PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: May 16, 2014
ACCEPTED: June 30, 201/
PUBLISHED: July 24, 2014

de Sitter supersymmetry revisited

Tarek Anous,” Daniel Z. Freedman®’¢ and Alexander Maloney®¢
@Center for Theoretical Physics, Massachusetts Institute of Technology,
77 Massachusetts Ave., Cambridge, USA

b Department of Mathematics, Massachusetts Institute of Technology,
77 Massachusetts Ave., Cambridge, USA

¢Stanford Institute for Theoretical Physics, Department of Physics, Stanford University,
382 Via Pueblo Mall, Stanford, USA

4 Departments of Physics, McGill University,

3600 rue University, Montreal, Canada

¢ Center for the Fundamental Laws of Nature, Harvard University,
17 Ozford St., Cambridge, USA

E-mail: tanous@mit.edu, dzf@math.mit.edu, maloney@physics.mcgill.ca

ABSTRACT: We present the basic N/ = 1 superconformal field theories in four-dimensional
de Sitter space-time, namely the non-abelian super Yang-Mills theory and the chiral mul-
tiplet theory with gauge interactions or cubic superpotential. These theories have eight su-
percharges and are invariant under the full SO(4, 2) group of conformal symmetries, which
includes the de Sitter isometry group SO(4, 1) as a subgroup. The theories are ghost-free
and the anti-commutator ) _{Qa, Q"TY} is positive. SUSY Ward identities uniquely select
the Bunch-Davies vacuum state. This vacuum state is invariant under superconformal
transformations, despite the fact that de Sitter space has non-zero Hawking temperature.
The N = 1 theories are classically invariant under the SU(2, 2|1) superconformal group, but
this symmetry is broken by radiative corrections. However, no such difficulty is expected
in the N' = 4 theory, which is presented in appendix B.
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1 Introduction

In four dimensional de Sitter space (dS4) there are no known A = 1 unitary, supersym-
metric theories, while such theories abound in Minkowski and anti-de Sitter space. The
two main obstacles are (see [1, 2]):

e Majorana Killing spinors, which are generally necessary for the construction of N' = 1
Lorentzian signature SUSY theories in curved space, do not exist in dSy.

e The usual de Sitter super-algebra — in which the {Q,Q} anti-commutator closes
on the generators of the SO(4,1) de Sitter isometry group — has no unitary rep-
resentations. Indeed, one can show that Y., {Qa,Q%} = 0, so any non-trivial
representation of the de Sitter superalgebra has negative norm states [1, 2.



In this note we consider a modest exception to the above no-go results: global super-
conformal theories in dS4. These theories are consistent because dSy is locally conformal
to Minkowski space. Indeed, the actions and transformation rules are determined by an
appropriate Weyl transformation of the flat space theory.

Our primary focus is the basic classical N' = 1 superconformal theories in dS;. We
avoid the first obstacle noted above by constructing our theories using conformal Killing
spinors, for which there is no difficulty in imposing a Majorana condition. From these
one obtains 8 conserved supercharges whose anti-commutators give the 10 SO(4, 1) Killing
charges along with 5 conformal Killing charges necessarily to fill out the full SO(4,2)
conformal algebra of de Sitter space. Thus the second obstacle noted above is avoided
because the {Q, Q} algebra closes on SO(4,2), rather than SO(4,1), and

Y {Qu,Q"} = Q[K] >0, (1.1)

in which Q[K] is a formally conserved conformal Killing charge with positive integrand
when expressed as an integral over a time slice.

There is interesting previous work. First, the positive energy theorem for de Sitter
space proven by Kastor and Traschen [3] (see also [4]) exploits, as we also do, the fact that
the coset SO(4,2)/SO(4,1) contains a conformal energy (i.e. a generator of conformal time
translations) with positive spectrum. Second, de Medeiros and Hollands [5-7] have studied
N = 2 superconformal supersymmetry in conformally flat spacetimes such as dS4. It is
puzzling that they state that AN/ = 1 superconformal theories cannot be constructed in dSy.
The geometries that support conformal Killing spinors are studied in [7, 8]. Several authors
have also considered theories with rigid supersymmetry in Euclidean curved spaces [9,
10] and superconformal symmetry in Lorentzian curved spacetimes [11-13]; appendix A.1
of [13], in particular, proposes an approach to de Sitter supersymmetry similar to our own.!

Recently, in light of the dS/CFT correspondence [16-18], and its first realization in
terms of a higher spin theory in dS4 [19], some progress has been made in writing down
supersymmetric higher spin theories in dSy [20, 21]. However, the known examples have
N = 2 supersymmetry.

In the following sections we will construct the non-abelian super Yang-Mills and the
chiral multiplet theories in de Sitter space. We will discuss why the N' = 1 superconformal
field theories on dS4 satisfy (1.1). We also explore the SUSY Ward identities that relate
propagators of boson and fermion fields. Our N' = 1 theories are conformal invariant only
at the classical level, since perturbative radiative corrections introduce a scale and an RG
flow. We also present N' = 4 SYM on dS; in appendix B, which we expect enjoys exact
SU(2,2/4) supersymmetry.

2 De Sitter supersymmetry and conformal Killing spinors

In a general supersymmetric field theory, the commutator of two SUSY transformations
with spinor parameters €', € has the structure (on any field ®(z)):

60, 6@ = —(@y" €)D,® + ... | (2.1)

'Recent work [14, 15] also develops de Sitter symmetry from superfields by embedding dS, in flat space.
As the super-algebra closes on SO(4, 1), we suspect this theory is non-unitarity.



where K# = &+# ¢ is usually a Killing vector. With this perspective in view let us compare
the situation in AdS, and dS,.2

SUSY in AdS,. Suppose that Y4, A = 0,1,2,3,4 are Cartesian coordinates in a 5-
dimensional space with metric nap = diag(— + + + —). Then AdS4 can be viewed as the
embedded hyperboloid satisfying nagY4Y? = —a?. The usual Killing spinor condition
and its Dirac adjoint

1 _ 1
D,e= g The egu = =5, (2.2)

a
are compatible with the integrability condition [D,,, D,]e = %Rummabe in a constant neg-
ative curvature spacetime. They are also real (in a Majorana representation) and admit a
maximal set of Majorana solutions. Further, the bilinear K* = &~ ¢ satisfies

DK, +D,K,=0. (2.3)

It is a Killing vector, and the set of such bilinears spans the set of 10 Killing vectors of
SO(3,2). This leads to the well known and understood theory of AdS SUSY.

SUSY in dS;? The embedded hyperboloid of dS, is given by nagY Y ?® = a? where
Y4 are now coordinates in a 5-dimensional space with metric nap = diag(—+ + ++). The
would-be Killing spinor condition®
i _ T
D,e = g Tue egﬂ = 5 (2.4)
is required by integrability in dS4, which has constant positive curvature. There is a

maximal set of solutions. However, the Killing spinor equation is essentially complex, so
there are no Majorana spinor solutions. Further, the spinor bilinears K# = &~ ¢ satisfy

i
D,K,+ D,K, = g,,D,K" = ng,(?e) . (2.5)

These bilinears are conformal Killing vectors, since the right hand side is proportional to
guv; the “weights” (the coefficients of 2g,,,) are %DPKP.

This is one clue that superconformal SUSY is needed in de Sitter space. However
spinors that satisfy (2.4) cannot be used, because their bilinears are complex, and their
appearance in (2.1) is not consistent with reality properties of the fields.

This problem can be bypassed by working with conformal Killing spinors (CKS) whose
definition, namely

1
(fyuDl, +vD, — QQWID> e=0, (2.6)

is compatible with the Majorana property. Contracting with ~+*, one finds the equivalent
condition

(Da=Jup) =0, (27)

2We present our Dirac matrix conventions in appendix A.
3The alternate condition in which iYu — 57y on the right side differs by a chiral rotation of the spinors
and is thus equivalent [3].



One can show that the real and imaginary parts of any complex spinor in dS4 that satisfies
(2.4) are Majorana conformal Killing spinors (see appendix C). We will obtain the full set
of Majorana spinors in a simpler way, but this requires a choice of metric on dSy.

Many coordinate systems are useful to discuss physics in de Sitter space. Since con-
formal symmetry is central for us we use the conformally flat “Poincaré patch metric”

(obtained from planar coordinates by the transformation 20 = —aexp(—t/a)):
2
o g a .
ds® = —dt* + e*/9dx? = oy [—(da®)? + dx?] . (2.8)

Its structure is similar to the Poincaré patch of anti-de Sitter space. The time coordinate
29 € [~00,0] is chosen so that spatial volumes increase with increasing zV.

In flat spacetime the most general CKS, given, for example, by Wess and Zumino [22],
is m + l’ﬂ’)/ﬂ 12, where 11, 19 are constant Majorana spinors. The spinor n; is associated
with the usual Q-supersymmetry transformations in flat space, while 75 is associated with
conformally related S-supersymmetry transformations. The simplest way to obtain the
CKS’s for dSy is to use the Weyl transformation from flat spacetime to define

1
(@) = ——— (1 + ") (2.9)
v—2%a
In the frame e” = —-5dz#, the spinor covariant derivatives are:
1
Dge = 806 DiE == al + ﬁ’}g’m € . (2.10)

It is straightforward to check that spinors (2.9) satisfy (2.7). Thus we have a basis con-
taining 8 real supercharges.

One can calculate the weights §D,(€v”¢) of all bilinears in the basis (2.9) and learn
that they do not vanish. Thus, when €, e are CKS’s, the SUSY commutator [d¢ , 0]
contains the CKV’s of dS4, albeit with admixtures of KV’s. As we will argue below, this
leads to a supercharge anti-commutator of the schematic form

D {Qa Q1 =— / Bay/—gK, (z)T" (2.11)

in which K" is a future directed time-like CKV. Such conformal Killing charges are con-
served formally, i.e. if boundary conditions permit, and if the stress tensor is conserved and
traceless. Positivity holds if the stress tensor of the theory satisfies the dominant energy
condition. We elaborate on this point in section 5.

The conformal group of dSy is SO(4,2). Its Lie algebra is realized by the ten KV’s of
the isometry group SO(4, 1) plus the five CK'V’s of the coset SO(4,2)/SO(4,1). The CKV’s
are translations of the embedding coordinates Y4 of the hyperboloid. It is worthwhile to
display them as vector fields on the surface. In patch coordinates the five CKV’s are:

i. Translation of patch time Ky = dy. This is clearly future-directed and time-like.

ii. The Lorentz boost K; = 5ijxj 0o + 2°0; which is not future-directed.



iii. The special conformal Ky = (XX + (29)?)0y + 229X - 0%, also future-directed and
time-like.

In dS4 they are genuine CKV’s with non-vanishing weights iDuK #. Readers are invited
to compute these weights. The CKV’s K and K3 are the main contribution to (2.11).

The Lie brackets [CKV,CKV’] are linear combinations of the 10 KV’s, namely 3
space transformations, 3 rotations, 3 spatial special conformal transformations and the
scale transformation K, = x#0,.

3 The basic N =1 SCFT’s in dS,

3.1 Non-abelian N =1 SYM theory

The fields are Ay, A, D, where a is the index of the gauge group. The action is?

1 12 1
Sgauge = —/d4.%'\/ —g |:4F5VFGMV + 5)\(112)\(1 + 2DaDa:| . (31)

This is just the flat space action extended by minimal coupling to the dS; metric and spin
connection. The same holds for the SUSY variations:

a 1 = a
5Au = —EE’}/HA (32)
sat = | Lypopa (i pe (3.3)
- \/5 27 po V5 € .
1
5D = ——eys AT (3.4)

V2
It is now very easy to show that the action is invariant if € is a CKS and thus satis-

fies (2.6). We simply “covariantize” the flat space calculation of [23] and show for a general

€(x) that

1 d4x\/—g€$ YPIARFL NS (3.5)

2v2 g r7

Note that Egﬂ is contracted with the conserved supercurrent. Now choose €(x) to be a

CKS and use (2.6) to write

58 = —

b
8v/2

But 7,777 y* = (d — 4)y*° — 0 for d = 4. The first N' = 1 de Sitter SUSY theory is thus
established!

%
4SS = da\/—gelp (VYT ) e A (3.6)

3.2 The superconformal chiral multiplet

The N = 1 chiral multiplet contains the fields z, x, F. The extension of the flat space
kinetic action to dS, includes the conformal coupling —Rzz/6 = —2zz/a? and is given by

1 2 _
Skin = /d41:\/—g [ —g"0,20,z — i)Z]DX - ﬁiz + FF (3.7)

4We use the conventions of Ch. 6 of [23], except that SUSY parameters are multiplied by v/2.



It is invariant under the transformation rules:

5Z:€PLX> 52:€PRX1

1 _ 1
ox = Pr, []Dz+F+2le]e+PR {lDz—i—F—l-Qz]D}e, (3.8)
OF = ElDPLX, OF = EZDPRX .

The coefficient of the term proportional to Pe in (3.8) is fixed by the requirement that
the sum of all terms transforms with weight 3/2 under the Weyl transformation g, —
G = (@) g .,,. Under this transformation ¢ — ¢ = e?/2, 2z — 2/ = ez, F — ¢ 2°F,
X — X/ — 6—30/2
in 5PLX'

X- One may check to see that 0,0 cancels in the sum of the three terms
The transformations (3.8) are generated by the improved supercurrent
0 5 I 2 wp (5 ) AP 2

J" =Py |(PZ = F)y'x + 39" Dy(2X) | + Pr | (B2 = F)y'x + 59" Du(2x) |, (3.9)

which is conserved and v-traceless.

3.3 Superpotentials

The chiral multiplet considered above is a theory of free fields. In flat space the Wess-
Zumino model with cubic superpotential W = 23/3 is superconformally invariant, so it
should have an extension to de Sitter space. We begin the discussion more broadly and
consider a general holomorphic superpotential W (z). The de Sitter covariant extension of
its flat space interaction term is

Sw = / dax/—g[FW' — %(gPLX)W”}. (3.10)

It is easy to verify that its variation under the transformations (3.8) is

OSw = /d4$\/ng(W/ — ZW”/2)PL lDG . (3.11)

This vanishes only for a cubic superpotential. The complete interacting theory is then
specified by the sum S = Sy, + Sw + Sy with W and W cubic in 2 and Z respectively.

Let us look briefly at the possibility of generating supersymmetry using Killing spinors
e(z) that satisfy (2.4) and thus also [Pe = Z¢. The kinetic action (3.7) is invariant because
it is manifestly real and the real and imaginary parts of e¢(x) are each conformal Killing
spinors. Although the variation dSy does not vanish for general W (z), the sum Sy + ASy
is invariant if ASy is chosen as the scalar term

ASy = —?;i/d‘lx\/fg(w —2W'/3). (3.12)

Notice that ASy vanishes when W is cubic. However, as an example of the problems with
this construction for general W, consider the mass term W = mz2/2 and its conjugate



W = mz2?/2. After elimination of the auxiliary fields one finds a non-hermitean scalar
potential (note z = (A +iB)/V/?2)
1 1
V= 5(2/612 +m? +im/a)A? + 5(2/a2 +m? — im/a) B> (3.13)
with complex masses. A further pathology is that the SUSY variations dz = €Prx and
0z = €PRrx are not related by complex conjugation if € is a complex Killing spinor.
3.4 Chiral multiplet with gauge interactions

Generalizing the A/ = 1 chiral multiplet to include gauge interactions is a straightforward
exercise that follows from the flat space case. The fields (z, x, F') are now taken to trans-
form in a representation of the gauge group with generators t,. The kinetic term is exactly
as in (3.7), except that the derivatives are replaced by the usual gauge covariant derivatives

Oz = Opz +taAyz,  DyuPrx — DuPrx +taALPLx,  DuPrx — DuPrx +t AL PRX .
(3.14)
The transformation rules

0z = €Prx
1
5PLX = PL I:lDZ + F+ 22m:| € (3.15)
OF = eélpPpy — V2ePp)\tyz

include the usual gauge covariant derivatives as well as an additional term in §F' involving
A and z. In addition, the following coupling term

Scoupling = /d4$\/—g [—\@ (X“ZtaPLx - )‘(PRtaz)\a) + iDaZtaz} (3.16)

must be added to the action to cancel the SUSY variation of the gauge fields appearing in
the kinetic action. The proof of invariance of the full action

S = Sgauge + Skin + Scoupling (3'17)

then proceeds much as in the flat space case.

4 The SUSY algebra for conformal Killing spinors

In this section we study the SUSY algebra of the NV = 1 chiral and gauge multiplets in
dSs. We assume that e(z), € (x) are conformal Killing spinors that satisfy (2.7). We define
K =eyte and k = 1(éy5Ipe’ — @y51P€) . For the chiral multiplet, the commutator of the
variations of (3.8) gives

[6',6]z = K'Dyz + (3D, K")z + k2 (4.1)
3 1 1
[6',0|PLx = K'D, Prx + i(iDuK“)PLX t3 (D,K, — D,K,)y"" Prx — §W*PLX
(4.2)
[6',6]F = K*D,F +2(3D,K")F — 2kF (4.3)



For the gauge multiplet the analogous computation from (3.2) leads to
[/, 0]A, = K'F),) (4.4)
1
[6', 6]\ = KFD, X + g(%D#K“))\ + 3 (DuK, — D, K,,)) v X + ;n’y*)\ (4.5)
[6',6]D = K*D,D + 2(;D,K")D (4.6)

The structure and the coefficients agree with the commutators of flat space super-
conformal algebra compiled in [22]. The first term is the Lie derivative that effects the
diffeomorphism generated by the conformal Killing vector K*. It is accompanied by the
conformal weight term whose coefficients are the scale dimensions 1, 3/2, 2 respectively for
the fields z, x, F'. There is a local Lorentz transformation on x. The last term is the U(1)gr
transformation of the superconformal algebra. (The coefficients of k satisfy the expected
relations between the R-charges of the various fields, but they are scaled by the factor 3/2
from the conventional values.) Similar comments apply to the gauge multiplet.

5 The supercharge algebra and unitarity

In this section we express the SUSY algebra in terms of conserved charges and derive (1.1)
at the classical level. The Noether charge associated with a covariantly conserved vector
current J#(z) is given by

Q= _/d%\ﬁ nJ* = /d3x\/TgJ° . (5.1)

In the first expression d®z,/7 is the volume element of the spatial 3-volume orthogonal to
the future-pointing timelike unit normal n*. For the Poincaré patch metric (2.8) of dSy,
this volume may be taken to be the spatial slice of constant conformal time z° (which
is negative in our conventions). The normal vector is n* = (n® = —2%/a,0,0,0). Then
n, =ng = a/z" and \/Ang = —/—g where g is the determinant of the full metric of dS,.
Thus we obtain the second expression for the charge. This charge is independent of the
time 2¥ provided that the current falls off sufficiently fast at spatial infinity.

For a conformal Killing vector K, the current J*# = — K, ©O" is covariantly conserved
provided that the stress tensor ©"*” is conserved and traceless. For a conformal Killing
spinor e(x), the current J* = €*J4 is conserved if the supercurrent J* is covariantly
conserved and v-traceless, i.e. 7,J* = 0. Thus we deal with the conformal Killing charges
and supercharges

QK] = — / 3/ —gK,0% (5.2)
€Q, = /d?’x\/fggajg = Q%, . (5.3)

Then the operator algebra statement that corresponds to the commutators of variations in
the previous section is

[€°Qa, Q%€s) = =i Qe el + ... . (5.4)



We now need to be more specific and strip off the constant Grassmann parameters 7, 1
in (5.4). We refer to the specific spinors of (2.9) and define the two spinor supercharges:

Qo = 7t / P1y/=g (51(2))a" Y (5.5)
T8 Qa = 7 / 0o/ =G (5a(2))aP T8 (5.6)
Si(z) = —— So(z) = —— (5.7)

AT 70(7[@;7)’
v—2%a v—2/a

where S1(z), So(x) are 4 x 4 matrices whose Dirac adjoints S; = i’yO(Si) iy" appear in the
supercharges. Then (5.4) can be replaced by the supercharge anti-commutator

{Qia, Q1Y =—i / Ba/=g(Si(x)7,S; ()0 . (5.8)

Since we are interested in deriving (1.1), we multiply from the right by i70 and trace,
and we choose ¢ = j with no sum. We find the traced anti-commutator

Qi QL) = [ oy =g (i Si(2))0" . (5.9)

For i = 1,2, the traces are

Tr(Sl(x)v”Sl(x)'y(:)) = —4(1,0,0,0) = —4KY (5.10)
Tr(Sy(2)7" So(x)y?) = —4(22%2" — 2 - 2n”®) = —4KY . (5.11)

In each case we find one of the future pointing conformal Killing vectors described at the
end of section 2. So the general form of (5.9) becomes

1Y {Qia, Q) = —/d3x\/ngy6°”. (5.12)

in which K" is the conformal Killing vector for time translation or time-like special con-
formal transformation in the Poincaré patch.

We now argue that the the operator on the right hand side of (5.12) is positive in
the classical approximation in which we include only the bosonic contribution to the stress
tensor of our basic N' =1 theories. Given (5.1), it is the integral of n,K,©"" that must
be non-negative. Let’s first look into the stronger condition of positivity of the integrand.
We note that the standard dominant energy condition requires that

A, B,O" >0 (5.13)

where A*, BY is any pair of future pointing timelike or null vectors. The dominant energy
condition is well known [24] for the electromagnetic field and the proof is immediately
applicable to Yang-Mills. Dominant energy is also valid for the canonical stress tensor of
the free scalar field [24], but it does not hold for conformally coupled scalar of the chiral
multiplet [25-27].



Let us look at the integral in (5.12) for a real conformally coupled scalar field ¢ and try
to show it is positive. The improved stress tensor, which is both conserved and traceless, is:

1 1
@;w - D,LL¢D1/¢ guu( pd)Dp(z)) T a <D D g,LWD - Rul/ + QQ#VR) ¢2 (5'14)

1 1
*DMDVQS g9 (D p¢DP¢)—*¢D Do+ gguV¢ (5.15)

where in the second line we used O¢ = (2/a?)¢, Ry, = ZQWR and R = 12/a?. We work
in the Poincaré patch and consider the conformal Killing charge

= / Bry/—g 0° KV (5.16)
— / d3x\/jg[K0 ( D°¢Dy¢p — f( pODP ) — ¢D0Dg¢+ 6;&)

+ K* @D%Dﬂp — 3¢DiD0¢> } . (5.17)

The first step is to use the equation of motion in the form
DDy = <a22 — D’D,) & (5.18)

to rewrite the integrand in (5.16) as
QUK = - [ day/=g| K (30%0D00 ~ {D'oDi0 + 16D Do~ 51307 )

+ K* <§DO¢DZ¢ — zl))quiD%) } : (5.19)

We assume that the fields on the time slice decay fast enough at spatial infinity to allow
partial integration without picking up boundary contributions. We integrate the 3rd term
in the first line and the 2nd term in the second line above to obtain

QK] = - / d*zv/=g [KO ( DY6Dys ~ SD'9D6 — 5 ¢2> + K (D°6Dig)

- %DiKO (¢D') + gDiKi (¢D0¢)] : (5.20)
Next we substitute D% = Doqs and D¢ = a2 D;¢, obtaining
QK] = [ day=3) ok [f’ <D0¢>Do¢>+ DioDio+ ﬁ)#) K (DogDig)
+ %DiKO (pD;p) + %DiKi (¢D0qﬁ)} : (5.21)

We now apply (5.21) to the two positive timelike CKV’s in (5.10)—(5.11). For the
generator of translations of conformal time, K = 9y. The CKV equation implies D; K = 0
and $D; K} = —1/2°. We regroup terms in (5.21) and find

Qo] = [ #ov=g| 5 (WP (D20 + (0 - Do)’ | (522)

which is non-negative.

~10 -



The special conformal CKV, Ky = (X- X + (29)?)dy + 22X - 0%, satisfies D; K9 = 0

and $D;K§ = —z - x/(2°) , where 2 - 2 = —(2°)? + X - X. In this case one can verify that
XX + (xO)Q 2$0i 2
Kol = [ dBov/—a| X)) 02 p. _ =" D
Qi) = [ ¢oy=g| =L @R (Dot o F ot D00
+(6— MD ) i (5.23)
XX+ (20270 ’ ‘

again non-negative.
The results (5.22) and (5.23) actually have the common form

i

QK] = /d3$\/jg[§; ((x0)2 <Di¢)+ II;DW)Q + (¢+ %DiKi (§32D0¢>2> ] .
(5.24)

This form of the integrated conformal Killing charge matches with (5.21) for any CKV that
satisfies

2
DK% =0 and (K%?+ (2°)?2 (;DK> = (K%?%. (5.25)
These conditions are satisfied by the two CKV’s that appear in the traced de Sitter SUSY
algebra (5.12). They are also satisfied by the three Lorentz boost CKV’s discussed in
section 2, namely K?i) = 6ijxj , K(ji) = xoég , although their integrated charges are not
necessarily positive.

So far we have considered the SUSY anti-commutator {Qn, @1} summed over spinor
components. We would like to show that each individual diagonal term of {Qa, Q%1 is
classically positive. We summarize our progress on this question. In the usual Weyl rep-
resentation of the Dirac algebra (and in the Majorana representation of Sec 3.3.1 of [23]),
the diagonal terms take a simple form. The CKV K{ in (5.10) is replaced by (1,0,0,+1),
the sum of the conformal time translation and a space translation. Similarly, K¥ is re-
placed by v, (2z2” — x - xn”) which describes a special conformal transformation in the
null direction v, = (1,0,0,%1). In both cases these are future-pointing null vectors, so
the dominant energy condition implies positivity for the gauge multiplet. For the chiral
multiplet we were not able to extend the analytic proof of positivity above.

6 Propagator Ward identities and the Vacuum

In a supersymmetric field theory there are Ward identities that relate the propagators of
boson and fermion fields. We will argue in this section that superconformal Ward identities
select the Bunch-Davies vacuum state which is the unique conformal invariant state among
the well known one-parameter family of SO(4, 1) invariant vacua.

We begin with a brief discussion of the propagators® of a massive scalar field which

satisfy
§(z,y)

=

®We do not specify the time ordering prescription. See [28] for more information.

(O —mH)G(z,y) = (6.1)
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A de Sitter invariant solution of this equation will be a function of P(z,y) [28] defined in
terms of the embedding coordinates of the hyperboloid by:

P(z,y) = napY*(2)YP(y) . (6.2)

The geodesic distance between two points D(z,y) in dSy is given by D(z,y) = arccos
P(z,y)/a®. We use instead the chordal distance variable u = 1 — P/a?. In Poincaré patch
coordinates, u takes the simple form

v

_ 77,ul/($ -yt —y)

u 22050 (6.3)
One can convert (6.1) into the hypergeometric equation
w(2 — u)G" (u) + 4(1 — )G’ (u) — (ma)?G(u) = 0. (6.4)
The general solution to (6.4) is given by:
I'(hy)L(h-) u u
Glu) = 1J6r7r2a2 [c12F1 (hy he 2,1 = §) +c20F (R hey2,5)] . (6.5)

where

3 9
— 242 m2a2
hi—Qi 1~ et (6.6)

The first term in (6.5) has the expected singularity for null separated points Y4 (x) and
YB(y), ie. (YA(x) — YA(y))? = 0. The second term is singular when one point is null
separated from the antipodal reflection of the other, i.e. when (Y4(x)+Y4(y))? = 0. In de
Sitter space this unphysical term cannot be discarded because two antipodal points are sep-
arated by a horizon, and the singularity is undetectable to geodesic observers. Henceforth
we take ¢; = 1 in order to normalize to the §-function in (6.1), and simply replace co — c.
The one-parameter family of de Sitter invariant propagators in (6.5) then corresponds to
the family of Mottola-Allen or a-vacua of a field theory on dSy (see e.g. [28-31, 35]). Of
these the choice ¢ = 0 gives the Bunch-Davies vacuum.

The hypergeometric solution (6.5) simplifies significantly at the conformally coupled
mass point m? = 2/a? where we find:

Glu) = &T%az <i o u) . (6.7)

In this case the Bunch-Davies choice is the unique conformally invariant vacuum. One sim-

ple way to see this is to notice that, when ¢ = 0, G(u) is related by to the flat space propaga-
tor by the factor (z°¢y°)/a?, determined by the Weyl transformation ¢'(z) = —(2°/a)¢(x)
of the field to the Poincaré patch (see (2.8)). Alternatively, this can be seen by noting
that the condition that x and y are antipodally separated points is not preserved by a
conformal transformation on de Sitter space (though, of course the condition that x and y
are coincident is preserved).

- 12 —



6.1 Ward identities

We are now ready to discuss propagator Ward identities for the chiral multiplet. Using
equations (3.8) and noting that d(x(x)z(y)) = d(x(z)z(y)) = 0 it is easy to derive a
consistency condition satisfied by the propagator (x(x)x(y)). In fact we use this to define
(x(z)x(y)). We consider the SUSY transformations (3.8) for the general CKS e(x) of (2.9).
We use (5.7) and note that DS, = —%Sw@ and DS, = —1—%527@. This allows us to derive
two independent expressions for (x(z)x(y)), namely:

(@)X () = — D (2(2)2(y))S1(2)ST ' (y) + 1<5(ﬂf)f<?(y)>51(33)7051_1(y) (6.8)

= D)) 5055 (1)~ 2@)) S0 W)  (69)

where (Z(x)z(y)) is the scalar two-point function given in (6.7). A calculation (Mathemat-
ical) then shows that the two conditions (6.8)—(6.9) are mutually consistent only for the
Bunch-Davies vacuum where ¢ = 0. This is natural since only this vacuum is conformal
invariant, but it is satisfying to see how conformal SUSY forces this choice.
Using (6.8)—(6.9), it is easy to show that
L (z—yr

<X(J“)>Z(y)> = 87203 12 LUOyO Y - (610)

Notice again that this propagator is related to the flat space propagator by the factor of
(%) /a?)?/2, corresponding to the Weyl transformation () = (—2°/a)3/?¢ ().

It would be interesting to consider the propagator Ward identities for the gauge multi-
plet. However, the analysis becomes more complicated because the consistency conditions
include a new term due to the SUSY variation of the gauge-fixing term in the action.

7 Hawking temperature and dS SUSY

We now comment on the relationship between Hawking radiation and de Sitter supersym-
metry. An observer in de Sitter space will observe a bath of thermal particles emitted from
the de Sitter horizon at the Hawking temperature

1
Ty = Ima " (7.1)
One might worry that the non-zero Hawking temperature of de Sitter space breaks super-
symmetry, because in flat space a finite temperature breaks supersymmetry. We will now
argue that this is not the case.

We begin by recalling the derivation of Hawking radiation in de Sitter space. The
Hilbert space of quantum field theory in a fixed de Sitter background is built on the Bunch-
Davies vacuum state [0). As we saw in section 6, the Bunch-Davies state is consistent with
the SUSY Ward identities. That is to say, the state |0) has unbroken supersymmetry. We
consider an inertial observer in de Sitter space who makes observations in this vacuum
state. To this observer, we can associate a static patch of de Sitter space, with coordinates

L S A 13 (7.2)

a? 1—r2
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Figure 1. Here we present the de Sitter Penrose diagram and how various coordinate systems cover
the manifold. Left: static patch coordinates cover one quarter of de Sitter space and are good for
describing static observers whose worldline coincides with the south pole at » = 0. The dash-dotted
lines represent lines of constant r and the arrows represent the flow of the time coordinate ¢. Note

that constant r slices become spacelike in the northern diamond. Right: Poincaré coordinates cover

half of de Sitter space. The dashed lines represent spacelike surfaces of constant conformal time z°.

The observer sits at » = 0 and the de Sitter horizon is at = 1. The coordinate patch
0 < r < 1 covers that part of de Sitter space which is causally accessible to the observer.
Because the static patch does not cover an entire Cauchy surface in de Sitter space, the
QFT Hilbert space can be written as a tensor product H = Hin @ Hout, where Hin(Hout) is
the Hilbert space of degrees of freedom inside (outside) of the static patch. The expectation
value of an observable O which is inside the static patch can be written as Tr pO, where
p is the reduced density matrix

p = Try,, [0)(0] (7.3)

obtained by tracing over the degrees of freedom outside the static patch. The standard
Hawking radiation computation [34, 35] then gives

0

1 —2raH
L2 =2
© ot

== (7.4)
where H is the Hamiltonian which generates time translation in the static time coordinate t.
We emphasize that this Hawking radiation computation is correct, even though the vacuum
state |0) is SUSY invariant.

Equation (7.4) is the standard form for a finite temperature density matrix. However,
we note that the interpretation of (7.4) is slightly different from that of a finite temperature
density matrix in flat space. In flat space, the matrix density (7.4) would break SUSY if H
were the standard Hamiltonian which generates time-translations. For example, correlation
functions in this vacuum would not obey standard SUSY Ward identities. A simple way
to see this is to note that this Hamiltonian is the square of a supersymmetry generator,
so its expectation value would vanish in an SUSY invariant state. In de Sitter space,
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however, the operator H which generates static-patch time translation is not the square
of a supersymmetry generator. Thus it is not subject to the usual requirement that it
vanish in a supersymmetric state. Indeed, none of the SO(4, 1) de Sitter isometries can be
written as the square of a fermionic generator. The only operators which can be so written
(and hence vanish in the ground state) are generators of conformal isometries in SO(4, 2)
which are not regular de Sitter isometries. For example, the generator Ky of conformal
time translation vanishes in the ground state.

An analogous situation would arise in flat space if we considered an observer undergoing
constant acceleration. In this case, the usual SUSY invariant flat space vacuum state |0)
would appear to emit a finite temperature bath of Hawking quanta. Indeed, observables
in the causal region associated with the accelerating observer (the Rindler wedge) are
computed precisely with the density matrix (7.3)—(7.4), where H is the Hamiltonian which
generates translations in the Rindler time coordinate. This finite temperature radiation is
present even though the vacuum state exactly preserves supersymmetry.
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A Spinor and Dirac matrix conventions

Throughout the main text we use the conventions of [23]. Dirac matrices satisfy

{v", 7"} = 29" (A.1)
We use greek indices p,v ... to denote curved space Dirac matrices, namely those which
contain a frame field v* = e;7%. Latin indices a, b, ... or hatted indices /i, 7 ... denote the
local Lorentz frame. We define
1
'Y,Lu/ = 5[7#771/} . (A2)

We use 5 = i73717373 as well as the projection operators

1+

Pr, 5

, Pr— % . (A.3)

Finally the Dirac adjoint of a fermionic field such as x is given by

x=ix"°. (A.4)
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B N =4 SYM with manifest SU(4)g symmetry

Radiative corrections in the N' = 1 theories discussed in the main text break conformal and
superconformal symmetry. However, the N' = 4 theory [32, 33] is an exact superconformal
theory in Minkowski spacetime and this property is expected to be maintained in dSy.
Therefore we present the de Sitter extension of this theory in a manifestly SU(4)r invariant
form closely related to the notation and formulation in [33].

The theory contains the gauge potential AZ, four Majorana gauginos whose chiral
projections are PpA\%, PrA®, and six real scalars X'. We will use a, § to denote SU(4)
indices, which we will place down or up according to chirality (we hope this will not cause
confusion with the main text, where greek letters label spinor indices). The Lagrangian
consists of the sum of a quadratic kinetic term, a cubic Yukawa term and quartic scalar

potential:
Lo = — % FS FM 4 X1yl D, PG + %DMXZ-CLD”X? + %XfX? - (B.1)
L5 = — g P XLICP R PLNG + Cias A PaX). (B2)
£y = _i fobe pave xbxe XV x¢ (B.3)

The cubic Lagrangian contains the (modified) set of six 't Hooft instanton matrices C;.
The C; are real when ¢ = 1, 2,3 and imaginary when i = 4,5,6. The 4 x 4 anti-symmetric
matrices C; are

Cl _ 0 g1 7 CQ _ 0 —03 ’ 03 _ 109 .0 :
—o1 0 o3 0 0 109
Ci==i ) o= ) L= [T 0 ),
109 0 —10 0 109

and o; are the usual Pauli matrices. The C; matrices are written as C’Z-a # when applied to

(B.4)

left-handed spinors and as Cjo3 = (C;' A )* when applied to right-handed spinors. Note that
the operator [CZ-O‘BS\ZCPL)\% + Cmgj\baPR)\cﬁ] is hermitian.

The action is invariant under the transformation rules that involve an SU(4) quartet
of Majorana conformal Killing spinors Pre,, Pre®:

(SAZ = —ga’yuPL/\g — ga’y#PR)\aa (B-5)

IX{ = —[eaPLOM NG + & PRCias ] (B.6)
1 a

0N = |57 EFpoa — (V' DuX{)(PLC; %5 + PrCiape”) (B.7)

1 a
*ng(PRCi ﬁlDeﬁ + PLCiaﬁweﬁ) +A>\g

1
AN, = _ifabCXibe[(CiCj)O‘ﬁPReﬁ + (CiCy)o" Preg] . (B.8)
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The last term contains the effects of F' and D aux. fields in the A/ = 1 description. To be
clear on notation, we write (C;C;)% = C{7Cj.5 and (C;C;)o” = C’Z‘MC;’B.

The SUSY parameters € in these formulas are scaled by a factor of v/2 compared to those
in the main text. Note that the formulas for A and A\ contain both chiralities and do not
fully conform to the down/up convention stated above. We note that these transformations
close only on shell.

C Conformal Killing spinors

We present here a compendium of formulae satisfied by conformal Killing spinors. Since
we wish to be as general as possible, we given our presentation in arbitrary dimension d.

Conformal Killing spinors are defined to live in the kernel of the Penrose operator

1

Note that any CKS e satisfying P,e = 0 also satisfies D¥*P,e = 0, and therefore
1 1 1
Le = ngE = g (D - 4R> €, (02)

where the second equality in (C.2) can be derived using the integrability condition[D,,, D, ]e=
iRm,aw“be. We therefore determine that a CKS e must also satisfy additional constraints
given by

R

- 2 —
Oe = 4(d—1)€’ De

dR

me . (C.3)

A conformal Killing spinor is also a Killing spinor if it satisfies the added condition Pe = \e
for some constant A\. From (C.3) we determine

__dR

Ar= £ A(d—1)

(C.4)

which are real for any spacetime of constant negative curvature, and pure imaginary for
spacetimes of constant positive curvature. This matches equations (2.2) and (2.4). Note
that in a constant curvature spacetime, given a conformal Killing spinor €, one can construct
a pair of Killing spinors

N A(d—1)

€T =€F —Wﬁe (C.5)

with eigenvalues AL.

Using the integrability conditions one can further derive

d

1 v
D,De = d—9) <—RW + 2(d—1)gWR> Ye. (C.6)

17 -



C.1 DMaximally symmetric spacetimes

In any maximally symmetric spacetime where R, = % 9w, equation (C.6) simplifies con-
siderably

R
D = —
HlDe 1

mwe = $7u¢25 : (C.7)

Thus, if € is a CKS for some maximally symmetric spacetime, then so is De. In lieu of (C.5),
this makes it clear that the real and imaginary parts of any Killing spinor in de Sitter space
give two independent conformal Killing spinors.

We use this to derive

DyDye = —M(;Ll)%’m € (C.8)
and hence D, D,y = —WR_DQWG and Dy, D, = ﬁwy e. From (C.7) we may also
derive

DD,e= 42((6(3__21))7“6’ (C.9)
and finally
[Dy, Ple = —?}Z'Yue : (C.10)
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