant by comparing the double-
scaling limit of Jn(N/t) and the Hastings-McLeod solution of the Painlevé II equation. In
the double scaling limit

f = g;/?’u, t=1- 93/3’% gs — 0, (017)

u(k) satisfies the Painlevé II equation

u" — 2u3 + 2ku = 0. (C.18)
There is a unique real solution (Hastings-McLeod solution) for x € R with the asymptotic
behavior
VE, (K — 00),
u=9q , . (C.19)
23 Ai(—23k), (k = —00).
One can compare this with the double scaling limit of the Bessel function [36]
lim N3Jy(N + N3k) = 25Ai(—23k). (C.20)
N—00
From (C.19) and (C.20), we conclude that the proportionality constant is 1
t
O, gs) = In(NJt), N=—. (C.21)
9s

Now we can study the genus expansion of l-instanton coefficients in the ungapped
phase (¢ > 1) using the so-called Debye expansion of Bessel function [37]

e—N(a—tanh a) X Us (COth Oé)

JN(N/ cosha) = , C.22
N/ ) V2r N tanh o ;= NF ( )
where Ug(x) is a polynomial defined recursively from Uy = 1
1 2 2\7 7/ L[ 2
Ugy1(z) = % (1 —2°)U(x) + s/, dy(1 — 5y°)Uk(y). (C.23)
The first three terms are given by
—523 + 3z
i) = =5
38525 — 4622 + 8122
= C.24
—4254252° + 76576527 — 36960325 + 3037523
Us(z) = :

414720
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From (C.21) and (C.22), we identify cosh a = ¢t. Finally we arrive at a closed form of
l-instanton correction in the ungapped phase

,LA
1 . gs € 9s t
f( )(t7gs>_ \,271' 1/4 ng k( 2_1>a (025)

where the instanton action A(t) is given by

A(t) = t(o — tanh o) = t cosh ™1 (t) — /12 — 1. (C.26)
From the relation (C.14) the two-instanton correction to R(t,gs) is given by

R(Q) (t7 gs) = _f(l)(ta 98)2

g e w0 & t ’

s ° k,—k

_ =+,

IRV Lzogs ’“( = 1)] (C.27)
gy e w 22 + 3 LAt + 1562 + 45

22— Sl 1P T s - 1)

This agrees with the result of [9] obtained by solving the pre-string equation (C.12), but

the overall factor was not determined in [9]. We have fixed the overall normalization of
R®)(t, gs) as discussed above. Now the result (C.27) can be easily translated to the two-
instanton correction to the free energy using the relation (C.13)

. 2 4 2
p@inst) __ 95 —2an) [1 _s, 26t12+ 9 2904+ 22488;1t +207 ] o8

87
where we have introduced the rescaled coupling g5 by

~ B

gs = m (C.29)

It is interesting to consider the Borel summability of the Debye expansion in (C.25).
Let us consider the Borel sum

= t dg‘ < ~ t
B kzzogft kUk(Jm)] /0 Z t kU <m> (C.30)

As we can see from figure 18, there is no pole on the positive real axis on the Borel plane

and hence the expansion of f((t,g,) in (C.25) is Borel summable. We have checked
numerically that the Borel resummation of f() (t,gs) agrees with the original expression of
Bessel function (C.21). This is in a stark contrast to the situation in the gapped phase. As
shown in [9], in the gapped phase the genus expansion of free energy is Borel non-summable
and the perturbative part and the non-perturbative part are related by the resurgence. On
the other hand, in the ungapped phase the perturbative genus expansion of free energy is
not an infinite power series but stops at genus-zero. Although the one-instanton coefficient
has infinite series expansion in g, it is Borel summable as we have seen above.
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Figure 18. Poles of the integrand of (C.30) on the Borel {-plane for ¢ = 2.

D Resolvent of GWW model

In this appendix we consider the genus-one resolvent of GWW model in the gapped phase,
from which we can extract the genus-one correction to the winding Wilson loops and com-
pare with the result of numerical fitting (3.6). To do this, we use the relation between
unitary matrix model and hermitian matrix model [23] and the formula of genus-one re-
solvent of hermitian matrix model [38].

As shown in [23], a unitary matrix model can be written as a hermitian matrix model
/dUe—NTrV(U) _ /dMe—NTrW(M) (D.1)

where the eigenvalue t of unitary matrix U and the eigenvalue z of hermitian matrix M
are related by

14i
f— 2 (D.2)
1—-iz

and the potentials in (D.1) are related by

W(z) = V(t) +log(1 + 22). (D.3)
In the case of GWW model the potential are given by
V(t) = —g(t—i-t_l) W(z) = G + log(1 + 2?) (D.4)
B ’ I ‘ '

We define the resolvent w(z) of hermitian matrix model and the resolvent v(¢) of unitary

M@:;<ﬂsz>’

i t+U
v(t)—N<Trt_U>,

v(t) = (14 2H)w(z) — 2. (D.6)

matrix model as

(D.5)

and they are related by
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In the large N limit these resolvents have genus expansion
o oo
w(z) =Y N"%wi(z),  ot)=) N ult). (D.7)
=0 £=0

Using the technique developed in [38] for hermitian matrix model, one can compute the
higher genus correction of resolvent wy(z) recursively. In what follows we assume that the
hermitian matrix model is in the one-cut phase, i.e. eigenvalues are distributed along the
cut z € [—A, A] on the real axis.

Genus-zero resolvent. Let us first consider the genus-zero resolvent which is given by

[ dx W'(x) |22 — A2
w0(2>_/c47riz—x 22— A2 (D.8)

where the contour C' encircles the cut [—A, A]. From the condition

the general formula

. 1 —9
Zlingo wo(z) = o +0(z77) (D.9)
we find p ) p .
/ dr Wiz) _g / dr 2Wix) _ (D.10)
o 4mi/x2 — A2 c4Ami/x?2 — A2
From these conditions we can fix the end-point of cut A as a function of coupling g
1
A= . (D.11)
g—1

Picking up the residue of poles at x = +i and x = oo in (D.8), the genus-zero resolvent
becomes

1 , 44/1 + A2
Then using the dictionary between resolvents of hermitian and unitary matrix models (D.6),
we arrive at the genus-zero resolvent of GWW model

vo(t) = 0 —2i—g,22 [z — /22 —g 11+ zz)} . (D.13)

We note in passing that one can easily show that this agrees with the integral over the
eigenvalues ¢ with the weight p(6) in the gapped phase (2.8)

i 1 1+t g(t+1) 4t
—vo(t) == [ dOp(6 — = t—1 t—1)24+ —|. D.14
jut) =5 [ ase0) i = yfe-12+ 2 (D.14)

Genus-one resolvent. Let us move on to the genus-one resolvent. The genus-one resol-
vent in the one-cut phase of hermitian matrix model is given by [38]

(2)

(2) n _ . m
wi(z) = X+

MDD S o
16 16A

(D.15)
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where X$ ) and xﬂf ) are defined by

) _ 1
X MVz2 —A2(z T A)’
W (D.16)
@ 1 Moxy

T MR- 2T AR M

and the moment My, is defined by

_ [ dz W'(z) 1
Mk_/C%(w—A)’f oy (k:—l)!dzkflM(Z) v’ (D.17)

From the explicit form of function M (z) in (D.12), the moments are evaluated as

4 16

M=———+  My=—"—" .
A(l+ A?%)z

3 (D.18)
A2(1+ A?)z

Plugging (D.16) and (D.18) into (D.15), we find the closed form of genus-one resolvent

AWI+ A2(222 +1 - A?)

“2) 16(:2 — A2)3

. (D.19)

We can translated this result to the unitary GWW model using the dictionary (D.6)

%vl(t) _ %(1 + 22wy (2)

_3 _s (D.20)
_ e+ | IR AN _ YA
=81 [ g<(t 1)”+ g) +4t(g — 1) <(t )"+ g> ] .

Finally, we can see that the small ¢ expansion of v;(t) reproduces the genus-one part of
winding Wilson loops in (3.6)

i t t? 10 — 28g + 15¢2)t3
2 8(9—1)g 4(g—1)g 8(9 —1)g
(=35 + 90g — 702 + 16¢°%) ¢4 N 5 (35g% — 260¢° + 630¢% — 6169 + 210) t°
2(g — 1)g* 8(g —1)g°
(192¢° — 2135¢* + 8120¢> — 13860g° + 109209 — 3234) t°
+ 5 +
4(g—1)g
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