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1 Introduction

It has recently been realized that non-abelian Chern-Simons theories coupled to fundamen-
tal matter fields in 3 dimensions are exactly solvable in the large N limit. These theories
have an interesting ‘current algebra’ structure involving almost conserved higher spin fields,
appear to enjoy invariance under nontrivial level-rank type strong-weak coupling dualities,
and also appear to admit a bulk dual description in terms of Vasiliev’s equations for higher
spin fields [1-16].

The new results obtained for large IV vector Chern-Simons theories are exciting partly
because they apply to non-supersymmetric theories. Most of the results obtained in [7, 17],
however, have simple extensions to the supersymmetric counterparts of the theories studied
there (see e.g. [8]). For instance, it should be possible to extend the results of Maldacena
and Zhiboedov [3, 4] to obtain the exact form of the higher spin current algebra and
the correlation functions of supersymmetric Chern-Simons coupled to fundamental matter
fields with minimal matter content.

In order to extend recent results in the study of matter Chern-Simons theories to their
supersymmetric counterparts, it would be convenient to have a formulation of these theories
in superspace. Offshell superspace formulations of theories with extended supersymmetry
are complicated and very messy. Moreover the abstract study of supersymmetric matter
Chern Simons theories, along the lines of [3, 4], does not need an offshell formalism. In this
paper we initiate the development of onshell superspace techniques to study superconformal
field theories. In particular we present a detailed study of free superconformal field theories
in superspace using onshell techniques. We present a superspace construction of higher spin
supercurrents in free theories, and describe the structural form of the current algebra of the
corresponding higher spin currents once we include the effect of interactions. We also study
the correlation functions of higher spin currents in superspace; in particular we conjecture
that superconformal invariance and current conservation constrains the form of the three
point functions of higher spin currents to a linear combination of the unique ‘free’ structure
and a parity odd structure; we present evidence in favor of this conjecture.

This paper is structured as follows. In section 2 we consider 3d superspace, and the
differential form of various operators which act in it. The construction of superconformally



covariant structures in superspace is reviewed. Section 3 deals with specifics of N =
1, 2, 3, 4 and 6 superconformal symmetry in superspace and the construction of superfield
multiplets. In section 4 on-shell supercurrent multiplets for higher spin currents in the free
theory are constructed out of the superfields. In section 5 we make a few remarks about the
structure of anomalous conservation equations for 3d CFTs and SCFTs with weakly broken
higher spin symmetry. In sections 6 and 7, which are essentially independent of sections
3, 4 and 5 and can be read independently, we turn to correlation functions of A/ = 1 3d
SCFTs. In section 6 we give the form of the 2-point function of a spin s operator and
give an elementary derivation, on the basis of symmetry and dimensional arguments, of
the 2-point function of two spin half operators and explicitly compute a 2-point correlator
in the free theory. In section 7 we turn to 3-point correlation functions - we first construct
parity even and odd superconformal invariants in superspace, determine the myriad non-
linear relations between them and then use these results (in section 7.3) to determine the
independent invariant structures which can arise in various 3-point functions of higher spin
operators. This section is essentially an extension, to the superconformal case, of many of
the results of [17]. We build the invariants using the superconformal covariant structures
constructed by J-H Park and H. Osborn [18-22] augmented by the polarization spinor
formalism used by [17]. In appendix A we list our conventions and some useful identities.
In appendix B we give single trace conformal primary decomposition of a free U(N) theory
of a single complex scalar and complex fermion. In appendix C we present the full single
trace superconformal primary spectrum of the theories discussed in section 3.

2 Superspace

We begin by reviewing superspace in three dimensions and the covariant structures that
it admits, relying heavily on the paper of Park [21]. Our conventions are summarized in
appendix A.

In order to study N = m superconformal field theories in 3 dimensions we employ a
superspace whose coordinates are the 3 spacetime coordinates z* together with the 2m
fermionic coordinates 6. Here ov = 1,2 is a spacetime spinor index while a = 1...m is the
R-symmetry index, where the fs (and the supercharges QQ%s) are Majorana spinors that
lie in the vector representation of the R-symmetry group SO(N). The superconformal
algebra, listed in (A.7) in appendix A.1, is implemented in superspace by the construction
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Here the derivative expressions act on superspace coordinates while the operators M, A
and Z% act on the operators (states) which carry tensor structure, non-zero scaling dimen-
sions and transform non-trivially under R-symmetry. All indices are contracted in matrix
notation (the spinors are contracted from north-west to south-east, see appendix A.1) and
the definitions of X, X_ are given in (2.9). Note that z? + (9@9 & F(X4X_)> (this
combination appears in the expression for K, above). Below we Wlll often have occasion

to use a ‘supersymmetric’ derivative operator D¢ defined by

0
Do = afs 2.2
@ 80& + 9 aﬁo" ( )

The operator D!, has the property that it anticommutes will all supersymmetry generators

{D3, Q5 =0 (2.3)

Note also that
{D%, D} = —Pops®™ (2.4)

In the sequel we will sometimes require to construct functions built out of coordinates
in superspace that are invariant under superconformal transformations. Given two points
in superspace, (z1,61) and (z2,6s), it is obvious that 619 = 67 — 2 is annihilated by the
supersymmetry generators. It is also easy to verify that the supersymmetrized coordinate
difference ]

#y = oty + S0 (") 055 (2.5)

is also annihilated by all Q.

Any vector of SO(2, 1) may equally be regarded as a symmetrized bispinor. So x* may
be represented in terms of bispinors by the 2 x 2 matrix X = z - ~. In this notation (2.5)
may be rewritten as

% -na pna i ana
(XlQ)aﬁ - (X12)a5 + 19104926 + 5(61 92)504/8 (26)

While an arbitrary function of 615 and X is annihilated by the supersymmetry oper-
ator, it is not, in general, annihilated by the generator of superconformal transformations.
In order to build superconformally invariant expressions it is useful to note that

5% = IQ%I (2.7)



where [ is the superinversion operator, whose action on the coordinates of superspace is

given by

1) = — 2.

) = —————— .
(00,9(1)2
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To define the superinversion properties of spinors, it is useful to define the objects

Xy=X+ %(9“9‘1)]1. (2.9)
It follows from (2.8) that this object transforms homogeneously under inversions

I(X:) =Xt

1(62) = (X3'6%). (2.10)

I1(0%%) = —(p°x 1)

(Here X is the 2 x 2 matrix corresponding to a particular superspace point, not a coordinate
difference).

Using these rules it follows that the following objects (see e.g. [18-22] transform ho-
mogeneously under inversions:

(Xij)d = (X — (X0) fF + 02,0 (2.11)
(Xij)d = (Xio)d = (X1) 8 — 65,0/ (2.12)

For example,

I (Xij-i-)aﬁ =1 ((Xi-‘r)aﬁ - (Xj—)aﬁ + iezqa(g?ﬁ) = _(Xij—l)a’y(Xij-F)va(X'il)é/B (213)

Moreover it may be demonstrated [18-22] that
5 v
Xijx = Xij £ Zefjn (2.14)

In other words X;;4+ transform homogeneously under inversions and are also annihilated
by the generators of supersymmetry. In performing various manipulations it is useful to
note that

1
X, X_= <x2 + 16(9“0“)2>11 (2.15)
1
_ [ =2 a pa \2
Xij+Xij— = (%j + Tﬁ(eijgij) )]1 (2.16)
so that
X
(Xi)_l - ~F
x2 + %(9(10(1)2 (2 17)
X, ‘
(Xije) ™' = = -

1
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(note that the the R-symmetry index a is summed over but that, throughout, 7, j (= 1,2, 3)
label points in superspace and are not summed over).



There also exist fermionic covariant structures (which are identically zero in the non-
supersymmetric case) which are constructed out of the superspace co-ordinates as fol-
lows [18-22]:

fo = (X314051)a — (X314051)) (2.18)

O, O3 are defined similarly. Its transformation properties under superinversion are
0%, — —(X;)PO%L 0y - 1790 (X)) & (2.19)

The basic covariant structures X;;4, ©f,6 are annihilated by the generators of super-

1o
symmetry. For this reason they form the basic building blocks for the construction of

superconformal invariants, as we will explain in a later section.

Polarization spinors: since we will be dealing extensively with higher spin operators
and their correlators, it will be useful to adopt a formalism, developed in [17],! in which
the information about the tensor structure is encoded in polarization spinors: A,. These
auxiliary objects are book-keeping devices to keep track of the tensorial nature of correla-
tors in an efficient manner. They are defined to be real, bosonic, two-component objects
transforming as spinors of the 3d Lorentz group (see [17]). Being spinors in 241 dimensions
fixes their transformation law under superinversions:

Ao = (XTNa, M= —(XZH (2.20)

(This is the same as the transformation law of the 6’s).

A higher spin primary operator Jy, , ps, With spin s; can be represented in spinor

components by Ju,a...... azs, = (0" )10 (07 azay - - - (0" ) an1ass T po...... ps,-  We note
that this represents an operator supermultiplet in contradistinction to [17] where the non-
supersymmetric conformal case was considered (also, J need not necessarily be a conserved
current). We then define J;, = A A2 .. X\ ] 0y az, -

The 3-point function (Js, (z1, 01, A1) Js, (22, 02, A2)Js, (3,03, A3)) is then a superconfor-
mal invariant constructed out of three points in (augmented) superspace with co-ordinates
labeled by (z;,0;, \;). The tensor structure of the correlator, instead of being represented
by indices, is encoded by the polynomial in \’s (the 3-point function being a multinomial

with degree A7 \3%2\2% for each term).

3 Free superconformal theories in superspace?

In this section we study free superconformal theories, with N' = 1,2, 3,4 and 6 supersym-

metry in superspace.?

!See also [23] for a similar approach.

2In this paper we deal exclusively with onshell superspace. For offshell 3d superspace and multiplets in
theories with and without gravity, see [24, 25].

3Sections 3, 4 and 5 have been worked out in collaboration with Shiraz Minwalla.



31 N=1

N = 1 superspace consists of points z = (z*,04), where 6, is a Majorana spinor. There
are two real supercharges (Q; these operators are implemented in superspace by the ex-
pressions (2.1) with N = 1.

The ‘minimal’ free AV = 1 theory consists of a single complex scalar field together with
a single complex fermion. These fields are packaged together into a single complex N = 1
superfield ® subject to the supersymmetric equation of motion

D®Dy® =0 (3.1)

Note that ®, like any scalar N' = 1 superfield, may be expanded in components as

92
S=¢+ 00+ S F

_ _ 02 _
<I>:¢—0¢*—5F.

(3.2)

By expanding (3.1) in components it is not difficult to verify that (3.1) implies that
F=0, 9¢=0, pu,y'=0.

It follows that the superfield ® subject to the equation of motion (3.1) actually describes
a free massless scalar and fermion.

In the case of N' = 1 supersymmetry it is, of course, not difficult to find a manifestly
supersymmetric offshell description of the theory. The equation of motion (3.1) follows by

extremizing the action

S = / d?0d®z D, D*® (3.3)

w.r.t. ®. One way of adding interactions to the system (3.3) is to add a ‘superpotential’ term
([ d*0W (®)) to the action; however we will not investigate offshell superspace in this paper.
3.2 N =2

In this case the fermionic coordinates of superspace consist of two copies of the minimal
N = 1 Majorana spinor which can be labeled as % (i = 1,2). It is sometimes useful to
group these coordinates into the complex pairs

1 ~ 1
= \ﬁ(% +i0), 0o = ﬁ(% —i63).

In a similar manner there are two natural choices for a basis in the space of supersym-

O

metries. One natural choice is to work with the supersymmetry operators defined in (2.1).
The commutation relations of the supersymmetries (and associated supersymmetric deriva-
tives) is given by

{in /jﬁ’} = Paﬁéij

o } (3.4)
{DavDﬁ} = - Oéﬂé



Another choice is to work with complex supersymmetries; if we define

Qu = —=(QL ~iQ?), Da=-—(DL—iD2)
2 2
we have
{DOHDﬁ} — —Lap

(also {Qq,Qs} = {Dq, D} = 0). In this basis the supersymmetry operators and super-
covariant derivatives are most naturally written in terms of the complex variables 6,; in
particular for supercovariant derivatives we have

D, = % + ;9 D
, (3.6)
D = 9 + LBy
@ pga g “Pe

It is sometimes useful to utilize ‘chiral’ and anti chiral coordinates (yg,6a), (yr,0a)
where . ,
- i,
Yl =t — 507“0, Yy =t + 597“9

These coordinates are useful because

Doyr =0, Dayr =0

It is easily verified that

0 _
Dy = —— +i0’9}F
[e% o BOA
) 3(_?; (3.7)
Dy = —
P

Analogous expressions may also be obtained if we choose vy, 0,0 as our coordinates.

N = 2 theories posses a U(1) R-symmetry under which we can assign charges to
operators. We normalize this symmetry by assigning the charges 1 and —1 to # and 0
respectively. It follows that the operators D, and D, respectively have charges —1 and +1
under R-symmetry. Below we will sometimes use the notation D <+ D™~ and D <> D7,
notation that emphasizes these charge assignments.

The minimal free N' = 2 theory has the same field content as the minimal N = 1
theory, i.e., the propagating degrees of freedom are a single complex scalar and complex
fermion. The manifestly supersymmetric form of these equations of motion is given as
follows. The basic dynamical superfield ® is required to be chiral

Do® = D,® =0 (3.8)
In addition it is required to obey the equations of motion (of a free theory):

DDy® = D*Dp® = 0 (3.9)



These equations are solved by

@ = olyn) + 00 (ym) = 6+ 0 — L6300,0 (3.10)

and its complex conjugate (an anti-chiral field) is
F n * n N, /% i ) I
® = Glys) — 00" () = 6 — 09" + £0700,6 (3.11)

where ¢ and v obey the free Klein Gordon and Dirac equations respectively (here y*0 =
0°(v) ).

As the field component of the minimal N' = 2 theory is the same as that of the NV =1
theory, it is possible to write the N' = 2 superfield in terms of the N' = 1 superfield;
explicitly

Py = Dpry + 0D DD By

_ _ _ 3.12
Opmz = Byvmy — 0P DWdy, o
(here 9 is the second Majorana Grassmann co-ordinate - the coordinate that belongs to
N =2 but not to N' = 1 superspace - and the ®,—; field has the usual expansion in the
91) Grassmann co-ordinate.

3.3 N =3

The fermionic coordinates of superspace consist of three Majorana spinors, #¢ in this
case. The indices a transform in the vector representation of the SO(3) R-symmetry. It
is sometimes useful to regard vectors of the SO(3) R-symmetry as bispinors, or 2 x 2
matrices. Vectors are easily converted to matrices by dotting their components with the
Pauli matrices (o).

The field content of the minimal N/ = 3 free theory consists of two free complex scalars
and two free complex fermions. These fields may be packaged together into a doublet
of complex superfields that transform in the spin—% of the R-symmetry group. The free
theory is a trivial example of a superconformal field theory. Primary operators in any
superconformal field theory are labeled by (A, j,h) where A is the scaling dimension, j
is the spin and h is the ‘R-symmetry spin’ (i.e. the quantum number that describes the
R-symmetry representation of the primary operator). In this notation the free superfield
described above transforms in the representation (%, 0, %) The doublet of free superfields
obey the ‘equations of motion’

D@k = 0, (3.13)

This equation of motion has a simple interpretation; it follows from the analysis of unitary

representations of the superconformal algebra that a representation with quantum numbers

(%, 0, %) has a null state with quantum numbers (1, %, %), the equation (3.13) is simply the

assertion that this null state vanishes.
The equations of motion (3.13) may be analyzed as follows. Let us denote the two com-

ponents of the doublet superfield ® by ®* and (superscripts denote R-symmetry charge;



a single + denotes charge %) The equations of motion assert that
(3.14)

It is possible to solve for ® and ®~ in terms of a single N' = 2 chiral superfield ¢ and a
single antichiral superfield ¢~; we find

1
Ot — ot 1 B Dt
¥ V2 ¥
1 (3.15)
" =¢ — —08 Dt
¥ /2 ¥
These N = 2 superfields in turn obey the free N' = 2 equations of motion
DDyt = D*Dyp™ =0 (3.16)

demonstrating that the propagating degrees of freedom are twice that of the N' = 2 theory.
The final expression of the A' = 3 superfield in terms of the component fields, after we
have solved for the (3.16), is given by

1 1
(I)k _ ak 70k’lo¢ P abceaaebﬁ c klaa +
¢ 7 Yia = ;€ (0°)" Oap 273

In the last term the «, 5,7 indices are completely symmetrized and k = 1,2. Here a, b are

QPO 00t (3.17)

vector SO(3) indices and i, j, k are spinor indices. Note that (3.17) hold only when the
component fields obey the free equations of motion.

34 N =14

In this case we have four Majorana spinor coordinates 6% lying in the 4 of the R-symmetry
group SO(4). The superfield & is a Weyl spinor of SO(4).* The N = 4 chirality constraint
is ) ) )

Dokt = pUek 4 DikeI = 0. (3.18)
To understand the field content of the minimal N/ = 4 theory, we split the N’ = 4 chirality
constraint into a part that constrains the 0&4) dependence and a part that’s purely NV = 3.
We begin by choosing an A/ = 3 subspace, which we take as the 1,2,3 directions. The
remaining 4 direction is the orthogonal direction. A chiral (top-half) part of a SO(4) Weyl
spinor is the Dirac spinor in three dimensions. The SO(4) vector DY decomposes into
an SO(3) vector D@ for a = 1,2,3 and a scalar DSV, This can be seen as the symmetric
and antisymmetric part of the matrix fo respectively. The antisymmetric part contains
only Dgl) and the symmetric part is the DY which is purely along the 1,2 and 3 directions.
When the above chirality constraint is analyzed, one finds

DWWk — —%fo@ (3.19)

“See appendix A.2.2 for SO(4) conventions.



where on the l.Lh.s. we have the the supercovariant derivative along the 4 direction in the
SO(4) R-symmetry space; on the r.h.s. we have the symmetric part of the Di supercovariant
derivative, which is purely along the (orthogonal) SO(3) subspace. All the spinor indices
are now thought of as SO(3) (Dirac) N' = 3 spinor indices. This equation is the analog
of (3.14) in the present case.

Solving (3.19) shows that the chiral A = 4 superfield ®* is completely determined in
terms of a single A/ = 3 chiral superfield ¢; as

ok = ok — %9(4)Dkig0i. (3.20)
Thus, we see that the minimal field content of the N' = 4 theory is the same as that
of N = 3. An explicit component field expression can now be obtained from (3.20) by
using (3.17) for the ",

3.5 N =6

In this case we have six Majorana spinor coordinates 62 lying in the vector representation
of the R-symmetry group SO(6) (= SU(4)). The superfield ®/ is a Weyl spinor of SO(6),>
which is the 4 of SU(4). The field ® satisfies the ‘chirality constraint’

Dl/oX = DJ* o' = DI o’ (3.21)

To understand the field content of the minimal N' = 6 theory, we proceed as above and split
the A/ = 6 chirality constraint into an A/ = 4 part and another piece which describes the
0 and 0 dependences. We begin by choosing an NV = 4 subspace, which we take as the
1,2,3 and 4 directions. The remaining 5, 6 directions are the orthogonal directions. In the
conventions we have chosen, it may be checked that a Weyl spinor ®/ of SO(6) decomposes
as one chiral ® spinor (i = 1,2) and one anti-chiral (bottom half of the SO(4) spinor)
P (i = 3,4) of the SO(4) sub-group.” Similarly, the SO(6) vector (the (4 x 4)antisym of
SU(4)) decomposes into two scalars and one SO(4) vector. In matrix language, one can
construct the antisymmetric matrix DL’ and observe that the two scalars (D((f) and D&G))
form the linear combinations i\@Da = D&5) — iD((XG) and iﬂDa = DS) + iD((XG), when
I,J =1i,j and I,J =1, j respectively. On the ozdier hand, when I,J =i, j (or vice-verse)
a
[0

terms from the above equation (we choose the first and third) and analyze them as follows

we get the (single) vector which involves only Dy’ where a = 1,...4. We can pick any two

.. k‘ k . <% 'I;; ];;’1’ ~

DU®F = DFigs DYdF = DFigI
<. k kT . P ’; ];;‘ ~

DUdF = DFigs D@k = pkigJ (3.22)
.. ’; ’; . < k k"f ~

DUeF = DFigs DUdF = DFigI

®See appendix A.2.3 for SO(6) conventions.

SWe briefly use upper case I, J which take values 1, ... 4 for the SU(4) indices in (3.21) to avoid confusion
with the lower case 4, j which appear in the N' = 4 equations.

"We adopt the convention wherein the un-tilded indices 4 take values 1,2 and the tilded indices 7 take
values 3,4.

,10,



The second equation in each of the two sets above is just the N' = 4 chirality condition (3.18)
for each of the fields ®* and ®*. It remains to analyze the first and third equations from
each of the two sets. The first set reads

Da®* =0  D,dF =0 (3.23)

where D, = %(D,(f) —|—iD&6)) and D, = %(DS) iD )) Thus, ®* and ®F can be thought

of as two independent ‘chiral’ and ‘anti-chiral’ superfields and we can accordingly expand
them in the 6, = %(9&5) + iGgG)) and 0, = %(0&5) - iﬁéﬁ)) coordinates. Let’s now analyze
the third equation from the above set. They are

DFi, D% — ' phig. 3.24
2\/‘ « « 2\/5 « 1 ( )

Solving the above equations leads us to the following result for ®* and ok

D" =

HDkggog — z@’y“é@mok

Ok — Lk
v+ 5

i
2v/2
OF = o 4 —_6DM 0, + 200100,,0"
P 9v2 ¥ 9 uP
Where k = 1,2 and k = 3,4 make up the full N = 6 multiplet, and 6, = %(0&5) + 19&6))
and 0, = - (9((15) — iﬁéﬁ)). Thus, we see that the field content of the minimal A = 6 theory
consists of two independent N = 4 fields, ¢* and oF. (3.17) and (3.16) can now be used

(3.25)

V2
in (3.25) to obtain explicit component field expression for ®.

4 Currents

In this section we describe the construction of conserved currents in the theories discussed
above. These currents constitute the full local gauge invariant operator spectrum of the
theories considered. In the non-supersymmetric case the bosonic conserved currents and
the violation, due to interactions, of their conservation by % effects play a central role in
the solution of three point functions in these theories [3, 4]. The currents we consider in this
section are the supersymmetric extension of the bosonic currents considered in [3, 4, 17].
We construct the supercurrents, using the onshell superspace described in sections 2 and 3,
in terms of onshell superfields and supercovariant derivatives.

4.1 General structure of the current superfield

Let us start by first describing the structure of the N' = 1 supercurrents. A general spin s
supercurrent multiplet can be written as a superfield carrying 2s spacetime spinor indices
and can be expanded in components as follows

P22 ¢o¢10¢2...a23 + gawaalaz...ags + e{alxag...ags} + HaeaBauxz...ags (41)

where all the indices aq,a9, ... ags are symmetrized. The conservation (shortening) condi-
tion for the supercurrent is
Dy, ®H192-%2s = () (4.2)
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where D,, is the supercovariant derivative given by

0 i
o — W + 5«9585a (43)

D
Using egs. (4.3) and (4.1) we obtain

iaﬁal (Z)ﬁaz---azs )

5@{1041Xa2---a28} + O, <QBa1oc2---azs -5

— 0POua, ) N0 g gy, el =0 (44)

This implies
X292 =0 (4.5)

while the symmetric part of the 8 component gives
)
Boraz2..qzs Z8/8{0‘1qb|5|042~~-0f25} (4'6)
whereas the antisymmetric part gives
€ara 09 0702 = 0 = Dnyap ™72 = 0 (4.7)

which is the current conservation equation for the current ¢. Since y = 0, the 86 component
gives the current conservation equation for v

Do YOO1020 = 0 (4.8)

Thus the form of the supercurrent multiplet for a spin s conserved current is
)
P22 (balag...ags + Gawaoqozz...ags + Zeagaa{gl(bm\az...azs} (4.9)

The general structure of the current superfield described above goes through for higher
supersymmetries as well. For higher supersymmetries the conservation equation reads

Daalq)oc1a2---0£25 =0 (410)

where a = 1,2...N is the R-symmetry index.® In the case of an N' = m spin-s current
multiplet, the currents ¢1%2--2s and )12 are themselves N' = m — 1 spin s and
spin s + % conserved current superfields (depending on the grassmann coordinates 6%:
a=1,...m — 1) while the 6, in (4.9) is the left over grassmann coordinate 0'. Thus we
see the general structure of the supercurrent multiplets: an A/ = m spin s supercurrent
multiplet breaks up into two A/ = m — 1 supercurrents with spins s and s + % respectively.

8Note that for N > 1, (4.10) is true only for R-symmetry singlet currents. For currents carrying non-
trivial R-symmetry representation the shortening condition is different. In this paper we will only need the
shortening condition (4.10).
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This structure can be used to express higher supercurrents superfields in term of com-
ponents. For instance, the A’ = 2 spin s currents superfield can be expanded in components
as follows

1
P25 Q102025 +6a a\oo1Qas...02 + e eaebAaBalag...ags
¥ a(¢ ) 2 abVa¥ (411)

+ term involving derivatives of ¢, 1* and A

where a,b are R-symmetry indices and take values in {1,2}. The conformal state content
so obtained, namely (p, 9!, 1?2, A) above, match exactly with the decomposition of spin s
supercurrent multiplet into conformal multiplets presented in appendix C.2.

4.2 Free field construction of currents

In this section we give explicit construction of the conserved supercurrent discussed in
previous subsection in term of free superfields.

421 N =1

The spin s supercurrent here can be expressed in term of the N = 1 superfield ® as follows

2s
r(r+1) 2 —
JO =3 (-1 < S)D’"@DZ‘“@ (4.12)
r=0 "
where J() = \a1)ez2... A2 Jy ageag, ad D = A*D,, and A,s are polarization spinors
and s = 0, %, 1.... The currents are of both integral and half-integral spins. It can be

verified that the above is the unique expression for the conserved spin-s current in N’ = 1
free field theory. In equations, the following holds

(;;DO‘J(S) =0. (4.13)

We note here that the stress tensor lies in the spin % current supermultiplet (which also
contains the supersymmetry current), and thus is conserved exactly even in interacting
theory.

422 N =2

We give the expression of the conserved current in terms of the free N' = 2 superfield ®
and its complex conjugate ®.

s

2s — 2s _
(s) 2 _1\r(2r+1) & ST 1\ (r+1)(2r+1) r s—r—1
J ;:0{( 1) <2T>8 3O + (—1) <2T+1>a D3 D(I)} (4.14)

where 0 = i)\o"ygﬂ)\ﬂ Ous D = A*Dy and s = 0,1,2.... The spin 1 supercurrent multiplet
contains the stress tensor, supersymmetry current and R-current, and its conservation
holds even in the interacting superconformal theory.

As described above in subsection 4.1 these N' = 2 currents can be decomposed into
N =1 currents. It is straightforward to check that the currents (4.14) when expanded in
62 as in (4.9) correctly reproduce the A" = 1 currents (4.12). This give a consistency check
of these N/ = 2 currents.
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423 N =3
The N = 3 chirality constraint on the matter superfield ®F is
DYk = DUek 4+ D*eI 4 DIkG =0
g 1, ., . L (4.15)
or equivalently DYk = —g(Dll@lejk + DJlCI)lelk)
where DY = (0%)1 D2
From this chirality constraint the following identities, which would be useful in proving
current conservation, can be derived?

DIDF ok = 3 (100p® ™™ + 0,50 €™ + 00,5 BT €M™ ™ + i0ns DT Me™F)  (4.16)
Contracting various indices, the following relations can be obtained from (4.16) as corol-
laries

DI Dk =0
iy 3 o o
DIDT*D), = =5 (100p®'€™ + 100507 ™) (4.17)
y 2 g
DY D;ip®% = ~3i0,50F = ngDﬂcbi

We give here the expression for the conserved currents in terms of the ' = 3 superfield ®°.

S s—1
2s = 2 2s L
(s)— _1\r THLASTTPH - - _1\r+1 T Ipigs—r—1p k
J Z( 1) <2r>aq>a <1>Z+QZ( 1) <2r+1)a D/®'0* "D},
w0 r=0 (4.18)
(s+3)— _1) 2541\ o zins—r IF. (1)t 2s+1\ IS H .
T ;{( 1)(27“ FYTTIDIRj+ () 2r+1 I DIPOTTE

where 0 = M%gﬁABaﬂ, D = XD, and s = 0,1,2.... The stress energy tensor in this
case lies the spin % supercurrent multiplet along with the R-current and supersymme-
try currents. The conservation of this supercurrent holds exactly even in the interacting

superconformal theory.

424 N =14

The R-symmetry in this case is SO(4) (equivalently SU(2); x SU(2),.).1® The supercharges
Qif transform in the 4 of SO(4)(equivalently (2,2) of SU(2); x SU(2),). The two matter
superfields transform in the (2,0) representation which implies that the scalar transforms
in the (2,0) while the fermions transform in (0,2). The matter multiplet again satisfies a
‘chirality’ constraint

DHigl} = Diigi 4 DYt =,
_ 1 s (4.19)
or equivalently — D"®7 = —§6U DY ®y.

9See appendix A.2.1 for SO(3) conventions.
0The indices a,b. .. take values 1,2, 3,4 and represent the vector indices of SO(4) while the fundamental
indices of the SU(2); and SU(2), are denoted by ¢,j... and 7, ...

— 14 —



where Dij = (&“)szg.
From this chirality constraint the following identities, useful in proving current con-
servation, can be derived!
DI DIF = 210,58 It (4.20)
Contracting various indices, the following equations can be obtained from (4.20) as corol-
laries

DD B = —4i0,5'c" (4.21)
<. k‘ <. . 3 .
DQDM;I* = 2DZD551@3 = 8i0,3P’.
Using these equations it is straightforward to show that the following currents are con-
served.
. 25 1 25 -
J) — 1) P 95 TP, + = —1)" J"DE®,; 95" ID- B (4.22
> r(z) 2 r(, ) oot 0T (422)

where 0 = i)\awgﬁ)\ﬂﬁu, D = XD, and s = 0,1,2.... In this theory the stress energy
tensor lies in the R-symmetry singlet spin zero supercurrent multiplet (1,0,{0,0}).

425 N =6

The field content of this theory is double of the field content of the N = 4 theory. In

N = 2 language the field content is 2 chiral and 2 antichiral multiplets in fundamental

of the gauge group. The R-symmetry in this theory is SO(6) (= SU(4)) under which the

supercharges transform in vector representation (6 of SO(6)) while the 2+2 chiral and

antichiral multiplets transform in chiral spinor representation (4 of SU(4)).

The N = 6 shortening (chirality) condition on the matter multiplet is'!

DYo* = DIkt = DFig
1 (4.23)
or equivalently D2®* = —TODZZ(I)l(W“b)lk

From this chirality constraint the following identities, which are useful in proving

current conservation, can be derived?

D DR = 20,5085 + 0,50 (7)1, (4.24)

or equivalently fongq)k =—10,p (eijmnfbk—i—ekjm"(bi—i—eikmncbj —likngm —eijmk‘D")

Taking the complex conjugate of equations (4.23) and (4.24), and using the property
that v** and 4% are antihermitian, we get

o 1 o o
Dby = (D;lq)l(s; - Dgf@l&,g)
i 1 ) (4.25)
or equivalently D2®, = — D’ (3%),!®,

10

"Here we revert back to lower case letters for the SU(4) indices 4, (taking values 1,...4) as there is no

confusion with other R indices.
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and
D;Dgi‘k = %8a@i‘k5“b — iaa/@(ﬁ/ab)kli)l, (4.26)

or equivalently Dngmi‘k = —i0ap (eijmncbk — Mg, st — e“m"&)ldi + NG5 4 eijml'i'ﬁg)

Using the above relation a straightforward computation shows that the following R-
symmetry singlet integer spin currents are conserved

s) __ - T 2s T & s—r 1 — r4+1 2s T YT & s—r—1 ki
JE) = ;(—1) <2r> I, 95D — 247;(—1) + (2” 1) €kl O"DY D, 95T IDM P,
(4.27)
where 0 = i)\o‘vgﬁ)\ﬁﬁu, D = \D, and s = 0,1,2.... The stress-energy tensor of
this theory lies, as in the N/ = 4 theory, in the R-symmetry singlet spin zero multiplet
(1,0,{0,0,0}).

5 Weakly broken conservation

The free superconformal theories discussed above have an exact higher spin symmetry
algebra generated by the charges corresponding to the infinite number of conserved currents
that these theories possess. These free theories can be deformed into interacting theories
by turning on U(N)(SU(NN)) Chern-Simons(CS) gauge interactions, in a supersymmetric
fashion and preserving the conformal invariance of free CF'T's, under which the matter fields
transform in fundamental representations. The CS gauge interactions do not introduce
any new local degrees of freedom so the spectrum of local operators in the theory remains
unchanged. Turning on the interactions breaks the higher spin symmetry of the free theory
but in a controlled way which we discuss below. These interacting CS vector models are
interesting in there own right as non trivial interacting quantum field theories. Exploring
the phase structure of these theories at finite temperature and chemical potential, provides
a platform for studying a lot of interesting physics, at least in the large N limit, using the
techniques developed in [2].

From a more string theoretic point of view, a very interesting example of this class of
theories is the U(NV) x U(M) ABJ theory in the vector model limit 42 — 0. ABJ theory in
this vector model limit has recently been argued to be holographically dual a non-abelian
supersymmetric generalization of the non-minimal Vasiliev theory in AdS, [6]. The ABJ
theory thus connects, as its holographic duals, Vasiliev theory at one end to a string theory
at another end. Increasing % from 0 corresponds to increasing the coupling of U(M) gauge
interactions in the bulk Vasiliev theory. Thus, understanding the ABJ theory away from
the vector model limit in an expansions in % would be a first step towards understanding
of how string theory emerges from ‘quantum’ Vasiliev theory.'?

In [3, 4] theories with exact conformal symmetry but weakly broken higher spin sym-
metry were studied. It was first observed in [2], and later used with great efficiency in [4],

12See [26] for a very recent attempt in this direction.
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that the anomalous “conservation” equations are of the schematic form

0 Ji) = %J<31>J<s2> + %J@aﬂ(s;ﬂ(sg) (5.1)
plus derivatives sprinkled appropriately. The structure of this equation is constrained on
symmetry grounds - the twist (A; —s;) of the Lh.s. is 3. If each J; has conformal dimension
A = 54+14+0(1/N), and thus twist 7 = 1+O(1/N), the two terms on the r.h.s. are the only
ones possible by twist matching. Thus we can have only double or triple trace deformations
in the case of weakly broken conservation and terms with four or higher number of currents
are not possible.

In the superconformal case that we are dealing with, since D has dimension 1/2 ,
D - J) is a twist 2 operator. Thus in this case the triple trace deformation is forbidden
and the only possible structure is more constrained:
a
D Js) = e dis2) (5:2)
In view of this, it is feasible that in large-N supersymmetric Chern-Simons theories
the structure of correlation functions is much more constrained (compared to the non-
supersymmetric case).

6 Two-point functions

The two-point function of two spin-s operators in a 3d SCF'T has a form completely de-
termined (upto overall multiplicative constants) by superconformal invariance. Since, as
we saw in section 2, X194 is the only superconformally covariant structure built out of two
points in superspace, the only possible expression for the two point function which also has
the right dimension and homogeneity in A is:

(Js(1)J5(2)) o = (6.1)

where Pj3 is the superconformal invariant defined on two points, given in table 1. The
overall constant can be determined in free field theory, see below.

As an illustrative example, we consider the two-point function of two spin half super-
currents. On the basis of symmetry and dimension matching we can have the following
possible structure for the 2-point function:

Mo 602, M XA 03,

(J12(w1, 01, A1) Jy 2 (22, 02, A2)) = bj(l%ﬁAQ R | XAA d C 1o (6.2)
where X1y = (X 12)a”8 (X 12) B"‘.B The shortening condition on the above 2-point function
gives '

d=0 b:%(A1+A2—2) (6.3)

3Note that throughout X12 denotes this scalar object. The matrix will always be denoted with the
indices: (X12)5.
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For .J; /5 a superconformal primary A; = Az = 3/2 so b = ic/4 and the two point function
(upto some undetermined overall normalization) is given by

X ' 2
(J172(21, 01, A1) J1 j2(2, 02, A2)) &l ~Z2)\2 L A0

i (6.4)
X12 4 X%Q

A natural generalization, that reduces correctly to the above equation for s = 1/2, is

(M1 X1229)% ! - is
<J5(1)J3(2)> X W )\]_X]_Q)\Q + 5)\1)\20%2 (65)
with (JoJo) = 1 /X122 (since the superconformal shortening condition is different for spin

zero). Note that the above can be written as

(A1 X122 + £A102602,)%

(Js(1)J5(2)) o X Ast2
12

(6.6)

which is the same as (6.1). The shortening condition on this is satisfied, as may be explicitly
checked.

As a check, we also work out, by elementary field theory methods, the two point func-
tion of the spin % current constructed out of the free N' = 1 superfield which is defined as'*

O =¢+iby 67)
® = ¢+ ify* '

We find that the 2-point function computed explicitly in the free theory is in agreement
with our result (6.1) above. The spin half supercurrent is

Jo = ®Da® — (Da®)® (6.8)

Using the equation of motion for ® this obeys the shortening condition D%J, = 0. The
two point function of two such currents can be obtained after doing Wick contractions
to write 4-point functions in terms of 2-point functions. We use the free field propagator
(0P) = X%g’ and also that,

1 —i(X12)a 1 1 €asb?
D1y Dyp— = v 12)3 2. DDy =212 (6.9)
X192 (X12) X192 X2 4(X12)

This gives (upto multiplicative factors which we neglect)

(al1)J5(2)) . (6.10)
12
Contracting with A and )\26 we find, in free field theory,
. P
(J%(l)J%(Q» = —17122 (6.11)

We insert a factor of i in this definition for convenience, which differs from the definition given in (3.2).
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Parity even Parity odd
Bosonic P = /\2X2_31_)\3
S, — MaXiXiaida

X12X23X31

Q1= M X5 Xozy Xoit M and cyclic

and cyclic
Fermionic Ry = A0 and cyclic T = Xglw

12423

Table 1. Invariant structures in A/ = 1 superspace.

which, indeed, is what was expected. One can determine the constants appearing in front
of the two point function in free field theory and we divide by it (so that the final result is
normalized to one) which gives the following result for general spin s

2s
P3

(Ls(1)J5(2)) = C(S)XQ
12

(6.12)

where ¢(s) = (%)25 W\/i%) for all s > 0.

7 Three-point functions

In this section we undertake the task of determining all the possible structures that can
occur in the three-point functions of higher spin operators (Js, Js, Js;). For the nonsuper-
symmetric case this was done in [17]. We will use superconformal invariance to ascertain
what structures can occur in three-point functions.

The structure of correlation functions in SCFTs has been earlier studied by J-H
Park [18, 20-22] and H. Osborn [19].1° The structure of covariant objects which are used
as building blocks for the construction of invariants in the present work was entirely laid
out in the above references. However, our goal in the present work is to make use of these
structures to study theories which have conserved currents of higher spin. For this purpose,
it is convenient to adopt the polarization spinor formalism of [17]. After writing down the
structures that can appear for a given three-point function, we use on-shell conservation
laws of the currents to constrain the coefficients appearing in front of the structures.

We find that there exist new structures for both the parity even and odd part of
(Jsy JsyJs5) which were not present in the nonsupersymmetric case. The parity-odd su-
perconformal invariants are of special interest as they arise in interacting 3d SCFTs. We
will here restrict ourselves to the case of N'=1 SCFTs (no R-symmetry). The results are
summarized in the table given below:

'"Kuzenko [27] has also studied 3-pt functions of the supercurrent and flavour currents of N' = 2 4d
SCFTs.
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7.1 Superconformal invariants for three-point functions of A/ = 1 higher spin
operators

We need to determine all the superconformal invariants that can be constructed out of the
co-ordinates of (augmented) superspace: x;, §; and the (bosonic) polarization spinors \;
(1 =1,2,3). Using the covariant objects of section 2, which transformed homogeneously un-
der superinversions, we can begin to write down the superconformal invariants constructed
out of (x4, 6;, \;).

We have

XA = (X (=X XX (X)) = MXG A (7.1)
Thus we have the three superconformal invariants
Pr=2Xo N3, Po=XX3" M, Pa=MX5 N (7.2)
Also, under superinversion,
X1 = Xpgt Xog Xgt — —X1- X140 X014 (7.3)

and similarly for Xo, X3, so we also have the following as superconformal invariants:

Q1 =M X1 A1, Q2=2XXo A2, Q3=2A3X34)3 (7.4)
Furthermore,
1 o X
A3 X1+ X124 A2 = ——5 55 A3 X514 Xiov Aoy XGj = 55 (7.5)
$1$2CE3 1171- x]

so there are the additional (parity odd) superconformal invariants
_ A3 X314 X124 A2 Sy — A X124 Xo31 A3 S = Ao Xo3 X140
X12X03 X3 X12X03 X3 X12X23X31

which transform to minus themselves under inversion. Together these constitute the su-

S1 (7.6)

persymmetric generalizations of the conformally invariant P, (), S structures discussed
in [17].16

Using the covariant © structures of section 2 it follows that we have the additional
(parity even) fermionic invariants

Ri =XM0O1, Ry= M0y, R3z=\303 (7.7)

It may be checked that
R} =R3=R:=R/RyR3=0 (7.8)
7.1.1 Construction of the parity odd fermionic invariant T

We can construct more superconformally covariant structures from the building blocks
(Xjk+t, Xir, ©i, A;) - these are the fermionic analogues of P, S, Q). We define them below
and also give there transformation under superinversion.

'“Note that the Sy in [17] has an extra factor of iP, compared to ours.
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a) Fermionic analogues of P;. Define

Ti5 = )\/L'XijJr@j (79)
Then under superinversion
I _ 1
Tij — _)\iXi_lXi+1Xij+Xj_1Xj—@j = _?ﬂ-ij (710)
K2
Similarly,
Hij = GiXij—l-@j s Hij — Hij (711)
It turns out, however, that
IL;; =0 (7.12)
b) Fermionic analogues of S;.
A1 X194 X934 0O:
013 = ! = 12_’: 2§+ 3 013 — x%013 (713)
X12X03X31
01X191 X93:.0
213 = 1~ 12J: 2§+ 3 213 — —a:f:c%Elg (7.14)
X12X23X31

039,091, 232, 291 are similarly defined through cyclic permutation of the indices. It follows
that

¢) Fermionic analogues of Q;.
W; = Ai%z#@i» Wi — —ZL‘%wi (7.16)
Q= 0,%,6;, Q; — 219, (7.17)
However, €); is identically zero
Q=0 (7.18)

The invariants constructed out of the product of two parity odd (or two parity even)
covariant structures would be parity even, and since we have already listed all the parity
even invariants, would be expressible in terms of P;, Q;, R;. Thus, we find the following
relations for the above covariant structures

m =0 =wi =0 (7.19)
mjwi =0 (7'20)
! RiR ! RoRy, — RsRy (7.21)
—— T3 = — , ———T93M3] = — , —==T31M2 = — .
<, 12723 1Ry 2, 23731 2R3 2 31712 3Ry
1 5
~727Tijﬂ'ﬂ = RZ'Rj = XinO'ijO'ji (7.22)
j
X%,091032 = RoR3, X3,032013 = R3Ry , X3 013091 = RiRy  (7.23)
X} wiw; = —RiR; (7.24)
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From the above covariant structures it is possible to build additional parity odd
fermionic invariants by taking products of a parity even and a parity odd covariant struc-
ture.!” Thus, we have

Tij = mijoj; (7.25)

and under superinversion
Tij = =T (7.26)

Note that m;; # 7j; so {712, ma3, w31} is a different set of parity odd covariant structures
than {mo1, m32, m13} (the same is true for the even structures o;;). However, because the
following relation is true

T = T (7.27)

it follows that we have only three odd invariant structures:
Ty =Tos = ma3032, To=T31 =ms013, T3 =Tz = m12021 (7.28)
We may also define
Ty = mia031, Ta =masore, Ty =msi003 T — =T} (7.29)

with T4y = mi3021, Ti5 = ma1032, Ty = m32013 again being related to the above by

Also
Tj = Xjojiws, Ty — —Ty (7.31)
Again, we have the relation
TijQi = TjiQ; (7.32)
thus we have only three Tij’s.
Likewise, we have
Ty = X%o31wa , Tog = X33010w3 Ty = X o93w1 Ty — —Ty; (7.33)

with Tgl ,ng ,Tlg being related to the above by
PyTij = P} (7.34)
We also have the following relations involving 3J;;
Y=Y, XHYio= Xa3Y3 = X531 (7.35)
Therefore, here we get just one parity odd invariant

T = X% (7.36)

"Note that structures like Ziws, Tij/x; would be parity odd invariants under inversion. However, these
are not Poincare invariant (since correlation functions should depend only on differences (z;;) of the coor-
dinates). We could also construct structures like U = X12X23X31w1w2w3 which would be an odd invariant
(U — —U) . However, it is identically zero because the product of three different ©’s vanishes.
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It turns out that TZ’], Tij, Tij ,X'Z?]-Eij can be expressed in terms of 7; by means of the
following relations
P Ty = PTy PyT]y = P Ty, P3Tys = PyT3
P3Tyy = —QoT3, P Tos = —Qs3T1, PyTy = —Q1Tr  (7.37)
%PQngzlg =Ty, %PnglEgl =Ty, %P1X§2232 =T
PiTos = —PoT1, PoyT3 = —P3Ty, P3Tip = —Pi T3

Making use of the above equation and eq. (7.36) we can express all parity odd fermionic
structures in terms of T’

Ty = %PQT, T3 = %PgT, T = %PlT (7.38)
Ty = —%QQT, Th3 = —%QgT, Ty = —%QlT (7.39)
T} = %PgT, T]y = %PlT, Thy = %PQT (7.40)
Tio = —%PlT, Ths = —%PQT, Ta = —%PgT (7.41)

To summarize, from our fermionic covariant structures we could construct five parity

odd invariants T;, T},

it through the above simple relations.

T;j, Ti; , T. However, only T" suffices as the other four are related to

Summary of this section: we have thus obtained the superconformal invariants
P;, Q;, R;, Si, T (listed in tabular form at the beginning of this section) out of which
the invariant structures for particular 3-point functions can be constructed as monomials
in these variables. Before we do this, however, we need to determine all the relations
between these variables using which we can get a linearly independent basis of monomial
structures for 3-point functions.

7.2 Relations between the invariant structures

Since the N/ = 1 superconformal group in 3 dimensions has 14 generators (10 bosonic, 4
fermionic), out of (z;, 6;, \;) (i = 1,2,3) we can construct 7 x 3 — 14 = 7 superconformal
invariants. Thus among the nine parity even structures (P; , Q; , R;) we must have two rela-
tions. One of them is the supersymmetrized version of the non-linear relation (2.14) in [17]

P{Q1+P5Qa+ P{Q3—2P1 Py Py — Q1Q2Q3 — %(RlePz;Qs + RoR3P1Q1+ R3R1 Q2) = 0

(7.42)
This cuts down the number of independent invariants by one. We also have the following
triplet of relations which vanishes identically when the Grassmann variables are set to
zero (fermionic relations) and reduces the number of invariants to seven:

PoRiRy + Q1RoR3 + P3sR3R1 =0
P3sRoR3 + QoR3sR1 + PPR1Rs =0 (7.43)
PiR3R1 + Q3R1Ry + PobRoR3 =0

— 23 —



There are further non-linear relations involving the S’s. Since the squares or products
of S’s are parity even, we expect them to be determined in terms of the parity even
structures. Indeed, we find

S2 =P’ —Q.Q3 —iP RoRs, S22 =P} —Q3Q1 —iPR3 Ry, SZ2 =P}~ (Q1Q2 —iPsR1 R
5152 = P3Q3 — P1 P, S283 = P1Q1 — P2 Ps S3851 = P2Q2 — P3Py (7.44)

They imply that the most general odd structures that can occur in any three point function
are linear in S;. It turns out there exist further linear relations between the parity odd
structures. We find the following basic linear relationships between the various parity odd
invariant structures:

at O()\l)\Q)\g)Z
R151 + RoSy + R3S3 =10 (7.45)

At OO AoAs, MADAg, A AoAd):
Q151+ PySs + PsSy — L PAPST = 0
%&+&&+H&—%R&T:O (7.46)
Q353 + P1S2 + PS1 — %P1P2T =0

and
SoR1 Ry + S3R3R1 +T(Q1Py — P2P3) =0

S3RoR3 + S1R1Re + T(QaPy — P3P1) =0 (7.47)
S1R3R1 + SoRoRs + T(QsPs — P1P2) =0

From eq. (7.45) follows:
SoR1Ry — S3R3R1 =0

S3RoR3 — S1R1Ry = 0 (7.48)
SleRl — SQR2R3 =0

From these follow other linear relations at higher orders in Ay, Aa, As:
Q1151 + Q2252 — Q3353 + 2P PS5 — %TP1P2P3 =0
Q2P2S2 + Q3P3S3 — Q1 P1S1 + 2P P3S) — %TP1P2P3 =0 (7.49)
Q3353 + Q1151 — Q2252 + 2P3P1Ss — %TP1P2P3 =0
Adding the above equations gives
QIPS1 + QaPsSs + QsPsSs — S TRIPLPs + 2(PiPoSs + PaPsSy + PyPiSy) =0 (7.50)

Also, we get

1 1 1
R1R> <51P2 + 2@353) + RoR3 (Sgpg + 2Q151) + R3R, (SgPl + 2@252) =0 (7.51)
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(PEQ1 — PiQ2)P3Ss + (Pf — Q1Qa — iPsR1 R2)(Q1P1S1 — Q2P2S2) = 0
(P3Q2 — PiQ3)P1S1 + (P} — Q2Qs — iPiRaR3)(Q2PaSs — Q3P383) =0 (7.52)
(PiQs — PEQ1)P2S2 + (P§ — Q3Q1 — iP2R3R1)(Q3P3S3 — Q1P1S1) =0

and so on. All these relations can be put to use in eliminating linearly dependent structures
in 3-point functions. The above relations between the invariant structures extend the
corresponding non-supersymmetric ones in [17].

We also have the following relations

T?2=0, FT =0, ST= —€j,Rj R, sumover j, k (7.53)

where F stands for any of the fermionic covariant/invariant structures. This implies that for
any 3-point function it suffices to consider parity odd structures linear in 7', S;. Thus S;, T’
comprise all the parity odd invariants we need in writing down possible odd structures in the
3-point functions of higher spin operators and we need only terms linear in these invariants.

7.3 Simple examples of three point functions
7.3.1 Independent invariant structures for three point functions

Below we write down the possible superconformal invariant structures that can occur in
specific three point functions (Jg, (1)Js,(2)Js,(3)). We consider the case of abelian currents
so that, when some spins are equal, the correlator is (anti-) symmetric under pairwise
exchanges of identical currents. We use only superconformal invariance to constrain the
correlators, so the results of this section apply even if the higher spin symmetry is broken
(that is, if Js is not conserved for s > 2). All that is required is that J; are higher spin

operators transforming suitably under superconformal transformations.'®
Under the pairwise exchange 2 <+ 3 we have
A1—>—A1, A2—>—A37 A3—>—A2, T—T (754)

where A stands for any of P, Q, R, S.

(J1J1Jp): here Jy is a scalar operator with A = 1. It is clear that any term that can
2 2
occur is of order A\jAo. Thus the possible structures that can occur in this correlator are:

P3, RiRy, S3, 3T (7.55)
We also computed this correlator explicitly in the free field theory (like the (J1.J1) corre-
2 2
lator in the previous section) and the result is (with Aj = Ay = 2, Ay = 1)
! <P "RiR > (7.56)
X12X23X31 2

The odd piece can not occur in the free field case.

ISWe take Jalag...ma
AYINY2 A" Ty ag
the unitarity bound is attained - A; = s; + 1 for s; > %; A; = % for s; = 0- then J,;, being a short primary,

to be a primary with arbitrary conformal dimension A; so that J,, =

Si

o, has dimension A; — s;. In general J,; need not be conserved. However, if
“1

i

is necessarily conserved: D(i)aﬁjs. =0.
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(J1J1J1): note that this has to be antisymmetric under exchange of any two currents.
2 2 2

However the only two possible structures > R;P;, > R;S; are symmetric under this ex-

change. Thus (J 1 J 1 J 1 ) vanishes.

(JsJodo): for s an even integer, the correlator is

1
’ X12X03X31

In this case no other structure can occur. For s odd or half-integral, the correlator is zero.

(JsJ1J1): for s an even integer, the possible structures are
2 2

Q5P Qi ' PPy, RyR3Q1
$7H(PyS3 + P3Sy), Q1AT, Qi 'R PT

The structure RlQ“lq_l(Rng — R3P3) is also possible but using eq. (7.43) equals —RyR3Q)j
and hence can be eliminated while writing down independent superconformal invariant
structures. Similarly, the structure 751 can be written in terms of others listed above by
using eq. (7.46) and R1Q; '(R2S2 — R3S3) in terms of the last two structures above by
using eq. (7.47)

For s odd, antisymmetry under the exchange 2 <+ 3 allows only the following possible
structures

R1Qy N (RoPy + R3Ps) , Q5 (P2S3 — P3Sy)
The structure R; Q5 ' (RySs + R3S3) vanishes on using eq. (7.45).
(J1J1Jp): the possible structures are

Q1Q2, P}, RiRaPs, RiRyS3, P3S3, Q1QoT , PiT

(J1J1J1): note that all the parity even structures that can occur in (J1.J1.J1) are those
that are present in the non-linear relation eq. (7.42) but all these structures are antisym-
metric under the exchange of any two currents whereas this correlator is symmetric under
the same exchange. Hence the parity even part of (J;.J1.J1) vanishes. For the same reason
no possible parity odd structures can occur either. Thus (J;.J1.J;) vanishes in general.

(JsJ1Jp): here the possible structures are
2 2

Q1P3, RiR2Q1, Q153 , Q1 3T

(J 3 J 1 J 1 y: the linearly independent structures are
RiQ1P1, RiP Py, Qi1(RoPa + R3P3), R1Q15

Two other possible fermionic parity odd structures can be eliminated using
eqs. (7.45), (7.46).
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(JaJ1Jq): after eliminating some structures using the relations in section 7.2 we get the
2 2

following linearly independent structures:

Q1Q2P2, Q1P\P3, PiPs, RiRoO1 P, RiRoPP3, R3R1Q1Q2,
Q1P1S3, Q1P3S;, PyP3S3, RiRaPS3, QiQoPT, QiPPsT, PiPT

(JsJsJs):

Q1Q2Q3 ZRiPiv Z R1Q2Q3 P2 Ps, ZRiQiPiga PPy P3 ZRZ'Piv

cyclic

Z R,Q;P2S;

The structure chc R1Pi(P7Q2+ P3Q3) can, by using the non-linear identity eq. (7.42), be
expressed in terms of the above structures and hence need not be included. The structure
> eyelic 1Q2Q3 (% S3 + P3S2) vanishes on using eqgs. (7.46), (7.45)

(J2J1J1):  the possible linearly independent structures are

Q7Q2Qs, QP Q1P PPs, P3P3,
RyRsP1Q7, RoR3 P P3Q1

Q1Q2P252 + Q1Q3P553, P} P3S3+ P5P,Ss,

RiRyP3 S5+ R3Ry P; Sy,

Q1Q2QsT QiPIT, QPARPT, P}P;T

Other structures are possible, but can be written in terms of the other structures listed
above by using the relations in section 7.2.

(JgJ1J1): as before, after eliminating some structures which are antisymmetric under
the exchange 2 <» 3 we are left with the following linearly independent basis for (J3.J1.J1):

QI(P5Q2 — P{Qs),

Q¥(R1RyP P, — R3R P3P)), Q1(R1RoPy Py — R3R\ PiPy),
Q1 (P2Q25 — P3Q3S3), Q1(P§ PyS> — Py P3S),
Q1(R1RyP3S3 — RyR P35 Ss) QI(P3Q2 — P3Qs)T

Again, linearly dependent structures have been eliminated using the relations of sec-
tion 7.2.

(JaJ1J1):  the structures that occur here are the same as Q% times the structures in
(JoJ1J1).

(JsJ1J1): for s even this again equals Q5 ?(JoJ1J1) (this was noted, for the non-
supersymmetric case, in ref. [17]- it continues to hold in our case). For s odd and greater
than three this correlator equals Q‘;72<J3J1 J1). Thus the number of possible tensor struc-
tures in (JsJ1J1) does not increase with s.
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(JaJaJ2): the following are the possible independent invariant structures

Q1Q3Q3 PIPSP; Q1Q2Q3 P %P5, ZQ?Pfl,
i
Q1Q2Qs > QsPsRiRy, PiPyPs Y QsPsRiRy,
cyclic cyclic
PiP,Ps Y PiP,Ss, > QIP’S;,
cyclic 7
Q1Q2Q3 Z Q353”1 Ry, PP Z Q3593R1 Ry ,
cyclic cyclic
QTQQ3T PIPPIT, Q1@Q2QsPPPT, Y QIPMT
i

Many other linearly dependent structures have been eliminated using the relations in sec-
tion 7.2.

As is evident, the number of invariant structures needed to construct the 3-point
correlator increases rapidly as the spins of the operators increase and we will not consider
more examples.

It is clear from the above examples that the general structure of the 3-point function
is the following:

1

(JS JsoJ ) = — — -
15283 mM123 vM231 Y M312
X12 X23 X31

where m;jr, = (A; — s;) + (Aj — s5) — (Ap — s;) and the sum is over all the independent
invariant structures F,, each of homogeneity A3**A3*2A3%%. Since the 3-point function is
linear in the parity odd invariants and linear or bilinear in the R’s (either R; or R; Ry, , j #
k), we have the following structure for F,:

Fo = FV (P Qi) + ol ) ED(PLQOT + al) EP (P, Q1)Si + ol Y (P Qi) Ri
+aVF\(P, Qi) RiS; + alY FP) (P, Qi) R; Ry, + alY) F® (P;, Qi) R Ry,S)

Here cach " (P;,Q;) is a monomial in P’s and Qs such that each term on the r.h.s. above
has homogeneity )\%51 )\352 )\383'19

7.3.2 Three point functions of conserved currents

We have so far considered the constraints on the structure of the three-point functions of
higher spin operators arising due to superconformal invariance alone. We will now see how
the structure is further constrained by current conservation, i.e, when the operators are
actually conserved higher spin currents. In this section we present evidence for the claim

Y The six F,(La>(P¢,QZ~) are mnot independent functions. F7(12), F7(L4), F,SG)can be obtained from
FY F® EP, respectively, by replacing a PP in the latter by P’~'S; (suitably (anti-)symmetrized if

some spins are equal in the 3-point function).
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Three-pt function Even Odd
(J1J1Jo) P — iR Ry Sy — LPyT
(J1J1Jo) P3Ry + Q1 Ry 0
(J1J1Jo) 1Q1Q2 + P} — iR Ry P S3Ps + £(S3R1Ry — Q1Q2T)
(J% J%Jo> P3Q1 — Q1R Ry Q153 — 1Q1 BT
<JgJ%J%> Q1R1P1 + Q1(RoPy + R3P3) + 2R P Ps 0
(J2J1J1) QiP1 — 4Q1PyP3 — 5 RyR3Q} Q1(P2S3 + P352)

+4(Q1P — 3Q1 P P3)T

Table 2. Explicit examples of conserved three-point functions.

that the three point function of the conserved higher spin currents in A" = 1 superconformal
field theory consists of two linearly independent parts, i.e.,

1
(Js1Jsxsy) = m (Q<JS1JS2JS3>GVGH + b<J81J82J83>odd) (7.59)

where a and b are independent constants, and the ‘even’ structure arises from free field
theory.

The procedure, quite similar to that used by [17], is as follows. For any particular three
point function we first consider the linearly independent basis of monomial structures (listed
in section 7.3.1) and take an arbitrary linear combination of these structures.

1
< S1v82 83> X12X23X31 Z nJy n ( )
Current conservation D, J*1 9?25 = () is tantamount to the following equation on

the contracted current Jg(x, \):

0
Do—Js = .61
o Js=10 (7.61)
Thus the equation
0
DiaAz‘ (Js1Js2s5) = 0 (7.62)

for each i = 1,2, 3 gives additional constraints in the form of linear equations in the a,’s-
some of these constants can thus be determined. The algebraic manipulations get quite
unwieldy- we used superconformal invariance to set some co-ordinates to particular values
and took recourse to Mathematica. The results obtained are given below (the known X}j
dependent factors in the denominator are not listed below):

Using expression (4.12) for the currents in the A' = 1 free theory, some 3-point func-
tions were explicitly evaluated (again using Mathematica, s the computations get quite
cumbersome beyond a few lower spin examples). It must be emphasized that the (tabu-
lated) even structures obtained above match with the expressions obtained from free field
theory (upto overall constants). We thus have some evidence for the claim that the three-
point function of conserved currents has a parity even part (generated by a free field theory)
and a parity odd piece.
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8 Summary and outlook

In this paper we have embarked on the study of superconformal Chern-Simons matter
theories in an on-shell superspace formalism. To conclude we summarize the main results
obtained in this paper below.

e An explicit construction of higher spin conserved supercurrents in terms of higher
spin component currents in section 4.1.

e An explicit construction of higher spin conserved supermultiplets in terms of on shell
elementary superfields in free superconformal field theories in section 4.2.

e A decomposition of the state content of single trace operators in large N vector
Chern-Simons superconformal theories into multiplets of the superconformal algebra
in the theories with N' = 1,2, 3,4, 6 superconformal symmetry in appendix C.

e Determination of the form of two point functions of conserved higher spin super-
currents, and the explicit computation of these 2 point functions in free theories in
section 6.

e Classification of superconformal invariants formed out of 3 polarization spinors and
3 superspace insertion points (following [21]) and use thereof to constrain 3 point
functions of higher spin operators in 3d superconformal field theories in section 7.1.

e A conjecture - and evidence - that there are exactly two structure allowed in the 3
point functions of the conserved higher spin currents for N’ =1 in section 7.3.2.

e The superspace structure of higher spin symmetry breaking on adding interactions
to large NV gauge theories in section 5.

One of the main motivations for the study embarked upon in this paper is to perform a
Maldacena-Zhiboedov type study of superconformal Chern-Simons vector matter theories.
As shown in the section (5), the structure of terms violating higher spin current conserva-
tion is much more constrained in superconformal case as compared to the conformal case
suggesting that higher spin correlators in superconformal case must be more severely con-
strained. For this purpose it will be useful to extend the analysis of three-point functions
presented here for AV = 1 case to extended supersymmetry. Besides describing a variety of
renormalization group fixed points in 3 dimensions, theories of this type are also expected
to be holographic duals to supersymmetric higher spin Vasiliev theories in 4 dimensions.
It may also be worth extending this formalism for 4 and higher point functions by using
polarization spinor techniques, perhaps together with the embedding formalism, in view of
implementing the (super)conformal bootstrap for higher spin operators.
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A Conventions

A.1 Spacetime spinors

The Lorentz group in D = 3 is SL(2,R) (see, for instance, the appendix of [28]) and we can
impose the Majorana condition on spinors, i.e., the fundamental representation is a real
two component spinor ¢, = ¥} (a = 1,2). The metric signature is mostly plus. D = 3
superconformal theories with N extended supersymmetry posses an SO(N') R-symmetry
which is part of the superconformal algebra, whose generators are real antisymmetric ma-
trices 1%°, where a,b are the vector indices of SO(N). The supercharges carry a vector
R-symmetry index, Q%, as do the superconformal generators S2.
In D = 3 we can choose a real basis for the v matrices

5 (12 ol o8y _ 0 1 01 10
(7#)04 —( ’ ’ ) <<_1 0)7( 1 0>><0_1>> (Al)

Gamma matrices with both indices up (or down) are symmetric

(Vg = (1,0°,—0')  (3)* = (1,-0% o) (A.2)
The antisymmetric € symbol is €'? = —1 = €91 It satisfies
eyte !t = —(y")T
(A.3)
62‘””6_1 — _(E,u,l/)T
where X = —ﬁ['y“, ~*] are the Lorentz generators. The charge conjugation matrix C' can

be chosen to be the identity, which we take to be
—ey¥=Cc"1 Fel=C (A.4)
C*B denotes the inverse of Cop. Spinors transform as follows

Wy = = () s

Spinors are naturally taken to have index structure down, i.e., ¥,.
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The raising and lowering conventions are

B — Ba

v w; (A.5)

¢a = faﬂw
There is now only one way to suppress contracted spinor indices,

X = 9" Xa;
and this leads to a sign when performing Hermitian conjugation

(x)* = =x"v".
The ~ matrices satisfy
(’Yu%)aﬁ = mwdf + ewp(’Yp)aB (A.6)

where €, is the Levi-Civita symbol, and we set egi12 = 1 (6012 = —1). The superconformal

algebra is given below:

[M,uzu P\ = i(nu)\Pl/ - nV/\P,u)a
-(nuAKV - 771/)\Ku)a
[D,P,] =1iP,, [D, K, =—iK,,

Labs Led) = i (daclva — Ovelad — adloe + Ovalac)
{Q%, Q%Y = (V")apPud®,
[Lab, Q] = 1(0ac@y — 06cQ5),
{55, S8} = (") ap K 6™, (A7)
[Lab, S¢'] = i(0acSy — 66eSq ),
(K, Q3] i('Yu)aBSg’
(Y

[P, Sal = i(v)’ QB
al __ E a a — _1 a
[Dan]_2 ) [Dasa] QSou
[M,u,l/a QZ] = _(EMV)QBQ%7
[MHW Sg] = _(EMV)QBSE7
1
{Qa Sg} = (€BaD - 26qu('Vp)aBMW> 5" + 5Balab'

All other (anti)-commutators vanish.

A.2 R-symmetry
A.2.1 SO(3)

Gamma matrices are chosen to be the sigma matrices

wi ({01 0 —i 10
() )G )
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Indices are raised and lowered by €2 = —1 = —ej9. Note that o matrices with both lower
or both upper indices are symmetric.
The following identities are useful

eIk + kgt + el =0,

ey = 6,01 — 64,07,

€ij€kl = €ikEjl — €il€jk,  (same for upper indices) (A.9)
(0°)7 (o) = 2818, — 813},
(09 (0 = —(2€i1€55 + €ij€01) = —(€ik€ji + €i€jk)

A.2.2 SO(4)

Gamma matrices are chosen to be

0 o?
r* = for a= 1,2...4
a* 0 (A.10)
where (U“)iz = (o1, 0%, 0%, ily), (5‘1); = (o1, 0%, 03, —ily).
Indices are raised and lowered by €2 = —e1p = —1 = €2 = —¢&}5. With these definitions,

the following identities would be useful.

(a_a)gi _ (6_aT)€i ((a_a)T — _60_a€71)7
(Ua)f(ﬁa)f = 25%55} (A.11)
(o) (@Y1 = —267¢,  (0%);:(6");; = —2eijei;

A.2.3 SO(6)

We choose the gamma matrices to be

0 a

re = T fora=1,2...6 (A.12)
50

where 7% = (v1,7%,7°,7",7%,il4), 7% = (41,7%,7°, 71 % —ila), 2% =AMt

. 0 o'i . .
and 7' = < , ) with of = (o1, 0%, 03,i1y),6' = (6%, 02,03, —ily) fori=1...4
a0
In these basis we the ‘chirality’ projection matrix is diagonal and is given by

L 0
17 = il T2r30r° = ( 04 ; ) (A.13)
-4

The charge conjugation matrix is

-C

0
O =112 = ( g ) with ¢ = iy (A.14)
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which satisfies
cr=c'=-c, (I=c'rc

= c=—c"=ct (A =-cHe (A.15)
—™(y

l

In index notation: (*‘ya.j)* = ("ya*)ij = )k cj==c kCgl(’Ya)k

)

Indices are raised and lowered with using the charge conjugation matrix C for I'* and
c for 4%. With both indices up or down the 7 matrices are antisymmetric.? The last
equation in (A.15) implies the following useful properties for the generators Let us define

,}/abT _ _,yab’ ﬁab’[ _ ,7

(,—yab*)ij _ (C 1,yabc) i (Wab)ij _ ( -1 ab ) ..

The first line says that the generators of SO(6) transformation are Hermitian?! while the

(A.16)

two equation in the second line follows from (A.15).
The following identities are useful:??

T =+ 20, (57 = (o) - 2%,

Vi Ve = —2€ijk = 2(CikCjt — Cacjk — Cijcrl),
’Y%V_akz = —2€p1 + 2¢ijcr = 2(cikcjt — cacik), (A.17)
(V) (7Y = 20487 — 26761,
(Y*0)] (), = —32657 + 85761,

A.3 Useful relations
Some useful relations and identities are given below

s 0 0

5677 =~ o0a (A.18)
(VL ()L =206, —6,06,F (A.19)

0ol = %6a599, 090" = —%eaﬂea (A.20)

01005 + 02007 + (0162)6° =0 (A.21)
X?=X/X5 = 2wp0t = 227, XX =23 :X:m (A.22)

20This should be the case as the vector of SO(6) is (4 x 4)antisym of SU(4).

*'The generator of SO(6) acting on chiral and antichiral transformation are respectively —fyab and
—iyab

*Note that representation theory (SU(4)) wise C' shouldn’t be used to raise or lower indices as it is not
an invariant tensor of SU(4). Only €7* and e;jx(which are specific combinations of product of ¢’s) can
be used to raise or lower SU(4) indices. we will explicitly see that all the SU(4) tensor equations can be

written using just e tensors.
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Dia X1y = iA(X12) (012) (A.23)
. 1

= *152(912)%56}(012)& (A.24)

= _i(ngl?ﬂ ) Dla(X12+)ﬁfy = iEqﬁHYQ (A25)

Dio(X12)

@, =,

D1 (X12-)

B Conformal spectrum of free scalars and fermions

In this appendix we list the character decomposition of product of two short conformal rep-
resentations into irreducible conformal representations for the particular cases of a complex
scalar and complex fermions. Let us denote by x(¢) and x(¢) the conformal character of
a free scalar field and a free fermion (in D = 3) respectively. Then we have

_ 1 s
x(@)x(¢)= =20 =20 =20 (m + ;X(sh)(k +1, k:))
_ _ 1 3 > 3 1
X(@)x () =x(o)x () = (DD (mzx;(y) + ; X(sh) (k + 5.k 2))

_ 1 °
x(¥)x(¥)= DD <x2 + EX(sh)(k +1, k)) (B.1)

where the x(s)(j + 1,7) denotes the character of a short conformal representation with
spin j.

Let us consider a free N' = 1 superconformal theory of a complex boson and a com-
plex fermion transforming in N of SU(N) gauge group. The spectrum of gauge invariant
single trace operators in theory is then just the sum of the operators represented in (B.1).
Using the decomposition in (B.3), the operators in (B.1) are easily combined into the

representation of ' = 1 supermultiplets. These are given as follows?3

(;,0>1@§<§+1,§)1 (B.2)

i.e. along with the special short representation with spin zero there are superconformal short
representation for every positive half integer spin starting from spin % For convenience we
list the decomposition of all short and long A/ = 1 superconformal representations below

. . 1. 1 1. 1 ,
(A, D) 1ong = (A, §) @ (A+ 30— 2) ® <A+ 50+ 2) © (A+1,7),
. . . . 3.1
(J+1,J)1=(J+1,J)@<J+2,J+2>, (B.3)

(20),= (20) 2 (1) = (30)

Here (A, j)1 denote N = 1 representation while (A, j) denotes a conformal representation.
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C Superconformal spectrum of N/ = 1,2, 3,4, 6 theories

In this appendix we discuss the full single trace gauge invariant local operator spectrum
of the free U(N) superconformal Chern-Simons vector theories discussed in section 3. In
subsequent subsections here we present the full conformal primary spectrum, using the
conformal grouping discussed in appendix B, and then group these conformal primaries
into representations of superconformal algebra of the respective theory.2*

Cl N=1

The minimal field content of this theory consists of a complex scalar and a complex fermion.
The conformal content is easy to write down; there are both integer and half-integer spin
currents in the theory. All of these group into short superconformal multiplets of both
integer and half integer spin. Thus, the superconformal primary content of this theory is
o0
P G+ L=, (C.1)

1
37075711---

where (5 + 1, 7) denotes a dimension j + 1, spin j short superconformal primary multiplet
which contains the conserved spin j and spin j + % conformal primaries. There is no
R-symmetry quantum number in this case. The conformal content is
. . . . o3 1 .
GH+Liv=1 = G+L)@(j+5.0+5) J#0
31
272

(1,0)5=1 — (1,0) @ ( > ®(2,0) j=0.

C2 N =2

The field content of the N' = 2 theories is the same as that of N' = 1; the difference being
that the spectrum of short superconformal multiplets consists only of integer spins. Thus,
we can write the spectrum of short superconformal primaries in these theories as

o0

P G+1.5,0)n=. (C.3)

§=0,1,...

The conformal content for a spin j N' = 2 short superconformal primary in terms of ' = 1 is

. . ) ) 3 1
(G+1,4.0)n=2—= (+1,jy=1® <J+2,J+2> (C.4)
N=1

from which he conformal content can be read off as

. . . . 3 1 3 1 , , .
(J+1,J70)N:2%(J+1,J70)@(J+§,J+5,1)69(J+§7J+§771)€B(J+2,J+1,0) J#0
31 31 (C:5)
(1,0,0)5—2 — (1,0,0) @ (f L 1) & (2,0,0) & (

S ool e(21 i =0.
2727 2727 >®(77O) .] O

where the third quantum number is the U(1)g charge.

24Representation of superconformal algebra are labeled by the scaling dimension, spin and R-symmetry
representation of the superconformal primary. see e.g. section 3 of [29] a summary of unitary representations
of superconformal algebra in 241d.
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C3 N =3
The conformal content of the N” = 3 theory is?®

2 P (G+14D)00+1,43)]] ®(1,01)@(1,0,3) & (2,0,1) ® (2,0,3) (C.6)
7=0,3,1,...

The above conformal content can be grouped into N’ = 3 superconformal primary content
as follows

o0

P G+1.4 Dy=s| &(1,0,3)5-3 (C.7)
J=0,41,...

The decomposition of the AN/ = 3 superconformal primaries into N' = 2 superconformal
primaries, given in [29] is?6

. . . . I
(.]+1v]71)N=3—>(]+17330)N=2 @ <]+27]+2’0> (08)
N=2

We have the following result for the conformal content of a A/ = 3 superconformal primary

of spin j € (0, %, 1,...):

. . . . o3 1 ) . .5 .3

The breakup of the (1,0, 3) /=3 superconformal primary into A = 2 primaries is as follows'®

(17 07 3)N=3 — (]-7 07 1)N=2 @& (17 07 O)N:Q 5% (]-7 07 _1)N=2 (ClO)
The conformal content of the (1,0, 3)—3 superconformal primary is:2”
31 31
(1,0,3)p=3 — (1,0,3) @& (2,0,3) ® (2, ok 1> @ (2, 2,3> @(2,1,1) (C.11)
C4 N =14

The theory contains currents of integer spins only. It remains to comment about the (1,0, 3)
superconformal primary which was obtained in equation (C.7) above. This particular pri-
mary transforms in the antisymmetric (1, 0) representation of the SO(4) ~ SU(2)xSU(2) R-
symmetry, where the two numbers correspond to each of the two SU(2)s. Therefore we have

o0

@ (j+1,j, {0?0})/\/:4 @(1707{170})/\/:4 (0-12)
§=0,1,...

where by {0,0} we mean the singlet of the SU(2) x SU(2) R-symmetry.

ZFor R-symmetry quantum numbers taking values in SU(2) g, we give the dimension of the representation
while writing down the quantum numbers (A, j, h). For example, (1,0, 1) corresponds to A = 1, spin-0 and a
singlet under R. In other words, instead of writing the highest weight j for the R-symmetry representation,
we write 25 + 1 as the third quantum number.

*Tn the equation that follows note that the lLh.s. is written in terms of the SU(2)r quantum number
whereas the r.h.s. has U(1)g quantum numbers.

ZTWritten out in SU(2) g notation.
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C5 N =6

From the field content of the N' = 6 theory (see section 3.5) the conformal primary spectrum
can be easily read off as

[e.9]
3 1 3 1
2 ) +2,7+1;1 +2,7+1;1 |+ =]+ = |+ =]+ =1
j_g? ((J+ G S+ 2,5+ 5)@<J+2,J+2,6>@<.7+2,j+2, 0>>

@ (1,0;1) @ (1,0;15) & (2,0; 1) @ (2,0; 15) (C.13)

where the conformal primaries are labeled as (A, 7;SO(6) representation). In specifying
the SO(6) R-symmetry representation we use the following notation

1 — Singlet,
6 — Vector,
(C.14)
15 — Second rank symmetric traceless tensor,

10 — (anti)Self-dual 3 form.

The conformal primary spectrum can be grouped together into the following NV = 6
superconformal primary spectrum

[ee]
P G+1.5)n=| & (1,0;15) 5= (C.15)
j=1,2,...

where again use the same labeling for the superconformal primary as above for conformal
primaries with and extra subscript to distinguish from conformal primaries.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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