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1 Introduction

Recently, CF'T techniques have been extensively used to extract the critical behavior of the
various quantum field theories in dimensions larger than two. Among them, the numerical
conformal bootstrap is one of the most successful tools [2]. In a paper by Rychkov-Tan [1],
the multiplet recombination was used to gain the (irrelevant) critical exponents of the
Wilson-Fisher fixed point of the ¢*-theory in (4 — ¢) dimensions. They assumed that the
¢ operator should be a descendant state of the elementary ¢ field and thus the quantum
dimension of ¢? is related to the one of ¢ and then the field ¢? should appear in the OPE
as the descendant. Although, at the Gaussian fixed point, these two operators are both
primary but for the WF fixed point, ¢3 is a member of the ¢ conformal multiplet. They
called this situation “multiplet recombination”. They have studied the two-point functions
and the three-point functions by using the multiplet recombination and the OPE and they
have found the anomalous dimensions of the composite operators ¢™ at the leading order
in € without any diagrammatic calculation.

The method developed in [1] was immediately applied to other types of the “WF
fixed point”, for example, the ¢5-theory in (3 — €) dimensions [3] and the Gross-Neveu
model in (2 + €) dimensions [4, 5|, where the anomalous dimensions of various composite
operators are derived at the leading order in €. In all these examples, it is important that
the anomalous dimension of the elementary field is O(¢?) and the ones of the composite
operators are O(e). Then the naive application of the method [1] to the ¢>-theory in (6 —¢)
dimensions did not work due to the fact that in the six-dimensional ¢3-theory the wave
function renormalization of the field ¢ starts with the one-loop graph. This method is quite
generic and does not require the perturbative treatment, which implies that potentially one
can predict the non-perturbative results beyond the leading order approximation. However



the consideration of only the two- and three-point functions and the OPE give the leading
expression for the critical exponents at O(e) or O(e?).!

In this paper, we will study and re-organize the Rychkov-Tan method from the more
perturbative and more Lagrangian-based point of view in order to adapt the method also to
the six-dimensional ¢>-theory. The similar analysis was already done in [7, 8] and recently
in [9-11]. The main point of the re-organized method is the use of the Schwinger-Dyson
equation without contact terms which do not contribute to the discussion here. This is
not the same as the multiplet recombination used in [1] since the multiplet recombination
generally can not be derived from the Lagrangian-based approach. However, for the leading
order calculation, these are effectively equivalent. The Schwinger-Dyson equation for the
scalar field theory is schematically written as

(D26(@)01(21)0a(2) ) = (6% (2)Or(21)Os(a2) ). (1.1)

where we considered the ¢*-theory and neglected the contact terms. This equation should
be quantum-mechanically regarded as the renormalized one. However, when we estimate
the right-hand side at O(g), the tree-level evaluation of the correlation function suffices
for our purpose and then all the quantities can be reduced to the bare quantities. The
Schwinger-Dyson equation reduces to the classical equation of motion. If we restrict our
attention to the conformal field theory and to the two- or three-point functions of the
conformal primary operators, the left-hand side can be fixed up to the constant coefficient.
Due to the derivative O, the left-hand side is proportional to the anomalous dimensions
of the primary operators. Equating both sides, we will find the values of the anomalous
dimensions as the function of the coupling.

For the Wilson-Fisher fixed point we need to know the critical coupling g.. Our claim
in this paper is that considering the two- and three-point functions and employing the
Schwinger-Dyson equation (classical equation of motion), we can decide the value of g,
without any input from the loop calculation. The use of the Schwinger-Dyson equation for
the calculation of the anomalous dimensions is very reminiscent of the story that the renor-
malized equation of motion was used for relating the critical exponents and for reducing
the number of the independent exponents [12, 13].

We will study the ¢3-theory in (6 — €) dimensions? and find the leading critical expo-
nent at O(e) without any input from the Feynman diagrammatic calculation. The similar
analysis was recently carried out in [9-11], where however the critical coupling g, is de-
cided from the (§ function derived from the perturbative calculation. The calculation in
this paper is very respecting the method by Rychkov-Tan [1] in a sense that all the cal-
culations include no Feynman diagrammatic calculation and use the general forms of the
two- and three-point functions of the conformal primary operators although our method is
more closer to the perturbative method than the one by Rychkov-Tan [1]. As the result,
when we study the higher order behavior of the critical exponents, we will inevitably need

!The next leading order of the anomalous dimensions was studied in [6] by using the CFT techniques
and the unitarity.
2For a non-renoramalization group analysis, see [14, 15].



the perturbative calculation of the Feynman graphs but the use of the equation of motion
will reduce the complexity of the perturbative calculation.

The organization of the paper is as follows. In first two sections we will study the ¢°-
theory in (3 —¢) dimensions and the ¢*-theory in (4 —¢) dimensions respectively. These two
sections serve as an explanation of our method. In section 4, we will consider the ¢>-theory
in (6 — €) dimensions. In section 5, we generalize the result of section 4 by introducing the
additional O(N) scalar fields and modifying the interaction. In section 6, we summarize
the results and discuss the potential future directions.

2  @®-theory in (3 — €) dimensions

We will first consider the ¢%-theory in d = 3—¢ dimensions as an illustration of our strategy.
This theory has an analog of the Wilson-Fisher fixed point in (4 — €) dimensions. The
perturbative treatment can be found, for example, in [16-18] and the conformal method
using the multiplet recombination was performed in [3]. In the following calculation, we
assume that all the ¢™ operators except for n = 5 are the primary operators and that the
conformal symmetry appears at the “Wilson-Fisher fixed point”.

Set-up. The action of the ¢5-theory is

2€
S:/ddm <;a¢2+g’él ¢6>, d=3—c (2.1)

and we will maintain the coupling constant in a dimensionless one. We are only interested
in the leading order calculations and then the u?¢ factor does not play any role. Therefore
we will omit this factor in the following discussion. For the purpose of the perturbative
(Feynman diagrammatic) calculation, we have to include the other renormalizable terms,
but in our calculation these are not required. The scaling dimensions for the field ¢ and
the composite operators ¢™ are defined as

A=Ay = +m (2.2)

1—
Ay = Agn = n( 5 €> + Y- (2.3)

For the calculation of the lowest order anomalous dimension, the multiplet recombination
employed in [1] is nothing but the classical equation of motion

2e

O¢ = g‘g! 5. (2.4)

in our approach. In the paper [1], the multiplet recombination relation is defined as O[¢]| g =
a(€)[#°] g, where [ - -]g means the renormalized operator at the Wilson-Fisher fixed point
and a(e) is a certain function which becomes zero at the ¢ — 0 limit. Although this is a
more generic operator identity and would be necessary for the higher order calculation, but
in the lowest order calculation of the anomalous dimensions, the tree-level relation, namely
the classical equation of motion is adequate.



Two-point function. As a first step of determining the anomalous dimension from the
conformal symmetry and the classical equation of motion, we will study the two-point
function of the elementary field ¢. This step is completely the same as [1, 3, 11]. The
two-point function is given by

1 1

tree—level L

(B)ply) = clo—y| 7, (2.6)

where the tree-level value of ¢ is 1/47. Correctly speaking, in the second equation, the op-

(2.5)

erator should be a renormalized one [¢|r. In the following calculation we will multiply the
above function by the differential operator O := 0,,0" twice and use the equation of motion
O¢ = 9‘5‘—!26&. Since the equation of motion introduces the coupling dependence and all the
correlation functions will be evaluated at the tree-level, we can replace all the renormalized
operator with the tree-level (bare) ones. Therefore we can neglect the wave function renor-
malization in the following discussion. For the same reason, the renormalization factor of
the coupling constant can be dropped.

As mentioned above, taking the derivatives of the above two-point function first by
0O,, we have

<Dx¢($)¢(y)> = chyx _ y‘—QAl
= 2cA1 (201 + 2 — d)|z — y| 2P 72

-5
Do -y, (2.7)

where in the last line we have evaluated this at the lowest level in the coupling constant and
the epsilon parameter. Since we eventually find the critical coupling g. = g(€), neglecting
the e-dependence above will suffice for our purpose. We can alternatively calculate the
above correlation functions by using the classical equation of motion as

2e

(OA(@)0W) howess = o (@(@)(y))| =0, (2.8)

|
5! lowest

which means v; = O(g?). Next we will further apply the differential operator 0, in addition
to O,

(D(2)D6(y)) = cOp0y |z —y| 22
= 2CA1(2A1 + 2)(2A1 + 2 — d)(2A1 14— d)|x . y|_2A1_4

3 _
~ ;’Yl’@’ - y! . (2'9)

We can again evaluate the two-point function of O¢ by using the classical equation of motion
as follows. At O(g?), all the calculations are carried out in a tree-level approximation.

g\’
(6000 oy = (%) (@)

_ g1
5! (4m)°

o~y (2.10)



In the calculation above we again retain the lowest order. Comparing these two results, we

obtain
1 2

T 345 51047
As the calculation above shows, all the renormalized quantities [¢]r and gr can be replaced

m (2.11)

by the bare quantity for the lowest order calculation. Notice that here we are using the
conformal properties of the primary operators so we should tune the coupling constant g to
a special value to realize the Wilson-Fisher fixed point. Usually we can calculate g, = g(e)
by the Feynman diagrammatic approach, but we will alternatively find this critical value
by considering the three-point functions without any diagrammatic input, which is based
on the philosophy of [1] (and for the extended works see [3-5]).

Three-point functions. Next we will study the three-point functions. The confor-
mal symmetry restricts the coordinate dependence of the three-point function of the
(quasi-)primary operators as

(6(@)6" ()6 (2)) = Crnmrafe — |18 Ay — 58180 At g g baB,

(2.12)
where we assume n > 2 and the tree-level value of C1 41 is given by
1
tr _
Cl,’sfn-l—l - (n + 1)' (47T)”+1 . (213)

These three-point functions actually include the non-primary operator for n = 4,5 since
¢° is assumed to be a descendant at the conformal fixed point we want to analyze. Then
for n = 4,5 the right-hand side is not correct and includes the various terms like
> Caple —y|*ly — 2’|z — a0 7Pm BB, (2.14)
a,b
However, since we are now interested in the lowest order values of the anomalous dimen-
sions, the above restricted form is adequate even for n = 4 and 5. This will be proven in
the last paragraph of this section.
In the same way as the two-point function, we apply the differential operator O, and
evaluate it at the lowest-level,
(O20(2)0" ()" (2)) ~ Crnpmiimly — 2| 7"z — 2|72
— Crnmt1( + 0 — Mg e =yl 2 ly — 2172w — 22
(2.15)
The terms proportional to y; will start with O(g?), then these do not contribute to the
following discussion with O(g). Using the classical equation of motion, we find
2e

gH - - -
(O29(2)9" (y)¢" ' (2)) = W”(” =D+ Dz —y[Ply — 27"z — 2|7
(2.16)
Equating these two results we obtain the recursion relation
n(n —1)
Tt = = Toigm +0(g?) forn>2, (2.17)

where we have used the tree-level value of C1 4 541.



Next we will consider the following three-point function

(6(2)d(y)9*(2)) = Cragle —y[22 22 |y — 2| 732z — 2|52, (2.18)
where the tree-level value of the coefficient C' 1 2 is given by

tree 1

112 = g3 (2.19)

First, we take the derivative by O, and evaluate it at the lowest order.

(Oo6(2)d(y) 0 (2)) = Cr12(281—Ag) (241 +2—d) |z — y| 22722172y — 2| 7B g — 5|74
+ C112022A1 +2 —d)|x — y\AT?Al ly — z]*AQ |z — 2'|*A2*2
— C11200(201 — Ag)|z — y| P2 2817 2|y — |7 B2 2 g _ 4| 7B272
~2C11omly—2| e —27% = Cr120271 — o) |z —y| 2|y —2||lz—2|?
(2.20)

If we use the equation of motion and evaluate the left-hand side at the lowest order, the
result is vanishing, which means that the non-vanishing terms will start with O(g?). This
implies that the anomalous dimension o will start at O(g?). We further take a derivative
by O, and we find

(O.0(2) 0y (y)$%(2)) ~ —2C112(271 — Y2)|z —y| Hy — 2| Mz — 2|7+ O(¢*).  (2.21)

By using again the equation of motion, the left-hand side becomes

(Oa0()0,6w)¢*(2)) = (£) 167 @)6°()?)

5!
9 4 1 1
Comparing these two results we find
2
2y =2 = T3 464 (2.23)

and the recursion relation above can be solved by noticing that vo = 0 - g' 4+ O(g?),

g
= 32432

Yn (n—1)(n—2)+0(g?), for n>2 (2.24)

Note again that the above derivation uses the conformal properties so we need to find the
critical coupling g.. This will be given in the following.

Determination of g.. We should notice that A5 can be represented in two ways,
5—¢€
A5:A1+2:T+’yl (225)

(5 e 220)




Then we get the relation
V5 — M = 2e. (2.27)

At O(g), this means 75 = 2¢, which fixes the value of g, as

25 . 372
5

gs = ¢ (2.28)

Inserting this to the anomalous dimensions obtained above, we find

I 3 _ 3 3
M = Tog0¢ +0(€), 7= T00¢ + O(€’) (2.29)
1
Tn>3 = %n(n —1)(n —2)e+ O(é?). (2.30)

These results are consistent with the perturbative calculation [17, 18] and the conformal
method [3]. In the paper [3], the value of 9 is not derived.

OPE coefficients. Next we will consider the OPE coefficients which are vanishing in
the limit ¢ — 0. Let us consider the following three-point function

e e e

(3(x)p(y)d*(2)) = C114
(O.0(x)(y)d* (2)) ~ 2C1 14|z —y| Ha — 2|74 (2.31)

Again, by the use of the equation of motion, the left-hand side becomes

(O:6(2)6(y)6" (2)) = 5 (& (@)o(y)6" (=)

51
M‘qﬁw—yrlm—z\%. (2.32)
Then we obtain the lowest order coefficient
01,174’0(9) = 2(4977)5' (2.33)
In a similar way, considering the three-point function (¢(x)¢(y)¢%(2)), we obtain
C’1,1,6|O(g) = (4;qr)6. (2.34)

Justification of the form of the 3-pt function for n = 3,4. In the above calculation,
we assume the following form of the three-point function. This is correct for the (quasi-
)primary operators but not for their descendants. For the descendant fields, we generically
have the different terms. Here we will justify that in the lowest order calculation it is
enough to restrict the form of the three-point function to the following form.

(G(@)" ()67 (2)) = Crumprle = gl 817 S0y = 2fS1-80= By 2|2 di-8en,
(2.35)
Let us first consider the three-point function,

(d(2)8" ()¢ (2)) - (2.36)



Since ¢°(2) is a descendant of a single ¢(2) field, this is proportional to

; (6(2)6 (1) 026(2)) (2.37)

This correlation function is constrained by the conformal symmetry as follows.

(¢(m)¢4(y)qu§(z)) =C1410; (]x — y[‘A‘l’y — Z’—Azx’m _ Z]A4_2A1)
=C141042A1 +2 —d)|z — y|_A4]y — Z|—A4—2|$ _ Z|A4—2A1
+ C1,4,1(2A4 —A4)(2A1+2—d)\x—y\*ﬁ4‘y_z‘fA4 ‘x_z‘m—mrz
N T
(2.38)

Since the first and second lines have the pre-factors 2A14+2—d = 2y, = O(g2) and C1 4,1 =
O(g), then including the 1/g factor, these two lines are totally the O(g?) contributions.
Since we are calculating the O(g) contribution to the anomalous dimensions for 7,,>3, these
terms can be neglected. On the other hand, the third line is % Cr,4,104(2A1 — Ay) = O(g°)
and remains at the lowest-order calculation. If we notice the relation

As = A1 +2, (239)
the last term can be recast in

017475@ o y‘fA1*A4+A5 ’y _ Z|7A4*A5+A1 |x _ Z‘A47A17A57 (2‘40)

where we combine all the O(g") coefficients into Cy 45. This is the reason why the above
form of the three-point function is adequate for our purpose. For the correlation function
(¢(x)¢°(y)¢%(2)), the same argument can be applied. This situation is applied for the
¢*-theory in (4 — €) dimensions. But for the ¢3-theory in (6 — €) dimensions, the situation
is quite different since the wave function renormalization start from the one-loop graph.
Then for the ¢3-theory, we should include the terms neglected here.

3 ¢@*-theory in (4 — €) dimensions

A next example is a ¢*-theory in (4 — ¢) dimensions. This can be analyzed in the same
manner as the previous section, where the forms of the three-point functions including the
descendant field can be approximated as if they are the correlation functions only with the
primaries.

Set-up. The action and the anomalous dimensions are defined as

1 €
S:/dd:c (2a¢2+gﬁ¢4>, d=4—c (3.1)
€ €
A=Ay = (1—§)+71, Ay = A¢n_n<1—§)+%. (3.2)
The classical equation of motion relates O¢ to ¢3,
gpe
D¢ = o (3.3)



Two-point function. We start with the two-point function of ¢:

tree—level 1 1
= R P 4
(@(@)6(0) e (3.4)
(p(x)o(y)) = clo—y[ > (3.5)
Taking the derivatives of the above function, we have
(O (2)0¢(y)) = cOxOy |z — y| 22
= 2eA1(2A1 +2)(2A1 + 2 — d)(2A1 4+ 4 — d)|x — y| 214
8 _

~ eyl (3.6)

We can evaluate the left-hand side at O(g?) by using the classical equation of motion.

(Od(a ( ) (@) W)
g eyl (3.7)
Therefore we obtain
1 2
n=5.5 (i) 59

Three-point function. Next, we will study the three-point functions in order to derive
the anomalous dimensions of the composite operators and to find the critical value of
the coupling g.. Let us start with the correlator (¢(z)¢(y)¢?(2)), whose general form is
constrained from the conformal symmetry as

(@(@)d(y)d?(2)) = Craple — y|*2 7?21y — 2|72z — 2|52, (3.9)

where the tree-level coefficient of Cf 1 2 is obtained from the simple calculation of the Wick

contractions and it is 1

C1s = o (3.10)

First, we will take the derivative by O, and evaluate the right-hand side at the lowest order.

(O20(2)p(y)9*(2)) = Cr12(201—A2) (241 + 2 — d)|w — y| 22722 2|y — 2 782|z — 2|22
+ C112082(2A1 +2 —d)|z — y]AQ_QAl ly — z|_A2|ac — z|_A2_2

— C1,1202(201 — Ag)|z — y|A2 72817 2|y — 2|7 B2 F 2|y — |7 R272

= Cr12(2v1 — 72)271|z — y|A2 22y — 2| A2 — 2| TR

+ C11200271 |7 — y[2 2 |y — 2| TRz — 2R
— Cr1200(271 — yo)|w — y|A2 22y — | TR g g B2 2

72272 —4C 1 omi|w — y| | — 27

~4C 1 omly — 2| 7527 — 2
+ Criplomelr — y| 2 2y — 2|72 Rz — 272272+ O(g%)

~ 2011 290)e =y Ple — 2|7+ O(g?), (3.11)



where we used the fact that ~; starts with O(g?), which is the result from the study of the
two-point function. By using the classical equation of motion, the left-hand side becomes

(D20(2)6(1)6*(2)) = 5 (6°(@)o()6*(2))

g - _
~ G |z —y| |z — 2|7 + O(g?) (3.12)
Then, comparing these two, we find
g
Y2 = 1671’2 . (313)

One may expect that if we apply further the derivative O, to the above three-point function,
we get the O(g?) result of the anomalous dimension ~2. However this is not the case since
we will get the uninteresting relation

7 = 0(g%). (3.14)
For the composite operators ¢", we study the following three-point functions.

(0(2)¢" ()" (2)) = Crppar | — y| St B[y — 2| B17Bn =Bt 2| BnmBi=Bnn

(3.15)
For n = 2, 3, the correlator includes a descendant field 3, then the right-hand side generally
involves other terms. However the coefficients of such terms start with O(g) or more higher
power of g. In the following we will consider the O(g) contribution, so these terms can be
neglected as before. Notice that we take a derivative of this correlator and this manipulation
gives rise to another O(g) pre-factor, so in the above we have to only retain the terms with
O(g°) coefficients. The tree-level coefficient C1nn+1 is given by

Ctree (n + 1) !

1,n,n+1 = (47T2)”+1 . (316)

As mentioned above, we will take a derivative by O, and compare it with the result from
the classical equation of motion.

(D26(2)0" ()" (2)) = 2C1 1 (Ynt1 — W)l — y| 2|y — 272"z — 27 + O(g%)

(3.17)
n n g ‘ n n
(B2 ()0 (y)¢" " (2)) = 31 (@ ()" (y)o" 1 (2))
1 -2 —2n+2 —4
Ngn!n+1c2m\$—y‘ ly — 2| |z — 2| (3.18)
Then we find the following recurrence relation
_gnr

Tn+1l — Tn = A2 4 (319)

Remembering the result (3.13), 42 = 3¢z, this is easily solved as

~10 -



From the assumption Az = A7 + 2, we have
V3N =€ (3.21)

and the critical coupling is found to be

€. (3.22)

The anomalous dimensions of the composite operators are summarized as

62

1
= = -n(n -1 2 2
M= 105 22 6”(” Je+O(€), (3.23)
which is consistent with the perturbative results [19, 20] and the conformal method devel-

oped in [1].
4 ¢3-theory in (6 — €) dimensions
In this section we study the ¢3-theory in (6 —¢) dimensions. As claimed earlier, in this case

we should be very careful about the three-point functions including the ¢? fields since ¢? is
a descendant and the three-point functions become more involved. The bare Lagrangian is

S:/ddx <ia¢2+“‘”§2¢3>, d=6—¢ (4.1)
and the scaling dimensions are defined as
Ari=8y=(2-5) 47, Aui=Ag =n(2-5) + 9. (4.2)
The classical equation of motion is
O¢ = 9“26/2 2. (4.3)

Two-point function. For two-point functions, the manipulation is completely the same
as the previous two sections.

(B(z)o(y)) o= ;,x_lw (4.4)
G@oy) = clo—y (4.5)

For the case where a single d’Alembertian O, acts on the above two-point function, the re-
sulting correlation function (¢?(z)@(y)) is vanishing at the tree-level approximation. Then

- 11 -



we need to take the derivatives of the two-point function by O, and O,,

(O(2)0¢(y)) = OOyl —y| 72
= 2eA1 (201 +2)(2A1 + 2 — d)(2A1 4+ 4 — d) |z — y| 7214

~ 42 6eyi|x — y|_2A1_4
24 _
~ Dl — 4, (1.6)
€/2 2
g
(0o ()06 (y)) = (‘;) (¢ (2)6*(y)
2
g- 1 _8
g B 4.
ol v (4.7)
Therefore we find that the O(g) contribution to ~; is absent and
1 g2
= A 4.
R WEpES (4.8)

Three-point function. First, let us assume that the field ¢™ is a conformal primary
with the scaling dimension A,, except for n = 2. The three-point function of ¢ is fixed by
the conformal symmetry as

(@(@)d(y)d(2)) = Cruale — y| ™y — 2|~ — 2[5, (4.9)

Since the above three-point function is zero for the free theory limit, C; ;1 = O(g). By
taking a derivative by O, we obtain

(D20()0(y)d(2)) = Cr11AL2AL +2 = d)|w — y| "1 2|y — 2| 2tz — 2|~
+C111A1(2A1 +2 —d)|z — y| Ay — 2| A g — 2| TA12
— Craa (A1) —y| "2 Py — 2T — o
~ —4C171,1|:1:—y|_4|x—z|_4—|—0(92). (4.10)

Using the classical equation of motion, we find

(026(2)6(y)d(2)) = T ($(a)*6(y)d(2))

g _ _
~ W\x—y\ Yo — 2|71+ O(g?), (4.11)
and then
01’1,1 = —ﬁ + O(g2). (4.12)

Next, we will consider the three-point function including the descendant ¢?. This can be
obtained from the three-point function (¢(z)¢(y)¢(2)) since we are now assuming ¢? is a
descendant. At the leading order we find

(6(2)6()d%(2)) = j (6(2)6 (1) D26(2)

/71 — _ _ ’)/1 o o 4
~ _ﬁ‘x_y’ 2‘y_2" 4‘$_Z’ 2—@|x—y| 2|y—z| 2|:U—z|
e AL e o ) s
T
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where we omitted the unnecessary terms and factors for our purpose of the O(g?) compu-
tation. For example, in the second line, the terms are proportional to 1, so the powers
of |z — yl|,|y — 2| and |z — z| can be replaced with the classical values. Notice that the
difference between this expression and the 3d or 4d ones. In the previous two sections, we
can drop the first two terms since the anomalous dimension 7; started with O(g?) and the
one of the descendant field starts with O(g). However, in the six-dimensional ¢3-theory,
these two quantities would start with the same order, then we should retain all the three
terms above.
Being multiplied by O, and O,, the right-hand side becomes

(Ee0@00) ) = (D + D) oyl sl e - )

On the other hand, applying the classical equation of motion, we find

2

(O (2)Tyd(y)d*(2)) = - (¢ (2)9” (y)¢*(2))

4
9°2° 4 4 4
NW\x—y\* ly — 2| |z — 2|7 (4.15)
Comparing these two results, we obtain
2
€ g
M = 6 + 73 433 (4‘16)
Combining this with
_ 1 g
N =3 B (4.17)

we find the critical coupling and the critical exponent

2. 4373 1
gl =— e+0(?), m(g?) = ST U O(é?). (4.18)

This result is consistent with the perturbation results (see, for example, [21-23]). The
conformal method developed in [1] was not applicable to this theory since they crucially
used the conditions that 71 = O(€?) and 7,51 = O(€). However our method does not rely
on these condition and can be widely applied.

5 ¢;¢;o interaction in (6 — €) dimensions

This section generalizes the ¢3-theory in d = (6 — ¢) dimensions by adding the ¢;¢;x
interaction. We will also include the y? term.

1 1
The theory was recently studied in [11, 24] (for an old reference, see for example, [25]).

The B function of g; is very similar to the one of the four-dimensional QCD. When we
limit to the case with go = 0 and € = 0, the theory is asymptotically free for N < 8 and
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we have the IR free phase for N > 8, . For N = 8, the 8 function is vanishing at least
from the one-loop analysis and it would show the conformal symmetry and we can use the
conformal method. The theory can also have the Lee-Yang zero for the imaginary values
of the couplings. For the large NV limit, the Wilson-Fisher fixed point is realized at the real
values of the couplings. The classical equations of motion for ¢; and x are

06 = gixdi,  Ox = Tondn+ 2’ (5:2)
The scaling dimensions are defined as
€ €
Bg=(2= )+ Ay =(2-5)+mn (5.3)

Two-point function. The theory includes the two types of the scalar fields, ¢; and Yy,
then we have the two propagators.

(i(2) i (y)) = cgdijlz —y| 722 (5.4)
(xX(@)x () = exlz —y| 72 (5.5)

Applying the two differential operators, O, and O,, we obtain the following result.

2
Yo = 2(49;)3 (5'6)
1 (giN 2
=15 (e * i) o

where we used the classical equations of motion. This is precisely identical to the one-loop
calculation.

Three-point function. Next, let us study the three-point functions which effectively
determine the § functions at the leading order and the critical values of the couplings. The
analysis of the three-point function is more subtle since now the theory has the two types
of the scalar fields and the equations of motion should involves the various terms.

We start with the correlation function, (¢;(x)¢;(y)x(2)). By the assumption that the
fields ¢; and x are the primary fields, the coordinate dependence is completely fixed as

(i(2)j(Y)x(2)) = Cijylz — y| X 280|y — 2| 7% |z — 2|75, (5.8)

where the three-point function above is classically vanishing, then the coefficient is O(g1).
We will first determine the leading behavior of Cj;,. We multiply the above function by
the differential operator O,, we find

(6i(2) (1) T2x(2)) = Cijy D]z — y| X280y — 2| 75x |z — 2|7

~ —A4Ci |y — 2| Ha — 27 (5.9)
(@:(@); (1) 0x(=)) = (6i()s;(v) (S onn + $x7))
~ (Z;(ii§2|y—z|_4|x—z|_4, (5.10)
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where in the third line above, we used the classical equation of motion for y. Comparing
the second and fourth lines, the coefficient is determined to be

g1

Cijxliowest = o464 (5.11)

at the leading order of the perturbation. The similar manipulation for the three-point
function (x(z)x(y)x(z)) gives

92

CXXX|10west = _64776 (512)

Next we will study the correlation functions which involve the descendant field. The
form of the correlation function is fixed by the equation of motion and the three-point
function of the primary fields.

(61(2)0;(4) (Bude) (2)) = 92 (61(2)0; () (Ox — L33)(2))

2
= 20, 6i@)oi )X () — Z Gi@d w3 (5.13)
g1 g1

We multiply the above expression by the derivatives O, and O,,
2 _ _ _
<D¢z(x)D¢](y)(¢k¢k)(z)> = acinDnyDAx - y\AX 2A¢|y — Z| AX|£U — Z| Ax

- % (D6s(x)06;(y)x*(2)) (5.14)

The left-hand side at the leading order can be evaluated by the classical equation of mo-

tion as

(O¢i(2)0;(y) (Prr) (2)) = 97 (xPi(x) x5 (y) (D) (2))

290i

~ 64

The right-hand side in (5.14) is also evaluated as foliows.

z—yl Ny — 2 Yo — 2! (5.15)

2 _ _ _
EC’inDnyDAx — y|AX 2A¢]y — z| Ax\x — 2| Ax

20,4 € _ _ _
~ ﬂéj(27¢+’yx—§)!$—y\ Ny—2"Me -2~ (5.16)

_% (B6i(2)0¢; (y)x*(2)) = —g192 (xi(2)xi (y)x*(2))

o 291920i;
649

o —y| ™y — 2 — 2! (5.17)
Comparing the both sides we find

e @ g

2 == . 1
YN TS T Gand T 6 (5.18)
If we substitute the results (5.6) and (5.7) in the above, we find
€ 1 (N —8)¢? — 129192 + g3
B = 1
SRR E 2 0 (5:19)
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This is precisely the same as the 8 function for gy,

= Cgy L (N =8)gi — 129100 + 9195
T (4B 12

and it is consistent with the fact that for go = 0, N = 8 and ¢ = 0, the theory is conformal

(5.20)

at the leading order of the perturbation.

Next, we would like to find the § function for g». Then it is plausible to study the
correlation functions, {x(z)x(y)x?(z)) and {(x(z)x(y)x(2)). Since x? is related to Ox and
oror by the equation of motion, we have the following relation.

M WEE) = — () (D= Fenon) (2) (521)
(Cax () Byx(m)3(2) = ;mxmyuz (M@ @X() = 2 (O ()0 x W) ousn(2)
(5.22)
The left-hand side in (5.22) can be evaluated as
(Ox(@) D W) = (D onor + 2x2) @) (Lonon + 2x2) ()
2
~ % O @)X (W)X (2))
2
~ gyl — 2l ol (523)
The two terms in the right-hand side of (5.22) become
~0.0,0. (@) = = (3n—g) ko=l == Mo =27 (520
3
IO (@) Ox ()it (2)) = — L[ — gy — 2o — 2|, (5.25)
92 92

where we used the general form of the three-point function (x(x)x(y)x(z)), which can be
constrained by the conformal symmetries by the assumption that x is a primary field.
Comparing the both sides we obtain

293 2Ngi/ga 2 < €
. (34, — 7) , 5.26
6473 64r3 a6 WX T3 (5.26)

which is equivalent to

€ 1 —4Ng%+Ng%g2 —ng’

- = =0. 5.27
2 + (4m)3 499 (5.:27)
Again, this is consistent with the S function for go
€ —4Ng3 + Ngigs — 393
- = 5.28
o =—502+ 4(4r)3 (5.28)

In this way we correctly reproduce the anomalous dimensions for ¢; and x and the condi-
tions that the 8 functions vanish. It seems difficult to study the composite operators ¢ dy
and x? since these two operators mix with each other and solving the mixing will inevitably
require the one-loop computation. It would be interesting to calculate the mixing matrix
from the tree-level calculation and this direction will be left as a future direction.
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6 Summary and discussion

Motivated by the recent paper [1], we here derived the leading expression of the anomalous
dimensions of the operators ¢" for the ¢%, ¢*-, and ¢3-theories in (3 — ¢), (4 — ¢) and
(6 — €) dimensions respectively. The method developed here does not rely on the Feynman
diagrammatic technique but on the conformal symmetry and on the classical equations of
motion. This is very parallel and similar to the method developed in [1].

One of the differences is that in [1], the operator relation, O¢ = a¢? is not the same
as the equation of motion but just an operator identity coming from the assumption that
¢3 is a descendant of the conformal primary field ¢ at the Wilson-Fisher fixed point. In
this sense, the method in [1] does not rely on the perturbative approach. On the other
hand, in this paper, we used the classical equation of motion, which is just the lowest order
form of the Schwinger-Dyson equation without the contact term and clearly relying on the
Lagrangian-based (perturbative) approach.

The other difference is that in [1] they studied the three-point functions,
(¢™(2)p"  (y)p(2)) and (¢"(z)¢" T (y)$(2)), by using the OPE between ¢" and ¢!
Then this is effectively equivalent to studying the three-point functions, (¢"(x)¢" ! (y)é(2))
and (¢"(z)¢" 1 (y)O¢(2)), in our approach. However, as we have mentioned in section 4, it
is important to study the three-point functions, (¢(z)¢(y)¢?(2)) and (O¢(x)Dp(y)d?(2))
in the ¢3-theory in (6 — ¢) dimensions. Since the later one includes the two differential op-
erators, the information on (D¢ (x)0¢(y)¢?(2)) is not taken into account in the method [1].
This is the reason why the method [1] can not be directly applied to the six-dimensional
¢>-theory.

In this paper, we found the critical coupling g. = g«(€) at the leading order without
any perturbative input. This can be carried out by considering the two- and three-point
functions and their derivatives. The coordinate dependence of these functions is constrained
from the conformal symmetry. By combining these results with the classical equations
of motion we obtained the anomalous dimensions and the critical coupling. It would be
interesting to go beyond the leading order approximation. For example, if we want to know
the next-leading order, we will need to do the one-loop computation since the use of the
equation of motion reduces the loop order required for calculating the physical quantities.
Thus we must inevitably deal with the regularization and the renormalization at this order.

In section 5, we study the theory with the IV + 1 scalar fields,

1 1 .

and we found the anomalous dimensions of the operators ¢; and x. For the composite op-
erators, we have to be careful with the operator mixing, for example, between ¢;¢; and x2.
In our approach it seems difficult to solve the mixing only from the tree-level calculation.
It would be interesting to find the techniques to avoid the one-loop computation.

It would be important to apply the method to more complicated theories including
the various kinds of the scalar and fermion fields [4, 5] and also important to know if the
conformal techniques developed here can be applied to the gauge theories.

17 -



Acknowledgments

I would like to thank Slava Rychkov, Masashi Hayakawa, Dileep Jatkar and Yu Nakayama

for valuable comments and helpful discussions.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

1]

[2]

3]

[4]
[5]

[6]

[7]

[8]

[9]

[10]

[11]

S. Rychkov and Z.M. Tan, The e-expansion from conformal field theory, J. Phys. A 48
(2015) 29FT01 [arXiv:1505.00963] [INSPIRE].

S. El-Showk, M.F. Paulos, D. Poland, S. Rychkov, D. Simmons-Duffin and A. Vichi, Solving
the 3D Ising Model with the Conformal Bootstrap, Phys. Rev. D 86 (2012) 025022
[arXiv:1203.6064] [INSPIRE].

P. Basu and C. Krishnan, e-expansions near three dimensions from conformal field theory,
JHEP 11 (2015) 040 [arXiv:1506.06616] [INSPIRE].

A. Raju, e-Ezpansion in the Gross-Neveu CFT, arXiv:1510.05287 [INSPIRE].

S. Ghosh, R.K. Gupta, K. Jaswin and A.A. Nizami, e-Expansion in the Gross-Neveu model
from conformal field theory, JHEP 03 (2016) 174 [arXiv:1510.04887] [INSPIRE].

K. Sen and A. Sinha, On critical exponents without Feynman diagrams, arXiv:1510.07770
[INSPIRE].

D. Anselmi, Theory of higher spin tensor currents and central charges, Nucl. Phys. B 541
(1999) 323 [hep-th/9808004] [INSPIRE].

A.V. Belitsky, J. Henn, C. Jarczak, D. Mueller and E. Sokatchev, Anomalous dimensions of
leading twist conformal operators, Phys. Rev. D 77 (2008) 045029 [arXiv:0707.2936]
[INSPIRE].

A.N. Manashov and M. Strohmaier, Conformal constraints for anomalous dimensions of
leading twist operators, Eur. Phys. J. C 75 (2015) 363 [arXiv:1503.04670] INSPIRE].

E. D. Skvortsov, On (Un)Broken Higher-Spin Symmetry in Vector Models,
arXiv:1512.05994 [iNSPIRE].

S. Giombi and V. Kirilin, Anomalous Dimensions in CFT with Weakly Broken Higher Spin
Symmetry, arXiv:1601.01310 [INSPIRE].

D.J. Amit, Field theory, the renormalization group, and critical phenomena, World Scientific,
Singapore (1984).

E. Brézin, C. De Dominicis and J. Zinn-Justin, Anomalous dimensions of higher-order
operators in the phi-to-the-4 theory, Lett. Nuovo Cim. 9S2 (1974) 483 [INSPIRE].

P. Mati, Critical scaling in the large-N O(N) model in higher dimensions and its possible
connection to quantum gravity, arXiv:1601.00450 [INSPIRE].

P. Mati, Vanishing B-function curves from the functional renormalization group, Phys. Rev.
D 91 (2015) 125038 [arXiv:1501.00211] [iNSPIRE].

~ 18 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1088/1751-8113/48/29/29FT01 
http://dx.doi.org/10.1088/1751-8113/48/29/29FT01 
http://arxiv.org/abs/1505.00963
http://inspirehep.net/search?p=find+eprint+arXiv:1505.00963
http://dx.doi.org/10.1103/PhysRevD.86.025022
http://arxiv.org/abs/1203.6064
http://inspirehep.net/search?p=find+J+%22Phys.Rev.,D86,025022%22
http://dx.doi.org/10.1007/JHEP11(2015)040
http://arxiv.org/abs/1506.06616
http://inspirehep.net/search?p=find+J+%22JHEP,1511,040%22
http://arxiv.org/abs/1510.05287
http://inspirehep.net/search?p=find+eprint+arXiv:1510.05287
http://dx.doi.org/10.1007/JHEP03(2016)174
http://arxiv.org/abs/1510.04887
http://inspirehep.net/search?p=find+J+%22JHEP,1603,174%22
http://arxiv.org/abs/1510.07770
http://inspirehep.net/search?p=find+eprint+arXiv:1510.07770
http://dx.doi.org/10.1016/S0550-3213(98)00783-4
http://dx.doi.org/10.1016/S0550-3213(98)00783-4
http://arxiv.org/abs/hep-th/9808004
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B541,323%22
http://dx.doi.org/10.1103/PhysRevD.77.045029
http://arxiv.org/abs/0707.2936
http://inspirehep.net/search?p=find+J+%22Phys.Rev.,D77,045029%22
http://dx.doi.org/10.1140/epjc/s10052-015-3595-2
http://arxiv.org/abs/1503.04670
http://inspirehep.net/search?p=find+J+%22Eur.Phys.J.,C75,363%22
http://arxiv.org/abs/1512.05994
http://inspirehep.net/search?p=find+eprint+arXiv:1512.05994
http://arxiv.org/abs/1601.01310
http://inspirehep.net/search?p=find+eprint+arXiv:1601.01310
http://dx.doi.org/10.1007/BF02819916
http://inspirehep.net/search?p=find+J+%22Lett.NuovoCim.,9,483%22
http://arxiv.org/abs/1601.00450
http://inspirehep.net/search?p=find+eprint+arXiv:1601.00450
http://dx.doi.org/10.1103/PhysRevD.91.125038
http://dx.doi.org/10.1103/PhysRevD.91.125038
http://arxiv.org/abs/1501.00211
http://inspirehep.net/search?p=find+J+%22Phys.Rev.,D91,125038%22

[16]

[17]

[18]

[19]

[20]

[21]

[22]

R.D. Pisarski, Fized point structure of (¢°) in three-dimensions at Large-N, Phys. Rev. Lett.
48 (1982) 574 [INSPIRE].

J.S. Hager, Siz-loop renormalization group functions of O(n)-symmetric ¢°-theory and
e-expansions of tricritical exponents up to €3, J. Phys. A 35 (2002) 2703 [INSPIRE].

A.L. Lewis and F.W. Adams, Tricritical behavior in two dimensions. 2. Universal quantities
from the e-expansion, Phys. Rev. B 18 (1978) 5099 [NnSPIRE].

H. Kleinert and V. Schulte-Frohlinde, Critical properties of ¢*-theories, World Scientific,
Singapore (2001).

S. Kehrein, F. Wegner and Y. Pismak, Conformal symmetry and the spectrum of anomalous
dimensions in the N vector model in four epsilon dimensions, Nucl. Phys. B 402 (1993) 669
[INSPIRE].

M.E. Fisher, Yang-Lee Edge Singularity and phi**3 Field Theory, Phys. Rev. Lett. 40 (1978)
1610 [INSPIRE].

O.F. de Alcantara Bonfim, J.E. Kirkham and A.J. McKane, Critical Exponents to Order €3
for * Models of Critical Phenomena in Siz e-dimensions, J. Phys. A 13 (1980) L.247
[Erratum bid. A 13 (1980) 3785] [INnSPIRE].

O.F. de Alcantara Bonfim, J.E. Kirkham and A.J. McKane, Critical Exponents for the
Percolation Problem and the Yang-lee Edge Singularity, J. Phys. A 14 (1981) 2391 [INnSPIRE].

L. Fei, S. Giombi and I.R. Klebanov, Critical O(N) models in 6 — € dimensions, Phys. Rev.
D 90 (2014) 025018 [arXiv:1404.1094] [iNSPIRE].

S.V. Mikhailov and A.V. Radyushkin, Structure of Two Loop Evolution Kernels and
Evolution of the Pion Wave Function in ¢ in Siz-dimensions and QCD, Nucl. Phys. B 273
(1986) 297 [INSPIRE].

~19 —


http://dx.doi.org/10.1103/PhysRevLett.48.574
http://dx.doi.org/10.1103/PhysRevLett.48.574
http://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,48,574%22
http://dx.doi.org/10.1088/0305-4470/35/12/301
http://inspirehep.net/search?p=find+J+%22J.Phys.,A35,2703%22
http://dx.doi.org/10.1103/PhysRevB.18.5099
http://inspirehep.net/search?p=find+J+%22Phys.Rev.,B18,5099%22
http://dx.doi.org/10.1016/0550-3213(93)90124-8
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B402,669%22
http://dx.doi.org/10.1103/PhysRevLett.40.1610
http://dx.doi.org/10.1103/PhysRevLett.40.1610
http://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,40,1610%22
http://dx.doi.org/10.1088/0305-4470/13/7/006
http://inspirehep.net/search?p=find+J+%22J.Phys.,A13,3785%22
http://dx.doi.org/10.1088/0305-4470/14/9/034
http://inspirehep.net/search?p=find+J+%22J.Phys.,A14,2391%22
http://dx.doi.org/10.1103/PhysRevD.90.025018
http://dx.doi.org/10.1103/PhysRevD.90.025018
http://arxiv.org/abs/1404.1094
http://inspirehep.net/search?p=find+J+%22Phys.Rev.,D90,025018%22
http://dx.doi.org/10.1016/0550-3213(86)90248-8
http://dx.doi.org/10.1016/0550-3213(86)90248-8
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B273,297%22

	Introduction
	phi**6-theory in (3-epsilon) dimensions
	phi**4-theory in (4-epsilon) dimensions
	phi**3-theory in (6-epsilon) dimensions
	phi(i) phi(i) sigma interaction in (6-epsilon) dimensions
	Summary and discussion

