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1 Introduction

Higher-order curvature terms in supergravity theories are of considerable importance for
different reasons. They can be considered as higher-order correction terms (in o) to an
effective supergravity Lagrangian of a (compactified) string theory (see, e.g., [1]). These
Lagrangians are supersymmetric only order by order in the perturbation parameter o’. On
the other hand off-shell formulations for different curvature squared invariants in 4, 5 and
6 dimensions have been constructed in [2-7]. These invariants, added to a pure off-shell
supergravity theory, are exactly supersymmetric and can be considered in their own right.
The off-shell nature of these theories implies that they contain auxiliary fields. It is well-
known that, when adding higher derivative terms to the Lagrangian, the auxiliary fields
become propagating. Hence, the elimination of these auxiliary fields becomes much harder
since their field equations are not algebraic anymore. Assuming that the dimensionful
parameter in front of the higher derivative part of the Lagrangian is very small, one can
solve the auxiliary field equations perturbatively and eliminate these fields order by order
in the small parameter. It remains an open question if and how the on-shell Lagrangian



obtained in this way is related to the compactified string Lagrangian, which does not
contain any auxiliary fields to begin with.!

Theories containing higher-order curvature terms can provide corrections to black
hole entropies [9-11] and can source higher-order effects in the AdS/CFT correspon-
dence [12, 13]. When considering these theories as toy models on their own they can
be compactified to lower dimensions. A particular case to consider is the compactification
to three dimensions [8]. A particular feature of three dimensions is that D = 3 gravitons
are non-propagating when only considering 2-derivative Lagrangians. Instead, the addition
of higher-derivative terms can turn these non-propagating modes into propagating massive
graviton modes, see, e.g., [14] and references therein. These theories can then be regarded
as simple toy models to study quantum gravity.

In this paper we study higher-order corrections to a six-dimensional (1,0) supersym-
metric U(1)g gauged Einstein-Maxwell supergravity theory, usually referred to as the
Salam-Sezgin model [15], which is a special case of a Sp(n) x Sp(1) g gauged matter-coupled
supergravity theory that was first obtained in [16]. We shall refer to this more general case
as 6D chiral gauged supergravity as well. An intriguing feature of the Salam-Sezgin model
is that it allows a compactification over S? to a four-dimensional Minkowski spacetime
while retaining half of the supersymmetry [15]. One of the purposes of this work is to
investigate whether this feature survives after the addition of higher-order derivative cor-
rections. To facilitate the addition of such higher-order corrections to the model we will
first construct its off-shell formulation. It turns out that this is only possible for the dual
formulation of the model where the 2-form potential B has been replaced by a dual 2-form
potential B [17, 18]. This has the effect that the curvature of the original 2-form potential
no longer contains a Maxwell-Chern-Simons term, but that instead a term of the form
B A F AF, where F is the Maxwell field strength, appears in the Lagrangian.

To construct the off-shell formulation we will make use of the superconformal tensor
calculus. As a first step we will review the construction of off-shell minimal D = 6 super-
gravity [19, 20]. In this construction one makes use of the dilaton Weyl multiplet (obtained
by coupling the regular Weyl multiplet to a tensor multiplet) coupled to a linear multiplet
as compensator. After fixing the conformal symmetries, this theory still has a remaining
U(1) R-symmetry which is gauged by an auxiliary vector V,. We will couple this ‘pure’
theory to an Abelian vector multiplet and show that after solving for the auxiliary Vyu, the
gauging proceeds via the vector W, of the Abelian vector multiplet.

After constructing the off-shell formulation of the gauged (1, 0) supergravity theory, we
investigate its deformation by an off-shell curvature squared invariant [2, 3]. To construct
this invariant it is essential to make use of the dilaton Weyl multiplet. We review the
construction of this higher-derivative term and add it to the off-shell (1,0) supergravity
theory. Next, we study the gauging procedure in the presence of the Riemann tensor
squared invariant.

The elimination of auxiliary fields in higher derivative theories has been discussed in [4]. A conjec-
tured duality between a supergravity Lagrangian with the auxiliary fields eliminated perturbatively and a
compactified string Lagrangian, without auxiliary fields, can be found in section 5 of [8].



As a first step towards understanding the properties of the higher-derivative extension
of the model we perform a systematic search for vacuum solutions. We construct both su-
persymmetric as well as non-supersymmetric solutions. For one particular supersymmet-
ric solution, namely six-dimensional Minkowski spacetime, we calculate the fluctuations
around this background and show how these fluctuations fit into supermultiplets.

This paper is organized as follows. In section 2 we review the off-shell version of the
(1,0) supergravity model [19, 20] and describe its gauging. In section 3, we introduce
an alternative off-shell formulation of the model in view of the fact that it is best suited
for the addition of the Riemann tensor squared invariant [2]. In section 4 we discuss the
construction of the Riemann tensor squared invariant and arrive at the total Lagrangian
for the higher-derivative extended 6D chiral gauged supergravity theory. In section 5, we
investigate the vacuum solutions of this model. We summarize and comment further on
our results and on some interesting open problems in the Conclusions section. Throughout
the paper we follow the notation given in appendix A of [20].

2 Off-shell gauged (1,0) supergravity

In this section we present an off-shell version of the dual formulation [17, 18] of the Salam-
Sezgin model [15, 16]. In the first subsection we give the off-shell Lagrangian of pure
supergravity plus a tensor multiplet as constructed in [19, 20]. In the next subsection we
couple a vector multiplet to this theory and show that the resulting Einstein-Maxwell model
leads to a non-trivial U(1) gauge symmetry that is not gauged by an auxiliary vector field.
In the last subsection we show that after eliminating the auxiliary fields one ends up with a
Lagrangian in which the U(1) gauge symmetry is effectively gauged by the physical vector
of the vector multiplet. We furthermore show that, after dualizing the 2-form potential
into a dual 2-form potential, this Einstein-Maxwell model is nothing else than the original
Salam-Sezgin model.

2.1 Off-shell Poincaré action

The off-shell (1,0) supergravity action has been constructed by means of a superconformal
tensor calculus in which the off-shell so-called dilaton Weyl multiplet with independent
fields

{e ), By V7 by, 0" o} (2.1)

and Weyl weights (—1,—-1/2,0,0,0,5/2,2), respectively, is coupled to an off-shell linear
multiplet consisting of the fields

{Eupo, LY 0"}, (2.2)

with Weyl weights (0,4,9/2), respectively. The fields (@blﬂ, Y, ') are symplectic Majorana-
Weyl spinors labelled by a Sp(1) g doublet index, the fields B and E are two- and four-forms
with tensor gauge symmetries, respectively, b, is the dilatation gauge field and L;; are three
real scalars. An appropriate set of gauge choices for obtaining off-shell supergravity with



the Einstein-Hilbert term, namely £ =eR + - - -, is given by

1 .

E 51,] s 902 = 0, b//' =0 (23)
which fixes the dilatations, conformal boost and special supersymmetry transformations.
Moreover, the first of the gauge choices in (2.3) breaks Sp(1)r down to U(1)r. This set of
gauge choices leads to an off-shell multiplet containing 48 +48 degrees of freedom described
by the fields [19] (see table 5 of [20])

ex® (15), V7 (12), Vi (5), B (10), o (1), Eupe (5); ¢u' (40), ¢ (8). (2.4)

The field V, is the gauge field of the surviving U(1)r gauge symmetry. It arises in the

Ll'j =

decomposition
V=V 4+ 509, Ve =0, (2.5)

where the traceless part Vﬁj has no gauge symmetry. A superconformal tensor calculus
method was employed in [19] where the bosonic action was given, and a procedure for
obtaining the full action was provided. This full action, including the quartic terms, was
constructed in [20]. The Lagrangian up to quartic fermion terms is given by [19, 20] 2

. 1 1 _ 1 . g
e lﬁR’LZI = §R — 30 20,000 — 21 >Fup(B)FMP(B) + V), Vi
1 1 1 . )
1P Bt EEW“ B fﬁEﬂ%VWV@/’i@j

1

=5V Dy(w)ty = 202y D) ()¢ + 0 Ay Y Do (2.6)
1 -1 A urp T —1,7 puvp A —2,7 Uvp
137 Fuve(B) (w YV T Ao T Ny Py — o ey w) :
The indication L = 1 in the left-hand side indicates all the gauge choices (2.3). Here we

have defined the field strength for the 2-form potential and the dual of the field strength
for the 4-form potentials as follows?

Flup(B) = 30,B,,, (2.7)
L v1ev,
E¥ = ﬂe 16“ . 58[V1E1/2-~-1/5} . (28)

The U(1)g covariant derivatives D, (w) and the full SU(2) covariant derivatives D (w) are
given by

; 1 . 1 y
Du(w)% = <8u + 4wuab’7ab> 1/112/ - ivu(sljwuj y (29)

: 1 T o
D (w)y* = <8u + 4Wuab'7ab> W' = SVu8 e+ V7 (2.10)

#We use the conventions of [20]. In particular, the spacetime signature is (— 4 + + ++), Yay.as =
Cay-ag Ve, V€ = € With; = —hjep; and Piyuh; = biyu1hi. These conventions differ from those in [19] in
using signature (— + ...+) rather than the Pauli convention (+ + ...+), in rescaling V.; by a factor of
—1/2, and the minus sign in the definition of the Ricci tensor. The signature change merely results in
rescaling "1 ~#¢ by a factor of i.

3Note that the definition of E* here is purely bosonic, and it differs from the definition used in [19, 20],
where it is a superconformal covariant expression with fermionic bilinear terms.



where w4, is the standard torsion-free connection. Note that the symmetric traceless
field V,{Lij , occurring in the decomposition (2.5), is absent in the covariant derivative of the
gravitino [20]. This is a consequence of having broken the SU(2) symmetry present in the
dilaton Weyl multiplet by the gauge choices (2.3). In the above formula, and throughout the
paper the spin connection w,,q; is the standard one associated with the Christoffel symbol,
and as such, it does not depend on fermionic or bosonic torsion. The supersymmetry
transformations, up to cubic fermion terms, are obtained from section 2 of [20]:

1_
de " = 567“1&,“

i i 1 i ij g
Oy = Du(w)e' + go 'y - F(B)yue = Vilej + '
5B;w = —UEWWZJV} — Y,
i1 i g i
Mt = ZSV-F(B)E + Zéﬁ‘ae on',
o = e, (2.11)
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ety F(B)Y)

where D, (w)e' is defined as in (2.9), R, *(Q) is the gravitino curvature and n; is the
effective contribution from the S-supersymmetry in the superconformal algebra:

. 1 1
D“(w)e’ = <(9# + w““b'yab> € — ivﬂé”ej ,

4
R,uyi(Q) = 2D[M(w)¢]lj} - 2V[//jjwu]j7 (212)
— ZApp Gl T AR
Nk 4(’7 V107 23 e e)ézk. (2.13)

The latter equation gives the compensating special supersymmetry transformation param-
eter in the gauge ¢! = 0, as can be read off from eq. (3.37) of [19]. Note that the U(1)g
part of V,ij has dropped out in this expression. The surviving U(1)r symmetry of the
Lagrangian Lp is gauged by the auxiliary gauge field V,,, which acts as follows?

1 . »
SOWa=0A, S = 50Ny, SO = 00y, (214)

with A being the parameter of the gauged symmetry.

4The U(1)g is the subgroup of the full SU(2), under which the gravitino transforms as
i i g Ly i
57/’# =-A ﬂ/’u] = (/\ ]+§/\5J> Yuj s

where A" is traceless. A similar formula holds for 1°.



2.2 Coupling to an off-shell vector multiplet

We now wish to introduce a gauge multiplet, whose vector is not auxiliary, to gauge the
U(1) R-symmetry. The present gauging by V,, discussed in the previous subsection, is
undesirable since V,, has no standard kinetic term. In fact, we will show in subsection 2.3
that the gauge symmetry becomes trivial after solving the 4-form potential in terms of a
scalar field.

To obtain this non-trivial gauging we follow [19] and add to Ly the kinetic terms for
an abelian vector multiplet £y. The multiplet consists of the fields (W, Y;;,€2;), being a
physical gauge field, an auxiliary SU(2) triplet, and a physical fermion. They transform
under dilatations with Weyl weights (0,2,3/2), respectively. We add the coupling gLy,
of the vector multiplet to the compensating linear multiplet. Prior to fixing any of the
conformal symmetries, these Lagrangians, up to quartic fermion terms, are given by [19]

1 , )
e Ly = a(—ZFW(W)FW(W) — 209D, (W) + Y”Yij)

1 o
—Ee_le“”””’\TBWFPU(W)FAT(W) — 40T Y,

1, - _ 1 -
+3 (oyy - F(W), + 20y - F(W)) + o FB)Q, (2.15)
. _ o 1
efl,CVL = Y;jL” +2Qp — Lljwm"y'uﬁj + §WME“, (2.16)

where D, (w)Q? is defined as in (2.10). This action has the full SU(2) symmetry.
The coupling of the vector multiplet to supergravity is then achieved by considering

the Lagrangian

Ly = (»CR + Ly + gﬁVL) ‘L:l : (2.17)

where as before ‘L = 1’ refers to the set of gauges given in (2.3). This formula, up to

quartic fermion terms, yields the result

-1 C -2 1% Y;
(& 1 = —-R— -0 8“0'8 o+ 79(5” 7 T a4

g 1 1 1
/ /
+V#”V“ij - ZEMEM + ﬁEu <VN + \/igwu)

3 1 1
+oY Y = Lo B (W)FM (W) — Ee*lesWﬂWB,wFp(,(Vi/)m(vr/)

1 - 2.7 27 v
_iwp’YHVpDu(w)wu — 20 Q@D’YMD:L(WM/} +o szf)’ufy W%U

072 Fyu,(B)F**(B)

1 - 7 v T -1 v =27 v
=15 g (B) (S0 g™ + 40 1y N — Aoy 0y
1 i v, L ia A e
—mEpU)“VW VYl0ij — 595 I "y — 2009 D, (W)Q — 4Y 7 Q15
1 ) v ) v 1 e v
5B (W) (0974 + 2094 ) + — Fyup (B)079 (2.18)

The action corresponding to the Lagrangian £ is invariant under the supersymmetry trans-
formations (2.11) supplemented by the supersymmetry transformations of the components



of the off-shell vector multiplet. The transformations of the latter are given up to cubic
fermion terms by [19]

oW, = =&y,

591 = g’)/ . F(W)Ez — §YU€]‘ s

y 1 . | 1. o
oYY = — eyt (DL — gy FOVI + 3V ) 47190 4 (162 ), (219

where 7 is as defined in (2.13). The Lagrangian £; also has a manifest U(1)g x U(1)
symmetry with transformations parametrized by A and n

WV = OuA, oW, = 0un,

S, = %A(siﬂwm, St = %Aé%,“-, o0 = %w‘mj, (2.20)
where (A, n) are the parameters of the (U(l) R,U(l)) symmetry, respectively.

2.3 Elimination of auxiliary fields

We consider Lagrangian £; given in (2.18), and begin by writing down the field equations
for the auxiliary fields Y;;, Vi, Vi, Euwpo:

1 _
0=0oY+ i — 2Q005 2.21
O Xij 2\/59 J ) ( )
0= Vﬁj + (0—2&1‘%‘@[}]‘ + JQWHQj — trace) , (2.22)

1 . _
0=FE"+ \/5(5” <4¢Vi’yuyp¢pj — 0 Qlﬁi’yuwj — O'Qi’}/MQj> s (223)
1 _ . .

0 = P9, | B, — V2V, — gW, + —=1",, ﬁﬂ&,) : 2.24
b ( g oA gy by (2.24)

The elimination of Yj; in (2.18) by means of (2.21) gives a positive definite potential ;g%

and the elimination of Vﬁj by means of (2.22) gives only quartic fermion terms in the action.
Next, (2.24) implies that locally we can write

1 RZ! j
E,— V2V, — gW, + 2751/’ Vuvp¥™ 0ij = Oudp, (2.25)

for some scalar field ¢ transforming under the U(1)r x U(1) transformations (2.20) as
6 = —gn —V2\ . (2.26)

The terms in (2.25) can be rearranged to write
1
22

with the covariant derivative of the scalar field defined as

Eu = Dud’ - &Vi’)/uupl/}pj 5@']’ , (2‘27)

Dyd = 0y + V2V, + gW,, . (2.28)



Using (2.27) to eliminate £, in the Lagrangian (2.18) amounts to dualization of the 4-form
potential E,,,, related to E, as in (2.8).5

The shift symmetry (2.26) can be used to eliminate the scalar field ¢, by setting it to
a constant ¢o. This in turn implies a compensating A = —gn/+/2 transformation, leading
to an unbroken U(1) symmetry. Eliminating ¢ in this way, (2.23) and (2.25) imply

1 o
YV + ﬁgWu = (O‘ 21/) Yt + o VMQJ) dij s (2.29)

Using this equation and (2.23) in the terms involving £, in the action gives rise to only
quartic fermion terms. The use of (2.25) in the fermionic kinetic terms, however, has the
effect of replacing V,, by —gW,/ V2, up to quartic fermion terms in the action. Thus,
altogether, the elimination of all the auxiliary fields yields, up to quartic fermion terms,
the following Lagrangian:

1 1 1 1
e Lng = §R — 50_28HU(9“0 — Zgza_l — ﬂJ_QFWp(B)FW/’(B)
1 1
=30 Fuw (W) F" (W) + e LetvpoXT B o (B) Fyy (W)W,
1_ _ _
— 5" Dty — 20 2 Dyp — 2007 D,Q
+o 2y O + 72?/55” (Va9 + 4o~ Qi;)
1 _ _ 1 _
+5 (W) (e Y4, + 209" y) + 75 o (B)2/PQ) (2.30)
1 -1 TA nge T —1.7 puvp. A —2.7 _ uvp
——0 Fu,(B )(1/1 VY P YT F Ao APy p — 4oy ¢) :
where
i _ ) 1 ab 7 iJ
D/L’IJZ}V - 1 + Zwu YVab 77Z}1/ + 2fgW 5 QZJV] ’
< 1
D =10 ~,, ab i W 5@]
;ﬂﬁ ( u+4wu 'Yab)@b +2\/>g %7
, 1 . 1 y
DY = (0, + - w, v | B+ —=gW, 070, . 2.31
p <M+4wu 'yab) MW AL (2.31)
This Lagrangian has the on-shell supersymmetry given, up to cubic fermion terms, by the

transformation rules for (ez,wi,BW,wi,a) in (2.11), and for (W, ) in (2.19), with the
replacements

- 1 - 1 - .
YV o ———go 7, OV, - ——=gW,, VI =0, f = 0. (232
2v2! g NoX g ! (232

The last substitution is due to the fact that the elimination of V,’fj and £, in (2.13) gives rise
to quadratic fermion terms only. These results agree with the Lagrangian obtained in [17]

5The same result is obtained by adding a total derivative Lagrange multiplier term eE*d,¢ to the
Lagrangian (2.18) and integrating over E*.



by direct application of the Noether procedure based on the on-shell closed supersymmetry
transformations.

A dual formulation in which the field equation and Bianchi identity for the 2-form
potential are interchanged is easily obtained by adding a Lagrange multiplier term

1 ~
AL = ﬂE“VpJATFMVp(B)aaB)\T. (2.33)

Treating F),,,(B) as an independent field in £ + AL, its field equation can be used back
in the action, yielding
—1 _ 1 1 728 o 1 2 _—1 1 2 nvp 1 %
e " Lgs = ER_ 50 G000 — 29707 — 10 GpGHP — ZUFMV(W)F (W)
1- . _
— 5P Dty — 20 2Py Dyip — 200D,

+a*21/7jyfy“’y”w8ua + 2\%5” (ﬂui’y“ﬂj + 4071@%)

1 _ _ 1 _
+§FW(W) (e Py 4, 4+ 2097 ) — §UZGWpryWPQ
1 " =17 v, =2, 7~ MV
+59Guwp (@bAfym"””mwT — 4oy Py — Ao eyt ”¢) ;o (2:34)
where
Guvp =30, By, + 3F,, (W)W, . (2.35)

This Lagrangian has the on-shell supersymmetry given, up to cubic fermion terms, by the
transformation rules for (ez,wi,Buu,wi,a) in (2.11), and for (W, ) in (2.19), with the
replacements

. 1 . 1 .
YvY — ——2\/590_15”, Vi — —ﬁgWu, Vi =0,
~ 1 .
B, — B, Fuy(B) — ga%swpmam, n— 0.  (2.36)

These results agree with [15-17], after taking into account the fact that some of the fermions
are to be redefined by scaling them with a suitable power of the scalar field o.

3 An alternative off-shell formulation

Starting from a superconformal coupling of the dilaton Weyl multiplet to the compensating
linear multiplet, we made the set of gauge choices (2.3) which led to an off-shell Poincaré
supergravity with field content (2.4). If we do not insist on the canonical Einstein-Hilbert
term in the action, there exists a natural alternative set of gauge choices given by

1 .
o=1, Lij=-=0;L, %' =0, b,=0 (3.1)

V2

which fix the dilatations, conformal boost and special supersymmetry, and lead to an
alternative off-shell Poincaré multiplet consisting of the fields

e (15), V7 (12), Vu (5), Bu (10), L (1), BEupe (5); v’ (40), ¢ (8). (3:2)



Compared to the previous multiplet given in (2.4) ¢ and v are replaced by L and ¢!, and
therefore this multiplet again has 48 448 off-shell degrees of freedom. It turns out that this
formulation of the off-shell Poincaré multiplet is very convenient in the construction of the
only known off-shell higher derivative invariant in D = 6, which is a supersymmetric com-
pletion of the Riemann tensor squared [2]. What makes the gauge choice (3.1) very useful
in this construction is that it furnishes a map between the off-shell supersymmetry trans-
formations of the Yang-Mills and Poincaré multiplets. We shall review this construction
in the next section. Here we shall focus on coupling a vector multiplet to this alternative
Poincaré supermultiplet. This amounts to seeking an expression for £ = Lr + Ly + gLy L
in the gauge (3.1).

Starting from (2.15) and (2.16), it is straightforward to obtain £y and gLy in the
gauge (3.1). To construct the Einstein-Hilbert Lagrangian in this gauge, on the other
hand, we first restore superconformal invariance® by performing suitable field redefinitions
in (2.6). This is achieved by replacing the fields that transform under dilatations and
special supersymmetry by

~a _ 71/4_ a
e, = L7"e,”,

i i Lo g
ol = LY8 (wu - 2\/§L 15%%) ,

~ T T % e NI N SRR S
Vi =V, — 72L 15k(290k¢uj) T gL 26[16]1690[7#‘»0’“

V2

& =LY%, (3.3)

which are invariant under dilatations and special supersymmetry, as can be checked by
using the transformation rules given in [19]. Next, we impose the gauge choices (3.1).
Thus, we construct the Lagrangian

Ly = (CR + Ly + gﬁVL> ‘U , (3.4)

where Lp is the Lagrangian given in (2.6) with the field redefinitions (3.3) performed, such
that the superconformal invariance is restored, and o = 1 refers to all the gauge choices
of (3.1). A summary of the different gauge conditions and what parts of the superconformal
Lagrangian they affect can be found in table 1.

5To be precise, we restore superconformal invariance partially since we do not restore the K-symmetry.

,10,



Gauge choices | Lr (L, p,0,¢) | Lg2 (0,9) | Ly (0,¢) | Lyr, (L, p)
L=1¢=0 breaks SC SC SC breaks SC
o=1,¢9"=0 breaks SC breaks SC | breaks SC SC

Table 1. This table shows which gauge conditions leave which parts of the total Lagrangian
superconformal (SC) invariant and which parts not. In the top row we have indicated on which
fields the different parts of the superconformal Lagrangian depend.

Formula (3.4), up to quartic fermion terms, gives rise to the following expression:

1 1 1 g 1
—1 —1 )
=L L LOML + —gLéVY;; — —
e EQ 9 R+ 9 au 8 + \/59 J 24
iy 1 1 1
V'uye.. — Z[7'ErE, + — EF —qgW,
+LV, "V 1 #—i-\/? (Vu—i—ﬁg #

3 1 1
Y'Y — 5 Fu (W) F (W) — Ee_le“”””’\TBWFpU(W)F,\T(W)

_%L&p'VMVpDu(W)d}V - \/iéi'VuyDu(W)¢uj5ij + L_IQlD/(W)SD - ZQlD/(w)Q

LEwp(B)F*?(B)

1 _ . . 1 _ y
~g (B9 + VB¢ ) L7100l = 5 gL0in " 40"
_ 1- 1 - 1
+29Q0p + SOy - F(W)y + 5 Q- F(B)Q + ﬂlflgfw -F(B)y
1

15 LEwol(B) (W’Y[WW”%W + 2V2L My P67 )

1 _. . _ .
Tna (Bir i — VLT 91" + 2L 2P 00" )

1 L
+§V"“J (Zﬁ@kwm%k —3L 1%‘%%’) ; (3.5)

where £/, is not an independent field but rather the dual of the field strength for the four-
form potential, see (2.8), the derivative D,(w)1, is U(1) covariant as in (2.9), and the
derivatives D) (w)p and Dy, (w)€2 are SU(2) covariant as in (2.10).

The off-shell supersymmetry transformations for this Lagrangian are to be obtained
from those of the dilaton Weyl multiplet upon fixing the gauges (3.1). It is important to
note that the field redefinitions (3.3) are not to be performed in this process since these
transformations are independent of the linear multiplet fields that were used to impose the
gauge choices (2.3). In obtaining these transformations, the compensating transformations
required to maintain the gauge (3.1) must also be incorporated. These are a compensating
special supersymmetry transformation and a compensating (traceless) SU(2) transforma-
tion with parameters given by (up to cubic fermion terms)

i 1 7
n @V - F(B)e',
g 1 o
1y o 1k (i 59)1
Y N7 (S 5 ekl), (3.6)
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where” 1
S = glih) 551'3‘5—%45,% (3.7)

is the supersymmetry transformation of the traceless part of L“. Note that the prime
stands for ‘traceless’, i.e. S'% 0;; = 0. These compensating transformations can be obtained
from the transformation rules for 1* and L¥ given in [19)].

Thus, using the supersymmetry transformation rules for the dilaton Weyl multiplet
provided in [19, 20], the gauge conditions (3.1) and the compensating transformations with
parameters given in (3.6), we find that the supersymmetry transformations of the off-shell
Poincaré multiplet, up to cubic fermion terms, take the form

1

5e,ua = iglyawyn
, 1 . 1 .
5%’ = O+ J0any™)e + V4 + Py (B)y e

5B;w = _E'Y[;ﬂ/}r/} )

; 1 . 1 ) 1 o 1 -

(5801 = 2\76’}/“5”({%116]' — Z'YMEHGZ + %W/lel(fk(sj)klzﬁj — T\/ﬁ[xé”’y . F(B)EJ y
1 o

0L = 762@35@,

V2

» ; 1 _
0B pe = LEZ'V[WPwi}(Sij - Tﬂﬂ’wm%@?

1. 1. A S
(5]/“ = §€Z’YVR#VJ (Q)(S” + 7€z,y . F(B)'(ﬂu](sij — QA,ZkVLJk(SZ‘j R

12
1 1 . | . »
5V/;U - §€(17VRW])(Q) + EE(Z’Y ‘ F(B)d}uj) - ZEkWVRuuZ(Q)ékééw
—ig'w CF(BYd, 66 + 9N — NG 5RY, (3.8)
where . i v L
R,uzz (Q) = 2D[u(w)¢y} - QVW wy]j + 17 Q/)[VFu]ab . (39)

The supersymmetry transformations of the off-shell vector multiplet are (up to cubic
fermion terms)

W, = —ev,,
i 1 uv i 1 ij
o = gfy F e — §Y €,
g A 1 1 .
oYY = —E("y“DL(w)QJ) + éE(W“’Y : F(B)%]) - ﬂg(l’Y ‘ F(B)Qj)
1 .. o
—*Yk(zgj)’}/ulbuk _ QA/(ZkYJ)k ) (3.10)

2

To keep the notation relatively simple we did not use the explicit expression for X’ in the
above transformation rules. Remember that it is given in (3.6).

Tt is instructive to write out the X parameter in components:

1 g2 Wiz o _ 1 g1

V2L V2L

)\/11 _ _)\/22 _
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Considering the Lagrangian (3.5) by itself, that is, without any higher derivative exten-
sion, all the auxiliary fields, namely (Vﬁj s Euvpo s Y) can be eliminated, thereby arriving at
the on-shell formulation. Computations similar to those described in detail in section 2.3
imply that the on-shell Lagrangian, up to quartic fermion terms, is obtained from (3.5) by
the following substitutions:
1295’7[/, Vi — _ L

2v/2 V2

The on-shell supersymmetry transformations, up to cubic fermion terms, are obtained

v _ gWu, V7 — 0, E, - 0. (3.11)

from (3.8) and (3.10) by making these substitutions, and dropping the transformation
rules for the auxiliary fields (E,, 0, V)i, Y¥).

4 Inclusion of the Ry, ., R***® invariant

In this section we add an off-shell supersymmetric Riemann tensor squared term to the
Lagrangian L9, defined in (3.4), which we constructed in the gauge (3.1). This gauge gave
rise to an alternative off-shell formulation of the Poincaré multiplet. In the first subsection
we begin with a review of the construction of the Riemann squared invariant [2]. In
the second subsection we consider the total Lagrangian and briefly discuss the gauging
procedure and the elimination of auxiliary fields.

4.1 Construction of the RumbRW“b invariant

To begin with, we shall review a map between the Yang-Mills supermultiplet and a set of
fields in the alternative Poincaré multiplet discussed in the previous section. We follow the
discussion in [3]. This map can be used, together with an expression for the superconformal
action for the Yang-Mills multiplet given in [19], to write down a supersymmetric Riemann
tensor squared action. We will describe this in detail below.

In establishing the map between the Yang-Mills and Poincaré multiplets, it is important
to consider the full supersymmetry transformations, including the cubic fermion terms
which have been omitted so far. In particular, this means that we need to keep track of the
complete spin connection, containing the fermionic torsion terms. This is due to the fact
that, while the fermionic torsion gave rise to only quartic fermion terms in the Lagrangians
considered above, in the case of the Riemann tensor square invariant under consideration
in this section, the same fermionic torsion will contribute to terms that are bilinear in
the fermion terms. We shall show this explicitly below. In the following, we shall need
the (full) supersymmetry transformation rules only for the fields (ej;, ¥, Vﬁj , Buy), and the
Yang-Mills multiplet fields (WJ , Q1 Y1) where I labels the adjoint representation of the
Yang-Mills gauge group.

We begin with the supersymmetry transformation rules of (ez,wu,l},ﬁj ,Bu) in the
gauge (3.1). Up to cubic fermions the transformation rules are already given in (3.8).
In this section we will, however, keep the complete SU(2) symmetry, i.e. we do not im-
pose LW = %Léij. In this way we do not need to accommodate for the compensating
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SU(2) transformations proportional to A’ in (3.8).8 The full version of the supersymmetry
transformations is given by [2]

1

(56,;1 - 567awuv
, o1 ; i 516 €
A waab%bel + V'€ = Du(@y)e + V'€
g ISP L ., 5 j
VI = =@ RD(Q) + el F(B
6B;W = _E'Y[,u,wu]a (41)

where the fermionic torsion and the different supercovariant objects are defined as

Bs®™ = 3, + %ﬁuab(B%
8,2 = 267080, — MM 00,0, + K,
K = (20,098 + 5o?),
ﬁwp(B) = 30 Bug) + gqﬁ[/ﬂ”%] J
}A?;wi(Q) =2 (3[“ + i@+ [uab%b> %,]i + QV[,fjllJu]j . (4.2)

Next, we consider the following transformations [3]

~ al 1_ Da
0w, b — ——enuRR b(Q),

2
~ . ]_ P —~ /\a 77

OR™(Q) = e Rea™ (@) = F™ (V)e,

SP(V) = LD, Q) + iy FBR™(Q). (43)

where F,,”(V) and R,,%(@_) are the supercovariant curvatures of ¥, and @_ ,%, re-

spectively:

~ . o~ 1 - ,. -~ .
Eu (V) = Fu (V) = "Ry, (Q) = oy - F(BYb,”,

Ru™ (@) = Ry™ (@) + 97 B (Q),

N pabi Habi [P c Habi i pabj

DuR™(Q) = 0uR™(Q) + 30 eaR™(Q) + V' B (Q)

1 i ~ abij ~ Jacp b]i
_ZVCd@buchdab(wf) + F b ](V)wuj + 2"‘)7#[ Rcb] (Q) . (4'4)

8In this section we only want to establish a map between the Poincaré multiplet and the Yang-Mills
multiplet and propose an R2-invariant based on the action for the Yang-Mills multiplet. Both actions are
invariant under the SU(2) R-symmetry. To prove the validity of this map, we need the full nonlinear SUSY
transformation rules. After we construct the action we can still impose the gauge L = %Ldij . This will
not affect the R*-invariant. It modifies the supersymmetry transformation rules with SU(2) compensating
transformations, which leave the action separately invariant. The resulting transformations are those given
already in (3.8).
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We now compare the above transformation rules with those of the N = (1,0), D = 6 vector
multiplet [19]

5WHI - _67“917
sQl = é’y FT(w)e — %Y[ijfj :
g o 1 . =~ :
sy = _glignp )1 4 ﬂg(z7 L F(B)Q! (4.5)

where

ﬁuVI(W) = F/WI(W) + 2&[#71/}91 )
- 1 . -
D#Qh _ aMQIz + Zw,uab'Yath _|_VuszIj
L5 i | o1y i
—g'y-FI(WWM + 5Yf Ib; — fren' W, Q. (4.6)

We observe that the transformation rules (4.3) and (4.5) become identical by making the
following identifications:

(_2@,uab, _R(Q), —2ﬁabij(V)) N <W#I, O, Y”J‘) . (4.7)

Using this observation we can now easily write down a supersymmetric R2-action using
the superconformal invariant exact action formula for the Yang-Mills multiplet constructed
in [19]. In the gauge (3.1) and up to quartic fermions, the Lagrangian becomes

1 _ - 1 ~

e Lym|,_, = —ZFH,,I(W)F“”I(W) — 204D, () + YTV + EFW,(B)QIWPQI
1 — T AT 1 M

BT et poATR L FL(W)FL (W) + §prf Qi iy P, . (4.8)

Using the map (4.7) in this formula produces the result for the supersymmetrized Riemann
tensor squared action. In presenting the results up to quartic fermion terms, it is useful to
note the following simplification in the torsionful spin connection

~ 1.
wuiab _ qurab + §,¢}a7ﬂwb’

1
wut® = w, " + 5F,ﬂb(B), (4.9)

where w”ab is the standard torsion-free connection. The map (4.7) applied to the action
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formula (4.8) then yields, up to quartic fermion terms, the result?

e ' Lre|,_; = R (w_)RM gp(w=) — 2F®(V) Fy(V) — AF"™ (V) Fly (V)
1
+Ze*15“”p”)‘TB,LVRpU“b(w_)RATab(w_)
+2R b (@) Dulw, w- ) RY(Q) = Rup™ (- ) R Q)77 P
iJ 7 v 1 - v
-85, 90) (HnREQ) + ity P )
1 -
~ 5 RY(Q)y - F(B)R1ab(Q)
1 a va n
-5 [Du(wf,mRM’ P(w_) — 2F,,"(B)R" ”(m)}wawb, (4.10)
where
Dp(w,w )RU(Q) = (8 + 2w, ea ) RP(Q) — 2w, @R, Q) + V5B (Q)
plw, W) vy —u4u%d+ = +c wogivg )
RJr;wi(Q) = 2D[u(w+)'¢i] - 2V[/Mij7w[}1/]j ) (4-11)
and the torsionful modification of the Christoffel symbol F,lpu/:l: is defined as
1
=10+ §FMVP(B) . (4.12)

This completes the construction of the supersymmetric R?-invariant.

4.2 The total gauged R + R? supergravity lagrangian

We now want to discuss what the influence is of these R?-terms on the gauging procedure
described in section 2.2. The Lagrangian we consider is the following

1
8M?2
with £y given in (3.5) and Lp2 given in (4.10) and with M an arbitrary mass parameter.
Recall that Lo has been obtained as a sum of off-shell supersymmetric Lagrangians Lr, Ly

Liotal = Lo — £R2 ) (413)

o=1

and Ly, and that Lp2 is off-shell supersymmetric as well. Thus all four parts of the total
Lagrangian we consider are completely off-shell supersymmetric. So their sum, the total
Lagrangian, is still off-shell supersymmetric. In particular, the bosonic part of this total
Lagrangian, which will be the starting point of the next section, takes the form

1
V2
+2LZ, 7" — Li-1p, g + 1L g <V + LgW )

H 4 H \/§ I \/§ H
—iFW(W)F‘“’(W) — %e_le“yp”’\TBWFpg(W)F,\T(W)
1

- 8M?2

1
+Ze*1€“”p")‘TBWRpg“b(w_)R)\mb(w_)} , (4.14)

e Ly = LR+ gLovY; + YYY5 + §L‘18HL8“L — ﬂLFWp(B)FWP(B)

Ry (W) R ap(w-) = 2F" (V) Fu (V) = 8F"(Z)F},, (2)

To obtain (4.10) we used —Lv. Note also that Fj.,” (V) = $F,.,(V)§” + F,,” (V) where F,, (V) =
200, Vo) + 2V, V7% 85 and F, 9 (V) = 28,V — 2850y, V)

v] k*
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where we have defined the complex vector fields

Z, =V VR Zi =V - Ve =V iV (4.15)

and field strengths
F,(V) =20,V — 4iZ[MZZ} ) F(Z) = 20,2, — 21V, 2, . (4.16)

The part of the total Lagrangian containing the fermions is given in (3.5) and (4.10). None
of the auxiliary fields have been eliminated so far, and the Lagrangian still possesses the
U(1)r x U(1) symmetry. The field equations for the auxiliary fields Z, and V, are not
algebraic anymore and therefore they become propagating. The auxiliary fields (Yi;, E.up0),
on the other hand, still have algebraic field equations. Their elimination, as well as the
breaking of U(1)r x U(1) down to a single U(1) will be discussed in the next section.

At this point one may pursue two different lines of thought. The first is to consider
the theory as a toy model in its own right and consider M? as an arbitrary (not necessarily
large) parameter of the theory. The other is to think of |M?| as being large compared
to a cut-off A in the momentum squared. In that case the theory is to be treated as an
effective field theory that describes phenomena with external momenta not exceeding v/A.
Furthermore, the curvature-squared term is a correction term of order A/|M?|.19 In this
case we can compare the theory with an effective (up to curvature squared terms) string
theory Lagrangian compactified to 6 dimensions. In the next section we will only focus on
the first line of thought. Let us however briefly comment on the elimination of the Z, and
V. For A/|M?| < 1, one particular consequence of eliminating the auxiliary fields up to
order A/|M?| is that

1 L1

[ 0 1 TR v/ <FW’ ) =0, 4.17
which, upon substitution back into the Lagrangian (4.14), and trivial elimination of the
other auxiliary fields, gives

1
4

1 1 1
e Lkl — S LR~ g L + §L*18ML8“L — —LF,,,(B)F"?(B)

24
1 <1 _ 92> Fou(W)FH (W) —
4 2M2 ) M

1
- 8M?

1
Ee_lguypaATB,uquo(W)F/\T(W)

1
[Ruuab(wf)R“Vab(wf) + Ze_lguypaATBuuRpoab(w*)RATab(w*)] : (418)

We observe that g2 = 2M? is a critical coupling at which the Maxwell kinetic term drops
out. However, this is a regime for large coupling constant, and as such it falls outside the
regime of perturbative validity. We shall nonetheless examine further what happens for
this coupling in the next section where we study the field equations in more detail. Another
property of this Lagrangian is that the dualization of the 2-form potential by adding the

1071 this case, the ghosts expected to arise in the spectrum will have masses of order |M| > A which can
be ignored in the effective theory valid up to the energy scale A.
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Lagrange multiplier term (2.33) and integrating over F'(B), gives a dualized field strength
of the form (2.35) which now contains also a Lorentz Chern-Simons term.

In the Lagrangian (4.14) presented above, the Einstein-Hilbert term is not in a canon-
ical frame. The metric can be rescaled appropriately to obtain the canonical Einstein-
Hilbert action, still remaining in the formulation in terms of the off-shell Poincaré super-
multiplet displayed in (3.2). Alternatively, we can employ the off-shell Poincaré multiplet
that results from the gauge choices (2.3) by following the following procedure. Since the
Lagrangian £; given in (2.18) is already formulated in the desired supermultiplet formula-
tion, we need to only construct Lz2 in the same gauge. This can be done as follows. Firstly,
we restore the superconformal invariance (again modulo the conformal boosts which do not
affect the final result) in (4.10) by going over to hatted fields defined by

e, = 01/2eua,

d)ui _ 0,1/41%@‘ ~|—0’_3/47“W,

Vuij — VMU _ 40*11/;(1‘1/]//‘) _ 40*21/;(i7u¢j) 7
L= o %L,
5= o—9/4 (SOi _ 2\/5071[/5@%) 7

. - 1-
Yij=0" <Y¢j + 31%’7“93')) )

O = o340
& =g/t (4.19)

Next, we impose the gauge conditions listed in (2.3) and add the result to (2.18) to obtain
the full R + R? theory in this gauge. This straightforward computation will not be carried
out here since we shall be working in the gauge (3.1) which leads to the result (4.13) for
the total Lagrangian.

5 Vacuum solutions

The purpose of this section is to investigate the different supersymmetric and non-super-
symmetric vacuum solutions of the R?-extended Salam-Sezgin model discussed in the pre-
vious section. In the first subsection we present the bosonic field equations of this model.
In the following three subsections we investigate vacuum solutions with no fluxes, 2-form
fluxes and 3-form fluxes, respectively. In the last subsection we compute the spectrum of
the theory around six dimensional Minkowski spacetime.

5.1 Bosonic field equations

For the purpose of finding the vacuum solutions, it is convenient to eliminate the auxiliary
fields as much as possible. Prior to adding the Riemann tensor squared invariant, we
saw that the auxiliary fields (£, 0, Vﬁj .V, Y7) can all be eliminated by using their field
equations. However, upon the addition of the Riemann tensor squared invariant, while we
can still eliminate (Y%, E,;,,,), we can no longer eliminate (Vﬁj , V) since they acquire
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kinetic terms. Thus, we shall proceed with the elimination of (Y%, E,,,,) only. The

readily follows from (3.5), while the E,,,,, field equation gives
5””“”8“ (L_IEZ, —V2y, - ng,) =0. (5.2)
This implies that we can locally write
L'E, — V2V, — gW, = 0,9, (5.3)

for some scalar ¢, which inherits the shift gauge symmetry transformations (2.26). This
symmetry is readily fixed by setting ¢ equal to a constant, thereby arriving at the field

equation
1
—agW, | . 5.4

Taking into account (5.1) and (5.4), we find the following bosonic field equations for the

E, =V2L <v“ +

propagating fields in the theory (4.14):
1 1
LR, =V,V,L— L 9,Ld,L + Zg2gWL2 + ZLFWU(B)F,/"’(B)

* 1 —
—ALZ(, 25 — 5L 'ELE, + F,,(W)E,”(W)
1

1 g
_Zg,uz/Fpa(W)Fp (W) - msuuv (5'5)
1
R=g¢*L+2L'0L— L 29,L0"L + 1o Fuwp(B)F""(B)
* 1 —
—42,2" — L *E,E", (5.6)
I _ VPOAT 1 Do 5]
vp (LF’ONV(B» = Ze 1€M po <Fpo(W)F)\T(W) + QMQR /BpaRoz,B)\T>
3 o  Dlura 3 — pola DUy
+- 55 Va VRl 55w, (F pole(B)RE J,M) : (5.7)
1 1~
0 =V F"(W) + SgB” + SF7(B)Fpo(W), (5.8)
1
0 = V,F* (V) + [2iF*(Z)Z% + h.c] + EM?E#, (5.9)
0= (9, —iV,)F"™(Z) —iF"*(V)Z, - M*LZ", (5.10)

where E# is the U(1) invariant vector field determined in terms of the vector fields W),
and V), as in (5.4). The fact that E* is divergence free follows from (5.8), and separately
from (5.9). We have also defined

S = 8Fup(V)ES (V) = 29,0 Fpo (V) FP7 (V) = 32F ), (Z2)F7 ) (Z) = 8gu Fpo(2)F7 (Z)
—4]§ATM/)§)\TVF) + guyé)\q—pgé/vpo + SVQ%’BEQ(W,)B + 8V« (EQ(HPGFV_);)U(B))
+HAF®\((B)VPRY )05 — ARy, *"F,)™ (B)F;4(B) (5.11)
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where F*(B) = (F(B) + F(B))/2 with Frr = —teletPoXE . We have simplified
the Einstein equation by using (5.4) and the L field equation (5.6). We have also used the
definitions

- - - 1
R = 0 l'pg + -+, P =17 =17, + §F”W(B) . (5.12)
Thus, we have
~ 1
R, =R, —V,F,*(B) - 5FO‘A[#(B)FWV](B) . (5.13)
Given the vielbein postulate
8u€$ + UJ,u:I:abeyb - 1_‘g:,ul/ ez =0 (514)
with w,+ % and I'"4,,, defined in (4.9) and (4.12), respectively, it follows that
Ruuab(w—)eéeﬂz = R)\T}U/(F-‘r) = E)\T;ux- (515)

The occurrence of covariant derivatives with and without bosonic torsion in the quantity
S, is due to the following manipulation:

1) / eRWab(w,)R“”“b(w,) =14 / R””ab(w,)Du(w,)éwy,“b + a term ~ §(eg"’g"?)

1
= 4/R“”ab(w_) [Du(w_, I )ow, % + §FW”(B)5wp_ab + a term ~ d(eg"”g"?) .

(5.16)

A partial integration in the first term is then responsible for the occurrence of V in the
expression for S,,,. Another useful variational formula takes the form

) / eMPIAT By Rpo ™ (W) Ryrap(w_) (5.17)
— ghvpoAT ( / (6Buw) Rpo™(w—) Ryrap(w—) + 4B,,,0, [RATab(w_)éwa_“”D :

The field equations for the abelian vector fields W, and V), have an intricate structure.
Suitable combinations of these fields describe a gauge field X, and a gauge invariant Proca
field Y,, given by

X, =V, +V20 'MW, Y=V, + =W, (5.18)

7 M2 14
VHXN = 92 _ 2M2 F pU(B)(XPU - YPU)> (5'19)
1 2
V YH + 5(92 - QMZ)LYV = 2(g? g 2M?2) FYP(B)(Xpo — Ypo) s (5.20)
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Spacetime ny | ng | ns

Minky x S? | 0 1 1
dSy x T? 1 0 |1/6
dSy x S? | 6/7 | 1/7|1)7

Minks x S | 0 1 |1/3

dSs x T3 1 0 |1/3
dS3 x S% | 1/2]1/2]1/6

Table 2. Solutions of the form M; x M in the absence of fluxes. The numbers (n1,n9,n3) are
defined in (5.22).

for 2M? — g®> # 0, and X, Y given by
X =0,X, —0,X,, Yo=90.Y,—-0)Y,. (5.21)

In the special case that M? = g%/2, the left hand side of the field equations (5.19) and (5.20)
can no longer be diagonalized. As we saw earlier, this is a critical point at which the
coefficient of the kinetic term for the Maxwell vector field vanishes to lowest order in 1/M?
when the auxiliary vector field V, is eliminated to the same order.

5.2 Vacuum solutions without fluxes

If g # 0, the field equations do not admit a single constant curvature 6D spacetime solution
for any value of the constant curvature, with or without supersymmetry. In particular,
Minkowski spacetime is not a solution as can be readily seen from the equation R = gLy,
where L. = Lg is a non-vanishing constant and all other fields are set equal to zero. If
g> = 0, on the other hand, setting L equal to a constant and all the other fields equal to
zero yields Minkowskig as a supersymmetric solution.

Next, let the six dimensional spacetime be a direct product of constant curvature
spaces My x Mo, with dimensions d; and dy. We find that solutions exist with

ni n2
R,uupo = dl (d1 — 1)92L0 (gupgua - g,lwgup) ) qurs = dQ(dQ — 1)92L0<gprgqs - gpsgqr) y
1
L=1Ly, M?= §n392, (5.22)

with all the other fields vanishing. Here L¢ is an arbitrary non-vanishing positive con-
stant, and the numbers (n,n2,n3) are given in table 2. Note that here we are using the
coordinates (z*,y").

There are also solutions involving a product of three 2-dimensional constant curvature
spaces, whose curvature constants, allowed to vanish as well, are chosen properly. In all
these solutions, and those tabulated above, M? is fixed in terms of g2, and all solutions are

non-supersymmetric.
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5.3 Vacuum solutions with 2-form flux

Next, let us consider a spacetime My x M, which is a direct product of two constant
curvature spaces and turn on the fluxes produced by F(W) and F(V) on M. We set
L equal to a positive non-vanishing constant and the remaining fields equal to zero. In
particular, from (5.4) it follows that V,, = —gW,,/ v/2. Using this information, we can make
the following Ansatz for the non-vanishing fields:

RWZ?)CLQW, Rys =bgs, L= Ly,
g
F.s(W)=c\/92¢6rs, F.s(V) = ~/ g2 6Ers (5.23)
where a,b,c, Ly are constants, go = det g5, we have used the coordinates (z*,y") and
€12 = €' = 1. Using this ansatz we find the following solutions. One of them is a direct

product of 4D Minkowski spacetime with a 2-sphere, given by
Mink, x S? : a=0, b= =¢’Ly, c=+%—. (5.24)

Remarkably, this is precisely the supersymmetric Salam-Sezgin solution for any value of
M?! For this solution, the integrability condition for the Killing spinor equation detpp = 0is

Rﬂ%gl“d';aij — 2Fﬂ,)(V)(5ij €5 = O, (5.25)

where 1,6 =0,1,...,5. For the solution (5.24) this gives'!
i(Jg)A B 5ik€kj €Bj = F€A4i - (5.26)

The vanishing of .’ follows trivially, and, using (5.24) and (5.26), it follows that §.Q° = 0
as well. So the only independent condition on the Killing spinor is given by (5.26). It
implies N’ = 1 supersymmetry in Minkowskis. Indeed, using the Majorana spinors 7; and
n2 defined in footnote 11, the condition (5.26) turns into iy.n1 = £na.

The other solutions are given by

1
a= ML, b= —(g° —12M?)Lg,

2
N \/ (9% - 122(2/212_)(3]2\/[—2)14M2) o % 2 (5.2
and therefore they describe the following spaces:
AdSy x S? - M? <0, (5.28)
dSy x §% : ng > M?*>0, (5.29)
dS, x H? : %gz > M? > %92, (5.30)

"'We decompose the 6D Dirac matrices as Ty, = 7, ®1, T4 = 7. ®01 and T's = . ®02. Then Ty = 7. ®03.
This defines 4-dimensional spinors €4; = v« (Jg)ABGBi, where the 4-dimensional spinor index is suppressed
and A, B = 1, 2 labels the 2-dimensional spinors on S2. The combinations N1 = €11 +i€22 and N2 = €12 —ien
are 4-dimensional Majorana spinors.
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where H? is a 2-hyperboloid. For the special case of M? = g?/2, there exists the following
solution . .

Minky x S? : a=0, b= 5g2L0, M? = 592, (5.31)
for any value of ¢, which contains as a special case the solution (5.24) for ¢ = +gLo/V/2,
and the first entry in table 2 for ¢ = 0. Of all the solutions with the 2-flux turned on, the

only supersymmetric one is the one given in (5.24).

5.4 Vacuum solutions with 3-form flux

We shall take the 6D spacetime to be a direct product of two three-dimensional constant
curvature spaces M x My with coordinates (z#,y"), set L = Lg, turn on the 3-form flux
and set the remaining fields equal to zero. Thus we have

R#l,po— = 2a (5{; 5], quT‘S =2b 67[;352], L = LO,
Fup(B) = 2c1v/—91€p » Frst(B) = 2c2y/926rst (5.32)
where g1 = det g, and g = det g,,. From (5.13) we get
R =2a+e}) 8,87,  Rpg"™ =2(b—c3) 07,65 . (5.33)
If we set g = 0, then all the terms that depend on M? vanish since the curvatures

defined above vanish due to the non-vanishing (parallelizing) torsion. This gives the known
AdSs x S? solution
AdS3 x S3 cd=ca=—-a=b. (5.34)

This solution preserves full supersymmetry. Indeed the integrability condition for the
existence of Killing spinors requires that the torsionful curvatures vanish, and this is the
case with the 3-form fluxes as given in (5.34). As a consequence, all the contributions of
the Riemann tensor squared invariant to the field equations vanish in this case.

Next, we seek solutions with g2 # 0 and nonvanishing 3-form flux. To bring the field
equations to a manageable form, we shall supplement the Ansatz (5.32) with a further
condition and introduce some notation

cp=-—-cg=c. (5.35)

Finding the most general such solution yields rather complicated relations among the pa-
rameters. However, we have managed to find the following relatively simple and intriguing
solutions:

1
a= 6(—602—|—g2L0), b=c*, M?*=<"- (5.36)

for arbitrary ¢ > 0. This solution corresponds to dS3 x S2 for 0 < ¢? < gz# and to
AdSs x S3 for ¢ > 92%. Another solution is given by

1
ar =5, (592130 — 24LoM? F \/3\/L<%(g4 —12¢2M?2 + 48M4)) ,
1
b = o2 (=97 Lo+ 24LoM? + V3, I3(g* — 12202 + 48MY) )
1
&= (PLoF V3\[L3(g" — 1292M2 + 48M)) (5.37)
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2 2
where the + solution corresponds to dSs x S3 for &S <M 2 < % and the — solution
2 2
corresponds to AdSs x S3 for M? > % and to dSs x H3 for M? < 5. These solutions
are non-supersymmetric.

5.5 Spectrum in Minkowski spacetime

Setting g?> = 0, and expanding around 6D Minkowski spacetime, we define the linearized
fluctuations
uv = Nuv + h,u,u 5 L= LO + (b . (538)

Since all the other background fields are vanishing, we find that the linearized Einstein and
L field equations take the form

0 = Lo (Ohuy + 0,0,h — 20(,0% ) + 20,0,¢

1 (0% (0%
——3 (OO0 = 20000, Ry + u0,0°0has) (5.39)
0 = Lo (Oh — 89" h,) + 206 . (5.40)

Note that we have not imposed any gauge conditions yet. Using (5.40) in the trace of (5.39),
we find
00— M?Ly)¢=0. (5.41)

To simplify Einstein’s equation, however, it is convenient to impose the gauge condition
1
0"hyy = 58,,11 . (5.42)
In this gauge, the trace of Einstein’s equation and (5.40) give

O0(0—M?*Lo) h =0, (5.43)
Oh = —4Ly'0¢ . (5.44)

We shall assume that M? # 0. Then it follows from (5.41) that either (O — M2Lg)¢ = 0
or (¢ = 0. In the first case, defining x = ¢, it follows from (5.41), (5.43) and (5.44)
that there is one massive scalar obeying (00 — M2Lg)x = 0. In the latter case, (¢ = 0
and it follows from (5.44) that OOh = 0 as well. However, the solution of [Jh = 0 can be
gauged away by the residual general coordinate transformations that preserve the gauge
condition (5.42). Thus, we are left with a massless scalar described by ¢ = 0.

Turning to Einstein’s equation, using the gauge condition (5.42), and the field equations
obeyed by h and ¢, it becomes

(O— M?Lo) Ohyy = —2Lg " (O — M?Lo) 0,06 - (5.45)

This equation, when (O — M?Lg)¢ = 0, reduces to (D — M2L0) Ohy, = 0, describing a
massless graviton and a massive graviton with mass M+/Lg, one of which, depending on
the overall sign in the action, has the wrong sign kinetic term. If (¢ = 0, then we have
(D — MQLO) Ohy = —2M28“61,¢. In this case, the solution of [J¢ = 0 is to be substituted
to the right hand side of this equation and treated as a given external source. Note that
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the gravitational field does not appear as a source in the field equation for the scalar ¢,
and there is no diagonalization problem here. Thus, the equation (5.45) again describes a
massless and ghost massive graviton of mass M+/Lg.

The remaining field equations in the usual Lorentz gauges take the form

Da, =0,  (O— ML) (”“) =0, O(0-M?Lo)bu, =0, (5.46)
Zp

where the notation for the fluctuations is self explanatory. These equations describe a
massless vector and 2-form potential, a massive ghostly 2-form potential and three massive
ghostly vectors.

Next, we examine the linearized fermion field equations. Imposing the gauge condition
yHap, = 0, and defining!? " = (W‘wz, a straightforward manipulation of the fermion field
equations gives

JO—M’Lo)y, =0,  #2=0, (

47)
Oy = V2M237 635 Vi = V2L 367545, (5.4

5.
5.48)
where 1, = Y,—0710,0,9", ie. o', = 0. From (5.48), it follows that P (00— M?Lo) ¢ =
0. Therefore, altogether we have a massless gravitino, tensorino ¢ and gaugino together
with a massive gravitino and tensorino, both with mass M+/Lg.

In summary, the full spectrum consists of the massless Maxwell multiplet with
fields (ay, §2), the (reducible) massless 16 + 16 supergravity multiplet with fields
(huvs buw, @, Yy, ¢) and a massive 40 + 40 supergravity multiplet of ghosts with fields
(P, by 24, Vs @, Yy, @), all with the same mass, M+/Lo, as expected.

6 Conclusions

Our main goal in this paper has been the study of the R-symmetry gauging in the pres-
ence of higher derivative corrections to Poincaré supergravity and its consequences for the
vacuum solutions. To this end, we first studied the gauging of the U(1) R-symmetry of
N = (1,0), D = 6 supergravity in the off-shell formulation. The off-shell Poincaré su-
pergravity theory already has a local U(1)r symmetry but it is gauged by an auxiliary
vector field which is not dynamical. We performed the gauging that employs a dynamical
gauge field by coupling the model to an off-shell vector multiplet equipped with its own
U(1) symmetry. Then, we showed that this model has a shift symmetry which can be fixed,
thereby breaking U(1)r x U(1) down to a diagonal U(l)%ag. As a result the auxiliary vector
gets related to the vector coming from the Maxwell multiplet, and the on-shell model ob-
tained in this manner agrees with the dual formulation [16] of the gauged Einstein-Maxwell
supergravity constructed long ago [15, 16].

Next, we added a curvature squared supersymmetric invariant, with the Riemann
tensor squared as its leading term, to the off-shell model and studied its influence on the
gauging procedure. This invariant causes the auxiliary fields to become ‘propagating’ and

12This ¢" is unrelated to the 4" introduced in (2.1), which was eliminated by (3.1).
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to mix with the physical fields. A particular combination of the physical vector and the
auxiliary vector gauges the symmetry and another combination describes a massive vector
field inert under U(1). We can, however, put a small parameter in front of the curvature
squared part of the Lagrangian and consider it as a higher-order correction term. Then
the auxiliary fields can be eliminated order by order and the gauging proceeds again via
the vector field residing in the Maxwell multiplet. Treating the higher derivative extension
either way, we have seen that the positive definite potential that arises in the minimal
model does not get modified.

Chiral gauged supergravity in six dimensions is known to admit a (supersymmet-
ric) chiral Minkowskiy x S? compactification, while it does not admit a six-dimensional
Minkowski or (anti) de Sitter spacetime as a solution, regardless of supersymmetry [15].
We have shown that the inclusion of the Riemann tensor squared invariant remarkably
leaves the supersymmetric Minkowskis x S? solution intact. We have also found new
solutions in which the spacetime and the internal spaces may have positive or negative cur-
vature constants. It is noteworthy that de Sitter spacetime solutions exist, avoiding a no
go theorem that exists for ten dimensional supergravities'? [21, 22]. While the spectrum in
the 2-sphere compactification remains to be determined, we have found that the spectrum
of the ungauged theory in six dimensional Minkowski spacetime, not surprisingly, has a
ghostly massive spin two multiplet in addition to a massless supergravity and a Maxwell
vector multiplet.

Given that the (1,0) supergravity theory in six dimensions is the most supersymmetric
and highest-dimensional supergravity model that admits an off-shell formulation, and that
it admits an exactly supersymmetric higher derivative extension, it is worthwhile to study
this model further. The coupling of Yang-Mills and hypermultiplets would be useful. In
particular, a possible modification of the quaternionic Kéhler geometry, and consequences
for the compactification would be interesting to determine. The model without such cou-
plings harbors many anomalies. It is important to study the gravitational, gauge and
mixed anomalies in the matter-coupled version of the higher derivative extended theory.
The Green-Schwarz anomaly counterterm that involves the gravitational Chern-Simons
term arises as part of the Riemann tensor squared invariant. However, the presence of the
Riemann tensor squared term raises the question with regard to the presence of ghosts in the
spectrum, defined in the presence of a suitable vacuum solution. Indeed, dealing with the
ghost problem is of great importance for this model to have applications to model building,
and it remains to be investigated. In particular, the consequences of the higher derivative
extension for the braneworld scenarios put forward in [23] where 3-branes are inserted at
singular points of the 2-dimensional internal space, would be worthwhile to explore.

Various properties of the model we have studied here would naturally be affected by the
presence of an additional higher-derivative supersymmetric invariant. In five dimensions,
for example, it is known that a Weyl tensor squared invariant exists, in addition to the
Riemann tensor squared invariant, which can be obtained from a circle reduction of the one

!3Note that a possible string theory embedding does not contradict the avoidance of the 10D no go
theorem since this theorem no longer holds when higher derivative corrections are included.
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studied here. However, whether the Weyl tensor squared or another combination of the
curvature squared terms can be supersymmetrized in six dimensions is an open problem.
If such invariants exist, not only would they be useful in avoiding the ghost problem,
they would also play a significant role in a possible embedding of these theories, albeit in
the ungauged setting, to the string theory low energy effective action. For a preliminary
discussion of this problem, in the context of the Riemann tensor squared model we already
have, see [8].

The embedding of the higher-derivative extended model to string theory might also pro-
vide new grounds for testing the conjectured connection between microscopic and macro-
scopic black hole entropy. The use of off-shell supersymmetric Riemann tensor squared
extended N = 2, D = 4 supergravity in this respect has been illustrated in [24]. The
existence of static, rotationally symmetric black hole solutions that are N’ = 2 supersym-
metric and that approach Minkowski spacetime at spatial infinity and Bertotti-Robinson
spacetime at the horizon play a significant role in the work of [24]. It is notoriously diffi-
cult to find exact black hole solutions of higher-derivative gravities. Black hole solutions
of the ungauged (1,0) 6D supergravity have been found in [25] and there exists an exact
string solution of the theory we have studied in this paper [26]. Nevertheless, black hole
solutions in the presence of gauging and/or a higher-derivative extension remains an open
and challenging problem.
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