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1 Introduction

Identity-based solutions corresponding to marginal deformations [1, 2] were constructed in
Berkovits’ Wess-Zumino-Witten (WZW) like open superstring field theory [3, 4]. They are
characterized by a simple construction even for marginal currents with singular operator
product expansions, namely for general current algebra. Since the contact term diver-
gence does not appear, the solutions are easily handled compared with others [5] based
on wedge states. Especially in the WZW-like theory, the vacuum energy of the identify-
based marginal solutions can be found to be exactly zero, because the & zero mode is not
contained in a correlation function in the calculation of the energy [1, 2]. As the vacuum
energy was computed, a remaining problem is to evaluate gauge invariant overlaps of the
identity-based marginal solutions in the superstring field theory.

In bosonic open string field theory, identity-based marginal solutions can be represented
as a difference of wedge-based solutions plus an integration of a deformed BRST exact
state [6]. This expression has made it possible to evaluate the gauge invariant overlaps for
the identity-based solutions in the bosonic theory. In this calculation, the key ingredient
is the “K’Bc algebra” by which an analytic tachyon vacuum solution is constructed in
the marginally deformed background [7]. This provides a useful technique in string field
theory and, in fact, it is applied recently to construct a new simple analytic solution by
Maccaferri [8]. Maccaferri’s solution is gauge equivalent to the identity-based marginal
solution but it is wedge-based, and so its physical observables are analytically calculable.

The main purpose of this paper is to present an analytic calculation of observables for
the identity-based marginal solutions in the superstring field theory. To do this, we will



fully use the tachyon vacuum solution given by Erler [9] and a supersymmetric extension
of the techniques used in the bosonic case.

In this paper, we will prove the following relation among the Erler solution @%, the
tachyon vacuum solution @7 in marginally deformed background, and the identity-based
marginal solution ®;:

1
G_QJQQCPJ = e_q)lja"Qe‘b]% — €_¢TQ¢J€‘I)T + / chT(t)At dt, (11)
0

where Qg is a BRST operator around a string field ® and dr(t) is a classical solution
interpolating from ®% to ®r, and A, is a state within the small Hilbert space. Thanks to
this relation, we will be able to calculate the gauge invariant overlaps! for ®;. Here, we
should note that the relation (1.1) implies a gauge equivalence relation between @% and
log (eq’J e‘I’T). Namely, there exist some group elements h and g such that Qh =0,719=0
and e®7e®T = he®r g. From this gauge equivalence, denoting the action with a BRST
operator @ in the NS sector as S[®; Q], we find that

S [%;Q} -5 [@%;Q} Sy [@T;Qq,J} . (1.2)

-5 [@%; Q} is the vacuum energy given by Erler and S [@T; Qo J} will be calculated later.
Accordingly, in addition to the gauge invariant overlaps, the vacuum energy of the identity-
based marginal solutions can be evaluated analytically.

This paper is organized as follows. In section 2, we briefly illustrate the identity-based
marginal solutions in the WZW-like theory and the theory expanded around the solutions,
which corresponds to the theory in a marginally deformed background. Then we find
a version of the extended K Bc algebra in the expanded theory and construct a tachyon
vacuum solution in a marginally deformed background as a variant of the Erler solution. For
the solution, we find a homotopy operator and evaluate physical observables, the vacuum
energy and the gauge invariant overlap, analytically. In section 3, we prove the gauge
equivalence relation mentioned above and we calculate analytically the vacuum energy and
the gauge invariant overlaps of the identity-based marginal solutions. In section 4, we give
some concluding remarks. In appendix A, we comment on gauge equivalence relations.

2 Tachyon vacuum solution in the theory around the identity-based
marginal solution

2.1 Identity-based marginal solutions

In [1], we have a type of identity-based marginal solutions in Berkovits’ WZW-like super-
string field theory:

oy = VEFN, VRS = /C & p) L), (2.1)

ey
L 2mi V2

1See [10], for example, in the framework of Berkovits” WZW-like superstring field theory.



where F,(z) is some function such as F,(—1/z) = 22F,(z), CL denotes a half unit circle:
|z| =1, Rez > 0 and I is the identity state. We use a notation: 77 1(2) = e~%¢(2) as
in [9], where 3,7-ghosts are expressed by £, 7, ¢, such as f = e~ ?0¢,v = ne®. As for ¢ in
® 7, we suppose that J(z,0) = 1%(z) + 0J%(z) gives a supercurrent associated with a Lie
algebra, where a is its index, in the matter sector.?

The solution ®;, which is in the large Hilbert space, can be related to W ; which is
regarded as a marginal solution in the modified cubic superstring field theory [12, 13]:

1
U= —VHF) + gQabCL(M},)I = e 27 Qpe?V, (2.2)

Ve = [ g SO @ @), amn = [ e )

From the expression in (2.2), it can be easily found that ®; satisfies the equation of motion
in the NS sector,

m (e”*7Qpe®) =0, (2.4)

because ¥ is in the small Hilbert space.
By expanding the NS action S[®; Qp] of Berkovits” WZW-like superstring field theory
around ®; as

e® = e®7e? (2.5)

we have S[®; Q] = S[®;; Qr] + S[®’; Qa,], where S[®’; Qg ,] has the same form as the
original action except the BRST operator Qg :

Qu, = Qo — VO(F) + LOPC(FE). (26)

Here, V*(F,) and C(F,F}y) are given by integrations along the whole unit circle, |z| = 1:

VAP = f s HEEI @ ), O = § i )

Tts component fields satisfy following operator product expansions (OPE) [11]:

VPR ~ T30 TR ~ ),
T ~ g+ T ),
where constants Q% %% satisfy following relations
Qo — b Fob ed 4 pad geb

o= R P P =0



2.2 Deformed algebra

Let us consider a version of the extended K Be algebra in [9], in which the BRST operator
is replaced with a deformed BRST operator. First, we give the Virasoro generator, L/,
corresponding to Q' = Qg [1]:

1 1
L =1{Q by} =L, — % S Fapdi+ gmeFa,n_ka,k : (2.8)
kEZ kEZ
where we define the coefficients as F,, = ¢ g—frei(”H)UFa(ei" ) and then the condition

F.(—=1/z) = 2?F,(2) imposes Fy , = —(—1)"F, _,. We note that only the matter sector is
deformed and the central charge is not changed. Using this L/, instead of the conventional
Virasoro generators, we define a string field K’ as in [16]. Then, among string fields such

as K', B, c,, we have the following relations:?

B*=0, =0, Bc+cB=1,BK'=KB,K'¢c—cK' =Kc—cK =0dec, (2.9)
YB+By=0, cy+v=0 K~ry—-9K =Ky—~vK =09y, (2.10)
QB=K', QK =0 Qc¢=cK'c—~>=cKc—~>=cdc—~?, (2.11)

R A 1
Q' = Qy = cdy - 5(9c)v, (2.12)

where Q' = Q'03,Q = Qpos and o; (i = 1,2,3) are Pauli matrices attached as the Chan-
Paton factor in order to take into account the GSO(—) sector.

Furthermore, for the string fields v, ¢ and V, we see more relations:*
Y ly=yt=1, v7'B+By =0, v lcetey'=0,
Kyt =y 'K =Ky ' =y 'K =0y,
Qv =y =cov ' + %(00)7‘1, Q¢C=QC=cV+r. (2.13)
It is convenient to note further relations among string fields:
BQ'¢ + (Q/C)B =V, BQ'c — (Q/C)B = Jc, 2=0,¢¢=C(ec=0,
W=—Cr=c  (Q)C=-CQ¢=c,  (Q)=¢Qc=c

(Q¢)e=—cQ'¢ = e, (Q¢) = Qe (2.14)

for concrete computations.
It is noted that K’, B, ¢, v, v~ %, ¢, V and Q' have the same algebraic structure as
that of the extended K Be algebra [9] with Q.

3These string fields are given by
2 - 2. )
B=LBlos, c=Z01é0)0)0s, ~=1/-01%0)0)0> K =K', K=ZKFI,
2 s s 2 2
where KjF = {Q', BlL} We use the conventions in [14] for the definitions of K¥, BF, U, = Ulu,, U, =

(2/r)%°0, .- and &(%),%(%),--- denote worldsheet fields in the sliver frame.
1As in [9], they are defined by

_ A _ 2~ 9. . 1 - IS .
4 :1/gU1fy H0)[0)o2, ¢=7"te= \/;Ulfy '&(0)|0Yio, V:§'y 1802,/%U1§’y 19&(0)]0)ior .



2.3 Tachyon vacuum solution

From the result in [9] and the deformed algebra in the previous subsection, we can imme-

A, B
(@0
B
=l-cg o ta (C+(QC)1+K/>, (2.15)

where ¢ is a nonzero constant. This solution has the form in which K of the Erler solution

diately construct a solution ®7 in the theory with Q'

= (10) (14 - Depy g

is replaced by K’. In the same way as [9], we find that @7 satisfies

/ A7 B olU 1
_<1>TQ <I>T:C_(QC)1+K/:<C+Q(BC)>W, (2.16)

which is in the small Hilbert space, and therefore the equation of motion in the NS sector:
7 <e*‘bTQ/e®T> = 0, where 1) = 1903, holds.

If we expand the action S [CID/ ; Q’ } around the solution ®7 as e® = eq’Teq’N, we have a
new BRST operator QﬁbT as
Qo E= Q=+ (7" Qe™ )2~ (-1)F= (1) (2.17)

where = is an arbitrary string field. |=| denotes effective Grassmann parity of =, which is
defined by a sum of Grassmann parity and worldsheet spinor number of the vertex operator
corresponding to = [9, 15]. We note that the string field e=®7Q'e®T (2.16) is essentially
the same as the tachyon vacuum solution on the marginally deformed background in the
modified cubic superstring field theory [16]. Hence, we can find a homotopy operator A

for Q&,T:
A== %(A/ + (- 1)'5‘5,4’), (2.18)

for any string field Z, where A" = 5 - K, is a homotopy state in the small Hilbert space.

Actually, we find Q&,TA’ =1 and (A")? = 0, which imply the following relations:
Al Al A2
{Q(DT,A } =1, (4)=o0 (2.19)

Accordingly, the existence of the homotopy operator A’ indicates that there is no
physical open string state around the solution ®7 and therefore it is the tachyon vacuum
solution in the marginally deformed background.

2.4 Energy and gauge invariant overlaps

The NS action S [<I>’; Q@J around @ ; is given by

5[@:¢u,] =~ [ L [ (o) 00) (o) Ga,a0)] . 220)



Here we have used a formula in [17] instead of the conventional WZW-like form and g(t)
(t € [0,1]) in the action is an interpolating string field such that ¢(0) = 1 and g(1) = e®'.
The trace in the action implies Tr A = tr(I|A), where tr is the trace for 2 x 2 matrices
corresponding to the Chan-Paton factor.

In order to evaluate the action for ® = ®p, which is given in (2.15), we take an

interpolating string field:

gr(t) =1+t (" —1)

+qt <C + (Q’C)B> : (2.21)

1—t B
=1—tc

1+ K’ 1+ K’

after [9]. The integrand in the action for the solution: S [@T; Qq> J] , can be manipulated in
the same manner as the Erler solution. (Hence, we describe only an outline of our compu-
tations in the following.) Using graded cyclicity of the trace and Tr[A] = 0, Tr [Q/ A} =0

for any string field A, we find

Te [ (i (97(6) " rgr () (97(8) ' Q97 (1))
A 222 —t 1 gt ., 1
=q(1—1)Tr [(UQ’C) <D’BCD’ + 5 BQO% | (2.22)
where D' = 1 —t + ¢*t> + K’ + qtV. Because the trace becomes zero except for terms with
be-ghost number 3, we expand 7 as 75 = 727 o o(—1)" (qtV 27)" (D" = 1—t+¢*>+ K')
and the above trace can be computed as

T | (90 (D)~ 0gr (1)) (90 ()7 Qo 90 ()| = 2(1=1) (2% — DX+ (1 - Az, (2.23)
A 1 B A 1 1
X =Tr [(nQ’g) DHCV(D”)Q] . X =Tr [(nQ’g) BDHCVD”] . (2.24)
In order to evaluate X} and Xs, we note the following equations, related to a derivation
Ly— L’g = {Q’, By — Bg} with respect to the star product among string fields, as in [9, 16].
Namely,
Tr [(cg - LQ) A} ~0, (2.25)

for any string field A and

1 1 1 1 1
T LI L) B i
1 4 1 41 1 1
S(ch—cd )yt =577 5(eh—cd)v=5v. 5(cb-cd)c=—5¢ (2.26)
In particular, using
Lt~ log(1— 1 _
o3 (£0 o )1 g(1 t+q2t2)ﬁ . q2t2) 1 s (2.27)
the traces are simplified as
- n [B(A(CV)) L oy 1 ] (2.28)
-t ) K 1+ K (1+K')2)’ '
1 R 1 1
Xo = (l—t—i——q2tQ)2Tr [B(n(cV))1 n K/ch n K’} . (2.29)



In order to calculate these traces, we use an expression with the Schwinger parameter for
the inverse of 1 + K':

1 & /
W = /O' dOé e_ae_aK . (230)

Lipr_pit)(—
Performing some change of variables in the integrations and inserting e? (['0 “o >( 26 i
the trace appropriately, we reach the following expressions:

9 1 / ,
Xi=——= [ do(1 - 0)Tr|B((cV))e K cve 1-OK| | 5 31
! (1 _ t+q2t2)3 /0 ( ) I‘|: (77(0 ))6 cVe :| ( )
1 1 ) ,
Xyg=— | 48T | B(#(cV))e K e (1-0K"| 5 39
2 (1 —t+ q2t2)2 / r [ (77(0 ))e clVe ] ( )

For both of them, we need to calculate the trace Tr [B(ﬁ(cV))e‘eK,cVe_(l_e)K/]. Unlike

—aK

the case of [9], e=*K" appears in the above trace instead of e . Here, we use the result

for the modified cubic superstring field theory in the marginally deformed background [16]:

oK' _ a3 cUa+1TeXp( / du/ dofu(v (w+4u)>yo>, (2.33)

_ (tan (w + 7)) .m ab
)= e sy €= 5 | W RER), (234

where T is an ordering symbol with respect to the real part of the argument of J. The
star products in the trace can be calculated as

R oK (11— ’ e 2 e\ ~F~ -
B(#)(cV))e K ey e 1-0K" — 1 L (noyt) eoe (E> leoe (%(1—29))

><Texp< /du/ dv fa(v w+ u)>yo>. (2.35)

Finally, the trace appeared in (2.31) and (2.32) can be evaluated as

=1 {(w (5)) 7 (Gu—2m),,, (Breve (5) coe (50 -20)),
x e 2€ <exp (/ L / dv fo(v)J*(2iv + u)) > . (2.36)

mat

Here, the correlation functions are defined on a cylinder of circumference 7. The last factor
on the right hand side, which is a correlator in the matter sector, is 1 as proved in [16], and
so the trace becomes the same result as the case of the Erler solution. Consequently, the
vacuum energy of (2.15) is unchanged from the case in the original background without
marginal deformations, namely, £ = —S [CDT; Q<1>J:| =-1/ (271'2).

Next, we evaluate the gauge invariant overlap (GIO) in Berkovits’” WZW-like super-
string field theory. We define the GIO (®)y as

(@) = Te[V(i)D] (2.37)



after [10]. Here, V(i) denotes a midpoint insertion of a primary closed string vertex operator
with the picture —1, the ghost number 2 and the conformal dimension (0,0) and it should
be BRST invariant and in the small Hilbert space, i.e., [@p,V(i)] = 0 and [no, V(i)] = 0.
It satisfies

@A =0, (M) =0,  (AE) = (—)IFlE=A)y (2.38)

for any string fields A,Z. We note that an infinitesimal gauge transformation
ore? = (QAo)eq) + e®iAq, (2.39)

(Ap and A are gauge parameter string field with the picture number 0 and 1, respectively.)

which can be rewritten as®

adcp A —adq> N
5A(I) = eadq> — 1QA0 + 6—adq, _ 177‘/\17 (241)
where adg(A) = [B, A] = BA— AB. Thanks to the properties (2.38), the GIO is invariant
under the above transformation: (64 ®)y = 0. We note that the GIO for ® in the theory
around a solution ®( is also invariant under the gauge transformation because QAg is
replaced with Q%AO = QAO + [e“b‘)@eq’o, Ao} in the above.
Let us evaluate the GIO for ®7. It is convenient to use e~ *7(Q/e®” (2.16) instead of ®7
itself. Inserting 1 = {Qg, Y (i)}, where Y (2) = cOfe2?(z) is the inverse picture changing

operator, the GIO (2.37) can be rewritten as®

(@)y = Tr [VEH{@p, €Y ()}0] = Tr [V V(1)05Q@] = Tr [e¥V(i)osQ'®
= Tr [€YV(i)os e—‘l’c}’eﬂ . (2.43)

Substituting (2.16), we have

(®r)y = Tr [gYV(z’)ag c } . (2.44)

1
1+ K’
In a similar way to the calculation of the vacuum energy, by using the Schwinger rep-
resentation and the result of the correlation function in the modified cubic superstring
field theory [16], we finally obtain the expression of the GIO in the marginally deformed

5We have used

1 1 —adg __
e Toe” :/ doe " (5®)e’® :/ doe ey — ¢ " “1sq (2.40)
0 0 7adq>

fSimilarly, it can be expressed as [9]:
1
(®)y = Tr [gYV(i)age‘q’Qeﬂ = Tr [ng‘)ag e_éﬁeé] :/ dt Tr [V(i)e“"(”ateq’“)] , (2.42)
0

where ®(t) is an interpolation such as ®(0) = 0, ®(1) = P.



background:”

(Dr)y = 67:6 <£YV(Z'OO)C (5) e ( / gduj<u>>> , (2.45)
) .

J(u) = /OO dv fo(v)J*(iv + u), (2.46)

—00

where (-- )¢, denotes the correlation functions on a cylinder of circumference 7.

3 Analytic evaluation of observables for identity-based marginal
solutions

In this section, we consider the gauge equivalence relation mentioned in the introduction
and we calculate two observables, the vacuum energy and the gauge invariant overlap, for
the identity-based marginal solutions.

First of all, we take a particular interpolation ®;(t) = t®; (¢ € [0,1]) such that
®;(0) =0 and ®;(1) = ®;. This interpolating string field ® ;(¢) is also an identity-based
marginal solution to the equation of motion:

n (e_q)"(t)Qeq)J(t)) =0, (3.1)

because ® ;(t) is given by a replacement of the weighting function: F,(z) — tFy(2) in (2.1).
Hence, we have a new BRST operator Qg (¢):

t2
Qa, 1) = QB —tV*(Fa) + gQabC(Fan% (3.2)

for the theory around a solution ®;(t). Following the same procedure in section 2, we
define a string field K'(t) = Q¢J(t)B (Q@J(t) = Qo,(1)03). Then we can construct a
tachyon vacuum solution ®p(t) as

e osC) — B

and we can easily see that it satisfies the equation of motion around the identity-based
solution @ ;(t):

i (efq)T(t)Q@J(t)eq)T(t)) =0. (3.4)

We note that, in particular, &7 (t) satisfies @7(1) = @7 (the solution (2.15)) and &7(0) =
®E (the Erler solution [9]) because Qa,1) = Qo, and Q@Z(O) = @B.
Using the above string fields, we define a string field ®p(¢) with the parameter t as

2r(t) = e21(B) 21 (t) (3.5)

and then we find a relation:

e*‘i’T(t)Qeff)T(t) =e 2 e M) 1 eiqu(t)Qq;J(t)ébT(t). (3.6)

"Here, we have used an expression in [6] rather than that in [16].



It indicates that, with (3.1) and (3.4), ®r(t) satisfies the equation of motion of the original
theory: i i
Ul (e_CDT(t)Qeq)T(t)) =0. (3.7)

Expanding around the solution i)T(t) in the theory with Q, we have the theory with the
deformed BRST operator Q&,T ® such that, for any string field =,

~

Q(i)T(t)

w

(1]

— 0= + (e—éT(wQeéT(t)) = (~1)

= Qa,E + (777 0Qu, e )

(1]
~~
ml
o

H
=
&

[

o

~
=

~—

[1]

_(~1)E= (e,%(t@% (t)e%(”) . (3.8)

Comparing to (2.17), the last expression in the above implies that Q@T(t) is the same
as the BRST operator Q&)T(t) in the theory around ®7(t), which is a tachyon vacuum
solution in the theory around ®;(¢). Following the previous results in section 2.3 with
appropriate replacement, we find that there exists a homotopy state: A'(t) = #%(t) such
as QA(i,T(t)A’ (t) = 1, which implies that there is no cohomology for QéT(t) in the small
Hilbert space. We also find the equation:®

. d / & oo s
Qs (7 OQe™ ™) =0, (3.10)

Therefore, there exists a state A; in the small Hilbert space such as

d /i oA i .
= (7 OQe™ ™) = Qg A (3.11)
Integrating (3.11), we have
- - . 1
e_q)T(l)Qeq)T(l) = e_cblqz“Qe‘D]% —|—/0 Q&DT(t)At dt. (3.12)

This is a gauge equivalence relation between the Erler solution ®% and (1) =log (eq’J e‘pT).

(See appendix A for details of gauge equivalence. This relation corresponds to (A.3).)
Now that the gauge equivalence is established, we can analytically evaluate physical

observables for the identity-based marginal solutions. First, the vacuum energT for the

solution is calculated by using (1.2). We have seen in section 2.4 that S [@T; Qq{, is equal

to S [@%; Q] and then we conclude that the vacuum energy of the identity-based marginal
solution @ is zero from (1.2): £ = —S [CI) 7; Q} = (0. This result agrees with the previous
one [1, 2] derived from zero mode counting of &.

Next, let us consider the GIO for the identity-based marginal solution: (®;)y. Sub-
stituting the relation (3.6) with ¢ = 1 into (3.12), we obtain the relation (1.1) mentioned

®In general, U(t) = e~ *®Qe®®) satisfies QU (t) + ¥(t)? = 0. Differentiating it with respect to ¢, we find

d i
Q@(t)a (6 @(t)Qeé(t)) =0. (39)

,10,



in the introduction. Using the expressions for the GIOs, (2.42) and (2.43), it immediately
leads to a relation for the GIOs:
(@5)v = (@F)y — (P1)v, (3.13)

where the contribution of the last term in (1.1) vanishes thanks to (2.38). More explicitly,
using the formula (2.45), the GIO for ®; can be represented by a correlation function:

(D )y = % <§YV(ioo)c (g) {1 — e ™ exp (/72; du j(u)) }> . (3.14)

Cx

As in [6], it can be rewritten as a difference between two disk amplitudes with the boundary
deformation by taking

20q5(1 — 52) 1+ 272
Fo(z;s) = ) 1
() arctan 25, 1 —s%(22 4+ 272) + 54 (3.15)
for the function F,(z) in @, which satisfies
d 2Aa
/ —Z,Fa(z; s) = ; (3.16)
¢y, 2mi m
Fo(z:8) — 40 {8(8) + 6(x — )}, <5 51, 2= ew) . (3.17)

Namely for the limit s — 1, the GIO becomes®

(Dy)y = % <£YV(ioo)c (g) {1 — e ™ exp (f)\a /_i du J“(u)) }> . (3.18)

Cr

This expression corresponds to the result in [18] for a wedge-based marginal solution [5].

4 Concluding remarks

In this paper, we have applied the method in [7, 16] to the Erler solution ®% [9]. We have
constructed a tachyon vacuum solution &7 around the identity-based marginal solution
®; [1] in the framework of Berkovits’ WZW-like superstring field theory. To get the
solution, we have used an extended K Bc algebra in the marginally deformed background.
Around the solution, we have obtained a homotopy operator and we have evaluated the
vacuum energy and the gauge invariant overlap (GIO) for it. The energy is the same value
as that on the undeformed background but the GIO is deformed by the marginal operators.

Using the above, we have extended our computation for bosonic string field theory [6]
to superstring. Then, we have evaluated the energy and the GIO for the identity-based
marginal solution ®;. The energy for ®; vanishes and it is consistent with our previous
result in [1]. The GIO for ®; is expressed by a difference of those of the tachyon vacuum
solutions on the undeformed and deformed backgrounds. In the evaluation of the gauge
invariants, the relation (1.1) is essential, which implies the gauge equivalence of CD% and
log (eq”eq’T) .

9n this expression, C becomes divergent for the function lims_1 Fy(2;s) and then it cancels the contact
term divergence due to singular OPE among the currents.
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It should be pointed out that the general arguments of the gauge equivalence in
appendix A is applicable to the bosonic open string field theory, where ¥ is regarded
as the bosonic string field and the relations (A.2) and (A.3), without the ny-constraint, are
equivalent. Therefore, the calculation of the gauge invariant overlaps for the identity-based
marginal solution in [6], where a version of (A.3) was used, implies that the vacuum energy
for it is also evaluated analytically to be zero from gauge equivalence.

Similarly, in the framework of the modified cubic superstring field theory, we can eval-
uate the energy and the GIO for the identity-based marginal solution ¥; = =%/ Q€<I>,J
with the result in [16]. From the gauge equivalence relations for the tachyon vacuum solu-
tion in the original theory [19, 20] and that in the marginally deformed background [16],
which we denote as W7 and W/, respectively, the energy of W; vanishes because of
S [\PJ;Q} =S [\I!T;Q] - S [\I/%,Q’] =1/ (2n%) — 1/ (27%) = 0. The GIO for ¥, where
(Ts)y = Tr[V(i)osV ], is computed by the relation (¥;)y = (¥r)y — (¥)y. It is
given by replacing YV with V in (3.14), which is evaluated using the correlator in the
small Hilbert space. One might think that the value of the GIO for ¥ ; may become one
half if the half brane solutions, ¥y and W', in the original theory [15] and the marginally
deformed background [16], respectively, are used instead of the tachyon vacuum solutions
due to the relations, (Vg )y = (7)) and (% )y = 2(¥%)y. However, in the case of
the half brane solutions, we expect that the BRST operators around them have non-trivial
cohomology in contrast to vanishing cohomology around the tachyon vacuum. It implies
that we cannot derive the equation corresponding to (3.11)!° and therefore we cannot use
(TEhy — <<\I//H>>y to evaluate (W j))y.

We comment on an evaluation of the GIO for the identity-based marginal solution ®;
in the case that the current is given by the 9-th direction: J(z,6) = ¢°(z) + 9\/%8)(9(2').
For the operator Vi (F) in (2.1), we have a relation VL( ) =A{Qp,QL(F)} + XL(F), where

= Joo 4z [ (2) \};{YXQ( z) and X = fCL 5 (z)Q\ZFXg( z). Therefore, the GIO
mlght be computed such that (® )y, = (Vi (F)I)y = (X1 (F)I)y, which formally vanishes!!
due to the lack of the £ zero mode. However, it 1s not consistent Wlth our result (3.14),

which does not vanishes for YV (ico) = ce ~bevam X (zoo) ce~be Ve (—zoo) as evaluated
(1 - e”r\/if), where [ = fC dz (). This

27i

in [16]. More explicitly, we have (®;)y = 5
apparent discrepancy seems to imply that (X7 (F)I) is ill-defined because of a singular
property of the trace of identity-based states. In the case of f = 0, the solution ®;

becomes pure gauge [1] and it is consistent with (® )y = 0.
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0T other words, the solutions, W7 and W; 4+ W4, in the original theory are gauge equivalent, but the
half brane solution ¥y seems to be gauge inequivalent to the solution ¥ + W¥’;.
" This argument for vanishing GIO corresponds to that in [21] for the bosonic case.
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A On gauge equivalence relations

Here, we discuss some gauge equivalence relations in terms of the NS sector of Berkovits’
WZW-like superstring field theory.

Let us consider a gauge transformation of the superstring field ® by group elements
h(t) and g(t) with one parameter ¢ such that g(0) = h(0) = 1:

e? =h(t)e®g(t),  Quh(t) =nog(t) =0. (A1)

For the string fields, ® and ®(t), “one-form” string fields are defined by ¥ = e~ ® Qpe®
and U(t) = e~ ®® Qpe®®. From (A.1), these turn out to be related by a transformation:

V() =g(t) " Qug(t) +9(t) " Wy(t),  mog(t) =0. (A.2)
It is the same form with the gauge transformation in the NS sector of the modified
cubic superstring field theory. Conversely, given the relation (A.2), we find that the rela-
tion (A.1) holds for h(t) = e®*®g(t)~"le~®. In fact, from (A.2), we immediately see that
Qp(e®Wg(t)e=®) = 0 holds.
Differentiating (A.2) with respect to ¢ and integrating it again, we find another relation
between ¥ and W(t):

t
W(t) = v+ /0 QuyAE) e, mA(t) =0, (A.3)

where A(t) = g(t)~! %g(t) and Q4 is a modified BRST operator associated with ¢ =
e ? Qpe?: Qo = QA+ YA — (—1)|)‘|¢)\ for any string field A. Conversely, supposing that
the equations (A.3) for a given A(¢) hold, we find the relations (A.2) hold for the group
element g(t) such as g(0) = 1:

g(t) = Pexp (/Ot A(t’)dt’> : (A.4)

where P exp means a t-ordered exponent.
Consequently, the above relations (A.1), (A.2) and (A.3) are all equivalent. It is noted
that we can easily include internal Chan-Paton factors in these relations.
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