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1 Introduction

The derivation of a Wilsonian low-energy effective action amounts to integrating out all

excitations beyond a chosen cutoff mass scale and obtaining a theory with modified cou-

plings for the remaining degrees of freedom. The consideration of such theories is crucial,

for example, to study physical properties of a fundamental theory such as string theory

at low energies. The corrections to the low energy effective action obtained by integrating

out massive fields are organised in an expansion in the inverse mass scale. In the limit of

large cutoff scale corrections are typically strongly suppressed and can be neglected. In this

case all modes with masses above the cutoff scale become effectively non-dynamical and

can be decoupled from the theory. This is the subject of well known results in quantum

field theory, such as the Appelquist-Carazzone-Symanzik decoupling theorem [1, 2]. This

reasoning, however, breaks down for certain types of couplings. Four-dimensional examples

are furnished by Goldstone-Wilczek currents [3] and Wess-Zumino terms [4] generated by

integrating out a fermion that becomes massive via Yukawa coupling to a scalar that gets

a non-vanishing VEV. They are independent of the fermion mass and have to be included

in the low-energy effective action even in the limit in which it is taken to infinity. In

this work we will study couplings with similar features, namely gauge and gravitational

Chern-Simons couplings in five-dimensional theories.

The five-dimensional quantum field theories under consideration will propagate both

massless and massive degrees of freedom. We will consider massive spin-1/2 fermions,

spin-3/2 fermions, and complex two-forms. The kinetic and mass terms of the fermions

are of standard form while the complex two-forms admit first order kinetic terms. The

latter feature is possible in odd-dimensional theories and is crucial for the fields to intro-

duce corrections to Chern-Simons couplings. This can be attributed to the fact that the

Chern-Simons couplings violate parity and only fields with parity violating actions can

modify their prefactors when deriving the Wilsonian effective action. The massive fields

are minimally coupled to a massless U(1) gauge field A with field strength F . We aim to

derive the corrections to the gauge Chern-Simons term A ∧ F ∧ F and the gravitational

Chern-Simons term A ∧ tr (R ∧ R), where R is the five-dimensional curvature two-form,

induced by integrating out all massive fields. After appropriate overall normalisation each

of the massive fields yields an integer contribution to the Chern-Simons couplings. This

is consistent with the topological nature of the Chern-Simons couplings that implies that

their prefactors are quantised and turn out to be independent of the mass scale of the fields

that are integrated out. As a consequence, they survive the limit in which the mass scale is

taken to infinity. The results for the gauge Chern-Simons coupling were given in [5] with-

out proof. This work substantiates our claims and extends them to include gravitational

couplings. Our findings are summarised in section 2.

This analysis is not purely academic, since, remarkably, these couplings elegantly

encode information about higher-dimensional anomalies after Kaluza-Klein compactifica-

tion. In particular, we can consider a six-dimensional theory compactified on a circle to

get a five-dimensional quantum field theory which propagates both massless and massive

degrees of freedom. Six-dimensional gravitational anomalies are thus associated to the
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five-dimensional Chern-Simons couplings induced by integrating out excited Kaluza-Klein

modes. Gauge anomalies can be accessed in the five-dimensional setup as well. In this case

the massive degrees of freedom can also arise from spontaneous gauge symmetry breaking.

As already explained in [5] (see also [6]), a heuristic explanation for the above

mentioned connection between five-dimensional Chern-Simons terms and six-dimensional

anomalies can be obtained by considering the one-loop diagram necessary to determine the

latter. Indeed, in six dimensions, the gravitational anomaly is captured by a four-point

amplitude with external graviton legs. The polarisations of the latter have to be con-

tracted in all possible ways and thus particularly also include contributions corresponding

to the compact S1 direction. From the five-dimensional perspective, the four-point function

therefore decomposes into a sum of correlators involving (five-dimensional) gravitons, the

Kaluza-Klein vector A, and the graviscalar, which we will consider to be non-dynamical

and replace by the radius r. Focusing on terms which break five-dimensional parity, we are

naturally lead to consider Chern-Simons terms of the form A ∧ F ∧ F and A ∧ tr (R ∧R),

where R is the five-dimensional curvature two-form and F the field-strength tensor corre-

sponding to A. One-loop corrections to these couplings are therefore expected to encode

information about higher-dimensional anomalies. We will have more to say about this

interesting connection in the upcoming paper [7].

There are various ways to embed our five-dimensional or six-dimensional setup into

string theory and M-theory. We will consider two realisations in this work. Firstly, we will

realise the five-dimensional setup by compactification of M-theory on an elliptically fibered

Calabi-Yau threefold. Using the M-theory to F-theory limit reviewed in [8] the resulting

low-energy effective action for the massless fields should be identified with the low energy

effective action of a six-dimensional F-theory compactification on a circle after all Kaluza-

Klein modes are integrated out. The Chern-Simons couplings on the M-theory side are

determined by the intersection numbers and the second Chern class of the Calabi-Yau

threefold [9–11]. We thus find a purely geometric computation of the total Chern-Simons

contribution for (1, 0) theories on a circle and agreement with our field theory computation

can be shown.

A second string theory realisation of our setup can be found by considering heterotic

string theory on K3×S1 in the absence of NS5-branes (see e.g. [12] for earlier computations

in this setting). In this case the underlying six-dimensional (1, 0) theory is a theory with one

self-dual and one anti-self dual tensor. The contributions to the five-dimensional Chern-

Simons terms can in this case be computed as a three-point amplitude at one-loop. It

turns out that the computation is largely insensitive to most of the details of the internal

world-sheet CFT which allows us to calculate the amplitudes explicitly for generic points

of the moduli space of K3 compactifications. The summation over the various massive

modes propagating through the loop in the field theory picture corresponds to integrating

over the moduli space of world-sheet tori from the string perspective that captures the

contribution of all CFT excitations. We manage to perform this integration explicitly and

find again agreement with our field theory result.

The paper is organised as follows. Section 2 summarises the main results of the paper.

The families of massive fields that can generate one-loop Chern-Simons terms are listed
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in table 1, while table 2 gives the Chern-Simons coefficient for each of them. Section 3

contains the Feynman diagram computation of these coefficients. Section 4 discusses the

check of the field theory results in the framework of six-dimensional F-theory compactifica-

tions. Section 5 is devoted to the explicit one-loop computation of the relevant amplitudes

in heterotic string theory on K3 × S1. Finally, in the conclusions we recapitulate our re-

sults and discuss briefly further directions. The main body of the paper is accompanied

by several appendices. Notations, conventions, and other useful identities are collected

in appendices A and B. The complete Feynman rules used in section 3 are gathered in

appendix C. In appendix D we perform the calculation of a torus integral that appears in

the string theory computation.

2 Summary of results

Let us start by summarising the results of this paper. The object of our investigation are

five-dimensional theories in which some massive fields are coupled to a U(1) gauge field Aµ
and to the metric gµν . In particular, we study how quantum corrections due to massive

fields can generate the Chern-Simons couplings

SAFF = kAFF

∫
A ∧ F ∧ F , SARR = kARR

∫
A ∧ tr (R ∧R) (2.1)

in the low energy effective action. In these expressions F = dA is the field strength of the

U(1) gauge field and R denotes the curvature two-form built from the metric gµν .

We show that three classes of massive fields are capable of generating such Chern-

Simons terms in the quantum effective action: massive spin-1/2 fermions ψ, massive self-

dual tensors Bµν , and massive spin-3/2 fermions ψµ. By massive self-dual tensor we mean a

complex two-form Bµν that admits a non-standard first order kinetic term B̄∧dB together

with a mass term mB̄ ∧ ∗B. Its free equation of motion thus reads schematically

∗dB ∝ mB . (2.2)

These tensor fields and their coupling to a U(1) gauge field has been analysed in [5, 13].

Further details about massive self-dual tensors are given in section 3.1. We refer to these

fields as self-dual because they can be thought of as the excited Kaluza-Klein modes of a

six-dimensional self-dual tensor compactified on a circle.

Spin-1/2 fermions, self-dual tensors, and spin-3/2 fermions can be characterised in

terms of associated representations of the massive little group in five dimensions, SO(4) ∼=
SU(2) × SU(2). Such representations are labelled by a pair of half-integer spins (j1, j2).

The correspondence between massive fields and SO(4) representations is summarised in

table 1.

We have included the equation of motion that puts each field on-shell in the absence

of interactions. The coefficients c1/2, cB, c3/2 can take the values ±1 and determine which

SO(4) representation is realised. Note that here and in the following m denotes the mass of

the physical one-particle states and is thus taken to be positive. The pairs of representations

(j1, j2) and (j2, j1) are interchanged under parity. Correspondingly, these classes of fields
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field free EOM SO(4) rep.

spin-1/2 fermion ψ (/∂ − c1/2m)ψ = 0
(

1
2 , 0
)

or
(
0, 1

2

)
self-dual tensor Bµν (∗d− icBm)B = 0 (1, 0) or (0, 1)

spin-3/2 fermion ψµ (γρµν∂µ + c3/2mγ
ρν)ψν = 0

(
1
2 , 1
)

or
(
1, 1

2

)
Table 1. Summary of massive representations considered in this work.

spin-1/2 fermion ψ self-dual tensor Bµν spin-3/2 fermion ψµ

kAFF = − 1

48π2
q3 · c1/2 − 1

48π2
q3 · (−4 cB) − 1

48π2
q3 · (5 c3/2)

kARR = − 1

384π2
q · c1/2 − 1

384π2
q · (8 cB) − 1

384π2
q · (−19 c3/2)

Table 2. Summary of the one-loop contributions for various fields.

break parity at tree level. From this point of view, the fact that couplings of the form (2.1)

are generated in the effective action can be interpreted as a parity anomaly: quantum

effects compensate for the parity violation originally induced by these families of massive

fields, after they are integrated out.

Table 2 summarises our findings for the coefficients kAFF , kARR of the induced Chern-

Simons couplings in (2.1). Coefficients c1/2, cB, c3/2 correspond to those in table 1. The

symbol q denotes the U(1) charge of the massive fields. It is a dimensionless quantity and its

normalisation is fixed by the minimal coupling prescription ∂µ → ∂µ−iqAµ. The derivation

of these results is the subject of the upcoming sections. Nonetheless, let us stress here two

crucial aspects of the computation. Firstly, kAFF and kARR are quantum corrected at

one-loop only. This is expected by arguments involving locality of the effective action and

quantisation of the Chern-Simons couplings [14] and is consistent with the interpretation

in terms of parity anomalies in five dimensions.

Secondly, our results are derived using a simple quadratic action for the massive fields,

which only includes minimal coupling to the gauge field Aµ and the metric gµν . We argue

that kAFF and kARR are indeed insensitive to any fine detail of the interactions. For the

kAFF coupling, the effect of some non-minimal interactions is analysed explicitly in sec-

tion 3.4. It is shown there that such non-minimal couplings do not affect the renormalised

value of kAFF . These features are expected for topological couplings such as (2.1) that can

be interpreted as parity anomalies.

Note that we refrain from a discussion about the possibility to write down fully con-

sistent interacting theories for the three classes of massive fields under examination. For

instance, it is expected that an interacting theory of massive spin-3/2 fermions is only

possible in presence of (possibly spontaneously broken) supersymmetry, even though our
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findings are independent of the precise way it is realised in the five-dimensional action.

From this point of view, we do not consider other parity-violating representations of SO(4),

such as (3
2 , 0) or (2, 0), because no example is known of consistent interacting theories for

the corresponding massive fields.

3 Field theory computation

In this section we compute the coefficients of the Chern-Simons couplings (2.1) in pertur-

bative quantum field theory. We start by reviewing the actions for the massive spin-1/2

fermion, self-dual tensor, and spin-3/2 fermions minimally coupled to the U(1) gauge field

and the metric. We then describe the main points of the Feynman diagram calculations for

the gauge and the gravitational Chern-Simons terms. We conclude the section by studying

the effect of some non-minimal couplings on the gauge Chern-Simons term.

3.1 Minimally coupled massive actions

The Chern-Simons couplings (2.1) can be captured by one-loop computations in a theory

where the massive fields considered above are minimally coupled to the U(1) gauge field

Aµ and the metric gµν . In this section we briefly review the corresponding actions.

A spin-1/2 fermion is described by a five-dimensional Dirac spinor ψ. In order to

couple it to the metric gµν we have to introduce a vielbein eaµ. The action for ψ minimally

coupled to the U(1) gauge field Aµ and the vielbein eaµ is taken to be

S1/2 =

∫
d5x e

[
−ψ̄γµDµψ + c1/2mψ̄ψ

]
, c1/2 = ±1 , (3.1)

where e = det eaµ, γµ = γaea
µ, and where we have introduced the full spacetime and U(1)

covariant derivative

Dµψ = ∂µψ +
1

4
ωµabγ

abψ − iqAµψ . (3.2)

On the right hand side, ωµab is the Levi-Civita spin connection constructed from the viel-

bein, and q is the U(1) charge of the fermion ψ. More details about our spacetime and

gamma-matrix conventions can be found in appendix A. As stated in section 2, m is the

positive physical mass and c1/2 labels two inequivalent spinor representations of the mas-

sive little group SO(4) in five dimensions. Under a parity transformation, the sign of c1/2

is reversed.

Let us now turn to massive self-dual tensors in five-dimensions. Their action, including

the coupling to a U(1) gauge field, can be written as [5]

SB =

∫
d5x
√−g

[
−1

4
icB ε

µνρστ B̄µνDρBστ −
1

2
mB̄µνB

µν

]
, cB = ±1 . (3.3)

The relevant part of the spacetime and U(1) covariant derivative reads

D[ρBµν] = ∂[ρBµν] − iqA[ρBµν] . (3.4)
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Note that g = det gµν and that εµνρστ denotes the five-dimensional Levi-Civita tensor. In

our conventions, it satisfies ε01234 = −1/
√−g if 0, . . . , 4 are curved indices. Note that in

this case parity violation is not due to the mass term, but to the kinetic term.

Finally, a spin-3/2 fermion is described by a Dirac vector-spinor ψµ with action

S3/2 =

∫
d5x e

[
−ψ̄ργρµνDµψν − c3/2mψ̄µγ

µνψν
]
, c3/2 = ±1 , (3.5)

where the antisymmetric part of the spacetime and U(1) covariant derivative is given by

D[µψν] = ∂[µψν] +
1

4
ω[µ|abγ

abψν] − iqA[µψν] . (3.6)

In analogy with the spin-1/2 case, the two inequivalent representations of SO(4) differ by

the sign of the mass term.

3.2 Computation of the A ∧ F ∧ F coupling

The U(1) Chern-Simons coupling A ∧ F ∧ F does not involve the gravitational field. As

a consequence, throughout this section we can ignore the coupling of massive fields to

gravity and take gµν = ηµν . No distinction between flat and curved indices is made. The

coupling to Aµ can be treated perturbatively in the framework of quantum field theory on

flat spacetime.

The coefficient of the A∧F ∧F term in the quantum effective action can be extracted

from the three-point function of the gauge field Aµ. More precisely, we work in momentum

space and we denote by ΓAAA the sum of 1PI Feynman diagrams with three external vectors

with incoming momenta p1, p2, p3 and polarisation vectors e1, e2, e3. The Chern-Simons

term

kAFF

∫
A ∧ F ∧ F = −kAFF

∫
d5x εµνρστAµ∂νAρ∂σAσ (3.7)

in the effective action corresponds to a contribution to ΓAAA of the form

ΓAAA ⊃ i3!× (−kAFF ) ελτµ1µ2µ3 p
λ
1 p

τ
2 e

µ1
1 eµ22 eµ33 , (3.8)

where we have included a factor of i from the Feynman rules and the combinatorial factor

3! to take into account symmetry under permutations of the three vectors. Contributions

to ΓAAA different from (3.8) will be ignored. They correspond to higher-derivative and

non-local terms in the effective action. As already mentioned, we expect that the right

hand side of (3.8) is corrected at one loop only. As shown in sections 4 and 5 our one-loop

results pass non-trivial tests in the framework of F-theory and heterotic string theory.

We can derive Feynman rules using the actions (3.1), (3.5) and (3.3) evaluated in flat

spacetime and extract the propagators for massive fields, together with the interaction tri-

vertex among two massive fields and one gauge field Aµ. These propagators and vertices

are listed in appendix C.

At the one-loop level, only one class of diagrams can be built using the interaction

vertices at hand. A representative diagram is depicted in figure 1. Wiggly lines represent

the external vectors, while solid lines represent massive fields. Each class of massive fields

– 7 –
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Figure 1. One-loop Feynman diagram involved in the computation of the Chern-Simons coefficient

kAFF . The external lines are three vectors A with incoming momenta p1, p2, p3 and polarisation

vectors e1, e2, e3. The internal lines can represent a massive spin-1/2 fermion, a massive self-dual

tensor, or a massive spin-3/2 fermion. The loop momentum k flows in the direction of the arrow.

contributes separately to the amplitude. To get the full answer, it has to be summed with

the analog diagram where the orientation of the loop is reversed. This is equivalent to

swapping the labels 1 and 2 on the external legs. Since the relevant structure in (3.8) is

invariant under this relabelling, the loop-reversed diagram simply gives an overall additional

factor 2.

The denominator of the diagram (which is determined through its propagator factors)

is the same for all fields running in the loop. If the labelling of figure 1 is adopted, it is

given by

D =
1

k2 +m2

1

(k − p2)2 +m2

1

(k + p1) +m2
, (3.9)

which is to be completed by a suitable numerator factor N which particularly encodes

information about the vertices and is strongly dependent on the fields running in the loop.

In (3.9), the usual Feynman iε prescription is understood. We make use of Schwinger

parameterisation to unify denominators, and write

D =
1

m6

∫ ∞
0

dα

∫ ∞
0

dβ

∫ ∞
0

dγ e−(α+β+γ)(`2+∆)/m2
. (3.10)

In this expression, α, β, γ are dimensionless parameters, and we have made use of the

shorthand notations

` = k − yp2 + zp1 , ∆ = m2 + 2yzp1 · p2 + y(1− y)p2
1 + z(1− z)p2

2 , (3.11)

where y = β/(α+ β + γ) and z = γ/(α+ β + γ). The full diagram is then given by

I = D · N =
1

m6

∫ ∞
0

dα

∫ ∞
0

dβ

∫ ∞
0

dγ

∫
d5`

(2π)5
e−(α+β+γ)(`2+∆)/m2

N , (3.12)

where, of course, the numerator is different for different species of massive fields running

in the loop. We also note that the sum of the diagram in figure 1 with the diagram with

the opposite orientation has a distinct symmetry with respect to exchanging the external
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points. On general grounds, one can show that this symmetries restrict the parity violating

part of the integrand in (3.12) at the bilinear level in the external momenta to only depend

on the Schwinger parameters in the combination (α+ β + γ). This is a useful consistency

check we have applied throughout the computations.

By naive power-counting arguments, we do not expect any infrared divergence in this

one-loop diagram, but we cannot exclude the possibility of ultraviolet divergences. If

Schwinger parameterisation is used, the integral over the loop momentum ` contains an

exponential factor and (after Wick rotation) is convergent as long as α + β + γ is strictly

positive. Ultraviolet divergences are translated into divergences in the α, β, γ integration,

coming from the region where these three parameters are simultaneously small. We reg-

ularise the amplitude by cutting out this portion of the α, β, γ integration domain with a

step-function: in (3.12) we make the replacement∫ ∞
0

dα

∫ ∞
0

dβ

∫ ∞
0

dγ →
∫ ∞

0
dα

∫ ∞
0

dβ

∫ ∞
0

dγ θ(α+ β + γ − ε) , (3.13)

where ε > 0 is the regulator.

Recall from (3.8) that we are only interested in the coefficient of a term with two

powers of external momenta contracted with an ε-symbol. This allows us to simplify the

computation of the diagram.

First of all, only the terms that contain an ε-symbol have to be kept in the numerator.

If a self-dual tensor runs in the loop, the ε-symbol is introduced directly at the level of

Feynman rules both in the propagator and in the vertex. When a spinor runs in the loop,

the ε-symbol is generated by traces of gamma matrices. This follows from the identities

tr 1 = 4 , tr γµ1µ2µ3µ4µ5 = 4i εµ1µ2µ3µ4µ5 , tr γµ1...µp = 0 for p = 1, 2, 3, 4. (3.14)

We see that only those terms need to be retained that contain an odd number of gamma

matrices greater than or equal to five.

Second of all, we can perform a formal power series expansion of (3.12) in p1, p2 and

we can neglect all terms that are not bilinear in p1 and p2. In particular, this implies that

we can use the approximation ∆ ≈ m2, since all other terms in the exact expression (3.11)

for ∆ would generate additional powers of external momenta of the form p2
1, p2

2, or p1 · p2.

Finally, by symmetry arguments (not spoiled by our choice of regulator), we can make

the following replacements in the numerator under the
∫
d5` integral:

`µ1 . . . `µr → 0 if r is odd ,

`µ`ν →
1

5
`2 ηµν , `µ1`µ2`µ3`µ4 →

1

35
(`2)2(ηµ1µ2ηµ3µ4 + ηµ1µ3ηµ2µ4) , . . . (3.15)

All tensor integrals in the loop momentum are thus reduced to scalar integrals.

The calculation of the diagram is now straightforward but tedious.1 After the numera-

tor algebra is performed and the replacements (3.15) are made, the integrals over the loop

1We made use of the Mathematica packages xTensor of the bundle xAct [15] and GAMMA [16].
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momentum and the Schwinger parameters are computed using the formulae∫
d5`

(2π)5
e−(α+β+γ)`2/m2

(`2)n =
im2n+5

24π3

Γ(n+ 5/2)

(α+ β + γ)n+5/2
, (3.16)∫ ∞

0
dα

∫ ∞
0

dβ

∫ ∞
0

dγ θ(α+ β + γ − ε) e−(α+β+γ)

(α+ β + γ)a
αn1βn2γn3 =

=
Γ(1 + n1)Γ(1 + n2)Γ(1 + n3)

Γ(3 + n1 + n2 + n3)
Γ(3 + n1 + n2 + n3 − a; ε) . (3.17)

We have performed the usual Wick rotation `0 → i`0 in the first integral and have intro-

duced the incomplete gamma function

Γ(x; ε) =

∫ ∞
ε

dττx−1e−x (3.18)

in the second integral.

Let us consider the diagram where the spin-1/2 fermion ψ runs in the loop. By power-

counting we expect a quadratic divergence, since the numerator has up to three powers of

the loop momentum. The parity-violating part of the numerator, however, turns out to be

of zero-th order in the loop momentum, thus giving a finite result without the need of any

regulator.

This does not hold for the diagrams where Bµν and ψµ run in the loop. In fact, even

though the parity-violating part of the numerator has a better UV behaviour than the full

diagram, it still contains terms proportional to `2 or (`2)2. This implies that both diagrams

have a divergent piece. In our regularisation scheme such divergences appear as coefficients

of negative powers of the regulator ε in a formal expansion of the diagram.

We can then give the ε-expansion for all the three species under consideration: spin-1/2

fermions ψ, tensors Bµν , and spin-3/2 fermions ψµ,

(diagram)1/2 =
i

64π2
c1/2 q

3

[
+ 4 +O(ε1/2)

]
, (3.19)

(diagram)B =
i

64π2
cB q3

[
+

15√
π
ε−1/2 − 16 +O(ε1/2)

]
, (3.20)

(diagram)3/2 =
i

64π2
c1/2 q

3

[
− 105

4
√
π
ε−3/2 +

15

4
√
π
ε−1/2 + 20 +O(ε1/2)

]
. (3.21)

Note that the factor (−1) for a fermionic loop has been taken into account, but we have

not inserted the overall factor 2 due to the diagram with the reversed loop orientation.

In order to extract the physical observable kAFF from these expressions we adopt a

minimal subtraction prescription: negative powers of ε in the expansion are discarded. This

gives the results of table 2. In section 3.4 we discuss the effect of non-minimal couplings

and show how they can be used to cancel divergences.

3.3 Computation of the A ∧ tr (R ∧R) coupling

Let us now turn to the discussion of the mixed U(1)-gravitational Chern-Simons term

A∧ tr (R∧R). To compute its coefficient we treat the coupling of massive fields to gravity
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perturbatively. The metric is written as

gµν = ηµν + hµν , (3.22)

and computations are performed order by order in a formal power series in hµν around flat

spacetime. Indices µ, ν, . . . are thus raised and lowered with ηµν and its inverse and no

distinction is made between flat and curved indices. Further details about the expansion

in hµν are collected in appendix B.

When A∧tr (R∧R) is expanded according to (3.22) terms with arbitrarily high powers

of hµν are generated, because of the non-linear dependence of the Riemann tensor on the

metric. Nonetheless, in order to read off the Chern-Simons coupling we can restrict to the

lowest order term,

kARR

∫
A ∧ tr (R ∧R) = (3.23)

= −1

2
kARR

∫
d5x εµ1µ2µ3µ4µ5Aµ1∂λ∂µ2hτµ3

[
∂τ∂µ4h

λ
µ5 − ∂λ∂µ4hτ µ5

]
+O(h3) .

As a consequence, the constant kARR can be extracted from the sum of 1PI Feynman

diagrams with one vector and two gravitons, denoted ΓAhh. More precisely, the sought-for

Chern-Simons coupling corresponds to the contribution

ΓAhh ⊃ i2!× 1

2
kARR εµ0µ1µ2λτ p

λ
1p
τ
2 (p1 ν2p2 ν1 − ην1ν2p1 · p2) eµ00 eµ1ν11 eµ2ν22 , (3.24)

where p1, p2 are the incoming momenta of the gravitons, e0 is the polarisation tensor of the

vector, and e1, e2 are the symmetric polarisation tensors of the gravitons. The prefactor

i2! comes from the standard Feynman rule prescriptions. Any term that does not match

the structure of the right hand side of (3.24) will be neglected, since it would correspond

to higher-derivative and non-local terms in the effective action.

It is interesting to note that the tensor structure in (3.24) is transverse with respect

to both the vector and the graviton polarisation tensors, i.e. it vanishes if any of the

replacements

eµ0 → pµ0 = −pµ1 − pµ2 , eµν1 → a(µp1
ν) , eµν2 → a(µp2

ν) (3.25)

is made, for arbitrary aµ. It can be shown that this tensor structure is the only structure

with an ε-symbol and four powers of external momenta that has this transversality property

and is symmetric in the exchange of labels 1 and 2. Its appearance is a consequence of

gauge invariance. Transversality with respect to e0 reflects invariance of (3.23) under U(1)

transformations. Transversality with respect to e1, e2 derives from invariance of (3.23)

under diffeomorphisms. Recall that under an infinitesimal diffeomorphism with parameter

ξµ we have

δhµν = 2∂(µξν) +O(h) . (3.26)

Gauge invariance can be used as a self-consistency check of the Feynman diagram com-

putation. Indeed, we find that the desired contributions to ΓAhh organise into the struc-

ture (3.24) after all relevant diagrams are summed.
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h(p2, e2)h(p1, e1)

A(p0, e0)

(a)

h(p2, e2)h(p1, e1)

A(p0, e0)

(b)

h(p2, e2)h(p1, e1)

A(p0, e0)

(c)

Figure 2. One-loop Feynman diagrams involved in the computation of the Chern-Simons coefficient

kARR. The external line on top represents a vector A with incoming momentum p0 and polarisation

vector e0. The other external lines are gravitons h with incoming momenta p1, p2 and symmetric

polarisation tensors e1, e2. The internal lines can represent a massive spin-1/2 fermion, a massive

self-dual tensor, or a massive spin-3/2 fermion.

The Feynman rules needed in the diagrammatic computation of ΓAhh are deduced by

expanding the actions (3.1), (3.5), (3.3) for the massive fields according to (3.22). This

gives interaction vertices of arbitrarily high powers in hµν but we only need an expansion up

to second order in hµν . More precisely, four kinds of vertices are relevant for the calculation

of ΓAhh. If we denote any of the massive fields ψ, Bµν , ψµ as Φ, we need: the gauge tri-

vertex Φ̄ΦA, already considered in the previous section; the gravitational tri-vertex Φ̄Φh;

the purely gravitational quadri-vertex Φ̄Φhh; the mixed gauge-gravitational quadri-vertex

Φ̄ΦAh. All such vertices are collected in appendix C.

The presence of quadri-vertices enlarges the family of one-loop Feynman diagrams that

can be built. In particular, we have three different topologies, depicted in figure 2. The

total amplitude is given by the sum

2(a) + (b) + 2(c) , (3.27)

where diagram (a) is counted twice because of the two possible orientations of the loop,
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and diagram (c) is counted twice according to which graviton is connected to the mixed

quadri-vertex.

For each diagram, denominators can be unified by means of Schwinger parameters. In

diagram (a) three parameters are needed, as in the previous section, while diagrams (b)

and (c) require only two parameters. Up to minor changes, the methods described in the

previous section can be applied straightforwardly to the diagrams at hand. In particular,

UV divergences in diagrams (b) and (c) are regulated by means of the replacement∫ ∞
0

dα

∫ ∞
0

dβ →
∫ ∞

0
dα

∫ ∞
0

dβ θ(α+ β − ε) , (3.28)

where α, β are the Schwinger parameters and ε is the regulator. For the sake of complete-

ness, we record the two-parameter analog of the identity (3.17),∫ ∞
0

dα

∫ ∞
0

dβ θ(α+ β − ε) e
−(α+β)

(α+ β)a
αn1βn2 =

=
Γ(1 + n1)Γ(1 + n2)

Γ(2 + n1 + n2)
Γ(2− a+ n1 + n2; ε) . (3.29)

Let us stress an important difference between the present computation and the one

discussed in the previous section. In the case of the gauge Chern-Simons couplings, the

relevant tensor structure (3.8) does not contain any product of external momenta. This

allowed us to use the approximation ∆ ≈ m2 in the computation of the diagram in (3.12).

In the present case, one of the two parts of the gauge invariant tensor structure (3.24) is

proportional to p1 · p2. This implies that we have to keep the p1 · p2 term inside ∆ and

expand e(α+β+γ)`2/m2
(or e(α+β)`2/m2

) in a power series in the external momenta. This is

indeed crucial to obtain the gauge invariant structure (3.24) after all the three diagrams

are combined according to (3.27).

As in the case of the gauge Chern-Simons term, the parity violating part of the dia-

grams has a better UV behaviour than expected from naive power-counting. Nevertheless,

the diagrams in which the self-dual tensor and the spin-3/2 fermion run in the loop have

some divergent parts. After all diagrams are summed according to (3.27) and the total ex-

pression is organised in powers of ε, the ε0 coefficient is proportional to the gauge-invariant

combination (3.24), while negative-power coefficients are not gauge-invariant. This leads

us to apply a minimal subtraction prescription and simply drop the unphysical divergent

pieces. In this way the results of table 2 are obtained.

Let us conclude this section with a side remark. Recall from section 3.2 that the

relative weight between the diagram for spin-1/2 and spin-3/2 fermion contributions to

kAFF is five. This result can be derived straightforwardly from an alternative form of the

massive action for a spin-3/2 ψµ,

S′3/2 =

∫
d5x e

[
−ψ̄ργµDµψρ + c3/2mψ̄ρψ

ρ
]
, c3/2 = ±1 . (3.30)

Indeed, when this action is evaluated on a flat background, it gives exactly the same

propagator and vertex as the spin-1/2 action (3.1), up to a factor of the metric ηµν .
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Remarkably, the alternative action (3.30) gives also the correct relative weight −19

between the spin-1/2 and the spin-3/2 contributions to kARR. This claim has been checked

against an explicit Feynman diagram computation. To get the correct result is crucial to

take into account the corrections to the vertices coming from the Christoffel symbols inside

the covariant derivative Dµψρ. Indeed, the vertices generated by the Christoffel symbol

contribute a relative factor of −24 that combines with five times the spin-1/2 result to

give −19.

This finding resembles a similar result about gravitational anomalies in six dimen-

sions [17]. In order to compute the contribution of a massless chiral spin-3/2 field ψµ to

gravitational anomalies in six dimensions, one can use two different Lagrangians, propor-

tional to

ψ̄ργ
ρµν∇µψν or ψ̄ργ

µ∇µψρ , (3.31)

where ∇ denotes the six-dimensional Levi-Civita covariant derivative. It is shown that the

difference between these Lagrangians cannot affect the anomalous part of the four-graviton

one-loop diagram. Note that if we compactify the six-dimensional Lagrangians (3.31) on a

circle, the resulting actions for the massive Kaluza-Klein modes have kinetic and mass terms

as given in (3.5) and (3.30), respectively. We are thus led to conjecture that corrections

to the five-dimensional Chern-Simons terms (2.1) are insensitive to the precise form of the

differential operator in the kinetic term and the corresponding form of the mass term.

3.4 Non-minimal couplings and renormalisation

The aim of this section is to describe the effect of non-minimal couplings on the Chern-

Simons term A∧F ∧F , extending some remarks of [5]. Gravity is decoupled and the metric

is taken to be ηµν . As far as fermions are concerned, we consider Pauli couplings built by

contracting a spinor bilinear with the U(1) field strength F = dA. In particular, we have

analysed the couplings

Lnm
1/2 =

1

2
iq̃1/2 Fµν ψ̄γ

µνψ , Lnm
3/2 =

1

2
iq̃3/2 Fµν ψ̄ργ

µνρσψσ +
1

2
iq̃′3/2 Fµν ψ̄

µψν . (3.32)

For massive self-dual tensors we have studied instead

Lnm
B = q̃B B̄µνF

νρBρ
µ + q̃′B B̄µνF

νρBρσF
σµ . (3.33)

The computation of section 3.2 can be repeated including these additional vertices.

The corresponding Feynman rules can be obtained straightforwardly with the standard

prescriptions. Note, however, that the coupling q̃′B induces a quadri-vertex and therefore

diagrams with a topology as diagram (b) or (c) in figure 2 have to be included.

We refrain from a detailed account on the computation. Nonetheless, its outcome

is remarkable: all non-minimal couplings q̃1/2 to q̃′B drop from the ε0 coefficient of the

combination of all diagrams and enter only the coefficients of negative powers in ε.

This implies that they can be used to cancel divergences in the spin-3/2 and tensor

diagrams. Recall from (3.21) that the triangle diagram with a spin-3/2 fermion running

in the loop has two non-vanishing negative powers of ε if only the minimal coupling q is
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switched on. Our computations reveal that turning q̃3/2, q̃′3/2 on does not introduce higher

negative powers, i.e. higher divergences, and does not affect the coefficient of the ε0 power.

We can thus tune q̃3/2 and q̃′3/2 and cancel divergences without altering the finite part of

the diagram.

The same strategy can be applied to tensors. The reader might wonder why we take

into account two non-minimal couplings for tensors, if the corresponding diagram has only

one divergent part, as can be seen from (3.20). This is necessary since it can be checked that

inclusion of the coupling q̃B introduces higher divergences that require the introduction of

q̃′B to be cancelled.

Our findings suggest the interpretation of non-minimal couplings (3.32) and (3.33) as

counterterms. Dimensional analysis reinforces this claim, since it shows that non-minimal

couplings q̃1/2 to q̃′B have negative mass dimension. In the limit in which the masses of

ψ, Bµν , and ψµ tend to infinity and these fields are integrated out, non-minimal couplings

are suppressed. A similar counterterm analysis for the gravitational Chern-Simons term

is a formidable task and is not addressed in this work. Nevertheless, it is plausible that

a similar mechanism can be implemented to cancel all divergences without changing the

results of table 2.

4 Consistency with the M-theory to F-theory limit

In this section we compare the field theory results summarised in table 2 with the pre-

dictions of five-dimensional compactifications of M-theory and F-theory. This will enable

us to use geometric methods to perform consistency checks of the one-loop corrections.

Our focus will be on the gauge and gravitational Chern-Simons actions in five-dimensional

low energy effective supergravity theories with eight or sixteen supercharges. These arise,

on the one hand, from M-theory compactifications on supersymmetry preserving three-

folds. On the other hand, they arise from F-theory compactifications to six-dimensions

preserving (1, 0) or (2, 0) supersymmetry if the theory is further compactified on a circle.

The six-dimensional origin of five-dimensional effective theories with Chern-Simons terms

is addressed in [7].

4.1 Field theory prediction

Let us apply the results of the one-loop computation of the previous section to the frame-

work of (1, 0) and Abelian (2, 0) six-dimensional theories compactified on a circle. The

field content of their supersymmetry multiplets is summarised in table 3 and features chi-

ral fermions and (anti)self-dual tensors. The requirement of anomaly cancellation imposes

some constraints on the spectrum of these theories. In particular, the absence of gravita-

tional anomalies requires [17, 18]

(1, 0) : H − V = 273− 29T , (4.1)

(2, 0) : T = 21 , (4.2)

where T , V , H are the numbers of tensor multiplets, vector multiplets, and hypermultiplets,

respectively.
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(1, 0) theory (2, 0) theory

gravity multiplet (gµν , B
+
µν , 2ψ+

µ ) gravity multiplet (gµν , 5B+
µν , 4ψ+

µ )

tensor multiplet (B−µν , φ, 2ψ−) tensor multiplet (B−µν , 5φ, 4ψ−)

vector multiplet (Aµ, 2ψ+)

hypermultiplet (4φ, 2ψ−)

Table 3. Schematic form of supersymmetric spectra of (1, 0) and (2, 0) theories. The symbols gµν ,

Bµν , ψ, φ represent the metric, a tensor, a Majorana-Weyl spinor, a real scalar field respectively.

The prefactor counts the number of fields of a given species within each multiplet. The superscript

± denotes (anti)self-duality for the tensors B or chirality for the fermions ψ.

Upon compactification on a circle, the massive Kaluza-Klein modes of chiral fields are

precisely given by the three families of massive fields summarised in table 1. More precisely,

the excited modes of a symplectic Majorana-Weyl spinor are Dirac spinors and the modes

of a (anti)self-dual tensor are massive complex self-dual tensors. We adopt conventions

such that a positive chirality in six-dimensions correspond to a positive coefficient c1/2, cB,

or c3/2 in the mass term for excited Kaluza-Klein modes.

The ansatz for the metric reads

ds2
6 = ds2 + r2(dy −A0)2 , (4.3)

where r is the circle radius and A0 is the Kaluza-Klein vector. This choice of the sign of

A0 in the metric ansatz implies that an excited mode with dependence einy on the internal

coordinate couples minimally to A0 with U(1) covariant derivative ∂µ+inA0
µ. This has to be

contrasted with the minimal coupling prescription ∂µ− iqAµ used in the loop computation.

If we identify A0 and A, we infer that q = −n for the n-th Kaluza-Klein mode of any

six-dimensional field.

In order to compute kAFF and kARR defined in (2.1) we just have to sum the contri-

butions of table 2 according to the spectra listed in 3. For a (1, 0) theory, we have

k
(1,0)
AFF = − 1

48π2

∞∑
n=1

(−n)3

[
2(V −H − T ) + 2 · 5 + (1− T )(−4)

]
= − 9− T

24(2π)2
, (4.4)

k
(1,0)
ARR = − 1

384π2

∞∑
n=1

(−n)

[
2(V −H − T ) + 2 · (−19) + (1− T )(+8)

]
=

12− T
24(2π)2

,

where we made use of the anomaly cancellation condition (4.1) and we employed zeta-

function regularisations
∑
n3 → ζ(−3) = 1/120 and

∑
n → ζ(−1) = −1/12 for the
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divergent sum over Kaluza-Klein levels. In a similar fashion, for a (2, 0) theory we find

k
(2,0)
AFF = − 1

48π2

∞∑
n=1

(−n)3

[
4(−T ) + 4 · 5 + (5− T )(−4)

]
= 0 , (4.5)

k
(2,0)
ARR = − 1

384π2

∞∑
n=1

(−n)

[
4(−T ) + 4 · (−19) + (5− T )(+8)

]
=

T + 3

96(2π)2
=

1

4(2π)2
,

where we recalled T = 21 from (4.2). In the next subsection we will test these field theory

predictions against geometric computation in the framework of M-theory and F-theory

compactifications.

4.2 F-theory check

To begin with let us recall some facts about the F-theory reduction. Considering F-

theory on an elliptically fibered Calabi-Yau threefold Y3 with full holonomy yields a six-

dimensional (1, 0) supergravity theory. Non-Abelian gauge groups can originate from sin-

gularities of the fibre that are also singularities of the threefold itself. The singularities of

the elliptic fibre signal the presence of spacetime filling seven-branes. In contrast, if one

considers F-theory on a two-torus times a K3 surface, i.e. has a trivial elliptic fibration,

then no seven-branes are present. The six-dimensional effective theory is a (2, 0) theory

with 21 Abelian tensor multiplets.

Since there is no fundamental formulation of F-theory in twelve dimensions, the effec-

tive action of the six-dimensional theories has to be derived via the duality to M-theory [8].

This program was carried out for six-dimensional F-theory vacua in [11, 19]. On the one

side of the duality, the low-energy action of M-theory is reduced on Y3 or K3 × T 2 down

to five dimensions. In order for the low-energy action to be a viable approximation, the

geometry of the compactification space has to be smooth. In particular, possible singular-

ities of Y3 associated to non-Abelian gauge groups must be resolved. At the level of the

effective action, this implies that on the M-theory side of the duality we can only probe

the five-dimensional Coulomb branch of the non-Abelian gauge theory. On the other side

of the duality, we can use the constraints coming from (1, 0) or (2, 0) supersymmetry to

parameterise the sought-for F-theory action in terms of a few key data. We then compact-

ify this general six-dimensional action on a circle and we compute the low-energy action

for the zero-modes in the Coulomb branch. By comparing the five-dimensional theories on

the M-theory and F-theory side of the duality we can infer the data that determine the

six-dimensional effective action of F-theory on Y3 or K3× T 2.

It is crucial to integrate out all massive fields in determining the low-energy effective

action on the F-theory side. This implies that the M-theory action should encode in

particular the information about the one-loop Chern-Simons couplings A0 ∧ F 0 ∧ F 0 and

A0 ∧ tr (R ∧ R). To check this claim we recall some facts about the reduction of the

topological terms of the eleven-dimensional action on a Calabi-Yau threefold Y3 and on

K3× T 2.

The relevant couplings in the eleven-dimensional action are the usual two-derivative

Chern-Simons term together with a topological higher-derivative correction [20, 21]. Sup-
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pressing wedge products for brevity, we have

S
(11)
top =

∫ [
− 1

6

1

(2π)2
C3G4G4 −

1

192

1

(2π)4
C3

(
trR4 − 1

4
(trR2)2

)]
, (4.6)

where C3 is the M-theory three-form, with mass dimension 3, G4 = dC3, and R is the

curvature two-form. This form of the action is consistent with the fact that
∫
G4/(2π)

is half-integrally quantised and that exp iS gives a well-defined functional in the path

integral, once all terms of the effective action and the gravitino functional measure are

taken into account [22]. This is crucial to match one-loop computations in field-theory,

since the the standard Feynman rules are derived by an expansion of exp iSint, fixing the

absolute normalisation of one-loop induced Chern-Simons terms.

Let X6 denote the internal space, for us Y3 or K3 × T 2. The M-theory three-form is

expanded on a basis {ωA} of harmonic two-forms on X6 as

C3 ⊃ AA ∧ ωA , (4.7)

where AA are five-dimensional vectors. They have mass dimension one and their field

strengths FA = dAA are such that
∫
FA/(2π) is integrally quantised. Dimensional reduc-

tion of the action (4.6) yields the five-dimensional topological terms [9–11]

SCS =
1

(2π)2

∫ [
− 1

6
KABCAAFBFC +

1

96
cAA

AtrR2

]
, (4.8)

where we have introduced

KABC =

∫
X6

ωA ∧ ωB ∧ ωC , cA =

∫
X6

ωA ∧ c2(X6) . (4.9)

If X6 = Y3, the Kaluza-Klein vector on the F-theory side is matched with the linear

combination of vectors AA along the direction of the two-form

ω0 = PD(B2) +
1

2
c1(B2) , (4.10)

where PD(B2) is the Poincaré dual two form to the base B2 of the elliptic fibration, and

c1(B) is its first Chern class.2 The geometry of elliptically fibered Calabi-Yau threefolds

ensures

K000 =
1

4

∫
B2

c1(B2)2 =
1

4
(10− h1,1(B2)) ,

c0 =

∫
B2

[
c2(B2) + 5c1(B2)2

]
= 4(13− h1,1(B2)) . (4.11)

This in turn implies that the Chern-Simons sector of M-theory on Y3 contains the terms

SCS ⊃ 1

(2π)2

∫ [
− 10− h1,1(B2)

24
A0F 0F 0 +

13− h1,1(B2)

24
A0trR2

]
. (4.12)

2Strictly speaking one has to pull back c1(B) to Y3, but we will suppress the pullback in the following.
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We just have to recall that the number of tensor multiplets of the (1, 0) theory is related

to the geometry of Y3 by

h1,1(B2) = T + 1 (4.13)

to recognise a perfect match with the field theory prediction of the previous subsection.

In the case of compactification of M-theory on X6 = K3×T 2, the Kaluza-Klein vector

is identified with the vector along the only two-form on the torus, which we denote ω0. As

a result,

K000 = 0 , c0 =

∫
K3×T 2

ω0 × c2(K3× T 2) =

∫
K3

c2(K3) = 24 . (4.14)

This implies that the gauge Chern-Simons term is absent, while the gravitational Chern-

Simons is given by

SCS ⊃ 1

(2π)2

∫
1

4
A0trR2 , (4.15)

in agreement with the field theory computation.

So far we have focused on Chern-Simons coupling involving only the Kaluza-Klein

vectors. There are additional terms in the reduction of M-theory on Y3 that are interpreted

as one-loop effects on the F-theory side. They are of the form

k0ij

∫
A0F iF j + kijk

∫
AiF jF k , (4.16)

where Ai are the five-dimensional vectors that are lifted to six-dimensional vectors. The

index i labels the Cartan generators of the gauge group, since the duality between M-

theory and F-theory only works in the Coulomb phase. The coefficients k0ij , kijk can be

computed geometrically and are related to the charged spectrum of the theory, see for

instance [23, 24].

To compute the coefficient of these couplings in field theory we need to consider dia-

grams where all massive fields charged under A0 and/or Ai run. Those are the Kaluza-Klein

zeromodes and excited modes of the fields that acquire a mass after the gauge group is bro-

ken by giving a non-vanishing VEV to the scalars in the five-dimensional vector multiplets.

We do not perform here a similar analysis, but we are confident about the applicability of

the techniques developed so far to attack this problem. Note that it has indeed been shown

in [23] that the Chern-Simons coefficient kijk receives one-loop corrections by massive gauge

degrees of freedom.

Let us close this section with a comment about a special case that recently attracted

interest [25]. Namely, let us consider an M-theory compactification with χ(Y3) = 0. When

Y3 is elliptically fibered one can lift the theory to a six-dimensional (1, 0) model. For

simplicity, we assume that Y3 has no gauge group singularities and hence the (1, 0) theory

has no vector multiplets, V = 0. In this case the Euler number is simply given by χ =

−60
∫
B2
c1(B)2 = −60(9 − T ) and we see that χ = 0 implies T = 9. The anomaly

cancellation condition (4.1) requires then H = 12. Can this model be interpreted as a

spontaneously broken (2, 0) theory? Suppose we are given a possibly non-Abelian (2, 0)

theory with 21 tensor multiplets, in accord with absence of gravitational anomalies. They

correspond to 21 tensor multiplets and 21 hypermultiplets in (1, 0) language, as can be
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seen from table 3. Let us further imagine that the original theory undergoes a spontaneous

supersymmetry breaking in such a way that only T tensor multiplets out of 21 and and

only H hypermultiplets out of 21 remain massless. In order for the resulting (1, 0) theory

to be free of gravitational anomalies, we must have H = 273 − 29T . The requirement

0 ≤ H ≤ 21 together with the integrality of T determines T = 9, H = 12 as the only

possible breaking pattern. This agrees with the geometric setup with χ = 0. Furthermore,

for T = 9 we have k
(1,0)
AFF = 0, see (4.4), and the term A0 ∧ F 0 ∧ F 0, which is incompatible

with 16 supersymmetries, does not enter the circle reduction of the (1, 0) theory. These

might be considered as hints in favour of the spontaneous symmetry breaking scenario. If

such breaking is actually possible, and how it may be realised, remains to be investigated.

5 Dual heterotic string on K3 × S1

In this section we compare the gauge theory loop corrections derived in section 3 with

a string loop computation performed in the heterotic string theory on K3 × S1. The

outcome of such computation only depends on topological data of K3. A match with the

F-theory setup of the previous section is expected on the basis of heterotic/F-theory duality

for elliptically fibered K3. We recall the basic five-dimensional setup in section 5.1 and

present explicit one-loop corrections to the action in section 5.2.

5.1 Heterotic setup

The spectrum of heterotic string theory compactified on K3 consists of a single tensor

multiplet, V vector multiplets and H hypermultiplets coupled to the six-dimensional su-

pergravity multiplet. The number of tensor multiplets is larger if we consider K3 manifolds

with singularities, however, we will not discuss this possibility.

Compactifying this theory further on S1 (see [11]), the five-dimensional effective action

contains V (5) = V + 2 physical vector multiplets and H(5) hypermultiplets coupled to the

supergravity multiplet. The additional two vector multiplets come from the reduction of

the single tensor multiplet and the six-dimensional supergravity multiplet. The scalar fields

in these multiplets are the five-dimensional dilaton φ and the radius of S1 which we will

denote by r. The vector fields in turn correspond to the KK vectors coming from the

reduction on S1, i.e. from the reduction of the metric (gµ6) and the anti-symmetric B-field

(bµ6) respectively. We follow [12] and denote these two as

Aµ = gµ6 + bµ6 , Bµ = gµ6 − bµ6 , (5.1)

with their field strength denoted FA,B respectively. Finally, we denote the curvature 2-form

R = dω+ω ∧ω, where ω is the spin-connection. R is related to the Riemann tensor in the

usual manner

Rab =
1

2
Rabcdec ∧ ed , with the vielbein ea = eaµdx

µ , (5.2)

which will turn out to be more convenient for explicit calculations later on.
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5.2 String amplitudes

5.2.1 Vertex operators

Within the above setting we will particularly be interested to the one-loop corrections to

the following terms in the string effective action

LST = +
1

2
F (ARR)(r) ελµνρτ AλRαβµν Rβαρτ +

1

2
F (BRR)(r) ελµνρτ BλRαβµν Rβαρτ

+
1

6
F (AFAFA)(r) ελµνρτAλ FA,µν FA,ρτ +

1

2
F (BFAFA)(r) ελµνρτBλ FA,µν FA,ρτ , (5.3)

where all coupling functions F are functions of the radius r. We will compute the corre-

sponding one-loop scattering amplitudes using the RNS-formalism. In this approach the

former are integrals over (higher-genus) Riemann surfaces and the external states are rep-

resented through emission vertex operators inserted at punctures, whose position needs to

be integrated over the entire world-sheet. Thus, the first step is to discuss the precise form

of the vertex operators for all states involved. We will use the same notation as in [12] and

denote by Xµ(z) the embedding coordinates for the five spacetime directions and X6(z)

the coordinate of the circle, while (ψµ(z), ψ6(z)) are the corresponding (left-moving) super-

partners. Here z are two-dimensional coordinates on the world-sheet. With this notation,

the graviton vertex operator in the 0 ghost picture is

V
(0)
R (h, p; z) = hµν [∂Xµ + i(p · ψ)ψµ] ∂̄Xν eip·X , (5.4)

which is characterised by a symmetric, traceless polarisation tensor hµν and a five-

momentum pµ such that pµhµν = 0. The KK vector fields have vertex operators

V
(−1)
A (ε; z) = εµe

−ϕψµ∂̄X6 eip·X , V
(−1)
B (ε; z) = εµe

−ϕψ6∂̄Xµ eip·X , (5.5)

and are determined by the polarisation εµ. These vertices are written in the (−1) picture,

referring to the ghost system on the string world-sheet, which we have bosonised in terms

of the scalar ϕ. In order to balance the ghost charge in a given amplitude, we also need

picture changing operators (PCO), the relevant part of which is given by

VPCO = eϕTF , TF = ψµ∂X
µ + ψ6∂X6 + T int

F . (5.6)

With these expressions we are in a position to compute explicit amplitudes.

5.2.2 World-sheet CFT

The effective couplings (5.3) can be related to explicit string amplitudes in the following

manner

F (ARR,BRR)(r)

=

∫
d2τ

τ2
2

∫
d2z1,2,3

〈
V

(0)
R (h(1), p(1); z1)V

(0)
R (h(2), p(2); z2)V

(−1)
A,B (ε, p; z3)VPCO(r0)

〉
,
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F (AFAFA,BFAFA)(r)

=

∫
d2τ

τ2
2

∫
d2z1,2,3

〈
V

(0)
A (ε(1), p(1); z1)V

(0)
A (ε(2), p(2); z2)V

(−1)
A,B (ε(3), p(3); z3)VPCO(r0)

〉
,

(5.7)

where the integral over τ = τ1 + iτ2 runs over the fundamental domain of the world-sheet

torus. Notice also that the position of the PCO (r0) is not integrated over, since the full

correlator is independent of r0. Since we work at one-loop, in principle, we have to take into

account all different spin-structure configurations, corresponding to all possible boundary

conditions of the world-sheet fermions along the two cycles of the torus. Fortunately, for

these Chern-Simons like couplings only the odd spin-structure will be of relevance, since

they involve contractions with εµνρστ . The correlators in (5.7) are understood within the

full world-sheet theory. To calculate them, we first have to discuss the structure of the

internal CFT where we essentially follow [26–28] (see also [29]). The partition function

of S1 is captured by the theta-series of the Γ(1,1) Narain lattice, whose momenta will be

denoted (PL, PR) and which are functions of the radius r only. Concerning the remainder

of the internal theory, the amplitudes (5.7) fortunately are not sensitive to the full details

of the K3 compactification, which would make it prohibitively difficult to compute them

in general. In fact the only contribution is independent of the spin-structure and in the

notation of [26–28] can be written in the form

F̄ (τ̄) := d0
Ē4(τ̄)Ē6(τ̄)

η̄24
, (5.8)

where we have also included the partition functions of the internal fermions and bosons.

Here Ē2k for k ≥ 2 are the anti-holomorphic Eisenstein series of weight 2k. The nor-

malisation constant d0 (which is not fixed through Köcher’s principle alone) will be left

undetermined in our computation and could be determined later by comparison to vector

field amplitudes.

5.2.3 Explicit amplitudes

We now have all the ingredients to compute the amplitudes (5.7). By performing all

contractions of the world-sheet fields, we find

F (ARR) =
π3

3
ελ p

(1)
α p

(2)
β p(1)

τ p(2),[νh(1)
µν h

(2),τ ]
ρ εαµβρλ r∂r I(r) ,

F (BRR) =
π3

3
ελ p

(1)
α p

(2)
β p(1)

τ p(2),[νh(1)
µν h

(2),τ ]
ρ εαµβρλ I(r) ,

F (AFAFA) = 64π4d0 ε
(1)
µ ε(2)

ν ε(3)
ρ p(1)

α p
(2)
β εµανβρ r∂rI0(r) ,

F (BFAFA) = 64π4d0 ε
(1)
µ ε(2)

ν ε(3)
ρ p(1)

α p
(2)
β εµανβρ I0(r) , (5.9)
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Here we have introduced the integral over the world-sheet torus

I0(r) :=
i

16π2d0

∫
d2τ

τ2
2

F (τ̄)∂τ̄

τ1/2
2

∑
Γ(1,1)

q
1
2
P 2
L q̄

1
2
P 2
R

 =
θ(1− r)r3

3
+
θ(r − 1)

3r3
, (5.10)

I(r) :=

∫
d2τ

τ
3/2
2

ˆ̄E2(τ̄)F̄ (τ̄)
∑

Γ(1,1)

q
1
2
P 2
L q̄

1
2
P 2
R =

− 8d0π

[
6

(
r +

1

r

)
+ 5

(
rθ(1− r) +

θ(r − 1)

r

)
− 2

(
r3θ(1− r) +

θ(r − 1)

r3

)]
, (5.11)

where Ê2(τ, τ̄) = E2(τ)− 3/(πτ2) is the quasi-holomorphic second Eisenstein series. I0(r)

was already evaluated in [12], while I(r) is performed in appendix D.

5.3 Change of basis

In order to make contact to [12] we will now make a change of basis of the vector fields.

So far, in order to keep the computation of the loop amplitudes as simple as possible we

have considered the vector fields in the basis (5.1). In order to physically interpret the

couplings, however, we will now return to the basis (gµ6, bµ6). The first couplings to be

rewritten are the Chern-Simons terms

L1-loop
AFF =

1

3!
F (AFAFA)(Aµdx

µ) ∧ FA ∧ FA +
1

2!
F (BFAFA)(Bµdx

µ) ∧ FA ∧ FA

=
2π4d0

3
[r∂rI0(r)(Aµdx

µ) + 3I0(r)(Bµdx
µ)] ∧ FA ∧ FA . (5.12)

Upon changing to the basis

Aµ = A(1)
µ /r −A(2)

µ r , Bµ = A(1)
µ /r +A(2)

µ r , (5.13)

the coupling (5.12) becomes3

L1-loop
AFF = 64π4d0

[
a1(A(1)

µ dxµ) + 2
(
−a1r

2 +
a2

2r4

)
(A(2)

µ dxµ)
]
∧ F (1) ∧ F (1)+

+ 64π4d0

[
a2(A(2)

µ dxµ) + 2

(
−a2

r2
+
a1r

4

2

)
(A(1)

µ dxµ)

]
∧ F (2) ∧ F (2) , (5.14)

where we have introduced (see [12])

a1 = θ(1− r)/3 , a2 = θ(r − 1)/3 . (5.15)

Similarly, we can also consider

L1-loop
FRR =

1

2!
F (ARR)(Aµdx

µ) ∧ Tr(R∧R) +
1

2!
F (BRR)(Bµdx

µ) ∧ Tr(R∧R)

= −π
3

3
[r∂rI(r) (Aµdx

µ) + I(r) (Bµdx
µ)] ∧ Tr(R∧R) . (5.16)

3Notice that the explicit dependence on the compactification radius r is S1 is due to the fact that we

are working in a frame in which the anti-symmetric two-form field has not been dualised into a vector.
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After the change of basis (5.13) this becomes

L1-loop
FRR = −8π4d0

3

[
6 + 15a1 + 6

(
−2r2a1 +

a2

r4

)]
(A(1)

µ dxµ) ∧ Tr(R∧R)

− 8π4d0

3

[
6 + 15a2 + 6

(
−2a2

r2
+ a1r

4

)]
(A(2)

µ dxµ) ∧ Tr(R∧R) . (5.17)

Extracting an overall factor of −256π6d0, which is common to both couplings,4 we can

read off

k0 = − 1

12π2
, κ0 =

11

96π2
, (5.18)

in agreement with (4.4) for T = 1, suitable for the heterotic compactification under study.

6 Conclusions

In this paper we have studied Chern-Simons terms in five-dimensional gauge theories with

non-Abelian gauge groups. More precisely we have considered terms of the form A0∧F 0∧F 0

and A0 ∧ tr(R ∧ R) where A0 is a massless U(1) gauge field with field strength F 0 and R

is the curvature two-form. These terms are interesting for a number of reasons. Indeed,

they appear as one-loop corrections to the low energy effective action by integrating out

massive excited modes beyond a certain cutoff scale. While such contributions are usually

suppressed in the limit of large cutoff and are therefore generically neglected, these Chern-

Simons terms are a rare example of a class of couplings that are independent of the scale

introduced by the cutoff and thus have to be included. This property makes them very

interesting for a number of applications: foremost, in a setting where the five-dimensional

theory is obtained through compactification of a six-dimensional theory on a circle (and

A0 is identified with the Kaluza-Klein vector), we observe that these couplings encode in-

formation about the higher-dimensional gravitational anomalies. Thus, the Chern-Simons

terms can be used as a tool to test whether a possible higher-dimensional parent theory is

plagued by anomalies. We have more to say about the exciting possibility to use this con-

nection to probe the quantum-consistency of a variety of five-dimensional gauge theories

in an upcoming paper [7].

To compute these terms we have used three different approaches: first we have directly

calculated them at the one-loop level in field theory. In this approach we have worked out

the Feynman diagrams for massive spin-1/2, massive spin-3/2, and massive two-form ten-

sors running in the loop. While these amplitudes are generically divergent, we have argued

that it is possible to consistently introduce counterterms to get rid of all divergences. In

the case of the gauge Chern-Simons term A0 ∧F 0 ∧F 0, we have even made this procedure

explicit. In a second step, we have successfully compared the field theoretic results with

the predictions of five-dimensional M- and F-theory compactifications giving rise to theo-

ries with eight or sixteen supercharges. In this case, the couplings can be obtained from

purely geometric considerations determining the spectrum of the five-dimensional effective

theory. In a final step, using the duality between F-theory and heterotic string theory, we

4As already mentioned, we are not interested in the total overall normalisation of the effective action.
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have re-obtained the couplings through a one-loop computation in heterotic string theory

compactified on K3× S1, where K3 is realised as an elliptic fibration. Assuming that the

latter has no singularities, the spectrum is limited to include only a single tensor multiplet.

While we believe that it should in principle be possible to include more tensor multiplets,

we have not further investigated this question in the current work. All three approaches

in the end yield the same answer, which lends strong support to our understanding of

Chern-Simons terms at the quantum level.

We expect further applications of our results in other fields of physics. For example,

recent progress towards a description of the world-volume theory of multiple coincident

M5-branes has been achieved by studying five-dimensional non-Abelian gauge theories in-

cluding massive Kaluza-Klein modes [30–32]. We expect that Chern-Simons terms play an

important role in determining the quantum consistency of these approaches and may also

be relevant in extracting data of the M5-brane theory that are robust under dimensional

reduction. For example, the conformal anomaly of N coincident M5-branes shows a typical

scaling behaviour of the form N3 as was established using methods of the dual supergravity

theory [33], or more recently from matrix model approaches [34–36] or other field theoretic

methods [37, 38]. Non-perturbative topological string theory is yet another approach to

study coincident M5-branes [39]. We expect that this scaling behaviour can also be ex-

tracted by studying certain classes of Chern-Simons terms involving a background metric

(see [30] for some preliminary discussion).

Another possible application concerns higher-derivative corrections to black hole en-

tropy in supergravity and string theory. Indeed, as discussed in [40–43], a gauge-

gravitational Chern-Simons term of the form A ∧ tr (R ∧R) (or rather its supersymmetric

completion along the lines of [44]) plays a crucial role for the entropy and the attractor

behaviour of five-dimensional black objects. Upon further compactification on a circle,

these are also relevant four dimensional black holes. We thus expect our results to also be

relevant for future studies of quantum corrections to black holes, in the supersymmetric as

well as non-supersymmetric case.

Finally, we believe that results are not limited to five dimensions alone. Indeed, we

expect similar relations between Chern-Simons terms in odd-dimensional theories to higher-

dimensional anomalies. For some recent examples in three dimensions see e.g. [6]. In the

spirit of [7], Chern-Simons terms might be a useful tool in classifying a subclass of quantum

consistent theories in any number of dimensions.
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A Notations and conventions

We use Greek letters µ, ν, . . . for curved spacetime indices and Latin letters a, b, . . . for

flat spacetime indices. They both take values 0, . . . , 4. (Anti)symmetrisation on any kind

of indices is performed with weight one, e.g. X(µν) = 1
2Xµν + 1

2Xνµ. The metric gµν , the

vielbein eaµ, and the flat metric ηab are such that

gµν = ηabe
a
µe
b
ν , ηab = diag(−,+,+,+,+) . (A.1)

We adopt the following conventions for the Christoffel symbol and the curvature tensors,

Γρµν =
1

2
gρσ (∂µgνσ + ∂νgµσ − ∂σgµν) ,

Rλτµν = ∂µΓλντ − ∂νΓλµτ + ΓλµσΓσντ − ΓλνσΓσµτ . (A.2)

The Levi-Civita tensor is denoted εµνρστ and is such that

ε01234 =
√−g for curved indices 0, . . . , 4 , (A.3)

where g = det gµν . The wedge product, Hodge star, and exterior derivative of differential

forms satisfy

(α ∧ β)µ1...µp+q =
(p+ q)!

p!q!
α[µ1...µpβµp+1...µp+q ] , (dα)µ0...µp = (p+ 1)∂[µ0αµ1...µp] ,

(∗α)µ1...µ5−p =
1

p!
αν1...νpεν1...νpµ1...µ5−p , (A.4)

in which α is p-form and β is a q-form.

The spin connection ωµab = ωµ[ab] is determined by the vielbein eaµ according to the

torsionless condition

dea + ωab ∧ eb = 0 . (A.5)

The curvature two-form is given by

Rab = dωab + ωac ∧ ωcb =
1

2
eaλeb

τRλτµν dx
µ ∧ dxν , (A.6)

where in the last expression Rλτµν denotes the Riemann tensor defined in (A.2).

Five-dimensional gamma matrices γa are constant, complex-valued 4 × 4 matrices

satisfying the anticommutation relation

{γa, γb} = ηab . (A.7)

We always make use of the shorthand notation γa1...ap = γ[µ1 . . . γµp] and we work in a

representation of gamma matrices such that

γabcde = i εabcde I4 . (A.8)

The matrix γ0 is taken to be anti-Hermitian, while γ1, . . . γ4 are Hermitian. The Dirac

conjugate of a spinor ψ is defined as

ψ̄ = ψ†γ0 . (A.9)

Our spinors are Grassmann variables. Note that in our convention complex conjugation

acts on products of Grassmann variables according to (ab)∗ = a∗b∗.
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B Gravitational perturbative expansion

In this appendix we record some useful identities about the gravitational perturbative

expansion around flat spacetime. More precisely, we assume a metric of the form

gµν = ηµν + hµν , (B.1)

and compute some geometrical quantities derived from the metric in a formal power series

in hµν . On the right hand side of the following identities, indices are raised and lowered

with the flat metric ηµν and its inverse. For instance, hµν = hλτη
λµητν .

The total inverse metric and volume form are given by

gµν = ηµν − hµν + hµλhλ
ν +O(h3) ,

√−g = 1 +
1

2
hµµ +

1

8
(hµµh

ν
ν − 2hµνhµν) +O(h3) . (B.2)

The Christoffel symbols and the Riemann tensor are expanded as

Γρµν =
1

2
(ηρσ − hρσ)(∂µhνσ + ∂νhµσ − ∂σhµν) +O(h3) ,

gρτR
τ
σµν =

[
−1

2
∂ρ∂µhσν −

1

8
∂λhµρ∂

λhνσ +
1

8
∂µhσλ∂νhρ

λ − 1

4
∂ρhµλ∂νhσ

λ +
1

8
∂ρhνλ∂σhµ

λ

+
1

4
∂µhρλ∂

λhνσ −
1

4
∂ρhνλ∂

λhµσ − (µ↔ ν)

]
− (ρ↔ σ) +O(h3) . (B.3)

In order to couple spinors to gravity we need to introduce a vielbein eaµ. It is deter-

mined by the metric only up to local Lorentz transformations. We fix this ambiguity by

imposing the gauge condition

ηabδ
b
[λe

a
µ] = 0 , (B.4)

where the Kronecker delta plays the role of the vielbein for the flat metric ηµν . We thus

find the following expansions of the vielbein and its inverse,

eaµ = ηabδb
λ

[
ηλµ +

1

2
hλµ −

1

8
hλτhµ

τ +O(h3)

]
,

ea
µ = ηabδ

b
λ

[
ηλµ − 1

2
hλµ +

3

8
hλτhµτ +O(h3)

]
. (B.5)

Finally, let us record the expansion of the flat components of the spin connection, which

enter the fermion covariant derivatives:

ec
τωτab = δc

ρδa
µδb

ν

[
−1

2
∂µhνρ −

1

2
hντ∂

τhµρ +
1

2
hρτ∂µhν

τ

+
1

2
hντ∂µhρ

τ +
1

4
hντ∂ρhµ

τ − (µ↔ ν) +O(h3)

]
. (B.6)
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C Feynman rules

In this appendix we collect the Feynman rules that can be extracted from the massive

actions (3.1), (3.5), (3.3). The propagators are read from the free actions where Aµ = 0

and gµν = ηµν . The interaction vertices are obtained by expanding (3.1), (3.5), (3.3) up to

second order in the metric perturbation hµν , introduced in (3.22).

In all Feynman rules symmetrisation with weight one on graviton polarisation indices

is understood. Moreover, the momenta of vectors and gravitons are always taken to be

entering the vertex, while the momenta of massive fields flow in the same direction as

specified by the charge arrow.

C.1 Spin-1/2 fermion

p =
−/p+ ic1/2m

p2 +m2

λ

p

k
= −qγλ

µν

p

k
=

1

2

(
ic1/2m+

1

2
/P

)
ηµν −

1

4
γµPν , P ≡ 2p+ k

µ2ν2 p

p1

p2

µ1ν1

=
1

4

(
ic1/2m+

1

2
/P

)
(ηµ1ν1ηµ2ν2 − 2ηµ1µ2ην1ν2)

+

[
1

16
γµ1µ2λp

λ
1 −

1

8
γµ1Pν1ηµ2ν2 +

3

16
γµ1Pµ2ην1ν2 + (1↔ 2)

]
,

P ≡ 2p+ p1 + p2

µ0 p

p1

p0

µ1ν1

= −1

2
qηµ1ν1γµ0 +

1

2
qηµ0µ1γν1

C.2 Massive self-dual tensor

In the following expression antisymmetrisation with weight one on tensor polarisation in-

dices is understood.

ρρ′ σσ′
p =

1

p2 +m2

{
−icBερρ′σσ′λpλ − 2imηρσηρ′σ′ − 4im−1ηρσpρ′pσ′

}

λ

p

ρρ′

σσ′

k
= −1

4
icBqερρ′σσ′λ
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µν

p

ρρ′

σσ′

k
= −1

4
imηµνηρσηρ′σ′ + imηµρηνσηρ′σ′

µ2ν2 p

ρρ′

σσ′

p1

p2

µ1ν1

= −1

8
im(ηµ1ν1ηµ2ν2 − 2ηµ1µ2ην1ν2)ηρσηρ′σ′ − imηµ1ρην1σηµ2ρ′ην2σ′

+

[
1

2
imηµ1ν1ηµ2ρην2σηρ′σ′ − imηµ1µ2ην1ρην2σηρ′σ′ + (1↔ 2)

]

µ0 p

ρρ′

σσ′

p1

p0

µ1ν1

= 0

C.3 Spin-3/2 fermion

ρ σ
p =

1

p2 +m2

{(
ηρσ +

pρpσ
m2

)
(−/p+ ic3/2m)

+
1

4

(
γρ +

ipρ
c3/2m

)
(−/p− ic3/2m)

(
γσ +

ipσ
c3/2m

)}

λ

p

ρ

σ

k
= −qγρλσ

µν

p

ρ

σ

k
=

1

2

(
1

2
γρλσP

λ − ic3/2mγρσ
)
ηµν +

1

4
γρσµPν

− 1

4
ηµνγρkσ+

1

4
ηµνγσkρ+

1

4
ηµργνkσ−

1

4
ηµσγνkρ−

1

4
ηµργσkν+

1

4
ηµσγρkν

+
1

2

(
1

2
γσλµP

λ−ic3/2mγσµ
)
ηνρ−

1

2

(
1

2
γρλµP

λ−ic3/2mγρµ
)
ηνσ ,

P ≡ 2p+ k

µ2ν2 p

ρ

σ

p1

p2

µ1ν1

=
1

4

(
1

2
γρλσP

λ − ic3/2mγρσ
)

(ηµ1ν1ηµ2ν2 − 2ηµ1µ2
ην1ν2)

+

[
− 1

8
γρ(p1 + p2)σ (ηµ1ν1ηµ2ν2 − 2ηµ1µ2

ην1ν2)

+
3

8
ic3/2mγσµ1

ηµ2ρ ην1ν2 +
1

4
ic3/2mγµ1µ2

ην1σ ην2ρ

− 1

8
γσµ1µ2

Pν1 ην2ρ+
1

8
γσµ1µ2

Pν2 ην1ρ+
1

8
γµ1µ2λ P

λ ην1ρ ην2σ−(ρ↔ σ)

]
+

[
− 1

16
γρσµ1µ2λ p

λ
1 ην1ν2 +

1

8
γρσµ1 Pν1 ηµ2ν2−

3

16
γρσµ1 Pµ2 ην1ν2 +(1↔ 2)

]
+

[
− 1

8
γσ p1µ1

ην1ρ ηµ2ν2−
1

16
/p1 ηµ1µ2

ην1σην2ρ+
3

16
γσ p1µ2

ηµ1ρ ην1ν2
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+
5

16
γσp1µ1

ηµ2ρ ην1ν2−
1

8
γµ2

p1µ1
ην1σ ην2ρ−

1

4
γσp1µ2

ην2ρ ηµ1ν1

+
1

4
γµ1p1µ2 ην2ρ ην1σ+

1

8
γµ2p1 ρ ηµ1σ ην1ν2−

1

8
γµ1p1 ρ ην1σ ηµ2ν2

− 1

8
γµ2p1 ρ ηµ2σ ηµ1ν1 +

1

4
γµ1p1 ρ ηµ2σ ην1ν2−

1

4
ic3/2mγσµ1 ην1ρ ηµ2ν2

+
3

16
γσµ2λ P

λ ηµ1ρ ην1ν2−
1

8
γσµ1λ P

λ ην1ρ ηµ2ν2−(ρ↔ σ)+(1↔ 2)

]
,

P ≡ 2p+ p1 + p2

µ0 p

ρ

σ

p1

p0

µ1ν1

= −1

2
qηµ0µ1

γν1ρσ +
1

2
qηµ1ν1γµ0ρσ −

1

2
qηµ1ργµ0ν1σ +

1

2
qηµ1σγµ0ν1ρ

D Torus integration

In this appendix we perform the integral (5.11) over the world-sheet torus. It can be done

in a straight-forward manner using lattice reduction techniques (see [45]).5 To this end,

we begin by introducing the Siegel-Narain theta-function (without insertions) of the Γ(1,1)

Narain lattice

Θ(1,1)(τ, τ̄ ;P ) :=
∑

λ∈Γ(1,1)

eπiτ(P+(λ))2−πiτ̄(P−(λ))2 , (D.1)

and pick a basis of lattice vectors Γ(1,1) = 〈e, f〉Z. Moreover, we view the Narain momenta

introduced above as projections P± of the isometry P : Γ ⊗ R → R1,1 to R1,0 and R0,1

respectively

P+(λ) := PL = 1√
2

(
m
R − nR

)
,

P−(λ) := PR = 1√
2

(
m
R + nR

)
,

for λ = (n;m) ∈ Γ(1,1) , (D.2)

where we have used the same parameterisation as in [12] in terms of the modulus r. Fol-

lowing the notation of [46], we can pick a primitive null vector z ∈ Γ(1,1) along which we

can reduce Γ(1,1) to the trivial lattice. Upon denoting z± := P±(z) we get for (5.11) [45]

I(r) =
Ired√
2z2

+

+

√
2

z2
+

∞∑
`=1

1∑
t=0

c(0, t)

(
2z2

+

π`2

)t+1

Γ(t+ 1) . (D.3)

Here Ired is another torus integral, however, without a Siegel-Narain theta function in the

integrand

Ired =
1

2ζ(2)

∫
d2τ

τ2
2

ˆ̄G2(τ, τ̄)F̄ (τ̄) =
3

2π3

[
Ḡ2

2(τ̄) F̄ (τ̄)
] ∣∣∣∣
q̄0

= −48π d0 . (D.4)

with G2k := 2ζ(2k)E2k. Moreover, the information about the modular form F̄ (τ̄) enters

into (D.3) through the coefficients c(0, t). To be precise, they are the Fourier coefficients

5Other techniques for computing such integrals can be found in [47–53].
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of the expansion of the following modular invariant function

Ê2(τ̄)F (τ̄) =

∞∑
k=−1

1∑
t=0

c(k, t) q̄kτ−t2 . (D.5)

Before giving the explicit expression for I(r), there is one more crucial point which needs

mentioning. The expression (D.3) is only valid under the assumption that z+ is sufficiently

small. Since z+ (through the projection P+) depends on the modulus r, a particular choice

of z will only be valid in a certain region of the moduli space (chamber dependence).

Therefore, in order to cover all chambers, we need to consider reductions along different

vectors. A convenient choice is to set z = e, in which case (see [46]) z2
+ = r2

2 which is

a valid choice for r < 1. From this we can deduce the result in the chamber r > 1 by

exchanging r ↔ 1
r . The full answer then takes the form

I(r) = −d0π θ(1− r)
[

48

r
− 2

1∑
t=0

ζ(2 + 2t)Γ(t+ 1)

πt+2

c(0, t)

d0
r2t+1

]
+

(
r ↔ 1

r

)
= −8d0π

[
6

(
r +

1

r

)
+ 5

(
rθ(1− r) +

θ(r − 1)

r

)
− 2

(
r3θ(1− r) +

θ(r − 1)

r3

)]
,

(D.6)

This expression is also consistent with the expression for I0 in (5.10) first computed in [12].
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