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1 Introduction

The long standing problem of constructing a ghost-free interacting theory of a massive

spin-2 field has been solved in the last few years by de Rham, Gabadadze and Tolley

(dRGT) [1, 2]. It is strongly tempting to interpret this theory as a Higgs phase of General

Relativity (GR), but to date a satisfactory microscopic theory which leads to Poincaré-

invariant massive gravity via symmetry breaking remains elusive.1 Therefore, to investigate

1The ghost condensate [3] can be thought of as a Higgs-ing that leads to Lorentz violation. Another

recent proposal for a UV extension of Lorentz-violating massive gravity is [4]. For an intriguing construction

on AdS space, see [5, 6].
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gravity in a Higgs-ed phase, one is forced to take a somewhat broader view and focus on

gross features which follow from symmetry breaking. The goal of this paper is to revisit the

approach of viewing massive gravity as a theory of spontaneously broken gauge symmetry

by employing nonlinear realization techniques to construct the effective theory.

Before undertaking the construction of massive gravity in this language, we first con-

sider constructing Einstein gravity itself as a theory of a Goldstone field, the metric, which

nonlinearly realizes an infinite number of rigid symmetries making up the diffeomorphism

symmetry. This viewpoint has been considered before [7–12], but our approach to General

Relativity differs in that it constructs the theory in the vielbein formulation and explicitly

nonlinearly realizes both diffeomorphisms and local Lorentz transformations — this may

prove to be useful for some applications, and is crucial for the later construction of mas-

sive gravity. Similar techniques can be employed to construct Yang-Mills gauge fields as

Goldstone bosons [13]. In [14] it was shown that these techniques can be extended to treat

gauge theories in a spontaneously broken phase, leading to a theory of massive spin-1 fields

(or equivalently gauge fields and Stückelberg fields). It is this approach we will employ

here: after constructing Einstein gravity from the symmetry-breaking viewpoint, we will

the proceed to consider “Higgs-ing” the construction in order to build the effective theory

for the broken phase. Completely analogously to the Yang-Mills case, we find that the

construction leads to the theory of a massive spin-2 field.

Our aim is more than the construction of an arbitrary theory of a massive spin-2

particle, since it is known that a generic such theory will propagate an additional, ghostly,

polarization [15], as we review below. Thus, we are motivated to see whether there is a

symmetry breaking pattern for which the low energy degree of freedom is a massive spin-2

and for which only the dRGT potentials are allowed. As we will argue, this appears not

to be possible. This is perhaps not surprising, as it appears that quantum corrections

in the dRGT theory generate additional terms [16]. Another possibility is that the dRGT

terms could be singled out as Wess-Zumino terms of the construction, as has been shown to

happen for the Galileon scalar field theories that emerge as a particular limit of dRGT [17].

This does not happen either. However, there are a number of intriguing features that appear

in the course of the construction, which we summarize here:

• The dRGT potentials appear as among the simplest terms that can be constructed,

requiring only the exterior product of forms. Similarly, in the Einstein gravity case,

the Lovelock invariants are the only terms that may be constructed in this way.

This reinforces the notion that the dRGT potentials are in some sense generalized

characteristic classes.

• In addition to the dRGT terms, we identify a parity-violating term that appears

to be unstudied in the literature. This term depends only on the anti-symmetric

part of the vielbein, and so it vanishes on the usual branches of dRGT and bi-

metric gravity, where symmetry of the vielbein is important to the equivalence of the

metric and vielbein formulations. However, in non-trivial branches of in multi-metric

situations where the theory graphs of [18] form closed loops, this term may possibly

be nontrivial.
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In the remainder of this section, we briefly review the construction of ghost-free massive

gravity and comment on the idea of Higgs-ing gravity and its relation to massive gravity

in general. We then review the viewpoint of gauge fields as Goldstone bosons, which is

somewhat non-standard but is a powerful formal tool. In section 2, we review the coset

construction formalism, in which the remainder of the paper is cast. In section 3 we apply

this formalism to Einstein gravity, after identifying the appropriate infinite-dimensional

symmetry algebras to be nonlinearly realized. Next, we consider further breaking of the

symmetries in section 4 in order to construct massive gravity. We then apply the same

techniques in section 5 to the closely related bi-gravity and multi-vielbein theories, which

follow straightforwardly. Finally in section 6 we conclude and provide some remarks about

applications and insights from this construction.

1.1 Brief review of massive gravity

The history of massive gravity is long and complicated and there are still unresolved issues

in the field (see e.g. [19] and the counterarguments in [20]), so we only review the bare

minimum required here (see the reviews [20, 21] for more details).

Fierz and Pauli first wrote down a consistent quadratic theory which propagates the

appropriate five degrees of freedom of a massive spin-2 field of mass m [22],

L = −1

2
∂λhµν∂

λhµν + ∂µhνλ∂
νhµλ− ∂µhµν∂νh+

1

2
∂λh∂

λh− 1

2
m2
(
hµνh

µν − h2
)
, (1.1)

where hµν is the metric perturbation about flat space, gµν = ηµν+hµν . The two-derivatives

terms in (1.1) comprise the standard quadratic kinetic term — which is the Einstein-

Hilbert term of GR linearized about flat space (all indices are raised and lowered with ηµν ,

and h ≡ hµνη
µν). Note that the mass terms ∼ m2h2 break diffeomorphism invariance.

While (1.1) provides a consistent starting point, Boulware and Deser showed that the

addition of interaction terms generically causes the theory to propagate a 6th degree of

freedom, which is a ghost [15].

However, de Rham, Gabadadze and Tolley (dRGT), building from the results of [23,

24], discovered that, by suitably tuning the interactions, one can form a specific nonlinear

theory which continues to propagate only five degrees of freedom [1, 2]. The absence of the

sixth degree of freedom was shown conclusively in [25, 26] through a Hamiltonian analysis.

The original formulation of the theory involves intricate potentials built from the square

root matrix (
√
g−1η)µν . However, for our purposes an alternative formulation of the dRGT

theory in terms of vielbeins is more useful and is given in2 [18], whose conventions we follow.

Given the vielbeins eµ
a, related to the metric via gµν = ηabeµ

aeν
b, and vielbein one-forms

ea ≡ eµadxµ, the dRGT action can be written in the following form

S =
M2

pl

2

∫
d4x det(e)R[e]−

m2M2
pl

8

∫
LdRGT
m , (1.2)

2The vielbein formulation of dRGT massive gravity was anticipated in [27, 28].
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where the dRGT mass terms are given by

LdRGT
m =

β0

4!
εabcde

a ∧ eb ∧ ec ∧ ed +
β1

3!
εabcd1

a ∧ eb ∧ ec ∧ ed

+
β2

4
εabcd1

a ∧ 1b ∧ ec ∧ ed +
β3

3!
εabcd1

a ∧ 1b ∧ 1c ∧ ed . (1.3)

In (1.3), 1a ≡ δaµdxµ is the unit vielbein corresponding to the fixed Minkowski fiducial

metric, and the β0 term simply corresponds to the cosmological constant. In order for flat

space to be a solution, the coefficients must satisfy β0 + 3β1 + 3β2 + β3 = 0 and for the

action (1.2) to correspond to a graviton of mass m requires β1 + 2β2 + β3 = 8. These

specially-chosen potentials lead to the additional constraints that are necessary to exorcise

the ghostly sixth degree of freedom that afflicts generic massive gravity theories. A primary

goal of this paper is to determine under which conditions spontaneous symmetry breaking

can lead to the action (1.2).

1.2 Higgs-ing gravity

Since the discovery of spontaneous symmetry breaking (SSB), there have been numerous

attempts to marry this phenomenon to gravity, for example by interpreting GR itself as the

result of SSB [29–31] or by using a Higgs mechanism to give the graviton a mass [32, 33].

Focusing on the latter possibility, it is well-known that if the graviton acquires a mass

through SSB, the mechanism must be qualitatively different from the manner in which

Yang-Mills gauge bosons become massive [34]. Schematically, a typical matter field, ψ,

gauged under some group, G, will couple to the associated gauge bosons, Aµ, through the

covariant derivative so that the Lagrangian will contain a term L ⊃ ((∂ +A)ψ)2. If ψ

then acquires a vacuum expectation value (VEV) via symmetry breaking, i.e., 〈ψ〉 6= 0,

this generates a mass term for the gauge bosons: L ⊃ 〈ψ〉2A2. The directly analogous

scenario for gravity does not generate a mass for the graviton because the gravitational

covariant derivative causes ψ to couple derivatively to the graviton. For instance, if ψ has

a Lorentz index then ψ couples to the spin connection ωµ
ab through ∇ψ = (∂ +ω)ψ; since

the spin connection involves derivatives of the gravitational field, a VEV for ψ does not

cause the gravitational covariant derivative to generate mass terms. The gravitational field

does couple non-derivatively to the potential for ψ through L ⊃
√
−g V (ψ), but here, of

course, a VEV for ψ only leads to a cosmological constant, not a true mass term.

Therefore, while a Higgs mechanism for gravity may exist, we expect that its form will

be quite distinct from examples familiar to us from the study of Yang-Mills (some arguments

suggest that if a Lorentz invariant UV completion does exist, it must be strongly coupled or

be somehow non-field theoretic [35]). Lacking a satisfactory microscopic model to examine,

it is fruitful to turn to the more general features of symmetry breaking and focus on the

generic properties that a potential model must display. In particular, regardless of the

details of the breaking mechanism, after a symmetry is spontaneously broken, the theory

remains invariant under the symmetry, albeit in a nonlinearly-realized form. This places

strict constraints on the resulting interactions of the low energy theory.
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1.3 The coset construction and gauge theories

To a remarkable extent, the physics of a system can be deduced from knowing the pattern

of symmetry breaking. For example, consider a symmetry group, G, broken down to

one of its subgroups, H. The broken phase will generically linearly realize the preserved

symmetry subgroup H and nonlinearly realize the elements G/H that were not preserved

in the breaking. Having specified such a pattern, Callan, Coleman, Wess and Zumino

(CCWZ) [36, 37], and independently Volkov [38], developed a method through which one

can algorithmically construct the most general Lagrangians which linearly realize H and

nonlinearly realize all the broken transformations. This so-called “coset construction”

captures the dynamics of the Goldstone modes which govern the low energy physics after

spontaneous symmetry breaking.

Such methods prove invaluable in the construction of an effective field theory (EFT)

which describes the low energy physics. These techniques are particularly powerful when

the dynamics that lead to symmetry breaking are difficult to understand analytically, or

are unknown. For example, in the case of pion physics [39], strong dynamics break the

approximate chiral symmetry of QCD — which is difficult to treat analytically — but

the coset construction gives us access to an EFT in which low-energy quantities can be

systematically calculated. Even without a full understanding of the underlying theory,

nonlinear realization techniques can provide us with non-trivial information regarding

the broken phase. We aim to apply these methods to understand gross features of a

Higgs phase of gravity, despite our ignorance of the microscopic dynamics which generate

the SSB.

Although the coset construction was initially developed to treat spontaneously broken

global symmetries, this is not the only situation in which it is applicable. In particular,

gauge theories nonlinearly realize the local versions of their symmetry groups and the coset

construction can be employed here as well. More precisely, the schematic transformation for

a Yang-Mills gauge field is A 7→ U−1(x)(A+d)U(x) which represents a linear transformation

when U(x) is global (i.e., independent of x) and a nonlinear one when it is local. Applying

the coset methods to this scenario in which we take a typical YM gauge group G —say

SO(N) or SU(N) —and demand that global and local G transformations are linearly and

nonlinearly realized, respectively, one finds that the resulting building blocks are those of

Yang-Mills theory [8, 13]. That is, one finds that the Lagrangian for the gauge field must be

constructed from the usual field strength tensor F aµν and that it couples to matter through

the gauge covariant derivative, ∇ = ∂ +A. Therefore, starting only with a specification of

the symmetries of the system, the coset construction picks out Yang-Mills as the proper

representation.3

In [14] it was demonstrated that coset methods also faithfully reproduce the physics

of gauge theories in the Higgs phase. In this scenario both the global and local parts of

the Yang-Mills gauge group G are nonlinearly realized and one imagines that the nonlinear

realization of global transformations is caused by some physical symmetry-breaking process.

3Because gauge theories involve spacetime dependent transformations there are additional subtleties

which do not arise in the internal symmetry case, see [14] for details.
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Applied here, coset methods determine that the low energy physics is governed by massive

gauge bosons with mass terms written in the Stückelberg language, as expected.

The central goal of this paper is to perform the analogous procedure for the case of

gravity, beginning by constructing GR through the method of nonlinear realizations by

identifying the appropriate groups and cosets required.

Conventions: we work with the mostly-plus metric signature ηµν = (−,+,+,+, · · · )
throughout. We (anti)-symmetrize tensors with weight one i.e., S(µν) = 1

2(Sµν +Sνµ). The

Levi-Civita symbol is defined so that ε0123··· = +1.

2 Review of nonlinear realizations

Before building GR, we quickly review the coset construction algorithm. In addition to the

CCWZ formalism, we need to take into account some subtleties which arise in the case of

spacetime symmetry breaking [40–42]. For a more extensive discussion of the methods of

nonlinear realizations, we refer the reader to section 2 of [17].

The CCWZ formalism begins by specifying a breaking pattern from some Lie group

of symmetries, G, down to one of its subgroups, H,

G −→ H. (2.1)

Let {VI} represent the generators of H, {Za} represent the remaining — broken — gen-

erators and assume that the commutator of an element of {VI} with an element of {Za}
will never contain another VI type generator.4 A canonical representative element of the

coset G/H is then written as g(ξ) ≡ exp (ξaZa) where the ξa’s correspond to Goldstone

fields. An arbitrary element g′ ∈ G generates a unique transformation g(ξ) 7→ g̃(ξ, g′), with

g̃(ξ, g′) defined via the condition

g′g(ξ) = g̃
(
ξ, g′

)
h
(
ξ, g′

)
, where h(ξ, g) ∈ H . (2.2)

Defining the fields ξ̃a by g̃(ξ, g′) ≡ exp(ξ̃aZa), the relation between ξ̃a and ξa will be linear

if g′ is an element of H, but is complicated and nonlinear otherwise. In this manner the

Goldstone fields, ξa, linearly realize the symmetries associated with the preserved subgroup

H and nonlinearly realize the remaining broken symmetries.

In order to construct actions we first build the Maurer-Cartan (MC) form Ω ≡
g−1(ξ)dg(ξ), which is a Lie algebra-valued 1-form. Decomposing Ω into its parts along

the broken and unbroken generators as

Ω ≡ ΩaZa + ΩIVI ≡ ΩZ + ΩV , (2.3)

we find that under the transformation induced by an arbitrary element g′ ∈ G the compo-

nents of the MC form transform as

g′ :

{
ΩZ 7−→ h

(
ξ, g′

)
ΩZh

−1
(
ξ, g′

)
,

ΩV 7−→ h
(
ξ, g′

)
(ΩV + d)h−1

(
ξ, g′

)
.

(2.4)

4For a compact Lie algebra, it can be proven that bases can be chosen such that this is true, but for

more general algebras, we take it as a simplifying assumption.
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The utility of the MC form is precisely that it has these nice transformation properties

under the action of the group G. We can build Lagrangians which are invariant under all

the symmetries of G by combining factors of ΩZ together and tracing over group indices

such that the resulting operator is invariant under the transformation (2.4), i.e., are H-

invariant. The ΩV components transform as a connection and can be used to couple the

Goldstone fields to other matter fields which transform in some representation of H.

An important subtlety that arises in the case of nonlinearly realized spacetime sym-

metries is the removal of fields via inverse Higgs (IH) constraints [42]. For a symmetry

breaking pattern G → H, there are näıvely dim(G/H) fields {ξa} in the representative

element g, which is the appropriate number of Goldstone modes for the case of internal

symmetry breaking. However, it is well known that there can be fewer than dim(G/H)

independent Goldstone degrees of freedom when spacetime symmetries are involved [43].

In practice, the rule is that if the commutator between a preserved translation generator,

Pµ, and broken generator, Z1, contains a second broken generator, Z2 —schematically

[Pµ, Z1] ⊃ Z2 —then is is possible to eliminate the Goldstone field corresponding to Z1 by

setting some part of the MC component along Z2 to zero. Our perspective will be that the

inverse Higgs constraints provide a mechanism through which one can consistently reduce

the number of fields in the theory while still realizing all of the symmetries contained in

G; whether or not to impose them is a choice.5

Finally, if there are preserved translation generators, Pµ, when treating a case of

spacetime symmetry breaking, these generators are nevertheless treated on the same footing

as the broken generators due to the fact that translations are nonlinearly realized on the

spacetime coordinates. In this case the MC form is written

Ω = ΩaZa + ΩIVI + ΩµPµ . (2.5)

In addition to constructing invariant actions by using the wedge product to combine forms,

it is also possible to form a covariant derivative from these objects. In this case, the

components along Pµ define a vielbein, eν
µ, via ΩµPµ ≡ dxνeν

µPµ. This vielbein is in

turn used to define an invariant measure, and a covariant derivative of the Goldstone fields

through ΩaZa = dxνeν
µDµξaZa. Invariant actions are formed by contracting factors of

covariant derivatives in an H-invariant fashion, and integrating with the invariant measure.

3 General relativity

We now turn to the construction of Einstein gravity using coset methods. In this construc-

tion, the graviton itself plays the role of a Goldstone field which nonlinearly realizes an

infinite number of symmetries. This is possible because we can think of a gauge symmetry

as an infinite number of rigid global symmetries, most of which are realized nonlinearly.

This viewpoint has been explored multiple times before through a variety of slightly differ-

ing methods [7–11]. In particular, some aspects of this section are similar to section 3 of the

5The circumstances under which one is required to impose an inverse Higgs constraint and eliminate the

Z1 field is still a matter of current research, see e.g. [44–46].
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recent paper [12]. However, an important distinction between our construction and others’

is that we include both the diffeomorphisms and local Lorentz transformation groups in

the coset, which is important for the later construction of massive gravity. There are close

parallels between the coset construction of GR and that of Yang-Mills in [14], which the

reader may find helpful as background for the following sections.

3.1 Symmetries and algebras

We first identify the algebra of symmetries which are realized, both linearly and nonlinearly,

in Einstein gravity. We work in arbitrary (d+1)-dimensions; both Greek and Latin indices

run over {0, 1, . . . , d}. In order to make contact most easily with massive gravity later,

it will prove useful to work in the vielbein formalism. In this case, Einstein gravity is

invariant under both spacetime diffeomorphisms, and local Lorentz transformations (LLT)

which act on the tangent space (the vielbein indices).

The group we will consider is a slight extension of the group of diffeomorphisms plus

LLTs; it is a semi-direct product of diffeomorphisms and an internal, local copy of the

Poincaré group. The extra internal translation generators will act trivially on the familiar

vielbein and spin connection, but will be needed to obtain the correct fields in the coset

construction. Analogously to the treatment of gauge symmetries in [14], we expand the

diffeomorphisms in powers of the spacetime coordinate and treat them as an infinite number

of global symmetries generated by the set P ν1...νnµ, where n ∈ {0, 1, . . .}, which are modeled

by P ν1...νnµ = −xν1 . . . xνn∂µ and which satisfy the commutation relations6

[Pµ1...µmµ, P
ν1...νn

ν ] = −nδ(ν1|
µ Pµ1...µm|ν2...νn)

ν +mδ(µ1|
ν P ν1...νn|µ2...µm)

µ . (3.1)

The gauged ISO(1, d) Poincaré algebra is generated by {Pµ1...µma, Jν1...νnab}, with com-

mutation relations

[P ν1...νna, P
µ1...µm

b] = 0 ,

[P ν1...νna, J
µ1...µm

bc] = ηabP
ν1...νnµ1...µm

c − ηacP ν1...νnµ1...µmb ,
[Jν1...νnab, J

µ1...µm
cd] = −2ηa[cJ

ν1...νnµ1...µm
|b|d] + 2ηb[cJ

ν1...νnµ1...µm
|a|d] . (3.2)

The two sets of generators do not commute and instead satisfy the following relations

[Pα1...αm
µ, P

ν1...νn
a] = −nδ(ν1|

µ Pα1...αm|ν2...νn)
a ,

[Pα1...αm
µ, J

ν1...νn
ab] = −nδ(ν1|

µ Jα1...αm|ν2...νn)
ab . (3.3)

We will need some notation to refer to these groups and their various subgroups. We denote

the local Poincaré group by ISO(1, d)local, its local subgroup generated by Jµ1...µnab, for

all n ≥ 0, by SO(1, d)local and the global group generated by Jab as SO(1, d)global. The

diffeomorphism group is denoted by Diff(d + 1) and the subgroup generated by P νµ —

which generates linear transformations — is denoted by GL(d + 1). Finally, there is a

6Here and throughout, vertical bars around indices indicate that the enclosed indices are omitted from

the (anti-)symmetrization.
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Lorentz subgroup of GL(d + 1) generated by P[µν], where Pµν ≡ ηµσP
σ
ν , which will be

important later and which we denote by SO(1, d)spacetime. In summary,

SO(1, d)spacetime
P[µν]

⊂ GL(d+ 1)
P νµ

⊂ Diff(d+ 1)
P ν1...νnµ

,

SO(1, d)global
Jab

⊂ SO(1, d)local
Jν1...νnab

⊂ ISO(1, d)local
Pµ1...µma,Jν1...νnab

. (3.4)

In order to elucidate which symmetries should be realized linearly or nonlinearly, we recall

how these symmetries act in the vielbein formalism. In these variables, the fields of GR are

the vielbein e a
µ and the spin connection ωµ

ab, which is anti-symmetric in its Lorentz indices.

In the coset construction of Yang-Mills, the transformation properties of the connection

(the gauge field) guide the choice of linearly realized subgroups, and we apply the same logic

to GR. The spin connection transforms under a local Lorentz transformation Λa
a′(x) as

ωµ
ab 7−→ Λaa′Λ

b
b′ωµ

a′b′ − Λbc∂µΛac, (3.5)

and only global Lorentz transformations (for which ∂Λ = 0) are linearly realized. Similarly,

by examining the diffeomorphisms we see that the only linear transformations are those

generated by the GL(d + 1) subgroup. Hence, the breaking pattern we ought to consider

is G→ H with.7 G = ISO(1, d)local ×Diff(d+ 1) and H = SO(1, d)global ×GL(d+ 1).

3.2 Calculation of the Maurer-Cartan form

Now that we have a candidate symmetry breaking pattern, we can employ the coset ma-

chinery to construct building blocks that transform nicely under the symmetries. A repre-

sentative element of G/H is conveniently written as

g ≡ exµPµeφµνaPµνaeφµaPµaeφaPae
1
2

ΘµνabJµνabe
1
2

ΘµabJµab (· · · ) , (3.6)

where (· · · ) contains only higher order factors involving fields along Pµνρa, J
µνρ

ab or gen-

erators with even more Greek indices, which will not be relevant to our calculation. For

instance, components along generators of the form P νρ...µ do not enter our construction

at all, though the role of the GL(d + 1) connection and related terms can be explored in

appendix A.

The Maurer-Cartan form is expanded as

g−1dg ≡ Ω = ΩµPµ + ΩaPa + Ωµ
aPµa +

1

2
ΩabJab +

1

2
Ωµ

abJµab + . . . (3.7)

7Strictly speaking, G and H are not direct products due to the non-trivial commutation relations between

the factors (3.3), but we abuse notation slightly, with this caveat understood.
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Explicit calculation using (3.6), the Baker-Campbell-Hausdorff formula, and the commu-

tation relations (3.1)–(3.3) gives

Ωµ = dxµ ,

Ωa = dφa − dxµφµ
a ,

Ωµ
a = dφµ

a − 2dxνφνµ
a + dφbΘµ

ba − dxνφν
bΘµb

a ,

Ωab = −dxµΘµ
ab ,

Ωµ
ab = dΘµ

ab − 2dxνΘνµ
ab − dxνΘν

[a|c|Θµc
b] , (3.8)

where Latin indices are raised and lowered with the constant flat metric ηab.

3.3 Identifications and inverse Higgs constraints

There is an important identity satisfied by the components of the Maurer-Cartan form,

known as the Maurer-Cartan equation. Consider a Lie algebra with generators Qa, which

obey the algebra [Qa, Qb] = f c
ab Qc; the components of the associated algebra-valued

Maurer-Cartan form defined through Ω ≡ ΩaQa are related by

dΩa = −1

2
f a
bc Ωb ∧ Ωc . (3.9)

For the case at hand, this translates to the following identities satisfied by the MC form

components (3.8),

dΩµ = −Ων
µ ∧ Ων ,

dΩa = Ωµ ∧ Ωµ
a − Ωb ∧ Ωb

a ,

dΩab = Ωµ ∧ Ωµ
ab + Ωac ∧ Ωc

b ,

dΩµ
a = 2Ων ∧ Ωµν

a − Ωµ
c ∧ Ωc

a − Ωc ∧ Ωµc
a + Ωµ

ν ∧ Ων
a ,

dΩµ
ab = 2Ων ∧ Ωνµ

ab + 2Ωµ
[a|c| ∧ Ωc

b] + Ωµ
ν ∧ Ων

ab . (3.10)

Given these relations between the various components of the MC form, we can infer their

relation to the more familiar elements of differential geometry ea, ωab, Ta and Rab (the

vielbein 1-form, spin connection 1-form, torsion 2-form and curvature 2-form, respectively),

which turn out to be the Cartan structure equations and Bianchi identities,

dea = Ta − eb ∧ ωb
a ,

dωab = Rab − ωac ∧ ωc
b ,

dTa = Tc ∧ ωc
a − ec ∧Rc

a ,

dRab = Rac ∧ ωc
b −Rbc ∧ ωc

a , (3.11)

leading us to tentatively identify

ea = Ωa ,

ωab = Ωab ,

Ta = Ωµ ∧ Ωµ
a ,

Rab = Ωµ ∧ Ωµ
ab . (3.12)
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The “tentative” identification is due to the fact that the coset construction produces

infinite towers of fields φµ1...µm
a and Θν1...νn

ab, while GR typically makes use of only the

vielbein ea and the spin connection ωab, with the latter independent or defined in terms

of the vielbein depending on whether we work in the first or second order formulation. In

order to complete the reproduction of standard GR and eliminate the unnecessary fields

we need to impose inverse Higgs constraints. Referring to the rules for the inverse Higgs

effect, we find that we can eliminate every field of the form φν1...νn
a with n ≥ 1 and all

those of the form Θµ1...µm
ab with m ≥ 2. At the order to which we are working, this simply

means that φµ
a, φµν

a and Θµν
ab can potentially be removed.

As is often the case, there is some art in choosing which fields to eliminate, and we

will not want to remove all of them. For instance, we will not want to eliminate φµ
a as this

would require setting ea = 0, and to reproduce GR we cannot have a vanishing vielbein. It

may be interesting to employ such a constraint in other contexts, but not in the present one.

Removing fields then requires setting parts of Ωµ
a and Ωµ

ab to zero, but we do not

necessarily have to set all components of these forms to zero. More precisely, restoring

form indices via Ωµ
a ≡ Ωνµ

adxν and Ωµ
ab ≡ Ωνµ

abdxν , we find that φµν
a and Θµν

ab only

appear in the symmetric components since they themselves are symmetric under µ↔ ν,

Ω(µν)
a = ∂(µφν)

a − 2φµν
a + ∂(µφ|b|Θν)

ba − φ(µ
bΘν)b

a ,

Ω[µν]
a = ∂[µφν]

a + ∂[µφ|b|Θν]
ba − φ[µ

bΘν]b
a ,

Ω(µν)
ab = ∂(µΘν)

ab − 2Θµν
ab −Θ(µ

acΘν)c
b ,

Ω[µν]
ab = ∂[µΘν]

ab −Θ[µ
acΘν]c

b . (3.13)

Therefore, if our goal is to eliminate only φµν
a and Θµν

ab then the appropriate inverse

Higgs prescription is to demand that Ω(µν)
a = 0 = Ω(µν)

ab and nothing more. A one-form

evaluated on the Inverse Higgs constraint will be denoted by Ω
∣∣
IH

, and using these two

conditions we find

Ωµ
a
∣∣
IH

= dxν
[
∂[νφµ]

a + ∂[νφ|b|Θµ]
ba − φ[ν

bΘµ]b
a
]
,

Ωµ
ab
∣∣
IH

= dxν
[
∂[νΘµ]

ab −Θ[ν
acΘµ]c

b
]
. (3.14)

Rewritten in terms of the vielbein and spin connection, which have components

eµ
a = ∂µφ

a − φµa, ωµ
ab = −Θµ

ab , (3.15)

these can be rewritten as

Ωµ
a
∣∣
IH

= dxν
[
−∂[νeµ]

a − e[ν|b|ωµ]
ba
]
,

Ωµ
ab
∣∣
IH

= −dxν
[
∂[νωµ]

ab + ω[ν
acωµ]c

b
]
. (3.16)

When combined with Ωµ using the wedge product, these turn into the usual expressions

for the torsion and Riemann curvature 2-forms, respectively,

Ωµ ∧ Ωµ
a = dea + eb ∧ ωba = Ta ,

Ωµ ∧ Ωµ
ab = dωab + ωac ∧ ωc

b = Rab. (3.17)
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Alternatively, we might desire to eliminate the field Θν
ab in addition to Θµν

ab and

φµν
a. This corresponds to removing all fields in favor of φa and φµ

a, which are the only

fields appearing in the definition of the vielbein (3.8), and hence we expect this to lead

to zero torsion. Both the symmetric and antisymmetric parts of Ωµν
a would then be set

to zero, while only the symmetric part of Ωµν
ab would vanish.8 This procedure leaves the

identification Ωµ ∧ Ωµ
ab = Rab unchanged but now dea + eb ∧ ωba = 0; i.e., the geometry

would be torsion free.

This is a standard ambiguity which arises in the formulation of gravity; in the first order

formulation torsion is an independent variable, and is determined dynamically, so whether

it vanishes or not depends on the form the action takes. In the second order formulation

its dependence on the vierbein, and hence the torsion, is prescribed. For the remainder

of the paper, we consider only cases in which the torsion vanishes, effectively committing

to the second order formulation (except in the lowest order cases such as Einstein-Hilbert

and dRGT where the two formulations are dynamically equivalent).

We should also note that the Riemann and torsion tensors are actually insensitive to

whether or not some of the inverse Higgs constraints are imposed. That is, the contractions

appearing in (3.17) eliminate φµν
a and Θµν

ab automatically, and so whether or not we

eliminate these two fields by inverse Higgs constraints is irrelevant to Rab and Ta. At the

order to which we are working, the only inverse Higgs constraint that makes a qualitative

difference is whether we want to eliminate Θν
ab as an independent field, i.e. set the torsion

to zero, as discussed above.

3.4 Transformation of the fields under the symmetries

Now that we have computed the various components of the Maurer-Cartan form, we want

to verify that they transform as they ought to under the nonlinearly realized symmetries.

First, we investigate how the broken SO(1, d)local transformations are realized on g by

using (2.2) with g′ ≡ exp
(
λν1...νn

abJν1...νnab
)
. The result is that the φν1...νn

a and Θµ1...µm
ab

fields shift under a local Lorentz transformation as

φa 7−→ φa + λa(n)b(x)φb ,

φµ
a 7−→ φµ

a + λa(n)b(x)φµ
b + ∂µλ

a
(n)b(x)φb ,

Θµ
ab 7−→ Θµ

ab + λa(n)c(x)Θµ
cb + λb(n)c(x)Θµ

ac + ∂µλ
ab
(n)(x) , (3.18)

where λab(n)(x) ≡ xν1 . . . xνnλν1...νn
ab. Summing over all n, this implies that Ωa and Ωab

transform in the following way:

Ωa 7−→ Ωa + λab(x)Ωb ,

Ωab 7−→ Ωab + λac(x)Ωcb + λbc(x)Ωac − dλab(x) , (3.19)

where λab(x) is an arbitrary function. These are simply the infinitesimal versions of

Ωa 7−→ ΛabΩ
b ,

Ωab 7−→ ΛacΛ
b
dΩ

cd − ΛbcdΛac , (3.20)

8As pointed out in [12], one could also choose inverse Higgs constraints to set all of Ωµν
ab to zero which

would lead to teleparallel gravity.
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with Λab = exp (λab). Therefore, as expected, the nonlinearly realized SO(1, d)local sym-

metries simply correspond to LLTs.

Next, we consider the transformation enacted through local internal translations,

which are less familiar. That is, we calculate the transformation (2.2) with g′ =

exp (cν1...νn
aP ν1...νna) and find that the net effect is to change

φµ1...µm
a 7−→ φµ1...µm

a +
1

m!
∂µ1 . . . ∂µmc

a
(n)(x) ,

where ca(n)(x) ≡ xν1 . . . xνncν1...νna , (3.21)

while the Θµ1...µm
ab fields are left unaffected. Again, summing over n shows that there

is a full function’s worth of freedom. It can be seen from (3.8) that the Maurer-Cartan

components are invariant under these shifts; all ca(x) factors cancel. Then, (3.21) demon-

strates that the φa’s can be shifted around arbitrarily and so the internal local translations

correspond to the ability to arbitrarily choose these coordinates of the coset space. In

particular, one can always use this freedom to go to a gauge in which the φa’s coincide

with the physical coordinates, φa(x) = xµ.

Finally, we explore diffeomorphisms by calculating the transformation (2.2) with

exp
(
cα1...αn

βPα1...αn
β

)
. Direct calculation yields the transformation rules

xµ 7−→ xµ + cµ(x) ,

φa 7−→ φa ,

φµ
a 7−→

(
δµ
′
µ − ∂µcµ

′
(x)
)
φµ′

a ,

φµν
a 7−→

(
δµ
′
µ − ∂µcµ

′
(x)
)(

δν
′
ν − ∂νcν

′
(x)
)
φµ′ν′

a − 1

2
φβ

a∂µ∂νc
β(x) ,

Θµ
ab 7−→

(
δµ
′
µ − ∂µcµ

′
(x)
)

Θµ′
ab ,

Θµν
ab 7−→

(
δµ
′
µ − ∂µcµ

′
(x)
)(

δν
′
ν − ∂νcν

′
(x)
)

Θµ′ν′
ab − 1

2
Θβ

ab∂µ∂νc
β(x) . (3.22)

The effect of these transformations on the MC components is

Ωµ 7−→ ∂x′µ

∂xν
Ων ,

Ωa 7−→ Ωa ,

Ωµ
a 7−→ ∂xν

∂x′µ
Ων

a ,

Ωab 7−→ Ωab ,

Ωµ
ab 7−→ ∂xν

∂x′µ
Ων

ab , (3.23)

where x′µ ≡ xµ + cµ(x). Therefore we have accurately reproduced diffeomorphisms, and

for our actions to be invariant under these nonlinearly realized symmetries every upper

Greek index on a MC form component needs to be contracted with a lower Greek index

and vice versa.
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Note the importance of including diffeomorphisms into the coset procedure from the

beginning. Had we not included them, there would be no transformation of Greek indices

induced by left multiplication by a general group element as in (2.2). Certainly, we could

impose diffeomorphism invariance on such a construction by fiat, but this would not natu-

rally lend itself to our later exploration of Higgs phases of GR where we wish to break the

diffeomorphism symmetry, and so we find it more natural to include it in the coset from

the start.

3.5 Constructing the action for Einstein gravity

We now have the standard ingredients needed to construct (d + 1)-dimensional General

Relativity. The SO(1, d)global × GL(d + 1) preserved symmetry informs us that we can

build actions out of any component of the Maurer-Cartan form which does not lie along

Jab or Pµν (which are linearly realized) and that we must contract all Latin indices with

either ηab or εa0...ad (in order to ensure local Lorentz invariance) while upper Greek indices

must be contracted with lower Greek indices (to ensure diffeomorphism invariance).

Following these rules, we can form the Einstein-Hilbert action as

SEH ≡
1

(d− 1)!

∫
εa0...adΩ

a0 ∧ · · · ∧ Ωad−2 ∧ Ωµ ∧ Ωµ
ad−1ad , (3.24)

which can be put in the more familiar form by using the identifications (3.12)

SEH =
1

(d− 1)!

∫
εa0...ade

a0 ∧ · · · ∧ ead−2 ∧Rad−1ad =

∫
dd+1x

√
−gR . (3.25)

Similarly, the cosmological constant term can be constructed as

SΛ ≡
1

(d+1)!

∫
Λ εa0...adΩ

a0∧· · ·∧Ωad =
1

(d+1)!

∫
Λ εa0...ade

a0∧· · ·∧ea0 =

∫
dd+1x

√
−gΛ .

(3.26)

These two operators represent the lowest order terms in the sense that all other interac-

tions will be at least quadratic in the set {Ωµ
a,Ωµ

ab}. (Equivalently, all further interactions

will involve more derivatives.)

3.5.1 Lovelock invariants

The identities (3.10) also allow us to demonstrate the existence and topological nature

of the Euler class in even dimensions. For instance, in two dimensions we have E2 =
1

8π εabΩ
µ ∧ Ωµ

ab = 1
4πd2x

√
−gR, and the identities (3.10) tell us

d
(
εabΩ

µ ∧ Ωµ
ab
)

= −4εabΩ
µ ∧ Ωµ

ac ∧ Ωc
b = 0 , (3.27)

since the Latin indices can only take on two values. This shows that the Ricci scalar is

a total derivative in two dimensions. This readily generalizes to the case of d + 1 = 2n

dimensions where one can show that the following 2n-form is closed

E2n ≡
1

(4π)nn!
εa1...a2nΩµ ∧ Ωµ

a1a2 ∧ . . . ∧ Ωµ ∧ Ωµ
a2n−1a2n . (3.28)
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In fact, this expression is nothing more than the 2n-dimensional Euler density (also some-

times called the Lovelock invariants9), which can be seen by using (3.12) to write (3.28) as

E2n ≡
1

(4π)nn!
εa1...a2nRa1a2 ∧ · · · ∧Ra2n−1a2n

=
1

(8π)nn!
d2nx

√
−g εµ1...µ2nεν1...ν2nRµ1µ2ν1ν2 · · ·Rµ2n−1µ2nν2n−1ν2n . (3.29)

The Lovelock invariants can also be written away from their home dimension, but in this

case they are no longer topological, but nevertheless retain second-order equations of mo-

tion. The above viewpoint on the Lovelock invariants may seem somewhat foreign, but it

is simply a rephrasing of standard calculations, since the identities (3.10) are really just

the Bianchi identities.

3.5.2 Other topological invariants

In addition to the Euler densities, there exist other topological invariants in GR. Most

analogous to the Yang-Mills case, there exist Pontryagin classes in (d+1) = 4k dimensions,

which take the form

P4k = tr Ωµ1 ∧ Ωa1b1
µ1 ∧ · · · ∧ Ωµ2k ∧ Ωa2kb2k

µ2k
= tr Ra1b1 ∧ · · · ∧Ra2kb2k . (3.30)

Using the identities (3.10), it can be checked that these forms are closed. Notice that, as in

the Yang-Mills case, in higher dimensions, there are many inequivalent Pontryagin terms.

For example in (d+ 1) = 8, both P8 and P4 ∧P4 can be present, and associated to each of

the Pontryagin terms is a Chern-Simons term (see [14] for details of how this appears in

our language, the situation is essentially identical to that of Yang-Mills.) Finally we note

in passing that, in the presence of non-zero torsion, there is an additional characteristic

class called the Nieh-Yan class, see [48, 49] for more details.

4 Massive gravity

Having employed coset machinery to build Einstein gravity, we now turn to the construction

of massive gravity by analogous methods. In order to think of massive gravity as a Higgs-

ed phase of Einstein gravity, it should linearly realize fewer symmetries. Physically, some

unknown mechanism will reduce the preserved symmetry group from SO(1, d)global×GL(d+

1) to some smaller subgroup, nonlinearly realizing more symmetries. Since having a smaller

preserved subgroup allows for a larger number of terms in the action, we are looking for the

largest preserved group which will still admit the dRGT mass terms. Ideally, there would

exist a symmetry breaking pattern such that the dRGT terms provide the only possible

interactions, but this is probably too optimistic because explicit computations indicate that

interactions which are not of the dRGT form are generated quantum-mechanically [16].10

9These terms are distinguished in that they are the unique terms which lead to second order equations

of motion for the metric in the absence of torsion [47].
10The situation can be different when additional degrees of freedom are present
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4.1 Symmetries and algebras

Inspecting the dRGT action (1.3), we see the important role played by the unit one form

1a = δaµdxµ. The δaµ tensor is not invariant under either SO(1, d)global or GL(d + 1) in-

dependently, but is invariant under the diagonal combination of SO(1, d)global and the

subgroup SO(1, d)spacetime ⊂ GL(d + 1) whose generators generators can be taken to be

P[µν] + 1
2δ
a
µδ
b
νJab. (Since the new invariant tensor allows us to freely change between Greek

and Latin indices we will ignore this distinction when convenient.) We thus posit that the

appropriate breaking pattern to study is

ISO(1, d)local ×Diff(d+ 1) −→ (SO(1, d)global × SO(1, d)spacetime)diag . (4.1)

In addition to the broken generators of the GR case, the generators P(µν) are now broken,

along with a combination of P[µν] and 1
2Jab linearly independent of P[µν] + 1

2Jab, which we

take to be simply 1
2Jab.

4.1.1 (SO(1, d)global × SO(1, d)spacetime)diag as the optimal subgroup

It is possible to demonstrate that H = (SO(1, d)global × SO(1, d)spacetime)diag is the largest

symmetry subgroup we can preserve which will still admit the dRGT interactions. Consider

a generic dRGT interaction, say

L ∼ εabcd1a ∧ 1b ∧ ec ∧ ed ∼ d4x εµνρσεabcdδ
a
µδ
b
νeρ

ceσ
d . (4.2)

Under an infinitesimal gauged Lorentz transformation the vielbeins transform as

eµ
a 7−→

(
δab + λab(x)

)
eµ
b , (4.3)

with λab(x) = ηaa′λ
a′
b(x) antisymmetric under a ↔ b, and under an infinitesimal diffeo-

morphism the vielbeins transform as

eµ
a 7−→

(
δνµ − ∂µcν(x)

)
eν
a . (4.4)

Given the infinitesimal Lorentz transformation, the interaction (4.2) will only be invariant

if we can choose cµ(x) such that ∂νc
µ(x) = λµν . Expanding cµ(x) in a power series as

cµ(x) =
∑
n

1

n!
cµν1...νnx

ν1 . . . xνn , (4.5)

where cµν1...νn is symmetric in its ν indices, we see that if λµν is a global transformation

(i.e., independent of x) then we can satisfy our condition by taking cµ(x) = cµνx
ν , with

cµν = λµν .

However, if the Lorentz transformation is x-dependent, we will need non-trivial

cµν1...νn coefficients for n > 1. Lowering the µ index with η, we find we need to sat-

isfy ∂νcµ(x) = λµν and hence cµν1...νn must be antisymmetric under µ↔ νi. Using this fact

and the symmetry in the ν indices, multiple permutations of the indices {µ, ν1, ν2} lead to

cµν1ν2...νn = −cµν1ν2...νn and hence we cannot satisfy our condition for n > 1. Therefore,
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we can preserve the global Lorentz symmetry while retaining the dRGT interactions, but

none of the local Lorentz transformations can remain.

Had we started by performing a diffeomorphism and attempted to compensate with

LLT’s, a similar procedure would result and we would again be lead to the present diagonal

subgroup which is therefore the optimal one for the present study.

4.2 Computing the Maurer-Cartan form

Having now specified the symmetry breaking pattern, we can compute the Maurer-Cartan

form. This computation will closely mirror the procedure for Einstein gravity, with the

exception that the new coset G/H contains a few more broken generators than were in-

cluded in the GR case, namely P(µν) is now broken, along with Jab. The massive gravity

coset element will then contain two more factors than the GR representative element:

eψ
µ
νP

ν
µ e

1
2

ΘabJab , where ψµν is symmetric. That is, we have

gmg ≡ ex
µPµeφµν

aPµνaeφµ
aPµaeφ

aPae
1
2

ΘµνabJµνabe
1
2

ΘµabJµab (· · · ) eψ
µ
νP

ν
µ e

1
2

ΘabJab

= gGRe
ψµνP

ν
µ e

1
2

ΘabJab , (4.6)

where gGR is the representative coset element in (3.6).

The Maurer-Cartan form is expanded as

g−1
mgdgmg ≡ Ω = ΩµPµ + ΩaPa + Ωµ

aPµa +
1

2
ΩabJab +

1

2
Ωµ

abJµab + . . . (4.7)

and we only work to the order indicated. Because the representative element at hand is so

closely related to the one in the GR case, it does not take much extra work to calculate

the Maurer-Cartan components. The result is

Ωµ = Ψν
µdxν ,

Ωa = Θ̃b
a
(

dφb − dxµφµ
b
)
,

Ωµ
a = Θ̃b

a
(
Ψ−1

)
µ
ν
(

dφν
b − 2dxρφρν

b + dφcΘν
cb − dxρφρ

cΘνc
b
)
,

Ωab = Θ̃c
aΘ̃d

b
(
−dxµΘµ

cd
)

+ Θ̃acdΘ̃b
c ,

Ωµ
ab =

(
Ψ−1

)
µ
ν Θ̃c

aΘ̃d
b
(
dΘν

cd − 2dxρΘρν
cd − dxρΘρ

ceΘνe
d
)
, (4.8)

where we have defined Ψµ
ν ≡ e−ψµν ≡ δµν−ψµν + 1

2ψµ
αψα

ν− . . . and similarly Θ̃c
a = eΘca .

We see that the Θ̃a
b fields simply generate an LLT on the Latin indices, while the upper

Greek indices get contracted with Ψµ
ν and lower Greek indices are contracted by the

inverse, (Ψ−1)µ
ν .

4.3 Identifications and inverse Higgs constraints

Because the new factors involving Θab and ψµ
ν only appear as overall multiplicative factors,

we can impose the same inverse Higgs constraints as before. Having done so, we identify

Ωa = Θ̃b
aeb ,

Ωµ ∧ Ωµ
a = Θ̃b

aTb ,

Ωµ ∧ Ωµ
ab = Θ̃c

aΘ̃d
bRcd . (4.9)
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4.4 Symmetry transformations

We now explore the nonlinearly realized symmetries in this new setup. In the GR case the

preserved subgroup was a product, SO(1, d)global ×GL(d+ 1), and so nonlinearly realized

symmetries could act on the components of the MC form as an element of either factor

of this group, as we saw for LLT’s and diffeomorphisms respectively. Here, the preserved

subgroup is no longer a product and so the transformations which once acted as LLT’s or

diffeomorphisms will instead act as an element of (SO(1, d)global × SO(1, d)spacetime).

In order to get a sense for what to expect for the transformation rules of the MC

components we inspect

Ωµ
a = Θ̃b

a
(
Ψ−1

)
µ
ν
(

dφν
b − 2dxρφρν

b + dφcΘν
cb − dxρφρ

cΘνc
b
)

= Θ̃b
a
(
Ψ−1

)
µ
νΩGRν

b , (4.10)

where ΩGRν
b is the MC component along P νb in the GR calculation. We first consider the

transformations which in the GR case led to LLT’s and follow with a study of those which

led to diffeomorphisms.

We know that under the transformation (2.2) by an element generated by Jν1...νnab,

ΩGRµ
a transforms by an LLT, i.e. ΩGRµ

b 7→ ΛbcΩGRµ
c. Since there does not exist any series

of commutators involving Jν1...νnab that can generate an element along Pµν , the ψµ
ν field

(and thus Ψ) must stay invariant and only the Θ̃b
a field can transform. The Ωµ

a one-form

must change by an element of the full diagonal group, meaning both the Greek and Latin

indices must transform simultaneously. Since we know the Greek indices do not change,

neither can the Latin ones, and we must have that Θ̃b
a transforms as

Θ̃b
a 7−→ (Λ−1)cbΘ̃c

a . (4.11)

Explicit calculation bears this out, and the set {Ωµ,Ωa,Ωµ
a,Ωµ

ab} is left invariant by these

transformations.

Moving on, we examine the transformation (2.2) generated by an element P ν1...νnµ
which we know causes ΩGRµ

a to change as ΩGRµ
a 7→ ∂xν

∂x′µΩGRν
a. In this case, there are

series of commutators involving P ν1...νnµ that have elements along both Jab and P[µν] and

so both Θ̃a
b and Ψµ

ν can transform. Then, since the overall MC form has to transform by

an element of the diagonal group, we must have

Ψµ
ν 7−→ Λ(x′)ρ

νΨσ
ρ∂x

′σ

∂xµ
,

Θ̃b
a 7−→ Λ(x′)c

aΘ̃b
c . (4.12)

That is, the Ψµ
ν field must absorb the diffeomorphism transformation on the right, since

these are no longer a symmetry, and then both fields must transform on the left by the

same Lorentz transformation, Λ(x′), which depends on the relation between x and x′ and

enforces that Λ(x′)ρ
νΨσ

ρ ∂x′σ

∂xµ remain symmetric when µ and ν are lowered. Again, explicit

calculation bears this out, and these are the correct transformation laws.

Note that the Θ̃b
a and Ψµ

ν fields are analogous to the Stückelberg fields that are more

familiar in treatments of massive gravity [23] (see [50, 51] for Stückelbergs in the vielbein
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formalism). These fields restore the ISO(1, d)local × Diff(d + 1) invariance of the original

theory in much the same way. However, they differ from conventional Stückelberg fields in

that they do not appear derivatively in the action.

Another important difference between the fields {Θ̃b
a,Ψµ

ν} and more conventional

Stückelberg fields is the inability for us to go to the standard unitary gauge. There are

only (d + 2)(d + 1)/2 gauge transformation available in the preserved symmetry group,

whereas the Stückelberg fields contain (d + 1)2 total components, and hence one cannot

set a gauge in which Θ̃b
a = δab and Ψµ

ν = δνµ simultaneously, which would be the analogue

of the usual unitary gauge choice for demonstrating the dynamical equivalence of a theory

in its Stückelberged and non-Stückelberged forms. We return to this point in the next

section when we construct a theory of massive gravity in the present language and argue

the equivalence to dRGT.

4.5 Constructing the action in massive gravity

With fewer symmetries preserved, there are a greater number of allowed invariant contrac-

tions. In particular, the fact that both Latin and Greek indices now change only by Lorentz

transformations and that they must further transform by the same Lorentz transformation

implies that we can now use the η and ε tensors to perform contractions and these can

have any combination of Greek and Latin indices. As long as all indices are contracted,

the result will be invariant under the diagonal combination of Lorentz transformations.

4.5.1 dRGT terms

Since the GR operators we wrote down are invariant under a larger symmetry group that

contains the one presently under study, we can still form all of the same operators that we

had in the GR case. Also, since these are fully SO(1, d)spacetime × SO(1, d)global invariant

they are independent of the Θ̃b
a and Ψµ

ν fields, which is expected since these fields are

responsible for restoring these symmetries. For instance, the Einstein-Hilbert and cosmo-

logical constant pieces are essentially identical to (3.25) and (3.26) ,

LR ≡
1

(d− 1)!

∫
εa0...adΩ

a0 ∧ . . . ∧ Ωad−2 ∧ Ωµ ∧ Ωµ
ad−1ad =

∫
dd+1x

√
−gR ,

LΛ ≡
1

(d+ 1)!

∫
Λεa0...adΩ

a0 ∧ . . . ∧ Ωad =

∫
dd+1x

√
−gΛ . (4.13)

However, there now exist new operators we can write down in the broken phase that

we could not before. For concreteness, we specialize to d+ 1 = 4 for the remainder of this

section, but nothing we say is really dependent on that choice. We again set the torsion to

zero, so the ingredients at our disposal to construct actions are {Ωµ,Ωa,Ωab,Ωµ
ab}; only

Ωµ and Ωa are free from derivatives. Therefore, the lowest order terms in the derivative

expansion will be of the form L (Ωµ,Ωa) and some of the simplest terms we can write are11

L1 = εµbcdΩ
µ ∧ Ωb ∧ Ωc ∧ Ωd = εabcdΨµ

adxµ ∧ Θ̃i
bei ∧ Θ̃j

cej ∧ Θ̃k
dek ,

L2 = εµνcdΩ
µ ∧ Ων ∧ Ωc ∧ Ωd = εabcdΨµ

adxµ ∧Ψν
bdxν ∧ Θ̃j

cej ∧ Θ̃k
dek ,

L3 = εµνρdΩ
µ ∧ Ων ∧ Ωρ ∧ Ωd = εabcdΨµ

adxµ ∧Ψν
bdxν ∧Ψρ

cdxρ ∧ Θ̃k
dek . (4.14)

11Note that we could also construct terms with 4 factors of either Ωµ or Ωa, but the first will be a

constant, and the latter corresponds to the cosmological constant considered above.
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4.5.2 Dynamical equivalence

The Lagrangians in the previous section are clearly reminiscent of those of dRGT, but

with the inclusion of factors of Θ̃b
a and Ψµ

ν . We now return to the discussion of the

dynamical equivalence and argue that the theory defined by operators in (4.13) and (4.14)

is equivalent to the usual dRGT theory. As mentioned previously, we are unable to fix a

gauge in which Ψµ
a = δaµ and Θ̃b

a = δab simultaneously, which would constitute a manifest

proof, but we will still be able to argue that the equivalence holds.

We start by fixing only the latter condition listed above, Θ̃b
a = δab , which can always

be achieved via the residual transformations in (4.11) and (4.12). This choice ensures

that Ωa coincides with the vielbein of the previous sections, Ωa = ea. Six out of the ten

gauge degrees of freedom have been used, leaving us with the ability to only impose four

more conditions on the Ψµ
ν field. We note that in the parametrization Ψµ

ν = eψµ
ν

=

δνµ + ψµ
ν + . . . the field ψµ

ν appears in (4.14) linearly in only one of four different possible

tensor contractions. Explicitly, we can write∑
i

βiLi = f0(βi, e)Tr[ψ] + f1(βi, e)Tr[eψ] + f2(βi, e)Tr[eeψ] + f3(βi, e)Tr[eeeψ] +O
(
ψ2
)
,

(4.15)

where the fi’s only depend on the vielbein ea and the constant parameters βi.

Therefore, if we can use the four remaining gauge symmetries generated by the

P ν1...νnµ’s to gauge fix these four interactions to zero, the gauge fixed action will be

quadratic and higher order in ψ, ψµ
ν = 0 will solve the ψ equations of motion and af-

ter integrating out ψ our action will coincide with the usual dRGT action written without

any Stückelberg fields, establishing dynamical equivalence.

A calculation demonstrates that the transformation generated by the P ν1...νnµ’s causes

ψµ
ν to transform as

ψµ
ν 7→ ψ′µ

ν = ψµ
ν +

1

2
(∂µc

ν + ∂νcµ) +O
(
c2, ψc, ψ2

)
. (4.16)

We can fix the desired gauge if we can choose the four independent components of cµ to

simultaneously satisfy the four equations

Tr[∂c] = −Tr[ψ]

Tr[e∂c] = −Tr[eψ]

Tr[ee∂c] = −Tr[eeψ]

Tr[eee∂c] = −Tr[eeeψ], (4.17)

where [∂c]µ
ν ≡ 1

2 (∂µc
ν + ∂νcµ) and [e]µ

ν = eµ
aδνa . We cannot explicitly give the solution

for cµ, but as (4.17) represents four non-linear, first order PDE’s, solutions for the four

components of cµ are expected to exist. Assuming existence, we can then consistently set

ψµ
ν = 0 everywhere and the mass terms (4.14) reduce to the original dRGT form

L1 = εabcde
a ∧ eb ∧ ec ∧ 1d

L2 = εabcde
a ∧ eb ∧ 1c ∧ 1d

L3 = εabcde
a ∧ 1b ∧ 1c ∧ 1d . (4.18)
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4.5.3 A parity-violating operator

Sticking to simple wedge products, we find that there is one more interaction we can

generate which is not of the dRGT form,

L′ = ηµaηνbΩ
µ ∧ Ωa ∧ Ων ∧ Ωb , (4.19)

which when gauge fixed takes the form

L′ = ηabηcd1
a ∧ eb ∧ 1c ∧ ed . (4.20)

An analysis similar to that of [18, 52] demonstrates that this parity-violating interaction

is also at most linear in the lapse and the shift, and is therefore expected to be a healthy

term which does not regenerate the Boulware-Deser ghost.

Unfortunately, this potentially novel mass term is trivial on the usual branch of the

theory. Writing the interaction out in components, it is given by

L′ ∝ d4x εµaνbeµaeνb , (4.21)

where eµ
a is the vielbein, so this term depends only on the anti-symmetric parts of the

vielbein. Following [18, 52] again, we can decompose the vielbein into a Lorentz transfor-

mation times a constrained vielbein eµ
a = eω

a
b ēµ

b, where ωab ≡ ηaa′ω
a′
b is antisymmetric

and ēµa ≡ ēµa
′
ηaa′ is symmetric. Since the eω

a
b factor is a local Lorentz transformation, it

cancels in the Einstein-Hilbert term (which is built out of LLT-invariant combinations of

the vielbein) and only appears in the mass terms. Expanding the dRGT mass terms and

L′ in powers of ω, their structure is such that the linear pieces vanish and they all start at

O(ω2). Hence, the ω equation of motion is solved by12 ω = 0 and we can replace eµ
a by the

symmetric vielbein ēµ
a everywhere — a replacement which causes L′ to vanish. However,

on a non-trivial branch of the theory on which ω 6= 0, L′ may play a non-trivial role.

4.5.4 Other interactions

So far we have only constructed the dRGT terms. While it is very intriguing that they

are more or less the simplest terms we can write down, they do not possess any particular

symmetries not shared by other terms we could write down. Indeed, we can also form

non-dRGT terms using wedge products, for example:

L = εacefηbdΩ
ab ∧ Ωcd ∧ Ωe ∧ Ωf = εacefηbdω

ab ∧ ωcd ∧ 1e ∧ 1f , (4.22)

where after the equal sign we have gone to gauge fixed form in which this term involves two

powers of the spin connection. Even further, when constructing an EFT one must include

all operators compatible with the symmetries of the problem and there is no physical reason

to concentrate only on terms we can write as wedge products. Generically we can define

“covariant derivatives” of Goldstone fields in the coset construction, which proceeds as

follows. We expand the MC form as Ω = dxνΩPν
µPµ + . . ., in which the coefficient ΩPν

µ

12The ability to set ω = 0 is crucial for equating the vielbein and metric formulations of dRGT [53].
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defines a type of vielbein. Given a set of broken generators that transform as an irreducible

representation of H, say Za, the covariant derivative of the associated Goldstone fields is

given by Dµξ
a, which is defined through

ΩZ
a ≡ dxµΩPµ

νDνξ
a . (4.23)

Symmetry preserving interactions can then be formed by contracting factors of Dνξ
a in

H-invariant ways.

In the case at hand we have ΩPν
µ = Ψν

µ and if — for instance — we take the Za’s to

be the internal translation generators Pa, then we obtain the covariant derivatives

Dµφ
a = (Ψ−1)µ

νΘ̃b
aeν

b , (4.24)

where eν
b is the vielbein of GR. We see that this covariant derivative prescription simply

affixes the correct factors of Ψµ
ν and Θ̃a

b to the vielbein eµ
a such that the usual diffeomor-

phisms and LLT’s of eµ
a are translated into an SO(1, d)global × SO(1, d)spacetime rotation.

In order to make invariant actions using the covariant derivatives we just need to

contract indices using H-invariant tensors. For example, staying with Dµφ
a we could build

potentials from polynomials of ηµνηabDµφ
aDνφ

b. Going to gauge fixed form, we find that

these are nothing but potentials built from ηµνgµν .

More generally we will be able to construct arbitrary potentials built from metric

fluctuations hµν = gµν − ηµν with only the requirement that we contract indices with

ηµν . Therefore, the symmetry breaking pattern is not restrictive enough to single out the

dRGT potentials as the unique, generic interactions which control the low energy EFT.

As discussed previously, this is the expected outcome, as it is known that loop corrections

from the dRGT interactions generate terms which are not of the dRGT form, indicating

that there are other interactions which share any retained symmetries of dRGT (provided

symmetries are not broken by the regulators used in the quantum calculation) [16].

5 Bi-gravity and multi-metric theories

Finally, we note that our formalism extends in a straightforward way to the case of the

multi-vielbein theories presented in [18] (further explored in [54–57]), of which ghost-free

bigravity is a limiting case. Below we provide a sketch of the construction.

5.1 Symmetries and algebras

In order to construct a theory of N interacting vielbeins we take the group of symmetries,

G, to be

G =
N∏
i=1

[
ISO(i)(1, d)local ×Diff(i)(d+ 1)

]
, (5.1)

which contains N commuting factors of our local Poincaré algebras generated by

{Pµ
(i)
1 ...µ

(i)
n

(i) a(i) , J
µ
(i)
1 ...µ

(i)
n

(i) a(i)b(i)}, i ∈ {1, . . . ,N}, and N commuting factors of the diffeomor-

phism group generated by P ν
(i)
1 ...ν

(i)
n
µ(i) , with a(i), µ(i) ∈ {0, 1, . . . , d}. Any two generators

indexed by i and j will commute when i 6= j. When i = j their commutation relations will

simply be those given by (3.2) and (3.3).

– 22 –



J
H
E
P
0
7
(
2
0
1
5
)
1
0
1

5.2 Interacting theories

In order to construct the ghost-free, multi-vielbein interactions of [18] we need to choose a

different preserved group H. There, the studied interactions were of the form (sticking to

d+ 1 = 4)

L ∼ εabcdea(i) ∧ eb(j) ∧ ec(k) ∧ ed(l) , (5.2)

for arbitrary choices of i, j, k, l. Any choice of i, j, k, l will lead to an action with the proper

primary constraints necessary for ghost freedom. These interaction preserve a diagonal

LLT group and an independent diagonal diffeomorphism group and hence the appropriate

choice of preserved subgroup is

H =

( N∏
i=1

SO(i)(1, d)global

)
diag

×

( N∏
i=1

GL(i)(d+ 1)

)
diag

, (5.3)

where the first factor is generated by 1
2

∑N
i=1 J(i)a(i)b(i) and the second by

∑N
i=1 P

µ(i)

(i) ν(i) . The

resulting MC form components will be the analogues of (4.8) in highly Stückelberged form.

This construction now allows us to contract any pair of upper and lower Greek indices

together, irrespective of their i labels, and we can contract any two Latin indices together

as long as we contract using any of the
(∏N

i=1 SO(i)(1, d)global

)
diag

invariant tensors, i.e.

η or ε with any combination of indices. For brevity, we can then drop the i labels on

the Latin and Greek indices in this construction, since they no longer represent important

distinctions.

For our purposes here, it is easiest simply to work in gauge fixed form in which all

of the fields analogous to Θ̃b
a and Ψµ

ν in (4.8) are set to zero. Having done so, the only

rule for constructing actions is that they must still obey the preserved global symmetry,

i.e. Hglobal ⊂ H defined by

Hglobal =

( N∏
i=1

SO(i)(1, d)global

)
diag

×

( N∏
i=1

SO(1, d)spacetime

)
diag

. (5.4)

5.2.1 Bi-gravity

Specializing to the case of N = 2 in d + 1 = 4 we arrive at the case of four-dimensional

bi-gravity in which we give an Einstein-Hilbert term to each of the vielbeins and construct

ghost-free interactions using contractions with ε. Explicitly, in the notation of [18], the

standard ghost-free bi-gravity action in d+ 1 = 4 is given by

S =
M2
g

2

∫
d4x det

(
e(1)

)
R
[
e(1)

]
+
M2
f

2

∫
d4x det

(
e(2)

)
R
[
e(2)

]
−
m2M2

fg

8

∫
Lint , (5.5)

where M2
fg = 1/(M−2

g +M−2
f ) and

Lint =
β0

4!
εabcde

a
(1) ∧ eb(1) ∧ ec(1) ∧ ed(1) +

β1

3!
εabcde

a
(2) ∧ eb(1) ∧ ec(1) ∧ ed(1)

+
β2

4
εabcde

a
(2) ∧ eb(2) ∧ ec(1) ∧ ed(1) +

β3

3!
εabcde

a
(2) ∧ eb(2) ∧ ec(2) ∧ ed(1)

+
β̃0

4!
εabcde

a
(2) ∧ eb(2) ∧ ec(2) ∧ ed(2) . (5.6)
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The two vielbeins define the two metrics g = ea(1)e
b
(1)ηab and f = ea(2)e

b
(2)ηab, each with its

own corresponding Planck mass, Mg and Mf , respectively.

Working in gauge fixed form, we see that indeed all of these forms can be created in

our present construction. Moreover, considering wedge products, there is an additional

parity violating term we can generate which is consistent with all the required symmetries.

In gauge fixed form, this is

L′ ∼ ηabηcdea(1) ∧ eb(2) ∧ ec(1) ∧ ed(2) , (5.7)

which is nothing but the analogue of the trivial mass term found in the dRGT case (4.19).

Again, the analysis of [18, 52] demonstrates that this parity-violating term L′ is at most

linear in the lapses and shifts of the two vielbeins and hence potentially ghost-free.

In the dRGT case we found that the L′ term was trivial on the normal branch of

the theory, and we will find the same here. Given our two vielbeins e(1)µ
a and e(2)µ

a we

consider their contraction in the form eµ(1)ae(2)µb and then decompose the first vielbein, say,

as eµ(1)a = eωa
c
ēµ(1)c, now chosen such that the combination ēµ(1)ce(2)µb is symmetric under

b↔ c. We can rewrite our term as

L′ ∼ det(e(1))ε
abcdeν(1)ae(2)νbe

µ
(1)ce(2)µd , (5.8)

and so if we expand our decomposition in powers of ω the expansion starts at O(ω2).

Therefore ω = 0 remains a solution, and on this branch L′ vanishes. Again, if there exist

branches of the theory on which ω 6= 0 then L′ may play an important role.

5.2.2 Multi-vielbein Theories

The case of N > 2 interacting vielbeins in d+1 = 4 proceeds similarly. Again, each vielbein

will acquire its own Einstein-Hilbert and cosmological constant terms and the fields can

interact through potentials constructed by wedging together vielbeins13 and contracting

Latin indices with either ε or η.

First, consider generating potentials by only using the bi-gravity interactions of the

form (5.6), so that there are at most two distinct vielbeins interacting at a given vertex.

Following [18], we can depict these theories by drawing a node for each type of vielbein

and drawing a line between any two nodes whose corresponding vielbeins interact via a

bi-gravity vertex.

Any theory constructed in this manner whose depiction is free of closed loops is known

to be equivalent to a metric theory on any branch in which the bi-gravity type symmetry

condition eµ(i)[ae(j)|µ|b] = 0 holds, for any two vielbeins which interact with each other.

This is the case independent of the parameters appearing in front of the bi-gravity type

potentials. For such theories, we can consider adding our parity violating operators of the

form ∼ ηabηcdea(i) ∧ eb(j) ∧ ec(i) ∧ ed(j), but again they vanish on the normal branch where we

impose the symmetric vielbein conditions eµ(i)[ae(j)|µ|b] = 0.

13There are, of course, other interactions which obey the relevant symmetries, but we choose to study

only these special potentials which lead to our desired primary constraints.
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If there are closed loops in the depiction of the theory, or if more than two types

of vielbeins interact at a given vertex, however, it is no longer consistent to impose the

symmetric vielbein conditions and instead the restrictions we impose depend on the details

and parameters of the interactions used. In this case, our parity violating operators may

no longer vanish on the primary branches of the theory and may be as important as any

of the other constraint preserving interactions.

6 Conclusions

The dRGT theory of massive gravity provides the optimal (i.e., highest strong coupling

scale) low energy starting point for any putative theory of General Relativity in a Lorentz

invariant Higgs phase on flat space. Ideally, one should seek an explicit microphysical

model that connects the high and low energy endpoints of the gravitational sector through

spontaneous symmetry breaking via associated Higgs fields in a manner analogous to the

breaking of Yang-Mills theories. However, such a construction has remained elusive and

we therefore turn to more oblique studies.

In this paper, we have approached massive gravity (and in particular dRGT) through

the general framework of nonlinear realizations. Such a study requires an understanding

of how to apply coset techniques to gauge theories and in exploring spontaneously broken

GR we have relied heavily on previous work [14] which developed the implementation of

these methods with respect to spontaneously broken Yang-Mills theory.

The study of non-linear realizations has a long history, as can be seen in the extensive,

yet incomplete, set of references [7–14, 17, 27, 30, 31, 36–44, 46, 58–60], and correspond-

ingly some facets of our work echo previous results in the literature. We do not claim

that the general methods employed here are entirely novel; indeed the use of coset tech-

niques in studying gauge theories where spacetime symmetries play an important role can

be found in several of the quoted references above. Instead, it is our specific constructions

and applications that are new. Our particular formulation of General Relativity in coset

language has the conceptual advantage that both local Lorentz transformations and diffe-

ormorphisms have equal footing as non-linear symmetries of the system, whereas (to our

knowledge) previous constructions only focus on one of the two groups. This conceptual

advantage then turns into a technical one when broken phases of gravity are considered. It

is essential for constructing dRGT-like massive gravity theories that the residual symme-

try group becomes a diagonal subgroup of LLT’s and diffeomorphisms, as is made explicit

through our methods. The steps which lead from the construction of GR to that of a

dRGT phase would be much less straightforward in any construction different from ours.

We have focused on the search for the most highly restrictive symmetry breaking

pattern (i.e., the pattern with the most retained symmetries) whose low energy theory

will admit terms of the dRGT form. Once found, this provides a systematic method for

determining the allowed interactions of the effective field theory and can help guide future

searches for microphysical models.

The appropriate symmetry breaking pattern we found is to preserve the diagonal sub-

group consisting of global Lorentz transformations and the corresponding diffeomorphisms

which also generate a global SO(1, d) transformation. Further, this was demonstrated to
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be the largest possible preserved subgroup consistent with our requirement that the dRGT

terms appear in the low energy action. As expected, there are additionally a host of other

non-derivative interactions (and higher derivative interactions, see [61–66] for more on the

possibility of ghost-free higher derivative terms in massive gravity) which obey the required

symmetry and are not of the dRGT form.

Among these non-dRGT potentials is the parity violating operator

L′ ∼ ηabηcdea ∧ 1b ∧ ec ∧ 1d , (6.1)

the wedge structure of which ensures that it is at most linear in the lapse and shift, and

hence preserves the constraint structure required to remove the Boulware-Deser ghost.

However, the normal branch of the theory enforces the symmetry condition e[µa] = 0 which

causes this interaction to vanish. This parity violating term could still play an important

role on non-trivial branches of the theory.

Finally, we have extended our methods to the cases of bi-gravity and multi-vielbein

models. These are natural extensions of the coset construction of dRGT and we are able to

reproduce the theories of [18]. New parity violating interactions were again found in both

of these cases, but we leave it to future work to determine whether these have non-trivial

effects for any classes of the multi-vielbein theories.
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A The GL(d + 1) connection and related terms

The preserved subgroup in the construction of GR was SO(1, d)global × GL(d + 1). Each

factor in the preserved subgroup has an associated connection, given by the component

of the Maurer-Cartan form along the relevant generator. For the SO(1, d)global factor,

this is the familiar spin connection, after appropriate inverse Higgs constraints have been

enforced. The connection for the GL(d + 1) factor was ignored, however, as it does not

end up playing a role in the construction of GR. In this appendix, we explore this ignored

connection and related quantities for completeness.
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The GL(d + 1) connection is the component of the Maurer-Cartan form which lies

along the Pµν generator. The coset element for GR (3.6) contains an infinite number of

factors, but only a few are relevant for the present calculation. It is sufficient to work with

g = ex
µPµeχµν

ρPµνρ (. . .) (A.1)

which leads to

g−1dg = dxµPµ − 2χαβ
νdxαP βν (A.2)

and hence the GL(d+ 1) connection one-form is simply given by Ωβ
ν ≡ −2χαβ

νdxα. This

cannot be rewritten in terms of other fields via inverse Higgs constraints. The relevant com-

mutator to examine is [Pµ, P
λ
ν ] = −δλµPν , but setting the right side to zero is nonsensical

as it sends xµ → 0 and in any case such a replacement would not lead to an identification

between χαβ
ν and any other fields in the theory.

The connection itself only appears in the covariant derivative used to couple exter-

nal matter fields which transform under GL(d + 1) to the fields used for the non-linear

realization. However, χαβ
ν has no dynamics on until we give it a kinetic term which re-

quires finding higher order pieces in the Maurer-Cartan expansion, i.e. those along Pµνσ
and similar generators with more Greek indices. These correspond to the curvature tensor

associated to the connection ω′ and covariant derivatives thereof, after inverse Higgs.

All such terms have been ignored in the text because they they are difficult to build

actions from and they do not end up affecting the physics anyway. Apart from matter

covariant derivatives which involve Ωβ
ν , the only building blocks at our disposal which

have only Greek indices are Ωµ, Ωαβ
µ, Ωαβγ

µ, etc. Attempting to build invariant actions

using only these pieces, we quickly find ourselves to be very limited. The residual GL(d+1)

symmetry forces us to contract each upper Greek index with a lower Greek index (raising

and lowering of Greek indices is not allowed) and we find that there are only two possible

ways to wedge together any of the above terms to create a 4-form whose indices are all

appropriately contracted,

L ∼


Ωµ ∧ Ωµν

ν ∧ Ωα ∧ Ωαβ
β

or

Ωµ ∧ Ωµν
β ∧ Ωα ∧ Ωαβ

ν

. (A.3)

Both are O(curvature2) and considered to be subleading corrections, though it is pos-

sible that further study of these terms could be interesting. If we then consider mixed

terms which also use components with Latin indices, then we can try wedging the

above ingredients together with Ωa,Ωµ
a,Ωµ

ab, etc. and we’ll find that the only invari-

ants we can make are those which already appeared in the GR construction, such as

d4x
√
−gR ∝ εabcdΩa ∧Ωb ∧Ωµ ∧Ωµ

cd. No such invariants are constructable using Ωαβ
ν or

other terms with more indices. Since these are the only terms involving dynamical fields

(Ωµ only contains the coordinate xµ), we see that χαβ
ν and related fields never couple to

the vielbein or spin connection. As we’re only interested in the latter quantities, we ignore

the GL(d+ 1) connection and associated quantities in the text.
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