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ABSTRACT: In recent work we have developed a new unfolding method for computing
one-loop modular integrals in string theory involving the Narain partition function and,
possibly, a weak almost holomorphic elliptic genus. Unlike the traditional approach, the
Narain lattice does not play any role in the unfolding procedure, T-duality is kept manifest
at all steps, a choice of Weyl chamber is not required and the analytic structure of the
amplitude is transparent. In the present paper, we generalise this procedure to the case of
Abelian Z y orbifolds, where the integrand decomposes into a sum of orbifold blocks that
can be organised into orbits of the Hecke congruence subgroup I'o(N). As a result, the
original modular integral reduces to an integral over the fundamental domain of T'g(V),
which we then evaluate by extending our previous techniques. Our method is applicable,
for instance, to the evaluation of one-loop corrections to BPS-saturated couplings in the
low energy effective action of closed string models, of quantum corrections to the Kéhler
metric and, in principle, of the free-energy of superstring vacua.
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1 Introduction

Perturbative one-loop computations in closed string theory typically require integrating
over the moduli space of conformal structures on the world-sheet torus. Since the latter
is isomorphic to the Poincaré upper half-plane IH quotiented by the full modular group
I' = SL(2; Z), the one-loop amplitude is expressed as an integral | 7dp A(T) of a modular
invariant function over the fundamental domain F = I'\IH. The evaluation of such integrals
is a mandatory step in any attempt to extract quantitative predictions from closed string
models.

The standard approach to evaluating such integrals, known as the orbit method, relies
on representing the integrand function as a (combination of) Poincaré series, i.e. a sum over
SL(2; Z) images. It is important that such series be absolutely convergent, since only in this
case can one trade the infinite sum over images for an integration over a semi-infinite strip,
thus converting a stringy one-loop integral into a conventional field-theoretical Schwinger
integral. The technical task of identifying a suitable Poincaré series is not in general
straightforward and depends on the properties of the automorphic function A(7).

In string theory compactifications, the automorphic function A(7) often decomposes
into the product I{g ) @ of the partition function I 4,1) of a Narain lattice with signa-
ture (d,d+ k), that encodes the dependence of the physical couplings on the compactifica-
tion moduli, times a model-dependent modular form @ of weight —k/2. In these cases, after
Poisson resummation on the momenta, one may cast the Narain lattice partition function
into a sum of Poincaré series of SL(2;Z) suited for the unfolding of F. Although this
approach has been applied with success in the past [1-3], it suffers from certain drawbacks:
the resulting Poincaré series representation is absolutely convergent throughout the inte-
gration domain only in restricted regions of the Narain moduli space, the decomposition
into SL(2;Z) orbits spoils the manifest T-duality invariance, and the analytic properties
of the physical couplings are obscured.

Recently, we proposed a new approach to evaluating such one-loop integrals that over-
comes the aforementioned problems [4, 5|. The main idea is to represent the function @ in
terms of an absolutely convergent Poincaré series and use it, rather than the lattice partition
function, for the unfolding procedure. In practice, as shown in [4, 5], for the cases where @
is a weak almost holomorphic modular form, one may always obtain such a representation
in terms of absolutely convergent Niebur-Poincaré series [6, 7]. Alternatively, in the case
where @ is of moderate growth at oo, one can resort to the Rankin-Selberg method [8-10)]
commonly used in Mathematics to extract the analytic properties of L-series. The ad-
vantage of this approach is that it yields a manifestly T-duality invariant representation
of the one-loop amplitude, which is valid throughout the Narain moduli space and whose
singularity structure is transparent. While the occurrence of the Narain partition function
is typical in compactifications on d-dimensional tori, the (almost) holomorphy of @ usually
holds for amplitudes protected by supersymmetry, such as threshold corrections to gauge
and gravitational couplings in certain superstring vacua [3, 11-13].

In many cases however, including closed-string vacua on orbifolds, the integrand A(7)
naturally decomposes into a finite sum of contributions, associated to the various orb-



ifold sectors, which are related by elements in SL(2;Z). Schematically, one faces one-loop
integrals of the form

/}_dN-Aorbifold(T):/}_d,u > An(yr), (L.1)

yELN\T

where I'y C T'is a level- NV congruence subgroup, and Ay is an automorphic function under
Iy, represented, in most cases of interest, by the product of a (possibly shifted) Narain
partition function times some modular form @y of suitable weight with respect to I'y. In
these cases, it is advantageous to first unfold F into the fundamental domain Fy of I'y by
using the coset decomposition (1.1), leading to the integral

/ dp An(7), (1.2)
FNn

and then apply the orbit method to unfold Fp. This approach was first discussed in the
Physics literature in [14] where the non-universality of gauge threshold corrections for het-
erotic orbifold compactifications with non-factorisable tori was shown, and was later applied
to the computation of quartic gauge couplings [15, 16], to freely-acting orbifolds with partial
or total supersymmetry breaking in [17-19], as well as in the context of N' = 4 topological
amplitudes [20]. These papers rely on unfolding the fundamental domain Fy against the
Narain lattice using the traditional implementation of the orbit method, and thus suffer
from the same drawbacks outlined above. As we proposed in [4, 5], these drawbacks can
be circumvented by representing @y in terms of an absolutely convergent Poincaré series
of I'y, and using it to unfold Fu. To this end, in this paper we generalise the construction
of Niebur-Poincaré series to congruence subgroups and use them to represent any weak
almost holomorphic modular form of I'y. This allows one to evaluate the integral (1.2)
at any point in the Narain moduli space, while keeping T-duality manifest. Similarly, we
shall generalise the Rankin-Selberg method to the case of congruence subgroups, in order
to treat functions of moderate growth.!

In applications to Abelian Zy closed-string orbifolds, the coset decomposition (1.1)
involves the congruence subgroup I'1(N), defined in section 2. For N prime, the index of
['1(N) inside the full modular group is N2 — 1, which agrees with the number of non-trivial
orbifold sectors. When N is not prime, the decomposition (1.1) involves instead several
independent orbits, each one associated to a congruence subgroup I';(d), where d is a divisor
of N. Alternatively, one can generate the full Zy orbifold amplitude by considering orbits
of the full untwisted sector with respect to the Hecke congruence subgroups I'yg(d). However,
in the cases of interest to string theory, it is often possible to generate the full I'y(d) orbit
by using a single (untwisted) orbifold sector, thus simplifying the implementation of the
orbit method. This happens, in particular, in the study of BPS-saturated contributions
to gauge and gravitational threshold corrections in heterotic vacua, arising from the Zy
orbifold sectors, with N = 2, 3,4, 6.

In dealing with integrals of the form (1.2) one has to properly address the problem of
infrared (IR) divergences due to massless states propagating in the loop. Whereas in the

!See [21] for an earlier attempt at applying the Rankin-Selberg method to strings on orbifolds.



original SL(2;Z)-invariant description (1.1) the IR divergence is associated to the unique
boundary (i.e. the cusp at oo) of the fundamental domain F, after partial unfolding it
gets distributed among the various boundaries of Fy. These divergences necessitate an
appropriate regularisation of the integral before unfolding. Asin [4, 5, 10], we introduce an
explicit IR cut-off by truncating the SL(2;Z) fundamental domain F to 7o < 7. This cut-
off is then unambiguously extended to the other boundaries of F after partial unfolding.

The outline of this work is as follows. In section 2 we review the general structure of
closed strings on Abelian orbifolds with emphasis on the coset decompositions with respect
to Hecke congruence subgroups. In section 3 we list the main properties of I'o(N) and
extend the unfolding procedure to integrals over its truncated fundamental domain. In
section 4, we discuss the Rankin-Selberg method for modular forms of T'y(IV) of moderate
growth at all cusps, and apply it to evaluating integrals over Fy. We illustrate the pro-
cedure by explicitly computing integrals of freely acting orbifolds of d-dimensional Narain
lattices, and express the result in terms of level-N generalisations of the constrained Ep-
stein zeta series of [4, 5, 22]. In section 5, we introduce the absolutely convergent Niebur-
Poincaré series associated to the Hecke congruence subgroups, and show how any weak
almost holomorphic modular form can be represented by linear combinations of such se-
ries. We then explicitly compute the integral of a (shifted) Narain lattice times an arbitrary
Niebur-Poincaré series and express the result in terms of a sum of Schwinger-like integrals
associated to BPS-state contributions. In section 6 we illustrate this method by studying a
number of physically relevant examples of gauge and gravitational threshold corrections in
freely-acting orbifolds and the free energy of an exotic class of two-dimensional superstring
vacua. Appendix A collects useful formulse on the Kloosterman-Selberg zeta function for
['o(N) and the associated scattering matrices. Finally, appendix B summarises useful facts
on holomorphic modular forms of Hecke congruence subgroups.

2 Generalities on one-loop amplitudes in closed string orbifolds

In closed string theories compactified on orbifolds, one-loop contributions to certain cou-
plings in the low energy effective action typically take the form of an integral

I:/fduA, A:%A[’;], (2.1)

where dpu = 75 2d7y dry is the SL(2; R) invariant measure on the Poincaré hyperbolic upper-
half plane H, F = {r € H | |ry| < §,|r| > 1} is the standard fundamental domain of the
full modular group I' = SL(2;Z), corresponding to large reparametrisations of the two-
dimensional world-sheet torus with Teichmiiller parameter 7, and A is a modular form of
weight 0 under I', whose explicit expression depends on the coupling under consideration.
The sum over h labels the various twisted sectors and the sum over g implements the
orbifold projection onto invariant states. For Abelian Zy orbifolds, the case of interest in
this paper, both h,g run over 0,..., N — 1. Although the untwisted unprojected sector
of the orbifold A[g] is invariant under the full modular group I', this is not the case for



each non-trivial orbifold block A[g} with (h,g) # (0,0) that is invariant only under a

congruence subgroup I [Z] C I', i.e. a subgroup containing a level-M principal congruence

rm@:{7:<zz>er

For N prime, each F[Z ] is conjugate to

FI(N>:{ :<ZZ>€F

which has index N2 — 1 with respect to the full modular group. Indeed, the N? — 1
non-trivial orbifold blocks A[I;] form a single orbit of I'; (V) C I, transforming as

subgroup

a,dzlmodM,b,c:OmodM}. (2.2)

a,dzlmodN,c:OmodN}, (2.3)

ARy = Al (2.4)

where |y denotes the Petersson slash operator defined in appendix B, and can all be ob-
tained from the block A[?], invariant under I' [(1)] =T1(N). As a result, the sum

A=Y AT =AI+ Y ANk (2.5)

yEL1(N)\I'

is invariant under the full modular group, as expected. For our purposes, it will be con-
venient to further collect the orbifold blocks into orbits of T'o(IN) C I, where T'g(V) is the
Hecke congruence subgroup of level NV

FMN)z{(ZZ)EF

which contains I'; (V) as a normal subgroup such that I'g(N)/T'1(N) = (Z/NZ)*, and has
index

¢ =0 mod N} , (2.6)

w=NT[0+p) (27)
pIN
with respect to the full modular group I', where p is a prime? divisor of .

The decomposition of the amplitude A into orbits of the modular group is in general
complicated, since different sectors may be invariant under different level-N, congruence
subgroups of I', where N, divides N. By collecting these contributions into orbits of
[o(Ng)\I' one can thus write, in complete generality,

A: Z Z ANU“’Y7 (2'8)

Na|N v€lo(Na)\I

2In the following we shall always denote by p a prime number.



where the untwisted unprojected contribution A[g] is associated with N, = 1 in this sum.
For N prime the coset decomposition clearly simplifies since one single orbit with N, = N
appears in the decomposition (2.8) (aside from the universal IV, = 1 orbit) so that

N—-1
A=A+ ARy, with A[S) =3 Al (2.9)

YET(N\I

In this paper, we shall consider in detail only the cases N prime and N = 4 and
N = 6, since these are the only ones relevant for (half-)BPS-saturated amplitudes that
receive contributions only from the N' = 2 supersymmetric sectors, thus linked to the K3
orbifolds T%/Z with N = 2,3,4,6. For N = 4,6 the decomposition (2.8) reads

A=AQl+ Y A +ABDp+ Y Al (2.10)
YETo(4\T vELO(2)\I'
for N =4, and
A=AQl+ 3 AR+ARDp+ X AB+ARDp+ Y Al @i
V€L (6)\I' Y€l (3)\I YELQ(2)\I
for N = 6.

Having cast the integrand of (2.1) into a finite sum (2.8) of orbits under the Hecke
congruence subgroups I'g(/N,), one may use

F= U v 7 (2.12)
YELo(N\I

to unfold the integration domain F into the fundamental domain Fy, = T'o(Ng)\H of
['o(Ng), thus obtaining
I=)Y Iy, (2.13)

No|N

where

In = / dp Ay . (2.14)
Fn

The next step consists then in devising methods to completely unfold Fpy into the usual
strip S = {0 < 15 < o0, 0 <7 <1}, in a way that does not require a specific choice of
Weyl chamber, that clearly spells out possible singularities of the amplitude at points of
symmetry enhancement, and that maintains the perturbative symmetries of the vacuum
manifest. As we shall see, special care is required for the proper definition of the modular
integral and of its unfolding if IR divergences are present. We shall outline the general
procedure in the next section, deferring the discussion of specific classes of integrals to
sections 4 and 5.



3 The unfolding for Hecke congruence subgroups

The goal of the following sections will be to extend the techniques introduced in [4, 5], in the
case of the full modular group I', to compute integrals of the type (2.14). These integrals
typically develop IR singularities due to massless states running in the loop. Technically,
these divergences arise at the boundary of the integration domain. In the case of the full
modular group, the only boundary consists of the cusp at oo, and a natural (modular
invariant) way to deal with the IR singularity is to cut-off the fundamental domain at
some large 7. The main complication now is that the fundamental domain Fu of the
Hecke congruence subgroup I'g(/V) has several boundaries associated to its inequivalent
cusps, and each of them may give rise to divergences in the integral (2.14). In principle,
there are several options for regulating the integral but, as we shall argue, String Theory
suggests a well-defined prescription. In the following, we shall first review some basic facts®
about T'g(IN) and then we shall introduce the unfolding procedure and renormalisation
prescription in some generality.

3.1 Some properties of I'y(/NV) and its Poincaré series

The Hecke congruence subgroup is defined by eq. (2.6). Similarly to the case of the full
modular group, its fundamental domain Fn = I'g(/N)\H can be compactified by adding h
inequivalent? cusps, where

h=7) @((d,N/d), (3.1)

d|N

©(n) being the Euler totient function. The cusps correspond to the rational points
Y with N, (uv)=1, u (mod (v,N/v)). (3.2)
v

The cusps 1/N and 1, equivalent to co and 0, respectively, always exist, and are the
only cusps for N prime. In figure 1 we have displayed the conventional choice for the
fundamental domains of T'g(N) with N = 2,3,4,6.

Each cusp a can be obtained from the cusp co by acting with an element 74

Ta = (“ *> € To(NN\T, (3.3)

vV *

so that a = 7,00. Clearly, I'y = 74 ['s 7; | stabilises the cusp a since 'y, is the stability
group associated to co and thus

Tulraraz{iGbT“) ’beZ}. (3.4)

30ur discussion here follows [23-25], and the interested reader is referred to these references for more
details.
4Two points z1 and z2 are inequivalent if there is no element v € I'o(N) such that zo =7 - z1.




Figure 1. Fundamental domains for the Hecke congruence subgroups I'o(N) with N = 2,3,4,6,
respectively.

The positive integer m, = N/(N,v?) is known as the width of the cusp a, and counts the
number of copies of the fundamental domain of I" in (2.12) whose boundary is the cusp a.
One thus defines the scaling matriz

Vita 0
X 1/m>, (3.5)

that reduces the width of each cusp to one. In general, my, = 1 and my = N and thus

(10 ([ o 1/VN
aoo—<01>, 0'0—<\/N 0 ) (3.6)

The scaling matrices for the other cusps depend on the level N, and the relevant o, for

Oaq = Ta Pa, Pa:<

N = 4,6 can be found in appendix A. The scaling matrices o, can always be chosen such
that
oaTo(N) ot =Ty(N), (3.7)

a property that we shall exploit extensively for the unfolding procedure.

For any weight-w modular form G(7) of I'g(IN), one may define its Fourier expansion
at any cusp b as follows: consider the modular form G(T)’w()'b, which is periodic under
7 +— 7+ 1, and perform its usual Fourier expansion

G(1)| o6 =j,;(7) Glow) = Y Go(ra;m) ™™™ (3.8)
v meZ
where
Jy(T)=cT+d, for v = (a Z) € SL(2;R). (3.9)
C

The Poincaré series of I'g(N) with seed f(7), periodic under 7 +— 7 + 1, and modular
weight w, attached to the cusp a, is defined by

F(r)= Y )| ot (3.10)

v€La\T'o (V)



We shall require that the seed f(7) < 7'2171”/2 as 72 — 0 in order for (3.10) to be absolutely
convergent so that it can be employed to unfold the fundamental domain Fy as will be
explained in the following subsection. Moreover, eq. (3.7) allows one to relate modular
forms associated to different cusps, since

Fu(7>:j;;FOO(Ua_1 ):FOO(T)‘ Ua_l' (3.11)

w

Finally, we denote its Fourier expansion around the cusp b by

Fo()| 06 = jo, (T) Fa(owT) = 6 f(7) + Zﬁab(m; m) e2mimm (3.12)

w

where, here and henceforth, we isolate the contribution of the seed in the Fourier expansion
of a Poincaré series.

3.2 The unfolding procedure

We are now ready to proceed with the evaluation of the generic integral (2.14), where
the I'g(V)-invariant integrand Ay is assumed to factorise into the product of a weight-w
modular form Fy times another modular form G with opposite weight so that the resulting
integral (2.14) be well defined. We shall assume that Fy be represented by an absolutely
convergent Poincaré series as in (3.10), since it will be used to unfold the fundamental
domain. In our applications to BPS-saturated amplitudes, the role of G will be played by
the (shifted) Narain lattice. Depending on the behaviour of Ay at the various cusps, Fy will
be given either by the non-holomorphic Eisenstein series or by the Niebur-Poincaré series.
The latter provide a complete basis of weak almost holomorphic modular forms suitable
for representing the (twisted) elliptic genus. In either case, the unfolding procedure, to be
described below, leads to a rigorous definition of a renormalised integral. The procedure
we shall present can be extended to more general classes of functions, however we shall not
dwell upon these cases here.

Although at the level of the integral (2.14) one has several options to cope with the
potential divergences, String Theory suggests a well-defined regularisation scheme. Indeed,
one-loop closed-string amplitudes arise in the form (2.1), where the integral runs over the
fundamental domain of the full modular group and, thus, the only source of divergence
in the original integral (2.1) is from the cusp at oo, and corresponds to the usual IR
divergence of massless particles present in the spectrum. As in [4, 5] this divergence can be
regulated, consistently with modular invariance, by introducing a hard IR cut-off 5 < T,
thus replacing the SL(2; Z) fundamental domain F by

F(T)=F = Sx(T), (3.13)

where So(7) is the disk tangent to the cusp oo, defined by Soo(T) ={7 € :[I_I’TQ >Th.



The partial unfolding (2.12) then lifts this regularisation scheme to the integral (2.14),
and hence the fundamental domain Fy of I'g(/V) is replaced by

Fn(T)=Fn = 70+ SalT)
b

=Fn—|J momp, " - Suo(T) (3.14)
b

=Fn =] S(T),
b

where the small disks Sp(7) = 0p - Soo(mpT) are excised around each cusp. Hence, one is
led to the finite integral

I = /f A GIR). (3.15)

Using the fact that o4 preserves I'g(N) under conjugation (3.7), one may write Fy(7) =
j;f"l (7) Fxo(o7'7) and obtain

a

- /  dpGowr) J T (0aT) Fao(T)
on () (3.16)
_ / A Gloar) (1) Faol).
oa Fn(T)
where we have made use of the identity jap(7) = ja(B7)jp(7), valid for any pair of
matrices A, B in SL(2;R). The Poincaré series Fuo(T
unfold the fundamental domain o, ! - Fy(T), since

may now be employed in order to

U re'Avm=s-U U 'S, (3.17)

’yEFoo\Fo(N) b ’“/GFOO\F()(N)

with S = {r € H| — < 71 < 3} being the half-infinite strip. As a result,
1, :/Sd,u G(oaT) Jo (1) f(T) — Z/ ) du éb(TQ;O) [5abf(r) + Fab(TQ;O)]
b 7 Seo(me
— Z/S - dp G(o6T) g, (T) [Fa((nﬂ‘) Jog (7)) = bap f(T) — Fab(rg; O)} (3.18)
b 7 Seo(mme

_ Zb: /Soo(th) du [G(UBT)J';Ub (1) — Go(1; 0)} [5ahf(7) + Fp(12; 0)} 7

where Fuy(79;0), Gp(72;0) are the zero-frequency modes of the Fourier expansions of Fy(7)
and G(7) at the cusp b, as defined in (3.10), (3.8), and f(7) is the seed of the Poincaré
series Fy(7). The advantage of the decomposition (3.18) is that the dependence of I, on
the cutoff T can be easily identified. Indeed, the integrands in the second and third lines
are exponentially suppressed as 79 — 0o, while the second integral in the first line provides,
in general, the non-trivial cut-off dependence and leads to the following natural definition

~10 -



of the renormalised integral

T—o0

R.N./f dp G(7)F,(7) = lim [/f . dp G(7)Fa(T)
N N (3.19)

+ %:Aw(m[’T) du éb(7'2;0) [5ubf(7) + Fub(TQ;O)}] ,

so that
R.N. /; G = /5 duGloer) §2 () F(7) (3.20)

Egs. (3.18), (3.19) and (3.20) provide the starting point for the methods that we shall
introduce in the forthcoming sections.

4 The Rankin-Selberg method and orbifolded lattices

In this section we shall restrict our attention to the case where the integrand function
Ap is an automorphic function under the Hecke congruence subgroup I'g(IV) with at most
polynomial growth at all cusps. This case can be treated by the Rankin-Selberg method.
Recall that the latter amounts to inserting a non-holomorphic Eisenstein series E(T,s)
inside the integral, unfolding the integration domain against it for Re(s) > 1, and ana-
lytically continuing the result to s = 1 where E(7,s) has a first order pole with constant
residue. In section 4.1 we shall give a general discussion on non-holomorphic Eisenstein se-
ries for I'g(IV), and in section 4.2 we shall expose the Rankin-Selberg method for congruence
subgroups.

4.1 Non-holomorphic Eisenstein series for I'g(V)

The non-holomorphic, completed Eisenstein series associated to the cusp a is defined by
the sum over images
Eirs)=¢2s) Y w5 ot (4.1)
YELa\T'o(N)

which is absolutely convergent for Re (s) > 1. Here ¢*(s) = n~*/2I'(s/2)((s) is the com-
pleted Riemann zeta function, whose introduction simplifies the functional relation below.
For N =1, the only cusp is co and eq. (4.1) reduces to the usual non-holomorphic Eisen-
stein series for the full modular group I

Since the seed 75 is an eigenmode of the hyperbolic Laplacian A, the Eisenstein se-
ries (4.1) satisfies

1
[A + 53(1 — s)] Ei(1,8) =0 (4.2)
for any cusp. The Fourier expansion of E} at the cusp b is given by

E;(our,5) = €5p(12) +2 Y @an(n,8) (Inlm2)'/* Koy jo(27[n|mo) 2™ (4.3)
n#0

- 11 -



where

I'is—1
cilra) = €29 S + 772 2 20,0197 (4.4)
is the zero-frequency mode, and
pav(n, s) = ((28) [n[* ™ Zap(0, 5 9) (4.5)

for non-vanishing frequencies. Here Z4,(0,n;s) is the Kloosterman-Selberg zeta function
associated to the pair of cusps ab, defined in (A.1). Selberg proved that Ej(7,s) has
a meromorphic continuation to the whole s-plane, given by the Fourier expansion (4.3)
itself. Its simple poles are given by the poles of e7 . In particular, the point s = 1 is a
simple pole with constant residue

1 vol(F)

Res E} = = 4.6
B8] L = Sy T vl (46)

for any cusp a. Moreover, the Eisenstein series satisfy the functional equation
Ej(r,s) =) Pu(s) By(r,1 - s), (4.7)

b
where the scattering matriz ®(s), with entries
T2 (s — 1) ¢*(2s)

By (s) = 2 Za(0,0; ), (4.8)

I'(s)¢*(2s —1)

satisfies @(s) @(1 — s) = 1. The functional equation (4.7) will play an important role in
evaluating the one-loop modular integrals in the next subsection.

For N a square-free number one finds

D(s) = QNp(s), (4.9)

p|N

where

1 p— 1 ps o pl—s
N, = . 4.10
p(S) p2s_1 <ps_p1—s p—l ( )

In the more general cases where N is not square-free the general expression is more com-
plicated and the case for NV = 4 is given in appendix A.

Notice that
Ei(1,s8) = E;O(au_lT, s), (4.11)

as a result of (3.7), and one can always express the non-holomorphic Eisenstein series of
['o(N) as linear combinations of the usual non-holomorphic Eisenstein series E* of I with
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suitably rescaled arguments. For instance, for NV prime, one may show that

_ N°E*(Nt,s) — E*(1,5)

N3 E*(1,s) — E*(NT,s)
EX (7,8) = NB 1 , )

N2 —1

Ej(1,s) =

(4.12)

These relations allow one to straightforwardly compute the scattering matrix (4.9) using
the functional equation of the SL(2;Z) Eisenstein series, E*(7,s) = E*(1,1 — s).

Eq. (4.12) and the first Kronecker limit formula for the standard Eisenstein series allow
one to extract similar limit formulee for the E}(7, s) Eisenstein series. In particular, for N
prime one finds

BRI

_ 2(]\721_1) log _(471')]\/—1 o(1=N)y 2N2/(N+1) N1 [,7(1]7\(7:))]]\; 4 L
B =3 T

_ 2(N21—1) log —(47T)N—16(1—N)7 N(V2—2N-1)/(N+1) 1 [Z((]T\;]TJ;‘ ]

For N = 4,6 similar expressions can be derived using eqgs. (A.9) and (A.15).

4.2 The Rankin-Selberg method for Hecke congruence subgroups

Having defined the Eisenstein series for I'g(/V), we now turn to the evaluation of the
integral (2.14) by following the unfolding procedure outlined in section 3.2 (see also [26]).
As already mentioned, in this case the integrand Ay is a (not necessarily holomorphic)
automorphic function of T'g(NN), with at most power-like growth at each cusp®

An(0aT) ~ o(m2) + O(r, M), VM >0, (4.14)
as 1o — 00, where

wa(TZ) = Z Ca,i T;a,i s Caji, Qq,i € C. (4'15)
)

To evaluate (2.14), we apply the Rankin-Selberg method and consider, for a generic
cusp a, the integral

s T) = [ AN Bi(r,9) (4.16)

where the Poincaré series F, of section 3.2 is now replaced by E7(7,s), that converges
absolutely for Re (s) > 1, and is thus suited for unfolding.

5The techniques we are going to outline in this section can be actually extended to cases of more general
growth at the cusp (75'(log 72)"). However, we shall limit ourselves to power-like behaviour since this is the
only one of interest in String Theory.
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Using eq. (3.18) adapted to the case at hand, one obtains
Rildv.9) = [ dpdn() Ei(rs)
Fn(T)
+3 / A (o47) B3 (047, 8) — b(72) 3 (72)] (4.17)

oo(mbT
— C*(25) ha(maT,s) — C*(25 — 1 Z@ab ) ho(mpT,1 — ),

where e’ (72) is the zero-mode (4.4),

T Ts—ﬁ-ocu,i—l
ha(T, S) = /0 dy y872 wa(y) = ZZ: Cay m (4‘18)
and ~
RA(Ay, s) = C*(25) /0 dyy* > [aa(y) — Bay) (4.19)

is the Rankin-Selberg transform associated to the cup a, with

1
aq(m2) = /0 dr An(04T) . (4.20)

Eq. (4.17) defines the meromorphic continuation to the whole complex s-plane of the
Rankin-Selberg transform, since the second integral on the r.h.s. is clearly finite in the
T — oo limit and defines an entire function of s, while the remaining terms are meromor-
phic functions of s. As a result, R% has simple poles® at s = 0, 1, Qq,i, 1 — g4, and inherits
the functional relation (4.7)

RE(An, 5) quab s)Ri(An,1—5). (4.21)

The residue of eq. (4.17) at s = 1 is particularly useful, since it allows one to make
contact with the integral (2.14). Indeed, upon defining the renormalised integral

R.N. / duAy = lim / dp Ay =3 de(meT) | | (4.22)
Fn T—ro0 | JFN(T) b
where
baly) = > Cuz + > cailogy (4.23)
Oéa,ﬁél Qg ;=1

5The poles are simple as long as a,; # 1, otherwise a double pole develops at s = 1.
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is the anti-derivative of ¥4(y) on the hyperbolic plane, one obtains

R.N. / dp Ay =2vn Res | R5(An, ) + (*(25) ha(mq T, s)
7w (4.24)
+C* 25— 1) Bap(s) ho(meT 1= 5)| = > tu(msT).
b s=1 a

As a trivial example, taking Ay to be the unit function, the Rankin-Selberg transforms
vanish, and one recovers the expected volume $7vy of the fundamental domain of I'o(IV).

4.3 Shifted lattice integrals and Epstein zeta functions

We now have all the necessary ingredients to compute the one-loop integral of shifted Narain
lattices, that arise, for instance, in one-loop threshold corrections to low-energy couplings
of heterotic and type II superstrings, possibly with partial supersymmetry breaking. Let us
consider the case of a Zy freely-acting orbifold of a d-dimensional lattice with background
metric G;; and Kalb-Ramond field B;;. For simplicity, we restrict our analysis to the case
of N prime, though generalisation to the case where N is not prime is straightforward.
The resulting lattice partition function reads

N-1
1
A= D T y)(G Bi7), (4.25)
h,g=0
where ) )
Faalt] = 7 S At g Geas s (420)
ﬁeZQd

Here p'= (m, 1) is a 2d-dimensional integral vector encoding the momentum and winding
quantum numbers, and X = (Xl , Xg) is a constant 2d-dimensional vector acting as a shift
along the momenta (X2) and/or windings (X;). Its entries can be taken to be k/N, with
k € Zy, and it must satisfy the constraint

NX-X=0mod 2 (4.27)

in order to ensure modular invariance. The scalar product is defined with respect to the
O(d, d)-invariant metric (2,

T 01 w1
vV-w="7v w V1 V2 (ﬂ ) (U) ) ( )

and 2 = ¥ - . The BPS squared-mass depends on the shift vector

M2(R) = (F+h N M?(F+hN), (4.29)
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and on the background moduli through the matrix

Gt G'B
M* = (—BGl G- BG1B> ' (4.30)

Although (4.25) can be shown to correspond to a (unshifted) Narain lattice partition
function on a different background [27], and can thus be integrated following [4], it will be
instructive to use instead the coset decomposition

1 = 1 1 =
v 2 Taalgl = Taalo + 5 Taa[3]]7- (4.31)
h,g=0 YET(N)\I' g=1

Therefore, the one-loop modular integral of the orbifolded Narain lattice decomposes
as

N-1
1 1
/d“Nh;OFM o] :/fdﬂNF<d7d>[8} +/fN dp ;F(d,d) (o] (4.32)

and one can apply the procedure exposed in the previous subsection to compute the latter,
since the lattice I7g, d)[ ] has at most polynomial growth at the two cusps.” As a result,
the Rankin-Selberg transforms read

Rgo(F(d,d) [2],8) _ C*(2S)/ dt ts+d/2—2 Z €2i7rgX~ﬁ€—7rtM2(0) (5(ﬁ2)
0 5622d
70 (4.33)

=& [0] (G,B;s+ g — 1)
and
Ri(Taa[0],5) = ¢*(25) N/ / det=t 272 N e NEMED) (5 4 X))

0 -
pezz (4.34)
—5 g% d
= N5 g H <G,B;s+2 —1>

where we have defined the completed constrained Epstein zeta function with characteristics

Ei[M(G, Bys) =7 I'(s) (*(2s — d+2) £4[ 1] (G, B; s)
= D(s)C*(2s —d+2) Y AT MR S((5+ hN)?). (435)

pez2d
P#0 if h=0

Similar expressions clearly hold for N non-prime and can be easily worked out following
the discussion in section 2.

7 Actually, for a non-vanishing shift vector X, it has the familiar behaviour 72d /2

exponentially suppressed at 0.

as T2 — oo whereas it is
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Combining the results in [4] with those in the previous subsection, the renormalised
one-loop modular integral (4.32) then reads

N-1

1 h 2 * [0 d
R.N./fduN h;OF(dyd)[g](G,B;T) =~ Res &3 [¢)] <G,B;s+ i 1) .
N-1
2(N+ 1) *0
S Rsé’d[]<G,B,s+—1> o
g=1
(4.36)

Extracting the residue of the completed Epstein zeta functions £} can be a non-trivial task,
since the simple pole is associated to the Epstein zeta function &; itself, and its analytic
properties are not always under control. However, similarly to [4], one can make use of
the functional relation (4.21) to simplify the task of extracting the residue, since now the
simple pole is associated to the overall Euler I'-function, while the Epstein zeta function
is analytic at s = 1. In fact, eq. (4.21) translates into the following functional relation for
the completed Epstein zeta functions with characteristics®

&yl (5 + g - 1> = Poooo(s) €[] <;l - s> + Poco(s) N' 2 E5[F] <;l - 3> . (4.37)

As a result, one finds

= pl=d/2 p(d _
R.N./fduif > Nag[t](n) = 1]17(2 1) [gd[g] (g_1>

+:§ <5d[2] (;l - 1> +5d[g](g - 1))] ,

valid for any dimension d # 2, at any point in the Narain moduli space and for any

(4.38)

choice of shift vector X. Special attention is required in the two-dimensional case, since
Qx = d/2 =1, and the pole at s = 1 is now double. This case will be discussed in detail
in the next subsection.

Let us conclude this general discussion with a comment on the symmetries of the
Epstein zeta functions with characteristics. Although, upon a suitable redefinition of the
background fields, the orbifolded Narain lattice partition function (4.25) is invariant under
the full T-duality group O(d,d;Z), this is not the case for the individual contributions®
Ia.aq [Z}, that are invariant only with respect to the subgroup Ox(d,d;Z) which fixes the

shift vector X modulo Z2.

8To lighten the notation, we omit the explicit dependence of the lattice and of the Epstein zeta-functions
on the geometric moduli, unless needed.
9Aside for the contribution (h,g) = (0,0) that corresponds to the original Narain lattice.
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4.4 Lower-dimensional lattices

To illustrate the procedure, let us study in detail the lower-dimensional cases. For d = 1 the
only possible choice!® of the vector compatible with the constraint (4.27) is A = (0,1/N).
In this case, corresponding to a momentum shift, it is easier to compute the Rankin-Selberg
transform associated to the cusp at 0, Rg(1{1,1) [2} ;s) = NYSEF[I](R; s — 1/2), since the
constraint m(n + g/N) = 0 has the unique solution m = 0. One thus finds

1 1
El*[g] (R; s — 2) — ql/2=sp <s — 2> C*(Qs)Rl_zs {C(Qs —1;9/N)+¢(2s—1;1—g/N)|.
(4.39)
We remind here that the Hurwitz zeta function ((s;a) has a simple pole at s = 1 whose
residue is independent of a and equals 1. Therefore, computing the residue at s = 1 of
eq. (4.39) yields

= m(N? -1
/IN du g; Lo [o) (Bim) = (33)’ (4.40)

where again we have restricted our analysis to the case N prime. This result is compatible
with

N-1
1 h ™ R N
LdﬂN F(l,l) [g](Ra T) = 3 ( + R> ) (441)

in accordance with the fact that the Zy momentum-shift orbifold of the one-dimensional
Narain lattice has the net effect of diving by N the radius of the compactification circle,
R — R/N.

As a further example, let us consider the Zs shift orbifold of a two-dimensional lattice
with complex structure U and Ké&hler form 7. In this case, the constraint (4.27) admits sev-
eral inequivalent solutions which correspond to different (discrete) marginal deformations of
the lattice. In the following we shall treat explicitly the case X = (0, 0; %, 0), since the other
choices can be worked out in a similar fashion. In this case, the evaluation of the integral

14/3 —y
[+ log (2 Te ) (4.42)

S=

R.N./F dp Tiasy [°](U.T) = 6Res £ [°] (U, T; )

requires special care since, for d = 2, the Rankin-Selberg transform has a double pole at
s = 1 and the functional equation (4.37) is not sufficient to explicitly extract the residue.
However, in this case one can explicitly solve the constraint min' +maon? = 0 and express
the constrained Epstein zeta function &3 [?} (U,T;s) in terms of Eisenstein series whose
analytic properties are well-known and can be used to cast the result in terms of known
functions. The set of solutions to the Diophantine equation is

52 : (mlamQ;n17n2) = (leucThQ; —dﬁlg,d’l’hl), (Thl,ThQ) = ]-) ce Za d > 17
(4.43)

{51 : (m1,me;nt,n?) = (m1,m2;0,0), mi,me €Z,

107Up to the inversion of the compactification radius.
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and after some algebra one gets

1
& [3) (.79 =4 |7 (5705) BilU.5) + B(T,0) B (U,0)] = 28°(T.9) B (01,
(4.44)
where E*(z, s) is the completed SL(2;Z) Eisenstein series, and E}(z, s) are the completed

Eisenstein series of I'g(2). Using the Kronecker limit formulae (4.13) and the duplication
formulee

_ 6/ e
=TT =" (4.45)

with ¥4(7) the Jacobi theta constants, one may readily extract the residue and write

me

R.N. /f duT(a9) [V (UT) = —log< 4_7 Us T |92(U) 194(T)|4> , (4.46)

This result agrees with the fact that this Zs shift orbifold is equivalent to a (unshifted)
two-dimensional Narain lattice with moduli 7'/2 and 2U. Notice that, as expected, the
result (4.46) is not invariant under the full O(2,2;Z) T-duality group, but only under
its subgroup T'o(2)y x T9(2)r x Zs, where T°(2) is the congruence subgroup of level 2 of
SL(2;Z) defined by b = 0 mod 2, and Zs maps T <> —1/U.

5 One-loop BPS amplitudes from Niebur-Poincaré series

We now turn to a different class of modular integrals of the form

N-1

1
I(d,d-i—k):R-N-/ du Y Taaw ] 2[5](m), (5.1)
FN g=1
(g,N)=1

of interest in heterotic-string compactifications. Here, (g qqr) [2] is the Narain partition
function (4.26) associated to an even lattice of signature (d, d+k), parametrised by the usual
torus moduli Gj; and B;; and by k Wilson lines Y;%, invariant under T'g(N) x Ox(d, d+k; Z).
The asymmetry in the signature of the lattice implies that @[2] (1) is a modular form of
Io(N) with negative weight w = —k/2. Actually, for BPS-saturated amplitudes, that
control the moduli dependence of gauge and gravitational threshold corrections in the
heterotic string, the modular function @[2](7) is a weak (almost) holomorphic modular
form related to the elliptic genus. Holomorphy is a direct consequence of the fact that
only half-BPS states, characterised by a non-excited right-moving vacuum, contribute to
the amplitude, and this is the case for 7%/Z y orbifolds with N = 2,3,4, 6. In these cases,
the sum in (5.1) contains at most two terms with ¢ = 1 and ¢ = N — 1, and, moreover,

@[?] = @[ N(il] = &(7) since the two sectors are conjugate to each other,'! thus yielding

1The same also holds for the Narain partition functions I'g,a4k) [2]
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the integral
N-1

1
L(a,d+k) ZR-N-/ du E F(d,d+k)[2] P(7), (5.2)
]:N g=1
(g,N)=1

which can now be computed using the unfolding procedure outlined in section 3.2. To
preserve manifest invariance under the T-duality group Ox(d, d+ k;Z), one should be able
to represent the negative-weight modular form & as an absolutely convergent Poincaré
series. As in our previous work [5], this will be achieved by representing it as a linear
combination of Niebur-Poincaré series.

5.1 Niebur-Poincaré series for I'y(V)

Generalising the approach in [5], a convenient class of absolutely convergent Poincaré series
of I'g(N') with negative modular weight w is provided by the Niebur-Poincaré series [6, 7, 28]
attached to the cusp a

1 .
Fal(s, k,w;T) = 5 Z M (—KT2) e~ 2T . o ty. (5.3)
'Yepu\FO(N)

As in [5], Mg, is expressed in terms of the Whittaker M-function

MS,’LU(y) = ’47Ty‘7% M%sgn(y%s—% (47T’y|) 9y (54)

so that the Poincaré series converges absolutely for Re (s) > 1. Fq(s, ,w) has a pole of
order k in ¢ at the cusp a, while being regular at all other cusps. All Niebur-Poincaré series
are eigenmodes of the weight-w Laplacian on H,

Aw+%s(1—8)+éw(w+2) fu(svﬁvw):07 (55)

as a consequence of the specific form of the seed function. Particularly interesting are the
cases s = 5 and s = 1 — 3 for which F; becomes a harmonic Maass form. Notice that
the latter choice will allow us to represent any weak holomorphic modular form of negative
weight w, in terms of absolutely convergent Poincaré series.'?

Other values of interest are those where s = 1 — § + n with n integer, since they
are associated to weak almost holomorphic modular forms. These can be reached from

Fa(1 —w/2, k,w) via the action of the ladder operators

Dy=1 <aT - “”) . Du=-irro;, (5.6)

T 279

which change the modular weight by units of 2,
w
Dy, - Fo(s,k,w) =2k (s + 5) Fa(s,kyw+2),
= 1 w
Dw'fa(s,/{,W) = @ (3— 5) fa(s,m,w—2).

128pecial care is required for the case w = 0, which can be defined by analytic continuation.
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Recall that the operator D,, maps a harmonic Maass form of weight w to 7'22_“’ times (the
complex conjugate of) a holomorphic cusp form of weight 2 — w, known as the shadow.
Hence, if the shadow vanishes, the harmonic Maass form is in fact (weakly) holomorphic.

For general s with Re(s) > 1, the Fourier expansion of F, at the cusp b is given
by [29, 30]

Fals, m,w; T)| 06 = Oap M w(—KT2) e 2MRTL 4 Z Fan(s, 6, w; 72, m) 27T (5.8)

meZ
where, for zero frequency
. 22w W plH5=% 579 (25 — 1) Zp(0, —K38) 1-s-2
Fan (8, £, w; T2,0) = T 2 (5.9)
“ -1+ %) :
while for non-vanishing integer frequencies'3
~ Arki~" I'(2s) |m
fab(‘S: Ha ’U), TQ, m) = F(S + Sglf( ‘ Zub(ma _ﬁ; S) Ws,w(mTQ) b (510)

with Wi (y) = |4my|~2 stgn( )877(47r|y|) expressed in terms of the Whittaker TW-
function. As usual, Z4,(m, n; s) is the Kloosterman-Selberg zeta function defined in (A.1).
In particular, Fq4(s, k,w) grows exponentially at the cusp a, but only as a power 7. 21 s=w/2
at the other cusps.

For w < 0, the special value s = 1 —w/2 lies inside the domain of absolute convergence,

and the Fourier expansion (5.8) takes the expected form for a harmonic Maass form of

weight w,
Fa(l— %, li,w)‘wO'[, =0 [['(2—w) + (1 —w) I'(1 —w;dnkra)| g~ "
Y R (1= L) B, @1
meZ
where
Fab (1 — %,H,U);Tg,m > O) =4drki Y I(2—w) <T>E Zab (m, —k;1 — %) e 2mmT2
K
N “m\ 2
Fab (1 — g,ﬁ;,w;Tg,m < 0) =drri ¥ (1 —w) <m> Zab <m, —r;1 — E)
2 K 2 (5.12)
x (1 —w, —4wmry) e 2™
~ w A% Kk w
.Fab (1— E,H,w;7'27m20) = WZQ(, (O,H71 — 5) .

Applying the lowering operator D,,, one finds that the shadow of this harmonic Maass
form is the holomorphic Poincaré series P(—k,2 — w) of I'o(N) with weight 2 — w. If
the space of cusp forms S, (N) is trivial, this Poincaré series must vanish and therefore

BNote that .7-2,,{<0 does not include the contribution from the first term in (5.8).
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Fa(1—%, K, w) is an ordinary weak holomorphic modular form of weight w. More generally,
it is straightforward to prove that, the shadow of a linear combination

NN e (1—%,6,11;) (5.13)

0 —ka<I<0

vanishes whenever > _ ka<t<0 Cal ¢ corresponds to the principal part of a weak holomorphic
modular form ®,, of [y(N) at the cusp a. In this case, the linear combination (5.13) in
fact coincides with @,, itself. As a result, one can use this property to express a generic
weak holomorphic modular form @,, of weight w with principal part

By= > card (5.14)

—ka<€<0

at the cusp a, as the linear combination

qswzp(zl_w)z 3 ca,gfa<1—%,e,w), (5.15)

0 —ka<¥<0

of Niebur-Poincaré series at the various cusps. For w = 0, the value s = 1 —w/2 =1
belongs to the boundary of the convergence domain, and the value of the Kloosterman-
Selberg zeta function Z4(m,n;s) must be defined by analytic continuation. The previous
equality (5.15) holds up to an additive constant.

For s = 1 — § + n, with n a positive integer, the seed of the Niebur-Poincaré series
reads

My_w i (—KT2) e 2MRTL — P(2n 4 2 — w) (4wkTp) "

x |q7F L0 (dgkry) — g Ll ) (ArkT)| ,

7 (5.16)

where LSff )(x) are the generalised Laguerre polynomials, and thus Fy4(1 — § 4 n, x,w) can
be used to represent weak almost holomorphic modular forms. In fact, if a generic weak
almost holomorphic modular form ¥, of weight w, containing at most n powers of Fy

factors, has principal part'*
n l—n
_ Ca,é(m) T3
U= Y D (5.17)
—ka<m<0 =0 q
near the cusp a, then it can be uniquely decomposed as

v, = Z Z Z dap(m) Fq (1 — % —i—p,m,w) (5.18)

0 —ke<m<0 p=0

1By abuse of language, we consider here the bare 7o-factors as independent variables, and we expand
the weak almost holomorphic modular forms in powers of ¢ with m2-dependent coefficients.

- 29 —



plus, eventually, a constant in the case w = 0. The coefficients dg ,(m) are then determined
recursively in terms of ¢, ¢(m), by comparing the principal parts of both sides of eq. (5.18),

o () = 20U

An 0 ’
’ n 5.19
cavp(m) - z@:n7p+]_ Af,p da7£(m) ( )
davnfp(m) = A y
n—p,p
where Flaf < o ™ 1

rt+1-w)I’'n—p+1)I'(p+£—-—n+1)

We close this subsection by identifing the Niebur-Poincaré series Fu(s, k,w) at s =
1—w/24n in terms of ordinary (almost) holomorphic modular forms defined in appendix B.
In order to avoid confusion, we shall introduce a new label to display the level N of the

(N)

congruence subgroup I'g(N), i.e. Fy/ will denote the Niebur-Poincaré series of I'g(N). For

I'p(2), we find for example
F2(1,1,0) = Jy—8, F2(1,2,0)=J2 —544, FI(1,3,0) = J§ — 828J5 + 6112,
Eg —2XoF, X,(TEy — 31X2)(Ey — 4X2)2

]:(2)(2’ ]_, —2) P — , ]:ég)( 2.9 _2) 7
h Ag) 36(A( ))2
2 — _
FOE1L-9 =02 L 050 4= P 7X2)((E)4 4x3?
A 9(a))
FO(2,1,0)= Lp. |Bez2XeEa] (E1 — AX3)(By — 6X3 + B> X5)
o 2 3A 1500

(5.21)

Note that Niebur-Poincaré series with weight w < —4 under I'g(2) are genuine harmonic
Maass forms. Niebur-Poincaré series associated to the cusp 0 can be obtained using
eq. (3.11) and the modular properties of the almost holomorphic modular forms.

For I'y(3), we find instead

FO1,1,00=05-3,  FO@,2,00=02-117,  FP(1,3,0) = J3 —162J5 + 243,

9X2 — 4E
F@2,1,-2) = S
16A%)
256 EyEg — 1053X5 + 1368, X3 — T84E2X
FO@2.9,2) = 56 E4E — 1053X5 + 1368E, X3 — 78 3

1096(A)?2
(5.22)

Similarly, Niebur-Poincaré series with weight w < —2 under I'g(3) are genuine harmonic
Maass forms. Also in this case, Niebur-Poincaré series associated to the cusp 0 can be
obtained using eq. (3.11) and the modular properties of the holomorphic modular forms.
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5.2 BPS-state sums

Since any weak almost holomorphic modular form of negative weight can be represented as
a linear combination of Niebur-Poincaré series Fy(s, k,w), it suffices to consider the basic

integral
1 = k
Taika(s, m;a) = R.N. /fN du Z:; Faasw[o] Fa <s,m,—2> , (5.23)
(9,N)=1
where the modular weight w = —k/2 is determined by the signature of the Narain lattice,

and the definition of the renormalised integral follows from eq. (3.19).

Notice that, as in [5], the proper definition of the renormalised integral requires some
care since for special values of s the second integral in the r.h.s. of eq. (3.18) can develop
a simple pole. For instance, the contribution of the cusp oo reads

2d+k
1 S

Jaco(s) o 24tk (5.24)
4

where fqoo($) is the 7o independent part in (5.9). If the lattice-shift X # 0 this is actually
the only divergent contribution since the lattice is exponentially suppressed for b # co. If
however the shift is trivial X = 0, then similar contributions may originate also from the
other cusps.

Following the unfolding procedure outlined in section 3.2 one thus finds

N-
1
Zitka(s, k;a) = N Z d+kd3"€a)[0]

(o'M)=1
1 N_1 (5.25)
— 0 k/2 —2imKT
- N z:; /Sdur(d,d—&-k)[g](aaT)Jaa/ (1) M&_g( KT2) € L.
(g:8)=1
One can further simplify the result by noting that
— k/4 v
]J"k‘/Q (T) F(d,d+lc) [2] (UaT) = ma/ F(d,d+k) [ug] (maT) , (526)

where my is the width of the cusp a associated to the rational number u/v ((u,v) = 1),

and we have made use of the modular transformation property (2.4) with v = 74 = (u *)
v ok

applied to the Narain lattice with characteristics. Using the definition (4.26), and the

relations

pE(h) +ph(h) =2M(h),  pL(h) = pR(h) = 2(F + hN)?, (5.27)
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that can be seen as a definition of the left-moving and right-moving momenta, one finds

2d+k

d/2-2 2
Latkd(s, k;a) Z 217r“g>‘p/ dro 7, / a2 M (vg) /\/lsﬁg(—/wz)

1
« / dry €27 (58 (F+0gR)?—r)
0

2k 2d + k
=mg * (4mr)' d/2r< : —1)

2d+k
s ko o2d+k 4 2 17
x Y e, by (s L E e 2R g - ) (mapL(Ug)> ,
Srs 4 4 mapi (v9) 4K
(5.28)
where now

Yo=Y dMr—mapf(h) —pR(W) = Y 04k —2ma(F+hX)?).  (5.29)

BPS(h)  pr(h)pr(h) pezrath

Putting things together, the integral (5.25) evaluates to

N-1 2d+k 2d k
Zatkd(s, k;a) = mg * (4mr)tT dﬂf( Z - 1>

2d+k

N 2d + k k 4 2 1=
> Z 6217Tug)\~p N (S+ Z‘ 15— 28 KR ) <mapL(vg))

D)
BES(es) 4 mapi (vg) 4K

(5.30)

The BPS-sum is absolutely convergent for Re (s) sufficiently large, and admits a mero-
morphic continuation to Re(s) > 1 with a simple pole at s = %. In this case, the
renormalised integral is given by the constant term in the Laurent expansion of (5.30) at
this point.

Notice that this expression coincides with the one in [5] obtained in the case of integrals
(and integrands) associated the full modular group, modulo the twist-dependent phase the
appearance of the width m, and an explicit dependence of the left-moving and right-
moving momenta on the twist. Therefore, for integer values of s, the case of main interest
in this paper, the result simplifies in terms of elementary functions, similarly to egs. (3.28)—
(3.32) in [5]. Moreover, the modular integral can be straightforwardly evaluated even in
the presence of non-trivial (I'g(/V) invariant) insertions of left-moving and right-moving
momenta, similarly to [5].

6 Examples

We close this paper with some examples drawn from heterotic strings compactified on
K3 x T? freely-acting orbifolds. In these cases, the original N' = 4 supersymmetry is

— 95—



spontaneously broken down to N' = 2, and the scale of (partial) supersymmetry breaking
is set by the size of the compact dimensions orthogonal to K3. We shall also discuss
a notable example of type II string thermodynamics where our methods can be used to
compute the free energy.

6.1 N =2 heterotic string vacua

Threshold corrections to gauge and gravitational couplings in heterotic string vacua with
N = 2 supersymmetry in 4 dimensions are given by the one-loop integrals [3, 11-13]

AG:—i/ d,u,TQQTr{JOei”JO gFo~%i glo— 5 (QQ_ 1 )} ’
Foo2n

, 47y 6.1)
Agray = — i/fdu;;gTr {Joe™o ghomsi gho—di } =2

where the traces run over the internal (¢, ¢) = (9, 22) superconformal field theory, with the
right-movers in the Ramond ground state and Jy being the total U(1) generator of the
¢ = 9 superconformal algebra. The quantity appearing in braces in the second line is the
modified elliptic genus Z, a modular form of weight (—2,0). @ denotes one of the Cartan
generators in the gauge group G. These integrals are clearly ill-defined since they suffer
from IR divergences. Although the traditional way to cope with these divergences is to
explicitly subtract the contribution b,y /¢ T2 of the massless states, with bgrav, b being the
coefficients of the corresponding one-loop beta functions, we shall employ here a different
renormalisation prescription associated to the definition of the renormalised integral (3.19).
We focus on heterotic compactifications on (T? x T? x T?)/Zy, where Zy, N =

2,3,4,6, acts as a rotation (z1, z0, z3) +> (2™/Nzy, e 2m/N

29, 23) on the first two complex
coordinates, times an order N translation on the remaining 72 and on the internal Eg x Eg
lattice, parametrised by constant integer vectors 7,41, I = 1...8, satisfying the level
matching condition 72 ++/2 —2 = 0 (mod 2N). In the absence of translation along 72, this
is simply the heterotic string compactified on K3 x T2. For such freely acting heterotic

orbifolds, and for vanishing Wilson lines, the modified elliptic genus is given by a sum

Z = %Tr{,]o o glo=s3 qio—%} - % A (6.2)
N h,geZ N
where!® .

Z[z] = n?20(7) ZKg[Z} 7P [fgl} T2 [;L] (6.3)

is a product of the holomorphic orbifold blocks of K3,

2
ZK3[h] _ k[h} n ’ (6.4)

T el ey
PRI 27N

5For clarity, we will explicitly display between parentheses the level N of the congruence subgroup I'g(N)
of quantities in question.
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the holomorphic orbifold blocks of the Eg x Eg lattice

—27 2 £
ZngEg[g] 2mihg 35—y (ViR /N ZEB[ ]ZE8[2], (6.5)
where
E 1 ! he( )/N k J’\If7
—17T
ng 52 e P ||9 'y (6.6)
Py -1 N

and, finally, the shifted Narain lattice partition function Iy, 2)[ ] defined in (4.26). The
k[z |’s are numerical constants determined by k[g] = 16 sin*(mrg/N) and by modular
invariance.'® In the absence of a shift along the third torus, the lattice is independent of
h, g and one finds, for all models, a unique answer determined by modular invariance

Z= 21%56 I (6.7)
The integrals (6.1) can then be computed using the usual unfolding of the fundamental
domain of SL(2;Z). For freely acting orbifolds, with a non-trivial order-N shift along
the third 72, the integrals (6.1) are best computed by unfolding the fundamental domain
of T'1(N), or possibly some larger level N subgroup of SL(2;Z) (see [14] for an early
application of this technique). For the standard embedding, corresponding to

v =(1,-1,0,0,0,0,0,0), ~ =(0,0,0,0,0,0,0,0), (6.8)
one finds
E.P
0 . Lv4%F6 0
Z[)] = -2 A T [h] (6.9)

where &g are modular forms of weight 6 under I'g(/V), defined in terms of Jacobi theta
functions by

1 Q[k/Q]GQ[ k/2 ]9[ k/2 ]

.4 T 2/2 ¢/24+1/N1VLej2—1/N
P = —4176 sm4N Z / 1/é /. 1/2 / ) (6.10)
k=0 9[1/2+1/N] 9[1/271/1\7]

and, explicitly expressed in terms of modular forms of I'g(/N), introduced in appendix B, as
o) = 3(E6 —2X,Ey),
QSéS) 8 <E6 - X3E4> ;
(6.11)
4
o5 = s < (By — (X1 +2X5(2r)) By)

50 _ (2 1
6 24 (EG <2X2(37') + 2X3(2’7’) + 2X6> E4> .

We have added here an index to keep track of the level N of the associated Hecke congru-
ence subgroup I'o(N). Therefore, for N = 2,3 the gravitational threshold corrections are

16Their explicit expressions can be found, for instance, in [31, 32].
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given by

v B
Agrav = —W R.N. /]':N d,u T F(272) [1:| 5 (612)

For N = 4, one similarly gets the linear combination

EyE,0

- (2)
_ 1 6 (4 0 1 6 (2 10
Agrav_—fiR.N./HduAF(M)[l] - RN [ =T R (63)

2

whereas for NV = 6 one gets

7 (6) 7 (3)
1 E2E4¢ 6 1 E2E4¢ 3
Agrav = — ?)GRN/ d/’L A 0 F((27)2) [(1)} - 36R'N/ d,U, A . F((27)2) [(1)]
T 7o (6.14)
1 EsEx®g 1(2) 1o
- RN, /f = [
The thresholds for the Eg and E7 gauge groups for N = 2,3 are similarly given by
Ap =Y —1pN d (E2E4_E6)¢éN)F(N) 0 6.15
Es = — 12N e Fa K A (2,2) |:1:| ( . )
and X )
 N-1 (B2 Ey — E) g (N) 10
AE7 == 7W R.N. /];N d,u A - bN F(Q,Q) [1] 3 (616)

with by = 1152 and by = 648, while the thresholds for N = 4,6 involve similar linear
combinations with by = 288 and bg = 72. It is worth noting that the modular form @gN)
drops out from the difference Ag, — Ag,, e.g. for N =2,3

N-1 N
Ap, — Ap, = —— o= by RN, /F du I [9]. (6.17)
N

In all these integrals, the integrand can be represented as a linear combination of Niebur-
Poincaré series. Let us see in some detail how it works in the N = 2 case. Using the
definitions of the holomorphic Eisenstein series and of the X5 modular form of I'y(2), given
in appendix B, one immediately finds the following behaviour near the cusp oo

B
A

2
‘aoo = 94+ 0(). (6.18)

To find the principal part of the Laurent expansion at the cusp 0, we have to consider

Eﬁ@é?) ‘U 2 Eg(27) [Bs(27) + Xo E4(27)]
A 1773 A(27) (6.19)
= —26 - 512+ 0(q).
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As a result, eq. (5.15), together with egs. (6.18) and (6.19), yields

(2)
% =279(1,1,0) — 16 FP(1,1,0) — 672. (6.20)
Similarly,
By B8 2 3 3
7‘%27 1— =) +544 (1 - ——) —48+O(q), (6.21)
A q T T T2
and
EyE,0)) ‘ oo — 2 By(27) Ba(27) [Eo(27) + Xa E4(27)]
A 3 A(27) (6.22)

_ 16 (1_3> _ 512 (1—3) +0(g),
q ™T2 T To

so that egs. (5.18) and (5.19) yield

By B0

2
3 = —877(2,1,0)+2F2(2,1,0)+32 F(1,1,0) 10 FP(1,1,0) — 96 . (6.23)

Following a similar procedure, one finds

(3)
Eod
P =2 (F9(11,0) - 97 (1,1,0) - 37 (1,2,0) - 252) |
A2
E)
ErEu®g” _ 3 (4;53)(2, 1,00 = 8 F¥(2,2,0) = 1259 (2,1,0) — 20 FO(1,1,0) (624

A 8
+36 £ (1,1,0) + 36 ¥ (1,2,0) — 144) ,

for N = 3,
B! " N "
=3 = F(L1,0) - 877 (1,1,0) - 4.77(1,2,0) — 2 75(1,3,0) — 168,
5 @(4)
PESe — 2 F(,1,0) 4 FD(2,1,0 + 0AY(1,1,0) - 27 (2,1,0)

17 3
+23 79 (1,2,0) — 2 7Y (2,2,0) + = FP(,3,0) - S F(2,3,0) + 336,
(6.25)
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for N =4, and finally

Eedy 1

6
A= 5 (FOPOL FR L0 AL L0+ F{)(1,2,0)~6 F(1,1,0)

1/3 /2
~477(1,2,0) - 377 (1,3,0) - 257 (1,4,0) - 7 (1,5,0) - 84) ,
BEDY 1
A 12
—979(2,3,00 -8 ¥ (2,2,0) — 6 7V (2,1,0) + 24 F9(1,5,0)

+36 737 (1,4,0) + 36 75 (1,3,0) + 24 757 (1,2,0) + 4 F{9)(2,2,0)

(FO@21,00 =30 FO(1,1,0) - 5 F7(2,5,0) — 8 " (2,4,0)
(6.26)

— 2 F)(2,1,0) — 18 F{9)(1,2,0) + 6 F)(1,1,0) + 3 F{}}(2,1,0)
~12F)(1,1,0) = 72)

for N = 6. The various integrals can then be computed using the results of the previous
section. As an example, from the previous decompositions and from eq. (5.30) we get the
following expressions for the Eg gauge threshold of the Zs and Z3 orbifolds

2 2
2 TN-P p p
A(Eg): E AP [lJrflog <p§)]

Ca (6.27)
=5 [1 + Ph log <pR>] — 144 Res E* [0 (U, T;s)|  + const.
22 _ pL =
popR—2
- 2 2 3
ASS) = Z e2miAP [1 + % log (25‘)] -9 Z [1 + ZR log (iRﬂ
P —pPR=4 L Pi—pR=4/3 L (6.28)
3 2 2 . :

—6 Z [1 + % log (Zg)] — 144 Resé’z(g) [(ﬂ (U, T s) _ - const.

pi—pE=8/3

As stressed in the introduction, by unfolding Fn against the Niebur-Poincaré series, the
singularity structure of the amplitudes becomes crystal-clear and one may, for example,
prove in a chamber-independent fashion that the above gauge thresholds are regular at any
point of the Narain moduli space, as expected. The evaluation of I'g(V)-invariant modular
integrals in the presence of Wilson lines and lattice momentum insertions proceeds in a
similar fashion, see [5].

6.2 Thermal type II: a very special example

We shall conclude this section by applying our method to the evaluation of the free energy
of special type II (4, 0) theories in two dimensions. We shall focus our attention on the ‘Hy-
brid’ thermal vacua constructed in [33, 34]. These vacua are free of Hagedorn divergences
and their right-moving supersymmetries are broken spontaneously at the string level and
replaced by a Massive Spectral boson-fermion Degeneracy Symmetry (MSDS) structure,
studied in [35, 36]. This degeneracy symmetry of the spectrum, which manifests itself
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only at special factorised points of the moduli space of string theories compactified to two
dimensions, arises due to the presence of a chiral spectral-flow operator which is responsi-
ble for mapping the bosonic tower of states into the fermionic one, with the exception of
the massless level. The resulting chiral spectrum, encoded in the standard vectorial and
spinorial SO(24) characters, is then Bose-Fermi degenerate at all massive levels.

The free energy density of these theories is given by the modular integral [33]

- 5 1
R Ey(Vog — So4) 1 2 Sl N
F = 87 dp 1712 3 Z (7)a+b 94[2;2] Z e T |m+7n| (7)ma+nb+mn
F a,b=0 m,neZ

)

(6.29)
where the temperature is identified with the inverse radius R of the thermal time cycle
and Va4, Soq are the standard SO(24) characters associated to the vectorial and spinorial
representations. As shown in [33] the integrand can be cast in a Zy orbifold description
where the generator involves a momentum shift along the thermal radius accompanied by
(—1)ft. As a result, one obtains

1 04 By (Vay — S
a2 4 (Vag — Saa)

i o Lo B, (6.30)

N 87T Fo

This integral can now be evaluated using eq. (5.30), in view of the remarkable identity Vo, —
So4 = 24, which is a direct consequence of the MSDS structure, and of the identification

03 Fy

pEaks (1,1,0). (6.31)

Therefore, one finds

6
F = *1.1’1(1, 1; 0)
™

. (6.32)
2R 2R > '

1
=24 <R+—‘R—

This expression reproduces the free energy of [33, 34] in a straightforward and chamber-
independent fashion. In particular, the T-duality symmetry R — (2R)~! is manifest
throughout, and eq. (6.32) clearly displays the conical singularity at R = 1//2, that signals
the onset of a stringy phase transition in the ‘Hybrid’ non-singular toy-model universe [34].
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A Kloosterman-Selberg zeta function for I'g(IV)

The Kloosterman-Selberg zeta function associated to a pair of cusps ab of the Hecke con-
gruence subgroup I'g(NV) is defined for Re(s) > 1 by the absolutely convergent sum

1 Ar .
720\/‘7771' Jos—1 ( - \/mn) if mn>0,

Zab(m7n; 3) = Z eQiﬂ(m%Jrn%) X 5 \/Iﬁ Ios 4 (4% —mn) if mn<O0,
cy/|mn

(i ;>EF°°\U;1 To(N)oe/Teo &= if mn=0.

(A1)

The sum runs over 2 x 2 real matrices (‘j ;) in the double cosets T'oo\og ! To(NV) 0p/T oo,

where o4 is the scaling matriz associated to the cusp a, and is defined in (3.5). In this
appendix, we provide a more explicit expression for the general Kloosterman-Selberg zeta
function Z,,(m, n;s), and evaluate it in terms of the Riemann zeta function in the special
case where mn = 0.

A.1 Ty(N) with N prime

For N prime, using (3.6), o, ' To(IN) 0y can be parameterised by

-1 . ab . o ﬂ
UOO)\GOO_(Cd>_<N75>’

1 fab) [ a B

o, Aog = (cd) = (N’Y 5) ) (A.2)

1)\ g = abl) _ VNa §/VN
O NOO = cd]” \/ny \/Né ,

where A\ = (;W ?) € I'g(N). Using this parameterisation, one may rewrite for instance
eq. (A.1) as

N 2mi 1 : A
Zoooo(m,n; 8) = ZO Z * exp [c(md + nd )] X4 300/ T L2s-1 (4= n),
c:OCriodN de(Z/c2) C%S
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and

Zooo (M, n; 8) Z Z exp[ (md+n(Nd)™ | x

c>0 0<d<e
(e,Nd)=1 _1

(A.4)
For mn = 0, the Kloosterman-Selberg zeta function Z4,(m,n;s) can be evaluated in
terms of the Riemann zeta function. For N prime one finds

-1 ¢(2s—1
Zo0(0,0;8) = N25 7 C(Q(QS) ) )
- (A.5)
N1 -1 ((2s—1)
ZooO(O 0; S) Ns— 1(N2S_ ) C(QS) ’
and, for m # 0
Noi_gs(m/N) — o1-25(m)
ZOOOO(O :I:m ) (st — 1)4(28) )
V2ot a N (A.6)
ZOOO(O’ :I:m; 3) _ 0'1_25(7’”) Ul—QS(m/ )

NN —1)C2s)

where 0y(n) is the divisor function, and it is understood that o1_95(m/N) vanishes unless
N divides m. These expressions can be derived either by direct evaluation of eqs. (A.3)
and (A.4), or by using the relation (4.5) between non-holomorphic Eisenstein series of
I'o(N) and non-holomorphic Eisenstein series of the full modular group I', since their
Fourier coefficients (4.3) and (4.4) are related to the Kloosterman-Selberg zeta functions
with mn = 0.

A2 To(4)

For N = 4, aside from the cusps at 0 and oo with scaling matrices (3.6), there is an
additional cusp at the rational point % with width m, /5 = 1, and scaling matrix

10
O1/2 = T1)2 = <2 1) . (A.7)

The double-cosets entering the definition of the Kloosterman-Selberg zeta function can be
obtained by conjugating a generic element of I'y(4) by these matrices and those in eq. (3.6).
For instance, if A = (47 5) € I'p(4) then

1 ab a+28 6
Y = = A8
o0 AT1/2 <cd> <47+26 5] (A-8)
and similarly for the other combinations of cusps.

In order to compute the Kloosterman-Selberg zeta functions for mn = 0, we use the fact
that the non-holomorphic Eisenstein series (4.1) can be expressed as linear combinations
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of Eisenstein series under the full modular group

E*(47,s) — 27°E* (27, s)

E((;Ol)*(7—7 S) = 48 _ 1 )

) ) B ) (A9)
4)% 25 + 279 E*(27,8) — E*(1,8) — E*(41,s

B 1) ~EH 2B G0~ B () E(as)

Using the functional equation for the Eisenstein series for the full modular group, we find,
in the same basis,

21—25 1— 21—25 1— 21—25
P(s) = —— [ 12172 21725 1 _2l=2s | (A.10)
1— 21—25 1— 21—28 21—25

It follows that the Kloosterman-Selberg zeta function for m = n = 0 is given by

1-2s _
20 (0,0;5) == SZ5 = 1)

225 — 1 ((2s)
(1) S 1—217% (25— 1)
ZooO(Oa 07 3) - 925 _ | C(2S) ) (All)
(4) S 1—2172 (25 — 1)
Zoo%(o’ 0:8) == 3 ¢(2s)

For n = 0 and m # 0, we have instead

401-25(m/4) = 201-34(m/2
20,0, 2mss) <,

g _0'1,25(771) — 21_280'1,23(771/2)
(0,£m;s) = 25— 1C(2s) , (A.12)
2(1 +272%) 01 _94(n/2) — 01_2s(n) — 2272501 _o4(n/4) .

(2% —1)¢(2s)

As before, it is understood that o1 _9s(m /M) vanishes unless M divides m. The remaining

o)

ool

zW (0,£m;s) =

1
03

Kloosterman-Selberg zeta functions (with mn = 0) can be obtained by symmetry and/or
by use of the relations (3.11).

A3 To(6)

For N = 6, aside from the cusps at 0 and oo with scaling matrices (3.6), there are two
additional (inequivalent) cusps at the rational points % and %, of width 3 and 2, respectively.
The associated 7 and ¢ matrices can be chosen to be

1 -2 V3 —2/V3
7'1/2:<2_3> , My =3, 012 = (2\/3 3 ) ;

1 -1 V2 —1/V2
71/3=<3_2>, my3 =2, 0’1/3=<3\/§ 3 )
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The double-cosets entering the definition of the Kloosterman-Selberg zeta function can be
obtained by conjugating a generic element of I'g(6) by these matrices and those in eq. (3.6).
For instance, if A = (;{ ’?) € I'p(6) then

g (@) _ [ VBla+28) —(20+38)/V3

oo AO1/2 cd 2V3(3y +46) —V3(4y+9) ) (A.14)
ol Ny e = ab _ \/§(Q+3ﬁ) —(Oz+25)/\/§ |

o 1/3 = cdl] 3\/5(27-1-5) —V2(3y+96) ’

and similarly for the other combinations of cusps.

The non-holomorphic Eisenstein series of I'g(6) have the following decomposition in
terms of linear combinations of Eisenstein series of the full modular group

6°E*(s,67) — 3°E*(s,37) — 2°E*(s,27) + E*(s,7)
(- 41— 9) ’

E(6)*(T ) :GSE*(T, s) — 35E*(21,s8) — 2°E*(31,8) + E*(67,5)
o {7 (- 4)(1—9") ’

Ergg)*(sv 7-) =

(A.15)

E(6)*(7', ) _6°F (37,s8) — 3°E*(67,s) — 2°E*(1,s) + E*(27,s) 7
1/3 (1—4%)(1—-9%)

E(6)*(7_7 ) _6°F (27,s8) — 3°E*(1,s) — 2° E*(67,s) + E*(37,s) .
1/2 (1—4%)(1—-9%)

Using the functional equation for the Eisenstein series for the full modular group and the
decomposition (A.15), or explicitly egs. (4.9) and (4.10), we find, in the same basis,

2 asaz 209 g

1 a9 3 2 a3 2 (%)
D(s) = , A.16
(8) (45 - 1)(93 - 1) 20(2 a3 2 a9 (3 ( )

a3 20&2 9 Q3 2

where o), = p°® — p'~%. The Kloosterman-Selberg zeta functions for m = n = 0 are easily
read off from &(s),

2 C(25—1)
(22 =13 —1)  ((25) °
_61—5(225—1 _ 1)(325—1 _ 1) §(28 _ 1)

(6) .
Zoc(0,0:8) =——om 3B 1) ¢(2s)

20 (0,0;5) =

A7
29,(0,0,5) = e =20 _C@a= 1), o
| (@ -1)@E 1) ((29)
©) (0,0;5) = > =37 (25 —1)
ZOO%(O, 0; s) _(223 — 1)(325 —1) (¢(2s)
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For m # 0, we have instead

601905(m/6)—201905(m/2)—3019s(Mm/3)+0125(M

200 (0,ms ) =2 T2 =2 Ao = A s/ (i),

6° 0125(m) —2°35° 0195(m/3) —3°21° 01 _95(m/2) + 61 01_25(m/6)
(225 —1)(3%—1) ((2s) ’

6°3"° 0195(m/3) —3°6'° 0195(m/6) —2° 0195 (m) +2'° 5195(m/2)

2000, 2m;5) =

(6)
Z +m;s) =
ooy (0 Em3 ) (@ —1)(3—1)((25) |
Zii)l (07 . S) :6521*301_23(711/2)—3501_23(m)—2361’501_23(772/6)+31*801_28(m/3) ‘
2

(225 —1)(3% —1)¢(2s)
(A.18)

As before, it is understood that oj_as(m /M) vanishes unless M divides m. The remaining
Kloosterman-Selberg zeta functions (with mn = 0) can be obtained by symmetry and/or
by use of the relations (3.11).

B A compendium on modular forms for I'y(IV)

In this appendix we collect some standard facts about holomorphic modular forms under
the congruence subgroups I'g(V), with special focus on the values N = 2,3,4,6 relevant
for orbifold string compactifications. Most of these facts can be found in [23-25, 37-45].

B.1 Generalities

For any integer N and even!” integer w, we denote by M, (N) the space of holomorphic
modular forms of weight w under the Hecke congruence subgroup I'o(N). Those are defined
by the condition of covariance under I'o(N),

fr)|,y=f(r), forany ~= (Z Z) € I'o(N), (B.1)

together with the condition of holomorphy in H, in particular at each of the cusps of
['op(N). In (B.1) the Petersson slash operator is defined by:

FO],y=5"0) fr),  Gy(r) =cr+d. (B.2)

Since each cusp a can be mapped to oo by a scaling matrix o4, holomorphy is tantamount
to requiring that the Fourier expansion of f at each cusp a takes the form

f(T)‘wJa = Z faln) q", q= i, (B.3)
n=0

so that f(7)|o, is finite at ¢ = 0. The space of holomorphic cusp forms S,,(N) C M,,(N)
is defined by the stronger condition fa(()) = 0 at all cusps. The space of weak holomorphic

1"We restrict attention to the case of even weight in order to simplify the presentation. More general
cases require the introduction of suitable multiplier systems [23-25].
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modular forms M., (N) is defined by the weaker condition of meromorphy in H, with poles
only at the cusps. In pratice, it means that f(7) has a Fourier expansion at the cusp a of

the form
[oe)

F)yoa= Y faln)a", (B4)

n=—=kq

for some positive integer k.

The direct sum M, (N) = @,~o Mw(N) forms a graded algebra under the usual
product, and so does S,(N), while M.(N) is a graded field. Since modular forms for the
full modular group are also modular under I'g(V), M, (V) is a module over M, (1). The
latter is well-known to be a polynomial ring generated by the Eisenstein series F4 and Fjg,
where

2 oo
Ey(r) =1+ = nz:lffw—l(”) q". (B.5)

In particular, A = ﬁ (E3 — E?) is the lowest weight cusp form for the full modular group.
For values of N such that the modular curve I'g(N)\(HUQ U {oo}) has genus zero (which
is the case for all N < 10, including the cases N = 1,2,3,4,6 of interest in this work),
M, (N) is a free module over M, (1) generated by v generators, where vy is the index of
To(N) inside SL(2;Z) [37]. Under the same condition, M} (N) is isomorphic to the field
of rational functions in one variable Jy, defined uniquely up to Mdbius transformations.
The unique choice such that Jy(7) = 1/¢ + O(q) at the cusp at infinity is known as the
Hauptmodul. Modular curves of genus 0 are famously related to monstrous moonshine,
with the Hauptmodul being interpreted as a McKay-Thomson series associated to a certain
conjugacy class of the Monster group [46].

An important class of modular forms for I'g(/V) arises from modular forms f; of I'y(d)
for any divisor d of N, via fy(7) = fq(N7/d). In particular, if f(7) is a modular form for
the full modular group, f(N7) is a modular form for I'o(N). In particular, even though
E5(7) defined by (B.5) is not a modular form under SL(2;Z),

Xn(1T) = Ey — N Ey(N7) = Ey — N Ey(N7) (B.6)

is a holomorphic modular form of I'g(/N) of weight 2. Indeed, its covariance under I'o(V)
follows from the covariance of Ey = Ey — 7%2 under SL(2;Z). In (B.6) and elsewhere,
an Eisenstein series E,, (or any other modular form) without explicit argument denotes

Ey = Ey(1).

Just as for the full modular group, we define the space of weakly almost holomorphic
modular forms M (N) to be the weight w subspace of the algebra of polynomials in
Ej with coefficients in M' (N). This algebra admits an action of the modular derivative
operator D defined in (5.6), which maps M5 (N) to My, ,(N). Its action on the (almost)
holomorphic Eisenstein series is given by

1 - 2 - -
DEgzé(E4—E§), DE4:§(E6—E2E4), DEs=F} - EyEg, (B.7)
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from which it easily follows that

1 1.
DXy =c (Ex — N? E4(N7) + X%) — 3B X (B.8)

Having recalled these general facts, we now discuss the cases N = 2, 3,4, 6 relevant for

this work in some more detail.

B.2 Ty(2)

The congruence subgroup I'g(2) has index 3 in SL(2;Z) and 2 cusps at oo and 0. Its
fundamental domain can be chosen as Fo = {1,S,ST}F. The dimensions d? of My (2)
are given by the generating function

1422+ 2!
Zdéi) 2 = (1—2%)(1—25) 14224 22% + 225 + 32° + 3210+ ... (B.9)
k>0

The ring of holomorphic modular forms is generated by the two elements Xo(7) and E4(27).
In accordance with (B.9), any element of M, (2) can be decomposed uniquely as

p=A+BX,+CX3 (B.10)
where A, B, C are modular forms of SL(2;Z). For instance,

1
E,(27) = Z(5X22 —Ey), X5=-(3XyE4—Eg). (B.11)

=

The first cusp form occurs at weight 8 and is given by

2 1 5 1
AP = [n(rm(2n)] = —mX§+ %X§E4 - %Ei

:q—8q2+12q3+64q4—210q5+(’)(q6).

(B.12)

To derive the behaviour near the cusp 0, it suffices to determine the action of the scaling

matrix og on the generators:
Xoloo = —Xs, Eiloo=4FE4(27), Eslog=FEr—X>. (B.13)

In particular, the cusp form Ag) is even under the action of og.
The Hauptmodul for T'y(2) is the McKay-Thompson series associated to the conjugacy
class 2B of the Monster,

2
+24 = 18 X,

= 2 A0 =q ' 4+276q— 2048 ¢> + 11202 ¢®> + O(¢*). (B.14
A7) XT=B0r) ¢ +2764 ¢+ ¢’ +0(q"). (B.14)

It has a simple pole at the cusp oo and is regular at the other cusp 0,

4096

o T 24 =24+ 4096  + 98304 q* + 1228800 ¢ + O(¢?) . (B.15)
-

JQ‘O'():
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The Hauptmodul of SL(2;Z) can be expressed in terms of J as

196608 16777216

J=J B.16

S Ay S A VY (B-16)
Modular derivatives act as
1 1 4
DXo=— ~XoFy+ = X2 — — E4(2

2 3 9 Iug + 39273 4(27),

2 . 4
DEy(2r) = — 5 Bz Ea(27) — 5 X2 Ea(27) = X3, (B.17)

D1/AP) =(4 By — 2 X,)/(3A9).
B.3 T((3)
The congruence subgroup I'g(3) has index 4 in SL(2;Z) and 2 cusps at oo and 0. Its

fundamental domain can be chosen as F3 = {1,5,ST,ST?}F. The dimensions dg’ ) of
M, (3) are given by the generating function

=14 2% +22% + 325 + 328 + 4210 + . . (B.18)

ZdB) 2% _ 1422 + 2 + 28

_ 74 _ 6
= (1 —2a*)(1 — 5)

and the ring of holomorphic modular forms is generated by X3(7), E4(37) and by the
unique cusp form of weight 6

1 7 1
AP = 3 - - X3E E
o =G = 557 X5 = 551 Xa Pt 575 B (B.19)
=q—6¢*+9¢"+4¢' +6¢° —54¢° + O(¢").
In accordance with (B.18), any element of M, (3) can be decomposed uniquely as

¢=A+BX;+CX;+DX3, (B.20)

where A, B, C, D are holomorphic modular forms of SL(2;2Z), for instance

1 5
E4(37) :—§E4+ 5 X2,
7 35
E ——E X3FEy— — X3 B.21
6(37) = =5 B + 3 Xs Bu— 576 X5, (B-21)
16 64 8
Xél(T):?E 27E6X3+3E4X3

To derive the behaviour near the cusp 0 it suffices to determine the action of the scaling
matrix og on the generators:

5 . .
Xslog=—Xs, E4(37)|00= s X5 — E4(37), Es|oo=FE,— X;. (B.22)

(3)

In particular the cusp form Ay is odd under oy.
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The Hauptmodul of I'g(3) is the McKay-Thompson series associated to the conjugacy
class 3B of the Monster

Ty = <77(T)>12 g XB 36X By(37) — 960 A7
" \nn) 64 A (B.23)
—=q 71+ 549 — 6% — 243¢° + 1188 ¢* + O(¢°).

It has a simple pole at the cusp oo and is regular at the other cusp,

729
Jz —12

J3|o0 = +12 =12+ 729 + 8748 ¢ + 65610 ¢ + O(¢*) (B.24)

The Hauptmodul of SL(2;Z) can be expressed in terms of J3 as

196830 19131876 387420489

J=J . B.25
SRR A R § AT R § A D) (B-25)
Modular derivatives act as
1 . 7T 9
.DX3 = — §X3E2 - 3E4(3T) - EXB ;
2 A 1 131 _ 4 (3)
DE4(37‘) = — § E4(37‘> E2 - §X3 E4<37’) - TMXS — 16 AG 5 (BQG)
By — L X,
DpljaP) =223
6 Aég)

B.4 Ty(4)

The congruence subgroup I'g(4) has index 6 in SL(2;Z) and 3 cusps at oo, 0 and 1/2. It
is isomorphic to the principal subgroup I'(2) under 7 — 27. Its fundamental domain can
be chosen as Fy = {1, 8, ST, ST?, ST3,ST%S} F. The dimensions dgl) of My, (4) are given
by the generating function

2 4 6
(4) ok _ 1+207+22" +a° 1 _ 2 4 6 8
E dyy 7% = A0 =28 — (a2 =1+4+22" 432" +42° + 52+ ... . (B.27)
k>0

The ring of holomorphic modular forms is generated by the weight 2 elements

2

Vl :X2(27-)7 ‘/2 - 3

(X4 —3X2(27)] . (B.28)
In accordance with (B.27), any element of My (4) can be decomposed uniquely as
p=A+B Vi + By Vo+CLVE+CoVE+ DVE, (B.29)

where A, B;, C;, D are holomorphic modular forms of SL(2;Z). We note the relations

1 1

05(27) = Va, 05(21) = = Vo — Vi, 01(27)=—=Vo— 11,
2 2

] (B.30)

Xo(r) = Vi— Vs,
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The first cusp form occurs at weight 6 and is given by

1 1
AW =n?2r) = — V2V — — V3
6 n-(27) 161727 5472 (B.31)
=q—12¢3 +54¢° —83¢" —99¢° + O(¢'Y).

The scaling matrices o and 03 associated to the cusps 0 and 1 /2 act on the generators as

Vilog =3 Vo — 3 W1, Vilorye =—53Va—3 Vi,
‘{2‘00 :%AVQ‘FVM ‘{2‘01/2 Z%%—W, (B.32)
Eslo0 =By + 3 Vo -3V, Es|oyys = Es.

As a result, the weight-6 cusp form is odd under both oo and o7y 5.
The Hauptmodul for T'g(4) is the McKay-Thompson series associated to the conjugacy
class 4C of the Monster,

Jy = n(7) 8+ _ Vivi —4vy
n(47) 40

— ¢ +200-62¢°+216¢° + O(¢%).  (B.33)

It has a simple pole at the cusp oo and is regular at the cups 0 and 1/2,

256
Jalog = g +8=8+256q+ 2048 ¢ + 11264 ¢ + 49152 ¢* + O(¢%),
4 056 (B.34)
Jalorjs =— A 8 =8 — 256 ¢ + 2048 ¢> — 11264 ¢ + 49152 ¢* + O(¢°)..

The Hauptmodul of SL(2;Z) and I'g(2) can be expressed in terms of J; as

J5—24 J5 4196992 JE+ 16770048 J3 4377573376 J3 43220733952 J4 + 9396289536

J ;
(Jy—8)* (J4+8)
(B.35)
and
256
Jo = J. . B.36
2=t TR (B.36)
Modular derivatives act as
1 N 1 1 1
DVi=— -ViEy+ - Vi -V2— -V
Vl 3 119+ 2 2 3 1 2 1V2,
1 A 1 o 5
DV2:—§V2E2—§VQ +§V1V27 (B.37)
Ey—Vi+ 3V
DA 2= nta R
A(4)
6

B.5 Ty(6)

The congruence subgroup I'g(6) has index 12 in SL(2;Z) and 4 cusps at at oo , 0, 1/2 and
1/3. Its fundamental domain can be chosen as

Fe ={1,5,8T,ST? ST3,ST*, ST5, ST%S, ST*ST, ST*ST?,ST3S,ST3ST} F. (B.38)
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The dimensions dq(f ) of M,,(6) are given by the generating function

©6) op 1+ 322442t + 326 + 28
D> dyy ™ =

=1+322+522+72°+928+.... (B.39
(1= 20(1 = 2) + 3z” + 5z + Tx® + 92° + (B.39)

k>0

The ring of holomorphic modular forms under is generated by
U1 = X6(7') s U2 = X2(37’) and U3 = X3(27‘) . (B.40)
In accordance with (B.39), any element of My (6) can be decomposed uniquely as

¢p=A+ B U + BaUy + B3 Uz + CL U + Co U3 + C3 U3 + Cy Uy Uy

(B.41)
+ DU} 4+ Do U3 + D3 U3 + EUY,

where A, B;,C;, D;, E are holomorphic modular forms of SL(2;Z). The first cusp form
occurs at weight 4 and is given by

AP = 0 (r)n? 2 ) (37)1 (67)
1

= %(
=q-2¢" -3¢ +4¢"+6¢°+6¢° — 164"+ O(¢®).

—QU} —4U3 +6Us Uy — U +2Us (U —5U3)) (B.42)

The scaling matrices 09, 012 and 073 associated to the cusps cusps 0, 1 /2 and 1/3 act on
the generators as

U1|Uo :—Ul, Ul‘O'l/g :3U2—2U3, U1’01/3 :2U3—3U2,

U2|0'0 = %(QUg—Ul), UQ‘O‘l/Q :%(Ul —2U3) 5 UQ‘Ul/g = —UQ, (B 43)
Us|oo = 5(3Us — Un), Us| 012 = —Us, Us|o1/3 =5 (U1 —303) , '
Es| o9 = By — Uy, Byl o1y = By — Us, Eo| oy = Ey — Us.

In particular the weight-4 cusp form (B.42) is even under both o4/, and oy 3.

The Hauptmodul for I'y(6) is the McKay-Thompson series associated to the conjugacy
class 6 F of the Monster,

s <77(27)773(3T)>3 L

n(T)n*(67)
U3 +34Us Uz — 4U3 — 14U Uy + 16 U3 Uy — 3U7 (B.44)
96 ALY
=¢ ' +6q+4¢* -3¢ —12¢" + O(¢°)

and has a simple pole at the cup at co. The behaviour near 0, 1/2 and 1/3 is instead
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given by

72
Jﬁ}ao_J6_5+5:5+72q+360q2+1368q3+4392q4+0(q5),
Js|o % 4449 —36¢%>+90¢% — 180 ¢* + O(¢°) (B.45)
2= g q q q q q), :
-8
Jﬁ\al/gzJ6+3—3:—3—8q+24q2—24q3—40q4+(9(q5).

The Hauptmoduln of SL(2;Z), I'y(2) and I'g(3) can be expressed in terms of Jg as

G g 20912 729
2T g4 (Jo+4)2 T (Jg+ 43
48 64
J3 = Jg + - ,
ST Js+3 " (Js+3)2 (B.46)
455 47484 1517184 :
J=Jy+ J3 — 2Jg + 432
2k s et To—5  (Jo—5)2 ' (Js—5)
| 21088512 134369280 322486272
(Jo=5)*  (Js—5)°  (Js—5)°]"
Modular derivatives act as
1. . 1
DU1:—§U1E2+E(—45U22—3OU2U1+7U12),
1. - 1
DU2=—§U2E2+Q(9U§—2U2(4U3+U1)—4U§+U12),
1. - 1 B.47
DU3:—§U3E2+48(—99U22—6U2(4U3+3U1)+5(4U§+U12)), (B.47)
2By + 13Uy +2Us —307)
6 2 2 3 1
D[1/AP] =3 6 o .
A
4

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.

References

[1] K. O’Brien and C. Tan, Modular Invariance of Thermopartition Function and Global Phase
Structure of Heterotic String, Phys. Rev. D 36 (1987) 1184 [INSPIRE].

[2] B. McClain and B.D.B. Roth, Modular invariance for interacting bosonic strings at finite
temperature, Commun. Math. Phys. 111 (1987) 539 [nSPIRE].

[3] L.J. Dixon, V. Kaplunovsky and J. Louis, Moduli dependence of string loop corrections to
gauge coupling constants, Nucl. Phys. B 355 (1991) 649 [INSPIRE].

. Angelantonj, I. Florakis an . Pioline, A new look at one-loop integrals in string theory,
4] C. Angel j, I. Floraki d B. Pioline, A look l l h
Commun. Num. Theor. Phys. 6 (2012) 159 [arXiv:1110.5318] [INSPIRE].

43 —


http://dx.doi.org/10.1103/PhysRevD.36.1184
http://inspirehep.net/search?p=find+J+Phys.Rev.,D36,1184
http://dx.doi.org/10.1007/BF01219073
http://inspirehep.net/search?p=find+J+Comm.Math.Phys.,111,539
http://dx.doi.org/10.1016/0550-3213(91)90490-O
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B355,649
http://arxiv.org/abs/1110.5318
http://inspirehep.net/search?p=find+EPRINT+arXiv:1110.5318

[5]

EONNES =N

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[24]
[25]

C. Angelantonj, I. Florakis and B. Pioline, One-Loop BPS amplitudes as BPS-state sums,
JHEP 06 (2012) 070 [arXiv:1203.0566] [INSPIRE].

D. Niebur, A class of nonanalytic automorphic functions, Nagoya Math. J. 52 (1973) 133.
D.A. Hejhal, The Selberg trace formula for PSL(2,R), vol. 2, Springer (1983).

R. Rankin, Contributions to the theory of Ramanujan’s function 7(n) and similar
arithmetical functions. I. The zeros of the function Y - TT(LZ) on the line R(s) = 1—23, Proc.
Camb. Philos. Soc. 35 (1939) 351.

A. Selberg, Bemerkungen tber eine Dirichletsche Reihe, die mit der Theorie der
Modulformen nahe verbunden ist, Arch. Math. Naturvid. B 43 (1940) 1.

D. Zagier, The Rankin-Selberg method for automorphic functions which are not of rapid
decay, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 28 (1981) 415.

I. Antoniadis, E. Gava and K. Narain, Moduli corrections to gauge and gravitational couplings
in four-dimensional superstrings, Nucl. Phys. B 383 (1992) 93 [hep-th/9204030] [INSPIRE].

J.A. Harvey and G.W. Moore, Algebras, BPS states and strings, Nucl. Phys. B 463 (1996)
315 [hep-th/9510182] [INSPIRE].

J.A. Harvey and G.W. Moore, On the algebras of BPS states, Commun. Math. Phys. 197
(1998) 489 [hep-th/9609017] [INSPIRE].

P. Mayr and S. Stieberger, Threshold corrections to gauge couplings in orbifold
compactifications, Nucl. Phys. B 407 (1993) 725 [hep-th/9303017] [NSPIRE].

W. Lerche and S. Stieberger, Prepotential, mirror map and F-theory on K3, Adv. Theor.
Math. Phys. 2 (1998) 1105 [Erratum ibid. 3 (1999) 1199] [hep-th/9804176] [INSPIRE].

W. Lerche, S. Stieberger and N. Warner, Quartic gauge couplings from K3 geometry, Adv.
Theor. Math. Phys. 3 (1999) 1575 [hep-th/9811228] [INSPIRE].

C. Angelantonj, M. Cardella and N. Irges, An Alternative for Moduli Stabilisation, Phys.
Lett. B 641 (2006) 474 [hep-th/0608022] [NSPIRE].

E. Kiritsis and C. Kounnas, Perturbative and nonperturbative partial supersymmetry
breaking: N =4 — N =2 — N =1, Nucl. Phys. B 503 (1997) 117 [hep-th/9703059]
[INSPIRE].

M. Trapletti, On the unfolding of the fundamental region in integrals of modular invariant
amplitudes, JHEP 02 (2003) 012 [hep-th/0211281] [INSPIRE].

S. Hohenegger and D. Persson, Enhanced Gauge Groups in N = 4 Topological Amplitudes
and Lorentzian Borcherds Algebras, Phys. Rev. D 84 (2011) 106007 [arXiv:1107.2301]
[INSPIRE].

M. Cardella, A Novel method for computing torus amplitudes for Z(N) orbifolds without the
unfolding technique, JHEP 05 (2009) 010 [arXiv:0812.1549] INSPIRE].

N. Obers and B. Pioline, Fisenstein series and string thresholds, Commun. Math. Phys. 209
(2000) 275 [hep-th/9903113] [INSPIRE].

G. Shimura, Introduction to the Arithmetic Theory of Automorphic Functions, Princeton
University Press, Princeton, U.S.A. (1971)

H. Iwaniec, Topics in Classical Autormorphic Forms, American Mathematical Society (2002).

H. Iwaniec, Spectral Methods of Automorphic Forms, American Mathematical Society (1997).

— 44 —


http://dx.doi.org/10.1007/JHEP06(2012)070
http://arxiv.org/abs/1203.0566
http://inspirehep.net/search?p=find+EPRINT+arXiv:1203.0566
http://dx.doi.org/10.1016/0550-3213(92)90672-X
http://arxiv.org/abs/hep-th/9204030
http://inspirehep.net/search?p=find+EPRINT+hep-th/9204030
http://dx.doi.org/10.1016/0550-3213(95)00605-2
http://dx.doi.org/10.1016/0550-3213(95)00605-2
http://arxiv.org/abs/hep-th/9510182
http://inspirehep.net/search?p=find+EPRINT+hep-th/9510182
http://dx.doi.org/10.1007/s002200050461
http://dx.doi.org/10.1007/s002200050461
http://arxiv.org/abs/hep-th/9609017
http://inspirehep.net/search?p=find+EPRINT+hep-th/9609017
http://dx.doi.org/10.1016/0550-3213(93)90096-8
http://arxiv.org/abs/hep-th/9303017
http://inspirehep.net/search?p=find+EPRINT+hep-th/9303017
http://arxiv.org/abs/hep-th/9804176
http://inspirehep.net/search?p=find+EPRINT+hep-th/9804176
http://arxiv.org/abs/hep-th/9811228
http://inspirehep.net/search?p=find+EPRINT+hep-th/9811228
http://dx.doi.org/10.1016/j.physletb.2006.08.072
http://dx.doi.org/10.1016/j.physletb.2006.08.072
http://arxiv.org/abs/hep-th/0608022
http://inspirehep.net/search?p=find+EPRINT+hep-th/0608022
http://dx.doi.org/10.1016/S0550-3213(97)00430-6
http://arxiv.org/abs/hep-th/9703059
http://inspirehep.net/search?p=find+EPRINT+hep-th/9703059
http://dx.doi.org/10.1088/1126-6708/2003/02/012
http://arxiv.org/abs/hep-th/0211281
http://inspirehep.net/search?p=find+EPRINT+hep-th/0211281
http://dx.doi.org/10.1103/PhysRevD.84.106007
http://arxiv.org/abs/1107.2301
http://inspirehep.net/search?p=find+J+Phys.Rev.,D84,106007
http://dx.doi.org/10.1088/1126-6708/2009/05/010
http://arxiv.org/abs/0812.1549
http://inspirehep.net/search?p=find+EPRINT+arXiv:0812.1549
http://dx.doi.org/10.1007/s002200050022
http://dx.doi.org/10.1007/s002200050022
http://arxiv.org/abs/hep-th/9903113
http://inspirehep.net/search?p=find+EPRINT+hep-th/9903113

[26] S.D. Gupta, On the Rankin-Selberg method for functions not of rapid decay on congruence
subgroups, J. Number Theory 62 (1997) 115.

[27] A. Gregori, E. Kiritsis, C. Kounnas, N. Obers, P. Petropoulos and B. Pioline, R? corrections
and nonperturbative dualities of N = 4 string ground states, Nucl. Phys. B 510 (1998) 423
[hep-th/9708062] [INSPIRE].

[28] J.H. Bruinier, Borcherds products on O(2,1) and Chern classes of Heegner divisors, Springer
(2002).

[29] K. Bringmann and K. Ono, Arithmetic properties of coefficients of half-integral weight
Maass-Poincaré series, Math. Ann. 337 (2007) 591.

[30] K. Bringmann and K. Ono, Coefficients of harmonic Maass forms, in Partitions, g-Series,
and Modular Forms 23 (2012) 23.

[31] M. Henningson and G.W. Moore, Threshold corrections in K3 x T? heterotic string
compactifications, Nucl. Phys. B 482 (1996) 187 [hep-th/9608145] [INSPIRE].

[32] S. Stieberger, (0,2) heterotic gauge couplings and their M-theory origin, Nucl. Phys. B 541
(1999) 109 [hep-th/9807124] InSPIRE].

[33] I. Florakis, C. Kounnas and N. Toumbas, Marginal Deformations of Vacua with Massive
boson-fermion Degeneracy Symmetry, Nucl. Phys. B 834 (2010) 273 [arXiv:1002.2427)
[INSPIRE].

[34] I. Florakis, C. Kounnas, H. Partouche and N. Toumbas, Non-singular string cosmology in a
2d Hybrid model, Nucl. Phys. B 844 (2011) 89 [arXiv:1008.5129] [INSPIRE].

[35] C. Kounnas, Massive Boson-Fermion Degeneracy and the Early Structure of the Universe,
Fortsch. Phys. 56 (2008) 1143 [arXiv:0808.1340] [INSPIRE].

[36] I. Florakis and C. Kounnas, Orbifold Symmetry Reductions of Massive Boson-Fermion
Degeneracy, Nucl. Phys. B 820 (2009) 237 [arXiv:0901.3055] [INSPIRE].

[37] D. Zagier, Introduction to modular forms, Springer-Verlag (1992).

[38] N. Koblitz, Introduction to elliptic curves and modular forms, 2nd ed., Springer-Verlag
(1993).

[39] T.M. Apostol, Modular functions and Dirichlet series in number theory, 2nd ed.,
Springer-Verlag (1990).

[40] D. Zagier, Elliptic modular forms and their applications, in The 1-2-3 of Modular Forms,
Springer (2008), pg. 1-103.

[41] W.A. Stein, An introduction to computing modular forms using modular symbols, Cambridge
University Press, Cambridge, U.K. (2008).

42] http://www.sagemath.org/.
43] http://modi.countnumber.de/index.php.

45] http://oeis.org.

[42]

[43]

[44] https://www.math.lsu.edu/ verrill/fundomain/.

[45]

[46] J. Conway and S. Norton, Monstrous moonshine, Bull. Lond. Math. Soc. 11 (1979) 308.

45 —


http://dx.doi.org/10.1006/jnth.1997.2035
http://dx.doi.org/10.1016/S0550-3213(97)00635-4
http://arxiv.org/abs/hep-th/9708062
http://inspirehep.net/search?p=find+EPRINT+hep-th/9708062
http://dx.doi.org/10.1007/s00208-006-0048-0
http://dx.doi.org/10.1007/978-1-4614-0028-8_3
http://dx.doi.org/10.1007/978-1-4614-0028-8_3
http://dx.doi.org/10.1016/S0550-3213(96)00549-4
http://arxiv.org/abs/hep-th/9608145
http://inspirehep.net/search?p=find+EPRINT+hep-th/9608145
http://dx.doi.org/10.1016/S0550-3213(98)00770-6
http://dx.doi.org/10.1016/S0550-3213(98)00770-6
http://arxiv.org/abs/hep-th/9807124
http://inspirehep.net/search?p=find+EPRINT+hep-th/9807124
http://dx.doi.org/10.1016/j.nuclphysb.2010.03.020
http://arxiv.org/abs/1002.2427
http://inspirehep.net/search?p=find+EPRINT+arXiv:1002.2427
http://dx.doi.org/10.1016/j.nuclphysb.2010.10.026
http://arxiv.org/abs/1008.5129
http://inspirehep.net/search?p=find+EPRINT+arXiv:1008.5129
http://dx.doi.org/10.1002/prop.200810570
http://arxiv.org/abs/0808.1340
http://inspirehep.net/search?p=find+EPRINT+arXiv:0808.1340
http://dx.doi.org/10.1016/j.nuclphysb.2009.05.022
http://arxiv.org/abs/0901.3055
http://inspirehep.net/search?p=find+EPRINT+arXiv:0901.3055
http://dx.doi.org/10.1007/978-3-540-74119-0_1
http://www.sagemath.org/
http://modi.countnumber.de/index.php
https://www.math.lsu.edu/~verrill/fundomain/
http://oeis.org
http://dx.doi.org/10.1112/blms/11.3.308

	Introduction
	Generalities on one-loop amplitudes in closed string orbifolds
	The unfolding for Hecke congruence subgroups
	Some properties of Gamma(0) (N) and its Poincaré series
	The unfolding procedure

	The Rankin-Selberg method and orbifolded lattices 
	Non-holomorphic Eisenstein series for Gamma(0) (N)
	The Rankin-Selberg method for Hecke congruence subgroups
	Shifted lattice integrals and Epstein zeta functions
	Lower-dimensional lattices

	One-loop BPS amplitudes from Niebur-Poincaré series 
	Niebur-Poincaré series for Gamma(0) (N)
	BPS-state sums

	Examples 
	N=2 heterotic string vacua
	Thermal type II: a very special example

	Kloosterman-Selberg zeta function for Gamma(0) (N)
	Gamma(0) (N) with N prime
	Gamma(0) (4)
	Gamma(0) (6)

	A compendium on modular forms for Gamma(0) (N)
	Generalities
	Gamma(0) (2) 
	Gamma(0) (3) 
	Gamma(0) (4) 
	Gamma(0) (6) 


