PUBLISHED FOR SISSA BY €) SPRINGER

RECEIVED: March 15, 2010
REVISED: May 24, 2010
ACCEPTED: June 8, 2010
PUBLISHED: July 23, 2010

Holomorphicity and modularity in Seiberg-Witten
theories with matter

Min-xin Huang® and Albrecht Klemm®
@ Theory Division, Department of Physics, CERN,
CH-1211 Geneva, Switzerland

b Bethe Center for Theoretical Physics and Physikalisches Institut, Universitit Bonn,
Nussallee 12, D-53115 Bonn, Germany

FE-mail: minxin.huang@cern.ch, aklemm@th.physik.uni-bonn.de

ABSTRACT: We calculate the gravitational corrections to the effective action of N=2 SU(2)
Seiberg-Witten theory with matter using modularity, the holomorphic anomaly equation
and expected behavior at the boundaries of the moduli space. As in pure gauge theory
we show that the gap condition at the dyon singularities completely fixes the gravitational
corrections. We discuss the behavior of the gravitational corrections at the conformal
points. We compare our results with the recursive solution of the loop equation in the
matrix model approach, which provides in addition open amplitudes.

KEYWORDS: Supersymmetric gauge theory, Matrix Models, Supersymmetry and Duality

ARX1v EPRINT: 0902.1325

OPEN ACCESS doi:10.1007/JHEP07(2010)083


mailto:minxin.huang@cern.ch
mailto:aklemm@th.physik.uni-bonn.de
http://arxiv.org/abs/0902.1325
http://dx.doi.org/10.1007/JHEP07(2010)083

Contents

1

7

Introduction

SU(2) Seiberg-Witten theory with massless hypermultiplets
2.1 Topological string amplitude F9) as polynomials of Fs

22 Np=1
23 N;y=2
24 N;=3

SU(2) Seiberg-Witten theory with massive hypermultiplets
3.1 The prepotential F(©)

3.2 Gravitational couplings

3.3 Fixing the holomorphic ambiguity with dual expansions

3.4 Comments on the Ny = 2,3 cases and integrability

SU(2) Seiberg-Witten theory at superconformal points
41 Ny=1,m; =3
42 Ny=2,m;=my=="

A3

43 Nf:37m1:m2:m3:8

The non-compact limit of Calabi-Yau compactifications
5.1 Special geometry and rigid special geometry
5.2  The non-compact limit

5.3 Monodromy action

Matrix model approach

6.1 Review of the formalism

6.2 Calculations of open and close amplitudes

6.3 Holomorphic anomaly equation for open amplitudes

6.4 Boundary condition for open topological amplitudes

Future directions

A Nekrasov’s calculations

11
13
15

17
17
19
20
21

21
22
24
25

26
27
30
31

33
34
38
39
42

43

44



1 Introduction

It was demonstrated in [1] for pure N = 2 supersymmetric SU(2) gauge theory that the
modular symmetry, the holomorphic anomaly equation and the gap condition at the singu-
larities, where dyons become massless, fix all gravitational corrections. Here we will extend
this approach to asymptotically free N = 2 gauge theories with matter. The method we
provide extends to several integrable systems which are connected to N = 2 gauge theories.
Let us first review these interrelations.

When the gauge theory is coupled to gravity, the coupling of the selfdual curvature
tensor R, to the graviphoton field strength F., i.e. F) (a)R%rFf_g*% depends on the
moduli fields a and this dependence is exactly calculable within the topological sector
of the theory. An important point is that in different regions of the moduli there are
different canonically conjugated coordinates and the different expansion of the F(9) are not
just analytic continuations of each other. They are rather related by the wave function
transformation of Z = exp(3_;%, N972F (a)) [2], which is closely related to the modular
and (an)holomorphic properties of the F9)(a) [1, 3]. e.g. in the weak coupling regime the
F9)(a) can be calculated from the field theory point of view using localization in the space-
time instanton moduli space [4, 5], but to obtain from this expansion the dual expansions
e.g. at the monopole points or the conformal points, also known as Argyres-Douglas points,
one has to use the wave function transformation [1-3].

N = 2 gauge theories are related to Type II string theory on non-compact Calabi-Yau
manifolds by geometric engineering [6]. It has been checked that the holomorphic gauge
coupling functions and the BPS masses of the gauge theory [7, 8] can also be obtained from
the topological sector of the Type II string theory on this backgrounds in a double scaling
limit which decouples o/~ and Planck scale effects [6, 9]. In particular [6] discusses the
geometric engineering of non-compact toric Calabi-Yau spaces for SU(N) gauge theories
with few fundamental matter fields. In the large radius region of the topological string
theory the F(9) (t) are higher genus world-sheet amplitudes, which depend on the Kéhler
moduli t. The field theory F((a) can be obtained in the limit mentioned above [11].
A third approach is to calculate the F(9) (a) in the matrix model formalism suggested
by [12, 13] in an ,, expansion [11, 14].

The common mathematical structure of N = 2 Seiberg-Witten theories, topological
string on non-compact Calabi-Yau spaces and matrix models is a family of Riemann surface
C equipped with a meromorphic differential A\, which has in general non-vanishing residua.

In the Seiberg-Witten approach to supersymmetric gauge theories C is the Seiberg-
Witten curve and A the Seiberg-Witten differential [7, 8]. (C,\) can be re-derived from
the space-time instanton calculus as was demonstrated in [5].! In topological string theory
on non-compact Calabi-Yau spaces the data (C,\) arise via mirror symmetry in the B-
model geometry [6, 17]. In the matrix model approach C is the spectral curve and A the
differential defining the filling fractions and the one point function [5, 12, 13, 16, 18]. The
calculations of [4, 5] using instanton calculus, of [1, 19] within the topological B-model, and

!Using [15] one can construct the space-time instanton sums of [5] directly as a matrix model [16].



of [18, 20] utilizing the matrix model recursions suggest that the higher genus information
can be completely reconstructed from (C, A).

The B model approach is particularly efficient. It uses for the reconstruction the
recursion relation in the genus, known as holomorphic anomaly equation [21]. The latter
has a kernel, the holomorphic ambiguity, which is strongly constrained by the symmetry
group of theory, but certain discrete data have to be fixed by additional arguments. For
pure gauge theory the gap condition at the conifold fixes these discrete data completely [1].

In this work we consider the asymptotically free SU(2) with Ny = 1,2,3 hypermulti-
plets in the fundamental representation. Similarly as the topological string theory on the
canonical line bundle over a del Pezzo surface with more than one Kéhler parameter [19],
gauge theories with matter have more parameters than the complex moduli space of the
Riemann surface. In gauge theory these parameters are simply the masses of the hyper-
multiplets. While they make the form of the holomorphic ambiguity more complicated,
the requirement that the gap exists for all values of the additional parameter imposes
stronger conditions. We find that the latter over constrain the system and that an unique
solution exists. The gravitational corrections for gauge theories with matter are therefore
completely integrable.

One advantage of the method [1] is that it provides the F' @ in all regions in the
moduli space and not just in the asymptotically free region. Argyres, Plesser, Seiberg and
Witten found particularly interesting points in the moduli space of SU(2) gauge theory with
fundamental matter, where different conformal theories arise [22]. Using the formalism [1],
one can analyze the full topological sector of these conformal theories. The coordinate
choice and the structure of the topological gauge theory amplitudes near conformal points
is very similar as for topological string theory near orbifold points [23, 24].

Let us comment finally on the Ny = 4 case. An geometric engineering limit starting
from the Enriques Calabi-Yau manifold has been described in [26]. It was shown there,
that the calculation of the 7, on the Enriques Calabi-Yau are governed by the holomorphic
anomaly equations of [21]. Also the expression obtained for the Fg in the field theory limit
can be written as quasimodular forms after finding? the correct relation between 77z and
v [26]. However in these quasimodular expressions we have F, ~ Ej “Lin leading order
in Fy. This implies that the F; for Ny = 4 does fulfill the holomorphic anomaly equation
(2.26) for the non-conformal cases, which implies F, ~ Eg (o=1),

The paper is organized as follows: In section 2, we first consider the simple case of
theory with massless matter. Here the Coulomb modulus u is related to the modular pa-
rameter 7 by J(7) = Rn,(u), where Ry, (u) is a rational function and J is the modular
invariant J-function. The Coulomb moduli space is then a ramified finite multicover of
the quotient of the upper half plane Im(7) > 0 by PSL(2,Z) and u(7r) has very simple
transformation properties w.r.t. PSL(2,Z). We review the direct integration, which is an
efficient way to solve the holomorphic anomaly equation and write the F(9) as polynomi-
als of modular functions. In section 3 we generalize the analysis to the massive SU(2)
Seiberg-Witten theory. We provide an algorithm that is valid for the case of fundamental

2In [54] 7rr and Tpv were erroneously identified, compare [27].



matter with arbitrary mass, and study the Ny = 1 case in details. This procedure can be
straightforwardly generalized to Ny = 2,3. In section 4 we discuss some cases of special
fundamental hypermultiplet masses where two mutually non-local singular points in the u
plane collide and a non-trivial superconformal field theory appears. Section 5 discusses the
emergence of the gauge theory in the non-compact limit of a Calabi-Yau compactification.
This provides a connection to the direct integration formalism developed in [25, 26, 28, 29],
which is useful to solve the gravitational couplings of higher rank gauge theories entirely
from the solutions of the Picard-Fuchs equation. In section 6 we turn to the matrix model
approach. We find it particularly complicated to solve the N; = 2 theory by the approach
of [20], point out some restrictions in the application of the open holomophic anomaly
of [49] and discuss analytic properties of the open amplitudes.

2 SU(2) Seiberg-Witten theory with massless hypermultiplets

The Seiberg-Witten curves® [7, 8] C; for N’ = 2 supersymmetric SU(2) gauge theory with
Ny < 4 flavors are families of elliptic curves given by*

y? = Cla)? - Gla), (2.2)

where C(x) and G(z) are defined as

Ny =0:0(z) =2 — u, G(x) = A,
Ny =1:C(z) =2 —u, G(x) = A3(z 4 my),
2
Nf:2:C(x):x2—u+A8 , G(z) = A%(z + mq)(x + ma),

mi + mg + ms3

A
Nf:3:C(m):m2—u+4<x+ 9

> , G(x)=A(z +mq)(x + ma)(z + m3).
Here u is the modulus parameterizing the Coulomb branch and m; are the masses of the
hypermultiplets. The genus one curves C; have two periods ap and a of the meromorphic
Seiberg-Witten differential A over the b and the a cycle in H'(Cy,Z) respectively. The
meromorphic one form A can be written with / = ddx as
~ V2uadz [C(x)G(z)

A= i Y 2G()

—C'(z)| . (2.3)
Physically the periods are the vev’s of the scalar component of the A' = 2 vector multiplet
containing the photon and its dual in the infrared respectively.

3For the Ny = 0 we use the family of curves of [30] rather than the one of [7]. This distinction plays a
role in establishing the matrix model connection in section 6.
4One can do a change of variable and write the Seiberg-Witten curve in all cases as
Ny
v’ = (@ —u)? = AN [ (2 + ma) (2.1)

i=1

[31]. Here we use the original notations in [8].



We are interested in calculating the instanton expansion of the prepotential F(©) and
its higher genus generalization F'9) all over the moduli space. In the asymptotically free
region the prepotential F(°)(a) for the electric U(1) theory, which determines the exact
gauge coupling of the N = 2 Super-Yang-Mills theory, is related to the periods ap and a
by rigid special geometry

oF©)

da = ap . (2.4)

As pointed out in [7] in the dual magnetic region where ap is small, the theory is more

(0)
suitably described by a magnetic U(1), whose prepotential is given by a;; L;

The higher genus terms F(9)(a) describe the exact moduli dependence of the gravita-

= a.

tional corrections
FOF292R2 (2.5)

in the effective Lagrangian, which encodes the coupling of the gauge theory to N = 2
supergravity. Here Fy and Ry are the self-dual part of the graviphoton field strength
and of the Ricci curvature respectively. In the weak coupling region u — oo we can
compare F(9)(a) to the localization calculations in [4]. The relation of the dual F' l()g)(ap)
to the F(9)(a), follows from the quantum mechanical wave function transformation of Z =
exp(D_y20 M\29-2F(9)) and was studied in this context in [3].

In this section, we first consider the simple case where all the hypermultiplets are
massless. In this case u(7) is a modular invariant function under the projective action on the
gauge coupling T o< 8822TF(0) of the group I'y, € PSL(2,Z) [32]. To find the rational function
Ry, (u) discussed in section 1 one simply brings the curve (2.2) into Weierstrass form

y* = 42’ — ga(u)z — g3(u) . (2.6)
The rational function is then determined by

J(T) _ E4(T)3 _ 92(u)3

CEN1) - Es(1)? g2(u)d — 27g3(u)? =: Ry, (u) . (2.7)

Here
A = ga(u)® = 27g3(u)’ (2.8)

is the discriminant of the curve. The group I'y, is the quotient of PSL(2,Z) by the group
interchanging the roots of w(J) and has been determined in [32]. In the mathematical
literature the invariant u(7) is sometimes called the ‘Hauptmodul’ of T'y,.

The Picard-Fuchs differential equations are fulfilled by all periods over the cycles of C;.
In the massless case A has no non-vanishing residua and the two periods ap and a fulfill
a second order Picard Fuchs differential equations,® which were derived for N r=123
in [33]

d*11

2 TI=0, (2.9)

p(u)

°In the massive case discussed in section 3 there is also a cycle encircling the pole of A picking up the
residuum and the differential equations are third order.



where

6 4
Ny =1epl) = w2+ 78 Ny =20 p) =4 (u2 - 4)

Ny =3:p(u) =u <4u— ﬁ) _ (2.10)

Using the leading behavior of F(©) and F ]go ) from the 1-loop B-function and analytic con-

a
tinuation we find II = <
ap

) as linear combination of the solutions to (2.9). We will set
the dynamical scales A; = 2:2%, Ay = 2, A3 = 4 in order to match the convention in the
instanton counting calculations in [4, 5].

While in the pure SU(2) gauge there is a Zs symmetry acting on the u plane, the
discrete symmetries of the u plane in Ny = 1,2,3 cases are Z3 symmetry, Z; symmetry
and no symmetry respectively [7, 8]. As we will see, these different discrete symmetries
acting on the u plane in the three cases Ny = 1,2, 3 play significant role in determining the
qualitative features of the solutions. We will find the structure of Ny = 2 solution closely
resembles that of the case of pure gauge theory in [1], while the cases Ny = 1,3 have some
different qualitative features respectively.

In the next section we will review the direct integration approach for solving F'(9).
Thereafter we discuss the Ny = 1,2, 3 cases one by one.

2.1 Topological string amplitude F¥ as polynomials of Ey

The main goal is to solve the topological sector of the theory and give in particular the
F9(u) everywhere in the Coulomb moduli space. To this end we first extend the direct
integration method of the holomorphic anomaly equations to the SU(2) gauge theory in
this section to the case with massless flavors and in section 3 to the case with massive
flavors. This approach was applied to Ny = 0 in [1] and solved the theory completely using
the gap condition. The point is to show this for theories with flavors as well.

The holomorphic anomaly equations of [21] read

1
8(18&F(1) - QCaaana,

1 g1

, i DD FI '+ D FOMER ) forg>1. (211)

a

0, F9) =
g=1

Here we used the coordinate a introduced in the last section, but the equations are of course
covariant. We further introduced the Yukawa triple coupling and the connection D,, whose
calculation from the solutions of the Picard Fuchs equation are discussed below and more
generally in section (5.1). First F(%)(a) follows from the solution IT to (2.9) via (2.4) up to
an irrelevant constant. We define then the three point Yukawa coupling as

SF(O) d
Coaa = 0 = —2mimy g
da

- = ¢ (2.12)



Our normalization convention is mg = 2,1, 1, % for the cases of Ny = 0,1,2,3. Mathemat-
ically 7 is the modular parameter and physically

1 9?FO

_ 2.13
2mimg  Oa? (2.13)

T =

a combination® of the gauge coupling and the theta angle 7 = fr + iig. Note that 7 =
T—T

Im(7) = 75,7 multiplies the kinetic term of the vector multiplet.” With the methods
described in section 5 of [34] one can prove the following modular expression for £

AR 6
4V6E? <E42 - E6>

802
Nf:(): 5:9494’ Nf:1: 52 ) 3 )
i (¢ (5§ + £2)
403 863
Ny=2: &= 2, Np=3: &= 72, (2.14)
d 0164 d 616

where E}, and ), are the standard Eisenstein series and Jacobi 6 functions in the conven-
tions [34]. Further the Weil-Petersson metric in the coordinate a is given by

Gag = 20,0:Re(ad, F ) = 4mgrry . (2.15)

The connection D, comes entirely® from the metric Gz, and is
1 0T

Fga = (Gaé)ilaa(Gaé) = _27_2 9a

(2.16)
Note that I'?, vanishes in the holomorphic limit 7 — oo, confirming that the period a is a
flat coordinate in this limit. Finally we have

Cga - GaaGaac_’aaa . (217)

In the following it will be important to keep track of the anti-holomorphic dependence I'?,
in (2.11) in order to recover the full F(9) (7, 7) including its anti-holomorphic dependence.

The holomorphic anomaly equation determines F'9) from lower genus data up to a
holomorphic anomaly, which can be fixed by modularity and the gap condition. Let us
start with genus one, which is somewhat special. It follows from (2.12), (2.15), (2.17) that

the right hand side of the g = 1 equation in (2.11) is 812 | gz |2. This can be integrated to
72
1
FU = —_ log(rz) — log|@(7)|*, (2.18)

where ®(7) is modular form of weight ;, which vanishes at the discriminant of the elliptic
curve. In the simplest cases, e.g. Ny = 0 one ®(7) can be identified with the Dedekind

®Here we used the normalization of [8].

"The key requirement that the latter has to be positive suggested the occurrence of Riemann surfaces
in this context, where m is manifestly positive.

8In the global Calabi-Yau case there is an additional Kéhler connection, as explained in section 5.1.



n-function. Note that the transformation of ®(7) as weight ; modular form cancels the
transformation of the —Jlog(rz) term. In general the form ®(7) is determined by its
modularity and its leading logarithmic behavior near a%) = 0. It has been pointed out
in [35] that log(a%)) comes from the gravitational one-loop (3 function and its prefactor is
entirely determined by the massless spectrum at the critical point.

FM(r,7) is an almost holomorphic modular function or form of weight 0° and its 7
derivative, which appears in (2.11), is an almost holomorphic form of weight 2. Modu-
larity implies that this derivative contains the unique almost holomorphic modular weight
two form 5

Es(1,7) = Ea(1) — 1 (2.19)
where Es(7) is the holomorphic quasimodular second Eisenstein form [34]. Under mod-
ular transformations 7 +— 7, = Z:ig with v € T'y = PSL(2,Z) E; transforms with an
inhomogeneous shift .

Ba(ry) = (er + d)*Ba(r) — " (er + d) . (2.20)

™

This shift cancels the shift transformation of —732 , so that F5 transforms indeed as a
honest weight two form.

In calculating the right hand side of (2.11) one needs derivatives of modular forms
of even positive weight. The covariant derivative D in (2.11) written in terms of the 7

coordinate is the so called Mass derivative
k

D, =8, — . (2.21)
A7y

Here &, = 271m. ddT and k is the modular weight of the object acted on. The Mass derivative
D. has the important property that it maps almost holomorphic modular forms of weight
k into almost holomorphic modular forms of weight k£ + 2. Modular invariance implies
that each covariant derivative increases the leading power of F, by one and all powers of
T12 must combine with Fy(7) to form the shift invariant combination Ey(7,7). From this
follows the important fact that for ¢ > 2 all anholomorphic dependence of F() is in Ey

and we can replace
d dEy, d  3i d (2.22)
dr  dT dE, 2771} dE, ’

Furthermore we find that the anti-holomorphic derivative in (2.11) combines with the three

point function as

20~ F(9) dF(9)
“ =24mg . , forg>2, 2.23
Cge 0 dE, 9= ( )
so that (2.11) can be written as
dF(9) 9-1
24mg . = DeFYD +3 " 9,FNg,FT) (2.24)
dFEs =1

9In slight abuse of notation we indicate almost holomorphic objects by writing a 7 dependence.



Since the period a is a quasimodular object of weight 1 and Ey is of weight 2 one concludes
that all F9) have modular weight zero. Combining the above facts it follows that the F'9)
are inhomogeneous polynomials of degree 3(g —1) in FE» whose coefficients are holomorphic
forms of negative weight so that F9) have weight zero. Defining the following derivatives

§ §

O F") = — > 9. FM =_ % D F0)
mo T mo T
r a r 1 r 2 r
D2F") = (9, — 14,)0,F") = 2 ¢D,(¢D,F), (2.25)

where we used the connection (2.16) and the fact that F(") and 9, F (") have modular weight
zero and —1 respectively, we write the holomorphic anomaly equation as

dF9) . D¢ =
24m3" | =2 D2Fl-Y 4 D Flo—1) D FY- | 2.26
o ( : ; g (226)

This provides an unifying description of the Seiberg-Witten theory with various number of
massless flavors, depending only on mg and the holomorphic modular form of weight —3
given in (2.14).

In each integration step the coefficients of all nonzero powers of E5 are determined
by (2.11), while an holomorphic ambiguity of modular weight zero can be added. Boundary
conditions and modularity imply that this can be always written as £2972 times a modular
form of weight 6(g —1). This reduces problem of fixing the ambiguity to the determination
of a finite number of terms. The remaining task is solved by an analysis of the local form
of the effective action, which we discuss next.

A key concept in the analysis of effective action [8] is its transformation property under
the modular group I'y, and the concept of local holomorphic coordinates in which the
effective action is expanded near the critical points of the theory, where particles become
massless [8]. In particular in the asymptotically free region of the gauge theory a or more
precisely (11 is the correct small expansion parameter, while near points where a dyon of
magnetic charge and electric charge (¢, ge) in an N = 2 hypermultiplet becomes massless,
i.e. close to the components of the discriminant locus of (2.2), ay, (k) — q,g,lf)ap + qék)a is the
small expansion parameter. In most cases, i.e. for Ny = 0,1,2 the Zo, Z3 and Zs symmetry
of the theories respectively relates the dyon points and the local expansions are the same,
but for Ny = 3 we find truly inequivalent dyon points.

At the magnetic monopole point, also called conifold point, the leading term of the
topological string amplitudes in the variable ap, is determined by the ¢ = 1 string at the
selfdual radius [36]. The 2g — 1 sub-leading terms are absent. This gap structure!®

CgilBQ

29(2g — 2)ap

D _ 0
F@P— by +O(ah) . (2.27)
has been observed in [1] and as explained in [37] it originates indeed from integrating out a
single massless hypermultiplet in the Schwinger loop contribution to the higher derivative

kak
k!

Below we can always rescale ap so that ¢ = 1. The Bernoulli numbers By, are defined by -7

ie. Bo=_.,Ba=— Bs= .

49 ete.

x
er—17 30’



effective action, which arises from a singular Calabi-Yau 3 fold with a shrinking S2. The
shrinking occurs at the conifold in the complex moduli space. The hypermultiplet in
question is identified with a single dyon state in the gauge theory limit. In the gauge
theory limit the compact part of the singular 3-fold becomes a nodal Riemann surface and
it can be explicitly seen using the local limit of the periods around the S? and its dual cycle
that the local limit preserves the gap condition. Indeed the gap was used already in [1] to
fix the holomorphic ambiguity in the calculation of the gravitational corrections in pure
SU(2) Seiberg-Witten theory. Here we find as expected that the gap occurs at all points
in the moduli space of the Riemann surface where a single dyon becomes massless and a
nodal singularity develops. Using the gaps and the leading coefficients we are able to fix in
the Ny = 0,1,2,3 cases the holomorphic ambiguity genus for all genus, and obtain exact
formulae for the gravitational corrections F9) that sum up all instanton contributions at
each genus g. Mathematically one could prove the gap condition eventually in general from
properties of the Nekrasov expansion and the modular transformation of the F,. We have
not done this here but, merely checked the compatibility of this expansion with the gap
condition in our examples.

Let us finish this section with some comments on (2.26) and a calculation of the leading
terms in F,. First we note that the equations leading to (2.26) are invariant under the
change Or, Ey — ﬁT, FEs, one may therefore as well take a “holomorphic limit” and replace
ﬁT,EQ with (i,EQ in equation (2.26), without losing any information. Furthermore the
holomorphic anomaly equation (2.26) provides a very efficient way to compute topological
string amplitudes. While in the Feynman rule approach of BCOV the number of diagrams
grows exponentially with g, in the direct integration approach the number of terms in (9
grows only with a power law with the genus g. This is similar as in the case of quintic
Calabi-Yau three-fold studied in [25, 37].

The leading coefficients of F'9) as polynomials of E» do not depend on the holomorphic
ambiguity and can be computed to very high orders. Suppose we denote the leading

terms by!!
A) 301
Flo) — 2(9-1) f3l9-1) . 298
(9 — 1)(1152mg)9—15 20 7 (2.28)
where - - - denotes terms with lower powers of Ey. One can see that the coefficients A9—1)

do not depend on the holomorphic ambiguities, since there is no Fo in the holomorphic
ambiguities in all the models we study. Using the holomorphic anomaly equation (2.26),
we find a simple recursion relation for all the cases Ny = 0,1, 2,3 of Seiberg-Witten theory

42 _ P
36’
g—2
AW = (- 1A + 37 ADAGT g9 (2:29)
r=2
The first few coefficients A9) > 5 1105 565 .

art 365 187 1296 162°
In the next three subsections we discuss the massless Ny = 1,2, 3 cases one by one.

1The numerical factor 1152 is included to keep the recursion for the A below simpler.

,10,



2.2 Np=1

For the Ny = 1 theory the discriminant is according to (2.9)
Ay = 16(16u> +27) . (2.30)

The solution of the Picard-Fuchs equation in the weak coupling limit u — oo is

o= a1+ 315 i 15015 i
B 64u?  16384ub ~ 1048576u?
3 297 9047
=3al — e 2.31
ap = 3alog(u) + Vu <32u3 16384u6 " 104857600 ) (2:31)
The prepotential and gauge coupling 7 are then determined by af;;o) = ap and T =
—271m. 828}; éo). The modulus u can be expressed in terms of 7 as [32]
1 3 3\ 3 -8
u= g (~BEu(r)’ = B(r)Eu(r)?) " ()
1
3 E}?
= 2m2 s (2.32)
(B} — Eg)s
where m is a one-sixth root of —1, i.e. m% = —1.
The holomorphic limit of the genus one amplitude is [1, 11]
1 da 1
FO = —210g (du) — 1210g(A1) . (2.33)

This follows from F() = —11og(Gyz|A| : ), which satisfies (2.11), in the holomorphic limit.
To provide modular formulas for all expressions we rewrite the Picard-Fuchs equation
for Ny =11n (2.9) as

(o 2T [ () ()= () () ()

Using (2.32) we can obtain a differential equation for period a in terms of 7. In the weak

+a=0 (2.34)

3
coupling limit 7 — ioco, the modulus u goes like u ~ (E} — Eﬁ)ié, and the period a goes
3
like a ~ u ~ (Ef — EG)_(ls. After fixing the normalization, it follows that the solution
of (2.34) that corresponds to the period a is

1
3 E} + E
22 1
(Ef — Eg)o
As expected the period a has formally modular weight one, since 7 = — 271m. 82812 éo) and F),

ddT have modular weight zero, two respectively.
The holomorphic genus one amplitude F(M) i.e. —log(®(7)) is then

1 3
FO) = — 1o 108(E} + Eg) . (2.36)
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We integrate the holomorphic anomaly equation (2.26) and expand F ©) around the
discriminant points Aq(u) = 0, in order to use the gap structure. The 3 discriminant points
A1(u) = 0 are related by a Z3 symmetry so we only need to consider the dual expansion
around one of the 3 points. According to [8] theses points should be related to the weak

1

coupling limit 7 — +ioco by an S-duality transformation 7 — —_. The Eisenstein series

E,, transform with modular weight n, and a shift for E», i.e. Ey — 72 (B2 + 271r2iT), Ey —
1 E,, E¢ — 79Fs. In the weak coupling limit 72 is negative, so we find that under a S-
duality transformation, Fs, Fg change sign and E4 doesn’t. Following the approach in [1],

we can find the dual period ap and Fl()g) by replacing Fs, Fg with —Fy, —Eg in (2.35)
1
3 E — FE
aD:\/;; A (2.37)
(Ef + Ee)o

Note that the modulus u transforms as

1 1

3 Ep 3 E?
u= 2m2 , 4 - 2m2 , 4 E (2.38)
(Ef — Eg)s (Ef + Eo)s
i.e. the S-duality transforms u indeed from u = oo to the Z3 symmetric discriminant points
3,2
u= ,m.

23

It is now straightforward to expand the dual genus two amplitude Fg) in terms of the

dual period ap in the weak coupling limit of the S-dual theory 7p = —i

— +i00. We use
the gap condition as in the case of pure gauge theory [1] to fix the holomorphic ambiguity,

and we find the genus two amplitude and its S-dual

3 1
E? — FE 3
Fo = (F 3 6) [—25E§’E4 + E2 <—135E42 +30E6>
2160m?2(E} + Eg)?
1 5
+Fs <255E§ — 120E2 E6> —159E2 + 140E4E6} (2.39)
g 1
E? + E, s
FP = (B i 6) [25E§E4 + B2 <—135E42 —30E6>

2160m2(E2 — Fg)?

1 5
— B, (255EZ +120E7 E6> — 159E} — 140E4E6} (2.40)

The genus two space-time instanton expansion and the S-dual expansion are as follows

@ 1 9 16749 187215
e = + _ + ,
160a2 ' 1024a® 26214404 ' 1048576420
6536606985 1
— 2.41
1717986918426 <a32> (2.41)
Fo__ L 22ap 76289a7,  1082609a}, L Oah)
1 1 2 1 N
b 240a%,  3262208m3  2:10077696m4 23 3245349632m5
(2.42)
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We obtain the genus three amplitude using the gap condition at the conifold point

3 2
2 _ Fg)s
7(3) (Ej E3 )

5
{525E§E2 — 350E3(19E7 — 5E,Eg)
544320m*(E? + Fg)4
3 7 1
+35F5(1225E3 — 694E; Eg + 16E2) — 280E3 (637E}? — 546 Eg + 51E2 E2)
5
+TE3 (67221 E} — 7T5400E 2 Eg + 14540E4E7)

9 3
—14F5(49821E7 — 68867E; Eg + 20960E2 E3 — 560E7)

7 1
+(440325E3 — 720006 E} Eg 4 308700E% E5 — 22400E; E3) } (2.43)
which yields to lowest order in the asymptotically free region and near the conifold
3) 5 3 96453 6065417
FYY = — + _
2688a4  1024al0 ' 524288a16 4194304022
213776429067 1
2.44
3435073836842 <a34> (244)
e 1 197ap 54542723a3,
D 77100843, 933:165888m5 19591041024
1598627311094
o DL 0@ . (2.45)
23329873884676096m

The instanton expansion (2.44) agrees with Nekrasov’s calculations (A.5) and makes pre-

dictions at higher instanton numbers.

2.3 Nj=2

The discriminant is
Ay = (4u® —1)% . (2.46)

That it is of fourth order in w can be seen from (3.15) in a later section, where we provide
the expression of the conifold divisor for generic flavor masses. The solution of the Picard-

Fuchs equation at weak coupling limit v — oo is

Ju (1 1 15 105 n
a = u — — —_ o
64u?  16384u*  1048576uS

1 13 163
= 2al - - - 2.47
ap = 2alog(u) + Vu ( 3202 16384ut | 314572806 ) (247)
The modulus u can be expressed in terms of 7 = — 271m. 6285 ;O) as [32]

103 1 65(r) 1

= = ) 2.48
YT aenens T2 T ei(r) T 2 (248)
We verify the genus one amplitude satisfy the holomorphic anomaly equation
1 da 1
GO _
F 2log (du) 1210g(A2) . (2.49)
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The period a can also be written in terms of theta functions of 7. We notice that the
Picard-Fuchs equation for Ny = 2 is very similar to the one of Ny = 0 pure Seiberg-Witten
theory studied in [1]. In particular, if we change the normalization u — &, but leave 7 and
a fixed, then the Picard-Fuchs equation (2.9) and the expression of u (2.48) are exactly the
same as that of pure SU(2) theory. So the expression of the period a in terms of 7 should
be the same as that of [1] up to multiplicative constant. We find

a (Eo(7) + 605(7) + 05(7)) . (2.50)

~ 363(r)
However since A is the square of the Ny = 0 discriminate A;. Therefore the genus one
amplitude is not simply F") = —log(n(7)) as in the N; = 0 case [1] but rather

1 _ 1 . 02(1)6% (1)
FU = 3lg<392(:) ) (2.51)

In the following we use the notation in [1] and define
b= 65(7), c:=05(1) =b+d, d:=03(7), (2.52)

h:=b+2d and X := 1728bc2d2'

Under a S duality transformation, the theta functions have modular weight two, and
transform as b — —712d, ¢ — —72¢, d — —72b. The Eisenstein F» is weight two and
transforms with a shift (2.20). The period a contains E as well as 62 and is therefore
not modular invariant under I'(2). By a duality transformation followed by a holomorphic
limit it is rather related to the dual period

i

~ a2 (By—b—c) . (2.53)

ap =

Using the gap condition from dual expansion, we fix the genus two amplitude and find

the space-time instanton expansion

2
F® = L X{255] — T5ESh + 155,(130° + 22¢d) — h(1370% + 8ed)} . (2.54)
o _ 7 7 1425 15717
T 48002 102405 262144al0  8388608al4
8623029 1
- : 2.
1717986184015 © <a22> (2.55)

The S-dual of F® and its dual expansion fulfilling the gap condition are

2
FY = 15 XD{25E8 — T5E3hp + 15B5(13d" + 22be) — hp(137d° +8be)} . (2.56)

: 2 L
2 _ 1 3iap  33ap  214Tiap, Ol 5 57
D= 10062, T 512 1024 20as0 T OD): (2:57)

where hp = —d — 2b, Xp = _172;51b202'
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We push the analysis to genus three using the gap condition. The genus three ampli-
tude is

32
F® = X2{80E§ — 480E5h + 48 E5 (410% + 104cd) — 5 E3h(646b + 685¢d)

16
+ . E2(6503b* + 23410b% cd + 7637¢%d?)

2
— 35 Eoh(5867b* 4 11605b%cd + 671c*d?)

16

+ 105 (17729368 4 787182b* cd 4 6192330 2d? + 40232c3d3)} . (2.58)

The space-time instanton expansion and the S-dual expansion are given below

pe _ 3L 5 843 0721
 8064a*  2048a% © 524288a'?  8388608a!C
318316439 1
@ 2.59
3435073836822 <a26> (2.59)
3) 1 45iap  279a7,  745933ia},

— O(ak) . 2.60
D 5o4a;g+16384 8192 3670016 (ap) (2.60)

The instanton expansion (2.59) agree with (A.6) and make predictions at higher instanton

numbers.
24 Ny=3
The discriminant is
u
Ag = 4(16u —-1). (2.61)

The solution of the Picard-Fuchs equation at weak coupling limit u — oo is

a:\/u<1— ! 5o 00 +>

64u  16384u2  1048576u3

= alog(u) + v/ L ! + ! + (2.62)
4D = @O T VU T T 16384u2 | 31457283 ' '

In the case Ny = 3, it turns out to be convenient to define the gauge coupling as 7 =

_ 1 92F©

xi 9a2 T+ 1. The modulus u can be expressed in terms of 7 as [32]

(1) :
256 n(2(r — 1)) 256 (27)8 16 '

We verify that the genus one amplitude satisfy the holomorphic anomaly equation

1 da 1 1
M — _ _ _
F 2log (du) 1210g(A3) 4log(u) . (2.64)

We note an additional singularity at v = 0 besides the Az = 0.

,15,



We can also use the results from pure SU(2) case [1] to write period a and F() as
theta functions of 7. We notice that under a change of variable u = ﬂggl, the Picard-Fuchs
equation (2.9) and the formula (2.63) become the same as the pure gauge theory case,

namely we have

d*a
4(a* -1 =
(a )dﬁQ +a=0
S LNGP ek + el
8 n(27)® 03()

So we can use the result of pure SU(2) gauge theory and we find

1
T Log ) (P27) + 04) + 47 (265)
and the genus one amplitude
1 03(7)04(T)
FO = —log( ® : 2.
(V) (200

In the case of Ny = 3, there are two different dual expansions: one at u = 0 and one
at u = 116. Unlike the case in Ny = 0 and Ny = 2, the two expansions are not related by a
Zy symmetry. The S-duality transformation transforms u = co to u = 116 or u = 1, while
a T and S duality transforms v = co to u = 0 or & = —1. The corresponding actions on
a,b and c are

S-duality : b— —7%d,c — —1%c,d — —72b

TS-duality : b — 72d,¢c — —72b,d — —7>¢c .

and yield the dual periods as

7

S-duality : ap] = — 1262 (B —b—c¢)
1
TS-duality : apy = — 1262 (Ba—b—c).

It turns out there are gap structures in the dual series expansions at both u = 0 and u = 116,
where the first sub-leading terms of the dual series at u = 0 and u = 116 go like constant
and a% respectively. We are able to use this structure to fix the genus two amplitude

b
Fﬂhz8m@¥[amg—9mg@+4®44mEx%?—%d+&m%
—(16b* + 51b*d — 1428bd”* + 443d°)] . (2.67)

The space-time instanton expansion and the dual expansions are

po _ 15 09 83
T 48042 T 1024a% 26214405 ' 419430448
13361 1
N 2.
1717860184010 T © <a;2> ’ (2.68)
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1 1 | 27liapy  3811a},;,  5078lia},

FO — O(a 2.69

DL~ 94002, T2 16 16 o0 TOWp), (269)
1 4a3 75a% 2155a2

F(2) _ D2 D2 D2 | 0(g8..) . 2.70

D2 15@%2 + 5 4 + ] + (aDQ) ( )

The vanishing of the subleading coefficients in both of the dual series expansions up order
a%l and a?l’)2 respectively yield independent conditions. These enable us to precisely to fix
the unknowns in the ansatz for the holomorphic ambiguity, which is increased w.r.t. to the
Ny =0 and Ny = 2 case, because there is no Z3 symmetry u — —u in the Ny = 3 theory.

We push the analysis to genus three
2
F® ::765§gc4d4{1050E§-—105052(5b4—13d)4—21053(80b24—233bd4—374d2)—
TOES(529b% + 1752b%d + 1731bd? + 3764d3) + 42E3 (11726 + 398563 d+
4563b%d% — 9299bd® + 12818d*) — 425 (844b° + 3109b*d + 476563 d>+
12404b2d® — 63022bd* + 9554d°) + (10718b° + 44304b°d + 81507b*d?+
194066%d? + 2674506b%d* — 2382348bd° + 117557d°) } .

(2.71)
The space-time instanton expansion and the two dual expansions are
@ _ 47 1 . 769 B 1595
~ 8064a*  512a8 53428848  8388608al0
506627 1
O 2.72
+34359738368a12 * <a14> ’ ( )
; 2
3 _ 1 10 2932Tiap1 413345a7), Ol 573
DL~ qo08as, 10T 3 16 T OlDb), (2.73)
4 90a%,, 4183a},  35483a?
FO _ D2 D2 _ D2 4 (a0 2.74
D2 63@%2 7 + 8 3 + (aDZ) ) ( )

where the space-time instanton expansion (2.72) again agrees with Nekrasov’s calcula-
tions (A.7) and makes predictions at higher instanton numbers. Note that the non-zero
sub-leading term of the two dual series appear at order a%l and a‘;’n respectively, as the
genus two case.

3 SU(2) Seiberg-Witten theory with massive hypermultiplets

In this section, we will show that the gravitational couplings F9) for the massive Seiberg-
Witten theory can be solved as polynomials of generators of the relevant modular functions,
whose coefficients are rational functions of the Coulomb modulus u as well as the mass pa-
rameters m;. The equation J(7) = Ry, (u, m) still governs the occurrence of the modular
functions and relevant group is again the quotient of PSL(2,7Z) by the permutation group
acting on the roots u(.J,m). Mathematically the mass parameters m; are known as isomon-
odromic deformation parameters.

3.1 The prepotential F(©)

For the massive case the Picard-Fuchs equation is much more complicated than the massless
case. There is a standard though tedious way to derive the Picard-Fuchs equations from the
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Seiberg-Witten curve [38]. The Picard-Fuchs equations for SU(2) Seiberg-Witten theory
with massive hypermultiplets were derived in [39, 40] and for the case of one massive

hypermultiplet (Ny=1) it is given by

AT 3A1 + (4mf — 3u) J @11

du? * Ay (4m? — 3u) du?
8[4(2m7 — 3u)(4m? — 3u) + 3(3Amy — 4u?)] dIl

Aq(4m? — 3u) du

0. (3.1)

Here my is the mass of the hypermultiplet and A; is the discriminant of the Seiberg-
Witten curve

Ay = 256u> — 256m3u’ — 288Amyu + 256A3m3 + 27AS . (3.2)
The differential equation (3.1) has a second singularity at the vanishing locus of
Ay =4m? —3u . (3.3)

In order to match with Nekrasov’s convention [4], we again set the dynamical scale A; = 25,

In the weak coupling region near u — oo, the Picard-Fuchs equation (3.1) has a
constant solutions and two other solution corresponding to the periods a and ap. It was
found in [39]

3 15m?  35m;  105(3 + 64m3)

du? ' 64ud 6dut | 256u° 16384ub
3465m? 1
)
T 819207 * <u8>] '

m?2 my  m¥\ 1 3 m3  mb\ 1
— 34l _my 1 _my oy
b aog(“)h/“{ u (2 i 6>u2+<32 4715 ) B

3m?2  mi mi\ 1 1
=) o ()] (3.4

0 . .
ag;> = ap and checked it against Nekrasov’s result

a:\/u[l—ml—i-

We solved the prepotential using
summarized in (A.1).

There are relations between the period a, Coulomb modulus v and the gauge coupling
7, which become useful for solving the model. After a PGL(3,C) transformation, the
massive Seiberg-Witten curve can brought into Weierstrass form (2.6). For Ny = 1 one has

4
g2(u,my) = 3u2 — 4my
8 4
g3(u,my) = —27u3 + NEU 1. (3.5)

Using the fact that the period equation is solved in terms of modular forms [41] (see [34]
for an elementary review), the definition of 7 = —,!. 855 and the J function (2.7) one can
show that the period a satisfies the equation [42]

du | o g3(u,m1) Ea(T)
= \/ 18 ) Eur) (3.6)
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Note that this equation is universal for Ny = 0,1,2,3 in the sense that it depends on the
specifics of the curve only via go(u, m) and gs(u, m).

3.2 Gravitational couplings

We shall follow the approach in [1] and treat the period a as a flat coordinate in the
holomorphic limit. The singular locus of the Picard-Fuchs equation (3.1) is at A; = 0
and Ay = 0. Ay = 0 is the the conifold divisor, i.e. one hypermultiplet becomes massless
for these values of the moduli. According to [35] each hypermultiplet contributes —112 to
one-loop gravitational § function, which yields a logarithmic running of the coupling of
Ri. This gives rise to an —112 log(Al)Ri contribution in the one loop effective action,
compare (2.5). On the other hand the conformal locus lies on Ay = 0, as discussed further
in section 4, and here the  function and hence the log(Ag) contribution to F' (1) vanishes.

This fixes the ambiguity at genus zero and the holomorphic limit [11]

1 da 1
A — — " log(A .
o8 (o ) = oo (3.7

agrees with Nekrasov’s calculation (A.2) up to an ambiguous constant. The form of (3.7)
has been already noted in [43].
Using (3.6) the genus one gravitational correction F' (1) can be also written as

1 95 (g3 — 2793) B
F = _ "] 2092 3776 3.8
s (P 5T )

As discussed in section (2.1) the F(9) (g > 2) of Seiberg-Witten theory are modular
invariant with weight zero. As we have seen the covariant derivatives in the recursion lead
to an anholomorphic dependence, which can be completely absorbed into powers of the non-
holomorphic Eisenstein series Ey(7). Their modular transformation must be compensated
by holomorphic modular forms. We claim that all anholomorphic dependence can be
absorbed into the weight zero anholomorphic modular form

Es(7)Ea(7)
X(r) = . 3.9
=" (39)
This can be established by rewriting the holomorphic anomaly equation (g > 2) as
9 (x E 2Fe-1D 9L g™ gple-n)
OFY(X,u) _ Eg n , (3.10)
0X 24F, da? — da da

Using the relations of a, v and 7 in (2.7) and (3.6), and induction one can easily show
the right hand side of the above equation is a polynomial of X of degree 3g — 4 whose
coefficients are rational function of u. It follows that the higher genus F'9) (g > 2) are
polynomials of X (7) of degree!? 3g — 3, whose coefficients are rational functions of the
modulus v and m.

12As we explained in the massless cases in section 2.1, there is an isomorphism between Eo and Es. So
one can treat the above equations by replacing 5 with E5 in the holomorphic limit.
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Given (3.8) it is easy to integrate (3.10) up to the holomorphic ambiguity. e.g. for
genus two we find

1 ggX 3
F® = Adu)? {—2880(3u — 4m?)? ( - ) — 96 (252u® — 648miu’+ (3.11)

X 2
(352m{ + 54m1)u + 27(8m3 — 9)) <g3 )
g2

64
-5 [324u* — 528miu® + dmy (T6m} — 27)u?

X
—36(26m® + 27)u + 3m?(128m? + 729)] (93 > } ey
92

where 3 is the holomorphic ambiguity, which is again a rational function of u and mj.

3.3 Fixing the holomorphic ambiguity with dual expansions

In order to fix the holomorphic ambiguity, we use the gap structure in the dual expansion
at a discriminant point w = uy, where A(u;) = 0. The formulae are essentially the same
as the semi-classical limit u — oo, and we just need to use the dual coupling and period
7p and ap in places of 7, a. The formulae (2.7), (3.6) become

g2(u)?

J(tp) = go(0)? — 2705 (u)? (3.12)

du | g3(u) Ea(TD)
dor _\/ 18 B (3.13)

From the above formulae we see that around the discriminant point v ~ wuq, the dual theory
is indeed weakly coupled in terms of the dual coupling 7p — ioo, and the asymptotic
behavior of the dual period is ap ~ (u — uy).

We can now replace 7 in the genus two formula (3.11) with dual coupling 7p, and

@D iy terms of the dual period ap.

expand F

The ambiguity ) can a priori have poles at the singular points of Picard-Fuchs
equation A(u) = 0 and A = 0. However Ay = 0 does not appear as a pole in the
holomorphic ambiguity. This is because there is a conformal massless spectrum at that
locus in the moduli space, similar to the situation encountered in [37] for the Gepner point
in the Calabi-Yau moduli space. The singular behavior of f(9) at the conifolds implies then

that f(@) = 2352)2, where p,,(u) is a polynomial in u of degree n. Since £ must be regular
1

at u — oo and A; ~ u? we get that n < 6g — 6. In fact it turns out that n = 6g — 7.
Using the 2¢g — 1 first coefficients in (2.27) at the three inequivalent conifold points, we
see that the equations following from the gap condition overdetermine the coefficients of
pn(u). This fixes the holomorphic ambiguity for all g. e.g. for genus two we get

128
@ = S05A(u)? [—684u° + 3192m2ut — 2my (656m3 + 4293)u> + 378(8m3 + 45)u>
—54m3(80m3 + 183)u + 27(664m3 — 729)] . (3.14)
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Unlike the massless case, here the constant term in the dual expansion does not vanish.
Although it is too complicated to write down the constant term, we have checked it indeed
vanishes in the massless limit m; = 0.

The holomorphic ambiguity (3.14) together with (3.11) gives the exact formula for
genus two F( in the massive N t = 1 Seiberg-Witten theory. We have checked the agree-
ment with Nekrasov’s instanton calculation in semi-classical limit. We can furthermore
obtain predictions for higher instanton results at genus two. For example, the 6-instanton
and 7-instanton results are

e 149772005 — 39720651a* m? + 131881442a*m] — 96877135mS
6—instanton 8388608@26

e ~ 3(6542298a%my — 73190615a*m7 + 181612908a*m3 — 117503791m])
T—instanton ~— 8388608&30 :

3.4 Comments on the Ny = 2,3 cases and integrability

We can transform the Seiberg-Witten curve for Ny = 2,3 with generic hypermultiplet
masses into Weierstrass form. The conifold divisors A = g3 —27¢5 = 0 for the Ny = 2,3
cases are (here we use the convention for the QCD scale ANf:2 =2, ANf:3 =4)

Anp=g = 16u* — 16(m? + m3)u® + (16m3m3 — 80myms — 8)u?
+[36(m? + m3) + 72mimy(m? + m3)|u
+1 — 12mymy — 6m3m3 — 64mim3 — 27(m] + m3),
An,—s = —16u” + (1 + 16m7 + 16m3 + 16m3)u’
+[8(mT 4+ m3 + m3) — 16(mim3 + mimj + mim3) + 88mimams)u’

+fa(ma, ma, ma)u? + f1(my, ma, ma)u + + fo(my, ma, ms), (3.15)

where fo, f1, fo are some symmetric polynomial of my, meo, ms.

The number of conifold point is n = 3,4,5 for Ny = 1,2,3 and these points are
distinct for generic hypermultiplet masses. The ambiguity at genus g is a rational function
whose denominator is A2972, while regularity at « = co constrains the number of unknown
constants in the holomorphic ambiguity to be n(2g — 2). The gap boundary conditions
at each of the n distinct conifold singularities provide 2g — 2 conditions. This is exactly
enough information to fix the holomorphic ambiguity.

We have also checked the genus one formula

1 da 1
(0 J— _
F 210g <du> 12log(A) (3.16)

agrees with Nekrasov’s instanton counting formulae for Ny = 2,3 cases for generic masses
when we expand it at u = oo.

4 SU(2) Seiberg-Witten theory at superconformal points

One of the most interesting aspect of the Seiberg-Witten solution of N = 2 gauge theories
is that it allows to study regions in the parameter spaces where previously unknown types
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of four dimensional interacting field theories have been discovered. Of particular interest
are the points where several dyons become massless, which have electric as well as magnetic
charges. It is well known that no effective action with only local interactions can be written
down in that case and one says the massless dyons are mutually non-local. Geometrically
the situation is characterized by the fact that pairs of cycles which mutually non-vanishing
intersection numbers vanish. It also implies that the divisors, where mutually non-local
dyons vanish, intersect in the moduli space.

In the previous section 2 we studied the case where the bare masses of hypermultiplets
are zero. In this case the extra massless particles at the colliding singularities are mutually
local. In [22], some special cases of hypermultiplet masses are studied where two mutually
non-local singular points in the u plane collide. In the case there is a non-trivial interacting
superconformal field theory at the colliding singularity in the u plane. Besides the known
Ny = 4 superconformal field theory, three new N = 2 superconformal field theories were
found [22] from SU(2) Seiberg-Witten theory with Ny = 1,2, 3 flavors, and are denoted as
(N¢,1) superconformal field theory respectively .

A technically interesting aspect is that the equation (2.7), which is for general masses,
compare (3.5), not easily solvable for u(7), becomes simple and solvable at the confor-
mal points, which allows below to find explicit formulas for the amplitudes in terms of

modular forms.

41 Ny=1,m =3

We follow our previous notation A; = 25. In the special case of the mass of the flavor mq =
321, there is a non-trivial (1,1) superconformal field theory at u = % where two mutually
23

non-local massless dyons collide, and there is another dyon singularity at w = — '°,. The
4.23
3

(1,1) superconformal field theory at u = < is equivalent to the Argyres-Douglas point

3

2
originally found in pure SU(3) Seiberg-Witten theory in [44]. The discriminant is

3\2 15
A~<u— > (u+ ) (4.1)
23 4.23

Eq. (2.7) simplifies to

da+1)3(a—1 E3
4a+5 E; — By
2
where u = 2;”. The equation for u has 4 solutions and 3 of them have the correct

asymptotic behavior u — oo in the weak coupling limit 7 — 7o0o. These 3 solutions are

related by a Z3 transformation and we just need to consider one solution

3 2F2
u:2g <_1+\/m+\/3_x+(E§—E%’)\/x> (4.3)

2
E; _ Ey

with x =1 .
T e T memn?
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The formula (3.6) becomes

1
do ([ 2i(a+1) B\’ ()
du  \ 6(2a2 +2u— 1) E4 '

and the genus one amplitude becomes

1 da 1
= _ —
F 2log <du> 1210g(A)

L (4a+5)(a+1)3(a—1)? B3
(o)
12 (202 +2a—1)3  E})’

(4.5)

which can be written entirely in terms of 7 using (4.3).

We study the gravitational couplings of the theory at the superconformal point u = 3,
in more details. The Picard-Fuchs equation has a constant solution around this point a12r13a
two power series solutions. The two power series serve as the flat coordinate a and the
derivative of prepotential agéo) around this point. Denoting z = u — u; — 0, we find the

solutions are

; 10 > 128 _u 6272
=26 |1 — 23 92352 _ 3 @) 4
“=z ( 80127 T 11153727 ~ 560694207 T O )

oF©) 7 28 > 400 1 4096
= 1-— 2 2322 — S+001Y) . 4.6
da ZG( 105327 T 12465927~ romig15° O (46)

The scaling behavior of the period of the Picard-Fuchs equation as a ~ 26 agrees with the
analysis presented in [22]. We can invert the series and solve the prepotential in terms of
the flat coordinate

12 28 2 18 63872 118 11006912 6

36
9 9305 — S
38612797 1uoa57335 2797 T ase0s6163575 0 T O@t) - (4T)

Here we have not fixed the normalization of prepotential and the flat coordinate a. As usual
the prepotential is determined up to a quadratic polynomial of a due to the ambiguity in
choosing the basis of the solutions of the Picard-Fuchs equation.

For the genus one free energy, we find

1 1 2 s 5732 112 18
FO - _ 7 - 2 2 O . 4.8
10108(0) = g9, 207 + o) gaag5 2707 +O(a ) (4.8)

For genus two free energy, we can use the result we derive for generic mass parameter
mq, and specialize to the superconformal point. Using formulae (3.12) we can derive the
expression for the Eisenstein series

da\* da\°®
Ey(1) = 1292 du ) Eg(T) = —216g3 du )

 Ba(nEa(r) _ 2B Es(r) =3B (“50) /(57

D= Br) T omr)Eer) — 3Ear)? (“5) 7 (5) -

dr dr
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We find that the leading singularity at genus two is F(?) = O(i), even though for a generic
holomorphic ambiguity f® one has a leading singular behavior of f(2) = O(Z14). The
expansion in flat coordinate is

133 19 79793 a5 4310932 1

2 _ _ 5 +0(a5) . (410
asason’ 360855 . 9} 1656324450 o2 T 3327750681754 TOW@?) - (4:10)

This kind of singularity behavior is very similar to the situation at the orbifold singularity
in compact Calabi-Yau spaces encountered in [37], where the F(9) turns out to be less
singular than naively expected. Here the massless particles scale as the period a ~ 26
in the limit z — 0 and we know F'@ should be no more singular than a¢®~29 from the
usual Gopakumar-Vafa argument of integrating out charged particles in the graviphoton

background. This explains the leading singularity in the expression of F() above.

4.2 Ny=2,m =my=+"

We follow our previous notation Ay = 2. There is a (2,1) superconformal field theory at
u = ;’ where a double singularity collides with a mutually non-local dyon singularity, and
there is another dyon singularity at u = —g. The discriminant is

A~ (u—3>3<u—|—g> . (4.11)

We solve a cubic equation for u, and there are 2 solutions with the correct asymptotic
behavior in weak coupling limit. As before they are related by a Z5 symmetry. We consider
one solution

1

3. 3¢~ 61 Ey(Eg + i(E3 — E2)2)3
2 2(E3 — E2)>

| Beb (B —i(B] — E})2)5

2(E] - E)> '

U= —

(4.12)

From (3.6) one gets

da 1 Qu+3)  Eg(r))?2
du 2 ((2u —3)(u+3) E4(T)> ’ (4.13)

which allows to write the genus one amplitude as

1 da 1
FO = _7] — " log(A
2 %8 <du> 1918(8)

_ 110g<(2u+3)3(2u+5)Eg> . (4.14)

12 (u+3)3 B}

One can use the expression of u in equation (4.12) to obtain a formula for genus one
amplitude (M) purely in terms of gauge coupling 7.

There are two other identical (2, 1) superconformal field theories at mq; = —mg = +i A22 .
These are the same theories as the ones at m; = mgy = :|:A22, to which they are related by
the transformation v — —u.
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As in the Ny = 1 case, we can solve the flat coordinate a and express the prepotential
F©) and genus one free energy FU in terms of it. The best way to solve the flat coordinate
is to use the Picard-Fuchs equation, since at the superconformal point it is not convenient
to do perturbative expansion the Eisenstein series. The Picard-Fuchs equation for the
massive Ny = 2,3 Seiberg-Witten theory were found in [40]. We specialize to the case
of mass m; = mg = i/\;. Denote z = u — 3 we find the solutions of the Picard-Fuchs

2
equation around z = 0

3 2% , A
=211 - 0
@== ( 294% T 995987 " gamae” T O )>’
oF(©) 5 5 147 847
= 1- - 51001 . 4.15
oa ( 96> T 26624° 11141127 T O )> (4.15)

The genus zero and one free energy up to a constant are

8 5 4 3197 16 6883 20

O — 43 _ _
@ 950" T 600688 " " T 656803840 T

1 5 . 1409 s 11873
FO = "1 - - 4
6108(0) = (o007 F errc0g® T 02725248

4.3 ]\[f:?),’I’I”L1:7’I”L2:TI’L3:/}33

We follow our previous notation Az = 4. In this case there is a (3,1) superconformal field
theory at u = % where a triple singularity collides with a dyon singularity, and there is also
a dyon point at u = — 12. The discriminant is

A~ (u— ;)4 <u—|— ig) . (4.17)

One can solve an algebraic equation and obtain an expression of u in terms of gauge
coupling 7. Here we will use the normalization 7 = ;ﬂ 82812 éo), which is one half of the
T-dual of the gauge coupling we use in Ny = 3 massless case previously in section 2. There
are two branches of solutions [42], and we take the branch where in the weak coupling limit

T — 100, the modulus goes like u — oco. The expression for u is [42]

3
_ 2TE¢E} + 23E% + 4E}

(3~ ) e

and there are also formulae for the derivative of period a

3
da 2\ [ Eg— E;
du 27 E4

3
da (27)5 Es + E?
B i

We have not found an explicit formula for period a(7). However, to write an exact formula
for the topological string amplitude of the F9) in terms of modular forms, we only need
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the derivative of period a. The genus one amplitude is

1 da 1
m — _ —
F 2log (du) 12log(A)

(4.19)

where as usual we are not careful about an ambiguous additive constant in F().
Asin the Ny = 1,2 case, we can solve the flat coordinate a and express the prepotential

F©) and genus one free energy F() in terms of it. Denote z = u— L, we found the solutions

29
of Picard-Fuchs equation around z = 0 as the followings

. 8 19 , 18928 A
= 1-— — (@)
== ( 405 V131227 T 17mamesst O )>’

(0)
aga 23 (1 S0y 242 204320 3+O(z4)> : (4.20)

— z° = z
567 6561 20726199

The genus zero and one free energy up to a constant are

64 o 401 885232 15
0 _ 3 6 O(a°
= o5t 36450% 35183362577 T O@)

1 4 3403 225869
FU = ~4 log(a) — as 3 2

- O(a") . 4.21
135%° 4374007 ~ 81102375 T O@) (4.21)

5 The non-compact limit of Calabi-Yau compactifications

A good way to solve the holomorphic anomaly equations for a Riemann surface of genus
one describing an N = 2 gauge theory is in terms of rings of anholomorphic modular forms,
as we have seen in sections 2 and 3.

However even without knowing anything about the structure of the modular forms
w.r.t. the modular group of the family of curves, one can derive the necessary almost holo-
morphic objects directly in terms of the periods, which are solutions of the Picard-Fuchs
equations. This has been done for compact Calabi-Yau spaces using special Kahler ge-
ometry [21] and the anholomorphic objects are the BCOV propagators. The derivatives
that appear in the holomorphic anomaly equation close within a finitely generated poly-
nomial ring of almost holomorphic modular functions and the F(9) are themselves such
polynomials [25].

As explained in [6, 9] extracting 4d N = 2 non-perturbative gauge theory from type II
string theory compactified on a Calabi-Yau space W can be done geometrically by taking
a limit in the geometrical parameter of the Calabi-Yau space in which part of the geometry
decompactifies. Since we are dealing with the vector moduli space the limit is taken in
the A-model in the complexified K&hler space and in the B-model on the mirror manifold
the limit is taken in the complex structure space. For Calabi-Yau manifolds W embedded

in toric ambient spaces a wide class of limiting configurations in the B-model has been
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described as the 3-d total space of a conic bundle over C* x C* branched at a Riemann
surface C; € C* x C* [6]. For the relevant geometries the compactification of C; is then the
Seiberg-Witten curve C,. A general feature of the limit is that the periods of the (3,0)-
form © over 3-cycles in W, which stay finite become the periods of a meromorphic form
A over l-cycles on Cy [9]. The form A on C; can be obtained by integrating € over the
non-compact directions in the limiting configuration of W [10].

Below we review in section 5.1 the important properties of the complex moduli space of
complex Calabi-Yau manifolds following [26] and compare then the ring structure used to
solve the holomorphic anomaly equation in the big phase space [26] with the one developed
for the small phase space [25, 28, 29].

Further we describe in the sections 5.2, 5.3 how the ring structure behaves in the non-
compact limit extending the formalism of [19, 46] from local toric Calabi-Yau manifolds to
non-conformal local gauge theory limits with matter fields. .

5.1 Special geometry and rigid special geometry

The origin of the anholomorphicity comes from the metric on the moduli space of the N = 2
vector multiplets, which determines their kinetic term in the effective action. The latter is
an N = 2 supergravity action for the compact case and an N = 2 super symmetric (gauge
theory) action without gravity in the non-compact case. The vector multiplet moduli
spaces are identified with the complex structure moduli space M of the Calabi-Yau W
and the Riemann-surface Cj respectively. The metrics are the Weil-Petersen metrics on
these geometric moduli spaces. In both cases they derive from a real Kéhler potential K
as Gj; = 8,5]—[( , but there is additional structure. For the Calabi-Yau case this is usually
formulated as special Kéhler geometry in the small phase space, i.e. in the inhomogeneous
coordinates discussed below, and for the Riemann-surface the structure is always rigid
special geometry. However in the homogeneous coordinates, also called the big moduli
space, the N = 2 supergravity action for the compact case can also be formulated in terms
of rigid special geometry, which simplifies the limit to the local case.
The splitting of the middle de Rham cohomology of the compact Calabi-Yau W

HB(W Z) — HB,O e H2,1 D H1,2 ey H0,3

5.1
Q0 Xi Xz Q, i,i=1,..., k% (5.1)

into Hodge cohomology groups depends on the choice of complex structure. In particular
we indicated the basis Q, s, Xz, Q, 4,7 = 1,...,h?' of the individual Hodge cohomology
groups that changes with the complex structure. One introduces a fixed topological and
symplectic basis (AX, Bx) of H3(W,Z) and a dual symplectic basis (af, 35) of H3(W,Z).
Here K = 0,...,hs; and the non vanishing pairings are A¥ N Bx = fW ag A pE o=
(ag, Y)Y = — (B, ak) = i arx = fBK Bl = L. 1f one expand Q = X!a; — F;p! and
Xi = X a; — xriB" in terms of periods

X! = / Q, F; = Q, le = / X XIi = / Xi s (52)
Al Br Al Br

the X! become homogeneous coordinates of the moduli space of complex structures. The
dual periods Fy = [ B, Q and the XZ'I . xr1i are not independent but related to X! by special
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geometry. It is convenient to define Y/ := A"1 X1 I =0,... ho; and 9; = Jy,. It is easy
to see that Or,,..., 05, € @,_« H37U Transversality, i.e. (a,b) := fWa Ab =0 unless
both Hodge indices (p, q) of a and b add up to 3, means that (€2, 9;Q) = (Q,079;2) = 0 and

that implies the existence of a holomorphic prepotential F (0)(Y) = 5)\2YI Fr. The latter

aF(©)
oyl -
space, parameterized by the homogeneous coordinates Y/, one defines a Kéhler potential

is a homogeneous function of degree two in Y7/, such that F; = In the big moduli

K= ;(YKFK ~Y®Fk),  Gry=0/0,K=1Immyy, (5.3)

a symmetric weight zero tensor 77; = 8312§YJ and a symmetric weight —1 triple coupling
Crix = 010,0x F = (Q,01050K). The metric Gy has signature (1, hg;). The connection
is I’f] = gKLy;qG L= —§C§ x and one has the so called special geometry relation

1 _
(D7, Dyli = 0T = 4CJKPCIPL, (5.4)

which can be viewed as integrability condition for the existence of the holomorphic prepo-
tential F', such that C7;x and G; 7 can be obtained from it by differentiation. It was shown
in [26] that the holomorphic anomaly equation of [21] reads in the big moduli space

. g—1
d;F9) = —;C*;’K (DJaKF<91> + ZBJF(h)BKF(gh)> . (5.5)
h=1

Since D;C 71 = D;Cry7 and DG,z = 0 one can integrate
i
St = 40{{ (5.6)

The S’/ are anholomorphic tensors, called the propagators,'? they play a similar role that
Ey plays for the elliptic curve. From (5.4) one can solve

SKL = i(C)KP(T )b+ HEE (5.7)

Here I is not summed over and HX” is a holomorphic ambiguity. The latter must be chosen
so that SEL is a tensor. The precise choice affects the form of the total ambiguity f(9), but
is otherwise arbitrary. One convenient choice is to require that d; F O =_ gCI xrSKEL,
The idea of direct integration is based on the fact that all anholomorphic dependence of
the modular invariant scalar F'9) is in the ST/, Therefore by (5.6) 9;F9) = ié}—]K ang and
C’}—IK cancels from equation (5.5), which can then be directly integrated w.r.t. to S7% up to
holomorphic terms £, which must also be modular invariant. To proceed in the iteration
in g one must show that the anholomorphic generators S!” close under the covariant

derivative up to holomorphic terms. By considering 0;D;S’%

, using (5.4) and integrating
w.r.t Y one gets

DSTE = CrpynSNESMT oK (5.8)

Bndeed the F9 can be reconstructed with the propagators and vertices 01,y e 81nF(h<g) by Feynman
rules of an auxiliary field theory [21] for the small phase space. For the formalism in the big phase space
see [26].
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Let us now come to special geometry in the small phase space, whose coordinates are
the inhomogeneous variables t* = ))gé, i =1,...,ho1. The Kahler potential K in the small
phase space is given by'*

V) —2i(FO 7). (5.9)

e K= 2/ OAQ = i(XTF; — XTFy) = it — )0, F© + §,F"
w
Here we define (X©)2F 0 (t) = FO(X) using the degree 2 homogeneity of F(®) and the
third equality holds up to a Kéhler transformation.

The connection F{, 5 splits into a metric connection, w.r.t. G;; = 9;0;K, and a Kahler
connection. The covariant derivative becomes D; = d; —I'; — kK; for objects in LFERT* M,
with an analogous definition for D;. Holomorphic sections A(t) of £* transform like A(t) —
A(t)e #®) under Kéhler transformations K (t,%) — K (t,t) 4+ h(t) 4+ h(f). In particular the
holomorphic (3,0) form Q € £ and F¢ € £2729. The covariant derivative eliminates the
(3,0) part in the derivative of Q and hence y; = D;Q (xz = D:f2). Applying this under
the integral yields x/ = D;X! and xj; = D;Fy, which serve as projectors from the big
to the small phase space. In particular the triple coupling in inhomogeneous variables
Ciji € £2 @ Sym3T* M are

ha1
Ciji = (2,0,0;00Q) = > (X' 0:0;0uF1 — F10,0;0,.X") = x{x{xk Cruxc - (5.10)
I1=0

It follows that Oy = D;D; DiFO)(t). Using (xi, Xz) = e X Gy; from (5.9) and transversal-
ity one gets with the definition (5.10)

DZ‘XI =: XI DZXJI = Z'C’ijkakX]{eK’ DZ)Z% = GZ‘ZXI . (511)

7

With [D;, Dilxx = —Gaxk + Rﬁklxl one arrives at the special Kahler relation in inhomo-
geneous coordinates

D, Di)k = R, " = Ok, = 68G 7 + 65 Gys — CiCF (5.12)

v

The projection of the S!7 is straightforward

S g X7
S = (X" x)) < P > ( J> . (5.13)
_ gt Gij X

Here the relations D;C_’ﬁglf = D]—C_’ﬂ;[ are integrated to C}jk = 9;87% G S* = 9,57 and
ngSj = ;@S The potentials S, 87, S, also called the propagators, allow to solve the
anomaly equation, by partial integration, see for details [21], up to an holomorphic ambi-
guity. One can project the propagators from the big phase space or rederive them from
the projected special Kihler relation (5.12). e.g. S¥ is solved from (5.12)

Y = 670K + 870i K — CiS™ + bl . (5.14)

We follow the conventions of [26].
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The analogs of the statement about the closing of the propagators (5.8) under D; are [25, 28]
D; Sk = 6k St 4 5LSk — Oy SFT S 4 R
DSt =287 — CipgS¥ + Wi Ky + bl
D;S = CiyjyS*S' + WP K K + hLK) + hy
DiK; = —K;Kj — Cij.S* + Cijr.SP K + hij

(5.15)

and are derived from special geometry similarly as (5.8). e.g. from g (D;S*) = 9 (0¥ S! +
6LSF — CipmSF™S™) follows the first of the closing relations (5.15), etc.

One finds from the properties under Kahler transformations [21, 25, 28] that S% =
S i =8t — Sinj and S =S — S'K; + %SiniKi are a complete set of anholomorphic
generators of a polynomial ring that contains the F9) as polynomials with holomorphic
coefficients. Indeed one can write the holomorphic anomaly equation as

) 9!
%j;j = ; <DZ-D]»}'(91) + ZDi}"(gh)Dj}'(h)> (5.16)
h=1

and integrate it up to holomorphic terms as a polynomial. Note that the derivatives of F(9)
w.r.t. $7,8 and K;, which naively occur at the left hand side, cancel. This cancellation
is equivalent to the statement that the dependence of F) is through the combinations
S S7 and S.

5.2 The non-compact limit

Non-compact Calabi-Yau manifolds are mirror to
wo = H(z,y;2), (5.17)

where u,v € Z, x,y € C* and z are moduli of the geometry. The geometry is that of conic
bundle, which branches over the locus

H(z,y;2) =0, (5.18)

which is a family Riemann surfaces C; of genus g. Let A = log(z) dyy be meromorphic
differential and (a’, b;) a symplectic basis of H 1(29, Z) then the rigid effective action has a

Kéhler potential'®

K= ;(tzf} —t'F), (5.19)

where t' = fai Aand F; = fb~ A. Note that the form of K is like in (5.3), but the ¢’ are
directly appropriate flat local coordinates. The metric reads

1. (1ij — T3) » (5.20)

- — 0.0-K =
Gy = 0;0; 9

i

where 7;; = 52

15We use here conventions, which differ by a factor ¢ multiplying the prepotential from the ones used
in (2.15) and call the flat coordinates t*, F; instead of a’, ap,.
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In the local case one has the following simplifications. The Kéahler connection in D;
becomes trivial, and the S as well as the S (see [47]) vanish, i.e. the first equation in (5.15)
and the equation (5.8) become equivalent and read

DS = — ST S 4 R (5.21)

The S% are the generators of the ring of anholomorphic objects Since the Kihler
connection 9;K in (5.14) drops out, so the S7% are solved from

Iy =—CiuS" + ff (5.22)

as

ST = —(CY (T + (f)l|, ¥Yp=1,...,r. (5.23)

Here r is the number of Kéhler parameter in the mirror to 5.17. It has been pointed out
e.g. in [19] that there are in general algebraic relations between the S¥. If C; has genus
g = 1 there will be only one independent S%, for g = 2 there should be 3 independent S¥.
Again p is not summed over in (5.23) and this over determined system requires a suitable
choice of the ambiguity fl]; This choice is simplified by the fact [48] that d;F} can be
expressed through the propagator as

1 A
0;F1 = QCiij]k + A;, (5.24)

with an ambiguity A;, which can be determined by the ansatz A; = d;(alog A + b;log z;).
1

12

The above construction of the an-holomorphic modular objects applies to the non-

Moreover the universal behavior of F} near the conifold locus [36] implies a =

compact geometries that relates the Calabi-Yau rings of [21, 25, 26, 28, 29] to the classi-
cal rings of almost holomorphic modular forms of subgroups of SL(2,Z) for SU(2) gauge
groups [7] or SP(2g,7Z) for SU(g + 1,7Z) gauge theories groups'® [1, 3]. Therefore it is
possible to write the generators of the anholomorphic rings that are needed to solve the
holomorphic anomaly equation for gauge theories in terms of solutions of the Picard-Fuchs
equations. For example for SU(3) in terms of the solutions for the Appel differential sys-
tem [38].

5.3 Monodromy action

The monodromy acts for the compact Calabi-Yau manifold W as a subgroup of
SP(h3(W),Z) on the CY periods (F; = 0;F, X))T, i.e. as

n J
( j;?) - (g‘ ﬁéj) ( j;?;) 65.25)

16GQeiberg-Witten curves are by now known for any gauge group. In general they are special families of
complex curves, whose deformation parameters correspond to vev of fields in the Cartan subalgebra of the
group, see [45] for a review. However we expect the holomorphic anomaly and the gap condition discussed
here only in the non-conformal cases.
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with all entries of AIJ, Byj,C!'7 and DIJ integers and

AS (CTYSKEN [0 —6K,\ (AL Brp 0 -5, 526
(BT)gx D 5L 0 cIP pl, sf 0 ) '

One clear advantage of the big phase space is that the monodromy acts simply on the
tensors in the homogeneous coordinates. e.g. 7 transforms as

71y = (A + B)x(Cr+ D) ' K, (5.27)

and modular objects of tensor weight —N transform like C’Il,___, 5, = (Cr +
D)I_ll Kl, L (CT+ D)I—Nl KNCKl,...,KN-

The monodromy for the non-compact cases acts on the periods I = (Fi = fbi At =
fai A, my, = fw A), where a’, b; is a symplectic basis of H;(C,,Z) and Yu are cycles encircling
the points where A has a pole with non-vanishing residua. As mentioned above II”" can
be obtained as the periods of W which stay finite in the non-compact limit.!” We call
C; = Cy \ {pi}. The monodromy acting on Hi(Cy,Z) is a subgroup of SP(2g,Z). The
action on II is

Fi a;’ by L\ (7
i|=1eid, i tJ (5.28)
my, 0 0 I my

and analogous to (5.26) we have from the preservation of the intersection form a’c = cla,
! integer. If Cy is obtained

b'd = d"b and a”d—cT'b =1, with all entries of a, b, ¢, d and lip, T},
by a non-compact limit from W the monodromy group of C; generated by 5.28 is a subgroup
of the monodromy group of W. The action on 7;; is given similarly as in (5.27) by

iy = (a7 + D)irer +d) ", (5.29)

An important difference is in the properties of the matrix 7. In the global case Im(77)
has signature (1, hoy ), i.e. one negative eigenvalue. On the other hand as it was mentioned in
section (2.1) it is a key property of the solution of 7, 8, 38] that Im(7;;), i = 1, ..., rank(G),
with 7;; = 2’% 0,i0,; F) is positive definite. Mathematically 7;; defines the Siegel upper half
space associated to C4. In the non-compact limit the matrix Im(7y7s) is therefore projected
a positive definite submatrix.

The Hodge star operator * on W defines a natural complex structure on H3(W), which
is +i on H39@ HY? and —1 on H*' @ H3. This leads to the so called Weil intermediate
Jacobian, which comes with a natural pairing given by the anholomorphic matrix

Im(T]K)Im(TJL)XLXK

g 5.30
Im(TKL)XLXK ( )

N]J =T1J — 21
It is well known in supergravity that this defines the matrix of theta angles and the gauge
couplings as Nyj =: 97{" + 87i(g~2);; and that Im(Ny;) is positive. In the non-compact

"Typically the fundamental period X° in the large radius limit becomes one of the constant periods m,,
see e.g. the discussion of local O(—3) — P? in the large fiber limit of the elliptic fibration over P? realized
as Xi15(1,1,1,6,9), see [19].
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limit certain a submatrix of the anholomorphic N7 ; becomes the holomorphic 7;; of the rigid
gauge theory. The Griffith complex structure on H3(W) is defined by +i on H>? @ H*!
and —1 on H'? @& H%® and the paring is given by 777, which as mentioned above has
one negative eigenvalue. We note that 77; and Njyj transform in the same way under
SP(h3(W),R) transformations.

6 Matrix model approach

The study of the gravitational couplings of SU(2) Seiberg-Witten theory has been a fruitful
setting to explore various approaches for solving topological expansions. As reviewed in
the introduction one can obtain the gravitational coupling F'9) by geometric engineering
from toric Calabi-Yau 3-folds and by Nekrasov’s instanton counting calculations. Both
approaches, the former via the vertex formalism, lead to sums over partitions, which are
valid in one region in the moduli space. In the geometric engineering approach one has in
addition to take a limit. The direct integration of holomorphic anomaly equation [1] studied
in the previous sections yields an analytic description of the higher genus amplitudes, which
is recurse in the genus, but valid throughout the moduli space.

In this section we will turn to another approach, namely the matrix model method. The
matrix model is in principle a framework that encodes exact perturbative information and
possible non-perturbative completions. It was pioneered by Dijkgraaf and Vafa in particular
in [13]. Following these suggestions the authors of [11] computed the gravitational couplings
of N = 2 Seiberg-Witten theory by a limit from the Hermitian matrix model describing the
glueball superpotential of A" = 1 gauge theory. However, only the genus one amplitude F'(1)
has been obtained in this way, and it is not clear how to compute higher genus amplitudes
in this approach, because F'9) is not gauge invariant for g > 1 [11].

A microscopic matrix model was recently derived in [16] from the partition function [4,
5] using the matrix model descriptions of infinite partitions [15]. Motivated by the recent
works of [20, 49], we will apply the formalism in [20] to the topological expansion of SU(2)
Seiberg-Witten theory. The formalism of [20] has been developed from the study of loop
equations in matrix models. It also proceeds recursively genus by genus. One advantage
of the formalism is that one no longer need to refer to a matrix model in this set up.
The defining date are the spectral curve C and the differential A, which yields the filling
fraction and the open one point function. The Seiberg-Witten curve has been shown to be
the spectral curve of the microscopic matrix model considered in [16]. It also follows from
a double scaling limit of the spectral curve of Gross-Witten matrix model considered by
Dijkgraaf and Vafa in [13].

One obvious advantage of the matrix model approach is that it gives also the open
amplitudes. Given the local mirror curve C* and the meromorphic differential A for topo-
logical string theory on local Calabi-Yau manifolds the matrix model predictions for the
open amplitudes have been checked against the topological vertex results [18, 23]. The
interpretation of these amplitudes in the gauge theory context is less clear.
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6.1 Review of the formalism

Here we review the formalism developed by Eynard and Orantin for integrating the loop
equation. For more details and references see [20].
The algorithm is particularly elegant for elliptic curves in Weierstrass form. We will

therefore focus on Seiberg-Witten curves in the Weierstrass form
y* = 42’ — ga(u)z — g3(u) . (6.1)

Here is u is the Coulomb modulus of the Seiberg-Witten theory. For the massless Ny = 2
theory we find by transforming (2.2) into Weierstrassform

_8u

= 27(u2 -9), (6.2)

ga(w) = (02 +3), o)

where the three roots of (6.1) are x = 2§‘, 1—7%,—1— 7% respectively. We note that is also
the Weierstrass form for the Seiberg-Witten curve for pure SU(2) gauge theory as quoted
in [7], while if we transform the Ny = 0 case [30] in (2.2) into Weierstrass form we obtain

442 1

g(t) = -1+ ", g3(u) = 27(9& —8a%) . (6.3)

The two curves specified by (6.1) with (6.2) or (6.3) respectively are known to be isogeneous.
That means in particular that the Picard-Fuchs equation are the same, but a careful
analysis of the integral basis of H;(Cy,Z) reveals the b periods differ by a factor of two.
The relation between @ and u from the comparison of the J-function (2.7) is u = ﬁg‘_ D
i.e. it exchanges the asymptotic free region and the monopole region [38]. At genus zero
it is difficult to distinguish the curves. Since the Picard-Fuchs equations are the same the
holomorphic prepotential can be derived from any of them. However at genus one there
is an important difference. We know that for Ny = 0 the conifold factor is A ~ (u? — 1),
while for the massless Ny = 2 case it is A ~ (u? —1)?, see (2.49) and (3.15). By calculating
A from (2.8), we see that (6.1), (6.2) is the Np = 2 curve. Now an important simplification
for the application of the [20] formalism arises if the meromorphic differential A is simple
rational function of the Weierstrass P-function for the curve written in the Weierstrass
form. It turns out that for the Weierstrass curve of Ny = 2 the form of the differential
A= \Q/jyngl used in [7] for the cubic curve quoted there as Ny = 0 curve has this property,
see (6.17). On the other hand if we transform the meromorphic (2.3) for Ny = 0 to the
Weierstrass representation we cannot express it as a rational function of the Weierstrass
P-function. As we mention above for genus zero prepotential it is not relevant to match
precisely the correct pair of curve and differential, but for higher genus it is crucial. Below
we stick to the technically simplest case namely the Ny = 2 case.

Given a curve C, the associated Bergmann kernel is defined as the unique bilinear
meromorphic form with a single pole of degree 2, whose integral over the A-cycles vanish,
see [20] for details. For the family of genus one curves (6.1), the associated Bergmann
kernel B(p, q) is simply the Weierstrass P-function plus a constant X

B(p,q) = (p(p — q) + X)dpdq . (6.4)
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The Weierstrass P function is a double periodic, even function on C

p(p+2a1) = p(p), o+2a2) =pp), o(-p)=pb), (6.5)
which has a double pole around the origin and the series expansion
_ 1 92 2 | 93 4 6
p(p) = o2 TogP T ogP t o@®°) . (6.6)

In particular the P-function is well defined on the two torus C; = C/A, where A is the
lattice spanned by the periods (2a;,2a3). The complex structure of Cy is 7 = Z? and
(a1, az) are half periods.

The constant X can be fixed by the A-cycle integral

2a1

; B(p,q) = (=2¢(a1) + 2a1 X)dp, (6.7)

where ((p) is the Weierstrass zeta function, and its value at half period is related to the
second Eisenstein series of 7 as
2

T
C(al)al = 12 EQ(T) . (6.8)
Using the relations between Weierstrass invariants and the Eisenstein series
4t 86
(2m) 9o (u) = "5 Ea(r),  (201)°g3(u) = Es(7) (6.9)
and the vanishing of (6.7), we determine X in (6.4)
Es(1)E
2g2(u) Eg(T)

Because of (2.20) the Bergmann Kernel transforms with a shift under modular transfor-
mations. One can define the modular invariant modified Bergmann kernel by replacing Fo
in (6.4) with s, as defined in (2.19). This replacement induces an isomorphism between
ring of quasimodular forms and the ring of almost holomorphic modular forms. In the
manipulations below we can work with Fy and replace it at the end of calculations with
EQ, if we wish to consider truly modular objects.

The Eisenstein series are related to Jacobi theta functions by the well-known formulae

Ey(1) = b* + bd + d?

1
Eg(r) =, (2d® 4 3bd® — 3b%d — 2b?), (6.11)
where b, c,d are defined in (2.52). The modulus u and half period a; can be written in
terms of Jacobi theta function using (6.11) and (6.9) as'®
2d 72
u=1+"" al = . (6.12)

'®One can solve for u by eliminating a; in (6.9). There are other solutions besides the solution u = 1+ 2
we use. They correspond to various special points in the Coulomb moduli space as 7 — o0, or are related
the one we use by Z> symmetry. Without loss of generality we will just use the solution v =1+ de in order
to compare with large u, i.e. weak coupling limit.
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Therefore the constant in (6.10) can be written in terms of modular forms
2E2 (T)
3

In the Weierstrass form (6.1) the Seiberg-Witten curve is parameterized by the Weierstrass

X = (6.13)

function and its derivative via the identification

y=¢'(p), z=pp) . (6.14)

The branching points of the algebraic curve (6.1) are the points of dx = 0, which are
simply the half periods aq, as, as = a1+as in the case of Weierstrass function. The values of
Weierstrass function at half periods are the roots of Weierstrass equation 423 —gox —g3 = 0.

The ordering will not be important for us, so without loss of generality we can take
2u U U
=1- =—-1-_. 6.15
5 #laz) 50 #las) 3 (6.15)

The derivative of Weierstrass function vanishes at the half periods ¢'(a1) = '(as) =

plar) =

©'(az) = 0. For a point p near each branching point a;, there is an unique image denoted
as p such that p(p) = p(p). Since the Weierstrass function satisfies p(2a; — p) = p(p), we
can easily determine

p=2a;—p (6.16)

Higher derivatives of Weierstrass function can be related to Weierstrass function and its
derivative algebraically, for example we have the formula for the second derivative as
©"(p) = =% + 6p(p)?, etc.

The periods of Seiberg-Witten theory should correspond to the “filling fraction” de-
fined in [20]. In the N; = 2 massless theory it is the integral of the following meromor-
phic differential

Ap) = | y(p)dx(p)
2v2 (x(p) — p(a2))(x(p) — p(as))
_ 1 ¢'(p)*dp (6.17)
2v2 (p(p) — (az))(p(p) — p(as))
over the cycles of algebraic curve, i.e. a = 2m f A(p). Here we have chosen a normalization
for which the derivative of the prepotential is 281; éo) = —2mi7. This will be convenient

later on.

A set of diagrammatic rules are provided in [20] to construct the topological expansion
F9) associated with the algebraic curve. Below we list the basic components and their
expansions around the branching points a;,7 = 1,2, 3:

1. The vertex w(p). This can be constructed from the differential one-form in (6.17) as
the following,

o 1 - ysty
272 (2(p) — plaz))(z(p) — plas))
1 o' (p)*dp
= V2 (p(0) — pla2))((p) — plaz)) (6.18)
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It is straightforward to compute the series expansion near the branching points. For
the branching point aj, the vertex w(p) goes like w(p) ~ (p — a1)?, while the other
two points az and ag, the vertex goes like w(p) ~ O(1).

2. The root ®(p). This is simply the integral of the differential one-form A(p) in (6.17)
from any base point on the algebraic curve

o) = [ 2. (6.19)

The integration constant will not appear in final answers and will not be important.

It is straightforward to compute the series expansion of A\(p) near the branching points
and perform the integral. At the branching point a; the root ®(p) has the leading
behaviour ®(p) ~ (p — a1)?, while at the other two points as and as, it behaves like

®(p) ~ (p — a;).

3. The line-propagator is simply the Bergmann kernel B(q, p). We expand it in the first

variable ¢ around a branching point a;,

D) — ofas =)+ X+ a5~ p)(a - )
+,60 (6 = p)la — 0 + O((a — @) (6:20)

We then expand in the second variable p around another branching point a;. If
a; = aj, there will be poles as p — a;. For a; # a;, there will be no pole. In both
cases it is straightforward obtain the series expansions.

4. The arrow-propagator dE,(p) is an integral of the Bergmann kernel and can be ex-
panded around a branching point a; in the following way

dE,(p) 1 a
o=y B

= (ol —p) + X)la —ai) — (¢ (0~ p)a - @)’
1

_ @, _ _oNs
120 (ai —p)(qg — a;)’ + (6.21)

Again, if a; = a;, there will be poles as p — a;, otherwise for a; # a;, there will be

no pole. The necessary series expansions are straightforward to obtain.

From these basic components one can construct the correlation functions
W,gg) (p1,-+- ,pr), and free energy F@) for all ¢ > 2 in terms of some residue formulae.
For example, The genus one one-point function is

Wi"(p) = Res df‘(]g) B(q.q) (6.22)
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and the genus two free energy F?) is

®(p)dE,(p) dE,(q) dEs(q)
wlg)  w(r) w(s)

®(p)dEy(p) dEy(q) dEs(T) ®(p)dEy(p) dE,(q) dEs(r)
w(g)  w(r) w(s) wlg)  w(r) w(s)

B(r,7)B(s, 5)

p—ag—ar—as—a

F@ = _ L Res Res Res Res {
B(r,q)B(s,s) +
x[B(r,q)B(s,$) + B(s,q)B(s,7) + B(s,q)B(s, f)]} , (6.23)

where the residues are taken around the three branching points ay, as, as.

6.2 Calculations of open and close amplitudes

We calculate the genus one one-point function Wl(l)(p) and the genus two free energy F(2)
for the Seiberg-Witten curve (6.1). As we mentioned it describes the SU(2) Seiberg-Witten
theory with two massless flavors. The genus one one-point function Wl(l)(p) is calculated
from (6.22), we find

3
Wi"(p) = 3 Res dfgg)B(q,q)
i=1

- ‘48\/2?52 1) [4(u—6X)(p(p —a1) + X) + 6(u— 1)(p(p — az) + X)
F6(u+ 1lpp — as) + X) = o"(p — )] (6.24)

The genus one free energy F'") is not directly constructed from the diagrammatic rules,
but the derivative of it with respect to the Seiberg-Witten period is the integral of Wl(l)(p)
over the B-cycle

8F(1) 2&2
e = W) (6.25)

Using the formulae for Weierstrass zeta function 2a2((a1) — 2a1{(a2) = mi and (6.12) we
can compute the integral

oF ) 2az ivb
= [ wp)

= Ey —b—2d) . 2
da 0 60d( 2 ) (6:26)

This matches with our earlier calculations for Seiberg-Witten theory with Ny = 2 massless
flavors, using (2.50), (2.51).1

YThere is an extra factor of i comparing with (2.50), (2.51). This is because the matrix model should
describe the expansion of F9 around the conifold point for which the filling fraction is real and goes to
zero, instead of the point u — co. The formulae (6.12) we have used are for the point at infinity u — oo,
and should become v = 1 + de, a? = —”zd for the conifold point. The extra factor of 7 is then cancelled
due to the extra minus sign of a?. Since this problem will not appear at higher genus g > 2, we will still

use the convention at u — oo for convenience in comparing with instanton counting.

,38,



Now we come to genus two free energy, we compute the various terms in (6.23) and
the total result is

_ 675X° —1350uX? + (990u® + 1350) X — 16u® — 1080u

)
E 6480(u2 — 1)2

(6.27)

Substituting in v = 1 + de and X = 2?%, we find the agreement with earlier calcula-
tions (2.54) for Seiberg-Witten theory with Ny = 2 massless flavors using holomorphic
anomaly.

Similarly, we can compute the genus two one-point function

5 6u +3 — Tu?
32v/2(u? — 1)3 2u — 3p(p)
+9(75 + 77u?)p(p)? — 12u(75 + T7u?)p(p) + 2(405 — 660u? + 559u*)

15(2u — 3p(p))? X

+bo X2 + 51X + by (6.28)

where by, by, by are some very complicated functions of the Weierstrass function p(p) and
u.2? Some empirical remarks can be made about a genus g one-point amplitude?! Wl(g )(p):

1. Wl(g) (p) is a polynomial of X of degree 3g — 1.

2. The coefficients of the polynomial are rational functions of p(p) and w. They are
regular at p = 0 (or equivalently p(p) = o0). They are singular at the half periods
p = a1,0,as. The degree of poles of p(p) — p(a1), p(p) — plaz), P(p) — plas) are
g+3, 2, 2 respectively. For example, the coefficient by in (6.28) as a rational function
p(p) can be written as

- Alp(p)
(9(p) = 9(a1))*(9(p) — 9(a2)2(o(p) — plas))?
Alp(p)

N (Bp(p) — 2u)®(9p(p)? + 6up(p) + u? — 9)? (6.29)

where A(p(p)) is a polynomial of p(p) of degree 9.

The boundary behavior of close string moduli u especially at the conifold point v — 1 is
discussed more details in section 6.4.

6.3 Holomorphic anomaly equation for open amplitudes

We see that we can use the matrix model formalism to compute higher genus topological

amplitude for the massless Ny = 2 Seiberg-Witten theory. But the formalism gets quite

complicated at higher genus, and for the close topological amplitude F(9), the most efficient
20They are too cumbersome to write down here, but are available upon request.

21The first remark follows generally from the Eynard formalism. The second remark applies to the N <4
SU(2) spectral curves and the cubic matrix model.
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way of calculation is still through the use the holomorphic anomaly equation plus bound-
ary conditions at the conifold point. One might wonder whether this method of “direct
integration” can also be applied to the open topological amplitude. In order to explore this
idea, we consider a version of the holomorphic anomaly equation for the open topological
amplitudes proposed in [49] based on the matrix model formalism.

An extended open holomophic anomaly equation has been applied to the calculations
of open amplitudes on the the real quintic Calabi-Yau manifold [50]. This formalism was
recently applied to local O)(—3) — P? [51]. It differs from the discussion here, as it
encorporates no open moduli.

The open holomorphic anomaly equation of [49] is

1 - .
W =} <D1DJW,§9 YD DIVVl(h)DJW,gilh’) , (6.30)
h LCK

where the I,J, K are close string moduli. For our toy model of Ny = 2 SU(2) Seiberg-
Witten theory, the only anti-holomorphic dependence comes from the function Fy (1), which
appears in the variable X we defined in (6.13). The close string moduli in this case can
be parametrized by the period a, and since it is a flat coordinate in the holomorphic limit,
the covariant derivatives in the r.h.s. of (6.30) can be replaced by just ordinary derivatives.
After fixing the normalization correctly, the equation (6.30) becomes for the case at hand

16 oW

_ g2ple—b) (h) (g—h)
_951(7_) X _aaWk +Z Zaavvl aaWk—l . (6.31)

h LCK

Consider the simplest case of the above open holomorphic anomaly equation, namely
the case ¢ = 0 and k = 3. The equation becomes

16 oWs" (p,q,r)

_ _ (0) (0) (0) (0)
03(7_) X 28¢1W1 (p)aaWQ (q77”)+23aW1 (Q)aaWQ (par)

+20,W1% (1) 25" (p,q) - (6.32)

To test the equation, we can use the residue formulae to compute directly the genus zero
3-point function

W3 (p,q,r) = Res dfzg) [B(s,q)B(5,7) + B(5,q) B(s, )]
(p(p — a1) + X)(p(g — a1) + X)(p(r —a1) + X)

= — . 6.33
V2(u? —1) (6.33)
On the r.h.s., the genus zero one-point function is undefined in the matrix model formalism,

and the notation of aan(” (p) simply means the contour integral of WQ(O) (p,q) = B(p,q)
over the B-cycle. We find

T 2V/2i

o = 03 (6.34)

2aso
2.W," (p) = /0 B(p,q)dq =
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We see an immediate problem with (6.32). The Lh.s. has a pole at p — ay, but the
r.h.s. involves the Weierstrass Zeta function from d,p(p — ¢) and does not have a pole at
p — a1. The discrepancy comes from the fact that in the derivation of the open holomorphic
anomaly equation [49], the contour integral is converted into covariant derivative of the
close string moduli. However, it seems that this procedure is not valid in the presence of
open string moduli, so we have to do the contour integral directly instead of just taking
derivative. Namely,

2a2
d4B(p,q) # ; Wi (q,r, s)ds (6.35)

So the correct version of the open holomorphic anomaly equation (6.32) should be

16 WL (p,q,7)

2a2
_ _ (0) (0) ;
oA (r) 5X 20,W7 (p) /0 W3 (q,r, s)ds + permutation.  (6.36)

We check this is indeed satisfied by plugging in the expression for genus zero 3-point
function (6.33). However, this is not much useful for the purpose of computing Wéo) (p,q,r)
as it appears in both r.h.s. and Lh.s. .

We also consider the case g =1 and k = 1. Using (6.24) we get

16 ow Y (p) 44/2
- = —3X +2u — — X .
Again the naive equation
(1)
16Oy ) _ o2y ) 1 29,0 ()0, 7V (6.38)

C0d(r)  oX

is not correct, as it can be seen that the r.h.s. is independent of the open string modulus
p while the L.h.s. is dependent on p. The correct equation is

16 0wV (p)

2a2 2a2
- =— ) (0) )
03(r) 0X /0 ; W3 (p, q,7)dgdr +20,W; " (p)0, F (6.39)

where the minus sign in the first term of r.h.s. is just due to the different conventions of
using modular forms around conifold or infinity, and in the second term the derivative
9, FM is equal to the contour integral of genus one-point function since there is no open
string moduli.

We summarize the findings in a few remarks.

1. The holomorphic anomaly equation (6.30) is oversimplified and the improved version
does not seem to be too useful in computing higher point function Wég ) when k > 2,

because W,gg ) appears in both sides of the equation as exemplified by (6.36).

2. The reason for this subtlety in (6.35) is because we are using a non-standard differ-
ential one-form (6.17) necessary for our calculations in SU(2) Seiberg-Witten theory.
If we used the standard differential one-form A = ydx as the [20], the open holomor-
phic anomaly equation would be valid, but this would not be the right differential
one-form to compute the gravitational coupling of Seiberg-Witten theory.
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3. For the free energy F9) and one-point function Wl(g ) (p), the holomorphic anomaly
equation can be used to determine the amplitudes up to a holomorphic anomaly. Only
lower genus open amplitudes appear in the r.h.s. of the holomorphic anomaly equa-
tion. For example, in order to compute the genus two one-point amplitude W1(2) (p)
this way, we first have to determine lower amplitudes up to F2, W?El)(pl, D2, P3).

6.4 Boundary condition for open topological amplitudes

We now turn to another important issue of boundary conditions. We consider the limiting
behavior open topological amplitudes around the conifold point, which is the point where

1

u—1,7p=—_—ioco, and

ap = — (EQ(TD) — aé(TD) — 6%(7’[))) — 0. (6.40)

i
303 (tp)

We now expand genus one one-point function (6.24) around the conifold point in terms
of the flat coordinate ap. Firstly it is convenient to rewrite the expression in terms of only

o = p(p), u, and X

1 3 — 3u? 1
Wi (p) = X? X
1) 2v/2(u? — 1) T ou— 3p * 36(2u — 30)2(99? + Gup + u2 —9)

[405u% — 1701)p* + (2161 4 648u)p> + (594u* + 16200 — 486) >

+(384u® — 4896u> + 2592u)p + 65u8 + 501u* + 675u* — 729]} : (6.41)

We notice the Weierstrass function g(p) is also dependent on the underlying elliptic curve.
However, for generic value of the open string modulus p, the function p(p) has a finite
generic value at the conifold point of the close string moduli space. So we can first expand
uw and X in the expression (6.41), and treat p(p) as an independent parameter. Naively,
we should expect the singular behavior as

W) =o(, ). (6.42)

Surprisingly, we find that the leading singular term vanishes, and the conifold expansion
is regular. The series expansion result is

_ 3p) -2 i(9(p)* + 24p(p) - 8)
8v2(3p(p) + 4) 8v2(3p(p) + 4)

Thus the regularity of the conifold expansion in this case imposes boundary conditions for

Wi (p) ap +0(ad) . (6.43)

the open holomorphic ambiguity. For the genus one one-point function (6.41), the terms
in the first line are fixed by the open holomorphic anomaly equation (6.39), and the rest
is the ambiguity which can be parametrized by 14 constants in this case. Unfortunately,

1

for generic holomorphic ambiguity, the coefficient of the singular ap UETm in the conifold

expansion of Wl(l) (p) turns out to be a rational function of p(p) whose numerator is a degree
4 polynomial of p(p). So the conifold boundary condition only fixes 5 of the 14 unknown
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constants in the holomorphic ambiguity of Wl(l)(p). More ingenuity may be needed to
completely fixes the holomorphic ambiguity.

We also similarly test the conifold expansion of the genus two one-point amplitude
Wl(Q) (p) in (6.28). The leading singular term with generic holomorphic ambiguity is (’)(a}), ),
but we again find that the actual series is not singular Y

2 27(3p — 2 9i(27p° + 21692 + 288¢p — 224
W@ (p) = ( ) ( )

512V2(3p + 4)? 1024V2(30(p) + 47 77 O(ap) . (6.44)

7 Future directions

We have solved the topological sector of the N = 2 SU(2) gauge theories with Ny =0,1,2,3
matter multiplets in the fundamental representation. Near the asymptotic free region in
the vector multiplet space our results agree with the instanton calculation of Nekrasov. At
the conifold points and the conformal points our globally defined expressions predict the
topological sector of these theories in canonical holomorphic coordinates.

Especially the analysis at the conformal points relies on the method proposed in [1]. It
would be challenging and interesting to find a microscopic description especially at these
points, at which the theory does not allow for an action formulation. The structure of
the F(9) is very similar as at orbifold singularities in topological string theory [19, 37, 46],
which suggests that a dual string description is a serious candidate.

We described the construction of the modular objects entirely from the Picard-Fuchs
system in a form that generalizes straightforwardly to N = 2 theories with higher rank
gauge groups and does not require knowledge of modular forms w.r.t. subgroups of
SP(2g,7). e.g. the solutions for the periods of [38] for SU(3) could be used to study
the topological theory at Argyres-Douglas conformal points in SU(3) theory.

We find additional evidence that the simple boundary conditions namely the gap at the
conifold and regularity of the amplitudes at the conformal points fix the entire ambiguity
of N = 2 topological theories associated to Riemann surfaces. However one should prove
integrability of these type of topological theories in general.

Note that for the massless Ny = 4 case the F @) can be written as quasi-modular forms
of weight 2g — 2 of PSL(2,7Z) [26] similar as the F9) for the asymptotic free cases here,
but there is no gap structure in the conformal cases. It seems possible but tedious to fix
the ambiguity here by considering mass perturbations and the associate limits to the cases
that are treated in this paper.

In the global case the above mentioned boundary conditions are not sufficient. We hope
that this can be overcome by the study of various limit in multi-moduli compact Calabi-
Yau manifold. For this reason we described the limit of rigid special Kéhler geometry in
great detail. Enough field theory limits, which are integrable, could make the global theory
eventually also solvable.

We also compared our calculation with the matrix model, respectively spectral curve
approach of Eynard and Orantin. This yields an alternative way to solve these theories,
which gives additional information about certain open matrix model amplitudes, whose
meaning has not been studied in the context of gauge theory yet.
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In [16] a microscopic matrix model for the Seiberg-Witten theory was derived starting
from the instanton sums in asymptotic free regions. Here we go the opposite way and
derive from the improved recursive formalism of [20] the global higher amplitudes, whose
expansion in the asymptotic region checks with [4]. Given the by now well established
relation of Seiberg-Witten gauge theory with the matrix model makes the gauge theory a
most interesting laboratory to test the physical implications of the non-perturbative ideas
that were recently put forward in the matrix model context [52, 53].
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A Nekrasov’s calculations

In [4] Nekrasov compute the Seiberg-Witten prepotential and its gravitational corrections
by instanton counting. The results are represented by partition of instanton number into

Young tableau. The results for SU(2) theory with one massive hypermultiplet, i.e. Ny = 1,

up to 5-instanton and genus 2 are®?

FO) = 442log(a) + <c§0)a2 + cgo)a + cgo))

1 1
~5 (a4 m1)?log(a +mq) — 5 (—a +my)?log(—a + my)

my  3a®—5m?  Ta’m; —9m3  153a* — 1430a%m? + 1469m]

242 64aS 192q10 39768414
1131a*my — 5250a%m3 + 4471m?3 A
- 8192018 (A1)
JaO log (2)° +c® - 3a —4mi _ 27a*my — 32m7
12 a? —m} 12848 384a12
9(73a* — 733ami + 732m1) 1899a‘ma — 9259a°m] + 7848m] A2)
32768416 16384420 '
e _ 1 1 1

T480a2 T 240(a + m1)? * 240(—a + my)?
9a? — 11m?  103a’m; — 117m3  3(5583a* — 58186a?m? + 57067m7)

1024410 1024a4 262144a'8
451719a*my — 2273690a?m3 + 1919923m3
_ (A.3)
655360a22

Here mq is the mass of the hypermultiplet and for convenience we have set the N =

2 dynamical scale A = 1, which can be easily recovered by dimensional analysis. The
(9)

constants ¢;”’ are not important for us. In the above formulae we have also included the

leading perturbative terms. In SU(2) case the leading perturbative term at genus g is [4, 5]
Ny Ny

Fylh = 9(20) +75(~20) = 3" (a+mq) = 3 y(~a+m;) (A4)
i=1 i=1

220ur convention has a sign difference from that of [4, 5] at odd genus.
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where

1
2o(z) = »2?log(z) — o

2 4
() = " log(x)
n@) =, logx
1 1
72(8) = =40 00
—1)9B, 1
o) = DB 051

- 29(2g — 2) 2?2972’

We will also consider the much simpler case where the hypermultiplets are massless.
We list the results for Ny = 1,2,3 and up to 5-instanton, genus 3. For Ny =1

0) _ o2 0) 2, (0) (0) 3 153
FO = 3¢%log(a) + <02 a®+ ¢y 'a+ ¢ ) + 61ad ~ 32768010 4.
3 657
FO = O _
12845 © 32768412 T
o _ L9 16749
©160a2 102448 262144a!4
5 3 96453
P = - + o (A5)

2688a% 102410 ' 524288q16 '

For Ny = 2 we have

1 5

1
FO = 2a*log(a) + (cgo)a2 + cgo)a—i-cg))) 0 T 64a2 T 3276346 + e

1 23
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6108(@) + et ot a38aas T
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80640 T 204848 T 524988412 (A-6)

For Ny = 3 we have

0 0 0 1 1
FO = alog(a) + (cg Va2 + cg Ja + c(() )> T 64 3976842 +
1 1 3
) - 1 _
glog(a) + ¢ = oc 2 T 3om68a1 T
11 5 109
@ — —
480a2 + 1024a* 262144a5 +
47 1 769
(3) — _ + 4. (A.7)
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