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1 Introduction

Recent progress in non-perturbative aspects of supersymmetric field theories owes a great
deal to the construction of rigid supersymmetry on curved backgrounds. Pestun [1] con-
structed N = 2 supersymmetric theories on S* and computed the partition function and
the expectation values of circular Wilson loops. The results play a crucial role in the AGT
conjecture [2], which relates 4d N/ = 2 theories and 2d conformal field theories. The par-
tition function of supersymmetric theories on S§3 [3-5] enables us to perform quantitative
checks of dualities among 3d theories and the AdS4/CFTj correspondence. Supersymmet-
ric theories on 3d and 4d squashed spheres [6-9] and manifolds with other topologies [10-12]
are also constructed, and the exact partition functions for those provide useful information
about supersymmetric field theories.

Also in 5d, supersymmetric field theories are constructed on various curved manifolds.
Theories on round and squashed S° are constructed in [13-17]. The perturbative [13, 15, 16,
18, 19] and instanton [20] partition functions on §° are computed, and N3 behavior of the
free energy of the maximally supersymmetric Yang-Mills theory (SYM) is confirmed [21].
This is a strong evidence of the close relation [22, 23] between the 5d SYM and the 6d



(2,0) theory realized on a stack of N M5-branes. Supersymmetric theories on §% x S1 are
constructed in [24, 25], and the partition function [24] (superconformal index) provides an
evidence of the existence of non-trivial fixed points with enhanced global symmetries [26].
Theories on 82 x ¥, the product of three-sphere and a Riemann surface 3, are constructed
in [27, 28], and used to study a conjectured relation between the 6d (2,0) theory and a
g-deformed 2d Yang-Mills theory. Supersymmetric theories on §2 x M3 [29-31] are used
to confirm predictions of the 3d/3d correspondence [32].

A systematic construction of rigid supersymmetric field theories on curved backgrounds
was started in [33].! To obtain rigid supersymmetry on a curved manifold, we couple
matter fields to a background off-shell supergravity multiplet, and require the supersym-
metry transformation of the gravitino, dg,, to vanish. If the gravity multiplet contains
other fermions their supersymmetry transformation should also vanish. By solving these
conditions, we obtain backgrounds that admit rigid supersymmetry. In 4d, the analysis
by using the new minimal supergravity [35] shows that we can realize at least one rigid
supersymmetry on backgrounds with Hermitian metrics [36, 37]. With the old minimal
supergravity [38, 39] we can realize a supersymmetry in (squashed) S* or backgrounds
with Hermitian metrics [40]. (See also [41, 42] for studies of 4d supersymmetric theories
on curved background with the help of supergravity.) The analysis in [36, 43] using the
3d version of the new minimal supergravity shows that the manifold is required to have
the almost contact metric structure which satisfies a certain integrability condition. The
existence of two or more supersymmetries imposes stronger restrictions. See [36, 44] for
analysis from the holographic viewpoint.

In this paper, we realize rigid supersymmetry on a 5d manifold M with Euclidean sig-
nature by using the 5d N' = 1 off-shell Poincaré supergravity [45-47] whose Weyl multiplet
has 40 + 40 degrees of freedom [48]. The first step of the analysis with this supergravity is
taken in [49], where the condition associated with the gravitino, dgv, = 0, is focused on.
(See also [50] for supersymmetric backgrounds in the minimal gauged supergravity without
auxiliary fields [51], and [52] for an analysis with off-shell conformal supergravity with a
smaller Weyl multiplet with 32 + 32 degrees of freedom [53-56].) There is actually another
fermion, which we denote by 7, in the Weyl multiplet, and thus we should also consider
the condition dgn = 0. One of the purposes of this paper is to complete this analysis and
to give the solution to the supersymmetry conditions.

Another purpose of this paper is to study supersymmetry-preserving deformations of
the background. It is often happens that the partition functions for different backgrounds
are the same. For example, in the case of S partition function, a certain squashed S
gives the same partition function as the round 82 [6]. The partition function of another
squashed §3 [7] is the same as that for an ellipsoid [6]. These facts suggests that the
partition function depends only on a small part of the data of the background. This is
confirmed in [57] by showing that the partition function of a supersymmetric theory on
manifolds with S2 topology depends on the background manifolds only through a single

! See also [34] for construction of supersymmetric theories on AdSy by taking the decoupling limit of
supergravity.



parameter. Furthermore, [58] shows for 3d and 4d cases that although supersymmetric
backgrounds have functional degrees of freedom almost all deformations of the background
correspond to Q-exact deformations of the action, and do not affect the partition function.
We perform similar analysis in 5d.

This paper is organized as follows. In the next section we solve the conditions dgvy =
dgn = 0 and derive the restrictions for the background fields under the assumption of the
existence of at least one rigid supersymmetry parameterized by a symplectic Majorana
spinor. In section 3, we show that all supersymmetry-preserving deformations of the back-
ground fields can be realized by @Q-exact deformations and gauge transformations as far
as we focus on a single coordinate patch. We also study supersymmetric backgrounds of
vector multiplets in section 4. In section 5 we discuss realization of some known examples
of supersymmetric theories in curved manifolds by using the supergravity. Section 6 is
devoted to discussion. Notation and conventions are summarized in appendix.

2 Supersymmetric backgrounds

2.1 5d N =1 off-shell supergravity
The 5d N = 1 off-shell supergravity constructed in [45-47] has the following local bosonic
symmetries.

e The general coordinate invariance

e Sp(2)r: the local Lorentz symmetry

e Sp(1)p: the local R-symmetry

e U(1)z: the gauge symmetry associated with the central charge

In addition to these, the formulation in [46, 47] has the local dilatation symmetry. The
corresponding gauge field b, = oz_lauoa is pure-gauge, and in this paper we fix the gauge
by the condition b, = 0.

The Weyl multiplet consists of the fields shown in table 1. In particular, it contains two
fermions: 1, and . A supersymmetric background is defined as a configuration of the Weyl
multiplet that is invariant under the supersymmetry transformation with a non-vanishing
parameter {. If we assume 1), = 7 = 0 in the background the transformations of the bosonic
components automatically vanish, and the nontrivial conditions are dg, = dgn = 0. The
transformation laws of the fermions are [45, 46]

5@(5)1/% =D,§— f;w’)’yf + i’}/,upavpof — 7€,
0Q(&)n = =276 D™ + €C + 4(R1)E 4 8(X — W& + V7€ frw fpo- (2.1)

See appendix for the notation of Sp(1)r and spinor indices. We treat the transformation
parameter § as a Grassmann-even variable. f,, = d,a, — 0,a, is the U(1)y field strength
and D,, is the covariant derivative defined by

Dy = 0y + dm(wups) — ou(Vyy') — dz(ap), (2.2)



fields dof Sp(l)r ours  Zucker KO
bosons vielbein 10 1 eZ ez eZ
U(1)z gauge field 4 1 ay %AM — Ay
anti-sym. tensor 10 1 v 2k0H 20
Sp(1)g triplet scalars 3 3 ta —2ikt, ta
Sp(1)r gauge field 12 3 Vi %Vlf =V
scalar 1 1 C 16kC —4C
fermions gravitino 32 2 Yiua %¢Iua Yiua
fermion 8 2 Na  SV2KAla  —8XIa
supersymmetry parameter 8 2 13 %5 €
fermion bilinears (¥x) i(Yx) i(Yx)

Table 1. Component fields in the Weyl multiplet. The last two columns show the relation to
Zucker’s [45] and Kugo-Ohashi’s [46] conventions. We also show the relations among supersymmetry
parameters and fermion bilinears in the three conventions in the last two lines.

where 0y, oy, and 6z are Sp(2)r, Sp(1)g, and U(1)z transformations, respectively. The
explicit form of D¢ is

1 PO
D& = 0,8+ Zwuﬁb"ngf - V& (2.3)
In this paper terms in transformation laws (Lagrangians) including two (three) or more
fermions are always omitted.
2.2 Spinor bilinears and orthonormal frame

In a 5d spacetime with Lorentzian signature, the parameter ¢ of the local AV = 1 super-
symmetry transformation is a symplectic Majorana spinor. Although we can impose the
symplectic Majorana condition on & also in the Euclidean space, the condition is not the
same as that for Lorentzian signature, and we do not have to impose it. To study most
general case it is desirable to consider complex spinor without symplectic Majorana con-
dition imposed. In this paper, however, we restrict ourselves to the case with £ satisfying
the symplectic Majorana condition. This is just for simplicity of the analysis.
Following a standard strategy, we define the bilinears of the spinor &:

1
§=(&), R'=(&"), Ju = 5(€manms)- (2.4)
By a Fierz’s identity, we can show

YuERM = &S, (2.5)

The following equations are easily derived from this:
1
R,R'=5% Ji R =0, —ieﬂy’\p"RAJga = SJ,. (2.6)

Because £ is a solution to the first order differential equation dgv, = 0, it is nowhere
vanishing and so are the bilinears. In particular, S > 0 everywhere. We assume the



w
field R* enables us to treat the background manifold M as a fibration over a base manifold

vielbein e¥ is real, and then R* is real, too. The existence of the non-vanishing real vector

B, at least locally. In this paper we will not discuss global issues and focus only on a single
coordinate patch. Let us define the fifth coordinate z® by

R'0,, = 05, (2.7)
and use a local frame with
em = eMda", e’ = S(dx® 4+ Vipda™). (2.8)
With this frame R* has the local components
R: =5, Rz=0. (2.9)

The second and third equations in (2.6) can be rewritten as

1 @
a - a _ 7a
where 65%;7: €~~75- Lhe equation (2.5) means that ¢ has positive chirality with respect
to s = S_IR“’YM;
¢ =& (2.11)

A symplectic Majorana spinor x belongs to the (4, 2) representation of Sp(2), xSp(1)g.
Because Sp(k) = U(k,H), we can treat x as a vector with two quaternionic components.
If we use the matrix representation of quaternions we can represent x as a 4 X 2 matrix in
the form

X = (Xal) = (g) , U=Uply + anTa, D = Dyly + iDaTa, Ui, D, € R. (2.12)

The vector Rz breaks the local Lorentz symmetry Sp(2), to its subgroup Sp(1); x Sp(1),,
where Sp(1); and Sp(1), act on the upper and lower blocks of the matrix (2.12), respectively.

The chirality condition (2.5) implies that the spinor £ has the upper block only. Fur-
thermore, we can choose a gauge such that U oc 19, and then £ is given by

S (1
E=(&") = 2<02>, (2.13)

where the normalization is fixed by S = (££). This gauge choice breaks Sp(1); X Sp(1) g into
its diagonal subgroup Sp(1)p. It is obvious in this frame that the following eight spinors

form a basis of the space of symplectic spinors:

éala (’Yﬁl)aﬂfBI? faJ(Ta)JI- (2‘14)

An arbitrary spinor can be expanded by this basis. For example, v#7¢ is related to 7, by

1 .
Tmns = _gTaJ%’ﬁu §Ta = Zj%ﬁfymné (2'15)



The second relation in (2.15) implies that the three matrices J* satisfy the same algebra
with the Pauli matrices 7;

J:’FLEJEbﬁ = dapOimm + ieach%ﬁ. (2.16)
Namely, J% enjoy the quaternion algebra.?
2.3 0¥, =0
Let us first solve the condition dgt,, = 0, which is also investigated in [49]. Using the basis
(&, vm&, 1a€) = (7€, 7a€) in (2.14) we decompose g, = 0 into the following conditions:
S
0= (&v30qin) = D R;; Sfx — 15 ey Sta T35, (2.17)

0= (5%%%) (gTa ,ug) (fTa’Y,upaf)Upg Rﬁtw (2‘18)

The symmetric part of (2.17), Dy aftsy = 0, means that R* is a Killing vector. We can take
an Sp(1)p x Sp(1), gauge such that

Bse™ = 855 = D5V, = 0, (2.19)

o~

and then e, S, and V,,, can be treated as fields on the base manifold B. The (X, i) = (5,m)
components of (2.17) give

Jms = %&nS. (2.20)

From the integrability condition &, fin5 = Om fns and the Bianchi identity for f,,, we obtain
05 fmn = 0. This means that the U(1)z gauge field a, is essentially a gauge field on B.
(2.20) can be solved, up to U(1)z gauge transformation, by

1
a = apdx™ + §de5, Osa,, = 0. (2.21)

For later use we give the non-vanishing components of the spin connection.

(4) B B S 1 1 B
o = Yilmn Wit = YBoam = o Wmn = gDmlta,  ws_gs = g0mS = 2f5s
(2.22)
wg‘)AA is the spin connection in the base manifold B defined with the vielbein efl and

W;m = O Vi — On Vi is the field strength of V,,.
The anti-symmetric part of (2.17) can be used to represent the horizontal part of v#¥
in terms of other fields;

4 S
V97 = Chgrn <4Wﬁm — [+ ta %ﬁ) : (2.23)
By using (2.13) we obtain

(§7aDpf) = wuqu“ Vs, (2.24)

2The definition of J® differs from the usual definition of the quaternion basis by factor 4.



and we can solve (2.18) with respect to V' and obtain

1 ~
~Je P (2.25)

1 1o, 5 1
Vet = Jwspelig + ™ —tar Vi = (a5 s

5 = 475pq7pa T 4P

Now we have completely solved dg1, = 0. Independent fields are
enﬁ‘(xm), S(™), Vnu(2™), am(z™), vmg(xm,x5), ta(xm,x5), C(xm,xS), (2.26)

and the other fields are represented by these fields.

2.4 dgn=0

By using the spinor basis (2.14) we decompose dgn = 0 into the following equations.

0= S7H(&6gn) = —2D,vH + C + At o (f™ — ™) 4 eg)ﬁmfmﬁ 17, (2.27)
0= S~ (Evmdon) = —2D oxm + AT& D" o + Sta JE5(f7° —vP) + de)fPTFTS . (2.28)
0= S~V (€adgn) = 4Dstq + dieape Jomts(f — v)™. (2.29)

(2.27) is the only condition including C', and can be used to determine C. (2.28) and (2.29)
are drastically simplified if we substitute the solution of dg,, = 0;

0= S &vmbon) = 2050-z, 0= S5""(£7.6¢n) = 40:t,. (2.30)

Namely, vz and ¢, are x° independent. After all, we have obtained the following solution:

e = (indep.),
eg =S (indep.),
Vi = (indep.),
4 = (indep.),
1
as = 55,

S
Upg = Egy)m <4Wﬁm — fam t+ tﬂ%ﬁ) )

v"™ = (indep.),
to = (indep.),

1 ~

Ve SOy SISy (o

C = 2D 4 a1, J2 - fm + 32tate — ) ( Fn gw%> < j. Swﬁ@> .
(2.31)



“(indep.)” means that the field is an independent field. All the fields are x°-independent.
This is in fact a direct consequence of the algebra. From the commutation relation (2.45)
in [46], we obtain

1
3q(€)* = R'Dy, — du (QSfm + §€ﬁﬁApoR)\Upa - QSJlijgta)

1 PN PN
+ 5Z <23> + (SU <—3Sta — gj%ﬁ(fmn — Umn)>

+ (terms with n or 1,,). (2.32)
In the background (2.31), the right hand side reduces to the z° derivative;
0q(£)* = R*Dy — 5 (R wr_zp) + 0z(Ra,) + 0y (RMV,E) = 05. (2.33)

Therefore, a dg(§)-invariant background is also invariant under the isometry Os.

3 (Q-exact deformations

The solution obtained in the previous section depends on several functions and has large
degrees of freedom. However, as we will show in this section, only small part of them can

affect the partition function.

Let Sy be the action of a supersymmetric theory on a supersymmetric background
given by the solution (2.31). A small deformation around the background induces the
change of the action

S; = / dx\/g [féeZTa“ + VIR + (80, 5) — S, J* + 50 My, + 5C® + (51x) + ataxa} ,

(3.1)
where the set of the operators
RE(12), SE(32), TM(10), JM(4),
M™(10), (1), X1a(8), Xa(3). (3.2)

forms the supercurrent multiplet with 40440 degrees of freedom. S%. and x4 are fermionic
and the others are bosonic. The numbers in the parenthesis represent the degrees of freedom
of the operator.

If the change of the background fields are consistent to the solution (2.31) S; is Q-
invariant and the deformed action Sy + S7 gives the supersymmetric theory on the de-
formed background. We would like to consider the problem whether such a supersymmet-
ric deformation affects the partition function. If the deformation 5] is Q-exact as well
as @Q-invariant, it does not change the partition function. A @Q-exact deformation that is
regarded as a change of the bosonic background fields in general has the form

50(6) [ VAt H,S" + K. (3.3)

where H,, and K are vectorial-spinor and spinor coefficient functions. Both H, and K are
Grassmann-even. Because d¢g(£)? = 95 for the action (3.3) to be Q-invariant the functions
H, and K should be x’-independent.



0oS* and dgx are determined as follows. For an arbitrary deformation that may not
preserve the supersymmetry S is invariant under the supersymmetry if we transform both
the Weyl multiplet and matter fields. The transformation laws of the bosonic components
of the Weyl multiplet are [45, 46]

Sqel, = —2(67"Yy),
6Qa’,u« = _(§¢#)7

QU = — 1 (Eram) + (€7 Bl @) + (€7ar® fpot) — (€7 tpotly) + 6(Ev, ),
dqta = —%(fﬂm),

SqQuap = %(67,793&1%53 (@) + %(Eman),
5 = ~(€Bn) ~ 11(&m) — 5 (Equ?™n) — HE™ R Q). (3.4)

where R, (Q) and ﬁ;ﬂ? are defined by

1
RMV(Q) = 2D[uwu] + iypa[uwu]vpa + 2'7pw[,ufu]p - QV[Mtwub
Dyun = Dy = 6q(4u)n- (3.5)
By requiring the @Q-invariance of S; we can determine the transformation laws of the fields
in (3.2). For example, the transformation of x is

1 1 1
oQX = ZTa’YufRéf + ZTana - Q'YuuéMW +EDL® + [run"ED + 16D, (3.6)

Let us consider the second term in the Q-exact action (3.3). It is convenient to expand
the spinor function K by the basis in (2.14) as

4 a 2 Men,
K = k¢ + k", — <™. (3.7)

The first term in (3.7), k&, gives the action

50 / d°x/gk(€x) = / d°z/gk05®. (3.8)

This is total derivative, and does not give a non-trivial deformation of the theory.
The second term in (3.7) gives

4
o [t
_ / g (KRG + KX — 2K Ta M™ 4k T4 770 4 64K°,B) . (3.9)

Comparing this to (3.1), we find that the addition of (3.9) to the action is equivalent to

the background deformation
o=k, VS =k", 60 =—2k" T8, 0C =4k TEo ™ + 64k,

sel = da, = 5v™ = §VE = 0. (3.10)



These variations are consistent to the solution (2.31). We obtain (3.10) by shifting ¢, by
te — to + kY (3.11)

and keeping other independent fields intact.
Similarly, the addition of the Q)-exact action

2
5Q/d5f0\/§ <—Sk‘m(£m><))
_ / dr/g <—;ka%ﬁR§ 2k MTS 4 2(Df§)km)q>> (3.12)

corresponding to the third term in (3.7) is equivalent to the changes of the background
fields

55 @ 1 ~ _
S = | §VE = ZJa kR 50 = 2DWEM,

9 mn m

Sel, = ba, = 6v™" = btq = 6VE = 0. (3.13)

These variations are again consistent to the solution (2.31), and generated by the shift of
the independent field v by

V™S ™D g (3.14)

Before considering @Q-exact terms made from the supersymmetry current S*, which are
expected to be more complicated, it is convenient to simplify the prescription used above
to obtain the @Q-exact deformations. A small deformation of the theory is schematically
expressed as

Sy = ABJB 4 Al JF, (3.15)

where (A?, Af ) is a small variation of the Weyl multiplet around a supersymmetric back-
ground and (JZ.B , JiF ) is the multiplet of currents. The superscripts ‘B’ and ‘F” indicate
the bosonic and fermionic statistics, respectively. The index ¢ collectively represents all
indices of fields including the coordinates x*. The transformation laws of the fermionic
components JiF of the current multiplet are obtained by requiring the cancellation

6QABJE — AFsqJl =o. (3.16)

We only need to consider linear order terms with respect to fermions, and the transforma-
tion of bosonic components AZ-B of the Weyl multiplet can be written as

SQAP = AF Mj;, (3.17)
where Mj; are functions of bosonic fields. Then the transformation of JiF is

SqJf = M;;JP, (3.18)
and the general () exact term can be written as

So(fiI]) = [iMJP, (3.19)

~10 -



where f; are Grassmann-even deformation parameters. This can be interpreted as the
following deformation of the background.

AP = fiMj;. (3.20)

This is nothing but the supersymmetry transformation (3.17) with the fermion fields Af
replaced by the parameters f;. Namely, changes of the background which are realized by
Q-exact deformations are obtained from the supersymmetry transformation laws (3.4) by
replacing fermions by deformation parameters. Indeed, the deformations (3.10) and (3.13)
are respectively obtained from (3.4) by the replacements

4 2
() > (0= ghma€) . () = (0.~ 54236 (3.21)

Now let us consider @Q-exact terms including dgS* by using this method. The corre-
sponding background deformation can be obtained from the transformation laws (3.4) by
the replacement

(Vs m) — (Hy, 0). (3.22)
We expand the function H,, by the spinor basis as
H ——ih§+lh“ g—ihm =& (3.23)
nT g s T glnTas T o gt Tms: ‘

The deformation parameters hy,, hj;, and hﬁl are arbitrary functions on the base manifold B.
The variations of the independent fields in the deformation by the parameter h, are

1
0S =hs, Vs = Ehm, dam = 5”7715 =ity = 0. (3.24)

The variations of the dependent fields are obtained from the solution (2.31). By this
@-exact deformation we can freely change the functions S and Vg,.
The deformation by the parameter hj; is

vz = 4i el eape,  0S = 6V = Say, = 0ty = 0. (3.25)

mn’ - "n
This is not independent of the deformation (3.14). Finally, the deformation by the param-
eter hﬁb is

mo__ pm 5 _ _ _
(56# = hy, 56/1—5(@—5%—07

1 -1 TS P
50z = G%@ <2D;;>hak + ZWmhyf - hq’%ﬁ) + hg M — pTy ™. (3.26)

The change of vz can be absorbed by the deformation (3.14), and we are not interested in
it. By using the parameter h]"* we can freely change the vielbein €]}, of the base manifold 5.
The deformation with the parameter h? breaks the choice of the gauge (2.8) for the vielbein.
To recover eg?‘ = 0, we should perform the compensating local Lorentz transformation

Snu(Nip)ed = —hT', Ags = ~3 7, Ama=0. (3.27)

- 11 -



fields dof Sp(l)g ours KO
bosons gauge field 4 1 A, —igW,
scalar 1 1 ¢ gM
auxiliary fields 3 3 D, 2gY,
fermion gaugino 8 2 A —2ig<)
prepotential F — %N

Table 2. Component fields in a vector multiplet. Relation to Kugo-Ohashi’s convention is also
shown.

This transformation, in turn, changes the vector field az by

S (Agp)am = ﬁhm (3.28)
As a result, we can freely change az by using the combination of the Q-exact deformation
with the parameter h? and the compensating 0y transformation.

After all, by using Q-exact deformations and gauge transformations, we can freely
change all the independent fields. Of course this does not mean that the partition function
does not depend on the background at all. To clarify the background dependence of the
partition function, careful analysis of the global structure of the background is needed.

4 Background vector multiplets

In addition to the Weyl multiplet, we can introduce vector multiplets as background fields
coupling to global symmetry currents. A vector multiplet consists of the component fields
shown in table 2. The transformation laws for those are (eq. (3.2) in [46])

5Q(E)A = —K& + 2ipX¢ + i(RP)E + iDE,
6@(5 Au = _(5'7;1)‘) - 2i(£¢u)¢a
3Q(§)e = i(EN),
(f)Da = (fTaD)‘) i(§7ald, A]) — (fTa%{/\) i(E7at\) + 4i(EN)ta, (4.1)

where F),, = 0,A, — 0,A, —i[A,, A)] is the gauge field strength and lA)M/\ is the superco-
variant derivative

Dy = DX — 8o (). (4.2)

In the presence of the background vector multiplets we should impose the condition
doA = 0. For simplicity, we consider a U(1) vector multiplet. We decompose the condition
into the following two.

0= (£9,00)) = —Fu R” + 2i¢ f,u RY +iSD,, (4.3)
S
0= (§7ab)) = =5 (F™ = 2i6f*) ]}, + iSD. (4.4)

- 12 —



From (4.3) we obtain
Ds¢ =0, Fus=1Dy(59). (4.5)

The solution of (4.5) together with D, represented in terms of other fields by solving (4.4) is

¢ = (indep.),
AS = ZS¢7
Ay, = (indep.),
D, = —%(Fmﬁ — 2i¢ fam) T (4.6)

up to gauge transformation.

Next, let us specify the degrees of freedom realized by @-exact deformations. As ex-
plained in the previous section, such deformations can be easily obtained from the transfor-
mation laws of the bosonic components in (4.1) by replacing the fermion A by deformation
parameters. The replacement A — —S~1 f,/#¢ gives

bAu = fun 66 = —iSf, (4.7)

while A — f%7,£ does not give non-trivial deformation. By using (4.7) we can freely change
the independent fields in (4.6), at least locally.

5 Examples

5.1 Conformally flat backgrounds

For a given superconformal field theory on the flat background, it is straightforward to
obtain the theory in a conformally flat background by a Weyl transformation that maps
the flat space to the conformally flat background. The parameter £ of the superconformal
transformation on the background satisfies the Killing spinor equation

D& =yur 3K (5.1)

For vector multiplets, the Weyl transformation gives the superconformal transforma-
tion laws

Ssc Al = —(EyuY),
dsce’ = i(EN'),
Ssc A = —K'€ +i(R$)E +iD"€ 4 2ird’,
Sse Dl = i(ETay" D) — i(E7a[d, AY) — i(kTa N, (5.2)
where D' is the auxiliary field, whose definition is different from the previous auxiliary field

D. The relation between D and D’ will be shown later. We use 4, 7, ... for adjoint indices
of the gauge group. The superconformal Lagrangian is

e LG = e L cons + %f , (5.3)

~13 -



where Eév) is the superconformal Lagrangian on the flat background covariantized with

respect to the local symmetries listed in 2.1:
1 .
ey = - SEN
+ Fis EFZ FHvi ED ¢iDu¢j _ lD'iD/j _ lAiQ)\j
v 4= W ) w© 9 a"a 9
; g 1. . .
+ Fijk (é[CS]?k + ZAZ(W + D’J)Ak> . (5.4)

Eév) depends on the background Weyl multiplet, and (---)|cont in (5.3) represents the
substitution of the conformally flat background. In particular, the Sp(1)r gauge field V¢
vanishes in (5.3). [CS]? " is the 5d Chern-Simons term defined by

[CSJF" = e A3, A1 0, A% (5.5)

for Abelian gauge fields. For non-Abelian gauge fields A3dA and A® terms should be
appropriately supplemented. The prepotential F(¢) is a homogeneous cubic polynomial of
the scalar fields ¢', and F;, Fij, and Fjj), are its derivatives:

OF 9*F OPF

(5.6)

If all the vector multiplets are not backgrounds but dynamical the theory is conformal.
We will mention the non-conformal case later. The second term in (5.3) is the curvature
coupling of the scalar fields.

We would like to reproduce these transformation laws and the Lagrangian by the
supergravity. In the 5d A/ = 1 supergravity, the Killing equation (5.1) is realized if

Vi =0,
U +2f = 0.

Indeed, if these are satisfied, the transformation law of gravitino in (2.1) becomes

0QUu = Dp€ — vu(f + t)¢, (5.9)
and the condition dg1, = 0 gives the Killing equation with
k= (X+1t)E. (5.10)

It is easy to confirm that the transformation laws (5.2) agree with (4.1) if we shift the
auxiliary fields by
Dl = D! —2¢'t,. (5.11)

We can also show that the Lagrangian (5.3) is reproduced from the supergravity La-
grangian. In the 5d N/ = 1 supergravity vector multiplets couple to the Weyl multiplet
through the Lagrangian ((2.11) in [47])

e L ra = 'L + ey, (5.12)
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where E(()V) is the Lagrangian in (5.4), and Egv) is given by
e_lﬁgv) =FP
— iFFL, (0" + 217 + %fijx'(%g +2¥)N
+ (terms with 1,1 or nr). (5.13)
P in the first line is defined by
P =C —20t,ty — 4fuv" —6fu f1. (5.14)

In the background (2.31) this is rewritten as

512
P =3 (Jafan +2t)° - ~ cmnpgVan Waa
4) 5 4 P~ 3

+2DW ™5 _ S(0aS)™ — 5 (0nS)". (5.15)
The two terms in the second line in (5.13) contain v** + 2f#” and vanish if (5.8) holds.
What we need to show is that the first line in (5.13) is the same as the curvature coupling
in (5.3). This is easily shown by using the condition dgn = 0. If (5.8) holds, we can rewrite
don in (2.1) as

S = 4IRS + ) + 43K + 09 (F +DE + (C— Wtata + 20 fU)E (5.16)
Using this and D, & = 7, with & in (5.10), we obtain

R

PE = (C — 20tata + 2fu f*)E = ~4D, D" = —€. (5.17)

The third equality is shown by using D,& = v,k as follows:

36 =~ 7 R
= —"D,D,§
— —RRE+ D, D¢
= —5Nk + D, D"
— —5D, D¢ + D, D€
— 4D, D¢ (5.18)

We used the flatness of the Sp(1) g connection between the first and the second lines. (5.17)
shows that the first line in (5.13) is precisely the same as the curvature coupling in (5.3).

Next, let us consider hypermultiplets. For simplicity we consider a neutral on-shell
hypermultiplet that is not coupled by vector multiplets. A hypermultiplet consists of
scalar fields A% and a symplectic Majorana fermion field (4.3 (See table 3.) A = 1,2 is an

$We use the convention in [46] for hypermultiplets.
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fields Sp(r_ Sp()r
bosons scalar fields 2 2 Al

fermion symplectic Majorana 1 2 Ca

Table 3. Component fields in a hypermultiplet.

Sp(1)r flavor index. The local supersymmetry transformation laws for the hypermultiplet
are ((4.4) in [46])

QAL = 2(£'¢a),
0Ca = —(RAL)E + AL (=3t€ — £E+ Q)1 (5.19)
and the Lagrangian is ((3.1) in [47])
e Litra = 1LY e, (5.20)
where E(()H) and EJ(LH) are given by
e 'L = DAL DP Al — 2 RG),
1 1 1
T (R ~ 2P — (v + 2f,w)2> A AL
4 4 4
1
- i(CAW’;wCA)('UuV + qul/)
+ (terms with ¢, or ny). (5.21)

By substituting (5.7) and (5.8) into the transformation laws (5.19) we obtain the
superconformal transformation laws

Ssc Al = 2(¢¢a),
dscCa = —(RAL)E — 3AL Ky, (5.22)

which are obtained from those in the flat background by the Weyl transformation. For the
Lagrangian, the Weyl transformation gives

3R
e 1L = =20 e + Te AL (5.23)

and the curvature coupling of the scalar fields .AII4 is reproduced by substituting (5.7)
and (5.8) into EgH) in the same way as the vector multiplets.

Notice that the number of the solutions to g1, = 0 is at most 8, and the formula-
tion with the Poincaré supergravity cannot reproduce all the 16 supersymmetries in the
5d superconformal algebra. This is because the relation (5.10) partially breaks the super-
symmetry in the superconformal theory. This can be interpreted as the supersymmetry
breaking by a mass deformation. Mass deformations in the superconformal theory can be
realized by coupling global symmetry currents to the central charge vector multiplet [46]:
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a background vector multiplet with a constant scalar component. The components of the
central charge vector multiplet are

(¢, A, A\, Da) = (1, 2ia,,0,0). (5.24)
If we substitute this into dgcA = 0, we obtain
0= dscA = 2i[k — (X + )&, (5.25)

and this is nothing but the relation (5.10). Even if we consider a conformal theory, the
Weyl multiplet of the Poincare supergravity contains the central charge vector multiplet
as a submultiplet, and it breaks a part of the superconformal symmetry.

It is shown in [55] that we can construct a conformal supergravity by separating the
central charge vector multiplet from the Weyl multiplet. In the context of the conformal
supergravity s can be regarded as the parameter of the S-transformation. The Poincare
supergravity is reproduced from the conformal supergravity by fixing the S and K sym-
metries. (See appendix D in [55].) The S symmetry is gauge fixed by setting the fermion
component of the central charge vector multiplet to be 0, and (5.25) defines the compen-
sating S-transformation necessary to keep the S-gauge fixing condition invariant under the
@-transformation in the Poincare supergravity.

52 S°

The supersymmetric theories on the round S° and the corresponding supergravity back-
ground are given in [14]. Let us confirm that this is a special case of the solution (2.31).
The S° metric represented as the Hopf fibration over CP; is

ds® = dsgp, + eAeg, dstp, = emem e =r(dz® 4+ V), (5.26)

where 7 is the radius of S° and V is a one-form on CP,. We take a local frame such that
J?3 is the complex structure of the CP,, and then the following relations hold.

S =, = =3 (5.27)

Due to the Ké&hlerity, the holonomy of CP; is U(2) = Sp(1), x U(1); where U(1); C Sp(1); is
the stabilizer subgroup of the complex structure J3. The spin connection of CP, commutes
with J3, and takes the form

mn

3
Wl — EZVJ%ﬁ + (Sp(1), part). (5.28)

Let us assume the invariance of the matter Lagrangians L(S\I/J)GR A and E(S%)GR A under
the SO(6) rotational symmetry of the §°. The second line of [:gV) in (5.13) and the second

line of L’gH) in (5.21) depend on the tensor fields f,,,, and vy, through the combination

/

Vs = Vs + 2fyr (5.29)
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The SO(6) invariance requires v’** = 0, and the independent fields should satisfy

Ve =0,  faadis +21° = —%fwg' (5.30)

The components of the Sp(1)r gauge field are

m 5

- T
V= =5 Vadg, Vi = 0% (5.31)

This is a flat connection and can be gauged away. Then this solution becomes a special
case of the conformally flat background we considered in 5.1. Although (5.30) do not
completely fix the background fields the ambiguity does not affect the Lagrangians E(S‘{J)GR A
and Egé)GRA, and they are given by (5.3) and (5.23) with R = 20/72.

For a mass deformed theory the Lagrangian depends on the tensor field f,,, through
the central charge vector multiplet (5.24). Then the SO(6) invariance requires f,, = 0,
and (5.30) is replaced by the stronger conditions

i ca3
vse =0, mn =0, t*= —ﬂéa . (5.32)
This agree with the background fields given in [14].

Although a superconformal theory on the round S° has 16 supersymmetries, as we
mentioned in 5.1, the supergravity formulation reproduces only a part of them. For the
background specified by (5.32) dgn = 0 is automatically holds and dgv, = 0 gives

i

D, = f?rfsz. (5.33)

This has eight solutions belonging to the real representation (4, 2)+(4, 2) of SO(6)xSp(1) g.
If we choose another background satisfying (5.30) we obtain a different Killing spinor

equation. Although different backgrounds give the same superconformal Lagrangians Eé‘é)
and Eélé), the number of supersymmetries which are realized by the supergravity in general

depends on the choice of the background fields.

53 S4*xR

A supersymmetric theory on §4 xR can be easily obtained by using Weyl rescaling from the

theory on the flat background, and is used in [24] for the computation of the superconformal

index. Although we can easily construct a supersymmetric background with the geometry

S4 x R by using the solution (2.31) it gives a theory different from the Weyl-rescaled one.
Let us identify R with the fifth direction. .S, ef‘n, and V,, are given by

S = (positive constant), eF, = (vielbein of round §%), V; = 0. (5.34)

m

We assume the SO(5) rotational invariance of the Lagrangians of vector and hypermulti-
plets. As in the case of S°, this requires v;u/ = Uy + 2fu = 0 for a conformal theory and
Uy = fuw = 0 for a mass deformed theory. For independent fields these are rewritten as

VB = frn e 4240 =0, (5.35)
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for the conformal case and

VT = fam =1 =0, (5.36)

for the mass deformed case. The latter background is given in [49]. In both cases
P=0 (5.37)

and the Sp(1)r connection is the instanton configuration related to the spin connection on
S4 by

1 (8% 1a

(5.37) and (5.38) are different from what are expected in a Weyl-rescaled theory: P =
R/4 = 3/r? and flat Vi Actually it is impossible to realize a flat Sp(1) g connection in the
solution (2.31) because S* does not admit an almost complex structure. It is necessary to
turn on a non-trivial Sp(1) flux for the existence of J% ..

This result does not change even if we take a different 2° direction. Because an
arbitrary rotation of S* has fixed points and R* is nowhere vanishing, we cannot take x°
within §* and R* necessarily has the component along R. Then the topology of the base
manifold B is %, and the existence of J& - requires non-trivial Sp(1)g flux. Therefore, we
cannot realize the Weyl-rescaled theory on §4 xR as a special case of the background (2.31).

The reason for this impossibility may be the symplectic Majorana condition imposed
on &. We have imposed this condition only for simplicity of the analysis, and it may be
possible to realize §* x R background without Sp(1)g flux by relaxing this condition. In
the 3d case, it is shown in [58] that S? x S! backgrounds with and without U(1)g flux
can be both realized in the framework of the 3d new minimal supergravity. It would be
interesting to study whether this is the case in 5d by considering general £.

54 S3x X

The last example we consider is 82 x 3, the direct product of three-sphere S3 with radius
r and a Riemann surface Y. A supersymmetric theory on this background is constructed
in [27] for ¥ = R? and in [28] for general 3. Tt can be reproduced by the solution (2.31) as
is shown below.

We treat S3 as the Hopf fibration over S?, and identify the Hopf fiber direction with
x°. The metric of 83 x ¥ is

ds® = ds%, + dsgs + eAeA, ds% = elel + 6565, dsgs = 33 + ezez, e’ =r(ds® + V),
(5.39)

where V is a one-form on S2. The following equations hold.
s? 23,4
S=r, wg =2V, W:ﬁe Ae”. (5.40)

We can take a local frame such that J? is the complex structure of §2 x ¥, which is the
summation of the complex structures of §? and X.
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Let us assume that the Lagrangians Cé‘QGRA and ‘C(S%)GRA are invariant under the

SO(4) isometry of §3. As in previous subsections, all components of vy, should vanish
except for v’T§ for the SO(4) invariance. This requires that the independent fields satisfy

VIS = frn O 42t = ), (5.41)
and then the non-vanishing component of U;/u/ is
Vs = = (5.42)

The Sp(1)r connection is

i

Ve 5= —%5“%7%, e (5.43)
The S2 part of the connection (5.43)
VSDe = yaed 4 yeel 4 Ve = —isida (5.44)

is flat, and can be gauged away. This guarantees the SO(4) invariance of Eév) and £E)H).

The Sp(1)r connection on X is topologically twisted in such a way that a covariantly
constant spinor on X exists.
If the conditions in (5.41) are satisfied, £§V) and ﬁgH) are given by

1Ay 2 : 1 ; .
e ‘Cl = —?./TZFT% + E}_ij(x’yﬁ)\])’
_1 A(H 1 1
e 1£§ ) = T—QA?AIA - ;(CA’YﬁCA)- (5.45)
Although (5.41) does not completely determine the background fields, the ambiguity does
not affect the Lagrangians in the absence of mass deformations with the central charge
vector multiplet. The hypermultiplet Lagrangian E(S%)GR A for this background agrees with
the Lagrangian in [28] up to field redefinition.

In the mass-deformed case for the SO(4) invariance only non-vanishing component of
Juv should be fi5 which is related to t3 by

t* = ifes. (5.46)
If we take the prepotential F = (1/2¢%,,)#"tr(¢)? with ¢° = 1 being the scalar component

of the central charge vector multiplet, E(()V) and Egv) are given by

e (LI NN L S SUAC S R 1
L) = gt (B (Do~ DF = OB + 5N )
. . 1 i
+ f15 <2z¢>Fﬁ + 2ip Dy — 5()\7ﬁ)\) — 5()\7'3)\) — [CS]g) ],
1 2 1 2
el = eI tr [_r(bFﬁ + E()\’Yﬁ)\) + ;fﬁ¢2 ; (5.47)
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where [CS]3 is the Chern-Simons term on S3
[Cs]g = 612MVp <AM6VAP — ;A“AVAP> . (548)

(5.47) gives a family of the supersymmetric Yang-Mills Lagrangian parameterized by fi3,
which is a function on X. For the gauge invariance of the Chern-Simons term, the U(1)z
flux on X should be quantized as

1 )
— [ felaz. (5.49)
g%,M > 4
The supersymmetric Yang-Mills Lagrangian in [28] is obtained up to a field redefinition by
setting

1
<43

6 Discussion

We constructed supersymmetric backgrounds of a 5d A/ = 1 supergravity. We solved the
supersymmetry conditions dgv, = dgn = 0, and obtained the solution that depends on
the independent fields

S@™), Vm(x™), en(@™), am(x™), vys@™), (6.1)

on which no local constraints are imposed. A supersymmetric background is specified by
choosing these functions. We also showed that the independent fields in the solution can
be freely changed by combining ()-exact deformations and gauge transformations. This
means that the partition function does not affected by the local degrees of freedom.

We should emphasize that we did not take care about global issues. In order to
determine the parameter dependence of the partition function, we need to investigate
global obstructions carefully. For example, for a compact background manifold, we cannot
freely change the fifth component of a gauge field by gauge transformations and it may
affect the partition function. Similarly, if the manifold has non-trivial two-cycles we have
the restriction that a flux through the cycles should be appropriately quantized. This
prohibit continuous deformations of background gauge fields, and may cause background
dependence of the partition function. Detailed analysis of these restrictions is necessary to
understand parameter dependence of the partition function. We hope we could return to
this problem in near future.

Important feature of the solution is the existence of the isometry. This suggests a close
relation to four-dimensional supersymmetric backgrounds. It would be interesting to study
supersymmetric configurations of 4d N = 2 off-shell supergravity [59, 60] and their relation
to the solution obtained in this paper.

In section 5 we reproduced some known examples as special cases of the general so-
lution. We also found that our solution does not include all the known supersymmetric
backgrounds. A possible reason for this is that we assumed for simplicity that the super-
symmetry parameter £ satisfies the symplectic Majorana condition. Another possibility
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is that the choice of the supergravity is not suitable to realize some of supersymmetric
backgrounds.

Our analysis was based on a Poincaré supergravity. As is mentioned in 5.1 we cannot
reproduce all supersymmetries of a superconformal theory in the framework of Poincaré
supergravity. To realize a superconformal theory it would be more suitable to use a confor-
mal supergravity to describe curved backgrounds. As is shown in [55], the Weyl multiplet
shown in table 1 is obtained by fixing a part of the local superconformal symmetry by
using a vector multiplet as a compensator. It is also possible to write down the gauge
fixing condition by using a hypermultiplet [56] or a linear multiplet [61, 62] instead of a
vector multiplet. It may be possible to obtain a more general class of solutions by consid-
ering a system consisting of a superconformal Weyl multiplet and different kinds of matter
multiplets without gauge fixing conditions imposed.
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A Notations and conventions

We use Greek letters p,v,... = 1,...,5 for bd world indices, and hatted Greek letters
,v,...=1,...,5 for orthonormal indices. Roman letters m,n, ... and m,n, ... are vector
indices running over 1,...,4 or 1,...,4.

The 5d anti-symmetric tensor e#**°7 is defined by
AHVPIT = lVPIT] . (A.1)

We use a, 3, ... =1,2,3,4 for Sp(2), spinor indices and I, J,... = 1,2 for Sp(1)r dou-
blet indices. They are raised and lowered by Sp(2);, and Sp(1)pg invariant anti-symmetric
tensors €77 = €/’ and Cop = coB satisfying

eNejx =05, C*Cgy =65, (A.2)
We use NW-SE convention for implicit contraction of these indices. For example,

(m0) = 1™ xar = C*Peng xar.
For a rank n anti-symmetric tensor A, ..., we define

1 .
W= — Ay Y (A.3)

For Sp(1)g triplet fields we use the matrix notation



where 7, (a = 1,2, 3) are the Pauli matrices. As an example, we present dgn in (2.1) with
all indices explicit;

6Qn1a = _2(7u)aﬁflﬁDu'U'uy + élac + 4(Duta)(7u)a5(7—a)IJ€J,8

1 1
#8 (3 0)a? = 30010 ) ) 3+ O s (AD)
We use a convention in which a symplectic Majorana spinor yo! is expressed in the
form
U . .
X = (Xocl) = <D> 5 U=Uyls + ZUaTau D = Dgly + ZDaTav (AG)

with real U; and D; (i = 0,1,2,3), and the scalar product of two symplectic Majorana
spinors are given by
D@2y — o772 1) (2
(xWx®) =20U® + 2DV D). (A.7)

Therefore, (xx) > 0 for a non-vanishing Grassmann-even symplectic Majorana spinor .
The following formulas for Grassmann-even spinors n and y are useful.

(mx) = (xn)s  (mux) = Xvum),  (7aX) = —(X7an) (A.8)

For Grassmann-odd spinors, the signs in (A.8) are flipped.
We do not rely on a particular choice of v, C, and € except in 5.4, where we use the
following matrices

133 —iT1,23 i 1o 5_ (12 A
= . ’ ) = ’ = ’ 9

€12 = €2 =41, Cop=0" = (8 O) : (A.10)
€

With this choice of the matrices, e5p557 and J5 -~ have the components

€93335 = T 1,
Jélg = —l€gpe, JBCLZ =10y (a,b,c=1,2,3). (A.11)
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