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1 Introduction and summary

The idea of localization in supersymmetric theories orginated in refs. [1, 2], and was further
developed in ref. [3]. In recent years, it has revived due to the work of Pestun [4] and
Kapustin, Willett, Yaakov [5]. Inspired by these works, supersymmetric theories on curved
spacetimes are being studied intensively [6-16].

In the procedure of localizing a supersymmetric gauge theory on a curved manifold,
a crucial step is to solve the Killing spinor equation, but usually this is a very formidable
task. Recently, a new method [17-21] has been proposed to deal with the supercharges on
a 3D or 4D curved space. It has also been generalized to the 5D case [22]. The idea of this
new method can be applied to more general superspaces, as discussed in ref. [23]. Using
this method, one can find the generalized Killing spinor equations on a curved manifold in



a systematic way, and study how the partition functions of certain supersymmetric theories
depend on the geometry of the manifold.

The basic idea is following. One starts with an off-shell minimal supergravity, which
can be coupled to some other theories of interest, then sends the gravitino v, and its
supersymmetry transformation 61, to zero. It will provide some Killing spinor equations
with auxiliary fields. By studying the possible solutions to these Killing spinor equations
for a specific curved space, one can construct a theory with rigid supersymmetry on that
curved space [17]. Given a curved manifold, one can also study the number of supercharges
that can be defined on it [19-21]. To define supercharges, usually one has to turn on some
background auxiliary fields, which will modify the theory and consequently appear in the
final result of the partition function.

With this method in hand, one can study supersymmetric theories on a curved manifold
more efficiently, for instance, 3D Chern-Simons-Matter theory. Superconformal Chern-
Simons theories in flat spacetime were first studied by J. Schwarz in ref. [24], where he
discussed N’ = 1 and N = 2 superconformal Chern-Simons-Matter models in detail, while
N = 8 models were discussed later in ref. [25]. In ref. [5] Kapustin, Willett and Yaakov
generalized the N/ = 2 superconformal Chern-Simons-Matter theory from 3-dimensional
flat Euclidean space to S2, and calculated the partition function and the expectation value
of the supersymmetric Wilson loop of the same theory on S3. In refs. [6, 7], the idea of
ref. [5] was generalized and applied to the calculation of the partition function of the N' = 2
supersymmetric Chern-Simons-Matter theory on S3. In refs. [8, 9] further generalizations
were made, and the partition function of N’ = 2 supersymmetric Chern-Simons-Matter
theory was calculated on different versions of squashed S3.

Both ref. [8] and ref. [9] have studied the localization of the theory on a squashed S°
with SU(2) x U(1) isometry, but they chose different background gauge fields, hence their
results are not the same. The gravity duals of these theories are studied in ref. [26]. The
different choices of the background have been discussed in ref. [27] and more generally in
ref. [28]. Using the method proposed in ref. [21], ref. [28] has studied systematically the
localization of ' = 2 Chern-Simons-Matter theory on a squashed S3 which is homotopic
to S3. As pointed out in ref. [28], for a manifold with the same topology as S° the
partition function is independent of the metric, instead it only depends on the choice of
the background fields. Ref. [28] gives the most general results for the real background
fields. As a complement, we study the choice of complex background fields in this paper,
which provides another possible interpolation between the results of ref. [8] and ref. [9].

We briefly summarize the main results of this paper. We studied the N’ = 2 Chern-
Simons-Matter theory on a squashed S? with SU(2) x U(1) isometry (C.18):
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where v is a constant squashing parameter, ¢ is a constant length scale, and p™ (m =
1, 2, 3) denote the left-invariant 1-forms, which are discussed in appendix B and C. To
define supercharges on this manifold, some background auxiliary fields have to be turned



on. The supercharges satisfy the generalized Killing spinor equation (2.19):

. 1 Vv
(vﬂ - ZAM)C = _iH'Y/LC iV C 5uup ¢,

. ~ 1 . 1 Vo
(Vu+iA,)¢ = _§H7M< + ZVMC + ie,pr ~PC.

Similar to refs. [8, 14], we will first choose the Killing spinors ¢ and Z , and then solve for
the auxiliary fields A,, V,, and H. In the left-invariant frame (C.19)
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where 1 and ¢ are coordinates in the Hopf fibration of S (C.8) discussed in appendix C,
then in general the auxiliary fields have the form (2.66) (2.67):

H_ﬁ‘i‘llﬁ
2
Vi=—+k, Va=V3=0,
vl
v 2 3K
1 €+v£+2’ 2 3=0,

where k can be some arbitrary constant. If we allow a further rotation of the Killing
spinor (2.71):
¢—=eMOC, (= e

with constant complex ©, then the most general background is given by (2.72):
2 .
H=— —|— ik cos(20) — (E + m) sin(20),
v

2
< > cos(20) +iksin(20), Va=V3=0,

v 3 1 31
A= - — 20)+ ( — + — in(20 Ay =A3=0
1= (E )cos( )+ <U€+2/§)sm( ), Ao 3 ,
From the expressions above, it is clear that the effects of x and © are not the same, i.e., in
general one cannot always make © = 0 by choosing an appropriate . In other words, ©
describes some nontrivial shifts of the background auxiliary fields. Using the localization
technique we calculated the partition function of the theory. The result is the following:

1
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where o is the constant expectation value of the scalar in the vector multiplet which
parametrizes the Coulomb branch of the theory, |[W| denotes the order of the Weyl group,
r is the rank of the gauge group, and Z . is the classical value of the partition function,
which is the product of the contributions (3.36)—(3.38) from Ly, £,y and 2, (3.7)-
(3.9), i.e
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where &, kg and kg denote the Fayet-Iliopoulos coupling, the Chern-Simons level and
the gauge-R Chern-Simons coupling respectively, and R = 62 — ﬁ denotes the Ricci
scalar of the squashed 3. In eq. (1.1), ZL1°® and Z, '°°P are the 1-loop determinants

of the matter sector and the gauge sector respectively. They are given by eq. (3.90) and

eq. (3.118):
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while p and « are the weights and the roots, z, r and ¢ denote the central charge, the
R-charge and the charge under the gauge group of the chiral multiplet repectively, and
sp(x) is the double-sine function. We want to emphasize that Zg.gs still has k- and ©-
dependence, while the 1-loop determinants Zélaio‘)p and Z, 1=loop o ontain only ©, i.e., the
1-loop determinants are independent of x. Another important feature is that only © # 0
can give the result with b # 1, which is like the result of the localization on a squashed
S3 with U(1) x U(1) isometry. This effect can be understood as follows: the background
gauge fields twist the connection in the covariant derivative, and hence the naive SU(2)
degeneracy due to the original isometry SU(2) x U(1) is lifted, and the effective connection
actually preserves only a U(1) x U(1) symmetry.

We want to emphasize that the background studied in this paper is not included in the
analysis of ref. [28], because the background fields in this paper are complex for non-zero
©, while ref. [28] limited their analysis for real background fields and conjectured that their
analysis will go through for general complex backgrounds. This paper considers a special
kind of complex backgrounds in detail, and it would be an interesting problem for future
research to repeat the analysis for more general complex backgrounds.



This paper is organized as follows. In section 2 we first discuss squashed S3, then
we recall some relevant formulae from ref. [21] and solve for Killing spinors and auxiliary
fields on a squashed S3 with SU(2) x U(1) isometry. In section 3, N' = 2 supersymmetric
Chern-Simons-Matter theory is reviewed, and we make use of the Killing spinors and the
auxiliary fields found in the previous section to localize the theory on the squashed S°
with SU(2) x U(1) isometry. We end with a brief discussion in section 4. Moreover, the
convention of the paper is given in appendix A, while Some metrics and frames on round
53 as well as on squashed S® are summarized in appendix B and C. The classical solutions
to the BPS equations are given in appendix D. In appendix E, we discuss how to derive
some important relations used in the paper.

2 Killing spinors and auxiliary fields

2.1 Review of squashed S

In this section, we briefly discuss different squashed S%’s and the corresponding Killing
spinors that one can define on them. By squashed S? we mean the continuous deformation
of the round S3 metric by some parameters without changing the global topology. When
these small parameters become zero, the metric of the squashed S returns to the one of
the round S3.

The metrics of squashed S? may have different isometry groups. As reviewed in ap-
pendix B, the metric of round S has SU(2);, x SU(2)gr isometry. After squashing, the
symmetry SU(2) is reduced to some smaller group in the left-invariant frame or the right-
invariant frame or both. Both ref. [8] and ref. [9] have discussed squashed S3 with isometry
group smaller than SU(2);, x SU(2)g. We adapt their expressions a little according to our
convention.

Ref. [8] introduced an example of squashed S® that preserves an SU(2);, x U(1)r
isometry:

ds® = 02 p'pt + C(pPp? + Pty (2.1)
where in general the constant ? is different from the constant ¢, and p® (a=1,2,3) are the
left-invariant forms which are defined by

2uT, = g tdg, g€ SU(2). (2.2)
In the frame
(e' €%, €%) = (Lu', bp?, ep®) (2.3)
the spin connections are
w2 — (2571 _ f71)€17 W = fle? 12 = f1e3 (2.4)

where f = (201, In this case, to define a Killing spinor, one has to turn on a background
gauge field V. Then there can be two independent Killing spinors with opposite R-charges:

1

2f'7m6 — V€, (25)
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where

1 1
Vme€ = Ome + Zyabw?,fe, V€ = Ope+ Zymnwfnmé, (2.6)

vm—e}n(;—}), —(3) —(j’) (2.7)

The same metric with SU(2)r, x U(1)g isometry was also considered in ref. [9]:

and

1
ds® = 1 <Ugu1u1 + P+ u3u3> : (2.8)

where £ is a constant with dimension of length, and v is the constant squashing parameter.
This metric is related to the previous case of squashed S2 in the following way:

/.
—=/. 2.9
5 (2.9)
The vielbeins and the spin connections are the same as in the previous case, i.e., they
are still given by eq. (2.3) and eq. (2.4) respectively. However, ref. [9] chose a different
background gauge field V,,, and the Killing spinor equations are

1 U 1 U

where again
1 1
Ve = Ome + Z%bwﬁ?ﬁa Vi€ = Omé+ Z'Yabwzfg» (2.11)

and u is defined by
v =1+u?, (2.12)

while the background gauge field is given by

Vi =el". (2.13)
The Killing spinors in this case have the solution:
€= eg%gfleo , €= 679%97 €0, (2.14)

where €y and €y are arbitrary constant spinors, and the angle 6 is given by
o 1+ iu

= ) 2.15
- (2.15)

Actually there is another example of squashed S? discussed in ref. [8]:
ds? = *(dwo® 4 day %) 4 02 (da® + da3 ?) . (2.16)

This metric preserves an U(1) x U(1) isometry. Transforming the coordinates (z¢, z1, x2, x3)
to (cosf cosyp, cosh sing, sinf cosy, sinf siny ), we can rewrite the metric as:

ds® = [(0)2d6 + (2cos®0 dp? + 72sin20 dy? , (2.17)

where

f(6) = \/EQSinQH + 02cos2 . (2.18)

It is discussed in ref. [8] in great detail. Since we focus on the one with SU(2) x U(1)
isometry, we will not consider this case in the following.



2.2 Some relevant formulae

In this section we recall some relevant formulae from ref. [21], which describes a set of
generalized 3D Killing spinor equations. By adding a flat direction to a 3D manifold one
obtains a 4D manifold, so in principle the 4D formalisms introduced in refs. [19, 20] can
also be applied to a squashed S3. We will focus on the 3D formalism [21] in the following.
The generalized Killing spinor equations discussed in ref. [21] are:

. 1 , 1 5

(Vy—iA,)¢ = _iH'YMC — iV, ¢ — EF:W,)V ~PC, (2.19)
N 1 ~ o= 1 v o

(Vu+iA,)¢ = _§H7“< + iV, + iepr ¥PC. (2.20)

The Killing spinor equations in refs. [8, 9] can be viewed as these generalized Killing spinor
equations with special choices of the auxiliary fields A,,, V,, and H. If we choose the
metric (C.18) in the left-invariant frame (C.19):

£2
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61:*/11, eQZE/J’a € :eﬂv
(%

v
A= - Ay =A3=0
1 / 'U€7 2 3 ;
Vie=0, (m=1,2,3)
)
H=—— 2.22
Ug? ( )
while ref. [9] chose
2u
A=V =—
1 ‘/1 ol )

- (2.23)

where v is the constant squashing parameter, © = v/v2 — 1, and /£ denotes the length scale.

We make use of the formalism described in ref. [21] to solve for the Killing spinors and
the background auxiliary fields on the squashed S discussed above. We expect that in
some limits the results of refs. [8, 9] can be reproduced within the framework of ref. [21].



The following sketch illustrates the path of calculations:

Define K = Cyml, m=Q""Kp, ", ="0i”, Pun=C(yml (2.24)
U
= _1 -1 R
Define p=P;, s= ﬁpg iVQ, Wy, = — e M Opig (2.25)
V™ =em™Po,n, + kn™ (2.26)
1 .
H— _ivmnm 4 %Emnpnmannp +ik (2.27)
U
1 i 1o i 3
A, = g@m Onlogg — iﬁmlogs + 5(257% — 1P, ")V, — ian + Wy + innm
(2.28)

Finally, we obtain the auxiliary fields V,,,, H and A,,. We should emphasize that the factor
g appearing in the definition of s is the absolute value of the determinant of the metric
with the form

ds* = Q*(dyp + adz + adz)? + cdzdz, (2.29)

and p is defined as the z-component of P, in this coordinate system.

As pointed out in ref. [21], for the Killing spinors and the auxiliary fields satisfying the
Killing spinor equations (2.19), one can shift the auxiliary fields while preserving the same
Killing spinors:

VE — VHF 4+ knt,

H— H+ ik,
3
AP — AP+ 5/&77“ , (2.30)
where k satisfies
K"9,5=0. (2.31)

It means that after obtaining a set of solutions of the auxiliary fields, one can always shift
them to obtain new solutions without changing the Killing spinors, and the new auxiliary
fields and the Killing spinors formally satisfy the same Killing spinor equations as before.

2.3 Solving for Killing spinors and auxiliary fields

Following the path which is summarized in the previous subsection, we solve for the Killing
spinors and the auxiliary fields for the squashed S® with SU(2) x U(1) isometry. Starting
from the metric in the left-invariant frame (C.18)

EQ
d82 _ ﬁulul_i_eQ'uQ'uQ_‘_gQ'uSMS’

as discussed in appendix C, we can first rewrite it into the form of eq. (C.25):

1
ds® = @(dzp + adz + adz)* 4+ Pdz dz,



where we omit the length scale ¢ for simplicity, and consequently it will be omitted in
the auxiliary fields, but we will bring it back in the end. Comparing this expression with
eq. (2.29), we can read off

1
Q=_—. 2.32
2v (2:32)

We choose the Killing spinors to be

1 ~ Q (0 1 0
o [ 01
£ = (_1 0) . (2.34)
to raise the indices of (, and Ea:

o 0 o1 1
¢ _\/§<_1>, ¢ _20\/5<0). (2.35)

Next, we calculate K, in the working frame (é;, é2, é3) (C.26) (C.27). For practical reason,

and use the matrix

we will mainly work in this frame. Only in the end, we will bring the final results into
the left-invariant frame (C.19). In the following, without special mentioning the index
m =1, 2, 3 denotes the frame (é;, éz, é3) (C.26) (C.27).

Kl = CVI&V: % 9
Ky = C’mZ: 0,
Ky = ¢3¢ =0. (2.36)

In the coordinates (X, Y, ¢) (C.13), K, are given by

1 X?2+4+Y%2-1 Y

K = —— .
T4 X24Y241 X24Y
1 X?2+Y?2-1 X
Ky = — - . ’
4?2 X24Y2+4+1 X24Y?2
1
Ky=— 2.37
1/’ 4,02 ’ ( )
while K™ have a relatively simple form:
KX=0, KY=0, KY=1. (2.38)
They satisfy
1 2
Nm can be obtained immediately
1
Nm = ﬁKm = 20Ky, (2.40)



ie.,

m=1, m=mn=0. (2.41)
Then
oM, =P =™ =" . (2.42)
Similarly,
Pr=m¢=0,
Py =(n(=s,
P3:C73<:_i37
(2.43)
and
s
Pyx=——+—-
YT xzyy?
—15
Ph=——
YUl x2 4y
Py, =0. (2.44)
Since

P.dz + Psdz = P.(dX +idY) + P:(dX —idY) = (P, + P;)dX +i(P. — P;)dY, (2.45)

there is
Px =P, +P;, Py=i(P,—Ps), (2.46)
or equivalently
P - %(PX _iPy), P %(PX +iPy). (2.47)
Then in this case ) .
p=P;= i(PX +iPy) = T X1y (2.48)

Plugging it into the definition of s given by eq. (2.25), we obtain

\}ipg_}l\/ﬁ =, (2.49)

Hence, the results are consistent, and we still have the freedom to choose the function s.
It is straightforward to calculate V,,, H and W,:

2
V1:5+m, VZ=0, V3=0, (2.50)
H="+is, (2.51)
v
1
Wi=—g-, Wa=0, Wy=0. (2.52)

~10 -



To calculate A,,, we first calculate A,,:

o 1 )
Ay = =8, "0 logg — %Gmlogs,

8

(2.53)

which is valid only in the coordinates (z, z, ¢) (C.15). Using the definition of &, we

obtain
P, =—i, =i, P;=907,=0,
and
P, =—-0",.
Therefore,
p 1 z 1
A, =——- - -d,1
STy Tya g0l
- ? z 1
A, =1L. ~ o
P Tyas e
Aw = —%ﬁwlogs.
Then we obtain
A = fld,e% = —1v0ylogs ,
AQ = flzeg + A;e% + Aweg)
i N zz—1] _
= 5(2 —Z) |1+ 5(8w10g5) — | — 5(1 + 22)(0;logs + Ozlogs)
1 Nl 1 2z — 1: 1 _
= 5(2 —Z) _1 + 5(8¢10g3) el 5(1 + 2Z)0xlogs,
. 1 [ 2z—1] 1 _
Asg = 5(2 +2z) 1+ 5(8¢logs) — | + 5(1 + 22)(0.logs — Oslogs)
~Llaan 1+ Logoss) ZZ] — L+ 22)001
=—(2+2 15 ylogs)—— |73 2%Z)0ylogs ,

and

. i i 3
A=A+ V1 — 5‘1’1 "V — 5771H+W1 + SKkm

2 i1
= —iv0yl
w¢ogs+v 20

2 3
:—.al —_— —
v ¢ogs+v+2/€

2
1 3
+

) . . ;
Ay = Ag+ Vo — %%"vn — Yo H + Wa + Sk

2 2

) . . )
Az = Az + V3 — %‘%"Vn — %773H+W3 + K13

] ,
= 5(2 +2) [1 + %((%logs)

— (=2 [1+ S(0utom) 2

2 2
zZz—1

} — %(1 + 22z)0xlogs,

2

_— ,
== } — %(1 + 2Z)0ylogs,

zz
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(2.55)

(2.56)

(2.57)

(2.58)



where 5 ;
Vi=—-, H=-.
v v
Our working frame (€1, é2, €3) (C.26) is not the left-invariant frame (e1, ez, e3) (C.19).
To transform between different frames, it is convenient to first consider the 6-, ¢- and
1-component of the fields, because different frames all have the same form of the met-
ric (C.23). Let us first calculate V,, and A, (u =6, ¢, 1)), then transform them into other

frames. V), can be obtained very easily:

Vo=Vieg =0,
2 1
_ 51
Vo =Vie, = <v + I€> %COSQ,
2 1
A1
A, can also be calculated:
1
Ay = 95100 (XaxlOgS + Y&ylogs) ,
1 1 3K 1 4
A, =2+ - 47 —+ —(Yoxl — X0yl
P (2+v2+4v>0059+2+2( Oxlogs dylogs),
1 1 3k
where x should satisfy
Km0,k =0. (2.61)

Obeying this constraint it seems that we can choose any x and s, but as in refs. [8, 9]
we do not want to turn on the 2- and 3-component of V,,, and A,, in the left-invariant
frame (C.19), because the deformation of the metric happens only in the 1-direction. For
this reason we always set Ag = 0, because it is contributed only from A and Ajs in the
left-invariant frame (C.19). Hence, if Ay = A3 = 0, Ay should also vanish.

Ap=0 = XOxlogs+ Yoylogs=0. (2.62)
The solution to this equation is still quite general, which is
X
logs = f(¢) - g <Y> : (2.63)

where f(z) and g(z) can be any regular functions. A possible solution to A = 0 and
A3 =0is

Y .
logs = —i arctan (X> +ip = s=eW, (2.64)
With this choice there are
Ay =0,
1 1 3K
A¢— <2+’L}2+4’U> COSQ,
1 1 3K
A, = -4 = o 2.
v 9 + v2 4o (2.65)

- 12 —



Transforming V;,, and A, given above into the left-invariant frame (C.19), we obtain:

2
‘/1:7—’_/{’7
v
Vo=V3=0,
2 3
A1:U—|—*+£,
v 2
Ay =A3=0, (2.66)
while H has the form: .
H="1ix. (2.67)
v

Now we can try to reproduce the choices of the auxiliary fields in refs. [8, 9] using our
results (2.66) (2.67) obtained above. Ref. [8] made a special choice

2

== 2.68
=2, (2.68)

hence setting ¢ = 1 they had

1
Ay =v—— 2.69
1 v v ) ( )
or equivalently
1 1 1 1

¢ (2 2v2>C°S’ YT T 2 (2:70)

and all the other components of V,,, and A,, vanish.
To reproduce the results in ref. [9], things are a little involved, because there are no
obvious solutions which can satisfy the conditions

i 2iu
H=", Vi=A=-"1,
v v
where u = vv2 —1. We have to consider other freedom in the solution. The auxiliary

fields are given by egs. (2.66)—(2.67) and the Killing spinor is given by eq. (2.33):

1 ~ Q[0
Ca:\/§<0>7 Ca:ﬁ(l)’

1
v

where
g = (¥—=9) . Q=

Suppose that we have obtained a set of solutions to the Killing spinor equations (2.19), i.e.

Killing spinors and corresponding auxiliary fields. Then we can rotate the Killing spinors
by a constant angle © in the following way:

C—eMOc, (— e MmOC, (2.71)

~13 -



In order that the Killing spinor equations (2.19) still hold, the auxiliary fields have to be
shifted correspondingly:

H — H' = Hcos(20) — V1 5in(20) —iwy 31 (1 — cos(20))
= % + ik cos(20) — <12) + /@) sin(20),

Vi — V] = Vicos (20) + H sin(20) + i w, 3'sin(20)
— (i + n) cos(20) + ik sin(20),

Ay — A = Ay = S(H = H) + (V] = VA)

2 3 i 30 .
=v+ <v + 2#@) cos(20) + <v + 2#@) sin(20) . (2.72)
where wo 3! is one of the spin connections (C.21) in the left-invariant frame (C.19). From

the expressions above, we see that the effects of k and © are not the same, i.e., in general
one cannot always make © = 0 by choosing an appropriate x. So we still have the freedom
to choose © and k, where O is in general complex. Moreover, until now we have omitted
the length scale ¢, and actually rescaling ¢ also leaves the Killing spinor equations (2.19)
invariant, hence it is a symmetry. Therefore, by choosing ©, x and ¢ we can make the
conditions required by ref. [9] valid simultaneously:

Vi =Aj, (2.73)

V/

ﬁl/ = —2u, (2.74)

g b 9.75
ol (2.75)

where © = vv? — 1. The constraints above have a solution:

K= —5v+ Tv® — 40° (2.76)
0= lo(1 — 20%), (2.77)
2 + ikv — 2V —1 — kv — 0%
O = arctan | = v v , for1—202>0;
kv — 202
2 + ikv + 2V —1 — kv — 0*
— arctan ( sl e > . for1—202 <0, (2.78)
KV — 20

where £ is the length scale that appears in the solution from the formalism of ref. [21], while

£y is the length scale in the final expression. Apparently, v = g could be a singularity,

but actually the results can be continued analytically to v = @ Hence, it is not a real

singularity. With this choice of parameters, we find:

2iu
A= =" 2.79
1 1 UE()’ ( )
/)
H=— 2.
- (2:80)
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where
u=Vv2 -1, £=/Ly(1—-207). (2.81)

This is exactly the choice of the background auxiliary fields in ref. [9].

3 Localization of N/ = 2 Chern-Simons-Matter theory

3.1 Review of the theory

In this section, we briefly review the theory and the corresponding supersymmetry trans-
formations and algebra constructed in ref. [21], then in the next section, we will try to
localize this theory on a squashed S® with SU(2) x U(1) isometry.

As discussed in ref. [21], the 3D A = 2 vector multiplet in the Wess-Zumino gauge
transforms in the following way:

da, = —z'((’yMX + 57,») ,
0o = —CA+CA,
oA=i((D+oH)— %E“”pfyp(fw — ¥ ¢(i0u0 — Vyo),
S\ = —ig(D +oH)— %eﬂ”f’ypffw +AH Z(i@ua + Vo),
0D = Du(Cy"A = (Y*A) = iVu(¢r* A + " A) = H(CA = CA) + A, o] = (A o). (3.1)
The transformations of the chiral multiplet and the anti-chiral multiplet are given by
8¢ = V20,

0% = V2(F — V2i(z — qo — rH)Cp — V2ir"CDyuo,
§F = \2i(z — qo — (r — 2)H)C + 2igdCh — V20D, (CyHp)

5 = V2LF +V2i(z — qo — rH)(h + V2in" (Do,
0F = /2i(2 — qo — (r — 2)H)( + 2iqpCA — V20D, (Cy")) , (3:2)

where 2z, r and ¢ denote the central charge, the R-charge and the charge under the gauge
group of the chiral multiplet repectively, and

. 1 . .
D,=V,—ir <AM - QVM> —i2Cy, —iqlay, -], (3.3)
where C), satisfies
VH = —ig'?9,C, . (3.4)

The transformation parameters ¢ and Z satisfy the two Killing spinor equations (2.19) with
opposite R-charges respectively. Suppose that ( and 7 are two transformation parameters
without tilde, and { and 7 are two transformation parameters with tilde. It is checked
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in ref. [21] that the transformations with only parameters with tilde and only parameters
without tilde satisfy the algebra:

{5C7 57]}@ = 07
{527 55}@ = O,
{oc, dghp = =2i (Liee + Lz — TH)p) | (3.5)

where ¢ denotes an arbitrary field, K* = (y“Z and L is a modified Lie derivative with
the local R- and z-transformation

1
Lho=Lxp—irKH (Au - 2Vu> o —izK'Cpup. (3.6)
Under these transformations, the following Lagrangians are supersymmetry invariant:

1. Fayet-Iliopoulos Term (for U(1)-factors of the gauge group):

Lrr=&D —a, V' —0oH). (3.7)
2. Gauge-Gauge Chern-Simons Term:

k -
Ly =Tr [Z;Tg(ie“”pauayap —2Do + 21’)\/\)] . (3.8)

3. Gauge-R Chern-Simons Term (for U(1)-factors of the gauge group):

gy

1
Ly = 9 (is‘“’pau&, (Ap —

1
2Vp> — DH + Jo(R—=2V"V, — 2H2)> . (3.9

4. Yang-Mills Term:

1., 1 i~ i i~
"gYM =Tr @f’u f,LLI/ + 7623“0'@10’ — g)\’yM(Dﬂ + iVu))\ — ?A[U, )\]

P 1 1 i~
+ 530" Vifup = — V'V, 0? — —(D+oH)* + 262H)\)\] . (3.10)

262 262

5. Matter Term:

Lrnat =D"6Dud — VYV Dyt — FF + q(D + 0 H)op — 2(r — 1) H (2 — qo) ¢
((z —qo)? — %R—i—% (7"— ;) VIV, +r (r— ;) H2> b
(z —qo <r — ;) H> i@Z?ﬂ + \/ﬁiq(aﬁ)ﬂb + qzﬁX@Z) , (3.11)

where

1
Dy =V, —ir (Au = 2VM> +irgV, — izCy, — iglay, ). (3.12)

~16 —



In principle we could also add a superpotential term to the theory:

/d29W+/d2§W, (3.13)

which is J-exact. The superpotential W should be gauge invariant and have R-charge
2, which imposes contraints on the fields and consequently affects the final result of the
partition function. In this paper, for simplicity we do not consider a superpotential term.

3.2 Localization

To preserve the supersymmetry given by eq. (3.1) and eq. (3.2), the following BPS equations
should be satisfied:

Qv=0, Qv=0, Qrx=0, Q)r=0. (3.14)
In appendix D, we show that these BPS equations lead to the classical solution
a, =—0C, + al(?) , 0,0=0, D=—-0H, allotherfields=0, (3.15)

(0)

where a;~ is a flat connection, and C, appears in the new minimal supergravity as an
Abelian gauge field, which satisfies V# = —ie#?9,C, and still has the background gauge
symmetry in this case:

C, — Cp + 9N (3.16)

On the squashed S3, a,(f)) can be set to 0 by the gauge transformation. Moreover, since
we have obtained V), before, we can also solve for C),, but the solution is not unique due
to the background gauge symmetry (3.16). In the frame (C.19), we can set C; = 0 by a
background gauge transformation (3.16). Hence, in this paper we have

ag=0 = aV'=0 = &"a,0,a, xe""a,0,C,xa,V’ =0,
1
e"?a,,0, <Ap - 2Vp> x e"Pa,0,m, < a,(VF — knt) =0, (3.17)

which will be relevant for later computations. These classical solutions give classical contri-
butions to the partition function. We also need to consider the quantum fluctuation around
these classical solutions, which will give 1-loop determinants to the partition function.

The supersymmetry transformations introduced in the previous section is not nilpo-
tent, and it is not obvious whether the supersymmetry invariant Lagrangians are also
supersymmetry exact. It is more convenient to use a subset of the whole supersymme-
try transformations to do the localization. In this paper we choose the subset to be the
transformations without tilde, i.e. d.-transformations. For the matter sector the d; trans-
formations are

Qb = ¢ = V201,

Qi = 8¢ = V2(F,

QF = 5<F =0,

Qo =0d:6=0,

QU = 6cp = V2i(z — g0 — rH)($ + V2i"( Dy,

QF = 6.F = V2i(z — qo — (r — 2)H)C + 2igCAd — V2iD, (C1H) | (3.18)
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while for the gauge sector the J; transformations are
Qa, = 0cay, = —iC’yMX,
Qo = co = —CA,
QA= GA = iC(D + 0 H) — L3, fu 7 C(i0h — Vo)
QAN=0cA=0,
QD = 6¢D = Vu((y*X) = iV (¢7X) = H(CA) + ¢, o] (3.19)

From the supersymmetry algebra (3.5) we see that the d.-transformations are nilpotent.
Then we can choose some d¢-exact terms to localize the theory discussed in the previous
section. For the matter sector we choose

Vimat = (QU)1¢ + (Qu) Ty (320)
= QVimat = (Q¥)1(Q) + (Q¥)"(Qv) — P(Q(QY)T) + Q(QY) T (3.21)
=  Q(QVmat) =0. (3.22)
For the gauge sector we choose
Vo = QA+ (QN)TX = (QX)A (3.23)
= QVy = (QNT(QN) + Q(QN)A (3.24)
=  Q(QV,) =0. (3.25)

Precisely speaking, both QViyat and QV, will appear in the Lagrangian of the theory as
Q-exact terms, and both of them contain the bosonic part and the fermionic part, i.e.,

QVmat = (QVmat)B + (QVmat)r, QVy = (QVy)B + (QVy)F, (3.26)
where
(QVimat) B = (QV)1(QY) + (Q¥)(Qu),
(QVimat)F = —9(Q(QV)) + Q(QY) 1,
(QVy)B = (QN(QN),
(QVy)r = Q(QN)A. (3.27)

For later convenience, we employ a trick similar to ref. [28] to rewrite the Q-
transformations in the matter sector and QVpy,t in terms of a few operators. We will see
that with the help of these operators the cancellation of the contributions from different
modes to the partition function will be transparent.

Q¢ = V2554,

QY = V25, F,

QF =0,

Q9 =0,

QU = v2(S5¢)"

QF = V2(S5h)f (3.28)
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where ¢f = 5, and the operators Sy, Sz, SY, S5 and their corresponding adjoint operators
ST, S5, S{*, S5* are given by

Sl<I> = (I)Ca

Sod = —i [(z—qa—(r—Z)H)@—]D@] ¢,

5S¢ = o¢t

S§<I>EiCT [(E—qé—rﬁ)—i-w] D,

S = (o,

Syw =it [<Z—q6— <r—;> H) —% #’y”—i-lp] v,

Sew = (U,

S$EU = — [2 (z —qo — (T‘ - Z) H> ¢+ ;VMW”C—I—Z{ZD] U (3.29)

where ® denotes an arbitrary bosonic field, while ¥ denotes an arbitrary fermionic field.
Direct computation shows that these operators satisfy the following orthogonality condi-
tions:

SESC=0= 88, SiS5=0=S55S,. (3.30)

The derivation of the second relation is given in appendix E. Moreover, the following
relation turns out to be crucial later:

8587 + 555¢* = 185 + S¢SS* — 2iRe(z — qo)e” 2mOQ (3.31)

where © is the angle that appears in the rotation of the Killing spinor (2.71). We prove
the relation above in appendix E. With these operators, one can show that

&A¢¢ = (vaat)B = 2555*S§¢7
GApY = (QVimat) F = 20(S25F + S5S5 ). (3.32)

Hence,
Ay =2(5257 + 85577), Ay =255"55. (3.33)

For the gauge sector, instead of defining operators as in the matter sector, we can do
direct computations, and the results are

(QVy)p = e MO0 . Ty [—; fuwf" — (Do) (Do) + (D + oH)2] , (3.34)
(QVy)r = e 2mOQ . Ty [mim +2i[N, o)A — iHOW) — Vi(W\) — QVM(XWA)} . (3.35)

3.2.1 Classical contribution

As discussed before, by inserting the classical solutions (3.15) of the localization condi-
tion (3.14) into the Lagrangians of the theory (3.7)—-(3.11), one obtains the classical con-
tributions to the partition function. One can see immediately that %y and Znae do
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not have classical contributions to the partition function. Due to eq. (3.17), the classical
contributions from other Lagrangians also simplify to be

exp (i/d3I\/§$F[> = exp (if/d3x\/§Tr[D - UH]>
 dam?gr?

( H Tr(0)> , (3.36)
oo (i [ @iy ) = s (s
= exp (WH T&(ﬁ)) , (3.37)
(
(

exp (z / d3x\/§Zgr> = exp

3 1
(H? + SR = Vv Tr(a)> , (3.38)

where H and V), are in general the auxiliary fields after shifting which are given by eq. (2.72),
and R = é% — ﬁ is the Ricci scalar of the squashed S? considered in this paper.

3.2.2 1-loop determinant for matter sector

The key step of localization is to calculate the 1-loop determinants for the gauge sector
and the matter sector. There are a few methods available to do this step:

e Use the index theorem;
e Expand the Laplacians into spherical harmonics;

e Consider the modes that are not paired and consequently have net contributions to
the partition function.

All three methods have been used in many papers. In our case, it is more convenient to
use the third one, which originated in ref. [8] and has been done in a more systematic way
in ref. [28]. In this and next subsection, I will follow closely the method in ref. [28] and
apply it to our case of interest.

The basic idea is to first find out how the modes are paired, since paired modes cancel
out exactly and do not have contributions to the partition function. If in a pair the
fermionic partner is missing, which is called missing spinor, then the bosonic partner has
a net contribution to the denominator of the 1-loop determinant in the partition function.
If in a pair the bosonic partner is missing, then the fermionic partner is called unpaired
spinor, and has a net contribution to the numerator of the 1-loop determinant in the
partition function.

Starting from eq. (3.33), we assume that

1
Do = S57S50 = . (3.39)
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and define
U, =570, Uy =S50, (3.40)

then using eq. (3.33) and eq. (3.31) we obtain

%Aﬂl (8,57 + S55) S

= S555* 5S¢

= —e2mOQy, (3.41)
%Aw% = [$185 + S{S5* — 2iRe(z — go)e 2™OQ)] S50

= SSud — 2iRe(z — qo)e 2MO0S5D

= ¥ — 2iAe” 1m0, (3.42)

where A = Re(z — qo) - Q. Le.,

v —e~2moQ) v
Ay (\y;) = (2 _QiAe_ﬂm@) : (\é) . (3.43)
The eigenvalues of Ay, in this subspace are
Az = e~2Im [—iA + JT—@’} , (3.44)
where i = pQe?™©. Suppose that 1 = —M? 4 2 AM, then
Mo =—e2mON - e 2mO(n1 _254). (3.45)
In other words, if there exists a bosonic mode ® satisfying

1 ~
56—21111@”@

_ ée_mm@(—M)(M —2iA)®, (3.46)

there are corresponding fermionic modes Wy and Wy, which span a subspace, and Ay, has

A¢(I) :,uCI):

eigenvalues A1 2 with
AL g = e MmO (M) (M - 2iA). (3.47)

To make the modes paired, we can rescale the bosonic mode ® appropriately, or equivalently
define
Aqg = 6_2ImeQA¢, (348)

then
Ayd = e MO (_M)(M —2iA)D. (3.49)

Therefore, if there are no missing spinors or unpaired spinors, the bosonic modes and the
fermionic modes cancel out exactly.
Conversely, if there exists a fermionic mode ¥ satisfying

Ap¥ = —Me MOy (3.50)
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then using eq. (3.31) we can rewrite the condition above as
51850 + S{SS W = (20A — M)e 2mOp (3.51)

where recall A = Re(z — ¢qo) - Q. Acting S{* from the left and using the orthogonality
condition (3.30), we obtain

1
ST = —5(22}4 - M)D. (3.52)
Acting S§* from left on the equation
Ay = (SyS7 + S587 )W = —Me 2mOY | (3.53)
using the relation (3.52) we just obtained, we find
1
Ag® = S5*S5(S* W) = —ﬁe*ﬂm@M(M —2iA)D. (3.54)

Le., for a fermionic mode W, the corresponding bosonic mode can be constructed as & =
C*
STw.
With the preparation above, we can consider the unpaired spinors and the missing
spinors. For the unpaired spinor, there is no corresponding bosonic partner, i.e.,

O =57V =0.
Based on the orthogonality condition (3.30) there should be
U=5F. (3.55)
Then
Ay = S STV = My
= SQSTS]_F = MwSlF
= M90S F = M,SF
= e MmOOGISF = MySiSF
= My =ie2™M9Q[Dy — 2+ qo + (r — 2)H]. (3.56)
For the missing spinor, ¥s ox W;. Suppose that
\1’2 == (Z‘Ifl 5 (357)

where a is a constant. Then from eq. (3.43) we know that

Aw\IJQ = aA1/,\I’1 = (u - 21'A672Im@a)\111 (358)
ApTy = —e 2mOQqp, (3.59)
N AWA\S Y 2iAe2mOq _ _2meg,
\I’l a
1
=  p=2iAe 1m0 — ~AmOQO,2 — ﬁe_ﬂm@(—M2 + 21AM)
M
= a= - (3.60)
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Hence,

U, 20 (3.61)

ie.,

_M
0
S50 = %Sffb. (3.62)

Acting ST* from left, we obtain
M,
S5 S5 = ﬁsg*s&p
(5 — g5 — rH)(CT (¢t _ My 4
= —i(z=q0 = rH)(('O)¢ — (") Dpd = —-7 ()¢
= M,=Q[iD1+i(z—q5 —rH)]|. (3.63)

To proceed, we have to figure out the eigenvalues of the operator D; in My, (3.56) and
My (3.63). Similar to ref. [9], we use

|s, s,) withs,=—s, —s+1,---,s—1,s
as the spin basis, which transforms in the (0, s) representation of SU(2);, x SU(2)r and
‘j? m/7 m> = th’bl m

as the orbital basis, which transforms in the (j, j) representation of SU(2);, x SU(2)g,
where j is the azimuthal quantum number, while m’ and m are the magnetic quantum
numbers for SU(2)r, and SU(2)g respectively, and they take values in the following ranges:

1

‘:Oa 771a"';
I=5
mI:_j7_]+177j_17j7

For a group element g € SU(2), a field ®(g) can be expanded as

lg)= > @, lhm, m)@]s, s.). (3.65)

j7 m/7 m7 Sz
The covariant derivative on S® can be written as
vO = ptLt — §Y + (2L — §?) 4+ P (2L% — 5%, (3.66)

where L,, denote the orbital angular momentum operators on SU(2)gr, while S,, are the
spin operators. Similarly, it can also be written in the right-invariant frame as

VO =gt @L" + ') + p*(2L7 + 5%) + 5*(2L" + 5°), (3.67)

where L], denote the orbital angular momentum operators on SU(2)y,, while S, are still the
spin operators. More generally, we can write the covariant derivative D© as a combination
of the expressions (3.66) and (3.67):

VO = a[p' L' - SY) + (2L — §?) + pd(2L3 — S3)]
+(1—a)[p'L + SN + (2L + S?) + 3 (2L" + 5%)] , (3.68)
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where @ is an arbitrary constant. For the squashed S with SU(2) x U(1) isometry given
by the metric (C.18), the covariant derivative also has different expressions as follows:

V= i <2L1 — (2 - ;) 51> + u? <2L2 - i52> + 13 <2L3 — is?’) (3.69)
= i (2L’1 + (2 — ;) Sl> + 12 <2L’2 + 11)52) + 5 <2L’3 + 11)53> (3.70)
1
= a [ul <2L1 - (2 - v2> Sl> + p2(2L% — %) + p3(2L3 — 53)]
1
+(1—a) [,71 <2L’1 + (2 — UQ) 51> +a2@2L? + 8% +pd2L? + 53)} . (3.71)

where a again can be an arbitrary constant.
Since the squashed S that we consider in this paper has SU(2);, x U(1)r isometry,

LI L. L) and Ly 4+ S; should have well-defined eigenvalues as follows:

L L =—j(j+1), Ly=im', L+ =im. (3.72)

Knowing this, we can return to the discussion of the eigenvalues of the Laplacians A, and
Ay (3.56) (3.63). Remember that both expressions are derived from some scalar modes,
hence the spin s = 0, i.e., S; has vanishing eigenvalues. Then the covariant derivative
without the gauge connection, i.e. V1, in both expressions has the form

v v
— Yo =Y.y .
\v2) 7 2Li= 5 2im (3.73)

on the states |j, m’, m) with —j < m’, m < jand j =0, 1,1, --- of SU(2). Hence, the
eigenvalues of the Laplacians A, and Ay (3.56) (3.63) can be expressed as

1
My, = ie”?mOQ [Vl —i(r—2) <A1 - 2V1> —i(z —qo)C1 — (2 —qo) + (r—2)H
. _olme | 2 , 1 -
= ie Q 7m—z(r—2) A — §V1+1H —(z—qo)| , (3.74)
1
My =1iQ [Vl —r <A1 - 2V1> —i(z—=qo)C1+ (2 —qo) + TH]
[ 2iv . 1 . o
=iQ [em—zr <A1 — 2V1+ZH> —i—(z—qa)} , (3.75)
where we have used the background gauge symmetry (3.16) to set C; = 0, as mentioned

before. In general, z and o can be complex, which is crucial in some cases [21], in this
paper for simplicity we assume that

og=—-0, Z=-z. (3.76)

As a check, let us consider a few previously studied cases. For round S2, there are
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then the 1-loop determinant for the matter sector is

. 2j+1
Zl loop 2 %Tm - Z(’l" 2)l + qp( )
mat H H H 2im ZT + ( )
PER =0 \m=—j A ap\o
n+1 - n
+plo
- H H ( n— 1+r o szo.;> : (377)
pER =0 P
where p denotes the weights in the representation R, and we have set ¢ = —1 and n = 25+1.

This result is precisely the one obtained in ref. [5]. Similarly, if we choose

v 1 1
1 / Uf’ 1 ) Ué’ < ;

the 1-loop determinant for the matter sector becomes

i 2j+1
1 loop “Zm —i(r—2)9 +qp( )
2]+2 r + lp( ) 2j+1
- 1111 TEE o) ) (3.78)
pER j=0 - Zp(O‘)
where £ = £, and this result is the same as the one with SU(2) x U(1) isometry in ref. [8].

An 1mmed1ate generalization is to shift the auxiliary fields by ~ k without rotating the
Killing spinors, i.e., for

2 3K 2 K
A Z—F&‘i‘? ‘/1_@—’_?7 H = &—’_Zf Z—O,

the partition function remains the same as eq. (3.78), i.e., the one in ref. [8]:

2j4+2—r | 2j+1
+ip(o)
1 loo
Ziat " = HH( 2]+T_)> . (3.79)

pER j=0 zp(a

At this point, we may conclude that the shift k in the auxiliary fields does not affect the
1-loop determinant of the matter sector, and to obtain a nontrivial result like the one in
ref. [9] one has to consider the rotation of the Killing spinors (2.72), i.e., © # 0. All the
examples discussed above can be thought of to be © = 0.

For the cases with © # 0, e.g. the case discussed in ref. [9], the main difference is that

1
Ay = Vi iH # % . (3.80)

For ref. [9] there is

1
Ar—gVi+il =~ - (3.81)

v v

1 (\/1—v2+1>  1+iu
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This change will affect the expressions of My, (3.56) and M (3.63). We can think of this
effect as to use the background gauge fields to twist the connections in the covariant deriva-
tives, i.e., we want to absorb the background gauge fields into the covariant derivatives. For
O = 0, there is always A; — %Vl +iH = 7. From eq. (3.73) we can see that the background
fields can be thought of to only twist the SU(2)y, part of the connection, without affecting
the SU(2)g part of the connection. For © # 0, A; — $V4 + iH is in general not equal
to ¢, hence cannot be absorbed only in the SU(2)r, part of the connection, i.e., it has to
twist also the SU(2)g part. We can use the expression (3.71) and figure out the coefficients
in the linear combination. The guiding principle is that we still want to require that the
background gauge fields can be absorbed only in the SU(2);, part of the connection. Hence,
from eq. (3.71) and eq. (3.73) we see that on the states |j, m/, m) with the spin s = 0:

1
Vi-2i(A1—5Vi+iH) = [a%QLl (1-a)l L'l] iV = [a92z'm+ 1 —a)%Zim 2 Y

¢ 4 l b

where
zﬁ = +(4, - V1 +iH). (3.82)
1

Since —j < m/, m < j, the choice of the sign does not change the final result. To combine
22’% with the term containing L' implies that

s =— = a=—
A A
Then
1 v v v v
—2i(Ay—VitiH) = | —20t + (2 — Dyort| —2i L = | Lo = = y2im! | —2i— .
Vi—2i(44 5 V1t ) 0 +(g €1> } i [51 zm+(€ 51)Zm i
(3.83)
For the case discussed in ref. [9] there is
v 1+u v
_——= = . 4
2 vl (1 —iu)l (3:84)
v v v —iu v v
- =Z_ — 3.85
A A R T VA B vy A (3:85)

Then the 1-loop determinant for the matter sector has the general expression

200 (1) 4 24 (% - 7) m' +irt — (z - qp(0))

1-loop _ —ome 4
mat e

pER j —j<m,m/<j Wm +2i (% - %) m’ + ZT% + (2 - qp((?o))

1111 1T -

pER § —j<m,m/<j

“IIIT I oo’

peER j§ —j<m/<j

2j + 2 + 2ium’ — r + 90)
=TII1 II oo (-2 b (3.86)
; O _ qu,z(ﬂ)

pER j —j<m'<j 2) = 20um’ £

Cotme 26(m — 1) + 2um’ 4+ ir + Lpb(a)
2im + 2um’ +ir + Lp(g)

(=7 — 1)+ 2um’ —|—2r+q2p()

215 + 2um’ + ir + L’Z(U)

— 96 —



where b = 1‘““, p again denotes the weights in the representation R, and we have assumed
z2=0, o=-0.

If we identify r and % with A and r in ref. [9] respectively, and let ¢ = 1, then up to some
constant this result is the same as the one in ref. [9].

For the most general auxiliary fields (2.72) on a squashed S? with SU(2) x U(1) isom-
etry, the 1-loop determinant for the matter sector is

2ifm — D +2im' (§ = ) +irg — (2 = 40(0))

2im#- + 2im/ (4 — Zﬁ) +irg+ (Z — qp(0))

1 loop —2Tm®
mat €

pER j —j<m,m/<j 7 -
2j +2 — om! L _p_jzmaple)
— H H H 672Im® - § 57 2y
peR j —j<m'<j 2j + 2m/ L0 4 g 4§ 2290
4 2
> pPHqg+2—(p— QW —r —i =2
_ H H e 2me [ 2
pER p,q=0 p+Q+(p—q)W+r+iZ_Z£(”)

o0
11 I |-

pER p.a=0 (L+W)p+(1—W)g+1+i

1
(1_W)p+(1+W)q+1_2'<qup(a) —’57“4-1')

41

bp + b tg + b i(b+glfl) (Z_qf(") - ir+i>
£

— - —2ImO | _ 1
H H € _ i(b+b-1) < _ ir—i_i) )

peR p,q=0 b=1p+bg+ b+12) Lyl ! z (%(U) _
(3.87)
where
j:]%, m’:]%, (3.88)
v v
70 1-W 1-W
Eevgl’ bzﬁ: P (3.89)
I 1-W 1+W
and we have assumed that
z = —Z, o= —0

Therefore, up to some constant the 1-loop determinant for the matter sector in the general

rlnaioop H sp ( <Z—(1])p() —ir 4+ Z)) , (3.90)
0

1

background is

where
1-Ww 1-W v —
Q=b+bdt, b — C w=L_14

: 3.91
Vi w2 1+ W i (3.91)
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and sp(z) is the double-sine function, whose properties are discussed in ref. [29] and ap-
pendix A of ref. [30]. For the general background auxiliary fields (2.72) there is

v 1 , v 21, _i0
EIZA12‘/1+ZH:€(1U281D@6 > y (392)
which leads to
2 2 )
= — JRE— — —2Z@
w 07 — 2ot b \/1 2 (1—e ). (3.93)

As a quick check, we see that for the round S? there is v = 1 and © = 0, then as expected
W=0, b=1.

Moreover, for © = 0 there is always b = 1, and by choosing different v and £ in 7 (3.92)
one obtains the result for round S® [5] and the result in ref. [8]. If we choose £ and © to
be the ones given in eqs. (2.76)—(2.78), and use the following identity for the double-sine
function

sp(x) sp(—x) =1, (3.94)

we obtain the result in ref. [9]. Hence, the result (3.90) incorporates all the previous results
for a squashed S? with SU(2) x U(1) isometry.

3.2.3 1-loop determinant for gauge sector

In this section we discuss the 1-loop determinant for the gauge sector. The method is similar
to the matter sector. We will see how the modes are paired, and how the missing spinors
and the unpaired spinors give rise to the 1-loop determinant. First, the Lagrangians that
are used to do the localization in the gauge sector, also have the bosonic part (3.34) and
the fermionic part (3.35). We can rescale the fields in the vector multiplet appropriately,
then the Lagrangians (3.34) (3.35) become

QU)o =Tr |3 (D) (Do) + (D + o1 (3.95)
(QVy)r = Tr [2APA + 243, o] — tH(W) = Vi(W) — 2V, ()] - (3.96)

We follow the same procedure as in ref. [5]. First, we add a gauge fixing term:
Lyr = Tr[eVFV e+ bVPa,] . (3.97)

Integration over b will give the gauge fixing condition

Vta, =0. (3.98)
If we decompose
ap = Vup + By (3.99)
with
VEB, =0, (3.100)
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then the gauge fixing condition becomes
VFA, =0 = VIV,p=0, (3.101)

which is equivalent to a J-function in the Lagrangian:
1
§(VHA,) = 6(V3p) = ——=4(p). 3.102
(V¥43) = 8(99) = s 0(0) (3102
After Gaussian integration, ¢ and ¢ will contribute a factor to the partition function:

det(V?),

while integration over o will contribute another factor
1
Vdet(V2)
Hence, the contributions from ¢, ¢, ¢ and ¢ will cancel each other. Hence, around the

classical solution (3.15), the bosonic part that contributes to the 1-loop determinant for
the gauge sector, becomes

(QV,))y = Tr (B“ABBu +[B,, 0]2) : (3.103)

where ABBM = *d x dB,,.

We see that the Lagrangians (3.96) and (3.103) are exactly the same as the ones in
ref. [28], therefore, we follow the same way as ref. [28] to figure out the pairing of modes.
Suppose that there is a fermionic mode A satisfying

) 1
A\A=Q (iv“DM +ioca — %H — §V1 — V,ﬁ“) A= MA
1 .
= (iM4+oaQ)A = (—'y“DM + §H - %Vl - iV,ﬂ“) A (3.104)

Similar to ref. [28], we can use the equation above to prove the following important relation
by direct computations:

B = Qd(CA) + (iM + 5aQ)(Cr,A)der = —i + (D(@#A)dﬁ) . (3.105)

In our case 2 is a constant, and the details of deriving this relation are given in appendix
E. Then this relation leads to

~ ~ B — Qd(CA
B = Qd(CA) + (iM + 0aQ)(CypA)der = —ixd <z]\4+a(§zﬁ)>
= (iM +00Q)B = —ixdB (3.106)
= +\/Ap B=%dB=—(M —icaf)B = —(M — ioga)B, (3.107)

with o9 = 0. lLe., if there exists a fermionic mode A with eigenvalue M for Ay, then
there is a corresponding bosonic mode with eigenvalue —(M — ia(0y)) for xd. Conversely,
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if the relation (3.107) is true, i.e., there is a bosonic mode with eigenvalue —(M — ia(0y))
for *d, then the fermionic mode A = +*B,,( satisfies

ANA = MA. (3.108)

In other words, the eigenmodes of v/Ap with eigenvalues +(M — ic(op)) are paired with
the eigenmodes of Ay with eigenvalues M, —M + 2ia(0p). On these paired bosonic modes
Ap = Ap 4 a?(0g) has the eigenvalue M (M — 2ia(0y)). Hence,

Ay _ —M (M — 2ia(0g))
AB M(M— 2ia(00)) '

(3.109)

We see that up to some constant the paired modes cancel out exactly and do not have net
contributions to the 1-loop determinant.

Similar to the matter sector, to calculate the 1-loop determinant of the gauge sector,
we still consider the unpaired spinor and the missing spinor. For the unpaired spinor, there
is no corresponding bosonic mode, i.e.,

Q0,,(CA) + (iM + a(00))CyuA =0, (3.110)
and now the fermionic mode A is
A= (P + (P2, (3.111)

where ®¢ and P, are bosonic fields with R-charges 0 and 2 respectively. Using the conven-
tion in appendix A, we obtain for the first component of eq. (3.110):

Q2010 + Q(iMp + aog))Pg = 0
= My = ioz(ag) + 1001 = iQOé(O’) +1Q0, . (3.112)

For the missing spinor there is
A=~+"B,(=0. (3.113)

By multiplying ¢t and ¢¢f from the left, we see that this relation implies that
B1 =0, Bys+iB3=0 = Bs=1iB>.

Then
*dB = (i(‘)ng — 8332)61 — i9813262 + 9813263 . (3.114)
Combining eq. (3.106) and eq. (3.114), we obtain
— Q01 By = —(M —ia(09))iBs
= M= ’iOé(Uo) +iQ0, = iQOé(O’) + Q0 . (3.115)
Actually, as discussed in refs. [8, 28], there are more conditions that can be deduced, but for

the case studied in this paper, the additional conditions are irrelevant. Moreover, it seems
that the contributions from the unpaired spinors and the missing spinors (3.112) (3.115)
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cancel each other exactly. This is not the case, because the derivative 9; acting on ®¢ and
B> gives the eigenvalues proportional to the third component of the orbital angular mo-
mentum, i.e. L1, while &g and Bs have spin 0 and 1 respectively. To know the precise form
of the eigenvalues of 01, i.e. the covariant derivative without spin and gauge connections,
we use the same expression obtained in the matter sector (3.83):

v v v v v v
= 21! - — — )2 = —2(im — —— — ) 2im/ 11
o1 7 + <€ £1> 7 (im — S1) + (ﬁ £1> m’, (3.116)

where for the mode ®( the eigenvalue of S is 0, while for the mode Bj the eigenvalue of
S1 can be 4+1 or —1, but since a runs over all the positive roots and negative roots, and
m and m’ run from —j to 7, the sign is actually irrelevant.

Considering all the modes contributing to %—g in the most general background (2.72),
we obtain the 1-loop determinant for the gauge sector:

—27m —2m' (§ — %) +ia(o)

v -1 I

DA T ey =22 (m — 1) — 2m! (% . 7) +ia(o)

_ H H H =275 —2m/ (% — %) +ia(o)

Q€A j —i<m/<j —2%(—] — 1) —2m/ (% - %) + ’L.Od(O')

U

25 + 2m'W — =)
=111 1I i)

acd j —jemi<j \ 2027 2mW A+ 0
pta+(p—gW -2

= H H - é;a(o')

aeApg=o \ PTq+2—(p—qW+ =

(1+W)p+(1—W)g+1—i

ol Emz’(’f)i>
)
)

a€Apg=0\ (1-W)p+(1+W)g+1+i

.
H\e&
D
|
~.
N———

blp—i—bq—&-g—i;‘?(ioﬁ@—

o0
=11 1 |- "
acApg=0 \ bp+b-lg+ 4+ (ioﬁ(;a) —1

L1

, (3.117)

where a denotes the roots, and p, ¢, W, b and Q) are defined in the same way as be-
fore (3.88) (3.89) (3.91). Up to some constant, the 1-loop determinant for the gauge sector

can be written as
zi7oor = T s (g (m(a) - z)) , (3.118)
A

aEA
where sy(z) is the double-sine function, and 7 is given by eq. (3.92). By choosing ap-
propriate parameters given by eqs. (2.76)—(2.78), we obtain the result of ref. [9] from this
general result.
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To see how the results of other cases emerge from the general one (3.118), we need to

rewrite the expression at some intermediate step. If we define

then

Zl loop _

b1 + by = —

ITIT 11

2 by —by=—2 (Z - Z) , (3.119)

aEA j —j<m/<y T4 \ T

=11 1T 11

a€A  j —j<m/<y

=11 1T 11

a€A j —j<m/<j

=1011 11

aEA j 7j<m’<j

=27 (=j— 1) +2m/ (f - %) +ia(o)
(b1 + bg)] + (b1 — bg)m, + iOé(O‘)

—(b1+02)(5 +1) = (b1 — b2)m/ + icr(0)
bi(j+m') +ba(j —m') +ia(o)

—bi(j+m' +1)—=bay(j —m/ + 1) +ia(o)

bip + baq + (o)

H H H —bi(p+1) —ba(q+1) +ia(o)’ (3-120)

acA j p,q=0

which is exactly the result of the 1-loop determinant for the gauge sector in ref. [28]. From
this result, it is easy to obtain the results for other cases. To see it, we should rewrite the
expression further and restrict o to be positive roots.

1—loop __
Zg

IRININE

a€AL j p,q=0

11 ([Umm+au@yfh@n+m@w-Ilpmm+uu@y11p@n+m@»>
n>0 m>0 n>0

bip + baq + ia(o) bip + bag —ia(o)
al;[Jr lzlplq_lo( bi(p+1) — bo(q+ 1) +iafo) bl(p+1)bg(q+1)ia(0)>

bip + baq + ic(o) ‘ —b1p — baq + ia(0) )
—bi(p+1) —ba(qg+1)+ia(o) bi(p+1)+ba(qg+1)+iao)

acAyL \m>0

II II@im*+a20)- [0 +a’(e)
acAy m>0 n>0

II II (®in® +a?(0)) - (b3n° + 0*(0))) . (3.121)
a€Ay n>0

where A, denotes the set of positive roots. For

1
b1:b2:Z7

we obtain the result of round S® [5], while for

by =by = =

v

| =

7=
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the result becomes the one of the squashed S* with SU(2) x U(1) isometry discussed in
ref. [8]. Hence, like in the matter sector, the general result (3.118) also incorporates all the
previous results on a squashed S3 with SU(2) x U(1) isometry, and it does not depend on
the shifts by ~ k of the auxiliary fields, instead the shifts induced by the rotation of the
Killing spinors will affect the final result.

Finally, putting everything together (3.36)—(3.38), (3.90), (3.118), we obtain the results
summarized in the introduction. As we emphasized there, an important feature is that the
1-loop determinants are independent of the shift «, while only © # 0 can give the results
essentially different from the case of the round S3.

4 Conclusion and discussion

Through the calculations above, we have seen that refs. [17, 19-21] provide a very powerful
tool for studying theories with rigid supersymmetry on curved space. It is especially useful
in finding the Killing spinors and the corresponding background auxiliary fields, which
could be extremely hard but at the same time crucial to the calculations in the localization
procedure. These new formalisms circumvent this difficulty in a systematic way.

The partition function of the N' = 2 supersymmetric Chern-Simons-Matter theory on
a squashed S? with SU(2) x U(1) isometry and a class of complex background is calculated.
The result provides a new interpolation between the results of ref. [8] and ref. [9]. From
this example we see clearly how the background fields enter the final results. Even for the
round S3, i.e. v = 1, the partition function can be nontrivial if © # 0. Moreover, different
background fields do not necessarily lead to different partition functions. For instance, the
shift proportional to k in the background auxiliary fields leaves the 1-loop determinants in
the partition function unchanged. This work complements ref. [28] by studying a special
case in great detail.

It would be interesting to see whether the same features are shared by other kinds of
3D and 4D manifolds, i.e., whether the partition functions for the theory defined on the
manifolds depend on the background auxiliary fields in a certain way. Moreover, ref. [31]
has studied the gravity dual for the Chern-Simons-Matter theory defined on a squashed S°
with SU(2) x U(1) isometry. With the general results discussed in this paper, we would like
to see how the large class of gauge theories fits into the gravity side, and how the auxiliary
fields appear appropriately in the gravity theory.
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A Convention

In this appendix we review our convention and some identities used in the paper. We
mainly follow the convention of ref. [21]. The 3D ~-matrices are chosen to be

M =03, Y2=-—01, 73=—02, (A.1)

where o; are the Pauli matrices. They still satisfy

[Vma 'Vn] = 2i5mnp'7p . (AQ)

This will consequently affect the eigenvalues of spherical harmonics defined on the squashed
S3. The main difference is that for a spin-0 field instead of L3z now L; has the eigenvalues

1
m with —j<m <y, j:O,§,1,~-

In this paper, we use commuting spinors. The product of two spinors are defined as

Ux = Y*CapX”®, VX = P (Cyp)apX” (A.3)

where the indices can be raised and lowered using

01
C =
—-10
is the charge conjugation matrix. The spinor bilinears of commuting spinors satisfy

X =—x¥, VYuX = Xt (A.4)

The Fierz identity for commuting spinors is

(10) (Wrx2) = £ () (821) + 5 (177 x2) (). (4.5)

The Hermitian conjugate of a spinor is given by

(W™ = (¢a) , (A.6)

where ~ denotes the complex conjugate. The charge conjugate of a spinor is defined as
X° = 02X (A7)

We use 9 and 1; to denote the spinors that are Hermitian conjugate to each other in
Lorentzian signature, while independent in Euclidean signature. In particular, ¢ and Z are
such a kind of spinor pair. They satisfy the generalized Killing spinor equations (2.19).
Although in Euclidean signature they are independent, one can prove that the charge
conjugate of (, i.e., (¢ satisfies the same Killing spinor equation as Z . Hence,

¢“ o (. (A.8)
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B S3% as an SU(2)-group manifold

A convenient way to discuss different ways of squashing is to introduce the left-invariant
and the right-invariant frame. A group element in SU(2) is given by

. To +1x3 X9 + 1T
=iz, ot = , B.1

9 na (—xg + 121 o —i$3> ( )
where o# = (—il,&). Then

p=g tdg and p=dgg? (B.2)

are left-invariant and right-invariant 1-form respectively, i.e., they are invariant under the
transformations with a constant matrix A

g—hg and g—gh

respectively. It can be checked explicitly that the metric of S? can be written as
2 0?
ds® = Etr(dg dg=) = Cpmum = PR ™ = E(Mmum +amamy, (B.3)

with m =1, 2, 3, if we impose the constraint

detg=ao?+ a1 2+ a9+ 232 =1, (B.4)
where ) )
i ~ i
prt = gtrey™),  pm = gte(aa™), (B.5)
or equivalently,
— U Ty = p =g ‘g, Tp= z%n , g €SU(2). (B.6)

Hence, the metric of S? is both left-invariant and right-invariant.
A 3D Killing spinor is a spinor that satisfies

De = de + %’ymnwm”e = e™yme, (B.7)
where Y, = %(*ymfyn — Yn¥m), and the choice of 7, is given in appendix A, while w™"
is the spin connection, and € is another spinor which in general can be different from e.
In this paper, sometimes we try to bring the spinors satisfying generalized Killing spinor
equations back into this simple form. Moreover, we can define two Killing vector fields by
their group actions on a general group element ¢ in SU(2):

L"g=1iv"g, R™g =igy™. (B.8)

As discussed before, the metric of S? is both left-invariant and right-invariant, hence it is
also invariant under the actions of L™ and R™ given above. By definition, a Killing vector
field is a vector field that preserves the metric. Therefore, £ and R™ are Killing vector
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fields. Since the actions of L™ and R™ are equivalent to multiplications of iy from the
left and from the right respectively, after some rescaling they are the same as the generators
of SU(2) algebra, i.e., {;£™} and {—5R™} both satisfy the commutation relation of the
SU(2) algebra.

In the above, we define L™ and R™ as group actions. Sometimes we also use them to
denote the variations caused by the group actions. In this sense, there are

L(g ldg)=0 = Lmu"=0 (B.9)
and
~n mZ AT mi —LAT
LR = L7 Str(iy") = L7 Str(dg g7 y")

_ % [tr(iy™ ™) + te(i(—iy™)y™)]

= 2P P (B.10)
Similarly, there are
R™u™ =0 and R™u" = —-2""Pup . (B.11)

In other words, £™ acts only on the right-invariant frames, while R™ acts only on the
left-invariant frames. Hence, the round S% has an SU(2)1, x SU(2)g isometry.

C Different metrics of squashed S3

There are different expressions of S? and squashed S3. In this appendix we review some
relevant ones for this paper. A more thorough discussion can be found in appendix A of
ref. [32].

As discussed in appendix B, the metric of S can be written as (B.3):

d82 _ ngumMm — £2/~Lm/jm’ (Cl)

where

g—ldg — _Zﬂm,ym’ dg/g/—l — _iﬁm,}/m‘ (02)

In general the SU(2) group elements g and ¢’ can be different. If we choose on 53
cos (g) - exp z#) sin (g) - exp (z@)

—sin (g) - exp —z%) oS (g) - exp (—z#) ,

cos (g) - exp (z#) sin (g) - exp (—z%)

—sin 5) - exp (z%) cos (g) - exp (—z#) 7

then the vielbeins in the left-invariant frame and in the right-invariant frame are given by:

g:

ey =lut = —g(dz/} + cosf do) ,
©) _ , 2 0, . .
ey =Llp° = —i(smw df — sinf cosy) do) ,

eéo) =y’ = g(cosw df + sinf siny do) . (C.3)
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0=t = —g(dw + cosf do)

6{20) =/(1°= g(sinw df — sinf cosy dg) ,

égo) =053 = g(cosw df + sinf siny) dg) . (C4)
They satisfy
del + 1sabceb Nefyy =0, del, — laabc el AESH =0 (C.5)
)Ty (0) 7t =(0) — M O (0 =) — ¥ :

i.e., the spin connections are

ab __ 1 abc ¢ ~ ab 1 abc~c (CG)

“YoyT Ty Co) Yo T s C)e

We see explicitly that for this choice of g and ¢’ there are

2
eloy = €(o) = —g(dw—i—cosﬁ o), (efo))>+ (o)) = (€70)) >+ () = %(d92+sin20dq§2).
(C.7)
That is the reason why in the paper we can occasionally interchange between the left-
invariant frame and the right-invariant frame.
Besides the form (B.3), the metric of S can also be written as a Hopf fibration or a
torus fibration. Both the left-invariant frame (C.3) and the right-invariant frame (C.4) can
give the Hopf fibration of S3:

52
ds* = Z(d@Q + sin?0d¢® + (dyp + cosf do)?), (C.8)
where
0<O0<7m, 0<¢p<2r, 0<¢<4n. (C.9)
The torus fibration of S2 is
ds® = (2(d¥? + sin®0dp? + cos’Vdp?) , (C.10)
where
0<V<Z, 0<pr,pp<2m. (C.11)

The following conditions relate the coordiantes of the Hopf fibration and the torus fibration
of §3:
0=20, ¢=p2a—p1, V=p1+¢2. (C.12)

To apply the method introduced in ref. [21], we have to rewrite the metric of S3 as a
Hopf fibration (C.8) further. Using the stereographic projection

0 0
X = COt§ cosp, Y = cot§ sing (C.13)
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we can rewrite the metric of S? as

ds? = db* + sin®0dp?

4 2 2
= ey X )
4 _
= mdz dZ, (014)
where
s=X4iY, F=X-—iY. (C.15)

Consequently, the metric of S3 as a Hopf fibration (C.8) has the following forms, if we set
(=1

1 1
ds* = = (dyp 4 cosf do)? + ch? + Zs,in29 dg?

=

2

X24+Y%2-1 Y X24+Y2%2-1 X
+ + Iy

. dX .
Xrvirl X vttt iviol X ave

1
1+ X24Y?2)? (aX® +dv?)

1
= ;(d0 +adz + adz)? + 2dz dz, (C.16)

1
- |dy —
1|

1

h
where i z—1 1

9: 2241 T 1tz
Based on our choice of left-invariant frame (C.3) and the right-invariant frame (C.4),

(C.17)

the metric of the squashed S% with SU(2) x U(1) isometry has the following expression:

0 2 o P
d82=U*QM1M1+52M2N2+52M3M3=U*QM1M1+£2M2M2+52M3M37 (C.18)

where v is a constant squashing parameter. For this squashed S3, we choose the left-
invariant frame and the right-invariant frame to be

er = gul = —ﬁ(dw + cosf do) ,
v 2v
es = lpu? = —g(sinw df — sinf cost) dg) ,
e3 =’ = g(cosw df + sinf siny) dg) . (C.19)
SO A 14
it = = (d + cos do)

v
G=ln%= g(sind) df — sinf cosy do) ,

~ - l
e3=L1°3 = §(cos¢ df + sinf siny do) . (C.20)
The corresponding spin connections are
1 1 1
W= _ (2_2> pl, W= T2 W2 — 28 (C.21)
v v v
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for the left-invariant frame, and
1 1 1
~23 1 ~31 2 12 3
we=( 2 i, w oM w o H ( )

for the right-invariant frame. As for $3, the metric (C.18) can also be written in some
other coordinates:

1 1 1
ds? = 1.2 (40 + cost do)* + Zde2 + 1sin29 d¢? (C.23)
v
2 2 2 2 _ 2
:idw—X” LY e, Xo+yi-1 X
42 X24+Y24+1 X24Y2 X24+Y2+1 X24+Y2
1
+ (1+X2+Y2)2(dX2+dY2) (C.24)
= 3 (d + adz + adz)? + c*dz dz, (C.25)

In practice it is more convenient to choose a frame different from the right-invariant
frame (C.20), which is given by

1 X24+Y2-1 Y X2+Y2-1 X
~1
= — |dy — : dx : dy
R L NS TN IS SN AR CNR SN Sl
1
~2
= ——dX
CTirxzevet
1
3 dy . (C.26)

C T IT Xzt
In the coordinates (0, ¢, ©) and (z, z, ¥) the vielbeins look like

1 1 1
N L _ _
é = 2vdw+ 2Ucos€d¢ 27j(dzp—|—adz—i—aclz),

1 1 dz +dz
e? = —icosgﬁ do — 581119 sing dgp = ¢ Z; z ,

1 1 dz — dz
&3 = —singdf + ~sinf cospdp = ¢ % .
2 2 2%

(C.27)

D BPS equations and classical solutions

As we discussed in the text, to preserve the supersymmetry given by eq. (3.1) and eq. (3.2),
the BPS equations (3.14) should be satisfied:

Qv=0, Qyb=0, Qrx=0, QA=0, (D.1)
or in explicit form
0= V2(F — V2i(z — go — rH)($ — V2ir"( Dy, (D.2)
0= V2(F + V2i(z — go — rH)($ + V2ir" (Do, (D.3)
0= iC(D+ 0 H) — LM, f — (i — Voo (D.4)
0= —il(D+oH) — %swypf Fow + A C(i000 + Vo). (D.5)
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Using the solutions of the Killing spinor equations (2.35)

0 ~ 1 1
@ = @ = . D.
eoi(). #oats () os
and choosing the frame given by (C.26) (C.27), we obtain for commuting spinors
— S 1
. ~ 1 1
C’Ymc - (07 S, _ZS) ) C’YmC - (O) _@) _48’02> ’ (DS)

~ 1 1
Gl = (50:0) . T = (5.00) (D.9)
where m = 1,2, 3.
Contracting eq. (D.2) with ¢ and eq. (D.3) with ¢ from the left, one obtains
F=0, F=0. (D.10)

Plugging these solutions into eq. (D.2) and eq. (D.3), can contracting them with ¢ and Z
respectively from the left, one has

V2i V2i

50 (Z*QU*TH)¢*7D1¢—0 (D.11)
\gi (z—qa—rH)qb—i—ﬁDl(ﬁ—O (D.12)

Since 5 = ¢!, for generic values of (z—qo —rH) the equations above do not have nontrivial
solutions. Hence,

p=¢=0. (D.13)
In the gauge sector, we can contract eq. (D.4) and eq. (D.5) with ¢ and E respectively
from the left, then we obtain

QNS <—€p”“f o — 10"0 + V“cr> =0, (D.14)

(€0 (—ep””f +i0to + V”o) =0. (D.15)
Taking into account that

(¢ #0, CuC#0, C(1l(#0, C(y(#0,

we obtain that

0o = 030 = 0. (D.16)

Similarly, contracting eq. (D.4) and eq. (D.5) with Z and ( respectively from the left will give
QLU(D +oH) + (Cyu€) <—;5W fow — i0F0 + wa) =0, (D.17)

;—U(D +0H) + (¢7,0) (—;apa“fpg +i0%o + V“U) =0. (D.18)
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Then
Mme=Mmc¢#0
implies that
010 =0. (D.19)
Therefore, we can conclude that
Ouo =0, (D.20)
i.e., 0 is constant. In the above, we prove this condition in a special frame (C.26) (C.27),

but actually the equations eqs. (D.14) ~ (D.18) are frame-independent, i.e., they are valid
for an arbitrary frame. Hence, in general eq. (D.14) and eq. (D.15) imply that

_ %gpaufpa L VHe =0, (D.21)
which leads to
ay, = —oCy + a,(j’) , (D.22)

(0)

where a;,” is a flat connection, and C), is an Abelian gauge field satisfying
VH = —iel"P0,C, . (D.23)
Under the condition (D.21), eq. (D.17) and eq. (D.18) give us
D=-0H. (D.24)

We do not want fermionic background, hence the classical solutions of fermions are zero.
To summarize, the classical solutions to the BPS equations in our model are

a, =—0Cy+ al(?) , O0,0=0, D=—0cH, allother fields=0. (D.25)

E Derivation of some important relations

In this appendix, we prove a few crucial relations in our calculations. The relations include
the second equation of eq. (3.30), eq. (3.31) and eq. (3.105).
To prove the second equation of eq. (3.30), we first observe that

(S3S5B1, Bo) = (By, S5*Sr®y) . (E.1)

Hence, we only need to prove
55550 =0.

Plugging in the definitions (3.29), we can find the relation above by a long but direct
calculation. In the intermediate steps we made use of the following relations:

¢f¢t = 0; (E.2)
V“(CJW“CT) =0 since Vo=V3=0and ¢y ¢ =0; (E.3)
DG = ~3HCH+ SVl + ZunnV 27 (5.4

D¢ = S HC — TV (E5)

e P (TN = P (TN A = 0, (E.6)
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where
Aw=V,A -V,A, V,=V,V, -V, V,. (E.7)

Next, to prove eq. (3.31), we just calculate
W(Sy5F + 5555 )W

and
V(5155 + S1557)V,

and then compare them to figure out their difference. The results are

(8557 4 S585)W = — <z —qo — (r - ;) H> e MO0 (VP W)

(E.8)

~ 1 ~
U(S185 + SSSHW = i <z —q5 + <r — 2) H) e MO (TP, W)

+i (z —qo — <r — ;’)) e 2mOO (T P_D)

+ 3¢ OOV (W) + i(¢1 D) (BQ) — i(¢ D) (BT,
(E.9)

where

Pr=—(1+7). (E.10)

1
2
Hence,

(5257 4 S55¢%) — (185 + 5¢55%) = — 2iRe(z — qo)e ™OQP, — 2iRe(z — qo)e 2™PQP_
— — 2iRe(z — qo)e 2MOQ (E.11)

which proves eq. (3.31).
Finally, let us show how to prove eq. (3.105). From eq. (3.104) we see that

(iM + 0aQ)A = Q(—4*D,, + %H _ %vl — VAP
Using this relation, one can gradually prove that
Qd(CA) + (iM + 0af) (G, A)de”
= QH (A" — LOVi(CruA)de? — VLA e

1 ~ ~
+ iﬂeu,,pV”(C’y”A)df“ — 1€p2(¢Y DY A)dEF . (E.12)
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On the other hand, there is
— i+ (D(Cru)dg” ) = i, D" (Cy M) g™ (E.13)

After some steps it becomes
— ieup QD" ((YPA)dE" = QH (CpA)dEH — iQV,(CA)dE" — ey, UCHP DY A)dE" . (E.14)

Then we only need to prove that the expressions in eq. (E.12) and eq. (E.14) are equal, or
equivalently their difference vanishes, i.e.,

— POV Gyt + LOVIEANE! — 102, VI (G AE =0, (E15)

where we have used the fact that V;,, has only the 1-component non-vanishing. The last
expression can be checked explicitly by using

Coc (1 0)
= Mm=¢, iCr=-C3, i(y3=7_n, (E.16)
where recall our convention
Y1 =03, 7Y2=—01, 73= —02.
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