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1 Introduction and summary

In searching for string theory vacua it is often useful to consider the problem within the low-
energy approximation of supergravity. On the other hand generic solutions of supergravity
involve non-zero flux, the presence of which has necessitated the use of new mathematical
tools. In particular the framework of generalized geometry [2, 3] has proven to be very well
suited for the description of supergravity backgrounds in the presence of flux. It has lead to
important insights into the general structure of flux vacua and underlies much of the recent
progress in the construction of effective actions, sigma models, as well as supersymmetry
breaking and non-geometry. For a review of generalized geometry for physicists see [4].
For type II supergravity backgrounds of the form R'3 x Mg in particular, the conditions
for an N' = 1 (two complex supercharges) supersymmetric bosonic background can be
expressed as a set of first-order differential equations for two complex pure spinors of
Cl1(6,6) [5]. Furthermore an important connection was noted in [6]: the aforementioned
pure-spinor equations are in one-to-one correspondence with the differential conditions
obeyed by the (generalized) calibration forms of all admissible supersymmetric! static,

LA D-brane is called supersymmetric if it doesn’t break the supersymmetry of the background. In the
present paper all D-branes we consider are assumed to be supersymmetric.



magnetic D-branes in that background. One may hope to promote this correspondence to
an organizing principle for flux vacua. To that end one would like to know to what extent
this correspondence may be applicable to more general setups.

In [1] the one-to-one correspondence between supersymmetry equations (in pure-spinor
form) and calibration forms for static, magnetic D-branes was shown to also hold for N' = 1
backgrounds of the form R'® x M, (four complex supercharges). Based on these results the
authors of [1] conjectured that the correspondence should also hold for certain ' = (2,0)
type II backgrounds of the form R'! x Mg (one complex supercharge).? In particular it
was noted in [1] that in a type II background of the form R%! x Mg the only admissible
static, magnetic D-branes are spacetime-filling — where spacetime is identified with the
‘external’ R1! part. The supersymmetry equations were then conjectured to be given by:

dy (62A_¢’Re\111) = e* g o(F)

€
1.1
dy (e47%0) =0, (1)

where dg = d + HA, Vo are generalized pure spinors of CI(8,8), and the generalized
calibration for spacetime-filling static, magnetic D-branes is given by a linear combination
of e24=®Re¥; and 2425,

It is worth emphasizing that the conjecture of [1] concerns supersymmetric backgrounds
for which the ‘internal’ part (along Msg) of the Killing spinors is given in terms of pure
Weyl spinors (ordinary, not generalized) of CI(8). Given that Weyl spinors of CI(8) are
not necessarily pure, the supersymmetric backgrounds considered in [1] are not the most
general. In the present paper we consider ' = (2,0) backgrounds of the form R x Mg
such that the Killing spinor ansatz a) is of the form considered in [1] and b) is ‘strict’ (also
known as ‘rigid’) SU(4). These assumptions imply the existence of a nowhere-vanishing
pure spinor on Mg and thus, as reviewed in appendix B, the reduction of the structure
group of Mg to SU(4).3

The reduction of the structure group is equivalent to the existence on Mg of a real
nowhere-vanishing two-form J and a complex nowhere-vanishing four-form €2 obeying cer-
tain compatibility conditions. It follows in particular that the covariant spinor derivative
can be expressed in terms of SU(4) torsion classes, where the latter parameterize the failure
of closure of (J,€) and thus the departure from the Calabi-Yau condition. Decomposing
all fluxes in terms of irreducible modules of SU(4) we are then able to re-express the Killing
spinor equations in terms of a set of algebraic relations between the different components
of the fluxes and the torsion classes. The solution to the Killing spinor equations is given
in (3.3) below. An immediate consequence of supersymmetry is that Mg must be com-
plex, as can be seen by the vanishing of the first two torsion classes. Moreover it can be
seen that the solution (3.3) to the strict SU(4)-structure ansatz includes the class of com-

2More generally the conjecture of [1] was formulated for type II supersymmetric backgrounds of the form
R4 % Mig_g, with d = 2,4, 6,8, preserving 29/2=1 complex supercharges.

3Tt should be emphasized that supersymmetry does not necessarily imply the reduction of the structure
group of Ms to a subgroup of SO(8): it is rather the structure group of an auxiliary nine-manifold Mg x S*
which reduces in general [7]. In the context of M-theory this point has been further developed in [8]; see [9]
for an explicit example.



pactifications on conformally Calabi-Yau fourfolds as well as backgrounds for which Mg is
conformally Kéahler.

The procedure described in the previous paragraph goes under the name of G-struc-
tures, see e.g. [10]; in the context of supergravity it was initiated in [11, 12] and has
proven very fruitful in the search for explicit solutions. The case of IIB supersymmetric
backgrounds has been considered in all generality in [13], using the “spinorial geometry”
approach developped in [14]. These techniques have proven particularly powerful in clas-
sifying backgrounds with maximal supersymmetry [15, 16]. In the special case considered
here where there is a reduction of the structure group to G = SU(4), and in order to make
contact with generalized geometry and calibrations, it is more suitable to reformulate the
problem in the language of SU(4) structures.

Having explicitly solved the supersymmetry equations we were then able to test the
conjecture of [1] given in (1.1) above, for the special case of a strict SU(4)-structure ansatz.
We have found that the conjecture of [1] captures only part of the background supersym-
metry equations. We have identified the ‘missing’ equations and have shown that they can
be succintly put in the form a single generalized pure-spinor equation:

A7 (e *Im¥;) = F, (1.2)

where Z5 is the generalized almost complex structure associated with the pure spinor ¥o
(the relation between generalized almost complex structures and generalized pure spinors
is reviewed in section C.1). As follows from the second line of (1.1), Z5 is in fact integrable,
and the operator d¥2 appearing in the equation above can be written in terms of the
generalized Dolbeault operator associated with Zo, d%f = 2(5? - 6%2)

As we have seen, it follows from the analysis of the supersymmetry equations for the
case of strict SU(4) structure considered here that the internal manifold Mg is complex.
Moreover the completely holomorphic and antiholomorphic parts of H vanish, so that
H = H®Y 4+ F02) with respect to the complex structure. The generalized Dolbeault
operator can then be seen to reduce to dg = d+H 3V A and thus the operator d% appearing
in (1.2) is simply i(dg — Op), where Oy = 0 + H(M?A is the complex conjugate of 9.
Expressed in terms of d22, (1.2) remains well-defined beyond the subclass of strict SU(4)
structure for which it was derived in the present paper. It is then plausible, correcting [1], to
formulate a new conjecture stating that for N' = (2, 0) type ITA /B backgrounds of the form
RY! x Mg, with spinor ansatz given in (2.4), (2.5) below, the background supersymmetry
equations are equivalent to (1.1), (1.2).

As already mentioned, the polyform e~®*ImW; in (1.2) cannot be associated with static,
magnetic D-branes.* Interestingly however it was noted in [1] that for d = 4,6,8 the
polyform e(d=2)A=2TJ, does appear and is associated with static, magnetic D-branes
which wrap some cycle in Mg and are codimension-2 with respect to the external part
RY4=1 of the ten-dimensional background (cf. table 1 of [1]). Of course in the present case

4Euclidean (instantonic) D-branes cannot be supersymmetric in Minkowskian spacetimes since they
correspond to time-dependent configurations without null Killing vectors. Supersymmetric configurations
which would correspond to instantonic D-branes may be constructed in Euclidean supergravity, see e.g. [17].
In the present setup they would be codimension-2 with respect to RY!.



d = 2 and D-branes which are codimension-2 in R! cannot be static, since by definition
static D-branes must wrap the time direction. Nevertheless e~ ®Im¥; can be considered as
the ‘analytic continuation’ to d = 2 of the generalized calibration form e(@=24=2Im¥, for
codimension-2 static, magnetic D-branes.

The plan of the remainder of this paper is as follows: the R! x Mg, type IIBN = (2,0)
backgrounds we consider and the associated Killing spinor ansatz are described in detail
in section 2. The solution of the Killing spinor equations in terms of SU(4) structures is
given in (3.3) in section 3. The equivalence of the latter to the generalized pure-spinor
equations (1.1), (1.2) is explained in section 4.

To improve the presentation of the results, we have moved most technical details to the
appendices. Appendix A includes our spinor and gamma-matrix conventions. Appendix B
sets up the framework of eight-manifolds with SU(4) structures and works out the de-
composition of fluxes in terms of SU(4) irreducible modules. The expression of the spinor
covariant derivative in terms of SU(4) torsion classes is given in (B.11); to our knowledge
this is the first time it appears explicitly in the literature.

Additional material on generalized geometry and calibrations is included in section C.
In particular the equivalence of the generalized twisted Dolbeault operator 81{12 to the ordi-
nary twisted Dolbeault operator dy for the case of strict SU(4) backgrounds is explained
in section C.1.

2 N = (2,0) supersymmetric backgrounds

The general case of IIB supersymmetric backgrounds has been analyzed in [13] in the
framework of spinorial geometry [14]. For our purposes it will useful to reformulate the
problem in the language of SU(4) structures. We will consider ten-dimensional type I1IB
backgrounds which are topologically direct products of the form R%! x Mg. The manifold
Mg is assumed to be Riemannian and spin. The ten-dimensional metric reads:

ds? = e*4ds?(RM) + ds? (M), (2.1)

where the warp factor A is taken to only depend on the coordinates of the internal manifold
Mg. We will also assume that not all RR charges are zero; the case with zero RR charges
has already been analyzed in [18]. The most general RR charges respecting the two-

dimensional Poincaré symmetry of our setup are of the form:®

F*' = voly A FY' + F (2.2)

where voly is the unwarped volume element of R'!, and we are using polyform notation.
We denote by F' the ‘magnetic’ RR charges with indices along the internal space Mg. The

*We follow the ‘democratic’ supergravity conventions of [19], see appendix A therein, except for the ten
dimensional Hodge-star operator %19 which we define as

1

m\/ —g 61\41‘H]ulowlwll_p”'Mlodxlul A A dltjwm_p s
b: — D)

*10Wp =

with €g1..9 = 1.



ten-dimensional Hodge duality relates F' to the ‘electric’ RR charges via:
Fl = 24 4g o(F), (2.3)

where the Hodge star above is with respect to the internal metric, and the involution o
acts by inverting the order of the form indices.

Following [1] we consider N/ = (2,0) backgrounds where the Killing spinors of the
ten-dimensional background are given by:

g=C@n+@n, (2.4)

with i = 1,2, so that € o are Majorana-Weyl spinors of Spin(1,9) of the same chirality; ¢
is a complexified,® positive-chirality Killing spinor of R1!. It corresponds to one complex
supercharge — two positive-chirality Majorana-Weyl spinors of Spin(1,1), each of which
corresponds to one real supercharge — hence the spinor ansatz above is indeed N’ = (2,0)
in two Minkowski dimensions; the precise form of the complex conjugate spinors (¢, n¢ on
the right hand side of the above equation as well as our spinor conventions are explained
in appendix A. As in [1], 71 2 are pure spinors of Mg of equal norm:
|2 = |no|? = const x ez, (2.5)
where A is the warp factor of R1! as appears in (2.1). This condition can be seen to follow
from the requirement that the background admits kappa-symmetric branes which do not
break the background supersymmetry, see e.g. [20].
In this paper we will require in addition a strict SU(4) ansatz. This means that the two
pure spinors are proportional to each other: 7y o< 12, so that we may set 7o = €7y, where
0 is a real function on Mg. It follows that we may choose the following parameterization:

m=oan, n=ae’y, (2.6)

where 7 is a pure, positive-chirality Weyl spinor of Spin(8) of unit norm and «, 6 are real
functions on Msg.

Note that the Killing spinor ansatz (2.4) considered here does not allow AdSs for the
external part of the metric. This can readily be seen from the Killing spinor equation for
AdSy: V(¢ = Wr,(—, where (, (_ are positive-, negative-chirality spinors respectively
and W is proportional to the inverse radius of AdSs. On the other hand the irreducible
chiral representation of Spin(1,1) is real, which implies that the spinors ¢, (¢ that appear
in (2.4) have the same (positive) chirality. Therefore the only way the Killing spinor equa-
tion for AdSs can be satisfied is in the limit W — 0, which corresponds to flat Minkowski
space.

SWe use the term ‘complexified’ for a Weyl spinor with complex components. The term ‘complex Weyl
spinor’ is reserved for Weyl spinors whose complex conjugate has opposite chirality.



3 Supersymmetry in terms of SU(4) structures

We now proceed to solving the Killing spinor equations for the bosonic IIB backgrounds
described in section 2, using the machinery of G-structures. In our conventions the Killing
spinor equations are given by:

1 1
oAl = <5¢ + 2H> €1+ (166¢FMFt°tFMF11> €2 =0

1 1
5A2=<a¢—2ﬂ>62—(A6JFMUUWMFMFH>61:O

! . (3.1)
Srr = (VM + 4HM> €1+ (166¢Ft°ter11) €2 =0
2 1 1 o) tot
0y = (Ve — pHar ) e2 = 16¢ o(F") Iyl e =0,
where for any (p + ¢)-form S we define:
1
Suy v, = EFNlmNpSNl...Nle...Mq : (3.2)

We then decompose all fluxes into SU(4) modules using (2.2) and the formulae of section B.2.
We also decompose all gamma matrices as in appendix A and we use the ten-dimensional
Killing spinor ansatz (2.4), (2.6). Finally, using (B.11) and taking into account that ( is a
Killing spinor of Rb!, so that V¢ = 0, the Killing spinor equations reduce to the following
set of algebraic relations:

Wi =Wy=0

Ws = ie? (cos 07> _ isin eféQ,l))
2

W4 - §8+(¢ — A)

Ws = 07 (¢ — 24 + i6)

o= B%A
71,00 _ #1,0) _ 7(1,0
9 _ 709 500 g
' =0 (3.3)
h?ngmﬂ
fl(l’o) = —i0t (e ?sin6)
fél’o) = —%EQAOJF(e_QA_d’ cosf)

1
fél,O) _ 56_4Aa+(64A_¢ sin 6)
f7(1’0) = 672A8+(€2A7¢ cos )

hD = @ (— cos Qfém) + ¢sin 0f§2’1)> .



The solution above is parameterized by the real scalar fields 0, A, ¢, and the (2, 1)-forms
f?EQ’l), f5(2’1); we have also absorbed a real constant in the definition of a. We use the
notation 59 for a form which is of (p, ¢)-type with respect to the almost complex structure
of Mg, while for any scalar T', 97T, O~ T denote the projections of dT" to its (1,0), (0,1)
parts respectively. As explained in appendix B.1, it immediately follows from the vanishing
of the torsion classes W7, W5 that the almost complex structure of Mg is in fact integrable,
and thus Mg is a complex manifold. We may then introduce complex coordinates and
identify 01T with 0T and 0~ T with OT.

From the definition of the torsion classes in (B.10) it can be seen that under a Weyl
transformation of the metric, g — e?Xg, the torsion classes transform as follows:

Wy — €2XW2 , Wi — €2XW3 , Wi— Wy+ 28+X, Wy — W5 + 48+X, (3.4)

while Wi is invariant. The manifold Mg is Kéhler if and only if all torsion classes are
zero with the possible exception of W5. From (3.4) it thus follows that the condition for
a conformally Kahler space is that ReWjy is exact and W; = 0 for « = 1,2,3. Similarly,
the condition for a Calabi-Yau space is that all torsion classes vanish; the condition for
conformally Calabi-Yau is thus that ReW} is exact, 2W,—Ws = 0and W; = 0fori = 1,2, 3.
By inspection of (3.3) we see that the conformally Kéhler as well as the conformally Calabi-
Yau condition are easily satisfied for non-trivial fluxes.

4 Supersymmetry in terms of generalized calibrations

In this section we present the details of the proof of the equivalence of the Killing spinor
equations for the NV = (2,0) strict-SU(4) background described in section 3 and the set
of generalized pure-spinor equations (1.1), (1.2). Some further explanatory material on
generalized geometry and calibrations can be found in appendix C.

As already mentioned, for the backgrounds we are considering here the structure group
of the tangent bundle of Mg is reduced to SU(4). From the point of view of generalized
geometry this is then a special case of generalized SU(4) x SU(4) structures described in
terms of a pair of compatible, nowhere-vanishing pure spinors. The compatible pair of pure
spinors is constructed explicitly in terms of the internal spinors of Mg as follows, cf. (C.5):

Uy = —e 017
" (4.1)
\IJQ =—¢ Q,
with 7y 2 as in (2.6), where the Clifford map was used together with the definitions (B.3)

of J, Q as spinor bilinears.

The calibration equations (1.1) proposed in [1] were conjectured to be equivalent to
the supersymmetry equations, in analogy with the known results in d = 4 [6] and d = 6 [1]
external dimensions. Let us first note that in d = 2 the NSNS three-form H can have
an external part that does not break two-dimensional Poincaré invariance, as in (B.18).
This would have no clear interpretation from the point of view of generalized geometry.



Fortunately both the supersymmetry equations (3.3) and the pure-spinor equations (1.1)
imply h; = 0. Indeed, (1.1) are equivalent to the following set of equations:

Wi =Wy=0
Wy = ie? (cos 0f>") — isin0 7))
Ws =01 (¢ — 2A +i6)
féLO) _ Jg5(1,0) _ hgl,O) _ ilél,l)) _0
FOO = o (cose(a+9 —3hY) 4 sin0(20t A — 0t + 3W4)) (4.2)
FIO = e (cose(a+¢ — 20" A — 2W,) + sin (070 — 2n{MY ))
FRO e (cose(a+e —n) —sin (ot ¢ — 20T A — W4)>
f7(1’0) —e? (cosf(20TA — 91 ¢) —sin6(079))
R = ¢ <— cos (9f5(2’1) + isin 0f§2’1)> .
It can readily be verified that (4.2) is consistent with the supersymmetry solution (3.3) but
is missing a number of constraints. As it turns out, these are equivalent to imposing;:
(0 — On) (e *Im¥y) = F, (4.3)
in addition to (4.2), where 9y = d + H®YA is the ordinary twisted Dolbeault operator

and 9y = 0 + HI2A is its complex conjugate. Indeed, it can be seen that (4.3) implies
in addition the following set of equations:

fl(l’o) = je? (sin#9" ¢ — cos0(870))

fél’o) = je ? (cos 0(0%¢ — Wy) +sinf <6+0 — hél’o)))

(1,0) _ & (o + + (1,0) (4-4)
57 =e (51119(8 ¢—2W4)—c086<8 0 — 2hy ))
f7(1’0) —e ¢ (cos 9(3+¢ — 3Wy) +sinf <8+¢9 — 3h§1’0))) .

Finally, the supersymmetry equations (3.3) can be seen to be equivalent to (4.2), (4.4),
provided one imposes in addition the norm condition o« = e 4,
As explained in appendix C.1, the operator on the left hand side of (4.3) can be replaced
by d%2, where
a2 =i(ok2 — o8) (4.5)
is given in terms of the generalized twisted Dolbeault operator defined in (C.10), or al-
ternatively as in (C.11). Although this may seem as overkill, expressing (4.3) in terms of
d%f puts this equation in the form of (1.2) which is well-defined for any SU(4) x SU(4)-
structure background (in which case Mg is not necessarily a complex manifold) and not

only for strict SU(4) backgrounds.

5 Conclusions

We have considered a subclass of the ' = (2,0) supersymmetric R! x Mg backgrounds
of [1]: that of IIB flux backgrounds with strict SU(4) structure. We have recast the



supersymmetry equations in terms of a set of algebraic relations between SU(4) irreducible
modules of the fluxes and the torsion classes. We have seen that the class of conformally
Calabi-Yau fourfolds, as well as that of conformally Kéhler eight-dimensional manifolds
are particular solutions to the supersymmetry equations.

In the present paper we did not consider the full set of supergravity equations of motion,
but have rather restricted our analysis to the supersymmetry equations. It is known that
under certain conditions, integrability theorems guarantee that imposing supersymmetry
together with the (generalized) Bianchi identities for the forms implies the equations of
motion of all NSNS fields [13, 21, 22]. These integrability theorems have been extended
for supersymmetric backgrounds that include calibrated branes [23], as well as to non-
supersymmetric backgrounds [19]. Expressed in the form of (3.3) the solution to the Killing
spinor equations, together with the integrability theorems, should facilitate the search for
new explicit type IIB flux vacua. For the case of e.g. group manifolds and cosets with
invariant SU(4)-structures, the framework of the present paper may be better suited than
those of spinorial geometry [13, 14]. It would be interesting to pursue this further.

Having explicitly solved the supersymmetry equations we were able to test the conjec-
ture of [1] concerning the correspondence between background supersymmetry equations
in terms of generalized pure spinors and generalized calibrations for admissible static, mag-
netic D-branes. We have found that the conjecture of [1] misses a number of constraints;
we have shown that these are equivalent to a single pure-spinor equation, given in (1.2).

Although strictly-speaking not necessary for the strict SU(4) structure backgrounds
considered here, (1.2) has been expressed in terms of the twisted generalized Dolbeault
operator. In this form it is well-defined for generic SU(4) x SU(4) backgrounds. It is
then natural to replace the conjecture of [1] by the statement that egs. (1.1), (1.2) are
exactly equivalent to the Killing spinor equations for N = (2,0) supersymmetric R x Mg
backgrounds of type ITA /B supergravity, where the Killing spinor ansatz is given by (2.4)
with 112 equal-norm pure spinors on Mg obeying (2.5). It would be interesting to test
this conjecture beyond the case of strict SU(4) IIB backgrounds considered here. One
possible avenue may be to try to exploit the results of [24, 25] on type II backgrounds and
generalized geometry.

Where do our results leave the background supersymmetry/generalized calibrations
correspondence? As we have seen, if our new conjecture is verified, this correspondence
can be rescued in a modified form: egs. (1.1) are in one-to-one correspondence with static,
magnetic D-branes in the background, while (1.2) corresponds to the analytic continuation
to two external spacetime dimensions (in the sense discussed in section 1) of the generalized
calibration form for codimension-2 static, magnetic D-branes.

A Spinor and gamma matrix conventions

For a spinor v in any dimension we define:

v=ylre !, (A1)



where C is the charge conjugation matrix. In Lorentzian signatures, we also define
=0, (A.2)
In all dimensions the Gamma matrices are taken to obey
(M1 = PO M0 (A.3)

where the Minkowski metric is mostly plus. Antisymmetric products of Gamma matrices
are defined by

INCISVEES IV ST (A.4)

Two Lorentzian dimensions. The charge conjugation matrix in 1 + 1 dimensions sat-
isfies

Clr=-C; (O =0y ' =-C". (A-5)

The fundamental (one-dimensional, chiral) spinor representation is real. In this paper we
work with a complexified chiral spinor ¢ (i.e. one complex degree of freedom). We define:

¢ =vCC . (A.6)

The chirality matrix is defined by
The Hodge-dual of an antisymmetric product of gamma matrices is given by
1
*Ymyys = —(—1) 2"y (A.8)
Eight Euclidean dimensions. The charge conjugation matrix in 8 dimensions satisfies

ctr = ¢y (CAMTT = Oy cr=ct. (A.9)

The fundamental (eight-dimensional, chiral) spinor representation is real. In this paper we
work with a complexified chiral spinor 7 (i.e. eight complex degrees of freedom). We define:

n“=Cn". (A.10)
The chirality matrix is defined by
Y=Y1---98 - (A.11)
The Hodge-dual of an antisymmetric product of gamma matrices is given by

1
*Ymyye = (=)2" M Dy (A.12)

~10 -



Ten Lorentzian dimensions. The charge conjugation matrix in 1 + 9 dimensions sat-

isfies
c’r=—c; (erMTr=crM,  cr=-c7'. (A.13)

The fundamental (16-dimensional, chiral) spinor representation e is real, where we define
the reality condition by
E=F€. (A.14)

The chirality matrix is defined by
FH = —F()...Fg . (A15)

We decompose the ten-dimensional Gamma matrices as

M'‘'=~*x1 , pw=0,1
™ =n~y3®y™ 1 m=2...9

It follows that
Cro = Cy ® Cs; Fn=v3®m%. (A.16)

The Hodge-dual of an antisymmetric product of gamma matrices is given by

*TTi = —(=1)2" Do (A.17)

B SU(4) structures

As we will now review a nowhere-vanishing complex, chiral, pure spinor n of unit norm in
eight euclidean dimensions defines an SU(4) structure. In eight euclidean dimensions not
every complex chiral spinor is pure: the property of purity is equivalent to the condition

m=0. (B.1)

Let ngr, nr be the real, imaginary part of n respectively. We will impose the normalization:
1 . - ~
n= ﬁ(”R +inr) ;s NrRnR =1mr =1, (B.2)

so that 77°n = 1, and (B.1) is equivalent to ng, n; being orthogonal to each other: nrn; =
nimr = 0.
Let us define a real two-form J and a complex self-dual four-form {2 through the spinor

bilinears

tJmn = 77~c’7mn7]

N (B.3)
anpq = NMYmnpq"] -
It can then be shown by Fierzing that these forms obey:
JAQ=0
(B.4)

1 1
—QAQ = = J* =vol
16 A 4!J volg,

- 11 -



up to a choice of orientation, and hence define an SU(4) structure. The reduction of the

structure group can alternatively be seen as from the fact that Spin(6) = SU(4) is the

stabilizer inside Spin(8) of the pair of orthogonal Majorana-Weyl unit spinors ng, 7s.
Raising one index of J with the metric defines an almost complex structure:

TP Ty = — 6™ (B.5)

Using the almost complex structure we can define the projectors

1
()" = 5 (0" F iIm™) (B.6)
with respect to which 2 is holomorphic
(H+)miQinpq = anpq ; (H_)miﬂinpq =0. (B7)

Further useful relations are given in appendix B.3.

In eight dimensions the Clifford algebra C1(8) is equivalent to the set R[16] of real
16x 16 matrices. With complex coefficients the gamma matrices generate C1(8)®C = C[16].
Since a complex Dirac spinor in eight dimensions can be thought of as a vector of C'¢ and
C[16] acts transitively on C'® — {0}, any complex Dirac spinor can be expressed as an
element of CI(8), with complex coefficients, acting on the non-vanishing spinor 7.

More explicitly, let £, £ be arbitrary positive-, negative-chirality complexified spinors
(cf. footnote 6) respectively. Using equations (B.25), it follows from the previous paragraph
that £+ can be expressed as:

= on+ X0+ CmnY""n°

. e (B.8)
E— =AY+ XmY"'N°,

where ¢, x are complex scalars, @, xm are complex (0,1)-, (1,0)-forms respectively and
©mn 1s a complex (2,0)-form. As a consistency check, we note that the arbitrary positive-
chirality spinor £, is parametrized by eight complex degrees of freedom: two complex
d.o.f.s from the complex scalars ¢, x plus six complex d.o.f.s from the complex (2,0)-form
Omn. Similarly £ is parametrized by four plus four complex d.o.f.s coming from the (0,1)-,
(1,0)-forms @y, Xm respectively.

B.1 Torsion classes

The intrinsic torsion 7 (see e.g. [18] for a review) transforms in the A'(Msg) ® SU(4)*,
where SU(4)* is the complement of the adjoint of SU(4) inside the adjoint of SO(8). Tt
follows that

T€(404)® (1063 6)
~(404)0(20020)0 (20020)0 (404)® (40 4),

in a decomposition in terms of irreps of SU(4). We then decompose 7 in five ‘torsion
classes’ W1,..., W5, according to the second line on the right-hand side above. These

- 12 —



torsion classes are the obstructions to the closure of the forms J, €. Explicitly we will
choose the following parameterization:”
dJ = Wi.Q* + W3 + Wy A J +c.c.

i (B.10)
dQ:§W1/\J/\J+W2/\J+W5*/\Q,

where Wy, Wy, W5 ~ 4 are complex (1,0)-forms and Wo, W3 ~ 20 are complex traceless
(2,1)-forms.

Equivalently, the torsion classes are the obstructions to the spinor 7 being covariantly
constant with respect to the Levi-Civita connection. Explicitly we have:

3 1 Lo
Vm'r] = (4W4m — §W5m — C.C-> n + ﬂanlekaln
(B.11)

) 1 )
+ <_16W2mkl - @anklwf* + ngmnpgnpkl> ’}/klnc .

This can be seen as follows. From the discussion around (B.8) and the fact that V,,n
transforms in the 8 ® 8 of SO(8), we can expand

an = pmn+ 0m776 + \Pm,qupqrs')’rsnc > (B.12)

for some complex coefficients ¢y, 9 ~ 4@ 4, Uy ~ (4 D 4) ® 6. Furthermore we
decompose:

Uinpg = Dpgr A" + Qpg " Grom + (I ) By + ()" g (B.13)

where A, B ~ 4 are complex (1,0)-forms and @, ~ 20 are complex traceless (2,1)-forms.
Multiplying (B.12) on the left with 170%-]- and 7y;%, antisymmetrizing in all indices in order
to form dJ and df2 respectively as spinor bilinears and comparing with (B.10) then leads
to (B.11).

As can be seen from (B.10), the obstruction to having an integrable almost complex
structure is given by Wy, Wy. Conversely, if W7, Wy vanish one can use (B.11) to show
that the Nijenhuis tensor vanishes and thus the almost complex structure is integrable.

B.2 Tensor decomposition

Under an SO(8) — SU(4) decomposition the one-, three-form of SO(8) decompose respec-
tively as:

8 — (4®4)
56 — (494)® (49 20)d (49 20) .

Explicitly we decompose the RR tensors as follows.

"We define the contraction between a p-form ¢ and a g-form x, p < ¢, by

mi...myp

pax 2 Xomi..mpny..ng_pdz™t Ao Adz™TP (B.9)

g —p)

Once the normalization of the W7 term on the right-hand side of the first equation in (B.10) is fixed, the Wy
term on the right-hand side of the second equation can be determined as follows: starting from d(JAQ) =0
we substitute for dJ, dQ2 using (B.10), taking (B.23), (B.24) into account and noting that Woa A J A J =0
since Wa is primitive.
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e Real one-form
f1(|1'n2 +c.c., (B.14)
where f1(|17;3) ~ 4 is a complex (1,0)-form with respect to the almost complex structure

n - 1,0 n (1,0
I ve. [l = (ITF),, " £,

e Real three-form

Fonp = Fir 30500 Ty + £ 0y + (B.15)

3|mnp |lm

where féi;;)lp ~ 20 is a complex traceless (2,1)-form, f(l :0) , fé‘:s) ~ 4 are complex
(1,0)-forms.

For the RR-forms F), with p = 5,7 we expand the Hodge duals xgF}, exactly as above:

e Real five-form
(8 5 )mnp = f5‘mnp + 3f5| Tnp) + f5‘3 QS*mnp +c.c. (B.16)

e Real seven-form
(% F7)m, f7(|1n3 +c.c. ; (B.17)
For the NSNS three-form H we decompose similarly:
H = e**voly A hy + hs, (B.18)

where as before voly is the unwarped volume element of R': hy, hs are real one-, three-
forms on Mg respectively. These further decompose to irreducible SU(4)-modules:

hpm = B0 4 e, (B.19)

1m

with h(‘ 0 4a complex (1,0)-form, and

Dy = S+ 3050 Ty + R0y, + coc (B.20)
where h:gmlp ~ 20 is a complex traceless (2,1)-form, h(T 0), hgj 0 L 4 are complex (1,0)-
forms.
B.3 Useful formulae
The following useful identities can be proved by Fierzing [26]:

Z“ii% Oy VTS — 1

g D = (1)

g Qs = (I (T (B.21)

g S QT = (I (T (1T

gt Qs = (I (T, () (1)
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Moreover, we have

ey =1 =0
1%t = i Mmnt = 0
n° Ymnpg = =3 fmnJpq; mnpgll = Qmnpg (B.22)
N Ymnpars = — 158 n JpgJrs]; Mmnpqrsh = 0
T Ymmnpgrstu] = 105 T Tpg Jrs T Tmnpgrstu) =0,

where we have made use of the identities

V3 Emmpgrstud 2T = 24 g
\/g 5mnpqrstu<]tu = 30J[anqurs] (B23)
\/§ Emnpqrstu = 105J[anqurthu] .

Note that the bilinears 77,7, 7707(1))17, vanish for p odd. The last line of equation (B.21)
together with the last line of the equation above imply

. 8
Q[ijk‘lgmnpq} = 35 \/§ EZ]klmnpq . (B24)
Finally, the following relations are useful in the analysis of the Killing spinor equations:

TmM = (H+ )mn7n77

1
*anpqrypqnc

TYmn?] = ZJmnn - 3

1 (B.25)
Ymnp?l = 3ZJ[mn7p]77 anpq7 77
TYmnpq?] = 3J[mn pq)" J[mn pq]zy7 77 + anpqn

The action of Y, ..m,, p = 5, on 1 can be related to the above formula, using the Hodge
properties of gamma matrices given in appendix A.

Formula needed for the dilatino equations. In order to solve the dilatino equations,
we make use of the following;:

han = )y

0,1) _m

. (B.26)
hsn = 3zh(‘ n+ 8h$;2)'ymnc

and note that similar identities hold for the RR fluxes Fi, xgF7 and F3, xgF%.

Formul= needed for the internal gravitino equations. For the gravitino equations
with M = m, we require

_ a:01(1,0) (0,1) (0,1) nrs 1 (1,2) TS (LO)yx n
hgjmn = 32(h3‘ + By, 00 n— <8h3|” Q,, Ehiﬂmpquq ) VrsN© fh3|n Qr, "Pypn
(B.27)
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and

(1,0 1 .01
Fiymn = 2f1 n+ ,ff‘n Q" |
(B.28

. (1,0 0,1 (1,2
&’Ymn = 61f£’5|m) _ 16f3|m 77 + (’L é‘n )Q nrs __ f3|m;q pqr5> ’Yrsﬁc )

Similar identities also hold for RR forms g £}, with p > 5.

C Generalized geometry and generalized calibrations

We here briefly introduce some relevant concepts from generalized complex geometry [2, 3]
and generalized calibrations that are used in the main text. The material in this section is
not new: it is included here solely for the purpose of establishing conventions and making
the paper self-contained. We refer to e.g. the review [4] for detailed explanations and
references; for more details on the dZ operator the reader may also consult [27].

C.1 Generalized geometry

Generalized complex geometry is an extension of both complex and symplectic geome-
try interpolating, in a certain sense, between these two special cases. Consider an even-
dimensional manifold Msg. One can equip the sum of tangent and cotangent bundles
T @ T* with a metric H of maximally indefinite signature (the pairing between vectors and

1{01
H:2<1 0)’ (G-1)

reducing the structure group to O(2k, 2k). Imposing in addition the existence of an almost

forms),

complex structure Z on T' @ T™ associated with the metric A (i.e. such that H is hermitian
with respect to Z: ZT - H - T = H), further reduces the structure group to U(k, k).

A pair 7, 5 of compatible almost complex structures on 7' & T™* (i.e. such that they
commute [Z;,Z5] = 0 and they give rise to a positive definite metric G = —Z; - Zy) further
reduces the structure group to U(k) x U(k). The metric G on T' @ T* associated with the
pair Z; 2 can be seen to give rise to both a positive definite metric g and a B-field on T', via:

10 0g ! 1 0
o= (1) 0 ) ()

Just as there is a correspondence between almost complex structures on T and line bundles
of pure Weyl spinors of C1(2k),® there is a correspondence

Z+— Vg, (C.3)

between almost complex structures Z on T @ T* and line bundles of pure spinors ¥z of
Cl(2k, 2k). More precisely, the +i eigenbundle of Z is isomorphic to the space of generalized

8Recall that pure Weyl spinors may be defined as the spinors which are annihilated by precisely those
gamma matrices that are holomorphic (or antiholomorphic, depending on the convention) with respect to
an almost complex structure.
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gamma matrices annihilating ¥7. Demanding that the line bundle of pure spinors of
Cl(2k,2k) has a global section, reduces the structure group of T'@® T from U(k, k) (which
was accomplished by the existence of a generalized almost complex structure) to SU(k, k).

There is a natural action of T'® T™ on the bundle A*T* of differential forms on Moy,
whereby every vector acts by contraction and every one-form by exterior multiplication.
It can easily be seen that this action obeys the Clifford algebra Cl(2k, 2k) associated with
the maximally indefinite metric H on T' & T*. It follows that there is an isomorphism
Cl(2k,2k) = End(A®*T*), which means that spinors on T @ T* can be identified with
polyforms (i.e. sums of forms of different degrees) in A*T™.

On the other hand, there is a correspondence between polyforms of A*T™ and bispinors
on T'. Given a choice of the volume form, this correspondence is a canonical isomorphism,
and is explicitly realized by the Clifford map: for two CI(2k) spinors 14, xg, one has

2%k 2k
wa®>z3 = 2% ZO ;!(%'Ymp...m1 ¢) fY;nglmmp — 2% ZO ;!()z’)/mp.“m1 ¢) e A NeTP ) (0'4)
p= p=
where the first equality is the Fierz identity.

It follows from the above discussion that the condition of compatibility of a pair of
generalized almost complex structures should be expressible as a condition of compatibility
on a pair of (line bundles of ) pure spinors of Cl(2k, 2k) — which, as already mentioned, can
alternatively be thought of as either bispinors of C1(2k) or, through (C.4), as polyforms.
Indeed, up to a factor and up to a B transform (¥; — eBAT;, i =1, 2), the most general
pair Wy o of compatible pure spinors of Cl(2k, 2k) is of the form:

ok ~
vy = —Wm ®ns5

ok . (C.5)
Uy = me @n2,

where 72 are pure spinors’ of CI(2k). In the normalization above we have taken into
account that the background admits calibrated branes, in which case 77 2 have equal norm:
lal* = f = s

Provided the pair of pure spinors above is globally defined and nowhere vanishing
(in other words: if the corresponding line bundles of pure spinors have nowhere-vanishing
global sections), the structure group of T'@® T™ is further reduced from U(k) x U(k) (which
was accomplished by the existence of a pair of compatible generalized almost complex
structures) to SU(k) x SU(k).

The correspondence between generalized almost complex structures and pure spinors
allows one to express the condition of integrability of a generalized almost complex structure
as a certain first-order differential equation for the associated pure spinor, which may then
also be called integrable. A manifold Moy is called generalized complex if it admits an
integrable pure spinor. A generalized Calabi-Yau (GCY) is a special case of a generalized

9Note that for k < 3, Weyl spinors of Cl(2k) are automatically pure. For the case k = 4 one has to
impose in addition one complex condition, see section B.
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complex manifold. It is defined as a manifold My on which a pure spinor V¥ exists, obeying
the differential condition!®

Ayl =0, (C.6)

where dg =d+ H A and H = dB is the field strength of the B field.

Just as one can construct the components of any ordinary spinor by acting with holo-
morphic (or antiholomorphic, depending on the convention) gamma matrices on the Clifford
vacuum, one can construct any polyform by acting on a generalized pure spinor vacuum
with generalized gamma matrices which are holomorphic with respect to the almost com-
plex structure Z associated with that pure spinor W, cf. (C.3). Using this Fock space
construction it can then be seen that there is a natural decomposition of polyforms W:

v= > 0, (C.7)

so that U(@ has +iq eigenvalue with respect to Z.!1

Let us further assume that the generalized almost complex structure is integrable.
This is indeed the case for the almost complex structure Zy associated with the pure spinor
e24=%W, for the supersymmetric backgrounds considered in the present paper, cf. the
second line of (1.1) and the discussion preceding (C.6). (Z2 is also the almost complex
structure associated with the pure spinor Wy, as can be seen from the fact that both Wo
and fWy have the same annihilator space for any function f.) It then follows that the
twisted differential d maps g-polyforms to the space of (¢ + 1) @ (¢ — 1)-polyforms:

A (UD) = (A W) T 4 (dyw)a) (C.9)

We can thus define a twisted generalized Dolbeault operator (")121,2 associated with the inte-
grable almost complex structure Z, via

0B = (dyw) @t | 9hw = (dyw)Y | (C.10)

It is also straightforward to see that the twisted differential d%f = 1(5%12 — 8%12) that appears
in (1.2) admits an alternative equivalent definition:

A2 = [dy, Ir], (C.11)

where the operator Zy- is defined via Z,- (@ = jq¥(@ . In the context of type II supergravity

on backgrounds of the form R'3 x Mg the operator dfj’ has been further studied in [28].
In the case of backgrounds of strict SU(4) structure considered here, we can make

contact with the ordinary Dolbeault operator as follows: as can be seen from the second line

10T his is also sometimes called the ‘twisted’ Calabi-Yau condition; the pure spinor ¥ is thought of as a
polyform in A*T™ via the Clifford map (C.4).

" Similarly, it can be seen that in the case of a generalized SU(k) x SU(k) structure the existence of a
compatible pair of pure spinors ¥; o implies a double decomposition of polyforms:

plan) — yplaslal=k) + planlal—k+2) 4t plark—lah , (C.8)

where now ¥(91:92) hag +1iq1 eigenvalue with respect to Z1 and +iqe eigenvalue with respect to Zs.
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of (4.1), Uy is annihilated by acting on the left or the right with ordinary gamma matrices
which are holomorphic with respect to the complex structure on Mg. Using the generalized
almost complex structure/annihilator space correspondence (C.3), this corresponds to the
action of holomorphic (with respect to Zy) generalized gamma matrices. This further
corresponds, using the Clifford map, to contraction with an antiholomorphic vector or
wedging with a holomorphic one-form. Hence the action of a holomorphic generalized
gamma matrix transforms an ordinary (p, q)-form (where now this refers to the ordinary
Hodge decomposition) to a (p+1, ¢)-form and/or a (p, ¢—1)-form, i.e. it increases (p—q) by
one. On the other hand the action of a holomorphic generalized gamma matrix transforms
a UK)_polyform to a W+ polyform, cf. the discussion around (C.7). Similarly the action
of an antiholomorphic generalized gamma matrix on an ordinary (p, ¢)-form dereases (p—q)
by one; on a W) -polyform it decreases k by one. Since the action of the ordinary twisted
Dolbeault operator 9y = d + H*Y on an ordinary (p,q)-form increases (p — q) by one
while the action of 9y = 8+ H1?) decreases (p — ¢) by one, we conclude from (C.10) that
for the strict SU(4) structure considered here the generalized Dolbeault operator reduces
to the ordinary twisted Dolbeault operator.

C.2 Generalized calibrations

The close connection between supersymmetry and calibrations [29] was noted some time
ago [30-33]. More recently, generalized calibrations in flux backgrounds were shown to have
a natural interpretation in terms of generalized geometry [6, 20, 34]. In this section we will
briefly review the relevant results, referring the reader to [4] or the original literature for
further details.

Consider the energy density £(X, F) of a static, magnetic (i.e. without electric world-
volume flux) D-brane in our setup, filling ¢ external spacetime dimensions and wrapping a
cycle ¥ in the internal space (for our purposes it will not be necessary to take higher-order
corrections into consideration):

E(2,F) = "=\ /det(g + F) — 04 ((Jel A ef)E , (C.12)

where ¢ is the induced worldvolume metric on ¥, F is the worldvolume flux: dF = Hly,
and C*® is the electric RR flux potential: dgC® = F*®!, cf. (2.2). Note that unless the brane
fills all the external spacetime directions, the second term on the right hand side above
vanishes. This property of the energy density follows from the form of the ansatz for the
RR fields, (2.2), which is such that it preserves the d-dimensional Poincaré invariance of
the background.

A polyform w (defined in the whole of the internal space) is a generalized calibration
form if, for any cycle %, it satisfies the algebraic inequality:

(wA ejr)E < doet=%/det(g + F), (C.13)

~19 —



where o collectively denotes the coordinates of 3, together with the differential condition:'?

dpw = §,,aF . (C.14)

A generalized submanifold (X, F) is called calibrated by w, if it saturates the bound given
in (C.13) above.

The upshot of the above discussion is that D-branes wrapping generalized calibrated
submanifolds minimize their energy within their (generalized) homology class. Recall that
(3, F), (X, F') are in the same generalized homology class if there is a cycle ¥ such that
Y = ¥’ — ¥ and there exists an extension of the worldvolume flux F on ¥ such that:
.7?]2 = F and .7?]2/ = F'. Then, if (3, F) is calibrated by w we have, using Stokes theorem
as well as egs. (C.12)-(C.14):

/ de E(X, F) > / (w — 6q,dcel>z ANe? = / (w _5q,dcel>z ANeh = / do&(%,F) .
U / E

(C.15)
In the special case of the backgrounds considered in the present paper the static, magnetic

D-branes where shown in [1] to be necessarily spacetime-filling (i.e. they wrap the external
RY! part). The corresponding calibration form w is given by

w = X 7PRe (W) + > PRe T,y (C.16)
for some phase .
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